Appendix 1

1. Matrix form and error estimate for seqn(2, \), cean(2, ) type

di f2 0 2
fo da fs 2
sz%z,]?m ' 132__’32,22 2 y
q f3 d3 T 23
0 . . .

is the common form. The components of d;, fi1,2: (1 =1,2,...), and error estimate (EF)
are shown below (Note that case (a) (A # (2k)? (k = 1,2,...) case) for w(z) = segn{z, A)
type is omitted since that’s elaborated in Section 3.2).

¢ w(z) = sean(2, A) type:

() A= (2k)? (k=1,2,...) case
(i} when k is an even number,

({1 /.1 1 1 , _
e (b + b ) ) (1SS G-

L1 .1 1 o
(di firr) = % m(r4i_2+8)’8 7”4:'\/’1747.?3) (for i = (k- 2)/2)

1 1 1 1 _—
T4i+4 (8 + T4i+6) ’ 'f'4i+6\/7'4i+4\/7"4i+8) (for i = k/2)

1 1 1 1 <
T3i+4 (?“4~;+2 + 7"4i-+-6) T airo. /__—T4i+4\/7°4i+8) (for (k+2)/2 <)

—/T2iBu; (for 1 <4 < (k - 2)/2)
JTairaBaita {for k/2 < 4)

(¢) when k is an odd number,

\

Zi =

4

1 1 1 1 ‘ P
T (r4¢_2 " T‘*"“'“) ’ 7‘4i+2\/5”ﬂ\/7_“m> (for 1 <4< (k~-5)/2)
G fort) T4i (T4i—2 + r41'+2) > 7'4i+2ﬂ\/§) (for i = (k — 3}/2)
i Jitl) 7= 8
1 1 1 1 e 1)/
8 (T4i—2 + T4i+6) ) 7'4i+6\/§m (fOI' 2 (k )/ )

1 1 1 1 .
|\ T4t (7‘4i+2 + 7'4i+6) " T4i+6v/T4ita ﬁ4z’+a) (for (b +1)/2 <)
(—raiBai (for 1 <i < (k— 3)/2)

z = { V8Baiws (fori= (k- 1)/2)
| Tai+aBaiya (for (k+1)/2 <)

3 B
(EEY q—qn = _q_.._“ﬁi‘_"i“_’%i‘ﬁ[l_f_o(l)] (n — o).
2 T4n+-6'(z z)

o w(z) = ceam(z, A) type:
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(a) X # (2k)? case (k =0,1,2,...)
dy = ;1;(—2—+-1—),d,-: : ( ! +—!—~) (for 2 < 2);

e T4 T4i-2 \Tdi-4 Taq
1
i = for 2 <);2; = Jfraj_aAgi—a(for 1 < 1)
e Wl B
3
. Adpn2Adn
(EE) q—qn = wq—--"—‘i——zﬁ[l—l-o(l] )] (n — o0).

2 T4n - (Z Z)
{(b) A= (2k)? case (k =0,1,2,...)
Define the following two functions g; (1) and ga(!).

)2 =1 - T__—T-ET (=1}
gl(l)—{l (#1) g2(1) { 0% 4 RS

{Z) when k is an even number,

(1 (m@) , 1 1 o
T4i-2 (Téi—tl + T4z‘) ’ T4i\/7‘4i.._2\/7'41‘_+2) (for 1 < i< (k~4)/2)
1L (2 1 1 o
(i four) Tai-2 (T4i—4 + ?"4z') ’ rein/Taia 7“‘8) (for i = (k - 2)/2)
i Jirl) = 9 .
' (B84 L) !
B\Tdia " Taig ’WM\/gm

(for i = k/2)

Lo+ 2 1 for (k +2)/2 < i
L\ 42 (T‘H + T4e’+4) ' T4i+4\/r4i-§—2\/r4i~k(i> (for (i +2)/2 < 4)

—STai2Agio (for 1 <i < (k- 2}/2)
z = VB8Agiqa (for i = k/2)
L JTairsAsipo (for (k+2}/2 <3)

(#1) when k is an odd number,

(L (2, %) T4aﬁ41}2\/ﬁ§5> (for 1 <i < (k— 3)/2)
(di, fir1) = S T4} 2 %}% * %) * 8y/Tai- iﬁ%—g fors =& .":1)/-2) |
7"411+2 (gz(z) + 11+4) T4t+4\ﬁ‘41|—2\/7“41+6) (for i = (k +1)/2)
\ T‘“l” (%‘: ! T4*+4 T41+4\/""41+2\/T4H~6) (for (k+3)/2 < 1)
- Faicz Agig (for 1 <4 < (k—1)/2)
o { \/WAmz (for (k+1)/2 < 1)
(EE) q—¢gn = *“%' ' %[1 + o(1)] {n - co}.

2 Matrix form and error estimate for seyn+1(2z, M), ceam+1(2, A) type

di fa 0 wy
= -Z = . i AT €l
QW - qW) Q f3 d3 .. w3
0
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is the common form. The components of d;, fii;,w; (i = 1,2,...), and error estimate (EFE)
are shown below.

. ‘U}(Z) = Se?m-i-I(Z' /\) type:
(a) A # (2k + 1)? case {k = 0,1,2,...)

1 } 1

fil fore --—m,d,t‘EOfOI'zs?,; ;g f0r2<1;
r ( )i i VI2i-3/T2i-1 ( <9
S . Q232nm182n+1

Uy = \/va‘gih;Bgi__l(fOI‘ 1 < ?,); (EE) G~ Qn = “%"—"'"“i.%m[l + 0(1}] ('n - OO)

w'w
(b) A = 12 case
1 1
dy = —,di=0(for 2<19); fi = ——m—— (for 2 < 3);
i 3 ( ) f V2% 1/ T2i41 ( ' z)

2
N Byns1 Bons
wy = Sra Beipi(for 1 <4 (EE) q—gn = g——}fy——f—i[l + o(1}] {n — o).
wWow

{e) A= (2 + 1)% case (k= 1,2,...)

(e (or 25 Sk 1)
1

1 e (for ¢ = k)
(Il ED e e di b 0 (fOI' 2 S ?')1 f?: =S \/?—;2113 ; ]
- —mte (for ¢ = k4 1)
NG

= (fOr K+ 2 < §)

e
U VT2 /T 203

— /75 (B (for 1 €i<k—~1 2 Bonv3 Bana.
w = 7241432 1(01‘ __?3__ ) ,(EE) qquxq 27?.;_‘3 21‘?5[1_*_0(1)] (n_+
\ffr‘gi.h';Bgﬂ.;g (fOl‘kS?,) W w
o w(z) = ceanyp(z, A} type:
(a) A # (2k 4+ 1) case (k= 0,1,2,...)
1 1
1y = o dy =0 (for 2 <14); fi = e (for 2 < 4);
b= pdEtlr2siiis e e (r2 s
2
a1 Aon-
w; = \frgi-g Asie(for 1 < d); (EE) Q_Qn:g'"“‘“AQ 21 4 o(1)] (72— o0).
wow
(b) A = 1% case
1 1 :
d = ——,d;i =0 {fo QSi;i:m_——%fOTQSH
L k=l rsinfis ey sy
2
Agn1 Aon.
w = Viari Az (for 1) (BE) q— g =T R 14 o) (- 00),
W
(¢) A= (2k+1)? case (k=1,2,...)
e (for 2<i< k-1
T for2sisk-1)

———Iﬂ""(forizk)
dy = ;}m,dime(fOI‘QSi);fiﬂ_ﬁé \/172':5\@
1

1 (fori=Fk+1)
;3\/T21i+3
<
| e (for k+2 < 1)
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2
AgnasA |
(BE) g = qn = TR0 1 4 o(1)
W w

wy = { ~yT2i-1Agi1 (for 1 <i< k1)
VT2i+3Azi4g (for k < i)
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Appendix 2

[Appendix 2.1} V = 87S holds for V and S defined in (3.3.39), (3.3.40) each, and further-

more, V is positive definite.
'Proof] Let us focus on the proof for v = 7S first. The computation of $7s gives

e'{' + 6% €2ty 0

2 2
sTg =

9

i

eqey el el

0 R

Then, one can check component-wise now.

e [t is obvious that €; = 0, ey = 1 1 .
! 3 1 2 \/.__ d() \/an n 3

e forn=2,3,.., supposing that

: | . (2n = D)(2m + 2n ~ 2)
G-l T \/de (2m -+ 4n — 5}(2rn + dn = §)
2n

B (2n - 2)(2m+ 2n -2
- \/ dzn \ (2m + dn — 5)(2m + dn — 3)"
J _ (2n - 1)(2m+2n — 1)
Con = \/—d (2m + 4n — 3)(2m + dn — 1)
_ @n-1D2m+ 2n - 1)
- \/ d21 , V(@m+dn —3)2m +4dn 1)
hold, one may only have to show that eg,41, €2,42 both satisfy (3.3.40).

A2n.-34/ T ;
Va2n-2+/Ton with respect to ez,

® (Copad is obtained by SOiVing €onConsl =
\/ dZn 2\/Md2n

N (2m+2n)(2m+ 2 —1) (2n)(2n — 1)
Vazn-2/Tan J (2m+4n ~ 1)(2m +4n+1) (2m -+ 4dn - 3)(2m +4n ~ 1)’
1 n-a/Tom
€2np1

em  —dan-2y/ ~dzn

-——d2n——2 J (27?1 + 4n — 3)(2m + 4n 1)
‘v/"“d%—?\/“dzn (2n—1)(2m + 2n - 1)

(2m+2n)2m+2n —1) (2n)(2n - 1)
(2m+4n —1)(2m +4n+ 1) (2m+4n - 3)(2m +4n — 1)

2n(2m + 2n) 1
- (2m +4n +1)(2m +4n — 1} /Wd%'
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NT " . 2 2 _ b . 2
Next, eani2 S given by €3, ., +e2,,., = jég; By this, e3,,,, turns out to be

s Gnlemnt)
T dpn(2mt dn + 1) (2m + dn + 3)
2Zn+1D)(2m+2n+ 1
Therefore, egni2 may be egni2 = d —d, ((Qm + 4)n(+ 1) (2m + 4,),1 +3)

This is enough to determine the concrete form of eg.

Secondly, let the positive definiteness of V = 8T8 be proved. One needs to show that
x"Vx > 0 holds for all x = [z, 29,...]" € ¢? and the equality is valid only when x = 0.

Since vV = 878,

X Vi == % 878x = (8x)7(8x) = ||sx]® > 0.

Next, x' Vx = 0 <= x = 0 has to be shown.
It is obvious that x"Vx = 0 holds when x = 0. Conversely, if one assumes x’ Vx =

Isx||* = 0, one finds

r 1T ] i 21Ty ]
€4 0 Ty
€3%;3 + €3%9
£z €3 Ty .
Sx = . = | e4xg+egry | =0, wheree; =0, ¢; #0 (1 =2,3,...).
€4 €5 . T
€53 + €724
L 0 L -d
Suppose z; 3 0. Then,
€o €4 €9 _1 ©9;
Lo = ——I, L3 = ——T1,..., Ty = (—1)(n+1) (H?ﬂl—z) I.
€3 €y €3 £2i+1
e .
On the other hand, with lim —— = 1,
100 €241
2 2 2
€2 €2 €4
el =4+ (2) ot (2) (&) st~ o0
‘ €3 €3 €s
This contradicts the premise that x € £2. Then, z; = 0, which leads to zy =23 = ... =0 or

x = 0. This proves the proposition. i
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Appendix 3

[Appendix 3.1] The class of three-term relations in (4.1.1) is equivalent to the class s
below in (A3.1).

(A3.1) { diyr + fatr = Ay,
IYr—1+ ey + feryeer = Aw (K =2,3,...),
where gn = & - (n = 2,3,...),0 # & = C[1 + o(1)] (n — 00) with C constant.
definitions of the other symbols are retained in Hypothesis.
{Proof] The three-term relations in (A3.1) are rewritten as the next relations (A3.2).

is easily found to be the same type with (4.1.1):

diin + fae = M,
(A3.2) { - A 1 szyz 3{1
Tt + defie + femrlnsr = M (k=2,3,...),

where fu = vFiy/Gr Gk = (o i/ /@) e (k= 2,3,...), and §1 = y1.

[Appendix 3.2] Letting “’ ” be the differentiation with respect to g, one finds that
following equality holds:

y (T — Ay = 0.

[Proof]

(dy — M)yt + farss
oyl + (da — Mg + f395

e !
Y (1 - ’\I)y = [ylsyZI Y3, .. ] .
fsy + (ds = Nz + fays

4

= {{dr — Mt + fanya) + {fevive + (da — Aoty + fayays}
+{ favays + (dz — Nys¥ + fayays) + - -

= {~foyiye + fonvh} + {fovive — foyrvs — fathys + fayays}
+{ fathys = fayath — favays + fayav} + -+ (by (4.1.1))

= nli,fl;io{—fn+19:131n+1 + frt1YnYn1}-

Since y € &, y; — 0 (i — o0). Then, it suffices to show y' € £2 in order to prove y7 ('
Ay = 0, for, y; — 0 (i — oo) directly follows. Differentiating {4.2.5) with respect t

gives

(A3.3) (T = Ay = Ny-—7T'y, where
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r6’1’1 3 0 | [ b o 0 ]
. fo &y f3 e by 3
fi dy - ca bg
i 0 | i 1]

Since there exist upper bounds for each of |b;| and ici|, then Ty € €2 is assured. Also, by
the assumption of [dA/du| < oo, My € €2, This means the RHS of (A3.3) € £2. Thus,

(A3.4) (T — AL}y € &%,

S0, what one only needs to prove is D(3) C ¢2, defining D(3) = {5 : (T—AI)y € £2}. Namely,
for w = [wi,wy, .. .]" € D(F), (T — AXI)w € £ holds. Now, for

di f 0 |
fo da fs
T = ,
fs ds
0 :
let S and U be
[ 4, 0 [\ £ 0
dy fo =X fs
S = U=
d3 fz ~A
] 0 '.‘J i 0 '.' '..-‘

Then, T — Al = S + U. This means that Sw € £2 (or {|Sw||* < 00) is to hold. Equivalently,

HSwH2 <00 &> |d1w1[2 + ldg’wg’g + |a’3w3|2 e

(A3.5) = |dy [l 2 + dal® [wal* + |ds]? [un!® + -+ < 00,

Now, let diin be the smallest value in |d;| (4 = 1,2,.. .). Tt is easily shown that dmi, # 0,

since d; # 0 (i = 1,2,...) from the assumption. Thus, computing d2,;, |lw||* gives

2 2
d?ﬂin “W”2 = dr:i)in ]w1|2 + d?nin |’wz[2 +. = ,dllz Iw1l2 + |da|” fwe|” + -+ < o0,

by (A3.5). Therefore, w € £2. This concludes y”(T — M)y’ = 0.
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