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CONTRIBUTIONS TO PRIME NUMBER THEORY

—— GAPS BETWEEN PRIMES —

Hiroshi MIKAWA

1. Introduction.

In this memoir we consider the problems surrounding three old
conjectures in prime number theory.
{A) There exist infinitely many prime twins.
(B) There exists a prime in the intervals [x, X + clogzx ] for all x.
(C) The least prime in an arithemetic progression to modulus q 1is

less than cqlogzq for all reduced residue classes.

Here ¢ 1s some positive constant. These are, at present, far from
our reach, however. We have never known how one of these
may be deduced from plausible hypotheses.

For a positive integer k , let

Y(x,2k) = > A(n)A(n-2k)
2k<n<x

where A 1is the von Mangoldt function. Essentially ¥ counts the
prime pairs. In 1923 G.H.Hardy and J.E.Littlewood [10] conjectured

that ¥ would be asymptotically equal to

H(x,2k) = 2 T (1- —=——) (g—:—%-)-(x—zk).

p>2 (p—l)2 2<plk

After I.M.Vinogradov [37] it has been well known that this is true

in a mean value sense. [1,21].



Recently D.Wolke [39] demonstrated that, for any constant A>0,

S (¥(y,2kK)-H(y,2k))%<< xy?log Py
k<x

providing

8/5-¢

2 £y £ X (e>0).

This means that the formula
E(y,2k)= ¥(y.2k)-H(y,2k)<< ylog By

is valid for "almost all"” k < Xx. He is the first to extend the
range of validity to [2x, Xg] with ©>1. Moreover he remarked that
if the density hypothesis for L-series is true, then the exponent

8/5 «could be replaced by 2.

OQur main attempt is to improve this exponent beyond 2.

THEOREM 1.

Let ¢ and A>0 be given. If 2x <y < XS—S, then we have

S E(y,2k)2<< xy2log %y

k<x

where the implied constant depends only on & and A.

THEOREM 2.
. 1/8+¢
Let & and A>0 be given. If x £y £ 2Xx, then we have

S E(2k+y,2k)? << xyZlog ®x

k<x

where the implied constant depends only on & and A.

This may be regarded as dual version of [39], and also of Theorem 1.

It is of some interest to compare Theorem 2 with the result of



1/6+¢g

M.N.Huxley [17]: if y>x , then

X
SO 2 A(n)-y )2dt<< Xyzlog-Ax.
1 t<nLt+y

In 1943 A.Selberg [34] showed, under the Riemann hypothesis,
that there exists a prime in the intervals

[ n, n+ g(n)logzn ]

for almost all n. Here "almost all"” means that the number of
exceptional n's not exceeding x is o(x), and g 1is any positive
function with g(x)=« as Xx-o, It follows from the above mentioned

formula of Huxley that, unconditionally, the intervals [ n, n +nl/6+8]
contain a prime for almost all n.

Let Pr denote integers with at most r prime factors counted

according to multiplicity. Several authors considered the analogous
problem for P2. D.R.Heath-Brown [12] proved that there exists a P2
in the intervals

[ n, n + nl/ll+8] (£>0)

for almost all n. Y.Motohashi [30] replaced the exponent 1/11l+g

by & , by a simple analytic trick. D.Wolke [38] reduced the length
of intervals to the powers of log n . By refining Wolke's argument,
G.Harman [11] showed that the intervals [ n, n + log7+8n 1} contain
a P2 for almost all n.

We take the alternative approach to give a modest improvement.

THEOREM 3.

There exists a P2 in the intervals
[ n, n+ g(n)logsn ]

for almost all n



In 1938 P.Turan [35] showed, under the generalized Riemann

hypothesis, that there exists a prime p such that

p=za (mod q), p < qlog2+8q (g>0)

for almost all reduced residue classes a modulo q. The terminology
"almost all” means that the number of exceptional reduced classes
modulo g 1is of(p(q)) as g-w,

Motohashi [28] considered the corresponding problem for P

2 9
and showed that there exists a Pz such that
P,= a (mod q), P,< g 1/10
for almost all a. He remarked that, if the g-analogue of Lindelof

hypothesis is true. then the exponent 11/10 could be replaced by

l+g, £>0. Moreover he in [30] noted that his trick [30] does not

work in this case.

In contrast, our method in the proof of Theorem 3 makes an

improvement upon this problem as well.

THEOREM 4.

There exists a P2 such that

P a (mod q), st g(q)qlogsq

2

for almost all reduced classes a modulo q.

In 1975 Motohashi [29] proved that there exists a PS such that

PSE a (mod q), P3<< qlog7oq

for any fixed non-zero integer a and "almost all” q with (g,a)=1.



This is the dual problem of [28], and also of Theorem 4.
The generalized Riemann hypothesis is not capable of showing the

existence of a prime p with

p =a (mod q), p < qz,

even in an averaged sense over q. So the above bound for P3 is

interesting.

OQur final task 1is to extend this result to that for PZ'

THEQREM 5.
Let Q be a large parameter and a be any fixed integer
with O<lalxQ. Then, except for 0(Q log"lQ ) moduli q with

Q@ < g £ 2Q and (g,a)=1, there exists a

....... Lo

p

n

uch that

-3

PZE a (mod q), st t(a)qlog'q
where the implied O-constant is absolute and Tt denotes the divisor

function.

Our notation and convention are standard. For example, r,

used in either Tr/s or congruence (mod.s) means rr = 1 (mod.s).

. * . . _ .

* in Zlgxsy stands for the restriction (x,y)=1l. g 1s any small
positeve number. A is any large constant. Both are not
necessarily the same at each occasion. The implied constant in

0- and <<- notation may depend on & and A , when these are

appeared in the symbol. For real x, e(x)= eznlx, Y(x)= [x]-x+ %

and x| = min ix-nl. n~N means that N Nl<n£ st 2N for some
nez

Nl and N2' C 1is some absolute positive constant.



"Theorems"” come from the results of my study during the last
five years and are found in [22-25]. I would 1like to thank
Professor Saburd Uchiyama for continual encouragement and
great generosity with my stubbornness. I would also like to thank
the authors whose published articles had inspired my work. I am
very glad to express my gratitude to teachers Takeshi Kano at Okayama

and Akio Miyai at Morioka.
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2. Analytic method.

In this section we consider the distribution of primes in short

arithmetic progressions. We appeal to the classical theory of
L-functions. See [B8], for example. Throughout this section we
assume

a< log®N, N1/8*28. no N172E,

LEMMA 1 [32, Kap.[F.Satz 8.2,Kap.W.Satz 6.2.1].
There is no zero of L{s,x), s=0+it, x(mod.q), in the region
-—4/5

cx> 1-¢c 1o

0

+ -
s {b;g.f;

where CO is some positive constant.

Let N(a,T,x) denote the number of zeros of L(s,x), s=o+it,

x(mod.q), in the rectangle wo<o<l, |Jti< T.

LEMMA 2 [26, Chap.12] [18].

Suppose b = 12/5+8 for any &>0. Then,

b(1l-ot)

> N(et,T,x)<< (qT) logl4qT.

x(mod.q)

LEMMA 3.

Let T=N/qgA. For any constant A,

sup N2(a-l) > N(et,T,x)<< log—AN-
a=1/2 x(mod.q)
Proof.
-4/5
By Lemma 1, N(&,T,x)=0 for o = &= 1—colog T. So the
supremum may be taken over 1/2 < o < - By Lemma 2, we have
NZ(a—l) S N(o.T,x)<< NZ(a—l)(qT)b(l—a)logl4qT

x(mod.q)

- (1-a)

<< N logl4N (g'>0)

- 10 -



since

1 2 2
p*28> I 1g75egt® = 17 v
also
b_,aN,b N b ,.2/b-g.b_ .2-g’
(@)= (R < (goz7peg) = )7= N

Then, the supremum is attained at o=« Hence the expression in

0
question is

<< exp(—e"logl/SN )log14N

A

<< log “'N.

d
Here we use the convention; # in 3 x(n)A(n) means that
n

when x 1s principal x(n)A(n) is replaced by A(n)-1.

LEMMA 4.

AR 2 20, A
4 = > S 1 27 x(n)A(n)|“dt<< (gT)“Nlog "N.
x(mod.q) N t<n<t+qgA

Proof.

By the explicit formula [32, Kap.W.Satz 4.6.] we have

" p_.P
57T x(m)A(n)= 5 AEEIA) Tt 601642N)
t<n<t+qA p=B+1iy p
lvyI< N
l+qA/N . . P
= S tP g yPlaye 3 oIty (BHIAA) T 6 1062N)
|y I1<T 1 j=0,1 T<|yI<N

_ 2
= Zl+ 22+ 0(log™N), say,

where p=px=Bx+i?x=B+iy runs over the non-trivial zeros of L(s,x),
and T= N/qA. First the contribution of O-term is

<< quog4N,

_ll_



which is negligible. Next we consider the contribution of 21 to ¥#£.

Since
1+gA/N _
15 0s /13 Py gy
1 [y 1<T
or
-1
1+T
15 1% Tt 1S Py Ry,
1 Iy I<T
we infer that
2N 2N
S IEllzdt<< T2 sup J 12 tpyp_lizdt
N 1<y<1+T N IyI<T
-2
(1) =T sup Iy, say.
y
We proceed to the estimation  of Iy. Expanding the spuare we have

LN 2N [N
<3 S |y? *PTR7 P tPax|
N

Yyl yl<T
<« 3 NS T
lyILT [y"I<T !
Since 2> 1 << log x, we see
X<y<x+1
1 2
z TS o << log™T.
v 1<T 1+1y'-vl
Thus,
] << 1og2T > Nl+26+ NzlogZN-T log T.
7 B>1/2
Iyl T

Combining this with (1), we obtain

2N 2
2 [z 17de
x(mod q) N

_12_



1+28
<< T ZlogzN > > N Xy qT.2N2 log3N°T
x(q) szl/z
valsT

1
<< T 210g2N f N1*29 do( S
1/2 X

1) + q?A NlogSN
=0

X

= ]

(%é)zlogSN- sup N1T29 S N(o,T.x) + (a8)2Na"Lt10goN

o21/2 x(q)

<

A

<< (qA)leog3N { sup NZ(G_l) 2 N(o,T,x) + A_l

ox1/2 x(q)

}.

Hence, by Lemma 3, we have that 21 contributes to ¢

<< (qA)ZN log—AN.

Finally we consider 22. By a similar argument to 21, we get the

following chain of inequalities.

2N 3N p
S |22|2dt<< I S _%" !2dt
N N T<lyligN

1 3N, —
< 33 el £ot° TPl
T<ly'l,lyl<N'P H1PL N
1+28
<< logzN > *—E-§~—
g=1/2 lpl
T<|yI<N

+ T IN%10g%N

or

2N
> [ IZzlzdt<< loggN sup N1+20 > > vl 2, qZA Nlog4N

x{mod q) N o=1/2 x(q) B _=o
T<|y§l$N

= 1og3N sup lezasa + qZA Nlog4N, say.
oxl/2

Here,

- 13 -



S,<< log N sup Tl_2 2 2 1
T<T, <N x(a) Ir, I~Ty
Biza

<< log N sup Tl°2 > N(c,Tl,x)-

T<T1<N x(q)

Since N(o,T,x)<< T log T , the supremum is attained at T1=T.

Thus, by Lemma 3, the contribution of 22 to ¢ 1is

<< log*™N 772 sup N*29°S N(o,T.x) + q2A Nlog?N
x(q)
<< (aayPNrog®N ( sup W2 S wo T+ aTH

>
fla}

<< (qA)ZN log—AN,

as required.

- 14 -



3. Circle method.

In this section we evaluate the contribution from major arc.

For complex (cn), I=(a,b] and

We begin modifying [5, Lemma 11].
2< A < b/2, define
5 1/24 2
g =a" [ | 2 coe(Bn)|7ds.
-1/2A n€l
LEMMA 5.
2 —
£ << A 2 lc_I1%+ 2Re 2 (A-r) > c.c
nel n O<r=<A n,n+re€l n n+r
Proof.
, Ao .sin mAx. 2
Put K (X}—(———EE——) , then
© A
J KT (x)e(xy)dx = max(0, A-Inl—nzl).
-
Since YA(X) >>132 if ixi< 1/2A, we have

8 << fKA(B)] 3 cpe(pn)|Zds
- nel

(1) = 2 2 c 'En max(0, A-In'-nl).
n'

,n €1

Writing n'=n+r, we get Lemma 5.

LEMMA 6.
pec [ 3 ep 1Pat e 4% sup de1 )2
I t<n<£t+A nel

Proof. Put
. 1, t<n<t+A
1(t,n)={ 0, otherwise

then, we see

max(0, A-In'-nl)= f 1(t,n")1(t,n)dt.

-0

Combining this with (1), we obtain

- 15 -



P << f | 2 cnﬂ(t,n)lzdt

-0 nel
a b-A b 9
DI IRNE
a-A a b-A a<ngb
t<n<t+A

< [ 2 Cnlzdt+ A3 ( sup Icnl)z.
I t<ngt+A nel

Next, by using Lemma 6, we estimate the remainder term from
major arc. This method is due to {27]. The following Lemma is new

and competent for saving the order of Farey dissection.

LEMMA 7
1 -
Suppose g< 1ogcx and x1/6+8s A < X ? For any constant A,
q. 1/qA -
#=3" [ |3 AmeEn)e(bn)- %%3% S e(pn)|%ds << x log k.
a=1 -1/9qA n<x q 9 nex
Proof.

We replace the summation condition n<x in ¢ by n~N and

denote the resulting expression by }N‘ Then,
g << logzN sup PN.
N<x

Trivially,

1+1/gA 2 1/2

gy << L1 3 A)e(em) %da %Ti%l 1S e(sn)|2as
1/qA  n~N 1/ _1/2 n~N
<< N log N.

Thus, Lemma follows from the inequality

g << N 1og—AN

N

- 16 -



1-g' . 1/6+g’

for N > X . In this case, N 1-g"

< A <N
Now,

> A(n)e(—n)e(Bn)
n~N

1

Sty 2 x(a)T() S x(n)A(n)e(sn) + 0(Llog?N)

x(mod.q) n~N

- 409) s o pnys Q) S (A(n)-1)e(Bn)+
(P(Q)HNN (’D(Q)D"'N

S x(a)t(X) S x(n)A(n)e(Bn)+ O(log?N).

* ( )
®lq x¢x (mod.q) n~N

The integrand of }N is equal to

1

<tay x(a)t(X) S™x(n)A(n)e(8n)+ 0(log?N).

x(mod.q) n~N
By the orthogonal relation of characters,

1 g /a8 4 2 1. 4
Se(@ltG) 1% 7 | STx(m)A(n)e(Bn) |2ds+ A t1og?N.
] (q) x(q) -1/9qA n~N

§N<<

Thus, by Lemmas 6 and 4, we get

2N )
IN<< Tiay 2 {(aa) 2 f 1 37 x(m)A(n) |%dt+ qalog®N )+ A tlog®N

w(Q)x(Q) N t<n<t+qA/2

2N .
(@)™ 23 f 1 3 x(m)A(n) |%dt+ qa 1og®N
x(gq) N t<n<t+qA/2

<<

w(q)

<< N log A,

as required.

- 17 -



Finally we evaluate the main contribution from major arc.

LEMMA 8.
q, 1/49A
T 1 s (e 1Pe(-2k(2vp)) a8
a=1 -1/q9A Pl e a
2
_ u~(q) oL - gqa
;EFE? c (-2k)(x-2K)+ O e ).
Procf. The left hand side is equal to
2 1/qA
bAa); (-26) T | 3 e(sn)|®e(-2kp)as
®~(q) -1/qA ns<x

2
- b (a), (-2k){ 2 1 + O(ga)}

¢2(Q) d n',n <x
n'-n=2k
uz(q) qa
= ;Ezg;c (-2k) (x-2k)+ O ETET ).

- 18 -



4. Trigonometric sums over primes.

This section is devoted to estimate a mean value for the
expdnential sums. Throughout this section, apart from Lemma 17,
we assume that

2

(1) |~ %I$q~ with (a,q)=1 and gq< A < N/2.

Let f and g be arbitrary real sequences such that If(n)l< log n

and lg(n)l< ts(n)log n. Moreover, let U and V be parameters and
define
o 1/24A - o
JIy= a7 J | 2 g(n)e((e+p)mn)|"ds
-1/2A mn~N
m>U
g 1724 2
JIz o= A% f 1 2 (2 g(n))el(a+p)dar)|”ds
’ -1/2A dil~N mn=d
m<U
n<v
9 1/2A 2
JIy= A% [ | 2 f(m)g(n)e((«+f)mn)|"dB.
-1/2A mn~N
m~U

In order to estimate the above integrals we use the elementary lemma:

LEMMA 9. If 1< X £Y, then

1

2 min o o

n<x

9

% y<< | % + X + q ) log agX.

LEMMA 10.

3

JIg<< 10g°® N ( aN (aa™ 2@y B 2% 4% )

Proof. By Lemma 5,



JI<< &3 (3 g(n))%+ 2Re I (A-r)e(ar) 3  g(n')g(n)
k~N mn=k O<r<A m'n'-mn=r
m',m> U
m'n’',mn~N

2

=0( A D T (K) log k )+ 2Re S (A-r)e(ar) 3 g(n')g(n) S 1
k~N O<r=<A n',n m'n'-mn=r
m',m> U
m'n',mn~N
37
(1) = 0( ANlog" 'N)+ 2Re 2 (A-r)e(ar)d(r), say.
O<r=A
The inner sum in & is equal to
#{m': N(r)<m'n'< 2N, m'n'= r(mod n)},
where N(r)= max( Un', Un+r, N+r). The above conguence is soluble
if and only if (n',n)lr. Write n*=n/(n',n) and r*=r/(n',n).
Then, the sum over m' is
= #{m"': N({) < m'g Zﬁ , m'=s n'*r*(mod n*)}
n n
_ 2N-N(r)
- [nv,n] + O(l)
_ 2N-N(0) r
" Tnon " 9%%mTar )
Thus,
0= 3 3 gne@EBNOL, ofr 3 LEBIEMII, (5 gm)1)? )
, [n',n] [n',n]
n',n<2N/U n',n<2N n<§§
(n'",n)lr ’ U U
= (2N-N(0)) S S g%ﬁ );ﬁn) O(A S d( 2-'5—1(111#)24-( S lg(n)l)z)
n',n<2N/U d(gﬁ din n<g§
(n',n)lIr U U
(2) = @l(r)+ 0( Alog37N + (%)ZlogloN ), say.

The contribution of ml(r) to JI is

- 20 -



2Re (2N-N(0)) > 5%%;l§§31 S (A-r)e(ar)
gﬁ i 0<r<A
U (n",n)lr

A

n ,n<

A '
= 2Re(2N-N(O)) S 3 g%%TL%%gl > e(or) dt
1 v p<2N ’ O<r<t
’ U (n',n)lr

A -
« Ny o3 Asldelly s egar)jat
1 n',n<2N/U ’ 0<r<t
(n',n)<t (n',n)Ir

<

A

NA S af S Lgégli) min( 4, i%ﬁﬁ)
d<aA <2N/U
din

<< AN 1og12N >

leed |l

H
—
Dof =

1
<< AN 1og12N ( > —F JZ( 2 % min( %,
d<A

1 25

<< A N log 2N { Alog6 N ( % +log N + g )}1/2

(3) << A N log 2%y | Aq—l/2+ (qa)17/2)

by partial summation and Lemma 9. In conjunction with (1),(2) and

(3), we have

325

JI<< ANlog SN+ aNlog29N(aq 2+ (qa)l/2)+ aZ(alog’ N+ (%)zloglON)

-1/2 2
<< 10g325N [ aN (aq Y2 (q) 2y A (%)2+ a3y,

_21_.



We turn to JI. We use the following lemmas.

LEMMA 11.

For arbitrary real numbers X and H>0, we have

| Swix)l<< F+ 3 £ 3 ethx)].

m~M O<hgH m~M
LEMMA 12 [14,18].
For any &>0, we have

S e(k—2-) << (k,d)1/2ql/2 &1, Xy,
d d
n~N
(n,d)=1
LEMMA 13.
JHU V<< 1og663N { AN(Aq—1/2+(qA)1/2)+ A3}+ AZ(N1_8+N88U3/2V8).
Proof. Write Gy= > g(n)
mn=d
msU,n<gv

By the similar argument to that in Lemma 10, we have

JI<< 10g%83N {an(aq 1/ 2+ (aa) 1/ 2)+ A3 3+ R

where

R=a 3 | 5 Gq.6408(d"7,d",r")]

O<r<A (d',d)Ir

with

* % * 2N * d'* N+r * d'*

g(d ’d ,» T )= w([dv,d] -r * )_,’&(Td—':—d—]' -r —'*—).
d d
We proceed to estimate R. By the definition of Gd’ we have
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=
1

O0<r<A 8lr ab=8 am<U bngV
(mn,d)=1

<< A 3 2 2 2 lgbn)G 11 3
m<U/a
(mn,d)=1

0<8k<A ab=§& 86d<UV bnxV

<< A2NE sup > 21 2

D<UV,L<V,M<U d~D n~L mM
k<A, T<2N (mn,d)=

2,€

(4) = A"N™ sup Rl(D,L,M,k,T), say.

We now appeal to Lemmas 11 and 12. When

(5) R, << Ni-3¢e,

Henceforce we assume DLM>NL_38. Choose

Then, H>2. Thus, by Lemma 11, we have

Ri<< 24 3 L5535 eie(-hk-]g

i

a 2 12 2 2 3% 2 gnG,,6(m,d, k)|

8 (mn

,d, k) |

) |

T
l‘Mdmn

1

d

3&

DLM<NT 3€

H=DLMN

-

4g-1

n

) |

VB ochen® d 0 mww 9M0 d
(mn,d)=1
(8) - nIT4E, S % S(h), say.
h
Lemma 12 yields
S(hy<< 3 S(1+ BT y(nk,a)1/2q/2+€(1, U
DLM d
d h
1/2 1/2
<< p(1+ Bl N8 3 4B d), ™05 g2
DLM s d <

<< L(1+N*€)N28( p3/2, mpl/2)

<< NSSUB/ZVS/Z.

- 23 -

trivially,

in Lemma 11.

1/2
+ M( 2 1)
d

}



Combining this with (4),(5) and (8),

R<< Az( NBSU

This gives the required bound for JI.

3/2V5/2+ Nl—38

we have

).

LEMMA 14. If U<A, then
28 A A
JMU<< AN log™ N ( U+ 1 g q ).
Proof.
We may impose the restriction 1€I={—E—;§%}. Then,
2 1728 2 2
JI< A“ f 2 fT(m")% 2|1 2 g(n)e((o+B)mn) |“dp
-1/2A m'~U m~U mn~N
nel
5 5 1/2A 2
<< Ulog“U-: 2 A S 1 2 gme((o+8)mn) |“dp
m~U  -1/2A mn~N
nel
(7) = UlogZN-}, say.

By Lemma 5, we have

$<< 3 {a 3 g(m?+ 2Re I (A-mr)e(omr) I g(n')g(n)}
m~U  mn~N O<mr<A n'-n=r
n',nel
mn ", mn~N
= O(AN 1og26N )+ 2Re > g(n')g(n) 2 (A-mr)e(amr)
O<r<A n'-n=r O<mr<aA
n',nel m~U
mn' ,mn~N
(8) = 0(aN log?®N )+ ., say.
We proceed to fl. Since U< m <A/r 1in the innermost sum,

we see r< A/U. Thus, by Lemma 9,

- 24 -



A/T
F << 2 > lg(n")g(n)l r f | S e(omr)|dt
O<r<A/U n'-n=r 1 O<m<t
n',n~N/U m~U
mn' ,mn~N

: A 1
< 2 S5 lg(n)g(n)| A min( &, —&)
r<A/U n'-n=r r’ farl

n',n~N/U

A 1

<< A D g(n)z- 2 min( ot WEFW)

n~N/U r<A/U

N 26 A A
<< A g log® N ( 3 *gta ).

Combining this with (7) and (8), we get

JI << U log2U-{ ANlog?°N + a N 10g28N ¢

A
U q+'ﬁ+Q)}
<< AN 1og28N (U + &, 8, q ),
q U
as required.
LEMMA 15. For real o, define
9 1/2A 2
J=J(a,A)= A S 2 A(n)e((a+8)n) |“dB.
-1/2A N<n<2N
Suppose |- %lﬁ q © with (a,q)=1. Then, for any small €>0, we have
J << logsesN { AN( Nl/3+ Aq_1/2+ (qA)1/2)+ A2N1_8+ A3 }.

To prove Lemma 15 we use the combinatrial identity;

LEMMA 16 [13].

Let k be a positive integer. If n<X, then

- 25 -



k
Aln)= 2 (—1)j+1(§) 2 (log nylu(ny 4) - u(ny ).
Jj=1 nl--njnj+l‘~n2j=n

n ‘~,n2j$ X

1/k
je1

Proof of Lemma 15.

Unless
(9) N3¢ a/2 and g <a< N/2,
then Lemma 15 is trivial. So we may assume (9). Since n<3N, we
appeal to Lemma 16 with X=8N and k=3. A(n) is decomposed into

a linear combination of 0(1l) sums

A" (n)= z (log ny)u(ng)u(ng)u(ng).
nln2n3n4n5n6=lr/13
n, .0, Nng< 2N

It is sufficient to show Lemma 15 with A* in place of A. Moreover,
we may assume min(nl,nz,n3)=n3, for the other cases are similarly
treated. We then see that

niS(SN)l/3

for i=3,4,5,6.
Put n'=n3n4n5n6. Let v>2 be a parameter, and z=v4. We divide the

integrand of J according to the following three cases.

(1) n'<z and nl>Nl/2v,

(2) n'<z and nlle/zv,

(3) n'>z.
Let X(i) denote the corresponding sum to case (1).

In case (1), we may write

A(n)= 3 (log ny)g(n')
nln'=n
D1>Nl/2V

- 26 -



with Ig(n)lsts(n). By partial summation and Cauchy's inequality,

we have
21/2A 2 0
A [ 1Z(1)1°dt << log“N sup JIu
-1/2A ule/zv
In case (2),
A" (n)= >  (log n,)eg(n")
n,n,n’=n
= 3z ( 2 (log ny)e(n") )
nzn"=n nln'=n"
nlle/zv, n'sz=v4
with }g(n)§$z4(n) Hence,
g 1724 2 2
A [ 1Z(2)19dt << log“N sup JHu o2
-1/2A uﬁNl/zv
In case (3), since
V4=z<n'=n3n4n5n6§( max ni )4,
i=3,4,5,8.
there exists an index 1 such that
v<ni$(3N)l/3.
So we may write
A" (n)= S f(npe@')
nin"=n
V<ni$(3N)l/3

with If(n) (L1, lg(n)lﬁts(n)log n. Decomposing this interval into

the sum of [23,23+l] type intervals, we see

gl/24 2 2
AY [ 12(38)17dt << log“N sup JI, -
-1/24 V<u<2N1/3
By the above argument, we have
J << { sup JI . + sup JI 4 + sup JI } logzN.
1/2. Y 1/72. WV 1/3 U
u>N v u<N v v<u<2N
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Because of (9), all of the assumptions in (1) and Lemma 14 are
satisfied. We choose V=N28 with any 0<g<1/200. Thus, by Lemmas

10, 13 and 14, we get

J << 10g%8%N { aN( a2 a2 ) 4 A%y -
v a2 108327y (/N 2002 .+ AZN1TE L a2488 (§1/24y3/2 (43,
+ AN log3ON ( Nl/3 + % + % +.q )
1/3 l-g 3

<< 10g%%%% [ aN( ag M 24 (a2 N3 4 antTEL A8y,

as required.

Finally we quote the well known bound for trigonometric sums
over primes.

LEMMA 17 [38].

Suppose |o- %ISq—Z with (a,q)=1. Then,

S A(n)e(om)<< { xq 2+ 454 (ax)t

n=<x

/ 4

2} log "x.

- 28 -



5. Proof of Theorem 1.

Let >0 and A>0 be given. Define

2x< y <x378, k< X,

S(et)= 2 A(n)e(on),

n<y
Q= 1og”x, a= y'/%,
d a 1 a, 1
M=u U I f = [=— = =1,
q<Q. a=1 g,a g,a "q qQ’ q aQ
mo= (@t 1.7,
where D is some constant, which will be specified later. Then,
1+Q
Y(y,2k)= / |S(a)|%e(-2ka)da.
-1
Q
We begin with the major arc M. For o= %+B€Iq q Ve write
T(e)= &) 5 o(pn),
qo(q)nsy
U(e)= S(o)- T(a).
Then, by Lemma 8, we have
q, 1/4Q
[T 1Pe(-2keyda= 3 30 [ 1B S e(on) | Pe(-2k(Bep)) a8
M qula=l -1/49Q ¢ n<y

=3 (& (Q)c (-2k) (y-2Kk)+ O(—22

)}
a<Q; ¢~ (a) d @(Q)

(1) -3 EELgqu( ~2k) (y-2k)+ 0(Q,Q log Q).
9<Q, ¢~ (a)

Also,
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o] 1/2 2
fIT(a)I 2d0c s 3t 7 219 s o) |2as

qu a=1 -1/2 mz(q) n<y
2
=V 2 w(é?)
qul

(2) << y log Ql-

Lemma 7 yields

9 a, 1/qQ (q) 5
S1U(e) [%de= S 3 S 12 A(n)o(—n>e<3n)— “( ) S e(Bn)|“ds
M qﬁQla 1 -1/9Q nxy eta n<y

(3) << @y log Ty (E=1+D+A).

Hence, by (1),(2) and (3),
1S (o) 1%e(-2ka)da= [IT (o) +U(a) | %e (-2ka) d
M M

= [1T(a) 1%e(-2ka)do +
M

« 01T () 12das [1UGa) 12do) T2y + 0(f1U(a) 12da)
M M M

-3 Egiﬂlc (-2k) (y-2K)+ 0(Q,Q log ¥) +
q
QSQ1@ (a)

+ 0((ylog y- Qlylog Eyy172y, O(Qlylog—Ey)

-A/2

(4) -5 Lo (on)(y-2k)+ 0(y10g M 2.
a<Q ¢ (q) ?
For square-free q,
_ q

So the singular series

_.30._



o 2
> Englc (-2Kk)
a=1 ¢~ (q)

is absolutely convergent and equal to G(2k). Moreover, since
w2 (q)
s(2k)= 3 S—*c (-2k) << log 2Kk,

q>Qlw2(q) 4

we see
2 2(q)
S s(2k)“<< log 2k 5 A4 ST 435 1
k<x q>Q1¢ (q) dlg k< x
dl2k
2
<< xlog X o £~igl€(Q)
a>Q,¢" (q)
(5) << le—llogzx.
We proceed to the minor arc m. Put A= X_lQl

S US12 = S | Fis(o) 12e(-2ko) do | 2
k<x m k<x m

<< £ f1s(ae)121s(e) 12min(x,

1
) dot " dot.
o om o' —exll

The contribution arising from the range la'-cll> 1/24 1is

<< A ( JIs(e)1%dm)?
m

<< XQl—lyzlogzy.

As for the remaining range, we write o'-0=8. Since the exponential

sum S(x) has the period 1, we get

2 |f|2<< x [ lS(a)IZ( J lS(a+B)|2d6)da+ XQl—lyzlogzy
k<x m oEm 8ll<1/24



(6) << xy log v+ sup [ IS(e+)1%d8 + xQ  'y*logy.
ceEm |81<£1/2A
For any o€m, there exist a and q with (a,q)=1 such that
- élﬁq—2 and Q.< g £ Q
q 1 )
Since
Q= y1/4<< X 1og-2Dx << AQl*l,
y<< x5 8cc x3log_6Dx << (AQl;l)S,
Lemma 15 yields
I Is(a+8)12ds
18l<1/2A
<< A—2 sup { Av( y1/3+ Aq—l/z+ (qé)1/2)+ é2y1-—8+ AB} log666
Q1<q£Q
<< le_l/zlogsesy,
uniformly for o€m. Combining this with (8) we get
- - 2
S 1£1%<< xy log Y yQy l/210g666y + xyle 1iog?y
K<x m
(7) << Xyzlog_Ay.

Here we choosed 2D= 686T7+A.

In conjunction with (4),(5) and (7), we conclude

S E(y,2k)2= 5 (s(2k)+ O(ylog ™ 32y)+ )2
k<x k<x i)l

<< 3 s(2k)2+ xy®10g™hy + 3 1/12
k<x k<x m
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<< xyzlog-Ay.

This completes the proof of Theorem 1.
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6. Proof of Theorem 2.

Let >0 and A>0 be given. Let D be a positive constant,
will be specified later. In fact, D= 9+A. Define
xl/6+85 y £ X, kg x,
S(et)= 2 A(n)e(an), T(a)= 2 A(n)e(an),
k<y n<3x
Q. = logDX ’ Q= Xl/6+8/2< vQ ~5’
1 1
d, a 1 a 1
= U U . = | - _—, - =1,
Me Y Y faie l4,2719" @@ @ @
it T
m= Q% 1+t
Then,
hed .ﬁ_l
1T
(1) > AMA(n-2k)= [ S(-a)T(a)e(-2ko)de.
2k<n<2k+y Q~l
On putting

U(et)= T(ot)- u(a) > e((a—%)n) for aEIq

(q)n£3x »a

2

we see that

1+Q“l
(2) S 1 =P+R
Q
where
q, 1/4Q "
P=3 3% [ s(-(Bep)EHL S e(pnye(-2k(34p))as
q£Q1a=l -1/q9Q q Pl he3x
R= R(k)= [ S(-o)U(at)e(-2kat)da+ [ S(-a)T(e)e(-2ka)da.
M m
First we estimate the mean square for R. By Lemmas 7 and 17,
we have

- 34 -
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S R(k)2<< f1s(e) 1210(x) 12da+ S1S(a) 1217 (o) 12
k<x M m

yszU(a)iZda+ sup (yzq"l+ y8/5+ QY)IOEBY“ f|T(a)|2da

M Ql<q$Q m

<

A

<< ylex log 2Px + yle_lxloggx

(3) << xyle_lloggx.
Next we evaluate P. We extend the range of integral to
[-1/2, 1/21. Then the resulting error is
q 1/2 1i/2, 1/2 1/2
<< u(d) 2*[ Iy IS(%+B)I2dB) ( | S e(8n) | dB]

a<q, ®' Va1 %1790 1720 nZow

<< S w2 ( ¥y log y'qQ)l/2
a<Q;

<< le°llog y.

Since m+2k< y+2k £3x, we see that for all m<y

1/2
> J e((-m+n-2k)B)ds = 1.
n<3x -1/2

Thus, by the Siegel-Walfisz theorem, we have

p- 5 A 5 p(myc_(-m-2k) + 0(yQ, ‘log ¥)
a<Q, eld) ey q

M(q)c (-b-2k) 3 A(m) + O(yQ, "

log v)
qgQ o(q) n<y
m=b(q)
(4) y 3 EEiﬂlcq( 2k) + 0(yQ, “log ¥).
QSle (q)
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By (5.5),

2 % () 2
Ss(20)%= 3 (3 EAle (-2x))
k<x k<x q>Q " (q) a

(5) << XQl_llngy.

From (1),(2),(3),(4) and (5), we infer that

S E(2k+y,2k)2= S (3 A(n)A(n-2k)- 6(2k)y )2
k<x k<x 2k<n<2k+y

= 3 ( s(2K)y + 0(yQ, 'log y)+ R(k) )7
K<x

<< y2 > s(2k)2+ xyle_Zlogzx + R(k)2
k<x k<x
<< xyle—llogzx + Xyle—lloggx

<< xyzlogg"Dx.

On taking D= 9+D, we obtain Theorem 2.
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7. Kloostermania.

This section is devoted to estimate the bilinear form involving

y-function. The method in this section has been created by

[14,16,20], and influenced diverse problems in number theory. [2,3,41.

Let p, ¥, @, &

Define

b4 n 2

K= K(Tl,T M Nl’M

v and v be positive integers <T,

2.Nz; o,B8,v,8; p,K,0,85,n,v,V)

2’1
= 2 2 2
H M H H "‘.;,Y ": 2
my My m Ny mp iy R, J=1,
(m,n.,pnev)=1 2 _
(méné,pnmv)=1 H (nlnz)—l
(mlnl,m2n2)=1
where
GG1;3= 8(r,s; p,X,0,%,v,V)= -p rsg
S b s s s b $ 9 m
Also,

K=K(T,M,N; p,x,0,%,n,v,V)

= sup

leet, 181, 1vl,181<1

K(Tl’Tz’MllNl’Mz’Nz; alB)y’s;

Ml,MzﬁM Nl,NZSN

T1<TZST1_2S
M1N1M2N2>T
Moreover,
g = Q(Ml,Nl,Mz,Nz,H; c; P,K,0,%,n,v,V)
= 2 2 > 2 2 c(h,n;,n,)e
mlel m2~M2 O<h<H nlel nszz
(ml,m2)=1 (mlnz,m2n2)=l
(m, ,0v)=1 (nl,onmv)=(n2,pnmv)=l
(mz,pmv)=l uz(nlnz)zl

- 37 -
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2 G(ml)ﬁ(nl)v(mz)é(nz)z (-1)3¢[ J *9[ 1 l)}
Y.

(Cﬂ,g):(U,U):l,

r
SV

<

pK

P,X,0,%,n,Y,V).
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LEMMA 18.

If vv(MN)2/3< T1_88, then

-1 1/2
K << T sup (MlNlMZNZ) (MlM2 2 )

where H= MlNleNzTgS_l and the supremum is taken over all sequences

(c) with lcl<l, and Ml,Mzs M, Nl,Nzg N.

In order to prove Lemma 18 we appeal to the following tools.

LEMMA 19. Let H>2. Then,

_ e(ht) . 1
¢(t)—o<|§]gﬂ_§ﬁfﬁ— + 0(min(l, Frep)) -
LEMMA 20.
1
min(l, =—)= 2 C,e(ht)
Hifti he7
where
. log H 1 H
ICy I<< min(—F—, . 3z ).
LEMMA 21 [16].
For any g£>0,
1
— — _.+8
S e(a—‘—g—) << t(c)(1,d)?% d? (1+ WH[)
m~M
m=x(mod ¥y)
(m,cd)=1

LEMMA 22. For integer m,
(m,n)
2 n

n~N

<< t(m).

Proof of Lemma 18.

By Lemma 19, {¢-function is expressed as a sum of the trigonometric

polynomial, ¢1 say, and the tail of Fourier expansion, ¢2 say.
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Let Ki’ 1=1,2, be the corresponding sum to $i’ respectively.

First we deal with Kl’ To simplify the notation, let ! denote

the condition in K.

hT hT m.n
- 1 2 _ ________l___ 194
7, 2 in e ) < ) e (10 (Emy))

1M1M2t 2 T R 22
Tz/mlmz .
= 2 f nln e(nhg )dt'e{hg(mlnl)J
O<ihi<H , % 12 Migha 2B
R R
Also,
1
K1=m nE . na(ml)ﬁ(nl)?(mz)é(nz)wl
3 R B )
Tz/mlm2
L os lam)vm)| 3 S 's(n.)8(n, )k Ze(hE (he[mlnlj)dt
= o(m, )y (m n n e e
Ny Ng m,,m, 1 2 J o<Ihl<H n,,n, 1 2'nyn, " nyn, myn,
Tl/mlm2
T/M,M
1 v ! NyNo  ht myny
<<N N 2 E 2 B(nl)é(nz)ﬁ—ﬁ—e(n n )e(hﬂ(m n )) dt
1V2 (m.,m.)=1 l0<h<H n_,n 12 4fg 212
1’12
0 (m,,pndv)=1
(mz,pnmv)=l
m. N
T 171
<< m———————  sup 2 2> 2 > Y c(h,n,,n )e(he( ))
MMNI Ny el (m,,m,)=1 | O<hsH uz(nlnz)zl 172 myn,,
(ml,mv)=l (mlnl,m2n2)=l
(mz,pmv)=l (nl,pnmv)=(n2,pnmv)=l
<< T _ sup ( MM, € )1/2
M. N.M..N :

1NMoNy ey 12
(1)

We turn to KZ' By Lemma 20,
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K, << T8 > > ! min(1, T L )
j=1,2 r~M,N J r
RO B Y
S~M_N rs S
272
hT.
<135 313 3 e(gl)emod]
j=1,2 heZ (rv,sv)=1
(r,pnov)=1
(s,pnuv)=1
(2) = T 3 lc, | s(h), say.
heZ
We proceed to the estimation of S(h). Trivially,
(3) S(h)<< M N,M,N,.

By partial summation,

)| S'e(ha(5))|
114 1N o

S(h)<< (1+ TN o o
1"172%2 r,s
hT

s N—) S, (h),
MlNleN2 1

= (1+ say.

Lemma 21 yields

Q
$,(h)< 3 1S e(ho($))|
(s,pnwv)=1 1=1 r=l(w)
(v,v)=1 (r,spnev)=1

< S IS e(hpk—2) ]

Sy
s M2N2 =1 r MlNl

(s,p)=1 r=t(n)
(r,pnsv)=1

W ME

MlNl

Sv

1/2+¢

<< 2 m't(on)(hpK,sv)l/z(sv) (1+ )

(s,p)=1

=

SREI
172

<< T€ wv S (hk,s)l/2(s1/2,

s~M9N2 S

(hk.s) 1/ 1/2 1/2

2
<< Tva(z ———E——) (s sz) +M1N1(Z 1) }.
S S S
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By Lemma 22, we have

hT

MyNpMaNg

3/ /2

S(h)<< (1+ )78y < (h) LN, ¥/ Zem N (MpN,) T 2)

hT

MlNleN2

(4) << (1+ )t (h)T2Eev(MN) S/ 2,

Now we estimate K2' By (2),

K, << ™S + S + D + 2 yIC, 1 s(h)

h=0 O0<l|hl|<H H<3hl£HM2N2 Ih|>HM2N2

(5) = T8( Iyr I+ T+ I, ), say.

By (3),

log H H
To*Za<< MiN MoNy (=== 2 )

J

h>HM2N2 h

(8) << TF 38100 0 + MN

Also, by (4),

% +Ey<< ou(MN)3/2 128,

1

1 hT H hT
2 RO Ny, e 2 51 v, N, ()

O<h<H 17122 H<h£HM2N2 h 171722

HT 2

17122

<< wv(MN)3/2 T28(1+

/2

(7) << mv(MN)3 5€ 2

T log™T.

From (5),(8) and (7) we infer that

3 2

K, << T8 T173810g H + ov(MN) 372 T°€10g2T 3

1

<<« TV 28900 0 + wumN)S/2 18 2

T°®10g°T
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<< Tl—8.

Combining this with (1) we obtain Lemma 18.

LEMMA 23.
Let 0< k,hl,h2 < T. Then,
r= 3 3 35 3 5 B0 By 2
nl,n3~Nl nz,n4wN2 m~M
hln3n4—h2nln2=r(n2,n3)(nl,n4)¢0
m2n2n4=d(n2,n3)(nl,n4)
Proof. Write
8;=(n;.n,) 8y=(ny,ng)
n,=486,v, n,=6nnn* n. =38V, n.=8&.n *
i 1L 1 L 4 4 3 2 93 4 174
Furthermore,
* *
Y‘(n27n4)
*_ *‘
n, =YV, n, =vv,.
Then, we have
(k(h,v,v,-h_v.v,),myv, v, )
5= 3 3 > 5 3 33— 2A2ed 24
o, n3 6lvl=nl 62v2=n3 m,, ¥ vz v4 274
( vl.vv4)=(v3,vv2)=(vz.v4)=1
hyvav,=hyv v,
Put Bs= k(hlv3v4—h2vlv2)¢o. Since (vz,v4)=l,

(B,vz)=(khlu3u4,v2)=(khlv3,v2).
Also,

(B,u4)=(kh2vlv2,v4)=(kh2vl,v4).
Thus, by Lemma 22,
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(B,vz)(B,v4)

(B,m) (B,v)
<
> E g o v2=n 8 vz=n g g U2 v4 m m % Y
173 "17"1 "1 272 3 "2 "4
(kh,v,,v,) (kh,v,,v,)
e TS 2 2 z S lv3 2 ZU]_ 4
nl n3 61v1=n1 62v2=n3 Vo 2 4

<< T28 > 2 r(nl)t(nz)
0, fg

<< T

LEMMA 24.
2-1-3¢g 8 28,2 : 1/2., 2,.. 3
4 << H°T log T + ovI™"H (M1+M2)M2- Nl N2 .
Proof.

Expanding the square and changing the order of summation, we have

— M0y s
g: ’ ’ ’ -
0<h2 hzsﬂ nE c(hy,nyn,jc(h,,ng n4zmzn mﬁn ):ihlg(mznz) hze(m2n4))
1’72 j (j=1,2,3,4) 171722
(nlng,pnmv)=(n2n4,Dnmu)=l (mlng,m2n4)=l
uz(n1n2)=uz(n3n4)=l (my ,ev)=1
(mz,pmv)=l
® m.n,y m,n.v
< 33 5 S 3|3 etox(nZEo-n 0
O<hl,h2$H nj (j=1,2,3,4) m, =1 mlNMl 272 274

(nln3,pnmv)=(n2n4,pnmv)=(m2,nln3pmv)=l mlsl(m)
2 _.2 _ (m, ,m,n,n,v)=1
(8) u (nlnz)—u (n3n4)—1 1727274
We proceed to treat the argument in the above exponential sums.

We have

m,n.,v m,n,v g

v n

1 m,n, v h2 m.,n n

N[
DN
B jo

m 2 4 v
2(n2,n3)(nl.n4)
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where

n n
& hl(nz%nB)(nl?n4>(m1“1“)*‘hz(nl%n4)(nz?n3>(m1“3V)**
with X*xal(mod. mznzv) and x x=1(mod. m2n4v). We then find,
with certain integers kl and k2’ that
) 03 T4 0y o
My gve= hl(nz,n3)(nl,n4)(1+klm2n2v)-h2(nl,n4)(nz,n3)‘l+k2m2n4v)
ng n, ny n, n, n,

h h

{mod. m

V)

1(ng,n5)(ny,n,) “2(ny,n,)(n,,n 2(ny,n,) (ny,n,)

a)

=r, say.

. B _ 2 2 _
Since (mlnl,mznz)—(mln3,m2n4)—1, u (nlnz)—u (n3n4)~l and

(v,M2n2n4v)=(mlnlnS,v)=(v,v)=l, we have

n n

2 4
2(n2,n3)(nl,n4)

(m,n.n

1B gy, m

v)=1,

whence

n n

mlnlnsv r (mod. m2(n Zn Y (o 4n )
2’73 1’74

03
]

v).

n n

PR 2 4
Thus, writing d= m , wWe get
2(n2,n3)(nl.n4)
@ m.n,n.v
g< > Z 2 s 3 > e(pxr——l—%5§——0
hl hz nj(J=l,2,3,4) m, =1 mlNM1
hln3n4—h2nln2=r(n2,n3)(nl,n4) ml=L(m)
m2n2n4=d(n2,n3)(nl,n4) (ml,d(nz,n3)(nl,n4)v)=l
(d,p)=1

Lemma 21 yields
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1

g<< S MMy+ 3 e-t((n,.n,)(n;.n,))(pkr,dv)%(dv)
- 12 2 Mg/ t0y.Ty
hln3n4—h2nln2 r=0
(d,p)=1

1
2+8(1+ﬁ)
dv

9 e 1/2 1/2 Ml
<< MM, > T4(8) %+ ©uT > (xr,d) d (1+ 77)

SS4HN1N2 r=0

1/2 1/2 1/2
<< MleHNlNzlog8T+ wor® 3 (3 LKAy 42 M (2 1) ).

d
hl’hZ d d

By Lemma 23, we have

1/2 1/2
2.-.1-3¢g 8 2g,2 2 2,3 2 2
g<< H'T log " T+ ovT™"H Nl{(Nl (M2N2 )7) +M1(N1 MZNZ ) }

2 ,.1-3g 8 28,2 1/2,, 2., 3
<< H™ T log T+ wvT™"H (M1+M2)M2 Nl N2 .

=-4g 5 %—48 1-g
If M<T and ouN <T , then K << T

By Lemma 18,

(9) K << T sup (M.N.M.N.) t(m.m, g /2 ., pl-®
112 2 12
M, M, <M

Nl,NzﬁN

since the conditions in this lemma implies that in Lemma 18.

Lemma 24 yields

M.M, € 6e-2
12 << L M.M. @

2 2 12
(M1N1M2N2) H

4g-1 3

2

8g-2 1i/2, 2
<< T M1M2+ T Mlewv(Ml+M2)M2 Nl N
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<< T4e—1M2+ T88—2M3/2mvN5

<< TL728,

Combining this with (9), we obtain Lemma 25.

LEMMA 26. If ov<T®, then

1 1
3748 3078

K(T,T , T ;o PL,K,8,8,n,0,V)<< Tl_s.

Proof.

This immediately follows from Lemma 25.
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8. Sieve method.

In this section we give a lower bound sieve inequality for

almost-primes of type P2. We use Richert's weight [33,8]
combined with Rosser-Iwaniec linear sieve [19,20,31]. As for
a sophisticated form‘of the weighted sieve, see [{7,9]. Let 4

a finite sequence of integers and ? be a set of primes.
Put, for dz1, z>2,
P(z)= mp , d.= {n€d: n=0 (mod d)},

p<z d
pE2

and
S(4,?2,z)= #{ned: (n,P(z))=1}.
Suppose that, for square-free d composed by primes €7,

L, - w(d)
wdd— 3

X+ rd(sl),

where X is some positive number independent of d and w(d) is

multiplicative. Moreover we assume that, for any 2<w<z,

_oe(p),._ log z K

(1) wsg<z(1 P )< log w(1+ log w)’

peE?P
and

o
s(p7) L
(2) S - < ,
WEp<zZ =2 pa log 3w

DE?

with some constants K, L>1. Write

Viz)= 1w (1- &)y
p<z p
pE?
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LEMMA 27 [8,19,31].
Let z>2, D>2. For any n>0 we have
S(d,?,2)<V(z)X{F(s)+E}+R"

S(d,?,z)2V(z)X{f(s)-E}-R_

where s= log D/log z, E=cn+0((log D)—l/g) with some constant c.
The functions F(s) and f(s) are the continuous solutions of some
system of differential-difference equations. In particular,

sF(s)= 2¢e” {(0<s<£3)

sf(s)= { 0 (0<sx2)
ZeYlog(s—l) (2<s<4)

where y is the Euler constant. The remainder term Ri has the form

RT= 3 XD, (d)
= 2 M y ) r
diP(z) d d

where the sequence (u§)=(u3(D,n)) has the properties:
+ .
Mg= if d=0,

PHE p2(a),

and, for any M,N>1, MN=D,

(3) bg= 2 S 3 a, (MN,mb_ (MN,n)
l<log z m<M nxN ’ ’
mn=d
with Iam,L!"bn,ngl‘
We proced to state the weighted sieve. For a given 4, let

P?= {p: pln for all n€d }

and max n £ X. Set
ned
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- 11 i1 1« _ 11
@= 35748, T 374E. 57 7 g0 &
then,
1 - 2,1
a<u<v oav=4, u<3, u+ >1
Write
D= xa, y= Xl/u, zZ= Xl/v

We define the weight w ;

1 log p
= — - —— e T ] e s
w(n)= 1 3o 2 (1-u ).

plin log x
ZL<p<y
£2
LEMMA 28.
2 w(n) > vV(z)X - 2 agry(d).
ned diP(z)
{(n,P{(z))=1
eV 40
Here v> (log 10 - 11log i1 -g). The sieving weights kd have the
following property;
11/20-5¢
Aq° 0 if d> D= x s
2
dels po(d),
(3) A= 2 > 2 a_ .b ,
d m,l. n,l
leogzx mex /2748 [ 1/20-¢
mn=d
where la ,Ll’lbn,L'S 1.
Proof.
1 log q
EW(D) = E{l'——_— E(lu )}
ned ned 3-u gln log x
(n,P(z))=1 (n,P(z))=1 z<g<y
qe?
1 log ¢
(4) = S(d4,?2,2)- 5= 2 (l-us=—=>2)S(4_,2,2).
3- uz$q<y log x q
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By Lemma 27,

(5) S(4,2,2)>V(2) X (125-2)-e)- 3 B (DIrq ().
diP(z
and
w(q) 10g(D/P)y, v, +
(6) S(dg,?,2) <2y (2)x(F (2FEDIEL) ve) e%P(z)e(P)r (),

where P is defind by the relation, for z<qg<y, P<q<min(y,2P) and
p= z2J71 (1<j<T zzJ_1<ys22J). In conjunction with (4),(5) and (8)

we have

log D, 1

log g u(a), log(D/P),
2 w(n)> V(Z)X{f(log z) 34 > 2(1- ulog X) F( Tog z )-g}
n P q
log g
-2 (D)r (d)+ Z 2(1l-us—=2—=) 2 ( )r (d).
a1p(2)4 B g 108 X' {p(,)e P

= V(z)X v - Rl+ R2, say.

First we consider v. Since F 1s monotonically decreasing,
log D, 1 _,i0g g e(a). log(D/g), _
V> f(log z) 3-u qgg(l UTog X) F( log z ) -€
ZLq<y
1 v 1 u,dt

= f(av)- B £ F(v(a- E))(l— E)E— - g

_28_ v -

= {log(av-1)- aulog +(ou- 1)10g(au l)} g

e?
- - 40 _
= (log 10 11llog 33 ) g
by partial summation. Next we turn to Rj' By Lemma 27, u in R1
is decomposed into the sum of type (3). Moreover,
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R

=3 S S (1-ui€ 9y 5 v D)) ()
2 le(y)( elP(z) qe? 1°8 X p e P) d

eq=d z<g<y

= > atr.(d4), say.
d1p(y) ¢ @
Then, simply,
11/20-5¢
lé= 0 if d> 2PM'N= X ,
. 2
kldls ne(d).
D X1/2—48 1/20-¢
By Lemma 27, with §=M'N, M'= =y N= x , W& s5ee
A= 22 2 2 2 a, ,,(P)Yb_ ,,(P)
d | —_ — m,L nya
P L' p~P Pm.le/.‘z 4g nle/ZO g
m'nlP(z)
pm ' n=d
= 2 2 > a b
_ m,? n,t
leogzx mﬁxl/2 ae nﬁxl/zo &
mn=d
where Jla L"lbn ng 1. Hence we get Lemma 28.
LEMMA 29.

Let ¢ = {ne€d: (n,P(z))=1, pzln for all p with z<p<y}.

We have that if ne¥¢ and Q(n)>2 , then w(n)< 0.

Proof. Put

v(n)= #{p: pln, pe?, z<p<y}.

Firstly, if v(n)=3 then

2 . log p
w(n)= 1- =t—(v(n)-u 28

3-u log X )

< 1- —l—(v(n)—u)

3-u
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< 0.

Seconcly, if v(n)=2 then n= pp'm with z<£p,p'<y and (m,P(z))=1.

1 2
1-= =
Since m= E%T < xz—2= x V< xY= yz, m is a prime. Hence m>y, or
X _ X 1—%
o)) ﬁ»ﬁ < §= X . Thus,
R | _.log pp'’
w(n)= 1 3_u(2 U Tog x )
i 1
< 1- gjﬁ(z_u(l a))
= 0.
Thirdly, if v(n)=1 then n=pm with z<p<y and (m,P(z))=1. Since
12
m= % < % = x V< xU%= yz, m is a prime. So, Q(n)=2. Finally,
if v(n)=0 then (n,P(y))=1. Since n< x < x3/u= y3, Q(n)<2.

From the above we conclude Lemma 29.

LEMMA 30.
#{ P,ed } > CV(2)X - 2 oagrgd) - 2 > 1
diP(y) ned 2
pin
Xl/BSp$X1/2-48

where Ad's have the property given in Lemma 28.

Proof. Since w(n)<l, we have
2 win) = 2 wn)+ 2 w(n)+ 2 w(n)
ned ney ney ned
(n,P(z))=1 Q(n)x2 Q(n)>2 (n,P(z))=1
ney

< 21+ 3 > 1,
n&y ned

2
pTin
Q(n)<2 Z<p<y
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by Lemma 29. Combining this with Lemma 28, we get Lemma 30.



9. Proof of Theorem 3.
Let d= {n: y-A< n <y }

?= { all of primes }

- oug _ A
I'd(:ij)" #:?Id d’

Then, by Lemma 30, we have

CA
log ¥y

(1) #{ PZ: y-A< sty }> - R(y)

where

R(y)= S agrg(d) + 5,3 1
d

V-A<p mLy
4 2-
v 8<p$yl/ 4g
= Rl(y) + Rz(y), say.

. N . . P - T
Let 6= é{(Xj= {n: X<n<ix, P2€ {n, n+g(njliog™n j}.
Put A= min g(n)logsn, then

X<n<2x
-1 5
(2) A Tlog"x - ® (Xow),

Since n is an integer, if n€é then there exists an interval In

such that
- 1
ne[n—[u,u+3] and PZE ly,y+A] for all yEIn.

Thus, by (1), we see that

CA
R(y) > Tog v for all yeIn, nes.
Hence, we get
(3) #5(Igé~§—)2<< S [ R(y)Z2dy
g nes 7
n
2x+1 5
< [ R(y)“dy
x-1
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since the intervals In are mutually disjoint. Suppose

2X
(4) J R(y)zdy << Axlog3x + Aleog_3x.
X

From (4), (3) and (2), we infer that

#6 << (lgg—z)z(AxlogBX + Aleog_SX + a2xE )
<< A-lxlogsx + xlogﬁlx
or
(5) #6(x)= o(x).

Let éo denote the exceptional set of intervals, namely

§,=0.6(x279).

0 1

o

By (5) and the trivial bound §(x)<x, we obtain

#8,= 3 o(x279) + 3 0(x279) = o(x).
i< log x LS log X
J=5T0g 2 J>370g 2
It remains to establish (4). We begin with Rl' By the

definiiton of rd(ﬂ),
X

d
R, (y)= > (2 a)-y(32 ).
1 y-A<n<y dln d d d
On putting
5 5 4

a_= ( A )_ ( "'_): f(n)—F’ say,

n dln d d d
we see

R, (y)= > a, + O(log D).

y-A<n<y

By Lemma 6, we have
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2X

S Rl(y)zdy<< A a 2, > 2(A-r)2Y a_a + A3(sup|an|)2+ Xlogzx

X n~x 0<r=A n~x DA
(8) - 0(axlogSx) + Q + 0(a3x®).
Also,
- 2 2 2
Q= 2 2(A-r)Y f(n)f(n+r)-(A°+0(A))F“x+ 0(A“Dlog D)
0<r<A n~x
2
(7) = Ql— A2F2X + 0 Axlogzx + A°Dlog x), say.

We proceed to evaluate Ql'

X<nx2x
Q= S 2(A-r) > 3 Xgrrg#{n: n=0(d’) }.
0<r<A d' d n+r=0(d)

The above simultaneous congruences are soluble if and only if

(d',d)Ir, and, in this case, reduce to the single congruence

n=b (mod.[d',d]) where

b=0 (mod. d')
(8) { b=-r {(mod. d*)

with d" = d/(d',d). The inner sum is equal to
#{n: x<n<2x, n=b (mod.[d',d])}
= #{m: x< b+[d',d]lm <£2x }

X 2x-b x-b
[d',d] +\H[d',d])—"&([d',d])

—-—— X '—-———-———-——b
= [—(i—-,—:-a—]- + ¢(2X’X’[d',d])’ say.
Thus,
Q.= S 2(a-r) S 3 aga.l mo— + 6 )
1 O<r<aA (a',d)lir d'"d” [d",d]
(9) = Q, *+ Q3 ) say.
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First we carry out the summation over r in Q2

Q= x 33 Sl W PPN
(d’ d] 0<r=<A .
(d',d) Ir

We may assume (d’',d)lr, for otherwise the inner sum is empty.

Then, the sum over r is equal to
A2

(G

Hence,

A A
Taay v 0ex 3 3 g
(d',d)<A

A%x(( 3 5H + 00 3 3 )1 + 0(axlog®x)
d (d',d)>A

2.2

(10) ATFTx + O(Axlog3x).

We proceed to estimate QB' By the definition (8) of b and

the reciprocity relation

m n _ 1 -
7 = Tmo {mod.1) for (m,n)=1,
we have
b bd* bd' a roda'’
: = ; =r = ; (mod.1)
[d",d] d a* q* (d',d) a*
. 2 . 2 ,
since u (d'")=u"(d)=1 and (d’',d)lr. Next we decompose (kd)°
a leog D emx<M fnxN em,L fn, 1
ef=(d',d) mn= a”
1/2-4¢ 1/20-¢
where M= (2X) and N= (2x) . Thus,
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0<r=<A (d',d)ir 1l<log™D em,e'm'sM fn,f'n’'<N
L'slogZD ef=e'f'=(d’,qd)

* *
mn=d m'n'=4’

. r
aem,Lbfn,Lae'm',L'bf'n',L‘ ¢(2X’X’(d',d) #

m'n
mn

0

<< A 2 t(6)210g4D sup S a(m(b(n)a'(m")b'(n')é¢(2x,x;k
O<dk<A jal,Ibl<l 'm,m'<M

Ia'i,lb'lﬁl n,n'gN (mn,m n ):l

<< A S t(8)“1log°D sup .
0<8k<A lal,Ibl,la'l,Ib"I£1
H,H'<M N,N'<N

m'n'
mn

2 a(m)b(n)a(m')b' (n')¢(2x,x;k )
m~d o mT~M s
n"-'N n"\'N' (mn,m n )-'l

-2

<< a%10g™2x-{ x17284 K(2x,M,N; 1,k,1,1,1,1,1)}

with the notation in section 7. Lemma 26 yields

(11) Q3<< Ale—g.

In conjunction with (86),(7),(9),(10) and (11) we obtain

2x

(12) N Rl(y)zdy<< Axlog3x+ a2x17€,
X
We turn to R2. Since
Ry(¥)< 9 2 1 9. 0g 22 1 << x4,
X"7<Lp<x y-A<p MLy
we have
2X
J Rz(y)zdy << X8A2 > > 1
9
X nggpsxl/“ 28 X—A<p2m£2X
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€,2
<< X“A 2 _oal =5
ngﬁpéxl/z 2g p2

<< AZ 1—8.

combining this with (12), we get the required bound in (4).

This completes the proof of Theorem 3.
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10. Proof of Theorem 4.
Let d= {n: x<n<2x, n=a (mod.q)}

?= {p: pla }
[ - _.._X
rd(d)* wﬂd qd.

Then, by Lemma 30, we have

Cx
(1) #{ Pzed }> GTETTBE—EE - R(a)
where
R(a)=R(x;q,a)= 2 a.,r . (d4) + 2 > 1
A d d 2 1/‘)-9: 2
o x“%<p<x™’ " ¥ pTmed

= Rl(a) + Rz(a), say.

Let & denote the exceptional set of reduced classes modulo g, namely,

Pzza (mod.q)

_ .. l<a<q " ) -
&= 1 “(a,q)=1 " #{Py: stg(q)qlogsq }=0}.
Put 2X= g(q)qlogSq in (1). It follows from (1) that
(2) R(a)> S 7 S for all a€é
v(q)log 2X
since the left hand side of (1) is zero.  Suppose
dx 2 3 2 -1. -3
(3) 2" R(a)“<< xlog"x + x“q “log °X.

a=1

Then we infer from this assumption and (2) that

q*
2« > R(a)?< > R(a)?

aes a=1

#&( )

X
¢(q)log x

<< Xlog3x + xzq“llognsx

or
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?g) << ¢(q)x"llogsx + log tx

@

<< g(@) 1+ 10g71q.

This gives, apart from the verification of (3), the proof of
Theorem 4.
We proceed to prove (3). We begin with Rl’ By the definition

of rd(d) we have
A

d X
R.(a)= 2 ( 2 ax4)- X > —— = > f(n)-=F, say.
L1777 neg am Y 9@ g1 ¢ ned a
(d,q)=1
Then,
q q
> R(@)?c 3 (3 £n)-Em?
a=1 a=1 ne€d a
! X 3 Xy 2
= > 3 3 f(nm)f(n')-22F 32 2 f(n)+(=F)“q
a=1 n,n'~x a=1 n~x 4
n,n'=a(q) nza(q)

(4)

0
o
V]
<
+

(e
w

]
<«

First we consider V.

v= % S Ay 21
9 (d,q)=1% n~x
dln

¥e!
a

= Xx 3

+ 0(2IFID)
(d,q)=1 d

(5)

U + O(%Dlog D).
Next,
w=3S S f(n)f(n")

n,n'~x
nzn'(q)
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(8)

Also,

=S fm% 23 3 f(m)fn')

n~x n<n'-~x
nzn’'(q)
-0( S tm?) +2 3 ) £(n)f(n+qi)
n~x 0<gl<x x<n<2x-ql
3
= 0(xlog"x) + Wl’ say.
X<n<2x
W= 2 > > > Xq g #{n: n=0(d’') }.
0<l<x/q (d'd,q)=1 n+ql=s0(d)

simultaneous congruences ar

ot

m

SO
and reduce to the single congruence

{ b=0 (mod.d;)
bz-ql (mod.d )

with d°= d/(d',d). Then,

#{n: Xx<n<2x-qi

Also,

(7) Wl=

We carry out the summation over !t in W

If (d',d)>

F
up.Le

£ and only if

.
1
i

n=b (mod.[d’',d]) where

x-b 2x-ql-b

n=b([d',d])’" "I @ aT<™E T

X-ql 2x-ql-b

a7 !

X-ql

23 S S agrgliarieT v 0 b= W

lx/q (d',d) Il

2:

—[—(m—]“ + d], say.

. B Xx-b
- [d',d]r‘f{([d',d] ) '#([d',d])

2+ W3, say.

A1 A
- d " d -

d' d 1<x/q
(d'd,q)=1 (d',d) 1t

x/q then the inner sum is empty,

(d',d)< x/q. The sum over (| is equal to
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2
X

ad L a o)
Hence,
X4 X 2
d'~d X
W,= E E 7 { v + O(X)}
(d',d)<x/q
2 XA [P U W
I R
(d',d)<x/q (d',d)sx/q ’
(d'd,q)=1
2 X 2
=2 3 g2y w00 33 )+ 0(xlogx)
(d,q)=1 (d",d)>x/q
(8) = U + O(XlOgSX).
We turn to W3:
Wo=23 3 S a,a. 0(2x-ql,X;-1=2—).
3 7 7 (av,ayy, 47d (d",d]

By the definition of b (mod.[d’',d}) and the reciprocity relation

we have

*

b l d’

7 = Q737
[d~.d] = @ d

(mod.1)

since uz(d')=uz(d)=l and (d',d)lt. By a similar argument to that

of the previous section we have

1/2-4g 1/20-¢g

W3<< % 1og12X { X1-28+ K(2x,x , X ; 4,k,1,1,1,1,1)}
with the notation in section 7. Lemma 26 yields
2-8
X
(9) W3<< 3

In conjunction with )4),(5),(8),(7),(8) and (9) we get
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X2—8

q

a, 2 3 X
(10) > Rl(a) < O(xlog®x)+ U + 0O )- 2U + O(aDlog D)+ U
a=1

1 3

<< XlOgSX + xzq_ log “x.

It remains to deal with RZ' Since Rz(a)<< XS % , we have

q
S* Rz(a)2<< x® % > S o1
a=1 X28§psxl/2-28 pzmwx

<< szgq—l'

Combining this with (10),
3 2 3 2 -1, -3
2 R(a)“<< xlog'x + x“q ~log “x.
a=1

This is the required bound in (7). Our proof is complete.
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11. Dispersion method.

In this section we consider the dispersion

X4 2
D= 2 > 2 Ad)- (2 —a—) > 1
Q<g=2Q a<nsx din (d,aq)=1 a<n<x
(g,a)=1 n=a(q)(d,q)=1 ’ nza(q)
(n,a)=1 (n,a)=1
where (Ad) are the sieving weights of level D. We follow the
argument of [15] with a minor modification. We use the elementary
lemma ;
LEMMA 31. For (c,d)=1,
o<m<p
#{m: mze(mod.d)}= elc) B-o | O(t(c)).
c d
(m,c)=1
Expanding the square, we see
(1) D=W- 2V + U, say.
First we consider W. By the definition,
W= 2 2 (2 xg) 2 (2 2ag+)
Q<q<2Q a<n<x dln a<n'<x d'In'
(q,a)=1 n=a(q)(d,q)=1 n'=a(q)(d’',n")=1
(n,a)=1 (n',a)=1

- 3 Z3apg 2103 1+003 3 owm?).

Q<q<2Q , T, a<ngx a<n'<x g a<nsx
(q,a)=l(dd »aq)=1 n=a(q) n'=a(q) n=a(q)
n#n' (n,a)=1(n',a)=1
We express the congruential condition n=a(q), n'=a(q) as
n= a+qf, n'= a+ql' . Then, the condition for ¢ and {' 1is
, . X—-a a+qf{ =0 (mod.d) , _
£# { g q 9 { a+q£vEO (mod.d')’ (C{ )a)-l~

Since ({{',a)=1, ({,d)=(L",d")=1. Changing the order of summation,
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we have

Q<g< Q' (<L, ¢
W= 33 Ay, 303 #{q: 3 2L D Y50 3 cm)Ze(n-a))
(dd’ a?:i {#L'< L (qzadg?)ig ) a<n<x
» (tt',a)=l q)
(£,d)=(L',d")=1
where L= Eéé and Q'=Q’'({,%')= min( 2Q, éié, K—:—3——). We consider
A

the innermost sum. The simultaneous congruences are soluble if and

only if <£= {'(mod.(d,d')) and expressed as the single congruence

gz b (mod.[d,d’'])

where
b= -af{ (mod.d)
(2) { bz -al’ (mod.d'”).
with i s a'/{da,d"). This congruence then absorbs the condition
(g,dd')=1. Hence the sum over q 1is, under the restriction
{=z £{' (mod.(d,d')) , equal to
Q<gxg Q' (L&, <L)
#{q: aq= b ([d,d'1]) }
© (q,a)=1
. w(a) Q'-Q -
T a [d,d’] s say.
Thus,
W= 22 xx., 2 2 ela) Q' -9 +5)+ 0(xlog*x)
da*d » a {(d,d"]
(ad' ,a)=1 {=8'< L
’ (L,ad)=(2",ad’)=1
=£{'((d,d"))
4
(3) = WO+ I + O(xlog 'x), say.
Now we carry out the summation over { and £' in W Write

0"
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Then,

2

i<’

By Lemma 31,

puv N

‘=
.o

whence

<’

T e((d,d)y

The same argument applies to the symmetric sum in { and {°'.

we get

T e((d,d )

2

=L’

or

Yo

(4)

We turn to

(

. X-a Xx-a \ _
%—c'z E min(2Q, =z=, “F)- Q)
L,ad)=(L',ad’')=1
{¢=L8'((d,d"))
- ; X-a \ _ T P
—t'z L( mln(2Q9 {v ) Q) Tt‘{{-
(£',ad')=1

the inner sum is equal to

@(ad’)

*

ad

1
®((d,d")) ,

{ Al
(d,d")

2>
<¢!

Lo

+

~ o e
ée Il A
*  (Cw te
-~
N
Ho-

~

~—

=

1]

(£,ad)=

1

( min(2q, %2 -
{'5 L min ( )

(£',ad’ )=1
. S 3 e
i<i's L
(£,ad)=(L',ad"')=1

( min(ZQ,

1

2
i<’

+ > .
>

i<’
=£'((d,d")) }.
(¢£,ad)=1

d*

@)

(z{ad })

1 + 0(t(ad™)),

1

Q) S 1+ 0(x(ad”)LQ)
<’

({,ad)=1

7))~ @ + 0(x(ad )x),

Hence

= —= S 3T (Q'-Q) + O(t(a)x(z(dT)+T(d'™)))
e((d, d)) Supve |
(£,ad)=(4',ad"')=1
*4*d" o(a) (d,d") 4
2 233 "a 2, d ) 2 2 (Q'-Q) + O(z(a)xlog x)
ddv a)=1 ’ ﬂ#{'ﬁ L

Wl+ O(t(a)xlog4x),

say.
V:
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A4
V-3 500 3 a0 323 3 1

Q<qx2Q a<n'zx d'In’ _, a<nsx
(q,a)=1 n'=a(q)(d’',q)=1 (d,aq)=1 nza(q)
(n',a)=1 (n,a)=1
Aq¢
= 2 2 2 gy 2 1 % 1+ 0(logx- 2 t(n)t(n-a)).
Q<a<2Q (414 aq)=1 a<n'<x  a<ns<x a<ns<x
(q,a)=1 ’ n'=za(q) n=a(q)
n'=0(d") (q,a)=1
(n',a)=1 n=n’
As before we write n'= a+gl{’ and n= a+ql. Then the condition

for {£' and ¢ is

) X-a " 3 (t'ﬁ,a)=l
UL ==, a+rql'= 0 (d"), U ary=1
Changing the order of summaton we have
V=22 2Aa,—— 2 2 #1Q: = -af{'(mod.d’") } + 0(xlog™x).
d'd pvaee X220 (q,ad’'d)=1
(d'd,a)=1 Q ’
(£'¢,a)=1
(¢',d")=1
By Lemma 31, The innermost sum is equal to
Q<a=<Q"__ * .
#{q: q= ;a{'(mod.d')}=’w(a§ ) @' -9 + O(t(ad*)),
(q,ad )=1 ad d’
whence
XA, o(ad’)
v= 2 2 d ' d > 2 (Q-Q) + 0f t(a)XD1log3x+ xlog x)
d'd a* , Q
(d'd.a)=1 a s L
’ (£'¢,a)=1
(¢7,d")=1
*4'*d o(a) X 3 3
(5) = 2 2 Td s £(d.d) + 0( t(a)zDlog x+ xlog'x), say.
(d'd,a)=1

We proceed to evaluate £:
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g =-2Wd) s 5 min (2Q, 5 50 )- @

a*  evme< L t
({',ad’")=1
(£,a)=1
_ . X-a y _ 0(d”) .,,.. L'<¢t
- {EL( mln(sz { ) Q) d* T-‘{{ '(f,’,ad')=l}
(£,a)=1
+ S ( minf2a, 252 \- q) @Ld ) ue,. <D
f’ng ( { ) d* ({,a)“l
(£{£',ad')=1
Lemma 31 yields
e(a”y,,,.. £'<¢ Coe{far,al).,,.. <t :
d* 'rr{t’; -({Q’adv)zl}“ [d',d] ‘-'f‘{f, .(f,',a)=l}+ O(t(ad ))r
and
0@ )., ,. <t | (d.,d)  .,,. <t ,
T W)=t seaan T g aany st Ole(ad D los X))
Thus,
g - eld dl) v 5 (qrq). dd) 5 5 (qr_q)+ 0(x(ad )xlog x).
[ddT 5,5, e((d A fe4%c ) ‘
(£'¢,a)=1 (£',ad’")=(¢{,ad)=1

Combining this with (5) we have

l t l ? 1
v-3 3 Ggelaleldde s s e 95U 58 (-}

’ (£¢'¢,a)=1 (¢',ad")=(¢{,ad)=1
(8) + 0Of t(a)xlog4x + t(a)%DlogSX ).

Interchanging the role of (d',¢') with that of (d,{), we may obtain

the corresponding expression to (8). Hence,

, 4 X 3
(7) 2V = Ul+ Wl+ O0( t(a)xlog x + t(a)aDlog X )
where
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A X
a'*d g(ald’',d]) :
Uu.= 3 3 —= 2alc S 3 (Q'-Q).
1 d'd ald',d] i<l

(d'd,a)=1 (¢'¢,a)=1
Finaly we consider U. By the same argument as above, we have
X gy A
v= 3 (3 59033 H s 1 3
Q<qx2Q , _ _ a<n’'<x a<n<x
(n',a)=1 (n,a)=1
ld' )‘d - 2
= 2 ( 2 “HT_)( > —E—) > 2 1 + 0(log“x 2 t(n-a))
Q<q<2Q 4, - - ' x-a a<n<x
(q,a)=1(d ,aq)=1 (d,aq)=1 {&'=#{< 3
(£'¢,a)=1
53Xy 5 e 290 b+ 0(xlog%x)
drd cea U (q,ald’,aly=1tt TIEEOE
(d'd,a)=1 £ =g T
(£'{,a)=1
(8) = Ul+ O t(a)(g)210g4x + xlog3x ).

From (1),(3),(4),(7) and (8) we infer the following lemma.

LEMMA 32.
D =T + 0( t(a)xlogx + r(a)(g)nlog3x ).
Here,
F= 3 2 xgrg 2 2 { 2 o1- w;a)[g,ég] )
(dd',a)=1 <{={'<(x-a)/Q qgg??g a'l])
(L,ad)=(¢",ad’)=1 zq a);l
£=4'((d,d")) ’ _
with b defined by (2).
Now, we proceed to I. { 1s uniquely decomposed into the form

t= ¢**¢®  for which
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-

(9) (", &)
(10) (L7, 8=
(11) plt# implie
Then, since (d,&)=(d',L')=1,

(12) (dd', %)=

We write £7= £/(&,&') and <&'= &'/(

LEMMA 33.

For b defined by (2) and ela,

be _ a/e

=1

1 .

s pl(L,&").

we have

*

[d,d] - Tad,dai1¢”

where, with the notation in secton 7,

*

d

*

dV

* *
£ =&

(d,d")”’

- a
)"' 9(69
Proof.

By the reciprocity relation

m n 1
(13) + = ‘I-n—r—l (modl)

and the definition of b,

-
d'

(mod.1)

for (m,n)=1,

_ _be _ _ bd''e _ _bde
[d,d'1 ~ d 1
* s
atd’ e | _al'de
= d d'*
a, d'"¢ '

|

[V o

) (mod.1)



snce uz(d)=u2(d')=1 and (d,{)=1. Moreover, because of (12) and (9),

- _ = T % o wx
(15) d . 4 . ., dd #t (mod . 1)
a'’e  aryem oarte L
by (13).
Here, let
&t *
(18) = —(de&™) + (der) 7
’r’r * * ¥ ’r *
where m m =1 (mod.d' ¢ ) and mm =1 (mod.d’ ). We then have,
with a certain integer k,
&t ¥ 4
at¥ete = —(aeT) aeTer Yy (der) der ettt
T ,
= -0 %0 (ae)ae*e (mod.d'*2*%)
T
= -2'%% (de') aer e’
= -4+ (1+ ka' )"
= "~ " (mod.d'Te*T)
since £ 71¢7 by (9) and (11). By (9),(10) and (12), we see
#.,% LR ER
(ag™¢' ", 4’ £ )= 1. Hence,
H_o,% % , *® L% %R
g =di"e (& -0 ) (mod.d’' & 7).

Since ((d,d'), ££{')=1, the condition (d,d")I{-¢{" 1implies

(d,d")y1e -2 ", Therefore we have

* *  —
PR ®E L, *

(17) €= gy d Y (mod.d'"¢™™).

In conjunction with (14), (15),(16) and (17), we get
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__be_ _ g( 1 ad"*e** a4t | AT ]
[d’d ] e dd'*{, {1_7' d'*l** d,*
_ g( 1 _la,d 1" g )
®\a,dar1¢ ' ar*e*
e\rd,d'1¢ IS (d,d") go»p=»
a/e # * a {* {'* #* * % * % £ %
. ¢ a - hid 9 ™op oy
- [d,d']£+e(d ’ d ] ey (d,d')’ { ] (d,d )C 9 t 9 *f,t ).,
LEMMA 34.
r= 5 u(%) D S T (£.4,8,8)
fia =< L S1é-&°
(L&' ,a)=1 (8,adl')=1
where
r = r (f,ﬁ,{',6)= 2 z X A v z (_l)jl}I( Jv 9('\')—1-))
1 1 (v,v')=15v Y =1.2 vy 1%
(v,al)=1
(v',al")=1
with
fQ'(£,8') £ _ fQ T
o= Tas T3 Y1t as tsu
v , {*—{ ¥ = ** * % £, ,0%
and 9(;7)= 8(v, v', f, 3 , LT, 88 T, LT, Te )
Proof. By Lemma 32,
r= 2 2 2 2 agrg 2 u(e)( > 1 - ‘g%a;%TT“ ]
28'< L (d,d")e-4L° ela Q<q<Q’ ’
(£¢',a)=1 (d,af)=1 gs=b([d,d"])
(d',ad')=1 elq
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SSae) S S S S aan e[ _be ) ,f__Q _ be

otat Chat <L (dodr) Teogdd et e ¢ e rase)
(£4',a)=1 (d,af)=1
(d',al'’')=1

=2 p(e) 2 2 FZ , say.

Now, we write

Then,
> D) S J °] f be
T = A A ' {(-1) ‘#( - - 5 - )
2 s1L-L" (v,v')=1 svTov j=1,2 vy vy’ ¢ [d,d’]
(86,a88')=1 (v,atf)=1
(v',al")=1
By Lemma 33, we see
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12. Proof of Theorem 5.

Let 4= {n: a<n<x, n=za(mod.q), (n,a)=1 },
?= (p: pla },

- 1» (d)a)=l
w(d)= { 0, (d,a)>1 ,

_ouy _ @w(a) x-a o(d)
rd(d)— wﬂd 5 q I

Then, by Lemma 30. we have

Cx

(1) ' #{Pz: Pzﬁ X, Pzz a (mod.q)} > TTog X R(q)
where
2
R(g)= R( x; q, a)= 2 ax.r (d4) + 2 {m: p“med }
d d-d X48<p<xl/2 .
= Rl(q) + Rz(q). say.

Let & denote the exceptional set of moduli, namely,

PZEO (mod.q)

& = {q: Q<a<2Q, (q,a)=1, #{P,: b c(a)qloe’q Y= 0 }.
Put x= t(a)Qlog7Q in (1). We see
(2) R(q)> —X — for all q€§
q log x ’
since the left hand side of (1) is zero. Suppose
2 4 x2. -3 2 2
(3) > R(q)“<< tT(a)xlog x + a—log x + t(a)“Qlog“x.
Q<a<2Q
(q,a)=1

Then, from this claim and (2) we infer that

)2< 3 R(q)?

q€ed

X

#5(_513§_§_
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< 3 R(q?
Q<q=<2Q
(g,a)=1

<< t(a)xlog4x + sz—llog_Sx + t(a)leogzx,

or.

#§ << t(a)sz'llogex + Qlogulx + t(a)2Q3x'210g4X

<< Qlog 'aq,
as required.
It remains to verify (13). Since
£ X
Rz(q)<< =g
we have
3 Ry« x® X3 S t(n-a)
Q<gx2Q X48<p<xl/2 a<n<x
(q,a)=1 p2|n
2g X X
<< x™7 3 > A
pP>X b
(4) << x2728p71
We proceed to Rl’ By the definition of T4 and Lemma 31,
!
Ry(@)= 3 (2 2ag) - (2 —g) 2 1+ 0(x(a)log D).
a<n<x din (d.q)=1 a<n<x
(n,a)=1 (d,q)=1 ’ n=za(q)
(n,a)=1

Also, with the notation in section 11,

(5) > Rl(q)2<< D o+ O(t(a)leogzx).
Q<q<2Q
(q,a)=1

By Lemma 32 and 34, we have

D =T + 0( t(a)xlog4x + 1:(&1)(%)){1”28 )
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2
(8) << t(a) () T st sup IT. | + t(a)xlog4x + XZ—SQ_l.

Q" s<r £, e, L

Now we decompose (Ad) in the same manner as in section 4, getting

!‘__48 __l..g % %
ro<<e(8)?10g’ {K(3e,0® Q%0 Tie LFh— 0T s R T ) et T8
Lemma 26 yields
I~1<< Ql_g,
since ov= C#C**= { << QS. Combining this with (4),(5) and (6),

we obtain the bound (3).

This completes the proof of Theorem 5.
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