Chapter 2

MOMENT METHOD
FORMULATION

2.1 Theoretical Model and Boundary Condi-
tions

The model used for the analysis and the coordinate system are shown in
Fig.2.1. A rectangularly bent slot is cut on an infinite ground plane located
on the X-Y plane. It is assumed that the slot width W is very small compared
with the wavelength A; at a center frequency fy, A rectangular cavity, which
is made of a perfect electric conductor (PEC), is put under the ground plane.
Its size is (XexYex Zc). The axial direction of each part of the slot is either the
X direction or the Y direction and always normal or parallel to the sidewalls
of the backing cavity. The slot is fed by a §-function current source, which
is located at (xp, yp, 0). The only power loss is from radiation since all the
metallic surfaces are assumed to be perfect conductors and the region inside
the cavity is assumed to be a vacuum,

The analysis approach is based on the application of the equivalence prin-
ciple and the use of a generalized network formulation [34). First, an equiv-

alent magnetic current is introduced to the slot. Then by applying the equiv-
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Fig, 2.1: A rectangular-cavity-backed slot antenna.

alence principle to the slot aperture, the problem can be separated into the
upper half-space region and the interior of the cavity. The inside and outside
equivalent magnetic current #/(= M) and M°(= — ) are placed just above and
under the aperture region I respectively with the aperture shorted by a PEC
[34]. As known, when the slot is very narrow compared with the wavelength,
the magnetic current M has only the component along the slot and the slot
can be approximated by a thin magnetically conducting wire, whose diameter

is half of the slot width [31]. Thus the magnetic current can be expressed as

. Ms=FEx# for slot segments along the X direction,
M= 2.1)

M3=Fx# for slot segments along the Y direction,

where £ and § are the unit vectors along the X and Y-axis, respectively, 7 is

the unit normal vector to the ground pIane pointing into the region outside

IThe fact that the equivalent magnetic current under the aperture region is +# and above
the aperture region is —M ensures that the tangential component of the electric field is con-

tinuous across the aperture.
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the cavity and the electric field E is just above or under the aperture region.
In order to ensure the continuity of the tangential component of the magnetic

field across the slot aperture, it is required that
Hj (#) — BY (~31) = igB(x — x0)8(y — y0)8(2)7 (2.2)

where [ = £ or §, H? and Hi are the tangential magnetic fields jusﬁ over and
under the aperture, respectively, and iy is the current source across the slot at
x=xp,y=yp and z =0 (see Fig. 2.1).

The H, component of the magnetic field in the 7 =0 plane inside and ocutside
the cavity can be related to the electric vector potential 7. In the z = 0 plane,

the electric vector potential /* has only F, and F, components, i.e.

F=Fg+Fy3 (2.3)

The magnetic field A can be related to the electric vector potential 7 by
the Eq. (3-88) of Harrington as [31]

—

B o= —joef +——V(V)F @.4)
J@Lg

Substitute (2.3) into (2.4) to obtain

a2 9?

., 0? $
H [+ 32)F+ 551

= Jouo [( + ax?-)
1 22 02
F fa
e (e 5y B
where k = 0,/1ipgp.
In the z =0 plane, # is independent of z, so that a—Fx =0and 2 55 =0 And

3 I
Bt sy DI fow

(2.5)

the following relation can be obtained:

y i 5 3 3
B = s[04 g2t o t oy

The magnetic fields inside and outside the cavity are given by the following

B o P+ 2R+ SR]y 26)

equations:
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Hi(M) = 1 (K + )F’ i '*+—-1—( Pl )F’ i —F! 9 (2.7
‘ Jao az =952 |1 Tamm 3y’ T axey ¥Y M

ﬁa(—ﬂ)m-ﬂ}-—_ (K + = i = )F0 + G ~=F; “+—1— (K + — i = ) i ——F2y
' ~ Jjoug ox? oxdy” > [ joo ! T aay

(2.8)

where 7 and F° are electric vector potentials inside and outside the cavity,
respectively. Note that for simplicity yp and ey are agsumed outside and in-
side the cavity. As the magnetic current has only an x or y-component, the
corresponding electric vector potential has also an x or y-component. The x

and y-component are given by the following equations:

B = _ﬁ [ 6L M) 2.9)
B = ——1-fo )M () 2.10)
F = fG" R FM () @.11)
Fo= f G° (7,7 )M (¥ )y (2.12)
where M, and M, are the x and y-component of M, respectively. G° = Eﬂ)—%ﬂc—r)

with r = \/(x—x)2+ (y—y)2 + (z—2')? is the scalar Green’s function in free
space, G, and G;', are the scalar Green’s functions inside the rectangular cavity
and have to satisfy a scalar Hermholtz equation (Eq. (7.2.5) of P. M, Morse
and H. Feshbach) [35], respectively.

V26 + kG = —4nd(x— x)8(y — ¥)8(z) (2.13)

where G' is G or G;',. The electric field inside the cavity must satisfy the

following boundary conditions:
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£x ENi) =0, (x=0,Xc)
$x EX(M) =0, (y=0,Yc) (2.14)
x E'(M)=0, (z=0,Zc)
where
oo o o OFF  OF  [aF! OF)
i N v X Vg — 2z 2.
E'(M) x F(M) = Bz'f 5% +[ axJz (2.15)

and £ is the unit vector along the Z-axis. Then G and G is obtained as (Ref-
erence to Eq. (11.3.10) of P. M. Morse and H. Feshhach) [35]

- 4 & Eye
i nev
G, = oo HZ;].?:I o« cot(0Zc) sin(0x) cos(0yy) sin{0x’) cos(ay')
_ o oo (2.16)
Gy =— XcYc Z 1 Zc) sin(Byy) cos(Bx) sin(Byy) cos(Bex')
where
e YT HE Py 9
=R YT T P Xc’B” Ye
o=k —ok—o B2 = k*— B —p? (2.17)
g, =1, ifu=0. gp=1,if p=0.
g, =2, 1fu0. g, =2, if p£0.
Ep = 2. Eq — 2.

If (2.2) is satisfied exactly, we would have the true solution.

2.2 Moment Method Approximation

In this section, the method of moments [36] will be applied to (2.2) to obtain
M which has been described in the last section. Befoie we apply the moment
method to (2.2) to obtain A, we must choose an expansion function for # and
a weighting function for the boundary condition (2.2). There are two kinds of

expansion functions:
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1. an entire domain expansion function defined over the whole slot (poly-

.nomials, Fourier series, et cetera);

2. a subsectional expansion function defined only on a small subsection of

the slot (pulses, triangles, piecewise sinusoids, et cetera).

There is a unique M, which satisfies the boundary condition (2.2) exactly,
but the M obtained by the moment method can approximately satisfy it. Thus,
there are many approximate M values which depend on the choice of an ex-
pansion and weighting function. To satisfy (2.2) at discrete points on the side
surface of the slot, Dirac’s delta function is used for the weight. If we wish to
satisfy (2.2) at continuous points on the surface, pulses, triangles, piecewise
sinusoids, ef cefera may be used as weighting functions.

The choice of an expansion and weighting function influences

1. the necessary number of expansion functions for satisfactory results;
2. the computation time;

3. the simplicity of the program.

For a thin slot antenna analysis, if a piecewise sinusoidal expansion func-
tion is used for the current M on the slot, a magnetic field & in (2.2) can be
obtained in a close form. Then, the computer program becomes simpler and
the computation time becomes shorter compared with other expansion func-
tions.

Therefore, the piecewise sinusoidal expansion function is chosen for the
magnetic current M. The slot is divided into N+ 1 subsections, where N is the
number of expansion functions. The end of each is numbered from 0 to N+ 1.
Then, the magnetic current flowing on the slot is approximatély written by
the summation of N piecewise sinusoidal expansion functions as

N
M(xj:y’) = Z‘H.,ﬂ,,(x’,y’) (2.18)

n=\
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f .
MY(x)%, x5, <x' <x,,,, for segments in the X direction,

My(x,y) = { M"(y 19, Vit <Y <, 4+1» for segments in the Y direction,

0, else where.
(2.19)
where
([ sink(x —x
51 ( ﬂ—'l)’ if _Ileﬁ ,
sink{x!, — J,,_)_‘}) " "
My = SEGnyy —¥) / 2.20
r(x) Slnk(xfl_i_l EpY ifxf <% <X ( )
\0, else where.
and
( sink(y' —»,_,) )
i <y <y
smk(}‘u Yo ;) s <3 S
k(Y1 =)
M) = ¢ SR ) e ey (2.21)
y smk(y"_]_l y") Yn Y _)’,,_I,]
\O, else where,

Each M,(¥',y') occupies two subsections X =

ments in the X direction or y,_,

_y:t and yn

x, and x), —

—x,., for the seg-

1

-, +1 for the segments in the Y

direction. Because the feed gap is assumed infinitesimal, it must correspond
to one of the peaks of the expansion functions(see Fig. 2.2).

The coefficient V,, is an unknown complex constant to be determined from
the boundary condition in (2.2). The coefficients {V,,n = 1,2,...,N} afe ob-
tained by the Galerkin’s procedure where the weighting function and the ex-
pansion function are the same. Once V, is known, the magnetic current dis-
tribution can be obtained from (2.18). Note that |V,| becomes the magnitude
X,y =y} because |M, (¥’ = [ Val-

of the magnetic current at (x' = Xy =y =
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Fig. 2.2: Subsection and expansion function.

Substitute (2.18) into (2.2) and use the linearity of the H, operators to ob-
tain
N =t = N = — — .
Hi(M,) — Y HY (—M,) = iod(x — x0)8(y — p)8(2)] (2.22)
1 n=l

n=

Next, define a symmetric product

A, B = f A-Bds (2.23)
slor
and a set of piecewise weighting function W,,, which is chosen to be the same
as the expansion function (2.19). We take the symmetric product of (2.22)
with each weighting function W,,, and use the linearity of symmetric product
to obtain the set of equations
N N
X Vil B V) — 1 Vi, B (—=0)) = (P 085~ 50)8(y = 30)3(2)T)  (2.24)
m=12.. ,N. The inner product in (2.24) exists only over two consecutive
subsections. The solution of this set of linear equations determines the coef-
ficients V,, and the magnetic current # according to (2.18). Once # is known,
the fields and field-related parameters may be computed by standard meth-

ods.

21



2.3 Network Equivalence

Equation (2.24) comprises N-dimensional simultaneous linear equations, and
can be put into matrix notation as follows.

Define an admittance matrix for the region inside the cavity as
[V7) = (W, H (M) avsciv (2.25)
and an admittance matrix for the region outside the cavity as
[¥€] = —[(Wou, B (—#)Y v (2.26)

Define a source vector

[1°] == [{Win, 108 (x — x0)8(y — y0)8(2) D1 (2.27)

and a coefficient vector

[V] = [Valwx1- (2.28)
Now the matrix equation equivalent to (2.24) is
[¥'+¥)[v]=[1°] (2.29)

This can be interpreted in terms of generalized networks as two networks
[¥'] and [¥?] in parallel with the current source [1°] as shown in Fig. 2.3.

The resultant voltage vector
V]=[¥'+ 1]~ 1 (2.30)

is then the vector of coefficients which give M according to (2.18). _
[¥¥] and [Y°} are the N x N generalized admittance matrices inside and
outside the cavity, respectively, and [[°] is a column matrix whose elements

are zeros except the one corresponding to the feed point.
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Fig. 2.3: Generalized network interpretation.

It is important to note that computation of [¥*] involves only region inside
the cavity, and computation of [Y°] involves only region outside the cavity.
Hence, we can divide the problem into two parts, each of which may be formu-
lated independently. Once [¥] is computed for one region, it may be combined
with [¥] for any other region which makes it useful for a wide range of prob-
lems. Because the feed gap is infinitesimal, [I°] becomes nonzero only at the

feed gap, and one can assume that it is 1.

2.4 Admittance Matrix Inside the Cavity

Because the computation of [Y'] involves enly the region inside the cavity, in
this section, the ekpression for the matrix elements of (2.25) will be derived
independently.

The analytical model used for the analysis is a two dimensional problem,
and the magnetic current is in X or Y direction.

A two dimensional weighting function in the mth subsection is defined as
W = [Wa(1p) +Wa(2p)] £+ [W,(1p) + W5 (2p)]9 (2.31)

where
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?]I.‘l k(X — Xm—1) , M xu <x<xy,
Wx(lp) — /2 s1n k(xm —'Xm—-l) (2'32)

0, else where.

ifx, <x< X1

Wy(2p) = ¢ SILk(Xue1 —xpm)’ (2.33)
0, else where.
sink(y — yy— .
Jsin k(()’ —}’m 1)) } 1fym-—l e U
Wy(lp) = Ym — Ymn—1i (2.84)

0, else where.

\

4 -
[ sink - .
s (}’m+1 y) , ify,<x< Ym+1,
Wy (2p) = ¢ SIn (Yt1 = Ym) (2.35)

0, else where.

\

and the magnetic field in X or Y direction owing to the nth subsection of the

slot is
ﬁn = [Hx(Mx: 1p) +Hx(an2p) +Hx(My: Ip) +Hx(My;2P)]-’?
+[Hy(My, 1p) + Hy(Mx,2p) + Hy(My, 1 p) + Hy(M,, 2p)]3 (2.36)
where
_1_(k2+-§3-) [——l—fx:' GL(F ?’)M"(x’)dx’] ifd_ <¥ <y
Ho(M,, 1p)={ Jouo ™~ 02" AmJy  —T I CooTmlmT e
0, else where,
{2.37)
2 Mokl
a4 5) |- [ G|, it < <,
Hy(M,2p)={ JOuo "~ dx*"| Am/y | "
0, else where.

(2.38)
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1 a2 1 o it N agmg ! ! oo
) —ZE/;; GFEFIMG )Y |, iy, <Y <y,

Hy(M,,1p) = JOug " dxdy -
' 0, else where.’
(2.39)
—_—1 ....._._az . 1 y:'_H fpot =t ! { '
H,(M,,2p) = { JOHo (5 [“47: f}, Gy(7, F)M;(y )dy}, iy, <Y <Y,
0, else where.
(2.40)
TR HE B C Ry .
() [~ [ GUEFIMIY |, iy, <Y <Y
Hy(My, 1p) = { 190 ay ar Jy
0, else where.
(2.41)
1 b) a2 I y::+! e o ]
H (M 2}9)— Joup (k + a_yz) [—“-&E/y‘: G;(r,r’)M;,'(y’}dy’]’ lfy.:l ﬁyl < y;,.;_l.
¥ ¥ - "
0, else where.
(2.42)
.___1 az 1 xj’ i =t =/ ng / .
By (M, 1p) = | JO0 3337 5 ), GEFMEA, it <X <y,
Yy X3 = -1l
0, _ else where,

(2.43)

1 ( 82 )[__1_]"4:1-1 Gi(;z ?’)M"(x’)dx’jl <<y
Hy(M;,2p) = jopg "oxdy’ | 4w Sy, e * ’ n=" =t

0, else where,

(2.44)
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The mutual admittance element ¥}, which is derived from the inner prod-

uct of (2.31) with (2.36), becomes

Yo
= (W, Hy)
= (Wa(1p), He(M:, 1)) + (Wa(1p), He(My, 2p))
+(Wa(1p), He(My, 1p)) + (Wi(1p), Hi (M, 2))
+(Wa(2p), He (M, 1)) + (Wi (2p), Hy (M, 2p))
+H(Wx(2p), H(My, 1p)) + (Wx(2p), Hy(My,2p))
Wy (1p), Hy(Mz, 1p)} + (W (1p), Hy (M5, 2p))
+(Wy(1p), Hy(My, 1p)) -+ (Wy(1p), Hy(M,,2p))
+(Wy(2p), Hy(My, 1p)) + (Wy(2p), Hy (M, 2p))
+(Wy(2p), Hy(My, 1p)} + Wy (2p), Hy(My, 2p)) (2.45)

Define

Intlp(n, Oy, x')

X i
= f Sin(axx’) S.mk(x’ n—l)dx;

X mk(x’ H'xn 1)

1

= " 3Snk(d l)f (cos( O +k)x' — k) — cos((ax—k)x'+kx,’!_l))dx’

1 .
= “ZSink(x:T—x’_l)(ax_i_k) (Sln(axx:;"}“k(x:l H— 1)) Slﬂ(Oﬂx ))

1 . '
+28ink(x{,—xn_1)(ax--k) (sm(czxx,,—k(xﬁt Xy1)) = sin (06, 1)) (2.46)
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and

Int2p(n,ocx,x’)
= /-x:,H sm( xl) Smk( n41 )

sun(’,(xn+1 )

"

1 T
- " 2sink(x —Xﬁ,)/x’ i (COS((U.r—k)x’"i"kljnH)—COS((@x-i-k)x’ kx’1+1)) dx’
1
_ZSink(x:l“ — 2 )0 + k) (Sm’( k(xjt-{—l x..{r)) an(axx:l_l_l))
1 .
+281nk( e %) (0, — k) (an(axx:l +k(x:1+1 hx‘r':)) - Sm(axx,';+1)) (2.47)

Substitute (2.20) and (2.21) into (2.37), (2.38), (2.39), (2.40), (2.41), (2.42),
(2.43) and (2.44) we can obtain

‘H«Y(Mx, lp)

" 2, 05
i4ﬂﬂwof *+537)

AT O o By
( XcYe ?;6 VZ: (;C cot(a.Zc) sin(oex) cos(0,y) sin(otex’) cos( oy’ ))

k(x' —

S0k =)

Slnk(’x}'l n 1)
Va

- &8y 2
f(l)}lf()XCYC“Z;‘D‘; o cot(.Zec) (k Oc)sm((xrx)cos(ayy)cos(ayy)

X = %p-1)
o sink( n | dx’)
('/']'::! lS]n(a ) k(x ,u 1)
Vi

— euﬁv 2
= ijOXcYCHZO Zl o Cot(eeZe) (& — a) sin(aux) cos(ty) cos(0u,y')

Int1p(n, oy, x) (2.48)

27



Hy (an Zp)

11“ E-" y 2
TomXeYo r;) v); cot(0Zc) (k* — 02) sin(a,x) cos (0tyy) cos(otyy")

%
(f Hsin(om)smk( w1 27) )
% Smk( n+1 xn)

H

Vn £, p 5
JjoupXeYe ,‘;) VE cot(0Ze) (k* — o) sin(ou,x) cos(ayy) cos(Ctyy')
Int2p(n, o, x') (2.49)
Ho(My, 1 p)

Vi

J47T0)ﬂo Y (axay)

i i Epgq
( XcYe p—oq—
sink(y' —y,_, )d ,

sin k(y.{l - y:; [)

joay(:/}”{cYc ;;ZO qi s Zic)(—BPy) sin(Byx) cos(Byy) cos(Byx’ ))

Yo k(Y —
( f sin(f,y’) s.m (y’ y',"l)dy’)

Zc)sin(B,y) cos(Byx) sin(B,y") cos(Bex’ ))

yfl-—l Sl[]k(yn yn 1)
J(DpocYc ;:20 qz' a Zc){—P:By) sin(Byx) cos(Byy) cos(Bsx’ ))
Intlp(n, B}’:y) (250)
H,(My,2p) :

Vi o ‘
oreXeTs L, L porcotPZ (=) siniB) os(Bp)cosf)

(s '>2522‘8’:: =4 y)

"

¥ ff %258 cot (B, Z) (— By sin(Bex) cos(By) GOS(Bxx’))

](D,uoXcYc fror oy
Intzp(naﬁy:y ) (251)
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Hy (Mys 1p)
_ ‘/n /‘Y:! ( 2 )
Janoyg Jy,_ ay2

(- L )f oo cou(c)sinfBy) os(h)sin o) |

p=0g=1

sink(y' —y/_ 1)
sink(yjt yj, l)

Z ): = "cot(Bch)(kf! B3) sin(Byy) cos(Bax) cos(Br’)

jn),uoXcYc

p=0g=1

Ya o o Sink(y' —y,_)
(/—"{z—l Sln(Byy )Sink()’n '_y:t—l) dy )

Va EpE . ;
JaroXeYe pZO qZ £2 cot(BZc) (k2 — B2) sin(Byy) cos(Byx) cos (B
Int1p(n, By,y") (2.52)
H}'(Myxzp)

Vi
TopeXevo pz(); Ertq cot(BeZc) (k* — B2) sin(Byy) cos(Bwx) cos(Bur)

Yrrl | o Sink(y. ;=)

(" sntoon s =5

W :

e ,,Zoq)-: %% cot(Beric) (k2 — B2) sin(Byy) cos(Bex) cos(B?) |
Int2p(n, By,»") (2.53)
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H)’(M‘C) lp)

_ Va f ( o2 )
B J AT LY | Oxdy

(“ch E E €,y cot( o Zc) sin(o:x) cos{ayy) sin(otx’) cos(ayy ))

u=0v=

sink(x'~x]_,)
smk(x{, x, I)a’x’

= Z Z Sy cot(acZe) (—~0,,0) sin{0ty) cos{ctex) cos(oyy’)

jo}pocYc e e R 0 8

X sink(x — )

sin{ogx’ ” 1 )

("/"’::l—l ) nk(x:l r ])

Ve €48y . ,

= o cot(tZic) {— 0,0y ) sin{ot,y) cos(e,.x) cos( ot

et I, L et cot( ) () sin(05) 05(0p3) cos(c)
Int1p(n, o, ) (2.54)
HJ’(MMZP)

Va i

EnBy ) .
= . ——cot{o.Ze) ( — 0.0 o o os{al
j(t),uoXc‘_(cHEMZ"l o, (0eZic) (— a0ty ) sin{oy) cos(oex) cos(oyy)

("ot %)

"

. Va EHEP
= XeTe ”):‘b .,Z_: o« cot{0t.Ze) (— 0,0ty ) sin(ay) cos{otyx) cos(0yy')
Int2p(n, 0y, ') (2.55)

The inner products in (2.45) can be obtained as

(W:(1p), H\'(an IP))
Vu

EHSV 2 2 ; .
= cot{a.Ze) (k= — cos(0,y) cos
JjoueXcYe HZE)V); ( ) oty ) c0s(0y) cos(0yy')

Yo sin k(x - X1 ) 'xJ{I sin k(xl )
(/Im-1 sin0t:x) sink(x — xu—1) dx) (-/-;’ sin( x’) ink(x), —x)_ I) dx')

n—1

VH Euav 2 2
fcd e it it Z —-
JougXcYe "Z:':_ VE cot(tieZe) (k 1) cos{0yy) cos(ar,y’)
Intlp(m,ozx,x)lntlp(n,ocx, ) (2.56)
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(W.t(lp):H (Mx: 2p))

Vi E4Ey
m,&; o cot(0tZe) (k2 — 02) cos (o) cos(o,y')

%in sink(x— xpy—i) sink(x  , —x)
(fx lsm(axx)smk(x lm_l)dx) (L sin(oi xj)smk( e )dx)

11— n n+ 17

Vi £€,Ey
jopgXeYe r;) ‘; o cot(otZe)(K* — o) cos{0tyy) cos(0yy')

Intlp(m, O, x)Int2p(n, oy, x') 2.587)

(Wx(lp) H(My, 1p))

Ep€q
J(x)pocYc sz qz“

Xm . S]ﬂk(x_x";—]) ) (/YI’ , ! Sink(yihy;,lml) I)
sin - dx sin - d
(/xm—l (Bx) sin k(x Xm—1) Ve (ﬁy)’ ) sink(y;, — y:1—~1 ) g

T L E 5 cot(PeZe) (~pufy) con(B)cos(Bev)

p=0g=
Intlp(m,Bx,x)Intlp(n, By, ¥ (2.58)

Ze)(—PxPBy) cos(Byy) cos(Byx')

(We(1p), Hx(My:2P)>
Y Z Zc)(—PxBy) cos(ﬁyy)cos(ﬁ,xx’)

Jﬂ)ngcYc P o

Xm Y:, ink / —y X
(/ sm(ﬁxx)s‘“""‘ el ) ([ sinBa) Spet e

e L sink(x — xn—1) sink(y,,; — )

FopoKeTe ioi 220 cot(B.c) (~ Befy) cos(Byy) cos(Br)
p=ug=

Int1p(m, By, x)Int2p(n, By, (2.59)
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Il

(Wx(zp) H (Mx, 1!’))

{EP 2
oeTe Ly L ot confone) (i —o2)cos(03) ()

X x
(f * sin{ct,x) Sink(ny1 = %) dx) (/x' sin(otx') = Sink(r —
n—1

X SII'I k(x;”-.l- 1 — x") ][1 k(xn
Euky ) '
co toch — o2 )cos(a,y) cos{o
J(’.o,trOXcYc ";,]'; (e )( % )cos( y)’) ( y)’)
Int2p(m, o, x)Intl p(n, Oy, %)

(Wx(zp)er(Mn 2:’-’))
Vu

— Bl ot (oZie) (k% — c2) cos(ayy) ¢
jwpoXcYc,g{)u)_:l ) ) cos(ay) cos(otyy')

)

(2.60)

(f.r;;n+1 sin(o0) s ink{Xyy1 — x) ) (/ ] sin{otx) sink(x,,, |
X Smk(xm—i-l xi'l) X mk( n-k1

L L

Va £4Ey )
JoppXeYe uzé u);] O cot(oZe) (k* — oc) cos(alyy) cos{oyy’)

Int2p(m, o, x)Int2p(n, oy, x')

(Wx(zp) (MJ?:‘ lp))
Z Z ~5- cot(BeZe)(—BxBy) cos(Byy) cos(Bx)

;mpocYc o

=5%)

(2.61)

sin k(xm+ 1 — xn)

i

aate L 1 BB iy os(Bp)cos (B

](D‘UOXCYC p=0g=1
Int2p(m, By, x )Intlp( n,By,»")
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(/xme sin(B) slﬁk(%:ﬂ-l ~X) dx) (fy:'m sin(B,y ,)slllr]l:((yy" ;:_i))d )

(2.62)



(Wx(2p),H. (My, 2p))

me:}n(cYc pZOtJZ EP QCOt(B oZc)(—PBxPy) cos(Byy) cos(Bex)

Ml sink(xpyp1 — ) n Sink(y, . —¥)
(/xm Sm(Bxx) sin k(xm-:l xn) ) (f)’:a (By ) sin k(yn:]l - y.u) “ )
. 3 B cot(pze) (~Buby) os(B)cos(pr)

p=0g=
Int2p(m, By, )Int2p( n,By,y') (2.63)

](D,UQXCYC

W, (19),Hy(Ms, Ip»
_

JapoXeYe Ze)(k* — B3) cos (Bsx) cos(Bex')

p=0g=1

Im sin k(y ~Ym—1) ) (fy:a . n Sink(y' —y' )
sin _ d . !
(f)' (Byy) Slnk(}’m —)’m—-l) 7 )", i Sm(By}’ )Sin k()’f, _yiaml) d.),) )

ri-1

Ve i 3 Bc cort([iCZc)(k2 B3) cos(Bxx) cos(Bxx')

JoueXcYe p=04=
Int1p(m, ﬁy,y)Intlp(n, By, ") (2.64)

(Wy(lp)»Hy(Myszp))
Vi C ep q
JoypXcYe E E

p=0g=
Ym ' Slnk()"‘)’m-—l) ) (.[ nt+l s“]k(yn-l-l yi) /
(/}’m—l Slﬂ(ﬁy)’) sink(y, — }’m—-l)dy ¥ st 1(Byy )Sm k()’,;.;.[ ) 2 )
Vu S 2
ot I I, oo Be7e) 6 — ) os(Boscos(f)
Intlp(m,By,y)Int2p(n, By,»") (2.65)

Zc)(k* — B2) cos(Byx) cos(B,x')
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<Wy(1p) Hy (M, 1p))
Z E S cot{0eZc) (—0t0ly) cos(0x) cos(oyy')

n=0py=1 Ce
sink(y — ym—1) n sink(x' — ,, 1) )
(‘/ym,, Slfl(()(yy) sin k(}’m Y~ 1) dy) (fx;._ S]n( x’) sin k(x" x:l 1)

v, Z ): &t "Cot(aCZc)( —OlxCly) cos (0tx) cos(otyy')
‘J Ou OXCYC =0 =1

Intlp(m,ay,y)Intlp(n, Oy ¥ (2.66)

jwngcYc

(Wy(1p), Hy(M,2p))

Vi i i Eyly WY e t(aczc)( uu,ay) COS(Gxx) COS(CC).)) )
j(ﬂ,U()XCYC u=0yp=1 Qe

: k(x4 =)
Ym nk(y"'“,ym—l) (f“:.q- Ot sin 'EN dx’)
(‘/}:m 1 Sln(ayy) Sin k(ym Ym-—- 1) dy) -ti: S]n( * ) nk( n-1" )

—n Z E S ot(oZe)(— Ottoc).) cos(otx) cos(or,y’)
J(DpocYc o &

67
Intlp(m,ay,y)Inth(n,cxx,y) (2.67)

(Wy(2p),H (My, 1p))

s L, T o) — ) cos(Bur)cos(Bud)
J('JFO c CP =0g=1
- g i k(y’ —yf- ) '
Ym+1 smk(ym+1 y) )(/‘)’ ) s SIn 1 d
i d sin(Byy’) = y
(\/):,,, sin(Byy) Sink(ym4-1 — Yin) g Vi By sink(yl, —yi_;)
oneTs L L hetoo(Beze) (k2 — B cos(B)cos(por)
j(DpoCYC o B. | e
Intzp(’na B.)’)y)Intlp( bB.)”y) .
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(%(2p),Hy(My,2p))'

Va - €p€
= m;{)g Ecq cot(BZc)(k? z)cos(Bxx)cos(Bx )

( -/')’m-:-! sin(Byy) S Sink(Ym+1—y) dy) ( fy’ " Gin(By )sink(y’i,ﬂ _y:) dy’)

Ym sin k()"m+l ym) sin k(yn+1 _y”)
= V" ap q _n2
= JomXcYc ): ):, Zc) (k* — P2) cos(Bxx) cos(Byx)

p=0g= ]
Int2p(m,i3y,y)1nt2p(n, Byy') (2.69)

(W (2p), Hy(Mx,1p))
Va

O e By ’
= g —— cot{at.Ze}(—0 0y ) cos{Ox) cos{a,y
JougXcYce ug(hgl o, ( ¢ )( X )’) ( X ) ( Y. )

Ymat Siﬂk()’:;z+l—y) ) fx:i . ¥ sink(x’ l) )
(/ym Sln(%y)sink(y,,l+1 mym)dy o sin{oyx )sink(xﬁ, n~1)dx’

1

— V:'! Eugv
~ joupXcYe uE{} V); ot(0cZe){— 0ty cos{0tex) cos(oyy')
Int2p(m,ay,y) Intlp(n,ax,y } (2.70)

(W(2p), H}’(Mn 2p))
W

£,E L
== aZc 0.0l ) cos( o) cos(o
jouXeYe rgv): oZie) (— 00ty ) cos(Otex) cos(otyy')

Pt 51 ﬂk(y;n-i-l y) ) (/\x;wl , Sll]k( 1 x’) )
sin dy sin(o,.¥ nt dx
(./):m ((Iy )sm k()’m+l =~ Yin) Y x5, ( ) nk( ] xr':)
4 O oy el
= m ,Eﬁ l; ?Tc‘i cot(ZcH —ouy0ly ) cos(0tx) cos(tyy')

Int2p(m, oy, y)Int2p(n, o, y') (2.71)

Note that (2.45) is a generalized form of the mutual admittance element
¥,n- For the analytical model in this analysis, among the sixteen inner prod-

ucts in (2.45), only four terms of the inner products are nonzero.
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For Example, suppose the W, is in the subsection (Xm—1,%m) and (X, Xu+1)

in the X direction, and #, is in the subsection (¥,_;,y,) and (¥/,,¥,,,) in the ¥

direction(see Fig. 2.4).

Y 3

‘d\
g L
Y

H\
5
CH

t N
.;:m Xm-+i X

Xm-1
—_— —
Wordp)  Wn(x,2p)

Fig. 2.4: Weighting function and expansion function.

Then, according to (2.31) and (2.36), we can obtain
Wu = [1i'1'1'r(1p)"_1')17.76(215')]-"‘.3 (2.72)

and

H, = [HdMy, 1p) + Hy(My,2p)]) £+ [Hy(My, 1p) + Hy(My, 2p)]9 (2.73)
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We can obtain a four-term ¥/, a

i
},H‘l!.i

- (Wx(IP) + Wx(2p) Hx(Mya 1P)> -+ (Wx(lp) + Wx(zp)1Hx(M}’a 2p))
— Z 2 Ept qcot (BeZe)(—BxBy) cos(Byy) cos(Pex’)

jo)ngcYc o Yo

[Intlp(m, Bxyx) +Int2p(m, Bx,x)] Int1p(n,By,y)

Y i Y EpE, qcot(BcZC)( BxBy) cos(Byy) cos(B.x')

jcongcYc oo
[Intlp(m, Br,x) + Int2p(m, Bx,x)} Int2p(n,By,y) (2,74}

Another example worth mentioning is

ﬁ"Ym = WI(QP)J? + Wy(lp)yﬂ (2.75)
and
[_:’[” = [Ht(Mr: 1p) +Hx(My)2P)]i'+ [Hy(an 1p) +Hy(My: 2.9)]3’" (2.76)

That represents the case when W, is at the corner { subseétion =1, Ym)
in the Y direction, subsection (x,,xp41) in the X direction } and M, is also at
the corner { subsection (x,_,,x),) in the X direction, subsection (3}, ) in the
Y direction } of the slot as shown in Fig. 2.5,

According to (2.45), we can obtain

4
= (W(1p),Hy(Mx, 1p) + Hy(My, 2p)) -- (W (2p), Hy(M,, 1p} + H, (M, 2p))
Va

= e Enfy I
= . — cot{d.Zc)(—o,.a oL _
jCD,U(]XCYC N;U 1; O o0 ( ¢ C)( )' y) COS( )'x) COS((!.)y )

[Intlp(m, Oy,y) +Int2p(m, Otx,x)] Int1p(n, o, ')

Va EpE
+ TomXeYe pEOE Ecq cot(BeZc) (—PxBy) cos(Byy) cos(Brr)

[Intlp(m, By, ») +Int2p(m, Bx,x)] Int2p(n,By,y") (2.77)
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Fig. 2.5: Weighting function and expansion function at the corner of the slot.

2.5 Admittance Matrix Qutside the Cavity

Now, we consider the admittance matrix of (2.26) which represents the admit-
tance in the half-free space, Because [Y?] is independent of [¥/], we can handle
it independently.

The equivalence principle plus duality can be used to transform an aper-
ture type problem into a electric current type problem. In the calculation of
the admittance outside the cavity, we ean use the results of a wire antenna
instead. ¥, the admittance of the slot radiating into half-space, and 72,

the impedance of the wire antenna (ribbon of current), can be related by Eq.
(4.126) of R. F. Harrington [31]

2
Yo = F_z,f:,,, (2.78)

mn
0
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where

No= % (2.79)

The impedance matrix element Z;,, of the wire antenna can be obtained

from Eq. (2.15) of K. Hirasawa [37] as

2 - _fxm Smk(z—xm_l)Ez(z)dz— fx,u+l sin&(zm41 _x)Ez(z)dz (2.80)

Lyt—1 SN X SN
where
J30 [e“jkr,.mn L jkr,H_l]
Efz) = - —CS——+ (2.81)
Z( ) SN anl Rn Rn—l—]
CS = 2cos(kAz),
Rio| = @+ (z—z-1)"Re=0"+ (2= )% Ryt = @ + (2~ 2y1)?

2.6 Total Admittance Matrix

Finally, the total admittance matrix element ¥, can be expressed as the sum

of the admittance matrix element Y}, and the admittance matrix element ¥?,

as follows:

i o
Yom = Ymn +7

mn

(2.82)
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