Chapter 3. Weakly Hyperbolic Equations of Third Order
with Analytic Coefficients in Time

3.1 Introduction

F. Colombini and N. Orrd studied the third order hyperbolic equation
(P) Uges + a(t)um:cm + b(t)uta:m + C(t)uttm +M =0,

where M is an operator of order < 2 and the characteristic roots 71(t), m=2(¢)
and 73(t) (11 (t) < 72(t) < Ta(t)) satisfy T2 (£) — 11 (t) ~ t** and 73(t) — o (t) ~ t*
with ki, ks > 1. Then they showed that the Cauchy problem (P) is wellposed
in G* if 1 € 8 < 522, where k = min{k1, k2 }( see [CO1], [CO2)).

From the results of F. Colombini and N. Orrt we find that the differences
of the characteristic roots play an important role in the treatment of the weakly
hyperbolic equations. As the relations between the characteristic roots and the
coefficients are very complicated in general, it is difficult to give conditions
in terms of the coefficients. In this chapter we shall consider the third order
equation without the term usq:, since the relations between the characteristic
roots and the coefficients become simple( see (3.5)). This kind of equation is
also considered in Chapter 1 and [DS2] and [Yn]. Then we shall investigate the
influences of the coefficients on the Gevrey wellposedness.

We shall consider the third order hyperbolic equation in {0,T} x R,

(3.1) {u‘u = t%Utzz + PUste + 1 ap + sz + U + g + ug + t0u =0
u(0,x) = uo(z), v:(0,z) = ui(z), uu(0,x)=ua(z),

where ¢, 8, 1, A, 0, i, w and 8 are integers satisfying

(3.2) v=min{e, 28}>2, 20, A20, 620, 020, w>0, 820,

a—-
3.3 a-n=150, y=2A=2>0, a-2—4> ,
(3:3) { K s y+1
a—
. La-n-1<0, v—=2A—2<0, a—2— <——.)
(3.4) (respa 7 <0, -2\ <0, a-—2u 4_’Y+1

Since (3.1) doesn't include the term £Su,,, in the principal part, the charac-
teristic equation is T3 +t%72 —t%7 = 0 and we can easily obtain the characteristic
roots(ry (t) < 72(t) £ a(t))
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(3.5) nm=g4ﬁwm&MwL mﬂsomm=%&ﬁ+VW+%a}

Noting that #2844t > 0 for ¥t € [0,T], we see that (3.1) is weakly hyperbolic.
Then we can prove the following theorem.

Theorem 3.1. Let T > 0. Assume that o, 8, 1, A, 1, 0, w and @ satisfy
(3.2) and (3.3)( resp. (3.4)). Then the Cauchy problem (3.1) is wellposed in G*
( resp. C*), provided

3a—2n a— 2{y— A)
Na-n-1) 37 Fa-n=17-2r=2’
3a -2y 4o~ p—1)(a-1) }
a=2—4 (a—2p-Hv+1){{a -2 -4)-2F})

(36) 1 <s< min{

Remark 1. The estimate (3.6) is independent of ¢, w and .
Remark 2. In case of o < 283, i.e., ¥ = «, the third condition of (3.3)( resp.
(3.4)) becomes o~ 2u—4 > 0 (resp. a—2u—4 < 0) and (3.6) becomes simply

_ 3a — 27 20—  3a-—2pu
. < '
(3.7) e e Ty ey

Remark 3. In case of o = 28 and n = 0, (3.6) coincides with

38
28-1
Since the equation (3.1) is (P) with a(t) = 0, b(t) = —t*# and c(t) = t?( the
characteristic roots 71(t), T2(t) and 73(t) satisfy 7o(t) — 1 (8), 73(t) — ma(t) ~ t7),
applying the result of F. Colombini and N. Orri with k(= k) = k3) = 3, we
can also find that the Cauchy problem (3.1) is wellposed in G*, provided (3.8).

Remark 4. If we replace the condition in (3.3) by the contrary condtion in

(3.8) 1<s<

(3.4), we can remove the corresponding component( in the minimum) in (3.6)
and (3.7).

For the proof of the theorem, we shall approximate the weakly hyperbolic
equation to the strictly one most suitably, considering that the coefficients of
(3.1) are analytic and degenerate in only one point ¢ = 0. Therefore we use the
energy of the third order hyperbolic equations, which is a little different from
the energy used in Chapter 1.
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3.2. Preliminaries

In this section we shall invistigate some functions which are entered into
the energy defined in the next section.
We first define

5% — t* for ¢ € [0, 4]
xs(t) =
0 for t € [~00,0] U [6, 00,
87 —t7(= 8% — t%) for t € [0,6] ifa<28
; 1., 1./ 1 1
B={¢ 287 _ 4= 2828 _ 28 :
Xa(t) =4 $67— 3¢ ( 8-t ) for t € [0,6] ifa> 28
0 for ¢ € [~o0, 0] U [8, o0].
Moreover using x;s(t) and ¥s(t), we also define
1 [ T
(39) wst) =55 [ xolt+ (g )ar,
1 . T
(3.10) )= g7 [ gt 0o (5)in
where

263 — 3t 41 for ¢ € [0, 1]
(3.11) p(t)=<¢ —2t>-3t2+1 forte[-1,0]
0 for ¢t € [—o0, —1] U1, o0].

We can easily see that ¢(t) is a even function and (t) € C}(R}) and
f_ll w(7)dr = 1. In particular we remark that for any § > 0

(3.12) 3—15/00 go(;%)dr =1

—co
Furtheremore we also remark that ws(t), 7 (t) also belong C3(R.}).

Then we shall prove the following lemma.

Lemma 3.2.A. Assume that
(3.13) v = min{a, 28} > 2
and

(3.14) 0<8<ym=7(< 1),
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Then there exists 0 < Cy < 1 such that

| (3.15) Jws (£) ~ xs(t)] { < Cof® fort€[0,0+6%
=0 for t € [6 + 6%, T],
(3.16) s (8) — %s(2) { < Cof? forte 0,6+ 6]
=0 for t € [6 + 67, T).

Proof. It is sufficient to prove only (3.15). We shall first treat the case
t € [0,8]. Noting that 0 < & < 1, we obtain from (3.13) and (3.14)

=t e (1-4) a(1—-4%) 2(1—-4)
(3.17) f o(r)dr = f o(r)dr > [ o(r)dr > / o(r)dr
-3 —8t-a(4) —~a(%) —2($)

1

=/il cp(r—l—l—2§—)d1‘2fl (7 + 1)dr or/ w(r — 1)dr

1 -1 -1

3 [ o=l

From (3.13) and (3.14) we also obtain for ¢t € [0, 6] and 7 € [—¢,6 — {]

a=-1 -1
(318) [t = (470 = ] 3 6764771 < ] 3 876975 = G5t < .
m=0 m=0

Taking the support of xs(t) into consideration, we have by (3.12), (3.17), (3.18)
1 [ T
fos(®) = xs(0) = |5z | Lxate+7) = xs( ()]

1 d—t
<z [ It - xs@le()ar
1 T
5 fnl\[-t g OEFT) Ol (5 )ar
1 &t

=%/ % - (t+7) |go( )d‘r

1 Y
+ = 6% —t%)p{ = )d
o« _/I;_L\[ £,5— t]( ){P((SC") 4

§—t
k[ [, A

=t 5t

= 6% [:: |7|e(r)dr + 6"/ o{T)dr — §¢ f?:_ o(T)dr

1
<6"‘/ |T|«,a(1')d1'+6°‘/ (1) 'r-————/ wp(T)d
-1 -1

(-
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We shall next treat the case t € [§, T]. Noting that xs(t) = 0 for t € [6, T,
we have

|lws(t) — x5 ()| = |ws(t)] =

51 fM{fS“ ~ (t+ 7)) (55 )ar

§—1 o
Nar=se [T
Sft (p(éa)d'r-é o(T)dr

- —5
° 1 4
6‘”‘/ w(r)dr < 6% < —6"‘) for t € (6,6 + 6%]
e 2 5
-1
6“] wlr)dr =0 for t € {6 + 6%,T).
—o0

Thus putting Cy = 3, we can get (3.15). Similarly we can also get (3.16)
with Cp = %

Secondly we shall prove the following lemma.

Lemma 3.2.B. Assume that (3.13) and (3.14). Then there exists C; > 0 such

that
(3.19) 1%+ we(t) > C16%
(3.20) %t”ﬂ Ft¢ +ms(t) > C167,

The estimates (3.19) and (3.20) are not be optimal. But we the power o
and +? on the right hands of (3.19) and (3.20) do not play an important role in
the proof of Theorem 3.1.

Proof. In order to show (3.19), we shall first treat the case t € [0, £6%).
Since (¢ €)[0, 16%] < [0, 6], we can use (3.18) again. By (3.12)-(3.14) and (3.18)

we have
' 1 §—t
1% + ws(t) 60[ {ta_|_X5(t+1- }(p( ) zga[.g {tﬂ+5a_.(t+q-)oc}¢(3%)d1'
1ot N
25 |, -k - Yo{zz )ar

1 G—t 5 1 §—1¢ o P
z;;[_t "= 1o (ge)ar> 5= [ @€ = 1= the(g)er
§—¢ Lo 1
1 ‘1 N 1., [&
2 5=/, 56 (6a)d'r- =6 qu w(r)dr > 26 f o{r)dr
Lia [*7F ryar 5‘1 F oty = Lo (s Laot
> fo p(r)dr > /0 plr)dr = 16% (2 526°).
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We shall next treat the case t € {16%,T]. We easily obtain
1 o 1l .2
o > [ Z 8¢ —_ 5«
= +ws(t) 2 (56%) +0= 67
Thus putting Cy = 5=, we get (3.19). As to (3.20}, we see that

1 1 +7s(t)  ifa<28
%P 4t g (t)

4 1

Zt” +ws(t) i a>28.

Therefore similarly we can also get (3.20) with C1 = 5557.

Furthermore we shall intoroduce the algebraic property of wg(t} and ws(2).

Lemma 3.2.C. Assume that (3.13) and (3.14). Then wi(t) and ni(t) are
continuous in the interval [0, T} and have at most a finite number( independent

of 8) of zeros in the interval where wi(t), n}(t) are not identically equal to zero.

‘We remark that the assumptions (3.13) and (3.14) are not essential for this
lemma, but they simplify the proof.

Proof. It is sufficient to invistige only wj(¢}. Since ws(t) can be wirtten as

wslt) = 3 [ xo(rie(Tat)ar

we have

1 [ T—1t
Wé(t)="35/ Xa(‘r)tp’( 5= )dr

-~ 06(5a - ) (T e

L
= —§—a/ {6" —{t +7'6°‘)“}cp'(7')d1'.
- 5o

By (3.11) it holds that

6t* — 6t for t € [0,1]
(3.21) '(t)=¢ —6t* -6t forte[-1,0]
0 for t € [~o00, —1] U [1,009],

From the assumptions (3.13) and (3.14) we know that §* < § — §. Hence

we can consider the following intervals of ¢
[0,6%, [6%6—46%), [6—6%48], [66+68%, [6+6%T)
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When t € [0,6%], we find that &3¢ > 1 and ~1 £ —4& < 0. Therefore by
(3.21) we get

1
(3.22) whlt) =5 fo (6% = (¢ + r6%)2} (62 — 67)dr

- 3}5 ‘[:% {6% — (t + 76%)>}(~67% — 67)dr
12{t(t + §*)+? — 20+3) 6(t + 6%)+?2 28 3¢2
S lrDat@td)ie  (at)(at3)pe 5 5
Here we remark that the term of highest degree in wi(t) is 3Cqst®+3.
When t € [6%,6 — 6°], we find that =t > 1 and —z < —1. Therefore by
(3.21) we get

+ 1.

(3.23) wi(t) _-—f {6% — (t+r6%)°}(67° — 67)dr

1 o [+
- f (6% = (t +76%)°} (=672 — 67)dr
3 —24got+8 4 Befle+ 62)ot2 4 (¢ — §*)>+2}
T (a+ 1) (e + 2){a+ 3)s4e (o + 1){a + 2)5%
6{(t +6a)a+3 + (t - 6a)a+3}
(e + 2)(cx + 3) 54
When t € [6 ~ §%, 6], we find that 0 < %T;E <1 and —4 < —1. Therefore
by (3.21) we get

[ X ]

(3.24) wi(t) = ~335 fw (6% — (1 4 76%)°} (60" — 6 )dr
0
1 ° 5% £ 5 o 6 2 67)d
“‘—5“;[_1{ “—(+T)}(——~T—T)T
—24gat+3 12t(t — §*)x+2
S A e+ D@+3)5e | (@t Do+ 2)(a+ 36w
B6(t — x)a+2 6t 1 B 2
(@ +2)(a+3)6% T (@ + 1)§3—1 +6((a+ 1)§2a-1 (a-{-z)a?ﬂﬂ)i‘E

1 1 § —ty3 & —t\?
- ~2 ~1.
+6((a+3)63°‘“3 (a+‘2)52“'2) ( 5 ) +3( 5o )
When ¢ € [6,6 + 6%, we find that —1 < 5t <0 and —& < —1. Therefore

by (3.21) we get

(3.25) wj(t) = —813 /:;r {6°—(t+ 76%)*}(—672 — 6r)dr
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(3.26) wh(t) =

_ 6(t — 5a)a+3 6t(t — 5a)a+2
~ {a+2)(a+3)6 T (a+1)(a+2)5

(bl
(a_l_l)é‘Ba-l . (a+1)52cx-—1 (a+2)63a~——2

"6((a+31)63°="3 * (a+ 21)62a—2) +?‘(%)3 + 3(65?)2 -L
Finally when t € (6 + 6%,T|, we find that &3¢ < ~1 and —% < —1.
Therefore by (3.21) we get
L[
o Sy

1{6" — (t+ 16%)*}(—67% — 67)dr = 0.

Thus thanks to (3.22)-(3.26), we see that the function «’(¢) is continuous
in [0,T) and the equation «/(t} = 0 has at most 4(a + 3) algebraic roots in
[0,6 + 6°]. Similarly we also see that the function «'(t) is continuous in [0, T
and the equation 7'(t) = 0 has at most 4(y + 3) roots in (0,6 + 67]. This
concludes the proof of the lemma.

3.3 Estimate of the energy

The coefficients of (3.1) belong to the analytic class. Especially whens = 1,-
the initial data also belong to the analytic class. Therefore from the Cauchy-
Kowalevski Theorem we can see that the Cauchy problem (3.1) is wellposed in
the analytic class. Thus we may suppose s > 1 for the proof.

In virtue of Holmgren'’s Theorem we get the uniqueness of solutions to
(3.1) and can suppose that up(z), ui{z) and ug(z) belong to G§. Hence by
Paley-Wiener Theorem we shall more precisely assume that

1
sup eroléds ((‘f)ilﬁt}
LER

1
(or sup 6% ({g)31ol + (€)u]ia| + fal) < Ca).
€

2+ @2l + [2*) < Ca

Moreover Qvciannikov Theorem gives the existence of solutions(see [CJS],
[J3], [Ov]). Therefore our task is to derive the energy inequality and investigate
the regularity of the solution.

Similarly as the proof in {Ki5], we know that the terms t7uy, t“u; and t?u
in the equation (3.1) do not influence the Gevrey wellposedness. For simplicity

we shall exclude these terms from (3.1) in advance.
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By Fourier transform the Cauchy problem (3.1) is changed to

(3 27) { Vet + t“fgvt -+ itﬁévu - t”fzv + it'\f‘l}g -+ it‘“éfu = (0

v(0,8) = v(é), u(0,€)= U1(§)1 2(0,§) = v2(£), -
where v =4, and vy =4 (I =0,1,2).

For this equation we shall define the following energy with ws, (t) and 75, (t)
defined in (3.9) and (3.10).

(328)  Enys(t,€)? =e#0%  [uy + itFgv, + 17¢% + wi, (1)
e |12, (Los e 2 2}
+1vu+ t gut‘ + (4t +t +7r,52(t))£ le|2 L.

Here the function p(t) and the parameter v are positive and determined
later on. Noting that ws, (t), 7s,(t) > 0, we show that this energy is bounded
from below by the absolute values of v, v; and vy. We also see easily that this
energy is bounded (from above) in terms of their the absolute values. Therefore
the energy inequality based on (3.28) can be changed into one based on the
absolute values of », v; and vy,.

The author used this type of energy of third order equations in Chapter 1.
However the terms in Chapter 1 corresponding to we, (t) and ms,(¢) in (3.28),
are independent of t, since the coefficients of the equation in Chapter 1 may
degenerate in an infinite number of points.

Defferentiating (3.28) in ¢, by (3.27) we get

d
(3'29) '(E (Egusz)

=p’(t) (E):Eglﬁg
+ 2ep(t)<f>5m(iﬁtﬁ“‘£v¢ + at® e + wh, E2v + wg, £, + 17E% — itPEuy — P Eu, k(2 E.))
+ 23;:@)(&):;;3(._&%2% — itPEuy + t7€% — ithev, — itPEy + %ﬁtﬁ"liut + %t‘?&uu, It 5))
/1 ' .« /1
+ 9PN (Zﬁﬁ + 1 4 ,,62) E2R(vy, vy) + P43 (_2_ B126-1 4 gpe1 4 m’sz) £2|v, 2
(=0 () ES 5, + I+ T+ IIT+1V),
where k(t,€) = vt + itPevy + t*€20 + ws, €2v and 1(, €) = vy + %tﬁfﬂt-

In order to further estimate the derivative of E}i 5, (t, €) in t, we shall first

study the term I and separately examine some terms which I is composed of.
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Estimate of 2e#®) <5}5§R(z’,6t’9“1§vt, k(t, 5))
We obtain

(3.30) 239(9(5)39}%(1'&’3”15%, k(t, E))
R L (TR ) N T IR 11 I
<1l @O { (24516l + F 1l ul? + (1tﬂ|f1+5§|s|)"1ik|2}

{( tﬁ—}-d;)g} ( '6+l5%) ¢ ep(t)@};lvtlz M PGS v k]2
(B N2 (347 + 63)

Ift €[0,62) and & < 28, by (3.15) we obtain

1 1
Ztm +t* + 7, (2) = Zﬁw. + 85 — x5, () + wsy (t) 2 65 — [xs,(t) — we, @l
> 85 — Cods = Cs8F (0 < Cs < 1),

Similarly ,if t € [0, §2] and @ > 28, by (3.16) we obtain

1
th %+ g, () = Cab2P.

Therefore in the case of t € [0, §s], one has

1
(3.31) Ztm + 1% + 75, (t) > Ca6].

In the case of t € [62, T, since ms,(t) > 0, it holds that

1 1
(3.32) th s, (£) = 1635 + 65 +02> Cub] (0<Cy<l)
By (3.31), (3.32) we get for t € [0, T
1
(3.33) Zt” % 4 e, (8) > Cs67 (0 < Cs < 1).

Hence we have
71 2 1 1 1
(3.34) (-z-tﬁ +6f) < 2(?2’3 + 5;’) < 2{?&2‘@ + o (Ztm e 4 msg(t))}
1 .
< C-‘s(—tgﬂ + £+ s, (t)).
4
Noting the difinition of the energy, we have by (3.30), (3.34)

(118 4 65)2) )
L2t1 +‘)
ooy

(2 i 6;)), 5152(t 'E)

(3.35) 2eP(MEY R(zﬁts Lew, k(t, .5)) < Cp {Gz
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Estimate of 2e#(O{& R ((at“‘l + wj, €20, k(2, E))

We first rewrite as follows

2ePEVS R ((at" T wf )€, k2, E))

at® 1 4 W) . ; ot~ + w} . i
=0 0 p(*)(E)ugR(_ — 4B ) p PRt} .1 () L3 (.__ﬁ )
s, e Vgt 2t v, k) + T ws, e R 2t Ev,k
-1
P ciante 0 O GHIAES
t° + ws,

Hence we have

(3.36) 267 IOTR (0t + 5, )60, k(2. 6))

0% 4+ ws ) e

o) {|oe+ 20| + 202820 + 4} < 4 O Fwa)lp 6.

(£ + ws, )
Esitimate of 26"(‘)(5)35}2(w5152w, k(t,&))
Using (3.33) again, we have
(3.37) 2ePOOIR w5, €0, k(1,£) ) = 2670w, 2R (8 ¢|Fur, 85 F eI~ 3k)
< PO w5, 628 F 6|1 {81 wl? + Ikl?

< POy, 05 T {051 (6% + 4% + o, €2l + K17

4
< Gy Mws, 85 F1€1Eiy5 (8,6
Estimate of 26"(‘)(5):%(33"&%, k(t,.f))

We obtain
(3.38) gep(i){-f).’fg?(trrf%! k2, 5)) = gep(t)(i)ﬁtngﬁge((tlag-? + X&fg)%% (t2€2 + Xﬁlﬁg)‘%@
< PO 4 x5) {(t"‘g‘l + x6,6%)*|vl* + Iklz}
< PO e |y ) {2(#52 +wa, €2 wf? + |k|2}

w 2
L) (e +wn €)7o,

P(YENS 1 ppce -1 (Kﬂ_—_._,
+ 2e B+ xe ) (G,

where we have used
) 2] 9 2
(€ + x6,7) = {taé“ + s + (o - ws )}
< 2472 + ws €)% + 2(xs, — ws,)E!

=2(t7E + ws, £7)° +2(3§-§‘—f—3) (26 + ws, £9)°
1
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In the case of t € (0,61], by (3.15) one has

‘Xsl ——UJ51‘ — IXﬁl “w51l < {X¢51 -"‘UJﬁll
> + Wws, 610r — X5, + sy - - |X61 - w511
Cpd§ _ Co

- 5?—006? *1-6'0‘

In the case of ¢ € [6y, T, since ws, (£} > 0, by {3.15) we have

|xs, — ws, | < Codt

= Co.
% tws, —6F+0 O

Therefore we get for ¢t € (0,7

Ixs, — ws, |
3.39 A6 ¥l < o
(339) ttwy,

From the definition of the energy, we obtain

(3.40) Ej5,(t,6)? > ePOHEh {‘ (vu + %tﬁgvt) + (-;—tﬁgvt + to8% + w,sl(t)g%) ‘2
+ {Uu + %tﬁf%’tr + %tg'ﬁfglvflg}

= cPtHe { ﬁ(vu + it“’&vt) + (%tﬁ gue+ 167 + s, £) lz

1
Ql—tﬂfw + 12620 + ws, v | + Zf?ﬁas’*'pmlg}

> ep(t)(ft’.,{ ‘ tﬁfvt + %y + wslfgv, + thﬁglwlg}

oy 1 2 1
=ep(t)<s>u{ 1‘/_"tﬁgm+ \/_(tag% 4 wg, £ v)‘ + 3l §2v+w51£2vlg}

> PN {glfaf% + ws, £ }
_ %epmm: (¢ + ws, £8P |ul™.

Thus by (3.38), (3.39) and (3.40) we have

(3.41) 2P OIR (11620, k(t,€) ) < Catpa () B, 0%,
where
. 5I“C¥t71 for t € [0,51]
42 bi(t) = E1(E + x4, )"t =
(3.42) Yi(t) = (¢ + x4 ) e for b€ u T,
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Estimate of 2e#(?) (9:9%(-?:%5%, k(t, f))
We obtain

2eP () m(—it*gvt, k(t, f))
- 1 . o ' -}
=20 (POS({ 7262 + 467 + 15,62}, { L 4198 + 75,67} TH)

L] 1 - -3 1
Sep(t)(ﬁ),tz\(ztzﬁ__i_ta+x62) 5{(?2’552+t“£2+25262)|v¢|2+ |k[2}
" 1 - -3 1
SePOOT (220 vt g, ) { (G106 + 1762 + msy€®) e + [K[2 )
1 ~
p(t)(s):t,\(ltw o )"1’ | %62 — 75, (l 382 | sop? 2) 9
+e 1 + + X&, (%tQ'B'Fta-l'Tfa’z) 4t € +t§ +7|'62€ I'Utl.

Noting that

) |Xi2 - 1T52| ifa< 215
|X¢52 - 7T52| < t* + sy
1,23 ce - v -
128 4 1o + 1 X6, — Tead .
4 2 S22 o> 2
1128 4+ 1g, &

we get in similar fashion to (3.39)

X5, — 75, )

3.43 Ch.
(3.43) HP Lt tomg, T !

Moreover if o < 28, one has

) {52"38‘ for t € [0, 6]

1 . . -k
t"(at‘-’ﬁﬂ“-ﬁ—xgg) T ME + Rs,) 7 = s
t'""7  for t € [8;, T}

If o > 203, we have

-8,2

1 ~1 1 -3 20,1 for t € [0, &9)
t"(—t2ﬁ+t°‘+)'c5 <Mt 4 %) =

4 2) (4 ’) 2P for t € [63, T

Therefore we get

.._T)f. A
1 e 28, *t*  for t € [0, &2
(3.44) P+t k) <y oo

4 | 2t*~%  fort e (6, T).
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Thus by (3.43), (3.44) we have

(3.45) 2ef’<*><f>3m(—it*£w, k(t,e)) < Coia(t) Boys, (8, €)%,
where
57 forte 0,4
(3.46) da(t) =4 0.0
T for te [5y,T].
Estimate of 2eP(t)(€)0 §R(~—it“£v, k(t, 5))
In similare fashion to the estimete of 2eP(")(E}:§R(t”£ 20, k(t, 5)), we have
(3.47) 239(")<‘5>3§}?(—it“§v, k(t,g)) = (—-[§|“1)2c”(t)<f>:8(ﬁ‘§2v, k)
< Cs'l,ba(t”ﬂ_lES;ég (t>§)21
where
48) s () 7%tH for te [0,8)
3. t) =
( ’ t**  for t € [6,,T.

Summing up (.;3.35)~(3.37), (3.41), (3.45) and (3.47), we have the following

estimate of the term T

(49) 1<0i2F )} G +sly

T (P4 85y 18 + 67)
e ! _ _

290 L] B 0,60+ O s 85 e B 1 €7

+ Cth1 (t) Es,5,(t, €)% + Cowa(t) Esy 6, (£, €)% + Carba(t)|€| ™1 B, 5, (£, €)*.

E5152 (t1 ‘E)Q +2 Es, s, (t1 6)2

+4

Estimate of II, IIT and IV
We shall next estimate the terms II, IIT and I'V. We first rewrite the

term I7 as follows
I =:>.ep<*><f>'u‘s}a(tvg% ~ it ew, — itten, It g))

+ 2eP<t)<f>5e‘R(—t‘*g‘2uf. — itPEu + =07 vy + %tﬁgvu,l(t,é))
=lh+ 1.
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We can find that (¢, £) in the estimate of the term I'I; plays the same role
as k(t, €) in the previous estimates. Therefore similarly we have the estimate of
the term Il

(3.50) ITy < Catpi(t) Bs,5,(t, €)% + Cotha(t) Es, 5, (t, £)2 + Corha(1)|€] 1 B, 5, (, €)%

Combining I'l> with III, we can rewrite Il + IIT as follows

(3.51) IL + I1I = 2eP@XE {m(mtag%t, uu) + &t(»- %tzﬁf%t, v“) + m(%ﬁiﬁﬂgvt, 'uu)

1
+ 7008w + %(%twﬁgm, we) }+ 111
L3 1 "
= 9oPEE o ] _jap2 _ 2,282 PR (1381
2e FR({ t°¢ 4t £ }w,vu) +e R(zﬁt §vt,vu)
+ PO %ﬁtg‘g_llevt 4+ III

= 23"(”)(5):@}2(#,5252%,l(t,{)) + %{269(*)@)5&2(@'5%‘15%,z(t,g)) }

Similarly we have the estimate of the term Ily + 117

.

Co{(3tP + 832 ,  (MP+6F) ,

W VIR RS
2(5t8 + 63 )° (5t° + 65 )

(3.52) IL+IIT< Cilus,by %IEIEisg +

Finally we have the estimate of the term IV

(3% + >+ 75,)'| o
(5128 1o g, O

(3£ 4+t + m5,) (1

3.58) IV = PN L2 e Ve 2 <
( ) € (:&tzﬁ-l-t“-}-m;z) + W52)§ lv:|” £

4

Estimate of £ E;, 4,(t, £)*
Thus by (3.49}, (3.50}, (3.52) and (3.53) we have the estimate

X '
§CS {(%tﬁ + 6’-’? )2} E2
27 (e sdy
| +ws )| o HEPE+1™ +75,)

(t>+ws) %7 (1428 4 to 1)
+ O s, 85 2 (€| B2 5, + 2Cs3n () EL 5, + 2Cswa (1) BL 5, + 2Cstn()I€] E,s,.

(51° + 52%)’ 9

(b8 +05)

162

d K o
—&E(Eglﬁg) Sp,(t)<£)VE62152 +

_ -1
+4 E}s, + C; Y, 6y 2 (E|EZ 5,
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Hence Gronwall’s inequality yields
L
(3:59) Bus, (1,97 <Bse, 0,6 e[ [ () e

B 0 PR Lt ) U Al Cak TG U P
+Cl°{o (477 + 63 )? +/o (1»rﬁ+5§) / (ot s, (D)

G+ e, (1)) - 3
e [ wnres Hitar + [ wa s Fieldn

+]Ot¢1(Tde+'[[)t¢2(T)dT+f0t¢3(7)|£l“ldr}].

Furthermore we shall examine the terms in the parenthesis { } in the right hand
of (3.54) separately.

+

Obviously we have

(3.55) f P ENESdr = (plt) — po) (€N

1 8. sTy2)!
Estimate of [, i(5—7-*—&;)—}—0!7"
. (4r8+65 )2
We can easily get

(3.56) 0 {((if:??;} dr = 2[log (37 +63)]_ = ziog(%tﬂagi‘ 1),

2%
Estimate of ft( o) dr

(2'rﬁ+5 )
As in the previous estimate, we get

t 1 83 (5% ! 1 q
(3.57) / E-g—f—i——g—%)—df < log(-z-tﬁﬁz * + 1).
0 (378 +67)
Estimate of f o tve (Yl
sy
From Lemma 3.2.C we know that the signature of the function ar*~! +
wj, (1) also changes at most a finite number of times for T & [0,]. Now we may
suppose without loss of generality that the signature of ar®~! 4 wj, () changes
oN times for 7 € [0,8]. Let ¢, (0 < n < 2N + 1) be real numbers such that
i) D=t <t < " <tanp1 =t
i) ST +wi(ta) =0 (1< n<2N),
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From (3.13), (3.14) and (3.22) it holds that

’ _ 6 6a(a+2) 6(5a-l)a
(3.58) wg, (0) =1~ @+ 2)1(a ¥ 3)6e b= (o + 21)(a +3)
6(c~1)* 6(2-1)2 7
SR ) PR el P TR Rl

Since (3.58) implies t§ +ws, (to) < t¥-+ws, (t1), we find that 45, +ws, (tar,)
81 + Wy (t2n+1) (0 £ < N) and £§, + ws, (tan) < 18,1 + ws, (fan-1) (1
n < N). Therefore we obtain

<
<

e tws)l, [t lreTt g

= d
(7% + ws,) 0 ora Fws)

(3.59)

N
_ Zl t2n+1 + w5, (f2n+1) 4 Zl %, 1 + ws, (tan—1)
T Ws, ton §n + W, (tgn)

n=0

N o
Y loa{ t3nt1 — 50 + Wo (Ban1) — we, (tan) + l}
° 5‘,1 + wﬁl(t2n)

nz=0

N
51—t + Ws, (f2n—1) — ws, (tay)
+ lo { 2n—1 n 1 1 1}
Z g cx +w61 (tgn) +

N E —1—-m

~14m o + wi (ton + 01(t2n+1 — ta

= E locr{(tzn+1 — ty,) im0 2kl 2 = -I—uf; ((t:) ( ) +1}
2n 1 12

n=0
a-—o

N a=—=1—-m t
— Lom=0tin-1t2n — wf, (t2n—1 + a(tan — tan—1))
+ 3 log{ (tan — tap-y) —=m=E 1 +1},
g3 (t2 n-1) 55w (o)

n=1
where 0 < 81, 62 < 1.
Noting that xs, < 6§, we see that

)d"j =5 fw ]“"’ (t—T)ldT

- [ Iso’('r)l(-5i’)dr = [ =2

[+
61 00 -0

(3.60) |ws, (8} = —FI};/_W X5 (T)',a:(

By (3.59), (3.60) and Lemma 3.2.B we get

= 011 Og(CIQtél )

— 48—



. t (37284 ms, (1))
Estimate of fo (E,.za+1-°+rr?2 [€9)]

In similar fashion to the previous estimate we get

Y4 4 )] 2
3.62 4 2/ 1 & Cral Cats 1.
(58 /(.1 (372 + 7o + 75,) 7 < Cuslog(Cuaté, " +1)

Estimate of f; wgl('r)é;% |€|dr
When ¢ € [0, 6, + 62), we see that tT=¢ < 2tT=%§; since t < 6; + 6§ < 281
Then we have forall0 < e <1
(3.63) <ol esle < atfsl e,

Noting that ws, (t) < éf, we obtain

t t
(3.64) /0 we, 85 ¥ |¢)dr < ]0 5267 T |gldr < £6%85 T|e] < 24631565 F e,

When t € [6; + 67,7, one has f;1+5-; W, 6;% |€|dr = 0 and §; < ¢t. Hence
using also (3.64), we obtain

% WSy ' -3
/O we, 67 Ffeldr < /O ws, 65 H|€|dr + f6 ws, 5 ¥ |€ldr

16§
< (61 + 62)6287 Fle] < 2656516y F[e] < aetoptivosy T ).

Thus we get
F e oo -3
(3.65) . / ws, 67 Fleldr < Custesti—es; dg),
0
where 015 =2,
Estimate of fj ms,(r)8 % ¢ldr
In fashion similar to the previous estimate, we get

t
- — o $+1—c¢
(3.66) | moati Fielar < Crartef e il = Cuatesd el
0
Estimate of fot 1 (r)dr
When t € [0, 1], we can obtain ¢t < 58] 7% as in (3.63). Hence by (3.42) we

have
— — f—=
g+l 8 ety 6 atnt

¢ ¢
=& Ndr = 87° < <P ————
(3.67) /c; Y (T)dr = &) '/0 dr = 6, T <t T S m—
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When t € [§1,7), taking the first condition of (3.3) into consideration, we

obtain by (3.42)
( ) t ( ) 51 t -t o t‘q-‘-a-f-l
3.68 f P (r d*r=5_“f 7”d’r+/ 1%y = §7° -
0 Y Jo 61 o+ 1) {e-n-1) a-n-1
—atnt+l —otntl-s
< 611;-a+1{ o _ 1 } _ 61 =5 o1
n+ DN a-n—-1) a-—-n-1 n+1 7+1
6—a+n+1 €
tS 1
n-+1
Thus by (3.67), (3.68) we get
—cz+r,l+1 £
(3.69) / Pr(r)dr < tf-¥—+—1.

Estimate fo Po(r)dr
When t € [0, 6], in fashion similar to (3.63) we can obtain ¢t < ¢ 517E.

Hence by (3.46) we have

¢ .t %tA+1 5 -3+ :§+A+1—-s
. w= § 2 = < €
(3.70) fowg(f)df 5 /Ordf R
When t € (8, T), taking the second condition of (3.3) into consideration,
we obtain by (3.46)
t o b2 _ A1 2t)\-'%+l
71 I A A T4 =5, F A+ 7 _

(3.71) /0 n(r)dr =6 fo r T+f62 r T~
. 5*”%'*‘1{ y 9 } _ 62—%+A+1 s 62—§+A+1—s
=2 G+D(7-2r—-2) y-2xa—2J " XA+1 7 A+l

6—%+¢\+1—-s
S t.’. 2

A1

Thus by (3.70}, (3.71) we get
5 —F+A+1-e

(3.72) | / 1#2 d‘]" <t —/\—4'_—1"“*—-

estimate of [} 4 (7)|€|"1d7
)dr, taking the third conditon of (3.3)

Finally as in the estimate of fo (T
) > 0 and by (3.48) get

into consideration, we see that @ — pp—1(> p+3+ 27}
"0+#+1-5l€|—1

(3.73) ftbs 7)€" tdr < 47 T
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Estimate of Es, s, (t, €)*
Thus by (3.54)-(3.57), (3.61), (3.62), (3.63), (3.66), (3.69), (8.72) and (3.73)

we have

(3.74) Bs6,(t,€)° $Ba5,(0, &) exp(62) — po) (€7
+ Clg{SlOg(%tﬁgg_% + 1) +Ch log(C"lg.*it’jf"‘:2 + 1)

+ Cia log(Crat™ + 1) + Custe85+ 1285 g + Crat®8f ™|
—atntl—e —3+A+1-e -—a+p+1-s -1
12 +iele +t° 4 1]
n+1 A+l p+1
<C1rBo64(0,€)% exp] (p(t) = po) ()5 + Cis log{g1 ()67 +1)
+ Cro log{ga(9)65™ + 1) + A(0){8 =285 el + 631" 1g)
+51—a+n+1 s+52 F+A+1 5+61—0=+#+1~ |€|—-1}]I
where g1(t), g2(t) and A(t) are increasing functions satisfying g1(0) =0, g2(0) =
0 and A(0) = 0.

3.4 Energy inequality in case of < 5
If o € 26, we can see ¥y = a. Supossing that §; = 82, (3.74} is changed into
Es,6,(t,€)® <C17Fs,5,(0,€)% exp [(p(t) — poEVE + (Chs -+ Cho) log(g(&)6* + 1)

- %1 - —&+A+1 - -
+ k()7 {262 ] + a7t T BENVEL g ettty

where g(t) = g1 (t) + g2(2).
Put

~min{ sy, sttt
(3.75) 51 (= 8y) = (gyy, " I wm T

where v1 > 0 is determined sufficiently large such that §; and &, satisfy (3.14).
Then we obtain
E51 82 (ta 5)2
<C17Es,6,(0,€)% exp [ (p(t) — p0) €}

1
+ (Chs + C19) min{

3 — 21" a -

A 3o f zu} log (g(t)(€}w, + 1)

n h.{t}ﬁi‘a{ﬂf):lmin{ Ho qz—.,l)' %;j;l.__us—;ﬂigg-;‘-l 4 (é_)mm{ﬂ;._"“'l—nrl‘gg.gi_l Lf&—ﬂi:‘_l}

202 ~A-1) A-l 4 -2—1) 2 —2 el oa—dp—
(‘E) Ilin{ 2""% '%a A da-iu } mi"{ "aﬂnzﬂ 2’Aa£,\11n3a2—“2p" }]
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<C17B5,6,(0, €)% exp [(p(t) — po){€)} + Caolog(g(t){E)y, + 1)

max{ 2(e—n=—1} %"'"_1 a—2p—4 }

+ hsr (ol (RIS R | (SRR (IS | g 3]

<Ci7Es,6,(0,€) exp [(p(t) = pa)(€)5 + Caolog(g()(€)w, +1)

max{ 2{a—n—1) %—-.\—1 a—2u—4 }_'_}ws]

+ Couh(g) S e S

bP
Lemma 3.4, ab+1< (aP+1})7  for'a>0, ¥6>1, 0<¥p< 1,

Proof. We first invistigate the function fl@) = (z + 1)bp — (zb® + 1).
Defferentiating f(z) in z, we get f'(z) = b”(m-t—l)bp‘l—bp = bP{(a:-I-l)bP—l—l}.
Since b ~ 1 > 0, we find that f’(z) > 0 for Y2 > 0. Noting that f(0) = 0 and
putting = o?, we get f(a?) >0 ie., (a? + l)bp > (aPb® +1). Hence we have

bP

< (aP+1) 7.

L
P

ab+1 < (aPb? +1)

— 2ex—m~1) F-A-1 m—0p-dq
From Lemma 3.4 we put @ = g(t), b = (£),,, p = max{ (30,,_"2,7 l, 2=, C?;a_”gp
max{ 2{txempp=1) al")""l a—-2u—4

and get log(9(t)(€), +1) < Lem 7 I og gy 4 1),
Thus we have for v 2 1y

Bausa(t,6)* < Cur B 0,60 exp (005 {(600) = p0) + (22 bog(o0) + 1) + Carh(t)

Ha—n=1} F=A=l auip-4q
max y o S +Me—x
% (E)v { 3a—2n oA Ja-2p } }].

Now define the function p(t) by
C ‘
p(t) = po — Cr (=2 log(o(6)” +1) + Cuuh(t),
where Cr is the constant such that p{T) > 0. Then

Easa(8.€)" < CrrBi,sa (0,60 exp ()5 (22 1089007 +1) + Cuah®)

mnx{g(ﬂ"ﬂql) F-A-l o _9u_y }+1‘-’f.‘.‘—-K o )]
—Cr}l.

% ((&) da—2n ' a=:k ' da~2p
] v

Therefore if

a-n-1y §-2-1 cr—.?;r.—tl}

(3.76) e max{ 3a—2n ' a-A " 3a-2u
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by taking £ > 0 small enough and v{> 1) large enough, we have the energy
inequality

(3.77) Es,5,(t,€)* < C1rE5,6,(0,€)?  for "t € [0, ).

Since s = ™! and a = v, the inequality (3.76) can be also written by

, 3a - 2 2v-2)  3a-2u
3.78
(3.78) 3<mm{2(a—n-l)"y—2)\—2’oz-2,u-»4}'

3.5 Energy inequality in case of a > f

2841

If o > 203, we see v = 2f. If we suposse that §; = 6,77, (3.74) is changed
into
Es,0(t,)" SC11Bs,6,(0,€)” exp[(p(t) = p0) (€)% + (Cis + C1o) log(g(8)65™ + 1)
{28+ V(p—a+1) (2841 (u—a+t1
Ot e A R e o |

here we have used 67! < 65! and 67° < 65°.

We put

—min{y T3 ;Mb ==, !ﬂil"i'ls 7;) 22(,;+1) o

(3‘79) 62 = (g)UI o 7 n+Za af-2uf—-A—puila
_ min{ 2041 28+1 2(28+1) }

81 = Jaf-Inf-F—n¥la ZR=Aa+1)' TeBIuF-F-p+ia

1= (§>V1 '

where 11 > 0 is determined sufficiently large such that é; and §, satisfy (3.14).
Then by Lemma 3.4 we obtain for v > v

(3.80) Es,s,(t, )

<C17Es,5,(0,£)’ exp[(ﬂ(t) — PO)E)E + (Crs + Cho) log (9(8) (€)s, + 1)
o+ 1 1 2a+1) }
3aB - 2B~ B —n+20" 20 -2 3af — 2uB - B - p+ 20
_min{_%g;ll_|_ﬁux-1 — 2B 2B-30-u-2,
+ h,(t)es.f{z(g),,1 A e R
+ (o) R S
1
+ (g)ﬁi“{ﬁ%ﬁ-%nﬁﬁ%%}

X min{

+{&)w
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<C17 251 5, (0,6) exp | (p(t) = po)E)% + Caa log(9(){€)un + 1)
B+1}(a—n—1) Bei—-1l af—2uf-3F--p-2

+ e)ae {a(gyn st tem o S
{28+ {a—n—1) B-A—-1 af-2uB—-38—u-2
QI 4 (T 4 (gl ||

vy

<C11 B8, 6, (0,6 exp|(p(t) = po)(€) + O log(9(2) (€}, +1)

‘2ﬁ+1)(0—17—1) B—r—1 af—2ud-38-u-2 ‘
max{ - —pP— o ? — H — A= +NI £
+ Cogh(t){£)y, ~oPTine-fntiar 39=3 »Saf-Rui-p e} ]

<Crr B8, 63 (0,6 ex (O (0(0) = o) + (22 loglg(e) + 1) + Caah(t)

max{ {28+ 1 {a—-n-1) AmX—1 af—-2uf-38—u—2 }+1'V!!E—K}]
H

(3 P s

_ 28+1)(ax=n=1) B=A-1 af—-2p8-88—pu=2
where ¢= max{%ﬁ-—zqﬁ~ﬁ—q+2a1 A=A 3aﬁ—2pﬁ—f3—}1+2a}'

Now define the function p(t) by

p(t) = po — G (2 log(o(0)" + 1) + Cash(t)),

where C} is the constant such that p(T) > 0. Hence by (3.80) we get

C
Es,5, (£, £)2 < C17E5,5,(0,6)% exp [(5)5 (—;E log(g(t)% + 1) + Czsh(t))

T hherefore if

28+ 1(a—n-1) B-A-1 of—-2u6-3F—p-2 }

(3.81) f> max{gaﬁ_gnﬁ—ﬁ-—n-i-m' 28~ "3af-2uB~B—p+ 20

by taking € > 0 small enough and v(> v1) large enough, we have the energy

inequality

(3.82) Es,6,(t,6)% < C17E5,5,(0,€)2  for "t € [0,T].
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Since s = k™1 and 28 = «, (3.81) can be also written as

Saf —2nB-F-n+2a 268-X 3af-2uB-B-p+20
@+ D@—n-1  F-3-T af - Tuf—36-5-7)
=mjn{ 3o — 2 o - 28 228 - A)
Aa—n-1) 2026+ L(a-n-1) 28-21-2’
3o — 2 da—p—-1)(a-20)
a=2-4 (a=-2u-4020+D{(a-2u—-4) - 555}
3a— 27 + a— 2(y = A)
e-n-1) 2(y+ D {a~-n-1)" y=21-2’
Sa—2p Ha—p—1)(a-1) }
a—2u—4 (a—2u“4)('r+l){(a 24— 4) — 7+1 '

(3.83) s< min{

= min{

3.6 Proof of Theorem 3.1

At last by (3.77), (3.78), (3.82) and (3.83) we have the energy inequality
(3.84) Es,5,(t,6)* < C17E5,5,(0,6)2  for "t € [0, 71,

if s satisfies

[ 3a—27 a7 27~

(3.85) S<mm{2(a-n-1) 2y +)(e-n~1)" v=-2A~2’
3o~ 2 dla—p—1{a—17) }
a=-2n—4 (a—2u—-4)y+1){(a-2p-4) - -;+1}

We remark that in case of o < 24, i.e,, v = ¢, (3.85) becomes (3.78).

Furtheremore we shall change (3.84) into an energy inequality based on
v, v; and vy, We first show that Ejs,(t, €)° is bounded from below by the
absolute values of these terms. By (3.15) and (3.40), we find that

1 « 1 "
(3.86) Es,5,(t,€)* 2 ge”‘*""" (t%€2 + ws,€%) " |of? = ge’_’“)“’”{t“ + xo, + (ws, ~ Xx5,)} €l
s ‘ 1 K =
> 5O (1% 4 x5, — s, s, €I 2 e (67 — Coof) gl
1
=3~ Co)263ePO gty (0 < G < 1),
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Similarly by (3.16) we also find that

./l
Ej5,5,(t,6)% > erih (Ztm + & + 7, (t))églvtfg

(3.87)
> (1= Cp)g PO ,2 (0 < Cp < 1).

As for vy, we obtain

i 2 1
Vit + Et'afvt‘ + thﬁzl'vdz)

(3.88)  Eg5,(t.6)% > 6"“)“):(
= eP(tHOY (Elvttlg + Elvtt|2 + R(vee, itPeu) + Etgﬁggwtlg)

«rl :
— oPORO] (.2_|1,tt|2 + -;—lvtt + z'tﬁ.gvt]z) > -;-e"(‘”‘f)v |vse |

While Es, s,(0,£)? is dominated by the absolute values of the initial data.
From the definition of ws, (t), we see that ws, (0) = % ,:f H(8F — T"‘)go(#)d*r
< b fp(gl?) dr < 16¢. Similarly, from the definition of s, (£), we also see that
75, (0) < 167 Therefore we have

_ ] .

(3.89)  Es5(0,6)? =e0 {|vg + ws, (0)6%w0|” + [val® + 75, (0)€7|v1 |}

<ePr 05 {3y |? + 2ws, (0)2€*wol® + e, (0% [a* }

SePo(E):{Sl,UQI? + %5%0554'”0'2 + %6’2752',”1'2}.

Consequently if s satisfies (3.85), by (3.84) and (3.86)-(3.89) we also have

the energy inequality based on v, v; and vy

1 L
PO (g4 y[? + 67€%|ue | + [vwel*) < CoaeP* Y (674 |wol? + &7 €2l + [wal’)
L
< Case? O ((&)slvol” + (€)Ehual” + [ual?)

< G5 Ch,
where 61 and 82 are defined in (3.75) or (3.79).

Hence in vitue of Paley-Wiener theorem, {u(:,t);t € {0,T]} is bounded in
G4. Thus taking into account that u is a solution of the equation (3.1), we find

that « € C3([0,T).G§). This concludes the proof of Theorem,
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