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Quasi-categories were introduced in [J. M. Boardman and R. M. Vogt, Homotopy invariant algebraic struc-
tures on topological spaces. Berlin-Heidelberg-New York: Springer-Verlag (1973; Zbl 0285.55012), §IV.2],
having been developed by A. Joyal [J. Pure Appl. Algebra 175, No. 1–3, 207–222 (2002; Zbl 1015.18008);
A. Joyal and M. Tierney, Contemp. Math. 431, 277–326 (2007; Zbl 1138.55016); https://mat.uab.cat/
~kock/crm/hocat/advanced-course/Quadern45-2.pdf] and J. Lurie [Higher topos theory. Princeton,
NJ: Princeton University Press (2009; Zbl 1175.18001)] among others as a model for (∞, 1)-categories.
Among the quasi-categories are (n, 1)-categories, which Lurie identified the quasi-categories modelling
(n, 1)-categories (n ≥ 1) as those in which every inner horn above dimension n has a unique filler. He also
established that a quasi-category is equivalent to such a quasi-category precisely when its hom-spaces
are homotopy (n−1)-types. Joyal [https://www.math.uchicago.edu/~may/IMA/Joyal.pdf, §26] called
such quasi-categories n-truncated, and stated a collection of assertions on n-truncated quasi-categories
without proofs.
The main results of this paper consisting of five sections together with an appendix on Bousfield locali-
sations go as follows.
• It is shown in Theorem 3.28 that, for each n ≥ −1, the n-truncated quasi-categories are the fibrant
objects of the Bousfield localisation of Joyal’s model structure for quasi-categories with respect to
the boundary inclusion ∂∆n+2 → ∆n+2.

• Joyal’s assertion (stated without proof in [https://www.math.uchicago.edu/~may/IMA/Joyal.
pdf, §26.6]) that, if n ≥ 1, a morphism of quasi-categories is a weak equivalence in the model
structure iff it is essentially surjective on objects and an (n − 1)-equivalence on hom-spaces is
established in Theorem 4.14.

• It is established in Theorem 5.9 that the two Quillen equivalences

[∆op, Set]
t!←−
⊥
−→
t!

[(∆×∆)op, Set]

[(∆×∆)op, Set]
p∗

1←−
⊥
−→
i∗
1

[∆op, Set]

demonstrated in [A. Joyal and M. Tierney, Contemp. Math. 431, 277–326 (2007; Zbl 1138.55016)]
between the model structure for quasi-categories and complete Segal spaces permeate Quillen equiv-
alences between the model structure for n-truncated quasi-categories and Rezk’s (n, 1)-Θ-spaces [C.
Rezk, Geom. Topol. 14, No. 1, 521–571 (2010; Zbl 1203.18015); Geom. Topol. 14, No. 4, 2301–2304
(2010; Zbl 1203.18016)], which are another model for (n, 1)-categories.

• It is claimed in Theorem 5.1 that the nerve functor N : Cat→ sSet is the right adjoint of a Quillen
equivalence

Cat
τ1←−
⊥
−→
N

[∆op, Set]

between the folk model structure for categories and the model structure for 1-truncated quasi-
categories.
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• Therefore, it is stated in Theorem 5.11 that the composite adjunction

Cat
τ1←−
⊥
−→
N

[∆op, Set]
t!←−
⊥
−→
t!

[(∆×∆)op, Set]

whose right adjoint is no other than Rezk’s classifying diagram functor [C. Rezk, Trans. Am. Math.
Soc. 353, No. 3, 973–1007 (2001; Zbl 0961.18008)] is a Quillen equivalence between the model
structure for categories and Rezk’s (1, 1)-Θ-spaces.
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