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Abstract

We study the Green-Schwarz action of the Heterotic and the Type IIB string in a
plane-wave background obtained by the Penrose limit. We show that the action
is quadratic with respect to the fermionic coordinates θ in such a background,
in the light-cone gauge. Because of this property, superstring theory may be
relatively easy to be quantized in such a background. We use the normal coordinate
expansion in superspace to show this property of the action. Especially we present
the θ-expansion of the Heterotic string action in general background explicitly
in some approximation and show that a claim previously made about it in the
literature is not correct.
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Chapter 1

Introduction

String theory is considered to be the most promising candidate of a unified theory
including gravity. In string theory, we assume that the “elementary particles”
are actually states of a string. Since a string can oscillate and there are infinite
oscillation modes, one can express infinitely many particles as states of such a
string. A massless particle with spin 2 is included in the spectrum and it can
be considered as the graviton. One can see that string theory includes gravity
more explicitly by considering this theory in a curved space-time. Demanding the
consistency of such a theory, one can show that the metric tensor should satisfy
the Einstein equation with stringy corrections.

Superstring theory is the supersymmetric version of string theory and is con-
sidered to be more promising phenomenologically. It includes supergravity and
the equations of motion of supergravity can be derived by considering superstring
theory in a supergravity background. What we would like to study in this paper
is the superstring action in such a background.

There are two different formalisms of superstring theory: the Ramond-Neveu-
Schwarz(R-NS) formalism and the Green-Schwarz formalism [1][2]. The R-NS
superstring action is given by generalizing the worldsheet coordinates (τ, σ) in the
bosonic string action to the superspace coordinates (τ, σ, θ). On the contrary, the
Green-Schwarz superstring action is given by generalizing the space-time coordi-
nates Xm to the superspace coordinates (Xm, θα). These two formalisms are phys-
ically equivalent, and each formalism has its own advantages and disadvantages.
In the R-NS formalism, it is easy to quantize the action covariantly. However the
space-time supersymmetry is not manifest and it is difficult to incorporate the so-
called Ramond-Ramond background field into the action. On the other hand, in
the Green-Schwarz formalism, it is easy to consider the theory in a general back-
ground, but it is difficult to quantize the theory unless one takes the light-cone
gauge.

In this paper, since we would like to deal with superstring theories in general su-
pergravity backgrounds, we use the Green-Schwarz formalism. The Green-Schwarz
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action in general supergravity background is uniquely given in terms of superfields
by demanding that supersymmetry and a fermionic local gauge symmetry, the so-
called κ-symmetry are preserved by the action. For the Type IIB superstring, the
Green-Schwarz action is given as

I =
1

2

∫
d2σ

[√−ggijΦEa
i E

b
jη

ab + εijEB
i E

A
k BAB

]
. (1.1)

To analyze the dynamics of superstring theory, we need to expand superfields into
component fields. However this expansion itself is a problem. Most generally
the Green-Schwarz action become a very complex polynomial up to order 16 with
respect to the fermionic space-time coordinates θ (or up to order 8 after gauge
fixing the κ-symmetry). We never know how to quantize and analyze such an
action correctly.

In the case of flat background, there is no problem since the Green-Schwarz
action is known to become quadratic when the κ-symmetry is fixed by taking the
light-cone gauge. It is trivial to quantize this action. If the Green-Schwarz action
becomes as simple as the flat case in some of non-trivial backgrounds, it will be very
helpful for quantizing the theory. In particular, superstring theory in non-trivial
Ramond-Ramond backgrounds is very important. According to the AdS/CFT
correspondence [3][4], one can get non-perturbative information on super Yang-
Mills theories, if one can quantize superstring theory in such backgrounds.

The first example of such an analysis was about the Type IIB string inAdS5×S5

with non-trivial Ramond-Ramond background fields [5]. This AdS5 × S5 back-
ground is maximally supersymmetric, i.e. it preserves 32 supersymmetries which
are as many as those in the flat background. Since this background is highly
symmetric, a method called supercoset method was applied to determine the ex-
plicit expression of the Green-Schwarz action. The supercoset method makes the
best use of the supersymmetry to construct the action, and it does not require
too much knowledge about the background fields of supergravity. The light-cone
gauge Green-Schwarz action in this AdS5×S5 background is discovered to be order
θ4 by the supercoset method, which is far simpler than the general case but not
simple enough for direct quantization.

A few years later, a new maximally supersymmetric plane-wave background
of the Type IIB superstring theory was found [6]. Since this new background is
maximally supersymmetric as the AdS5×S5 background is, the supercoset method
can be applied [7][8]. The light-cone gauge Green-Schwarz action in this plane-
wave background is quadratic with respect to both the bosonic coordinates and
the fermionic coordinates, as in the flat background case. This new background
belongs to a class of backgrounds called plane-wave, and can be derived from the
AdS5 × S5 background by taking the special limit called the Penrose limit. The
Penrose limit is originally defined in general relativity, and it is known that the
Penrose limit of any solution of general relativity leads to a plane-wave solution
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[9]. Plane-wave is a special case of pp-wave or “Plane-fronted wave with Parallel
rays” which form a bigger class of solutions.

After it was discovered that the Green-Schwarz action in this particular back-
ground is very simple, people examined various type of pp-wave and plane-wave,
and showed that some of them have this property. In particular, various plane-
wave backgrounds obtained by the Penrose limit were discovered [11][12][13] to
have similar property; the light-cone gauge Green-Schwarz action was quadratic
with respect to the fermionic coordinates θ. Therefore one expects that the light-
cone gauge Green-Schwarz action in some more general plane-wave or pp-wave
may be relatively simple too. In [14], we showed that the light-cone gauge Green-
Schwarz action of the Type IIB superstring in a plane-wave background given as
the Penrose limit of an arbitrary background is always quadratic with respect to
θ. In showing this, we used the method called the normal coordinate expansion
in superspace, which was used for the Heterotic string [15] and for the Type IIB
string [16][17].

The normal coordinate expansion method is a generalization of the ordinary
Taylor expansion, in which coefficients are covariant tensors in the superspace.
Since we would like to consider superstring theory in a background satisfying the
equations of motion of supergravity and these equations are given in terms of
the tensors in the superspace, the normal coordinate expansion is very efficient
to get the explicit form of the action. The calculation in the normal coordinate
expansion method is straightforward, but generally very lengthy and complicated,
and requires full knowledge about the on-shell superfields of supergravity. This is
why the normal coordinate expansion method was not fully applied for all string
theories.

In this paper we would like to explain the method and the results of [14]. We
also apply the normal coordinate expansion method to the Heterotic string action,
and present the explicit form of the second and the fourth order terms of the
θ-expansion of the action in some approximation, which will be explained later.
Since the Heterotic string theory is a theory with N = 1 supersymmetry, the
calculation is easier than the Type IIB case, but still lengthy.

This paper is organized as follows.
In chapter 2, we present the definition of the Green-Schwarz action of super-

string theory in flat space-time, and its symmetries: the space-time supersymmetry
and the so-called κ-symmetry.

In chapter 3 we present the definition of the Penrose limit [18][9], and review the
example of the action in the maximally supersymmetric plane-wave background
[6][7][8], in which the action is found to be quadratic by using supercoset method
[5][7]. Then we explain why we pay attention to the Penrose limit.

In chapter 4, we present the solutions of the Bianchi identities of the supergrav-
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ity theories. With an appropriate set of constraints, these identities automatically
imply the equations of motion.

In chapter 5, we determine the superstring action in a general supergravity
background by using the results of chapter 4. The action is written in terms of
the superfields, and it is the starting point of the normal coordinate expansion
method.

In chapter 6, we describe the techniques of the normal coordinate expansion in
superspace.

In chapter 7, we explicitly apply the normal coordinate expansion method to
obtain the second and the fourth order terms of the θ-expansion of the Green-
Schwarz string action of the Heterotic string up to some approximation. The
purpose of this calculation is twofold. Firstly, we explicitly check whether and
how the light-cone gauge Green-Schwarz action becomes quadratic with respect
to θ in the plane-wave backgrounds obtained by the Penrose limit. Secondly,
we show that the claim made in [15], which is that the light-cone gauge action
is quadratic with respect to θ when the background fields depend only on the
transverse coordinates, is wrong.

In chapter 8, we study the θ-expansion of the light-cone gauge Green-Schwarz
action of the Type IIB string in the plane-wave backgrounds obtained by the
Penrose limit. We use the dimensional analysis which was developed in [15] to
show that it is quadratic with respect to θ.

Chapter 9 is devoted to the conclusions and discussions.
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Chapter 2

The Green-Schwarz formalism

In this chapter, we review the definition of the Green-Schwarz action of superstring
theory in flat space-time [2][19], and its symmetries.

2.1 The Green-Schwarz action

The Polyakov action of the bosonic string theory is given as

S = −1

2

∫
d2σ

√−ggij∂iX
m∂jX

nηmn. (2.1)

The superstring action is given as a generalization of this action. In the Green-
Schwarz formalism, one generalizes the action so that the space-time coordinates
Xm become (Xm, θ1µ, θ2µ), where θIµ(I = 1, 2) are space-time spinors playing the
role of the fermionic coordinates. The standard Green-Schwarz action S of N = 2
superstring theory in flat space-time is given [2] as

S = S1 + S2, (2.2)

S1 = −1

2

∫
d2σ

√−ggijΠm
i Πn

j ηmn, Πm
i = ∂iX

m − iθ̄IΓm∂iθ
I

S2 =
∫
d2σ

[
− iεij∂iX

m(θ̄1Γm∂jθ
1 − θ̄2Γm∂jθ

2) + εij θ̄1Γm∂iθ
1θ̄2Γm∂jθ

2
]
,

where Γm is the gamma matrix, ηmn is the flat space-time metric, gij is the world-
sheet metric, and εij is the totally anti-symmetric tensor density. i, j = 0, 1 denote
the worldsheet indices, and m,n = 0, 1, · · · , D − 1 denote the space-time indices.
This action is invariant under the space-time supersymmetry transformation. In
addition to the supersymmetry, there exists a fermionic local gauge symmetry the
so-called the κ-symmetry.
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2.2 Supersymmetry transformation

The supersymmetry transformation is given as

δεθ
I = εI δεX

m = iε̄IΓmθI

δεθ̄
I = ε̄I δεg

ij = 0, (2.3)

where the transformation parameters εI(I = 1, 2) are constant spinors. S1 is
obviously invariant under (2.3) because Πm

i is invariant. One can check that the
second term S2 is also invariant if D = 10 and θI are chosen to be Majorana-Weyl
spinors.

2.3 The κ-symmetry transformation

As an important feature of the Green-Schwarz formalism, the action is invariant
under a local fermionic gauge transformation, i.e. the κ-symmetry transformation.
The κ-symmetry transformation is given as

δκθ
I = 2iΓmΠimκ

Ii

δκX
m = iθ̄IΓmδθI ,

δκ(
√
ggij) = −16

√
g(P ik

− κ̄
1j∂kθ

1 + P ik
+ κ̄

2j∂kθ
2), (2.4)

where

P ij
± =

1

2
(gij ± εij/

√
g). (2.5)

The transformation parameters κIiµ(I = 1, 2) have both the worldsheet vector
index i and the space-time spinor index µ, which is suppressed in (2.4). κ1i is
restricted to be an anti-self-dual worldsheet vector, and κ2i is restricted to be self-
dual. Although the two terms S1 and S2 in the action are not separately invariant
under the transformation (2.4), the total action S = S1 + S2 is invariant. As
a consequence of this local κ-symmetry, half of the degrees of freedom of θI are
decoupled from the theory.

It is very important to keep the κ-symmetry when one generalizes the action in
flat space-time to that in curved superspace. Without the κ-symmetry, the physical
degrees of freedom in θI would be doubled and the theory would correspond to
something different from the one defined by using the R-NS formalism.

2.4 The light-cone gauge fixing

Since the action (2.2) is in a rather complicated form, covariantly quantizing this
theory is very difficult. But the action will be simplified in the light-cone gauge,
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and quantization becomes very easy in this case. The light-cone gauge conditions
are

X+(σ, τ) = x+ + p+τ,

Γ+θI = 0, (2.6)

where X±(σ, τ) ≡ X0±X9√
2

. The second condition Γ+θI = 0 fixes the κ-symmetry.

Thus the unphysical degrees of freedom in θI are fixed to be zero. An important
consequence of this gauge condition is that θ̄Γm∂iθ = 0 unless m = −. One can
check it using the anti-commutation relations of the gamma matrices:

θ̄Γm∂iθ =
1

2
θ̄

(
Γ+Γ− + Γ−Γ+

)
Γm∂iθ

=
1

2
(θ̄Γ+)Γ−Γm∂iθ +

1

2
θ̄Γ−Γm∂i(Γ

+θ)

= 0. (unless m = −) (2.7)

In this gauge, the action becomes

S = −1

2

∫
d2σηij∂iX

m̃∂jX
ñηm̃ñ

+
∫
d2σip+(θ̄1Γ−∂0θ

1 + θ̄2Γ−∂0θ
2 − θ̄1Γ−∂1θ

1 + θ̄2Γ−∂1θ
2), (2.8)

or is rewritten as

S = −1

2

∫
d2σ

[
∂iX

m̃∂iXm̃ − iSµρi∂iS
νδµν

]
, (2.9)

where we have combined the two space-time spinors θI into a single two-component
Majorana worldsheet spinor as

Sµ =

( √
p+θ1√
p+θ2

)
, (2.10)

and ρi are 2×2 gamma matrices. The action (2.9) becomes the one for free scalars
Xm̃ and free spinors Sµ and one can quantize the theory very easily. Thus we have
seen that the complicated action (2.2) is simplified vastly after taking the gauge
(2.6) in flat space-time. What we would like to pursue in this paper is if there
are any other space-time backgrounds in which the Green-Schwarz action becomes
simple by taking the light-cone gauge, similarly as the one in this chapter.
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Chapter 3

The plane-wave backgrounds and
the Penrose limit

As mentioned in the introduction, the light-cone gauge Green-Schwarz action in
the maximally supersymmetric plane-wave [6] is known to be quadratic [7]. Since
this background is obtained as the Penrose limit of the AdS5×S5 background, we
expect that any background obtained by the Penrose limit may be simple too. In
this chapter, we present the definition of the Penrose limit [18][9]. Then we briefly
review the features of the maximally supersymmetric plane-wave.

3.1 The definition of the Penrose limit

Let us consider a supergravity theory in ten dimensions with a set of p-form po-
tentials A(p), and (p+ 1)-form field strengths F (p+1) defined as

F (p+1) = dA(p) + A(p−q)F (q) + · · · . (3.1)

We would like to consider the so-called Penrose limit in this theory. We will show
that any classical background in this theory becomes a plane-wave background in
such a limit. A plane-wave background is a background which can be expressed
as

ds2 = dx+dx− − hm̃ñ(x+)xm̃xñ(dx+)2 − δm̃ñdx
m̃dxñ, (3.2)

A(p) =
1

p!
A(p)

mp···m2m1
(x+)dxm1dxm2 · · · dxmp , (3.3)

F (p+1) =
1

p!
F

(p+1)
+m̃p···m̃2m̃1

(x+)dxm̃1dxm̃2 · · · dxm̃pdx+, (3.4)

where x± = x0±x9√
2

and m̃, ñ = 1, 2, · · · , 8.
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To consider the Penrose limit, it is convenient to choose a gauge for the metric
and the p-form potentials as follows. For the metric, we introduce a coordinate
system {Y +, Y −, Y m̃} so that the string frame metric takes the form

ds2 = 2dY −{dY + + αdY − + βm̃dY
m̃} − Cm̃ñdY

m̃dY ñ (3.5)

where α, β, and Cm̃ñ are functions of Y ± and Y m̃. Such a coordinate system
can always be introduced in the neighborhood of a null geodesic unless there are
conjugate points in the neighborhood; in other words, this coordinate system can
be introduced unless any two points in the neighborhood are connected by multiple
different null geodesics. From the form of the metric (3.5), one can easily see that
the null geodesics are given by Y − = const., Y m̃ = const., and Y + is an affine
parameter along the null geodesics. For the p-form potential, we need to choose a
gauge so that

A
(p)
+m̃p−1···m̃2m̃1

= 0. (3.6)

This gauge choice is always possible locally in the chosen neighborhood of the null
geodesic using the gauge transformation, A(p) → A(p) + dλ(p−1).

Taking the Penrose limit is essentially to concentrate on what is happening in
the small neighborhood of a null geodesic Y − = 0, Y m̃ = 0. In order to do so, we
introduce a new rescaled coordinate system {X+, X−, Xm̃} such that

Y + = X+, Y − = Ω2X−, Y m̃ = ΩXm̃, (3.7)

and rewrite the basis one-forms of the metric, the p-form potentials, and the (p+1)-
form field strengths by using these new coordinates.

ds2 = Ω2
[
2dX−dX+ − Cm̃ñ(Y )dXm̃dX ñ

]

+ 2Ω4dX−α(Y )dX− + 2Ω3dX−βm̃(Y )dXm̃,

A(p) =
Ωp

p!

[
A

(p)
m̃p···m̃2m̃1

(Y )dXm̃1dXm̃2 · · · dXm̃p

+ A
(p)
+−m̃p−2···m̃2m̃1

(Y )dXm̃1dXm̃2 · · · dXm̃p−2dX−dX+
]

+
Ωp+1

p!
A

(p)
−m̃p−1···m̃2m̃1

(Y )dXm̃1dXm̃2 · · · dXm̃p−1dX−,

F (p+1) =
Ωp

p!

∂

∂Xn
A

(p)
m̃p···m̃2m̃1

(Y )dXm̃1dXm̃2 · · · dXm̃pdXn,

+
Ωp+1

(p− q)!q!
A

(p−q)
m̃p−q ···m̃2m̃1

A
(q)
ñq ···ñ2ñ1

(Y )dXm̃1 · · · dXm̃p−qdX ñ1 · · · dX ñq

+ · · · . (3.8)

We have omitted various other terms of F (p+1) which are constructed from various
combinations of the potentials and the field strengths without derivatives; all these
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combinations are of order O(Ωp+1) or higher, and will vanish after the limiting
process in the following.

We rescale each field as

gmn → gmn = Ω−2gmn,

A(p) → A
(p)

= Ω−pA(p),

F (p+1) → F
(p+1)

= Ω−pF (p+1), (3.9)

and take the limit Ω → 0 to obtain

ds2 = 2dX−dX+ − Cm̃ñ(X+)dXm̃dX ñ, (3.10)

A(p) =
1

p!

[
A

(p)
m̃p···m̃2m̃1

(X+)dXm̃1dXm̃2 · · · dXm̃p (3.11)

+ A
(p)
+−m̃p−2···m̃2m̃1

(X+)dXm̃1dXm̃2 · · · dXm̃p−2dX−dX+
]
, (3.12)

F (p+1) =
1

p!

∂

∂X+
A

(p)
m̃p···m̃2m̃1

(X+)dXm̃1dXm̃2 · · · dXm̃pdX+

=
1

p!
F

(p+1)
+m̃p···m̃2m̃1

(X+)dXm̃1dXm̃2 · · · dXm̃pdX+, (3.13)

where we have used

∂

∂X ñ
A

(p)
m̃p···m̃2m̃1

(Y ) = O(Ω) → 0,

∂

∂X−A
(p)
m̃p···m̃2m̃1

(Y ) = O(Ω2) → 0. (3.14)

Since the metric (3.10) becomes singular when det(Cm̃ñ) = 0, we should define yet
another coordinate frame {x+, x−, xm̃} as

X− = x− + 1
4
Ċm̃ñ(X+)Qm̃

k̃(X
+)Qñ

l̃(X
+)xk̃xl̃,

X+ = x+, Xm̃ = Qm̃
ñx

ñ, (3.15)

with

Cm̃ñQ
m̃

k̃Q
ñ

l̃ = δk̃l̃, Cm̃ñ

(
Q̇m̃

k̃Q
ñ

k̃ −Qm̃
k̃Q̇

ñ
k̃

)
= 0. (3.16)

In this coordinate frame the metric takes the form:

ds2 = dx+dx− − hm̃ñ(x+)xm̃xñ(dx+)2 − δm̃ñdx
m̃dxñ, (3.17)

where

hm̃ñ = −
[
Ċk̃l̃Q̇

l̃
m̃ + Ck̃l̃Q̈

l̃
m̃

]
Qk̃

ñ. (3.18)
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The form of the (p+ 1)-form field strength is not changed from (3.13):

F (p+1) =
1

p!
F

(p+1)
+m̃p···m̃2m̃1

(x+)dxm̃1dxm̃2 · · · dxm̃pdx+. (3.19)

which means that each component of field strength tensors F (p+1)
mp+1···m2m1

(x+) is non-
vanishing only when it has a single ‘+’ index and p transverse indices. On the other
hand, the p-form potential does not retain its form in (3.12), and all components
of the p-form potentials may be non-vanishing:

A(p) =
1

p!
A(p)

mp···m2m1
(x+)dxm1dxm2 · · · dxmp . (3.20)

Thus we obtain a plane-wave solution in the universal form (3.2)-(3.4) as a result
of the Penrose limit. From the metric (3.2). we can see that the only non-zero
components of the curvature tensor and the Ricci tensor are

R+m̃+ñ, R++, (3.21)

up to symmetry of the tensors. Also the covariant derivatives are non-vanishing
only when its index is lower ‘+’, since all the above fields depend only on x+. As
we will see in the following chapters, the Green-Schwarz action in a plane-wave
background is very simple because of these properties.

3.2 The maximally supersymmetric plane-wave

As an example of the plane-wave background obtained by the Penrose limit, let
us consider the maximally supersymmetric plane-wave in the Type IIB theory, in
which the metric and the Ramond-Ramond 5-form field strength are given as

ds2 = dx+dx− − f 2xm̃xm̃ dx+dx+ + δm̃ñdx
m̃dxñ,

F+1234 = F+5678 = 2f. (3.22)

It preserves 32 supersymmetries [6]. This property allows one to construct the
Green-Schwarz action by using the supercoset method. In the supercoset method,
one construct the action from the Cartan 1-forms, Lm, Lµ, Lµν , which are defined
by using the supersymmetry algebra. The action is uniquely determined by the
following four conditions:

• It has global supersymmetry corresponding to the supersymmetry algebra
preserved by the background (3.22).

• Its bosonic part is given by the action of the bosonic string theory in the
background (3.22)
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• It is invariant under the κ-symmetry transformation.

• It is reduced to the known Green-Schwarz action of the Type IIB superstring
theory in the flat space limit (m→ 0).

As a result of this method, the explicit action is given [7] in the light-cone gauge
as

L = −1

2
ηij∂iX

m̃∂jXm̃ − f 2

2
Xm̃Xm̃

+ i
(
θ̄Γ−∂0θ + θΓ−∂0θ̄ + θΓ−∂1θ + θ̄Γ−∂1θ

)

− 2f 2θ̄Γ−Γ1Γ2Γ3Γ4θ. (3.23)

or

L = −1

2
ηij∂iX

m̃∂jXm̃ − f 2

2
Xm̃Xm̃

+ iS̄Γ−ρi∂iS + if 2S̄Γ−Γ1Γ2Γ3Γ4S, (3.24)

where

S =

( √
p+θ1√
p+θ2

)
θ1 =

θ + θ̄

2
, θ2 =

θ − θ̄

2i
, (3.25)

and ρi are 2 × 2 gamma matrices. This action is quadratic in both bosonic and
fermionic fields, and one can quantize the theory easily as in the flat background
case. This is the first non-trivial background in which the Green-Schwarz action
is discovered to be quadratic.

This background is also an example of the plane-wave obtained by the Penrose
limit; actually (3.22) is obtained [20][21] as the Penrose limit of the AdS5 × S5

background given as

ds2 = R2
[
−dt2 cosh2 ρ+ dρ2 + sinh2 ρdΩ2

3 + dΨ2 cos2 ϑ+ dϑ2 + sin2 ϑdΩ′2
3

]
.

In this case, the Penrose limit is written as

x+ = x̄+, x− = R2x̄−, ρ =
r

R
, ϑ =

y

R
, R→∞. (3.26)

After it was discovered that the Green-Schwarz action in this particular back-
ground is very simple, people examined various other plane-wave backgrounds
which are known to be obtained by the Penrose limit [11][12][13], and showed that
the Green-Schwarz action become quadratic in θ in many cases. However, thor-
ough investigation had not been done. What we would like to do is to study the
Green-Schwarz action in general plane-wave backgrounds obtained by the Penrose
limit.
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Chapter 4

Solutions of supergravity theories

In this chapter, we present the solutions of Bianchi identities in supergravity the-
ories. Since we would like to study general plane-wave backgrounds satisfying the
equations of motion of supergravity theories, we should have a convenient way to
express such backgrounds. The most convenient way to do so is to use the super-
field formalism. In the superfield formalism, we need a consistent set of constraints
which removes the unphysical degrees of freedom. This is necessary because in the
superfields formalism, there are generally far too large number of component fields
included in the superfields, compared to the number of physical fields. In 10 di-
mensions, one can actually derive the equations of motion from these constraints
using the Bianchi identities. There are a number of equations extracted from the
component form of the Bianchi identities; some of the equations relate higher or-
der component fields to the lowest component fields, and some of the equations
become the equations of motion of this supergravity theory.

In section 4.1, we present the general solutions of N = 1 supergravity coupled
with super Yang-Mills theory, which is used as the background of the Heterotic
superstring theory, up to some approximation about the Lorentz anomaly. In
section 4.2, we present the general solutions of N = 2 Type IIB supergravity
which is used as the background of the Type IIB superstring theory. Since we
would like to present the explicit calculations about the higher order terms only
for the Heterotic string case, we explain this case in section 4.1 in full detail, and
only briefly review the Type IIB case in section 4.2.
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4.1 N = 1 supergravity coupled with super Yang-

Mills theory

4.1.1 The definition of N = 1 curved superspace

First, let us review the superspace formulation of the N = 1, D = 10 supergravity
theories.

A curved superspace is parametrized by ZM = (xm, θµ) where xm (m =
0, 1, 2, . . . , 9) are ordinary bosonic space-time coordinates, and θµ, (µ = 1, 2, . . . , 16)
are the anti-commuting fermionic coordinates, and each superfield is a function of
ZM . If we expand a superfield in terms of the fermionic coordinates θµ, we can
obtain a finite number of component fields, which are functions of xm.

To construct a curved superspace, we introduce a set of basis one-forms EA

EA = dZMEM
A, (4.1)

where EM
A is the supervielbein, which has the ordinary vielbein eM

A as its lowest
order component. The tangent-space indices A = (a, α) take either bosonic values
a = 0, 1, . . . , 9 or fermionic values α = 1, 2, . . . , 16. The supervielbein EM

A and
its inverse EA

M satisfies,

EM
AEA

N = δM
N , EA

MEM
B = δA

B, (4.2)

and EM
AEN

BηAB = GMN is the metric of the curved superspace.
A basis for any p-forms is constructed from a set of one-forms EA by forming

exterior products. We define the components of a p-form Ω(p) as

Ω(p) =
1

p!
dZMp · · · dZM2dZM1Ω

(p)
M1M2···Mp

,

=
1

p!
EAp · · ·EA2EA1Ω

(p)
A1A2···Ap

. (4.3)

The exterior derivative is defined as

dΩ(p) =
1

p!
dZMp · · · dZM2dZM1dZN∂NΩ

(p)
M1M2···Mp

. (4.4)

It satisfies d2 = 0 and obeys the Leibniz rule:

d(Ω(p)Λ(p′)) = Ω(p)(dΛ(p′)) + (−)p(dΩ(p))Λ(p′). (4.5)

Tangent space vectors V A and VA transform under the tangent-space group as

δV A = V BLB
A, δVA = −LA

BVB. (4.6)
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The tangent space group is SO(1, 9) with ordinary bosonic vectors transforming as
10 and spinors transforming as 16 or 16. This implies that the Lie algebra valued
matrices LA

B must satisfy

Lα
b = La

β = 0, Lα
β =

1

4
Lab(Γ

ab)α
β, (4.7)

where Γab is a totally anti-symmetric product of gamma matrices. We use two sets
of 16× 16 gamma matrices, Γa ≡ (Γa)αβ, and Γ̄a ≡ (Γa)αβ satisfying

(Γa)αδ(Γ
b)δβ + (Γb)αδ(Γ

a)δβ = 2ηabδα
β. (4.8)

Strictly speaking, Γa and Γ̄a are two different sub-matrices of 32 × 32 gamma
matrices, and the fermionic indices cannot be raised or lowered and its contractions
must be taken between an upper index and a lower index. Also we use Γabc··· to
denote totally anti-symmetric products of Γa and Γ̄a matrices normalized to be
unit weight, for example,

(Γab)α
β ≡ (Γ[aΓ̄b])α

β

≡ 1

2

{
(Γa)αδ(Γb)δβ − (Γb)αδ(Γa)δβ

}
, (4.9)

Γabc ≡ Γ[aΓ̄bΓc]

≡ 1

3!
{ΓaΓ̄bΓc + ΓbΓ̄cΓa + ΓcΓ̄aΓb

− ΓaΓ̄cΓb − ΓbΓ̄aΓc − ΓcΓ̄bΓa}, (4.10)

where [ ] represents anti-symmetrization with respect to the indices normalized to
unit weight. Also ( ) and [ ) will be used to represent symmetrization and graded
anti-symmetrization with respect to the indices normalized to unit weight. We
may omit the bar on Γ̄a when doing so does not cause any confusion.

The covariant exterior derivative, D ≡ dZMDM = EADA, acting on a vector
valued p-form is defined as,

DV A = dV A + V BΩB
A, DVA = dVA − (−)pΩA

BVB, (4.11)

where ΩA
B = dZMΩMA

B = ECΩCA
B is the superconnection one-form which has

the ordinary connection of the bosonic space-time as its lowest order component
field. The superconnection one-form ΩA

B must be Lie algebra valued to make
(4.11) covariant under the SO(1, 9) transformations, thus they satisfy relations:

Ωα
b = Ωa

β = 0, Ωα
β =

1

4
Ωab(Γ

ab)α
β. (4.12)
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From the the connection and the vielbein we can define the torsion two-form TA

and the curvature two-form RA
B as

TA = dEA, RA
B = dΩA

B + ΩA
CΩC

B. (4.13)

These two are written in terms of its components as

TA =
1

2
dZNdZMTMN

A =
1

2
ECEBTBC

A, (4.14)

RA
B =

1

2
dZNdZMRMNA

B =
1

2
EDECRCDA

B. (4.15)

From (4.12), the curvature two-form RA
B also satisfies the same equations,

Rα
b = Ra

β = 0, Rα
β =

1

4
Rab(Γ

ab)α
β. (4.16)

By using d2 = 0, we can obtain the Bianchi identities for TA and RA
B.

DTA = d(dTA + TBΩB
A) + (dTB + TCΩC

B)ΩB
A

= TBdΩB
A + TCΩC

BΩB
A

= TBRB
A, (4.17)

DRA
B = d(dΩA

B + ΩA
CΩC

B)

+ (dΩA
C + ΩA

DΩD
C)ΩC

B − ΩA
C(dΩC

B + ΩC
DΩD

B)

= 0. (4.18)

In the component form, these are

D[ATBC)
D + T[AB

ETÊC)
D −R[ABC)

D = 0,

D[ARBC)D
E + T[AB

FRF̂C)D
E = 0. (4.19)

In order to describe supergravity, we need an anti-symmetric tensor field in
addition to the torsion and curvature tensors . It is accommodated by introducing
a two-form superfield B,

B =
1

2
eAeBBAB, (4.20)

and the three-form field strength H,

H =
1

3!
eCeBeAHABC

= dB. (4.21)

The Bianchi identity for H is obtained as

dH = 0, (4.22)

or

D[AHBCD) +
3

2
T[AB

FHF̂CD) = 0, (4.23)

in the component form.
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4.1.2 Coupling with super Yang-Mills theory

In the Heterotic string theory, there are super Yang-Mills fields in addition to the
N = 1 supergravity. An important feature of this N = 1 supergravity theory cou-
pled to super Yang-Mills fields is that we need to require that the two-form poten-
tial B transforms anomalously under the gauge transformations and the Lorentz
transformations to keep the gauge/Lorentz invariance of the action. The gauge
field strength is defined as

F =
1

2
eBeAFAB

= dA+ A2, (4.24)

where A is the one-form potential A = dZMAM = eBAB. Both A and F take
their values in the Lie algebra of the gauge group (E8 × E8 or SO(32)), and we
suppressed the gauge indices. The gauge- and superspace-covariant derivative is
defined to act on a Lie-algebra valued scalar superfield Λ as

DΛ = dΛ− [A,Λ], (4.25)

and the action on any Lie-algebra valued superfields can be defined similarly. Using
this covariant derivative, the Bianchi identity for F is given as

DF = 0, (4.26)

or

D[AFBC) + T[AB
DFD̂C) = 0, (4.27)

in the component form.
Since the two-form potential B is transformed anomalously, we need to modify

the definition of the gauge invariant three-form field strength H as

H = dB + c1ω3YM + c2ω3L, (4.28)

where

ω3YM ≡ tr(AF − 1
3
A3), ω3L ≡ tr(ΩR− 1

3
Ω) (4.29)

and c1 and c2 are some constants. The Bianchi identity for H is obtained as

dH = c1trF
2 + c2trR

2, (4.30)

which is clearly gauge invariant.
From (4.28), the anomalous gauge and Lorentz transformation of B is read as

δB = −c1tr(ΛdA)− c2tr(LdΩ), (4.31)
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where Λ and L are the parameters of the gauge transformation and the local
Lorentz transformation. The constant c1 and c2 can be determined by requiring
the anomaly cancellation of the superstring action in quantum level, since the
supergravity theory is a low energy effective theory of the superstring theory.
However, in this paper, we will first solve the Bianchi identities assuming c2 = 0
and take the effect of c2 6= 0 into account later.

4.1.3 The constraints

In the above two subsections, we have represented the definition of supergravity
in the superspace formulation and the Bianchi identities are given as (4.19) (4.19)
(4.27). The equations of motion of supergravity is derived by solving the Bianchi
identities. So we need to find solutions of the Bianchi identities.

To solve the Bianchi identities, we first choose a basic set of constraints. The
choices are not unique and any consistent choices are physically equivalent. The
specific set of constraints used in [22] is,

Tαβ
a = 2(Γa)αβ, T b

αa = −T b
aα = 0,

Taα
β = −Tαa

β = (ΓaΨ)α
β, Tαβ

γ = 0,

Hαβγ = 0, Fαβ = 0, (4.32)

where the superfield Ψαβ, Tab
c, Tab

α and other components of field strengths are
unconstrained (at least initially). We use this set of constraints to obtain the
solutions of the Bianchi identities following the calculations in [22].

4.1.4 The Bianchi identities for T

Substituting the constraints (4.32) into the Bianchi identities (4.19), we obtain a
number of equations,

D[aTbc]
d − T[ab

eTc]e
d −R[abc]

d = 0, (4.33)

D[aTbc]
δ − T[ab

eTc]e
δ − T[ab

γΓc]γεΨ
εδ = 0, (4.34)

R(αβγ)
δ = 0, (4.35)

DβTbc
d + 2Tbc

γΓd
γβ − 2Rβ[bc]

d = 0, (4.36)

DβTbc
δ + 2D[bΨ

εδΓc]βε + Tbc
eΨεδΓeβε

+ 2ΨεγΨαδΓ[bβ̂ ε̂Γc]αγ −Rbcβ
δ = 0, (4.37)

2ΨεδΓaε(βΓd
γ)δ −

1

2
Rγβa

d + Γb
γβTba

d = 0, (4.38)

Ra(βγ)
δ +D(γΨ

εδΓaβ)ε − Γc
γβTca

δ = 0. (4.39)

First, we will extract an equation

Ta(bc) = 0, (4.40)
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from (4.35) and (4.38) as follows. Multiplying (4.38) with (ΓaΓd)ζγ, and taking
the symmetric part with respect to ζ and β, we get

0 = 2ΨεδΓaε(β(ΓaΓd̂Γ
d)ζ)δ − 2ΨεδΓd

δ(β(ΓaΓd̂Γa)ζ)ε

− 1

2
(ΓaΓd)(ζ

γRγ̂β)a
d + (ΓaΓdΓ

b)(ζβ)Tba
d

= −1

2
Rγ(βζ)

γ + 2Γb
ζβTbd

d

= −1

2

[
3

2
R(γβζ)

γ − 1

2
Rβζγ

γ
]

+ 2Γb
ζβTbd

d

= 2Γb
ζβTbd

d, (4.41)

where we usedR(γβζ)
γ = 0 which is obtained from (4.35) andRβζγ

γ ≡ 1
4
RβζabTr(Γab) =

0. Thus, we get

Tbd
d = 0. (4.42)

Substituting (4.42) into (4.38) after contracting a and d, we get

2ΨεδΓdε(βΓd
γ)δ = 0. (4.43)

Then multiplying (4.43) with Γcβγ , we get

0 = 2ΨεδΓdε(βΓd
γ)δΓ

cβγ

= 2Ψεδ (ΓaΓ
cΓa)(εδ)

= −20ΨεδΓc
εδ. (4.44)

Multiplying (4.38) with Γγβ
c again, contracting fermionic indices, and taking the

symmetric part with respect to a and d, we obtain,

0 = 2(ΨΓ(dΓĉΓa))
ε
ε − (ΓcΓ

b)γ
γTb(ad)

= 32ΨεδΓcεδηad − 16Tc(ad). (4.45)

Together with (4.44), we get (4.40). Since Tabc is components of two-form TA, it
is anti-symmetric with respect to a and b, and (4.40) implies that Tabc is a totally
anti-symmetric tensor. This tensor will be related to Habc which is a totally anti-
symmetric tensor by definition.

Secondly, we will extract the relation between Ψαβ and Tabc using the above
results. Ψαβ is solved to be

Ψαβ = − 1

24
Tabc(Γ

abc)αβ, (4.46)

as follows. We first expand Ψεδ in terms of the Γ matrices as

Ψεδ = Ga(Γ
a)εδ +Gabc(Γ

abc)εδ +Gabcde(Γ
abcde)εδ, (4.47)
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where Gabc is a totally anti-symmetric tensor and Gabcde is a totally anti-symmetric
self-dual tensor. This expansion is always possible since any tensor with two
fermionic indices can be expanded using the complete set made from the products
of Γ matrices. Substituting (4.47) into (4.44), we get Ga = 0. Substituting (4.47)
into (4.38) and symmetrizing with respect to a and d, we get

0 = 2
(
Γ(aΨΓd)

)
(βγ)

= 2
(
6Gefgδ

e
(aΓ

fδg
d)

−GefghiΓ
efghiηad + 5Gefghiδ

e
(aΓ

fghiΓd) + 5GefghiΓ(aΓ
efghδi

d)

)

(βγ)

= 2
(
−GefghiΓ

efghiηad + 10Gefgh(aΓ
efgh

d)

)

(βγ)
. (4.48)

Thus we see that Gabcde is also vanishing, and Ψεδ = Gabc(Γ
abc)εδ. (4.35), (4.38) and

above results allow us to write Gabc in terms of Tabc. Multiplying (4.35), (4.38)
with Γ matrices and contracting some of indices, we get four equations written
below:

Multiplying (4.35) with Γaβγ and contracting α and δ, we get

0 = Rαβγ
αΓaβγ

=
1

4
Rαβbc(Γ

aΓbc)βα

=
1

2
RαβbcΓ

cβα. (4.49)

Multiplying (4.35) with Γaβγ(Γef )δ
α, we get

0 = R(αβγ)
δΓaβγ(Γef )δ

α

=
1

4
Rαβbc(Γ

bc)γ
δΓaβγ(Γef )δ

α +
1

4
Rβγbc(Γ

bc)α
δΓaβγ(Γef )δ

α

=
1

4
Rαβbc(Γ

aΓbcΓef )βα +
1

4
RβγbcΓ

aβγTr(ΓbcΓef )

=
1

4
Rαβbc

(
Γabcef − 18Γaηbeηcf + 2Γfηabηce − 2Γeηabηcf

)βα
. (4.50)

Multiplying (4.38) with (Γabcef )γβ, we get

0 = 2GghiTr(ΓcΓ
ghiΓdΓ

abcef )− 1

2
(Γabcef )γβRγβcd

= 2Gghi(
∑

c 6=a,e,f

∑

d6=c,a,e,f

δc
cδ

d
d)Tr(−6ηgaηheηifδβ

β)− 1

2
(Γacdef )γβRγβcd

= −2× 42× 6× 16Gaef − 1

2
(Γacdef )γβRγβcd. (4.51)
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Multiplying (4.38) with Γe
βγ , we get

0 = 2GghiTr(ΓaΓ
ghiΓdΓe)− 1

2
RγβadΓe

βγ + Tr(ΓeΓ
b)Tbad

= 2× 6× 16Gaed − 1

2
RγβadΓe

βγ + 16Tead. (4.52)

Using (4.50), (4.51) and (4.52), we can obtain Ψαβ as (4.46). Additionally, we can
determine Rαβab by substituting (4.46) into (4.38) as

Rαβad =
1

6
Tcde(Γab

cde)αβ + 3TabcΓ
c
αβ. (4.53)

In the above, we have written Ψαβ(i.e. Taα
β) and Rαβad in terms of Tabc. In the rest

of this subsection, we will study the remaining equations to get the expressions for
other superfields Tab

α, Rαabc in terms of Tabc and DαTabc.
Transforming (4.36) by using the fact that RABcd is anti-symmetric with respect

to c and d, we get

Rβcbd =
1

2
DβTcbd + Tcb

γΓdγβ − Tbd
γΓcγβ + Tdc

γΓbγβ. (4.54)

From this and (4.39), we get the following two equations:
Multiplying (4.54) with 1

4
(ΓeΓ

bd)βδ, we get

1

4
Rβcbd(ΓeΓ

bd)βδ =
1

8
DβTcbd(ΓeΓ

bd)βδ +
1

4
Tcb

γ(ΓdΓeΓ
bd)γ

δ

− 1

4
Tbd

γ(ΓcΓeΓ
bd)γ

δ +
1

4
Tdc

γ(ΓbΓeΓ
bd)γ

δ. (4.55)

Multiplying (4.39) with Γβγ
e , we get

0 = Ra(βγ)
δΓβγ

e +D(γΨ
εδΓaβ)εΓ

βγ
e − Γc

γβTca
δΓβγ

e

= −1

4
Rβabd(ΓeΓ

bd)βδ +Dγ(ΓeΓaΨ)γδ − Tca
δTr(ΓcΓe). (4.56)

Substituting (4.55) into (4.56), we get

6Teb
δ −Dγψ

εδ(ΓcΓe)ε
δ

=
1

8
DβTbcd(ΓeΓ

bd)βδ +
9

2
Tcb

γ(ΓbΓe)γ
β

+
1

4
Tbd

γ(ΓbdΓcΓe)γ
δ − Ted

δ(ΓdΓc)γ
δ. (4.57)

To analyze Tab
α, we decompose it into SO(1, 9) irreducibles 560, 144 and 16

as

Tab
α = Jab

α + 2Jβ[aΓ
βα
b] + Jβ(Γab)β

α, (4.58)
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where Jab
α, Jβa, J

β are in 540, 144, 16 representations of SO(1, 9) respectively.
They satisfy

Jab
αΓb

αβ = 0, (4.59)

JβaΓ
aβα = 0. (4.60)

Using this expansion, (4.57) becomes,

6Teb
δ −Dγψ

εδ(ΓcΓe)ε
δ − 1

8
DβTbcd(ΓeΓ

bd)βδ

= 36JacΓ
αδ
e − 8JαeΓ

αδ
c + 27Jβ(ΓcΓe)β

δ − 18Jδηec. (4.61)

We can determine Jβ by contracting c and e:

Jβ = −13

90
Dαψ

αβ. (4.62)

Jβa can be determined by multiplying (4.61) with Γc
δγ :

Jβa = − 1

56
[Dα(ΓaΨ)α

β + 288JαΓaαβ]. (4.63)

Using the equations (4.60), JβaΓ
aβα = 0, we get

JβaΓ
aβγ = − 1

56
[Dα(ΓaΨΓa)αγ + 288× 10Jγ]

= − 1

56
(10 + 6 + 288× 10)Jγ = 0, (4.64)

and we can see Jβ = 0. This is one of the equations of motion which is really
obtained as a part of solutions of the Bianchi identities. Substituting (4.63) and
Jβ = 0 into (4.61) we can obtain an expression about Jab

α:

Jec
δ =

1

16
DβTjk[e(Γ

jk
c] )

βδ +
1

8
DβTeckΓ

kβδ, (4.65)

and thus, the full superfield Tec
δ becomes

Tec
δ =

1

14
DβTjk[e(Γ

jk
c] )

βδ +
3

28
DβTeckΓ

kβδ. (4.66)

Combining it with (4.54), we can also get an equation which relate Rβcbd to
fermionic derivatives of Tabc.

In this subsection, we have written Ψαβ, Rαβad Tab
α, and Rαabc in terms of

Tabc and DαTabc. Actually, one can write all the unconstrained components of the
torsion tensor and all the components of the curvature tensor in terms of Tabc and
its derivatives, but we have presented only important equations which will be used
in the following chapters.
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4.1.5 The Bianchi identities for F

Substituting the constraints (4.32) into the Bianchi identities (4.27), we obtain
another set of equations,

D[cFba] − T[cd
dFa]d − T[cd

δFa]δ = 0, (4.67)

Γd
(γβFα)d = 0, (4.68)

2D[cFb]α +DαFcb + Tcb
dFdα − 2Tα[c

δFb]δ = 0, (4.69)

D(γFβ)a + Γd
γβFda = 0. (4.70)

We decompose Faα into SO(1, 9) irreducibles, 144 and 16, in a similar way as
Tab

α in the last subsection.

Faα = χaα + Γaαβχ
β, (4.71)

where χaα, χβ are in 144, 16 representations of SO(1, 9) respectively. χaα satisfy

χaαΓaαβ = 0. (4.72)

Substituting this decomposition to (4.68), we can see χaα = 0. This χδ is identified
as the gluino, the super partner of the gauge field. Other equations (4.67), (4.69)
and (4.70), allow us to obtain the equation of motion for gluino, and the Yang-Mills
equation, but we do not need these equations in the calculations in the following
chapters.

4.1.6 The Bianchi identities for H

The Bianchi identities for H (4.30) are very hard to solve because of the presence
of curvature squared term. To solve it generally, we may try to obtain the solutions
as a power series of c2, and the solutions will be very complicated. Therefore we
consider the zero-th order approximation first. Namely, we assume c2 = 0, and
the component form of the Bianchi identities (4.30) becomes

D[eHabd] +
3

2
T[ea

fHf̂ bd] −
3c1
2

tr(F[eaFbd]) = 0, (4.73)

Γf
(εαHf̂βδ) = 0, (4.74)

D(εHαβ)d + 2Γf
(εαHf̂β)d = 0, (4.75)

3D[eHab]δ −DδHeab + 3T[ea
FHF̂ b]δ

+ 3ψεγΓ[eε̂δ̂Hab]γ − 6c1tr(F[eaΓb]αδχ
α) = 0, (4.76)

D[eHa]βδ +D(βHδ)ea +
1

2
Tea

fH[fβδ + Γf
βδHfea − ψεγΓ[eε̂β̂Hγ̂a]δ

− ψεγΓ[eε̂δ̂Hγ̂a]β + 2c1Γ[eβ̂α̂Γa]δγtr(χ
αχγ) = 0. (4.77)
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To deal with Haαβ, we decompose it as

Haαβ = φΓaαβ + φbc(Γabc)αβ + φbcde(Γabcde)αβ. (4.78)

Substituting it into (4.74), we see that φbc = φbcde = 0 and

Haαβ = φΓaαβ. (4.79)

φ is the dilaton superfield, which includes the ordinary dilaton field as its lowest
order component. We define the superfield λ by λα ≡ Dαφ; which includes super-
partner of dilaton as its lowest order component. Using the results for Haαβ, we
can solve (4.75) for Habα as

Habα = −1

2
(Γab)α

βDβφ =
1

2
(Γab)α

βλβ. (4.80)

Multiplying (4.77) with (Γbcdea)βε, we obtain the expression of Dβλ written by φ,
Tabc, χ

α as

Dβλε = −(Γb)βεDbφ− φ

6
Tabc(Γ

abc)βε, (4.81)

while multiplying (4.77) with Γdβε, we get

Hdea = −φTdea +
1

32
(Γdea)

βεDβλε +
c1
8

(Γdea)αβtr(χαβ). (4.82)

Then substituting (4.81) into this equation, we obtain the expression of Hdea writ-
ten by φ, Tabc, χ

α as

Habc = −3

2
φTabc +

c1
4

(Γabc)αβ tr(χαχβ). (4.83)

In the above, we have solved the Bianchi identities for H when c2 = 0. We will
use these solutions in the following chapters as the zero-th order approximation
when we calculate the θ-expansion of the Green-Schwarz action. The purposes
of these calculations are to examine the claim made in [15] is right or wrong,
and to examine the special backgrounds obtained by the Penrose limit. For these
purposes, the results in the zero-th order approximation presented here are actually
enough. Since the claim in [15] was made in the background with this zero-th order
approximation, we will use the same approximation to examine this claim. For
the latter purpose, one can argue as follows. To get the exact expressions for
the Green-Schwarz action of the Heterotic string, we need to obtain the solutions
which satisfies the Bianchi identities with c2 6= 0. The component form of the
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Bianchi identities with c2 6= 0 becomes

D[eHabd] +
3

2
T[ea

fHf̂ bd] −
3c1
2

tr(F[eaFbd])− 9c2
2
R[eaf̂

gRbd]g
f = 0, (4.84)

Γf
(εαHf̂βδ) −

3c2
2
R(εαf̂

gRβδ)g
f = 0, (4.85)

D(εHαβ)d + 2Γf
(εαHf̂β)d − 6c2R(εαf̂

gRβ)dg
f = 0, (4.86)

3D[eHab]δ −DδHeab + 3T[ea
FHF̂ b]δ

+ 3ψεγΓ[eε̂δ̂Hab]γ − 6c1tr(F[eaΓb]αδχ
α)− 18c2R[eaf̂

gRb)δg
f = 0, (4.87)

D[eHa]βδ +D(βHδ)ea +
1

2
Tea

fH[fβδ + Γf
βδHfea − ψεγΓ[eε̂β̂Hγ̂a]δ

− ψεγΓ[eε̂δ̂Hγ̂a]β + 2c1Γ[eβ̂α̂Γa]δγtr(χ
αχγ)

− 3c2Reaf
gRβδg

f + 3c2R[eβ̂f̂
gRa]δg

f + 3c2R[eδ̂f̂
gRa]βg

f = 0. (4.88)

However, in the special background which we are interested in, i.e. the back-
grounds obtained by the Penrose limit, the solutions of the Bianchi identities are
not changed by the parameter c2 because the curvature squared term always vanish
as shown as follows.

In this special background, each component of Rabcd is non-vanishing only when
it has two lower ‘+’ and two transverse indices. as explained in section 3.1. Thus
Reaf

gRbdg
f in (4.84) is always zero. From (4.16), each component of Rαβcd is non-

vanishing only when it has a bosonic index ‘+’ and a bosonic transverse index.
Thus Rεαf̂

gRβδg
f in (4.85) and Reaf

gRβδg
f in (4.88) are always zero. Since we are

considering a classical background, Rβdg
f is always zero. Since all the curvature

squared terms in (4.86) - (4.87) are always zero, the solutions of equations (4.73)
- (4.77) are also satisfies equations (4.84) - (4.88). We will use this result to prove
that the light-cone gauge Green-Schwarz action of the Heterotic string in this
background is quadratic in θ without any approximation.

4.1.7 The summary of the solutions

Summarizing the above results, we list the relations which are important for the
calculations of the Heterotic string action in the following chapters.

The constraints for TAB
C :

Tαβ
a = 2(Γa)αβ, T b

αa = −T b
aα = 0,

Taα
β = −Tαa

β = (ΓaΨ)α
β, Ψαβ = − 1

24
Tabc(Γ

abc)αβ,

Tαβ
γ = 0. (4.89)

The constraints for HABC :

Haαβ = φΓaαβ, Habα =
1

2
(Γab)α

βλβ,
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Habc = −3

2
φTabc +

c1
4

(Γabc)αβ tr(χαχβ). (4.90)

The relation between Tab
γ and fermionic derivatives of Tabc:

Tec
δ =

1

14
DβTjk[e(Γc]

jk)βδ +
3

28
DβTeck(Γ

k)βδ. (4.91)

The relation between the curvature tensor and Tabc:

Rαβab =
1

6
Tcde(Γab

cde)αβ + 3Tabc(Γ
c)αβ. (4.92)

The relation between fermionic element of the curvature tensor and the torsion:

Rβcbd =
1

2
DβTcbd + Tcb

γΓdγβ + Tdb
γΓcγβ + Tdc

γΓbγβ. (4.93)

Fermionic derivatives of λ:

Dβλε = −(Γb)βεDbφ− φ

6
Tabc(Γ

abc)βε. (4.94)

Fermionic derivatives of Tabc:

DγTabc = 2T[ab
αΓc]αγ + φ−1D[aλβ̂(Γbc])γ

β − φ−1Tabcλγ

− φ−1T[ab
d(Γc]d)γ

βλβ − φ−1(Γ[aΨΓbc])γ
βλβ +O(Fχ). (4.95)

Fermionic derivatives of Tα
ab:

DβTbc
δ + 2D[bΨ

εδ(Γc])βε + Tbc
eΨεδ(Γe)βε

+ 2ΨεγΨαδ(Γ[b)β̂ε̂(Γc])αγ −Rbcβ
δ = 0, (4.96)

DβTab
α = −2D[a(Γb]Ψ)β

α − Tab
e(ΓeΨ)β

α

− 2(Γ[aΨΓb]Ψ)β
α +

1

4
Rabcd(Γ

cd)β
α. (4.97)

These results will be used when we explicitly calculate the expansion of the
Green-Schwarz action in chapter 7.

4.2 The Type IIB supergravity

The formulation of the N = 2, D = 10 Type IIB supergravity theory [23] is a
direct generalization of the N = 1, D = 10 supergravity theory. We use the
convention that a curved superspace is parametrized by ZM = (xm, θµ, θµ̄) where
θµ̄ is the complex conjugate of θµ, θµ̄ = θ̄µ. The tangent space group is now
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SO(1, 9)×U(1), where the U(1) subgroup is the automorphism group of the N = 2
supersymmetry algebra. Because of this additional U(1), the field contents of the
Type IIB supergravity is complicated.

In this section, we only present formulas necessary for the following chapters.
Following the notation and conventions in [23], the part of the field contents of the
IIB supergravity theory which is necessary for us is as follows: the basis 1-form
EA = (Ea, Eα, Eᾱ ≡ Ēα), the SO(1, 9)×U(1) connection 1-form Ω̂A

B, the complex
2-form potential A and the real 4-form potential B. From these fields, the torsion
2-form TA, the curvature 2-form RA

B, the complex 3-form F , and the 5-form field
strength Z are constructed. In addition, there appears a scalar superfield, which
is an element of SU(1, 1),

V =

(
u v
v̄ ū

)
, uū− vv̄ = 1. (4.98)

From this, one obtains the 1-form,

V−1dV =

(
2iQ P
P̄ −2iQ

)
, Q = Q̄. (4.99)

The real 1-form Q is identified with the U(1) part of Ω̂A
B, whereas the complex

1-form P is expanded as P = EaPa + EαPα − EᾱPᾱ with

Pα = −2Λα, Pᾱ = 0. (4.100)

where Λα is a superfield which contains the physical spin 1/2 field. Also, the scalar
field V and the complex 3-form F are combined to form an SU(1, 1) invariant 3-
form field strength F ,

(F̄ ,F)V = (F̄ , F ). (4.101)

The real 2-form potential B and real 3-form field strength H, which are directly
corresponding to the B and the H in the Heterotic string, are given from the F
as

H ≡ F + F̄ = dB, (4.102)

and the dilaton superfield Φ is given by the components in V as

Φ = w = w̄, w = u− v̄, (4.103)

where we have taken a specific local U(1) gauge so that w becomes real. In this
gauge, one can derive

DAΦ = −1

2
(PA + P̄A),

QA =
i

4
(PA − P̄A),

H = Φ(F + F̄ ). (4.104)
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These fields satisfy the constraints:

Tab
c = Tαβ

c = Tαb
c = Tαβ

γ = Tαβ̄
γ̄ = 0 ,

Tαβ̄
c = −i(Γc)αβ , Taβ

γ̄ = − 3

16
F̄abc(Γ

bc)β
γ − 1

48
F̄ bcd(Γabcd)β

γ ,

Taβ
γ =

21

2
iXaδβ

γ +
3

2
iXb(Γab)β

γ +
5

4
iXabc(Γ

bc)β
γ

+
1

4
iXbcd(Γabcd)β

γ + iZabcde(Γ
bcde)β

γ, (4.105)

Taβ̄
γ̄ = −(Taβ

γ) , Taβ̄
γ = −(Taβ

γ̄) ,

Hαβγ = Hαβγ̄ = Hαβ̄γ̄ = Hᾱβ̄γ̄ = Haβγ̄ = 0 ,

Haβγ = Haβ̄γ̄ = −iΦ(Γa)βγ , (4.106)

Habγ = −Φ(Γab)γ
δΛ̄δ , Habγ̄ = −Φ(Γab)γ

δΛδ,

DαΛβ = − i

24
Fabc(Γ

abc)αβ , D̄αΛβ = − i
2
Pa(Γ

a)αβ, (4.107)

where X [···] = 1
16

Λ̄α(Γ[···])αβΛβ.
The results of this section will be used when we analyze the Green-Schwarz

action of the Type IIB string in chapter 8.
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Chapter 5

Superstring action in
supergravity backgrounds

In this chapter, we briefly review how the superstring actions in the general super-
gravity background are obtained. These actions are written by using superfields,
and will be the starting point of θ-expansion in chapter 7 and chapter 8.

5.1 The Heterotic string action

The standard Green-Schwarz action (2.2) in flat space-time can be rewritten as

I = −1

2

∫
d2σ

[√−ggij∂iZ
M∂jZ

N(eN
aeM

b)ηab + εij∂iZ
M∂jZ

NaNM

]
, (5.1)

where eM
A is the vielbein of the flat superspace, and aNM is the 2-form:

eM
A = (eM

a, eM
α),

ea ≡ dZMeM
a = dXa − iθα(Γa)αβdθ

β,

eα ≡ dZMeM
α = dθα,

a = iθα(Γa)αβdX
adθβ. (5.2)

One may generalize (5.1) to the action in general supergravity background
by replacing the vielbein eM

A and the 2-form by the general vielbein EM
A of

the superspace and the 2-form potential of the supergravity theory respectively.
However, as we mentioned in chapter 2, we need to preserve the invariance under
the κ-symmetry when we generalize the action. The κ-symmetry transformation
of the vielbein is given as

δEa = δZMEM
a = 0,

δEα = δZMEα
M = 2Ea

i (Γa)
αβgijκjβ. (5.3)
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The action (5.1) can not be made invariant no matter how we choose the κ-
symmetry transformation of gij. To make the action invariant, we need to add
one more field φ, which turns out to be the dilaton superfield. In addition to the
dilaton, we need the gauge superfield in the Heterotic string theory. Therefore the
Heterotic string action in general supergravity background is obtained [24] as

I =
∫
d2σ

[
1

2
ηijφ(Z)Ea

i (Z)Eja(Z)

+ εij∂iZ
N∂jZ

MBMN(Z) + ψTD−ψ
]
. (5.4)

This action is invariant under the κ-symmetry transformation:

δEa = δZMEM
a = 0,

δEα = δZMEα
M = 2Ea

i (Γa)
αβgijκjβ.

Ψs = (δZMAM)stΨt,

δφ = φδEαΛα,

δ(
√−ggij) = 4i(gikεjl + εikgjl)

[
Eα

k −
1

4
φ−1Ec

k(Γc)
αβ

]
κlα

+ φ−1(4
√−gΨ̄sρjκi

αχ
α
stΨ

t). (5.5)

Here, we need to substitute the solutions of the Bianchi identities into super-
fields EA

M , Ψs, φ, and BMN , which were given in chapter 4. Unless we do so, the
κ-symmetry is not preserved.

5.2 The Type IIB string action

The action of the Type IIB string in general supergravity background is obtained
[25] in a similar way. The action becomes

I =
1

2

∫
d2σ

[√−ggijΦEa
i E

b
jη

ab + εijEB
i E

A
k BAB

]
, (5.6)

and the κ-symmetry transformation of this action is

δEa = δZMEM
a = 0,

δEα = δZMEα
M = 2Ea

i (Γa)
αβgijκjβ.

δĒα = ¯(δEα),

δφ = φ(δEαΛα − δĒαΛ̄alpha),

δ(
√−ggij) = 4i(gikεjl + εikgjl)(Eα

k κlα + Ēα
k κ̄lα)

+ 2(gijεkl − 2εkjgil)Ec
k(Γc)

αβ(κ̄lαΛβ − κlαΛ̄β). (5.7)

As in the previous section, we also need to substitute the solutions of the Bianchi
identities into superfields EA

M , φ, and BMN , which were given in chapter 4.
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Chapter 6

The normal coordinate expansion

In this chapter, we describe the techniques of the normal coordinate expansion
in superspace, which we will use in the following. Before doing so, let us explain
the reason why we need the normal coordinate expansion instead of the ordinary
Taylor expansion.

6.1 The θ-expansion of the action in the super-

field formalism

To express the Green-Schwarz action in the superfield formalism in terms of its
component fields, we need to expand the action in terms of θ. This expansion
may be obtained by the Taylor expansion in superspace around the point Z0

M =
(Xm, 0), in terms of θµ. This expansion is not an approximation of the action,
since the power series expansion in the fermionic variables terminates at finite
order. The maximum order is 16 in the Heterotic theory, and 32 in the Type IIA
and Type IIB theory. We will see that the expansion are dramatically simplified
by fixing the κ-symmetry with the light-cone gauge and giving some restrictions
on background fields, in the following chapters.

However in the ordinary Taylor expansion such as

I[Z] ≡ I[Z0 + ε]

= I[Z0] +
∫
d2σ εM(σ)

δ

δZM
0 (σ)

I[Z0]

+
1

2!

∫
d2σ′

∫
d2σ εN(σ′)εM(σ)

δ

δZN
0 (σ′)

δ

δZM
0 (σ)

I[Z0]

+ · · · , (6.1)

the coefficients are not covariant. In this paper, we need a covariant expansion be-
cause the equations satisfied by the space-time background fields are given in terms
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of tensors in superspace, as we saw in the previous chapters. To get a covariant
expansion, we need to use the method of the normal coordinate expansion.

6.2 Definition of the normal coordinate expan-

sion

Let us expand the superspace coordinate ZM of a point in the neighborhood of Z0

as

ZM = ZM
0 + εM(Z0, y) (6.2)

where εM(Z0, y) is a function of Z0 and the tangent space vector yA = yMEM
A at

Z0. ε
M(Z0, y) is given as follows. Let us consider the geodesic ZM(t) in superspace

satisfying the geodesic equation

dZM(t)

dt
DMV

A(Z(t)) = 0, (6.3)

where V A = dZM (t)
dt

EM
A(Z(t)) and DM is the covariant derivative. Here we take

the initial condition to be
{
ZM(t = 0) = ZM

[
dZM

dt

]
t=0

= yM .
(6.4)

Then we define εM(Z0, y) to be

εM(Z0, y) = ZM(t = 1)− ZM
0 (6.5)

as depicted in Figure 6.1. When ZM is in a sufficiently small neighborhood of ZM
0 ,

one can take a coordinate frame Z̄M in which

Z̄M = Z̄M
0 + ȳM , (6.6)

such a coordinate frame Z̄M is called the normal coordinate frame. Notice that
yA(Z0) satisfies an equation

yMDMy
A(Z0) = 0, (6.7)

which follows from the geodesic equation and means that yA is covariantly constant
along the geodesic line.

We use these definitions to obtain the normal coordinate expansion from the
ordinary Taylor expansion (6.1). In the normal coordinate frame Z̄M , all geodesic
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Z

Z(t)

0ZZ(t=1)= + ε

Z(t=0)

y

Figure 6.1: Geodesic line ZM(t)

lines are straight lines and ε̄M(Z̄0, ȳ) = ȳM . Thus the expansion (6.1) can be
rewritten in the normal coordinate frame as

I[Z̄] = I[Z̄0 + ȳ]

= I[Z̄0] +
∫
d2σ ȳM(σ)

δ

δZ̄M
0 (σ)

I[Z̄0]

+
1

2!

∫
d2σ′

∫
d2σ ȳN(σ′)ȳM(σ)

δ

δZ̄N
0 (σ′)

δ

δZ̄M
0 (σ)

I[Z̄0]

+ · · ·
= I[Z̄0] +

∫
d2σ ȳM(σ)

δ

δZ̄M
0 (σ)

I[Z̄0]

+
1

2!

∫
d2σ′ ȳN(σ′)

δ

δZ̄N
0 (σ′)

∫
d2σ ȳM(σ)

δ

δZ̄M
0 (σ)

I[Z̄0]

+ · · · , (6.8)

because ȳM(σ) commutes with the functional derivatives.
In this form all the functional derivatives are always acting on a scaler, and can

be trivially replaced by the functional covariant derivatives. Once all derivatives
are written by covariant derivativesDM(σ), we now know that this same expression
is correct not only in the normal frame but also in arbitrary frames. Thus we obtain
the so-called normal coordinate expansion in arbitrary frames,

I[Z] ≡ I[Z0 + ε(Z0, y)]

= I[Z0] +
∫
d2σ εM(σ)

δ

δZM
0 (σ)

I[Z0]

+
1

2!

∫
d2σ′ εN(σ′)DN(σ′)

∫
d2σ εM(σ)DM(σ)I[Z0]
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+ · · ·
= I[Z0] + ∆[Z0, y]I[Z0]

+
1

2!
∆[Z0, y]∆[Z0, y]I[Z0]

+ · · ·
≡ e∆[Z0,y]I[Z0], (6.9)

where

∆[Z0, y] =
∫
d2σ yA(σ)DA(σ),

DA(σ) = EA
N(Z0(σ))DN(σ). (6.10)

In an explicit form, the functional covariant derivativeDA(σ) acting on a vector
TB(σ′) is given as

DA(σ)TB(σ′) = EA
M(Z0(σ))

δTB(σ′)
δZM

0 (σ)
+ δ(2)(σ, σ′)(−)ACTC(σ)ΩAC

B(σ). (6.11)

To obtain a covariant θ-expansion, we choose

ZM
0 = (Xm, 0), yM = (0, θµ). (6.12)

and go to the Wess-Zumino gauge in which the θ = 0 components of the super-
vielbein takes the following form:

EM
A(X) =

(
em

a(X) em
α(X)

eµ
a(X) = 0 eµ

α(X) = δµ
α

)
. (6.13)

The tangent space vectors yA will then be

ya = yMeM
a(Z0)

= yµeµ
a(X)

= 0, (6.14)

yα = yMeM
α(Z0)

= yµeµ
α(X)

= θµδµ
α. (6.15)

Therefore each term of the expansion is independent of whether it is written by
the superspace vectors yµ, or by the tangent space vectors yα.

Using all these results, we can obtain a manifestly covariant θ-expansion by
substituting ya = 0, yα = θα and substituting Z0 = (X, 0). In other words, we
simply pick up θ = 0 components of all the superfields in the coefficients of the
expansion (6.9).
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For later convenience, we write down some of the useful identities:

∆XBC···
FG··· =

∫
d2σ′yA(σ′)(DAX

BC···
FG··· )δ

(2)(σ − σ′)

= yADAX
BC···
FG··· , (6.16)

∆yA = yBDBy
A

=

[
dZM(t)

dt
DMV

A(Z(t))

]

t=0

≡ 0, (6.17)

∆EA
i =

∫
d2σ′yM(σ′)DM(σ′)

(
∂iZ

N(σ)EN
A(σ)

)

=
∫
d2σ′yM(σ′)

[
∂i

(
δ(2)(σ, σ′)δM N

)
EN

A(σ)

+ (−)MN∂iZ
N(σ)δ(2)(σ, σ′)∂MEN

A(σ) + (−)MBδ(2)(σ, σ′)EB
i (σ)ΩMB

A(σ)

]

= ∂iy
MEM

A + (−)MNyM∂iZ
N∂MEN

A + (−)MByMEB
i ΩMB

A

= ∂i(y
MEM

A) + (−)BCEB
i y

CΩBC
A

+ ∂iZ
NyM

[
∂MEN

A − (−)MN∂NEM
A

+ (−)N(N+C)EN
CΩMC

A − (−)NCEM
CΩNC

A
]

= Diy
A + ∂iZ

NyMTMN
A

= Diy
A + EB

i y
CTCB

A, (6.18)

∆(Diy
A) = yBED

i y
CRCDB

A, (6.19)

where EA
i ≡ ∂iX

MEM
A and Di ≡ EA

i DA.

Using this normal coordinate expansion method, one can straightforwardly
calculate each term of the action. To get the n-th order term of the action, we
must act the ∆ operator n times on the original action by using the above identities,
and then pick up the lowest components of superfields of the given background,
for example, the plane-wave with vanishing background fermions, after all the ∆
operations are done. Especially, one can not set the background fermions to zero
before all the ∆ operations are done. On the contrary, we can see that any factors
including ya will always vanish when we substitute ya = 0 after all the ∆ operations
are done, because of (6.17) and (6.19). Thus one can set ya = 0 anytime, which
considerably simplifies the algebra.

37



Chapter 7

The θ-expansion of the Heterotic
string action

Now with all the necessary techniques and identities at hand, we start studying
the Green-Schwarz action for various cases. In this chapter, we apply the normal
coordinate expansion method to obtain the θ-expansion of the heterotic string ac-
tion. We explicitly prove that the light-cone gauge Green-Schwarz action becomes
quadratic in the fermionic coordinates in the backgrounds obtained by the Pen-
rose limit. In addition, we explicitly examine that the claim made in [15] which is
that the light-cone gauge Green-Schwarz action in the zero-th order approximation
with respect to c2 is quadratic in θ when the background fields depend only on the
transverse coordinates, and prove that it is wrong. Although this claim is made
for the action in very restricted backgrounds, essentially the same logic was used
in a more recent paper [17] for the Type IIB string, thus our disproof is meaningful
as a caution for such mistakes.

In this chapter, we use the notation,

Qabc ≡ θΓabcθ, (7.1)

Qabcdefg ≡ θΓabcdefgθ

= εabcdefghij

(
θΓhijθ

)
, (7.2)

Q′iabc··· ≡ DiθΓabc···θ, (7.3)

for bilinears of θ.

7.1 Generic form of expansion

Before explicitly calculating each term, we present the generic form of each term.
The heterotic string action is written using superfields as

I[Z] =
∫
d2σ [Lkin + LWZ + Lgauge] ,
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Lkin =
1

2
ηijφ(Z)Ea

i (Z)Eja(Z),

LWZ = εij∂iZ
N∂jZ

MBMN(Z),

Lgauge = ψTD−ψ. (7.4)

We consider the expansion of this action with vanishing gauge field backgrounds
for simplicity. Therefore we ignore the third term, Lgauge, in (7.4).

From now on, we give the general expression for the n-th order terms which is
obtained by acting the ∆ operator n times on the action. The terms first order in
∆ are,

∆I =
∫
d2σ [∆Lkin + ∆LWZ] ,

∆Lkin = ηij
(
φ(Z)Ea

i (Z)∆Eja(Z) +
1

2
∆φ(Z)Ea

i (Z)Eja(Z)
)
,

∆LWZ = εij∆
(
∂iZ

N∂jZ
MBMN(Z)

)

= εij
∫
d2σ′yL δ

δZL(σ′)

(
∂iZ

N∂jZ
MBMN

)

∼ εij∂iZ
N∂jZ

MyL
(
∂LBMN + (−)L(M+N)∂MBNL + (−)N(L+M)∂NBLM

)

= εij∂iZ
N∂jZ

MyLHLMN

= εijEC
i E

B
j y

AHABC

= εij
(
2Ec

iE
β
j y

αφ(Γc)αβ − 1

2
Eb

iE
a
j y

α(Γab)α
βλβ

)
, (7.5)

where the ∼ denotes that the expressions are equal up to total derivative terms.
Here we have used the definition of HABC with vanishing gauge field. (7.5) can
be written in a more compact form using the light-cone worldsheet indices, σ± =
1√
2
(σ0 ± σ1):

∆L = η+−φ
{
Ea

+∆E−a + Ea
−∆E+a

}
+ η+−(yλ)Ea

+E−a

+ ε+−φ
{
E+c∆E

c
− − E−c∆E

c
+

}
− ε+−Eb

+E
a
−yΓabλ

= 2φEa
−∆E+a + Eb

+E
a
−yΓaΓbλ, (7.6)

where we have used ∆φ = yαλα, ∆Ea
i = 2Eβ

i y
α(Γa)αβ, and η+− = 1, ε+− = −1.

The n-th order in ∆ will be obtained by further acting ∆’s on (7.5) or (7.6). The
general form of the n-th order terms are

I(n) =
1

n!

∫
d2σ

n−1−q∑

q=0

n−1∑

p=0

(n− 1)!

p!q!(n− 1− p− q)!

×
[
(ηij + εij)(∆n−1−p−qφ)(∆pEa

i )(∆q+1Eja)
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+
1

2
ηij(∆n−p−qφ)(∆pEa

i )(∆qEja)

− 1

2
εij(∆pEb

i )(∆
qEa

j ){∆n−1−p−q(yΓabλ)}
]
, (7.7)

or

I(n) =
1

n!

∫
d2σ

n−1−q∑

q=0

n−1∑

p=0

(n− 1)!

p!q!(n− 1− p− q)!

× η+−
[
2(∆n−1−p−qφ)(∆p+1E−a)(∆

qEa
+)

+ {∆n−1−p−q(yΓaΓbλ)}(∆pEa
−)(∆qEb

+)
]
. (7.8)

Then, the n-th order terms in the θ-expansion will be obtained from these expres-
sions after performing all the ∆ operations and substituting the background field.
Since we set ZM

0 = (Xm, 0), we only need the background superfields at θ = 0.

7.2 The zero-th and 2nd order contributions

The zero-th order term of the action is simply given as the original action (7.4) at
θ = 0:

I(0) =
∫
d2σ

[
1

2
ηijφ(X)Ea

i (X)Eja(X) + εijEd
i (X)Ec

j (X)Bcd(X) + ψTD−ψ
]
.

(7.9)

We often use the same letters as superfields themselves for the lowest components
of these.

For the second order term, (7.8) becomes

I(2) =
∫
d2ση+−

[
φ(∆E−a)E

a
+ +

1

2
∆(yΓaΓbλ)Ea

−E
b
+

]
. (7.10)

Here, we have omitted all Grassmann-odd factors after performing ∆ operations.
Since we consider vanishing fermionic backgrounds, Grassmann-odd factors such
as ∆φ and (yΓaΓbλ) will always vanish after substituting the background fields.
We need to evaluate ∆Eia and ∆(yΓaΓbλ). These are easily obtained using (6.16),
(6.17), and (6.18) as

∆Ea
i → Eγ

i (X)yβTβγ
a(X)

= 2Eγ
i (X)(yΓa)γ, (7.11)

∆(yΓaΓbλ) = yΓaΓb∆λ
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= (yΓaΓb)
α

{
−(Γc)αβDcφ+

φ

6
Tefg(Γ

efg)αβ

}
yβ

= −yΓab
cyDcφ+

φ

2
TbfgyΓa

fgy

− φ

2
TafgyΓb

fgy +
φ

6
ηabTefgyΓefgy. (7.12)

By the arrows, we indicate that the substitutions ZM → (Xm, 0), and yA → (0, θα)
have been done. Note that these substitutions should be done after all the ∆
operations are performed. Substituting these two results into (7.10) we obtain

I(2) = −
∫
d2σφ(X)E−a(X)θΓaD̃+θ, (7.13)

where

(D̃+θ)
α = ∂+θ

α +
1

4
θβ(Γbc)β

αEa
+(X)

×
(
ωabc(X) + Tabc(X)− (φ(X))−1ηa[bDc]φ(X)

)
.

If we take the gauge field background into account, the final result for the
second order term of the Green-Schwarz action becomes [15]

I(2) =
∫
d2σ

[
− φE−a(X)θΓaD̃+θ

− 1

4
E−a(X)θΓaΓbcθψTFbc(X)ψ

− 1

2
c1ε

ijE−a(X)θΓaΓbcθTr{Aj(X)Fbc(X)}
]
. (7.14)

The sum of the zero-th and the second order terms I(0) + I(2) turns out to be
the only non-vanishing contributions in the plane-wave background.

7.3 The 4th order contributions

In this section, we explicitly calculate the 4th order terms. This calculation is very
lengthy, and we need several subsections to present it.

7.3.1 A preliminary remark

Before the explicit calculation, we remark on some point which is quite confusing.
In constructing the fourth order term, it appears that most terms are trivially
vanishing in the light-cone gauge. Indeed it was claimed in [15] that any products of
the bilinears of the fermionic coordinates are always vanishing without any explicit
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proof. But actually their claim is wrong and there are many non-zero contributions,
which will be shown below. We will explicitly show that these remaining higher
order contributions will vanish only in special backgrounds including the ones
obtained by the Penrose limit. Here, let us explain what was wrong about the
claim in [15].

Using the characteristic of θ being a Majorana-Weyl spinor, we can get the
relation

θαθβ =
1

96
(Γabc)

αβ(θΓabcθ). (7.15)

Thus all the worldsheet scalars made from θ are written using the bilinear

Qabc = θΓabcθ. (7.16)

In the light-cone gauge only non-vanishing elements of Qabc are Q−ãb̃ where ã and
b̃ take the transverse values only. The higher order contributions may include
product of Q−ãb̃’s. We must note that there are relations among Q−ãb̃Q−c̃d̃ such
as

Q−ãb̃Q−c̃d̃ = − 1

16

1

32
Q−ẽf̃Q−g̃h̃Tr

[
Γ−Γ+Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]
. (7.17)

At first sight, it seems to be possible to show that all such products of two Q−ãb̃’s
are vanishing because

Tr
[
Γ−Γ+Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]

' Tr
[
Γ+Γ−Γãb̃Γg̃h̃Γ

c̃d̃Γẽf̃

]
(7.18)

which may be shown by transposing the matrices in the trace. If the equation
(7.18) is correct, we obtain the relations

Q−ẽf̃Q−g̃h̃Tr
[
Γ−Γ+Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]

= Q−ẽf̃Q−g̃h̃Tr
[
Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]
, (7.19)

Q−ãb̃Q−c̃d̃ = − 1

16

1

32
Q−ẽf̃Q−g̃h̃Tr

[
Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]

=
1

4

(
−Q−ãb̃Q−c̃d̃ −Q−ãc̃Q−b̃d̃ +Q−ãd̃Q−b̃c̃

)
, (7.20)

and (7.20) do not have any solutions except Q−ãb̃Q−c̃d̃ = 0 when we consider it as

simultaneous equations of Q−ãb̃Q−c̃d̃ .
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Actually the equation (7.18) is not correct. The two sets of Γ matrices with
two lower/upper spinor indices , Γ̄a ≡ (Γa)αβ and Γa ≡ (Γa)αβ, are different sets
of matrices. We can omit the bar on Γ̄ only when it causes no confusion, but this
is not the case here. The equation (7.18) should be corrected as

Tr
[
Γ−Γ̄+Γãb̃Γẽf̃Γ

c̃d̃Γg̃h̃

]

= Tr
[
Γ̄+Γ−Γ̄c̃d̃Γ̄ẽf̃ Γ̄

ãb̃Γ̄g̃h̃

]
. (7.21)

Therefore the product of two Q−ãb̃’s are not zero.
In addition to the QQ terms, there are terms with covariant derivative of θα,

Diθ
α, but in a following analysis we can easily see that all the contributions of

order θ4 and higher with some factors of Diθ
α do always vanish in the light-cone

gauge.

7.3.2 Various factors in I(4)

Let us begin to calculate the fourth order term explicitly. From (7.7), we can
extract the fourth order terms,

I(4) =
∫
d2σ

[
1

24
φ(ηij + εij)Eia∆

4Ea
j +

1

8
φηij∆2Eia∆

2Ea
j

+
1

8
∆2φ(2ηij + εij)Eia∆

2Ea
j +

1

32
∆4φηijEiaE

a
j

+
1

8
∆(yΓabλ)εij∆2Ea

i E
b
j

+
1

48
∆3(yΓabλ)εijEa

i E
b
j

]
. (7.22)

Here, we have used ∆(yλ) ≡ ∆2φ. Now we need various factors given by the action
of ∆ operators:

∆4Eα
i , ∆4φ, ∆3(yΓabλ). (7.23)

∆4φ is the easiest one to get. Repeatedly substituting (4.94), we obtain

∆2φ = yαyβDβλα

=
φ

6
Tabcy

β(Γabc)βαy
α,

∆4φ → 1

6
∆2φTabcy

β(Γabc)βαy
α +

1

6
φ∆2Tabcy

β(Γabc)βαy
α

=
1

6 · 6φTabcTdef (yΓ
abcy)(yΓdefy) +

1

6
φ∆2TabcyΓ

abcy, (7.24)
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where the arrow indicates that we have substituted ZM → (Xm, 0), and yA →
(0, θα) in the same way as in section 7.2. We can do this substitution now since this
factor is already of the fourth order in θα, and all the ∆ operations have already
been done. Therefore ∆4φ is now written by using ∆2Tabc. The calculation of
∆2Tabc is very complicated and will be done later.

∆3(yΓabλ) is also written by using ∆2Tabc:

∆(yΓabλ) = (yΓab)
α

{
−(Γc)αβDcφ+

φ

6
Tefg(Γ

efg)αβ

}
yβ

= −yΓab
cyDcφ+

φ

2
TbfgyΓa

fgy − φ

2
TafgyΓb

fgy. (7.25)

∆3(yΓabλ) = −yΓab
cyDc

(
φ

6
Tefg

)
yΓefgy

+ ∆2

(
φ

2
Tbfg

)
yΓa

fgy −∆2

(
φ

2
Tafg

)
yΓb

fgy. (7.26)

The calculation of ∆4Ea
i is much more complicated. Using (6.18) and (6.19),

we act the ∆ operators on Ea
i one by one:

∆2Ea
i = 2∆Eγ

i (yΓa)γ

= 2DiyΓ
ay +

1

12
Ec

iTdefyΓcΓ
defΓay

→ 2DiyΓ
ay +

1

4
Ec

iTcefyΓ
efay

− 1

12
Ea

i TdefyΓ
defy +

1

4
Ec

iTde
ayΓc

dey, (7.27)

∆4Ea
i = 2∆3Eγ

i (yΓa)γ

=
1

12
yΓcΓ

efgΓay∆2Ec
iTefg

− 1

2
yΓcdΓay · yγRγδcd∆E

δ
i

+
1

12
yΓcΓ

efgΓayEc
i ∆

2Tefg

− 1

2
yΓcdΓay · yγ∆RγecdE

e
i . (7.28)

The result given in (7.28) includes four terms. The first term is easily calculated
by substituting ∆2Ea

i . For the second term, we need Rαβcd which is related to Tabc

by (4.92). For the third term, we again need ∆2Tabc. For the fourth term, we need
∆Rαbcd which is related to ∆Tab

γ and ∆DαTbcd by (4.93). Tab
γ is again related to

DαTbcd by (4.91). Each calculation of the four terms in ∆4Ea
i is written below. We
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postpone the calculations of two complicated factors ∆2Tabc and θγθδDδT[ec
βΓd]βγ

until the next subsection.
The first term of ∆4Ea

i is

1

12
yΓcΓ

efgΓay∆2Ec
iTefg

=
1

4
yΓfgay∆2Ec

iTcfg − 1

12
yΓefgy∆2Ea

i Tefg +
1

4
yΓcefy∆2EicTef

a

=
1

4
QafgTfgc

[
2Q′i

c +
1

4
Qce′f ′Te′f ′c′E

c′
i

− 1

12
Ec

iTd′e′f ′Q
d′e′f ′ +

1

4
T c

d′e′Q
d′e′

c′E
c′
i

]

− 1

12
QefgTefg

[
2Q′i

a +
1

4
Qae′f ′Te′f ′c′E

c′
i

− 1

12
Ea

i Td′e′f ′Q
d′e′f ′ +

1

4
T a

d′e′Q
d′e′

c′E
c′
i

]

+
1

4
T a

efQ
ef

c

[
2Q′i

c +
1

4
Qce′f ′Te′f ′c′E

c′
i

− 1

12
Ec

iTd′e′f ′Q
d′e′f ′ +

1

4
T c

d′e′Q
d′e′

c′E
c′
i

]
. (7.29)

The second term of ∆4Ea
i is

−1

2
yΓcdΓay · yγRγδcd∆E

δ
i

= −1

2
yΓcday · yγ∆Eδ

i

[
1

6
Tefg(Γcd

efg)γδ + 3TcdeΓ
e
γδ

]

= +
1

2
yΓcday ·Diy

[
1

6
TefgΓcd

efg + 3TcdeΓ
e
]
y

+
1

48
yΓcday · Ec′

i Td′e′f ′ · y
[
1

6
TefgΓc′Γ

d′e′f ′Γcd
efg + 3TcdeΓc′Γ

d′e′f ′Γe
]
y

= +
1

2
Qcda ·

[
1

6
TefgQ

′
icd

efg + 3TcdeQ
′
i
e
]

+
1

48
Qcda · Ec′

i

[
− TefgT

efgQc′cd + 12TdfgT
fgeQc′ce

− 6Tcd
eTefgQc′

fg + 9TcdeT
e
fgQc′

fg
]

+
1

48
Qcda · Eb

i

[
− 12Tb

efTefgQcd
g − 2TbcdTefgQ

efg

− 6Tbd
eTefgQc

fg + 9TbfgTcdeQ
fge − 3TefgTcdbQ

efg
]

+
1

48
Qcda · Eid

[
+ 6Tcb

eTefgQ
bfg

]

+
3 · 5
48 · 6E

c′
i T

d′e′
cQ

a[cdT efg]yΓc′d′e′defgy
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+
3

48 · 6E
c′
i Tc′

e′f ′QcdaT efgyΓe′f ′cdefgy

+
5

48 · 6EicT
d′e′f ′Qa[cdT efg]yΓd′e′f ′defgy. (7.30)

Here, we have used the algebra of gamma matrices to decompose various bilinear
factors and rewritten it using Q’s.

The third term of ∆4Ea
i is

1

12
yΓcΓ

efgΓayEc
i ∆

2Tefg

→ 1

4
Qafg∆2TfgeE

e
i +

1

4
∆2T a

fgQ
fg

cE
c
i −

1

12
Ea

i Q
efg∆2Tefg. (7.31)

And the fourth term of ∆4Ea
i is

−1

2
yΓcdΓay · yγ∆RγecdE

e
i

→ −1

2
Qcda · Ee

i

[
1

2
∆2Tecd + 3θγθδDδT[ec

βΓd]βγ

]
. (7.32)

Using all these results on ∆4Eα
i , ∆4φ and ∆3(yΓabλ), each term in (7.22) is

given as follows.

1

24
φ(ηij + εij)Eia∆

4Ea
j

=
1

24
φ(ηij + εij)

[
+

1

8
EiaQ

adeTdefT
fghQghbE

b
j +

1

8
EiaT

adeQdefQ
fghTghbE

b
j

+
1

4
EiaQ

adeTdefQ
fghTghbE

b
j −

1

4
EiaQ

adeQdefT
fghTghbE

b
j

− 1

4
EiaQ

ahdTdefT
efgQghbE

b
j −

1

8
EiaQ

ahdQdefT
efgTghbE

b
j

+
1

8
EiaQ

ahbEjbThd
eTefgQ

fgd

+ 2EiaQ
adeTdebQ

′
j
b +

1

2
EiaT

adeQdebQ
′
j
b

+
1

12
EiaQ

adeQ′jdefghT
fgh +

1

48
EiaE

c′
j T

d′e′
cQ

acdT efgQc′d′e′defg

+
3

48 · 2EiaE
c′
j T

d′e′
cQ

afgT cdeQc′d′e′defg +
1

48 · 3EiaEjcT
d′e′f ′QacdT efgQd′e′f ′defg

+
1

48
EiaQ

afgT d′e′f ′Qfgd′e′f ′deT
decEjc

+
1

4
Eia∆

2T a
fgQ

fg
cE

c
j −

1

12
EiaE

a
jQ

efg∆2Tefg − 3

2
EiaQ

acdθγθδDδT[ec
βΓd]βγE

e
j

− 7

48
EiaQ

adeTdebE
b
j (T ·Q)− 1

24
EiaT

adeQdebE
b
j (T ·Q)
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− 2

12
EiaQ

′
j
a(T ·Q) +

1

12 · 12
EiaE

a
j (T ·Q)(T ·Q)

− 1

48
EiaQ

adeQdebE
b
j (T · T )

]
, (7.33)

where (T ·Q) ≡ TabcQ
abc, (T · T ) ≡ TabcT

abc.

1

32
∆4φηijEiaE

a
j

=
1

24
φ(ηij + εij)

[
1

48
EiaE

a
j (T ·Q)(T ·Q) +

1

8
EiaE

a
j ∆2TdefQ

def
]
. (7.34)

1

48
∆3(yΓabλ)εijEa

i E
b
j

=
1

48
εij

[
EiaQ

acbEjbDc

(
φ

6
Tefg

)
Qefg

+
φ

2
Ea

i Qa
fg∆2TfgbE

b
j −

φ

2
Ea

i ∆2TafgQb
fgEb

j

+
φ

12
Ea

i Qa
fgTfgbE

b
j (T ·Q)− φ

12
Ea

i TafgQb
fgEb

j (T ·Q)
]
. (7.35)

1

8
φηij∆2Eia∆

2Ea
j

=
1

8
φηij

×
[
2Q′i

a +
1

4
Ec′

i Tc′e′f ′Q
e′f ′a − 1

12
Ea

i (T ·Q) +
1

4
Ec′

i Qc′
d′e′Td′e′

a
]

×
[
2Q′ja +

1

4
Qa

efTefcE
c
j −

1

12
Eja(T ·Q) +

1

4
TadeQ

de
cE

c
j

]

=
1

24
φ(ηij + εij)

×
[
3

2
Q′i

aQa
efTefcE

c
j +

3

2
Ec′

i Tc′e′f ′Q
e′f ′aQ′ja

− 1

2
Q′i

aEja(T ·Q)− 1

2
Ea

i (T ·Q)Q′ja

+
3

2
Q′i

aTadeQ
de

cE
c
j +

3

2
Ec′

i Qc′
d′e′Td′e′

aQ′ja

+
3

16
Ec′

i Tc′e′f ′Q
e′f ′aQa

efTefcE
c
j +

3

16
Ec′

i Qc′
d′e′Td′e′

aTadeQ
de

cE
c
j

+
3

16
Ec′

i Tc′e′f ′Q
e′f ′aTadeQ

de
cE

c
j +

3

16
Ec′

i Qc′
d′e′Td′e′

aQa
efTefcE

c
j
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− 1

8
Ea

i Qa
efTefcE

c
j (T ·Q)− 1

8
Ea

i TadeQ
de

cE
c
j (T ·Q)

+
1

48
Ea

i Eja(T ·Q)(T ·Q)

]
. (7.36)

1

8
∆2φ(2ηij + εij)Eia∆

2Ea
j

=
1

48
φ(T ·Q)(2ηij + εij)

×
[
2Ei

aQ′ja +
1

4
Ei

aQa
efTefcE

c
j −

1

12
Ei

aEja(T ·Q) +
1

4
Ei

aTadeQ
de

cE
c
j

]

=
1

24
φ(T ·Q)(ηij + εij)

×
[
3

2
Ei

aQ′ja +
1

2
Q′iaEj

a − 1

12
Ei

aEja(T ·Q)

+
1

4
Ei

aQa
efTefcE

c
j +

1

4
Ei

aTadeQ
de

cE
c
j

]
. (7.37)

1

48
∆(yΓabλ)εij∆2Ea

i E
b
j

=
1

48

[
−Qab

cDcφ+
φ

2
Qa

cdTcdb − φ

2
TacdQ

cd
b

]
εij

×
[
2Q′i

a +
1

4
Ee

i TefgQ
fga − 1

12
Ea

i (T ·Q) +
1

4
Ee

iQefgT
fga

]
Eb

j

=
φ

24
(ηij + εij)

[
− φ−1Q′i

aQab
cDcφE

b
j

+
1

4
Q′i

aQacdT
cdbEjb − 1

4
EibT

bcdQcdaQ
′
j
a

− 1

4
Q′i

aTacdQ
cdbEjb +

1

4
EibQ

bcdTcdaQ
′
j
a

− 1

16
Ee

i TefgQ
fgaTacdQ

cdbEjb +
1

16
Ee

iQefgT
fgaQacdT

cdbEjb

− φ−1

16
Ee

i TefgQ
fgaQab

cDcφE
b
j −

φ−1

16
Eb

iQba
cDcφQ

afgTfgeE
e
j

− φ−1

16
Ee

iQefgT
fgaQab

cDcφE
b
j −

φ−1

16
Eb

iQba
cDcφT

afgQfgeE
e
j

+
φ−1

24
Ea

i Qab
cDcφE

b
j (T ·Q)

− 1

48
Ea

i QacdT
cdbEjb(T ·Q) +

1

48
Ea

i TacdQ
cdbEjb(T ·Q)

]
. (7.38)
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Summing up these six terms (and substituting the two remaining factors), we
will get the fourth order contributions, I(4), of the θ-expansion.

7.3.3 The ∆2Tabc

We will calculate the two remaining factors

∆2Tabc ≡ θγθδ[DδDγTabc] (7.39)

and

θγθδDδT[ec
βΓd]βγ (7.40)

in this subsection. Actually the latter one will be obtained in the course of the
calculation of ∆2Tabc.

For the first fermionic derivative of Tabc, we can use (4.95),

DγTabc = 2T[ab
αΓc]αγ + φ−1D[aλβ̂(Γbc])γ

β − φ−1Tabcλγ

− φ−1T[ab
d(Γc]d)γ

βλβ − φ−1(Γ[aΨΓbc])γ
βλβ +O(Fχ). (7.41)

Dβλα and DβTbc
α in this equation are related to the lowest component fields by

(4.94) and (4.97). An expression of DδDγTabc can be obtained by acting one more
fermionic derivative Dδ on (4.95) as

DδDγTabc → 2DδT[ab
αΓc]αγ

− φ−1D[aDδ̂λβ̂(Γbc])
β

γ − φ−1T[aδ̂
αDα̂λβ̂(Γbc])

β
γ

− φ−1TabcDδλγ

+ φ−1T[ab
dDδ̂λβ̂(Γc]d)

β
γ − φ−1Dδλβ(Γ[bcΨΓa])

β
γ

=

[
− 4D[a(ΓbΨΓc])δγ − 2T[ab

e(ΓeΨΓc])δγ

− 4(Γ[aΨΓbΨΓc])δγ +
1

2
R[abd̂ê(Γ

deΓc])δγ

]

− φ−1

[
−D[aDd̂φΓdΓbc] − 1

6
D[aφTd̂êf̂Γ

defΓbc] − φ

6
D[aTd̂êf̂Γ

defΓbc]

]

δγ

− φ−1
[
−DdφΓ[aΨΓdΓbc] − 1

6
TdefΓ[aΨΓdefΓbc]

]

δγ

− φ−1Tabc

[
−ΓdDdφ− φ

6
TdefΓ

def

]

δγ

+ φ−1

[
−T[ab

dDêφΓeΓc]d − φ

6
T[ab

dTêf̂ ĝΓ
efgΓc]d

]

δγ

− φ−1

[
−DdφΓdΓ[bcΨΓa] − φ

6
TdefΓ

defΓ[bcΨΓa]

]

δγ

. (7.42)
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We will calculate each terms in parenthesis.
The the first term in DδDγTabc is :

θγθδ
[
− 4D[a(ΓbΨΓc])δγ − 2T[ab

e(ΓeΨΓc])δγ

− 4(Γ[aΨΓbΨΓc])δγ +
1

2
R[abd̂ê(Γ

deΓc])δγ

]

= − 4

24
D[aTd̂êf̂θΓbΓ

defΓc]θ

− 2

24
T fghT[ab

eθΓêΓf̂ ĝĥΓc]θ

+
4

24 · 24
TdefTghiθΓ[aΓ

defΓbΓ
ghiΓc]θ

− 1

2
R[abd̂êθΓ

deΓc]θ

=
[
− 3

12
Te

ghT[ab
eQĝĥc] −

3

12
T fg

[cTab]
eQêf̂ ĝ +

1

12
T fghTabcQf̂ ĝĥ

]

+
[

1

12
TabcTdefQ

def − 1

4
T[ab

fTc]
hiQfhi − 3

4
T[ab

fTf̂
hiQĥîc] −

3

4
T[a

efTbê
iQf̂ îc]

− 1

4
T[a

efTêf̂
iQbc]i +

1

24
T[a

efT ghiQbc]efghi − 1

16
T defTf

hiQabcdehi

]

− 1

2
R[abd̂êQ

de
c]

= −T[ab
dTd̂f̂ ĝQ

fg
c] − 1

2
T[ab

eQêf̂ ĝT
fg

c] +
1

6
TabcTdefQ

def

− 3

4
T[ad̂

eTbê
fQc]f

d − 1

4
T[a

deTd̂êf̂Q
f

bc]

+
1

24
T[a

efT ghiQêf̂ ĝĥîbc] −
1

16
T defTf

ghQdeghabc

− 1

2
R[abd̂êQ

de
c]. (7.43)

Here, note that this contribution is in the same form as 2θγθδDδT[ab
αΓc]αγ which

is just the other one of the two unknown factors in I(4). We will use it later.

The second term in DδDγTabc is

−θγθδφ−1

[
−D[aDd̂φΓdΓbc] − 1

6
D[aφTd̂êf̂Γ

defΓbc] − φ

6
D[aTd̂êf̂Γ

defΓbc]

]

δγ

= −φ−1Q[ab
dDc]Ddφ+ φ−1D[aφQb

efTêf̂ c] −Q[a
efDbTc]ef . (7.44)

The third term in DδDγTabc is

−θγθδφ−1

[
−DdφΓ[aΨΓdΓbc] − φ

6
TdefΓ[aΨΓdefΓbc]

]

δγ
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= −φ−1DdφθΓ[aΨΓdΓbc]θ +
1

6 · 24
TghiTdefθΓ[aΓ

ghiΓdefΓbc]θ

= φ−1Ddφθ(Γ
dΓ[bc + 4Γ[bδ

d
c )ΨΓa]θ

+
6

6 · 24
TdefT

defQabc +
−72 + 72 + 72

6 · 24
T[aĥ

dTbd̂
eQc]e

h

+
36 + 36− 18− 18

6 · 24
T[ab

dTd̂êf̂Q
ef

c]

+
9

6 · 24
T de

fT
fghQdeghabc. (7.45)

The fourth term in DδDγTabc is

−θγθδφ−1Tabc

[
−ΓdDdφ− φ

6
TdefΓ

def

]

δγ

= −1

6
TabcTdefQ

def . (7.46)

The fifth term in DδDγTabc is

θγθδφ−1

[
−T[ab

dDêφΓeΓc]d − φ

6
T[ab

dTêf̂ ĝΓ
efgΓc]d

]

δγ

= φ−1T[ab
dQc]d

eDeφ+
1

2
T[ab

dQd̂êf̂T
ef

c] − 1

2
T[ab

dTd̂f̂ ĝQ
fg

c]. (7.47)

The sixth term in DδDγTabc is

−θγθδφ−1

[
−DdφΓdΓ[bcΨΓa] − φ

6
TdefΓ

defΓ[bcΨΓa]

]

δγ

.

= −φ−1DdφθΓ
dΓ[bcΨΓa]θ +

1

6 · 24
TghiTdefθΓ

defΓ[bcΓ
ghiΓa]θ

= −φ−1DdφθΓ
dΓ[bcΨΓa]θ

− 6
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TdefT

defQabc +
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deTd̂êf̂Q
f

bc]

+
−72− 72 + 72

6 · 24
T[aĥ

dTbd̂
eQc]e

h +
−18− 18 + 36− 36

6 · 24
T[ab

dTd̂êf̂Q
ef
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+
9

6 · 24
T de

fT
fghQdeghabc +

3− 3− 6− 6

6 · 24
T[a

deT fghQd̂êf̂ ĝĥbc]. (7.48)

Summing all these six terms we get an expression of ∆2Tabc written by using
the bilinear Q’s as

∆2Tabc → +
1

4
T[a

deTd̂êf̂Q
f

bc] − 3

2
T[ab

dTd̂f̂ ĝQ
fg

c]

− 3

4
T[ad̂

eTbê
fQc]f

d
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− 1

2
R[abd̂êQ

de
c]

− φ−1Q[ab
dDc]Ddφ+ φ−1D[aφQb

efTêf̂ c] −Q[a
efDbTc]ef
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eDeφ

− 1

24
T[a

deT fghQd̂êf̂ ĝĥbc] +
1

16
T de

fT
fghQdeghabc. (7.49)

We have done all the explicit calculations. The last thing to do is simply substi-
tuting the results for two factors in this subsection into I(4) in the last subsection.

7.3.4 The full expression of I(4)

Using all the results of the above subsections, we can finally obtain an expression
of the fourth order terms of the Green-Schwarz action written by using only the
bilinear Q’s and the lowest component fields.

L(4) =
1
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φ(ηij + εij)Eia∆
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+
φ−1
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EiaQ
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cE
b
jDbφ− 1

12
EiaQ

acdQc
fgDdTfgbE
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acdDcTdfgQ
fg

bE
b
j

+
φ−1

12
EiaQ

acdTcd
fQbf

gDgφE
b
j +
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1
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1

48
EiaQ
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b
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b
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b
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b
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48
Ei
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c
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− 2
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b
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7

48
Ei
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de

cE
c
j (T ·Q)

− 5

144
Ei
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− 5
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EiaQ

′
j
a(T ·Q) +

φ−1

24
Ea
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cDcφE

b
j (T ·Q)− 1

48
EiaQ
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b
j (T · T )

+
φ−1

12
EiaQ

acbEjbDc (φTefg)Q
efg

+
1

24
EiaE

a
j

(
1

4
TadeT

defQfbcQ
bca − 3

2
TabdT

defQefcQ
cab

− 3

4
Tad

eTbe
fQcf

dQabc − 1

2
RabdeQ

de
cQ

cab

− φ−1QcabQab
dDcDdφ+ φ−1DaφQb

efTefcQ
cab −Qa

efDbTcefQ
cab
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dQcd

eDeφ

− 1

24
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deT fghQdefghbcQ
bca +

1

16
T de

fT
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)]
. (7.50)

We will use this result in next section. Although the result is very lengthy, we
only need to check whether each term in the expression survives or not in the two
special background, for our purpose.

53



7.4 Simplification in special backgrounds

Until now, the only assumption on the supergravity background was that all the
fermionic backgrounds are vanishing, which is a reasonable condition classically.

One may hope that this lengthy expression will become very simple in some
restricted background fields. Actually, all the fourth order terms vanish when we
set the background to the plane-wave background obtained by the Penrose limit
in the light-cone gauge. We can easily check this by using the known properties
of tensor fields, Tabc, Rabcd, Daφ, and the bilinear Qabc. we know that only non-
vanishing components of these tensors in the plane-wave background obtained by
the Penrose limit in the light-cone gauge are T+b̃c̃, R+b̃+d̃, D+φ, and the bilinear

Q−b̃c̃, up to symmetries of the tensors. This property of Tabc can be derived by
using the fact that Tabc is related to Habc by the constraint (4.83). Since Habc is
field strength, only non-vanishing components are the ones in the form of H+b̃c̃,
and thus only T+b̃c̃ are non-vanishing.

Since the lower ‘−’ indices can only be supplied from the two Eia’s, each tensor,
Tabc, Rabcd, Daφ, and the bilinear Qabc must be contracted with these Eia, which
leaves a single possibly non-vanishing combination; a product of two Eia and two
Tabc, for the fourth order term. However there is no such term in (7.50). Thus all
the terms in (7.50) vanish.

As we noted in section 4.1.6, we have used the solutions of the Bianchi identities
with c2 = 0. However in this background which is obtained by the Penrose limit,
the solutions of the Bianchi identities with c2 = 0 also satisfies the real Bianchi
identities with c2 6= 0, and the above statement is correct irrespective of c2.

As a final note, we point out that we can easily give a disproof of the wrong
claim in [15] by using the general fourth order terms (7.50). In [15], they used
the solutions of the Bianchi identities with c2 = 0, in the special background with
restrictions such as

• Fermionic background fields are vanishing,

• Background fields depend only on transverse coordinates,

• Background field tensors have only transverse components.

and claimed that all the fourth order terms vanish. However, for example,
EiaQ

adeQdebE
b
j (T · T ) and EiaQ

ahdTdefT
efgQghbE

b
j are non-vanishing in this back-

ground.
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Chapter 8

The θ-expansion of the Type IIB
string action

The Type IIB string action is given in (5.6),

I =
1

2

∫
d2σ

[√−ggijΦEa
i E

b
jη

ab + εijEB
i E

A
k BAB

]

In the last chapter, we studied the θ-expansion of the Heterotic string action
in a general background, and had to perform very lengthy calculation. Here in
this chapter we study the θ-expansion of the Type IIB string action only in the
plane-wave backgrounds obtained by the Penrose limit. We use the dimensional
analysis to show that the θ-expansion always terminates at the quadratic order in
θ. This method was first developed for the Heterotic strings in [15], and applied
for the Type IIB strings in our paper [14].

8.1 Generic form of the expansion

We need to slightly generalize the manipulations in chapter 6 for the Type IIB
case.

Since the superspace vectors have two sets of fermionic components,

ZM = ZM
0 ≡ (Xm, 0, 0), yM = yM

0 ≡ (0, yµ
0 , y

µ̄
0 ), (8.1)

and we take the Wess-Zumino gauge of the N = 2 case so that the lowest compo-
nents of the super-vielbein take the following form:

EM
A(X) =



em

a(X) em
α(X) em

ᾱ(X)
eµ

a(X) = 0 eµ
α(X) = δµ

α eµ
ᾱ(X) = 0

eµ̄
a(X) = 0 eµ̄

α(X) = 0 eµ̄
ᾱ(X) = −δµ̄ᾱ


 . (8.2)
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Thus the tangent vector at the origin of the expansion, yA = yMeA
M(Z0), will

become

ya = yMea
M(X)

= 0, (8.3)

yα = yµeα
µ

= yµδα
µ ≡ θα,

yᾱ = −yµ̄eᾱ
µ̄

= yµ̄δᾱ
µ̄ ≡ θ̄α, (8.4)

where our definition of the contraction is

xAyA = xaya + xµyµ − xµ̄yµ̄. (8.5)

To calculate ∆I, we need the results of the ∆ operations on Φ and Ea
i . Using

the expressions of the solutions of Bianchi identities, these become as follows:

∆Φ = Φ(yαΛα − ȳαλ̄α), (8.6)

∆Ea
i = Eβ

i y
γTγβ

a,

= −i
[
yαΓaαβĒ

β
i + ȳαΓaαβE

β
i

]
. (8.7)

Then we can calculate I(1) ≡ ∆I,

I(1) =
∫
d2σL(1),

L(1) =
1

2

[√−ggij
(
∆ΦEa

i E
b
j + 2ΦEa

i ∆Eb
j

)
ηab + εijyCV B

i V
A
j HABC

]

=
1

2
ΦEa

i (
√−ggijyα − εij ȳα)Γaαβ

[
Γβγ

b ΛγE
b
j − 2iĒβ

j

]
+ h.c. , (8.8)

where h.c. denotes the Hermitian conjugates. The second and the higher order
terms can be explicitly obtained by further acting ∆’s on (8.8). In this and the
next section, we concentrate on studying the general form of the possible terms
in the expansion to obtain the form of the terms in the highest possible order.
Ignoring coefficients, any terms induced by ∆ operations on (8.8) are in the form
as

(∆2kΦ)(∆2lEa
i )(∆2mEb

j )(
√−ggijθ − εij θ̄)(ΓaΓb)(∆

2n+1Λ),

(∆2kΦ)(∆2lEa
i )(
√−ggijθα − εij θ̄α)(Γa)αβ(∆2m+1Ēβ

j ), (8.9)

or the Hermitian conjugates of these.
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8.2 Highest possible order in plane-wave

Applying the results of chapter 3.1 to the fields in the Type IIB string theory, we
will find that the following properties are satisfied by any tensor fields with all the
indices lowered:

(I) The non-vanishing components of the tensors (tensor densities) never have
lower ‘−’ indices, except ηmn, εm1,...,m10 , ηab, εa1,...,a10 .

(II) The tensors have lower ‘+’ indices at least as many as their mass dimension.

When we raise, lower or contract some of lower indices of these tensor fields, the
sum of the number of the lower ‘+’ and the upper ‘−’ is preserved because η+−,
ε+−a3,...,a10 , etc. always have both ‘+’ and ‘−’ indices in a pair.

Now, we will consider the θ-expansion of the light-cone gauge Green-Schwarz
action in the plane-wave backgrounds with vanishing background fermions Γ+

αβθ
β =

Γ+
αβ θ̄

β = 0. Thus the supergravity background fields with odd number of spinor
indices are vanishing. Background fields with even number of spinor indices are
all expanded by the bilinears of the fermionic coordinates,

θ̂Γ−θ̂, θ̂Γ−ãb̃θ̂, θ̂Γ−ãb̃c̃d̃θ̂, (8.10)

where θ̂ denotes both θ and θ̄.
For bilinears without worldsheet derivatives, the combination of θ and θ̄ is more

restricted because of their chirality. The possible combinations are:

θ̄Γ−θ, θΓ−ãb̃θ, θ̄Γ−ãb̃θ̄, θ̄Γ−ãb̃θ, θ̄Γ−ãb̃c̃d̃θ. (8.11)

Now, we list and examine all the fields that appear in the θ-expansion:

• The constant tensors; ηab, εa1,a2,···,a10 .

• The tensor fields explicitly in the original action and its derivatives; Φ, HABC ,
TAB

C , RABC
D, BAB and its derivatives.

• The fields with worldsheet index; EA
i , Diy

α, Diy
ᾱ.

• The parameters yA of the expansion.

No other fields are included in the initial action nor introduced by the ∆ op-
eration. In this list, the two-form potential BAB only appears in the zero-th order
term because BAB is completely converted into HABC and neither one of the four
basic ∆ operations (6.16) - (6.19) nor covariant derivatives of other tensor fields
introduce BAB. It is important that BAB is the only factor which has more ‘+’
indices than their mass dimension in the sense of the property (II). Thus we now
see that the property (II) can be made more precise for the second order term and
higher:
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(II’) The tensors with mass dimension m always have m more lower ‘+’ indices
than lower ‘−’ indices (when all the indices are lowered).

Using these facts, let us examine the factors of the formW (2n;p)
a1,···,ak

, whereW (2n;p)
a1,···,ak

is made from a combination of 2n spinors and the background fields in the above
list, and has total mass dimension p ≥ 0.

In the light-cone gauge, from the properties (I), (II’) combined with the prop-
erties of the bilinears (8.10), we can prove that the following statement holds:

Components of W (2n;p)
a1,···,ak

are non-vanishing only when

m+ = m− + 2n+ p, (8.12)

where m± are the number of ± indices in {a1, · · · , ak}.

For n = 0, W (0;p)
a1,···,ak

is made only from bosonic fields. From the property (I), we
see that only η−+ and ε−+a3,···,a10 have lower ‘−’ indices, and each lower ‘−’ index
always appears as one of a pair of lower ‘−’ and ‘+’ indices in these tensors. In
addition to these pairs, there can be lower ‘+’ indices as many as the total mass
dimension p. So the equation m+ = m− + p is satisfied.

For n ≥ 1, we can show the statement by the induction on n; Assume that the
statement holds for W (2(n−1);p)

a1,···,ak
. Any factor with 2n spinors can be represented as

W (2n;p)
a1,···,ak

=
∑

{ãb̃···}
O−[ãb̃···]W (2(n−1);p+1)

−[ãb̃···]a1,···,ak
, (8.13)

where we expressed the bilinears (8.10) by O−[ãb̃···], and the sum over the set of

indices {ãb̃ · · ·} really means the sum over O−, O−[ãb̃], and O−[ãb̃c̃d̃] . From the
assumption, the right hand side is non-vanishing only when

m+ = (m− + 1) + 2(n− 1) + (p+ 1)

= m− + 2n+ p.

Therefore the left hand side, W (2n;p)
a1,···,ak

, is non-vanishing only when the equation
(8.12) is satisfied. Thus the statement holds for any n.

We use this statement to sift out non-vanishing terms on the plane-wave back-
ground from (8.9) . The possible terms in (8.9) are constructed from factors

∆2nΦ, θ̂ΓaΓb(∆
2n+1Λ), ∆2nEia, θ̂α(Γa)αβ(∆2n+1Eβ

i ), (8.14)

and the Hermitian conjugate of these.
∆2nΦ has dimension 0 and is made from 2n spinors, and with no indices. Thus

from the statement (8.12), it is non-vanishing only when n = 0 in the second or
higher order term of the θ-expansion.
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θ̂ΓaΓb(∆
2n+1Λ) has dimension 0 and is made from (2n + 2) spinors and with

two indices. Thus it can be non-vanishing when n = 0, and both indices are ‘+’.
However Γ+Γ+ identically vanishes because ΓaΓb = Γab + ηab. So θ̂ΓaΓb(∆

2n+1Λ)
is always vanishing.

∆2nEia has dimension −1 and is made from 2n spinors, with a tangent space
vector index, and a worldsheet vector index. Note that the ’indices’ in the state-
ment (8.12) is about the tangent space vector indices in this case. To apply the
statement to the factors with worldsheet vector indices, we need to decompose it
into worldsheet derivatives of basic fields and the tangent space tensors,

∆2nEia → WabE
b
i +

∑

{b̃c̃···}
Sa−[b̃c̃···]

(
θ̂Γ−[b̃c̃···]Diθ̂

)
. (8.15)

In this form, Wab has dimension 0 and is made from 2n spinors. Sa−[b̃c̃···] has
dimension 0 and is made from (2n− 2) spinors. Thus only W++ is non-vanishing
when n = 1, W+−, W−+ and S+−[b̃c̃···] are non-vanishing when n = 0, and both

terms vanish when n > 1. So ∆2nEi+ is at most of order two in θ, and ∆2nEi− is
of order zero in θ.

Similarly, θ̂α(Γa)αβ(∆2n+1Eβ
i ) has dimension −1 and is made from (2n + 2)

spinors, with a tangent space vector index, and a worldsheet vector index. Using
the same expansion as ∆2nEia, θ̂

α(Γ+)αβ(∆2n+1Eβ
i ) is also at most of order two in

θ.
Substituting the highest order factors into (8.9), we get

ΦE+
i (
√−ggijθα − εij θ̄α)(Γ+)αβ(∆Ēβ

j ), (8.16)

and its Hermitian conjugate as the only non-vanishing terms. These terms are of
order two in θ.

Thus we have shown that the θ-expansion of the Type IIB Green-Schwarz action
in the plane-wave background are at most of order two in θ in the light-cone gauge.

8.3 The explicit form of the θ-expansion

In the last section, we have shown that the Green-Schwarz action of Type IIB
superstring theory becomes quadratic in the plane-wave background obtained by
the Penrose limit. Now we would like to see the explicit form of the quadratic
action. Since the expressions become clearer in the general background, we do not
assume the plane-wave background nor the light-cone gauge here.

Operating ∆ on (8.8) and substituting yA = (0, θα, θ̄α) and ZM
0 = (Xm, 0, 0),

we explicitly get the second order term of the Green-Schwarz action as

L(2) → 1

4
ΦEa

i

(√−ggijθ − εij θ̄
)
γa

[
γb(∆Λ)Eb

j − 2i∆Ēj

]
+ h.c. . (8.17)
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∆Eα
j , and ∆Λα are given by substituting solutions of Bianchi identities (4.105):

∆Eα
j → Ec

i y
βTβc

α

= Ea
j (Daθ)

α ,

∆Λα → θBDBΛα

= (Dθ)α , (8.18)

where

(Daθ)
α ≡ Daθ

α − iZabcde(γ
bcde)α

βθ
β − 3

16
Fabc(γ

bc)α
β θ̄

β +
1

48
F bcd(γabcd)

α
β θ̄

β ,

(Dθ)α ≡ i

2
Pa(γ

a)α
β θ̄

β +
i

24
Fabc(γ

abc)α
βθ

β . (8.19)

Here notice that (Daθ)
α and (Dθ)α coincides with the form of the supersymmetry

transformation law of the gravitino field, and the dilatino field respectively [23],
with the parameter θ.
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Chapter 9

Conclusions

In this paper, we have studied the θ-expansion of the Green-Schwarz action of
the Heterotic and Type IIB strings. We have shown that the action is quadratic
in θ for the plane-wave background obtained as the Penrose limit of an arbitrary
solutions of supergravity.

Although, we have dealt with the background obtained as the Penrose limit,
we have not understood whether the proof can be generalized further. In [10], it
is proven that the light-cone gauge Green-Schwarz action of the Type IIB string
is always quadratic with respect to θ. in pp-wave with constant dilaton. Since
we have used only the conditions (I) and (II’) of the plane-wave backgrounds
in section 8.2, we can generalize our proof a little bit to the pp-wave or any
background satisfying the conditions (I) and (II’). Since the pp-wave background
with constant dilaton satisfies the conditions (I) and (II’), it is included in the
above general case. But we do not understand whether the conditions are always
satisfied by the general pp-wave with non-constant dilaton or not.

Since the plane-wave background obtained by the Penrose limit can have Ramond-
Ramond background fields, the fact that the action in quadratic in θ may be useful
for quantizing the theory. In particular, the AdS/CFT correspondence relates the
superstring theories with Ramond-Ramond background fields to super Yang-Mills
theory in the large N limit. Although the main interests are in the string theory
in the AdS backgrounds (for example, AdS5 × S5 background), the string theory
in more general background may have some applications and is related to some
more general super Yang-Mills theory.

For the Heterotic string, we studied the action in a general background, and
presented the θ-expansion explicitly. By using the result, we have checked whether
the truncation of the Green-Schwarz action occurs or not in two different back-
grounds; the plane-wave obtained by the Penrose limit, and the backgrounds which
only depend on transverse coordinates. In the latter case it is proved that the
light-cone gauge Green-Schwarz action is not generally quadratic in θ in the ap-
proximation c2 = 0. This result gives a disproof of the result in [15]. Although
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this result itself is for the action in the very restricted background, essentially the
same logic as the one used in [15] was used in a more recent paper [17], thus our
disproof is meaningful as a caution for such mistakes.

If we were just investigating whether the light-cone gauge Green-Schwarz action
is quadratic or not, we would not have to restrict ourselves to the case of vanishing
gauge fields. The same dimensional analysis as in the Type IIB case might easily
be applied to the Heterotic string with gauge fields and also to the Type IIA string,
to prove that the light-cone gauge Green-Schwarz action of each string theory is
quadratic in the plane-wave obtained by the Penrose limit.
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