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The purpose of this paper is to study a class of semilinear elliptic boundary value problems with degener-
ate boundary conditions which include as particular cases the Dirichlet problem and the Robin problem. The
approach here is based on the super-sub-solution method in the degenerate case, and is distinguished by the
extensive use of an LP Schauder theory elaborated for second-order, elliptic differential operators with discon-
tinuous zero-th order term. By using Schauder’s fixed point theorem, we prove that the existence of an ordered
pair of sub- and supersolutions of our problem implies the existence of a solution of the problem. The results
extend an earlier theorem due to Kazdan and Warner to the degenerate case.
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1 Statement of main results

Let 2 be a bounded domain of Euclidean space RY, N > 2, with smooth boundary 0f); its closure Q=0uUdN
is an IV dimensional, compact smooth manifold with boundary. Let A be a second-order, elliptic differential
operator with real coefficients such that

N

Au = —Z 0 Zaij(a:) Ou + c(z)u. (1.1)
; =

dz;

Here:

(1) a¥ € C~(Q) and a¥ (z) = a’*(z) on ©, and there exists a positive constant aq such that
N
(@) > aolel?, w e, = (&,%,....6n) RN,
ij=1

(2) The function ¢(z) is real-valued and may be discontinuous in 2. More precisely, ¢ € L>°(Q2) and ¢(x) > 0
almost everywhere in (2.

Let B be a first-order, boundary condition with real coefficients such that

Bu := a(x')g—z +b(z")u  on 9N (1.2)

Here:

(3) a € C™(0N) and a(z') > 0 on ON.
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2 K. Taira: Semilinear degenerate elliptic boundary value problems

4) be C>(00Q) and b(z") > 0 on ON.
(5) 0/0v is the conormal derivative associated with the operator A,
N
0 o 0
gy = 2 g
1,7=1
where n = (n1,ng,...,ny) is the unit exterior normal to the boundary J2.

We remark that the boundary condition B given by formula (1.2) is a smooth linear combination of the Dirichlet
condition and the Neumann condition.

In this paper we consider the following semilinear elliptic boundary value problem: Given a function f(x, &)
defined on  x R, find a function u(z) in §2 such that

Au = f(z,u(z)) in Q,
1.3
Bu = a(x')g—z +b(z)u=0 ondN. (1)

Our fundamental hypotheses on the boundary condition B are the following:
(H.1) a(z’) + b(2") > 0 on 0Q.
(H.2) b(z') £ 0 on 0.

It should be noticed that if a(z’) = 0 and b(z’) = 1 on 99 (resp. a(z’) > 0 on I1), then the boundary
condition B is the Dirichlet condition (resp. Robin condition). It is easy to see that problem (1.3) is non-
degenerate (or coercive) if and only if either a(z’) > 0 on 9 or a(z’) = 0 and b(z’) > 0 on OQ. Amann [2]
and Amann—Crandall [3] studied problem (1.3) under the condition that the boundary 02 is the disjoint union of
the two closed subsets M = {2’ € 9Q : a(a’) = 0} and 00\ M = {2’ € 9Q : a(a’) > 0}, each of which is an
(N —1) dimensional compact smooth manifold. What is the important feature of our boundary condition B is that
problem (1.3) becomes a degenerate boundary value problem from an analytical point of view. This is due to the
fact that, having a first order pseudo-differential operator on the boundary 0f2, the so-called Shapiro—Lopatinskii
complementary condition is violated at each point of the set M (cf. [8]).

We remark that problem (1.3) is closely related to population dynamics in environments with spatial hetero-
geneity (cf. [16], [17]). In terms of biology, the functions a(z’) and b(z’) measure the hostility of the exterior of
the domain. For example, if a(z’) = 0 and b(2’) = 1 on 02, then the Dirichlet condition B represents that {2
is surrounded by a completely hostile exterior such that any member of the population which reaches the bound-
ary dies immediately; in other words, the exterior of the domain is deadly to the population. If a(z’) = 1 and
b(z") = 0 on 99, then the Neumann condition B represents that the boundary acts as a barrier, that is, individ-
uals reaching the boundary simply return to the interior. The intuitive meaning of hypothesis (H.1) implies that
individuals reaching the set M die immediately. Namely, the boundary portion M is deadly to the population.
On the other hand, hypothesis (H.2) implies that the boundary 0f2 is not a complete barrier.

Our approach to problem (1.3) is based on the super-sub-solution method which goes back to Sattinger [13]
in the non-degenerate case. However, it should be emphasized that, in the case where ¢ € L>°(f2), the classical
Schauder theory breaks down for problem (1.3). In fact, the solutions of problem (1.3) are not necessarily
smooth on . Taira [15] and Runst [10] and Runst-11’yasov [11] studied problem (1.3) under the condition that
c € C*(Q) (see also [7, Chapter 33] for the abstract setting). The crucial point in our approach is how to control
the discontinuous function ¢(z) in formula (1.1) in terms of Sobolev spaces of L? type, just as in Taira [17].

In order to study problem (1.3) in the framework of Sobolev spaces of LP type, we impose the following
regularity condition (F.1) on the nonlinear term f(z, §):

(F.1) The function f(z, &) is real-valued and continuous on Q x R, and its partial derivative 0 f /O¢ exists and is
continuous on 2 X R.
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A function u € Wva(Q), N < p < o0, is called a solution of problem (1.3) if it satisfies the conditions

Au = f(x,u(x)) almosteverywhere in €,
Bu=0 on 0f2.

Here it should be noticed that we have, by Sobolev’s imbedding theorem (see [1, Theorem 4.12]),
W2P(Q) c C1(Q), N <p< .
A function ¢ € W2P(Q), N < p < o0, is called a supersolution of problem (1.3) if it satisfies the conditions

Ay > f(x,1(x)) almost everywhere in €2,
By >0 on 0.

Similarly, a function ¢ € Wva(Q), N < p < o0, is called a subsolution of problem (1.3) if it satisfies the
conditions

A¢ < f(z,¢(x)) almost everywhere in €2,
By <0 on 0f2.

Now we are in a position to state our fundamental existence theorem of solutions of problem (1.3). The next
theorem asserts that the existence of an ordered pair of sub- and supersolutions implies the existence of a solution
of problem (1.3) (see [2, Theorem 9.4] in the non-degenerate case):

Theorem 1.1 Assume that the nonlinear term f (x, §) satisfies the regularity condition (F.1). If ¥(z) and ¢(x)

are respectively super- and subsolutions of problem (1.3) which satisfy the condition that ¢(z) < ¥ (z) on (,
then there exists a solution u € WP(Q), N < p < 0o, of problem (1.3) such that ¢(x) < u(x) < (x) on Q.

Remark 1.2 Taira [14] considered the smooth case where
ceC™®(Q) and c(z)>0inQ,

and proved Theorem 1.1 under the conditions that the nonlinear term f(z, £, 7) is a C! functionon Q x R x RY
and that there exists a non-negative and increasing function d(r) on the interval [0, co) such that

@ &ml <d(é) (L+n?), (.&n) € QxR xRN

As an application of Theorem 1.1, we give various sufficient conditions for a solution of problem (1.3) to exist.
To do this, we study the linearized elliptic boundary value problem

{Au =g inf),

(1.4)
Bu=0 onodf2

in the framework of the Hilbert space L?(f2). We associate with problem (1.4) a densely defined, closed linear
operator

A: L2(Q) — L*(Q)
as follows:
(1) D) := {u e W*%(Q2) : Bu =0 on 99Q}.
2) Au := Au, u € D).
Then we have the following three fundamental results (i), (ii) and (iii) (see [17, Theorem 5.1]):
(i) The operator 2! is positive and selfadjoint in L?((2).
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4 K. Taira: Semilinear degenerate elliptic boundary value problems

(i1) The first eigenvalue A1 of 2 is positive and algebraically simple, and the corresponding eigenfunction ¢; €
W2P(€), N < p < 0o, may be chosen to be strictly positive in 2. Namely, we have the assertions

Ap; = M1 inQ
p1 >0 in €2,
Bypi1 =0 on 0.

(iii) No other eigenvalues );, 7 > 2, have positive eigenfunctions.

The next existence theorem of solutions of problem (1.3) is a generalization of Kazdan—Warner [9, Corol-
lary 2.12] to the degenerate case (cf. [12, Theorem 6.5.2/2]):

Theorem 1.3 Assume that the nonlinear term f(x, ) satisfies the regularity condition (F.1) and one of the
following three conditions (A), (B) and (C):

(A) There exists a continuous function h(z) on Q such that

/ h(z)pr (z) d <0,
Q

limsup = [f(z,€) — M&] < h(z), =€,

le|—oo [€]

where lim sup ¢ | _, o, is assumed to be uniform for x € Q.

(B) We have the condition

f(z,¢)

lim sup
|€]—o0

< A1,

where lim sup ¢ | _, ., is assumed to be uniform for x € Q.
(C) We have the condition

. of
limsup == (z, &) < Aq,
g0 O€

where im sup¢|_, o, is assumed to be uniform for x € Q.

Then the semilinear problem (1.3) has at least one solution u € WQ”’(Q) with N < p < <.

Example 1.4 A simple example of the nonlinear term f(z, ) is given by the formula

7(54—%—%) for¢ > 1,
f(xag): %52 fOI‘—ngSl,
7(—5—%—%) for £ < —1,

where ~ is a constant such that 0 < v < A;. It is easy to verify that the function f(x, §) satisfies condition (F.1)
and condition (C).

The essential point in the proof of Theorem 1.3 is to reduce the study of the semilinear problem (1.3) to that
of the semilinear problem with linear part at resonance:

Au — \u = f(z,u(zx)) in £,
Bu = a(m')g—z +b(z)u=0 ondN.
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Moreover, we consider the following semilinear elliptic boundary value problem depending on a parameter:
Given a function F'(z, ¢, t) defined on 2 x R x R, find a function u(x) in {2 such that

Au = F(z,u(x),t) in £,
1.5
Bu = a(x’)g—z +b(z")u=0 ondQ. (1)

The parameter ¢ may enter naturally in a manner similar to an eigenvalue. In order to state our existence

theorem of solutions of problem (1.5), we impose the following regularity condition (F.2) on the nonlinear term
F(2,¢,1)

(F.2) The function F(z, £, t) is real-valued and continuous on Q x R x R, and its partial derivatives 9F'/9¢ and
OF /0t exist and are continuous on 2 x R x R.

The next existence theorem of solutions of problem (1.5) extends Kazdan—Warner [9, Corollary 3.11] to the
degenerate case (cf. [12, Theorem 6.5.3/1]):

Theorem 1.5 Assume that the nonlinear term F(x,£,t) satisfies the regularity condition (F2) and further
that the following three conditions (D.1), (D.2) and (D.3) are satisfied:

(D.1) For every m € R, there exists a continuous function hy,(x) on §, depending on m, such that

%—f(m,g,t) >hp(z) >0, 2€Q, £>m, teR.

(D.2) We have, for everyt € R,

F t
lim sup M < A1,

£——o0 g
where limsup,_, _ ., is assumed to be uniform for x € Q.

(D.3) There exist constants t1, my and ¢ > 0 such that

F(z,&t1) — M€ > ¢, reQ, £>m.

Then there exists a number to € R such that the semilinear problem (1.5) has at least one solution u € WP (),
N < p < oq, fort < to, but it has no solution fort > t.

Example 1.6 A simple example of the nonlinear term F'(z, £, t) is given by the formula

F(x,&,t) =tr(z) et +p(§).
Here:

(Hr € C(Q)andr(z) > 0in €.
(2) p(€) is a real-valued, C! function defined by the formula

’Y'/E+C1%+C2 for & > 1,
p(€) = O363 4+ Cué(E+1) for—1<€<1,
VE+ %L +Cs for € < —1,

where 0 < v < Ay, 7" > A1 and the C; are some suitable constants.
It is easy to verify that the function F'(x, ¢, t) satisfies condition (F.2) and conditions (D.1), (D.2) and (D.3).

Finally, the next corollary extends Kazdan—Warner [9, Corollary 3.12] to the degenerate case (cf. [12, Theo-
rem 6.5.3/3)):
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6 K. Taira: Semilinear degenerate elliptic boundary value problems

Corollary 1.7 Let the nonlinear term F(x, £, t) be of the special form
F(z,,t) = fo(z) +tr(z) + 9(z,¢), (2.£1) € AxR xR, (1.6)

where fo € C(Q), 7 € C(Q) with r(z) > 0in Q and g € C1(Q x R). We assume that the following two
conditions (E.1) and (E.2) are satisfied:

(E.1) We have the condition

lim sup g(z,§)
£——o0 f

<)\17

where limsup,_, _ ., is assumed to be uniform for x € Q.

(E.2) There exist constants mq and k such that

g(xvf)_)\1£>k7 QCEQ, £>m1~

Then there exists a number to € R such that the semilinear elliptic boundary value problem

Au = fo(z) +tr(z) + g(z,u(x)) inQ,
Bu=0 on 02

has at least one solution u € W2P(Q), N < p < oo, fort < to, but it has no solution for t > t,.

The rest of this paper is organized as follows. In Section 2, by using Schauder’s fixed point theorem we
prove Theorem 1.1. Namely, we prove that the existence of an ordered pair of sub- and supersolutions of prob-
lem (1.3) implies the existence of a solution of problem (1.3). Section 3 is devoted to the proof of Theorem 1.3.
In Subsection 3.1 we make use of the Lyapunov—Schmidt procedure to construct sub- and supersolutions of prob-
lem (1.3), and then apply Theorem 1.1. This subsection is the heart of the subject. The essential step in the
proof of Theorem 1.3 is Lemma 3.2 in which we construct a supersolution of problem (1.3) provided that the
nonlinear term f(z, &) satisfies condition (A, ). The crucial point is how to adjust the classical method to the
case where ¢ € L*°(2), by using an LP Schauder theory. In Section 4 we prove Theorem 1.5 and Corollary 1.7.
Our proof is based on the super-sub-solution method, just as in the proof of Theorem 1.3. To do this, we use a
parameter-dependent version of Theorem 1.1 (Theorem 4.1). The essential step in the proof of Theorem 1.5 is
Theorem 4.3 which gives sufficient conditions in order that £, > —oo. In the final Section 5, as an application
of Theorem 4.1 we obtain the existence theorem of positive solutions of the semilinear elliptic eigenvalue prob-
lem (5.1) (Theorem 5.1) which extends Kazdan—Warner [9, Proposition 4.2] to the degenerate case. The approach
here is distinguished by the extensive use of the ideas and techniques characteristic of the recent developments in
the theory of partial differential equations (see [17]).

2 Proof of Theorem 1.1

In this section, by using Schauder’s fixed point theorem we prove Theorem 1.1. Our proof of Theorem 1.1 is
based on a variant of the Bakel’man and Aleksandrov maximum principle in the framework of Sobolev spaces
due to Bony [4] (see also [18]), just as in Taira [17, Proposition 3.12]. The proof is divided into three steps.

Step 1: First, by the regularity condition (F.1) it follows that the nonlinear term f(x, &) satisfies the slope
condition. Namely, for any given positive number o, there exists a positive constant w = w(o’), independent of
x € Q, such that

f@,8) = flan)>-w-(E-n), 2€Q, —a<n<{<o. 2.1

Geometrically, this condition means that the slope of the function { — f(x, &) is bounded below, uniformly with
respect to x € 2.
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First, we replace the function ¢(z) by the function ¢(x) + w, where w > 0 is the same constant as in condi-
tion (2.1), and consider instead of problem (1.3) the following problem:

(A+wu=wu+ F(u) in Q,

2.2
Bu:a(x’)g—Z—l—b(a:’)u:O on 952, 2

where F' is the Nemytskii operator of f defined by the formula

Fu(z) = f(z,u(x)), z €.

By applying [17, Theorem 1.1] to our situation, we find that the boundary value problem

(A+wjv=yg inQ,
Bv=0 on 0f)

has a unique solution v € W2P(Q) for any function g € LP(Q). Hence, we can introduce a continuous linear
operator (resolvent) K,,: LP(Q) — W?2P(Q) by the formula v = K,g. Then it is clear that problem (1.3) is
equivalent to problem (2.2). Furthermore, since f(z,&) is continuous on £ x R, we obtain that problem (2.2) is
equivalent to an operator equation

u=Ky(wu+F(u) inC(Q). 2.3)
Step 2: We let

Hy(u) = Ky(wu+ F(u), ueC(Q).
The next lemma asserts that the map H,,(-) leaves invariant the ordering of the ordered Banach space C'(Q2)

(see [15, Lemma 4.1]):

Lemma 2.1 The operator H,,(-): [¢,] — C(R) is increasing. Here [¢,)] is the order interval defined by
the formula

[0, 9] = {u € C(Q) : ¢(2) < u(x) < P(x) on O}

Moreover, we have the following (see [15, Lemma 4.2]):
Lemma 2.2 The operator H,,(-) = K, (w - +F(-)) maps the order interval [¢, ] into itself.
Step 3: It should be noticed that we have, by Sobolev’s imbedding theorem (see [1, Theorem 4.12]),

WrP(Q) c C27N/P(@Q), N <p< oo

Hence it follows from an application of the Ascoli-Arzela theorem that the resolvent K, considered as an
operator K,,: C(Q2) — C(Q), is compact and further from an application of Lemma 2.2 that the mapping
H,(-): [¢,] — [¢,9] is compact. We remark that the order interval [¢, 1] is closed, bounded and convex
in the space C(Q). Therefore, by applying Schauder’s fixed point theorem (see [19, Theorem 2.A]; [5, Corol-
lary 2.3.10]) to our situation we can find a solution u € [¢, 9] of equation (2.3).

The proof of Theorem 1.1 is complete. O

3 Proof of Theorem 1.3

In this section, by using Theorem 1.1 we prove our existence theorem of solutions of problem (1.3) (Theorem 1.3).
To do this, we construct sub- and supersolutions of problem (1.3) in Subsection 3.1 by means of the Lyapunov—
Schmidt procedure. The essential step in the proof of Theorem 1.3 is Lemma 3.2 in which we construct a
supersolution of problem (1.3) provided that the nonlinear term f(z, £) satisfies condition (A ).

Copyright line will be provided by the publisher



8 K. Taira: Semilinear degenerate elliptic boundary value problems

3.1 Construction of sub- and supersolutions

In this subsection we give useful conditions in finding subsolutions and supersolutions of problem (1.3).
First, we introduce the following four conditions (A4 ) and (B4 ) on the nonlinear term f(x, &):

(A4) There exist a number s € R and a bounded continuous function g, (z,£) on Q x R such that if u(z) >
s4p1(x) in €, then we have the inequalities

f((E,U((E)) < g+(x,u(x)), T e Qa

/ 01 (2, u(@))or () da < 0,
Q

(A_) There exist a number s_ € R and a bounded continuous function g_(z,£) on Q x R such that if u(z) <
s_1(z) in €, then we have the inequalities

f(z,u(@)) > g-(2,u(z)), =€,
/Qg,(x,u(x))gol (z)dx > 0.

(By) There exists a continuous function Ay () on 2 such that

/ hy(z)p1(z)de <0,
Q

limsup f(z,&) < hy(z), z€Q,
E—+o0

where lim sup,_, | . is assumed to be uniform for x € Q.

(B_) There exists a continuous function h_ () on Q such that

[ i@ty > o
Q
lgimjnff(x,f) >h_(x), €,

where lim inf¢_,_ is assumed to be uniform for x € Q.

Then we have the following (see [9, Lemma 2.3]):

Lemma 3.1 [f the function f(x,§) satisfies condition (B..), then it satisfies condition (AL.). Similarly, if the
function f(x,€) satisfies condition (B_), then it satisfies condition (A_).

In order to prove Theorem 1.3, we consider the following semilinear elliptic boundary value problem with
linear part at resonance:

Au— Mu = f(z,u(x)) inQ,

3.1
Bu:a(x’)g—z+b(a:’)u:0 on 99. G-

The next lemma is an essential step in the proof of Theorem 1.3 (cf. [9, Lemma 2.7]):
Lemma 3.2 Assume that a function = € W2P(Q), N < p < oo, satisfies the boundary condition

Bz = a(m')g—z +b(z")2=0 onoQ.

If the function f(x,&) satisfies condition (AL ), then we can construct a supersolution u,. € W?P(Q) of prob-
lem (3.1) which satisfies the condition

ug(x) > z(x) in (3.2)
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Similarly, if the function f(x, &) satisfies condition (A_), then we can construct a subsolution u_ € WP ()
of problem (3.1) which satisfies the condition

u_(z) < z(xz) inQ. (3.3)

Proof. The proof of Lemma 3.2 is based on the Lyapunov—Schmidt procedure which reduces an infinite-
dimensional problem to a finite-dimensional system. The proof is divided into three steps.
Step 1: First, we remark the following orthogonal decomposition of L () in the Hilbert space L?(Q):

LP(Q) ={ue LP(Q): (A= A)u=0, Bu=0} & {(A— \)u:ue W>P(Q), Bu=0}
= N(Ap — All) D R(Ap — )\1[)
= span [p1] ® R(A, — A\ 1), 3.4
where A, : LP(Q)) — LP(Q) is a densely defined, closed linear operator defined as follows:
(1) D(A,) :={u e W?P(Q): Bu=0 on dQ}.
(2) Apu:= Au,u € D(Ap).

Indeed, it suffices to note the following three assertions (i), (ii), and (iii):
(i) Since the operator Ay = 2 is selfadjoint in L?((2), it follows that

L*(Q) = N(Ag — M) @ R(Ay — M\ 1),
codim R(AQ — )\1[) = dlmN(AQ — All)
(ii) The null space N (A4, — A\11) does not depend on p and N (A4, — A1) = N(A — A1 1) = span [¢4] for all
p > 1 (see [17, Theorem 3.3]).
(i) If f € LP(Q) for N < p < oo and if u € D(A,) satisfies the equation (Ay — A1 I)u = f, then it follows
that u € W2P(Q), thatis, u € D(A,) (see [17, Theorem 1.1]).

Now we assume that the function f(z,¢) satisfies condition (A44). If w € LP(Q), then we consider the
function

G, w(z))
= o) = ( [ 910 0)er() ) ea(a) € ROA, = MD) = N4y = D),
Then we have, for some positive constant k,
|G(z,w(z))| <k, z€Q, (3.5)

since the function g (z, ) is bounded. Hence we can find a unique solution u € W2P(Q) N R(A, — A1) of the
linear problem

{Au - Mu = G(z,w(z)) inQ, (3.6)

Bu=0 on 0f.
Since u € D(A,) N R(Ap — A1), by decomposition (3.4) and [17, Theorem 1.1] we have the a priori estimate
||u||W2,p(Q) < CHAu — /\1u||Lp(Q) = CHG(-, w)HLp(Q), u e WQ’p(Q) N R(Ap — A1), (3.7)

where C' is a positive constant independent of v and w.
Therefore, by combining estimates (3.5) and (3.7) we obtain that

lullwzr @) = (A = M)~ G w)) lwen) < CIGEw) ooy < kC QY7 (3.8)
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10 K. Taira: Semilinear degenerate elliptic boundary value problems

where || denotes the volume of 2. However, we have, by Sobolev’s imbedding theorem,
ue WP (Q) c CHQ) c Wh™(Q), N <p< oo,

and so, for some positive constant Cy,
lullwr () < Collullyzp(0) < kCoC 107

This proves that any solution u(z) of problem (3.6) is uniformly bounded in the Sobolev space W1 () inde-
pendent of w € LP (). In particular, we can find a constant 3, independent of w, such that

Be1(z) < u(z) in Q. 3.9
Furthermore, we can choose a positive constant « so large that
>
atf> sy, , (3.10)
ap1(x) + Bei(z) > z(z) in Q.

Indeed, it suffices to note (see [16, Proposition 3.8]) that there exists a positive constant v such that

—ypi(r) < z2(x) <yei(z) inQ,

since Bz = 0 on 0f2.
Step 2: Now, by the orthogonal decomposition (3.4) of LP(€)) we can consider an operator equation

v= (A= M) Gz, a0 (z) +v(x)), veLP(), (3.11)
in the closed subspace R(A, — A1) = N (A, — A1)+ of LP(). Then, by estimate (3.8) with
w(z) == api(x) +v(x), a>0, velLP(Q),
it is easy to verify the following two assertions (I) and (II):
(I) The mapping (A — M I)7'G(x, 01 + -): R(Ap — M) — R(A, — A1) is compact.
D) [[(A = M)~ (G(z, apr + ) [lw2wi) < kC QP forall v € R(A, — A ).

Therefore, by applying Schauder’s fixed point theorem to our situation we obtain that the operator equation
(3.11) has a fixed point v € R(A, — A\ I) N B(0, k C|Q2|*/P), where B(0,r) denotes the closed ball of radius r
about the origin 0 in L?(£2). In other words, there exists a solution v € W2P(Q)NR(A, — A\1I) of the semilinear
elliptic boundary value problem

Av — Mo = G(z, a1 (z) + v(z)) inQ, (3.12)
Bu=0 on 9€).

Step 3: If we let
uy =g +v e WHP(Q),
then we have, by inequality (3.9) with « := v and inequality (3.10),
uy(z) = api(x) +v(x) > apr(z) + Ber(z) > 2(z) inQ,
and, by condition (4 ),

ui(z) = apr(z) +o(x) > api(z) + Bei(z) > sppi(z) in€
N

G(z,uq(z)) = g4 (7, us(z)) — (/Q 9+ (Y, ut ()1 (y) dy) o1(2) > gy (z,us(z))
> f(z,us(z)) inQ.
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Hence, by assertion (3.12) it follows that

(A= M)us = (A= Mo = Gla,up (@) > fla,ur(2) inQ
and further that

Buy =aByp; +Bv =0 ondf.

Summing up, we have constructed a supersolution u € W?2P(Q) of problem (3.1) satisfying condition (3.2).
The proof of Lemma 3.2 is now complete. O

The next theorem gives sufficient conditions in order that problem (3.1) with linear part at resonance have at
least one solution (cf. [9, Theorem 2.5]):

Theorem 3.3 Assume that the nonlinear term f(x, &) satisfies the regularity condition (F.1) and conditions
(A4) and (A-). Then there exists at least one solution u € W*P(Q), N < p < oo, of problem (3.1).

Proof. First, we take a function z € C2(Q) N C* () such that
Bz=0 on0Q.

Then, by using Lemma 3.2 we can find a supersolution u; € W?2P(€) of problem (3.1) which satisfies con-
dition (3.2) and a subsolution u_ € W?2P (Q) of problem (3.1) which satisfies condition (3.3). Therefore, the
conclusion of Theorem 3.3 follows from an application of Theorem 1.1. o

The next corollary gives a necessary and sufficient condition in order that problem (3.1) with linear part at
resonance have at least one solution (cf. [9, Corollary 2.10]):

Corollary 3.4 Assume that the nonlinear term f(x, £) satisfies the regularity condition (F.1) and the condition

9 (16)<0, (2.6 cOxR.

9¢

Then there exists at least one solution u € W*P(Q), N < p < oo, of problem (3.1) if and only if there exists a
function ug € W2P(Q), N < p < oo, which satisfies the conditions

Bug =0 on 01, 3.13)

/Qf(x, uo(z))p1(x)dz = 0. (3.14)

Proof. The proof is divided into two steps.

(1) It is clear that the existence of a function ug(z) is necessary.

(2) Conversely, we assume that there exists a function ug € WQ’p(Q), N < p < oo, which satisfies condi-
tions (3.13) and (3.14). We verify that the function f(z, £) satisfies both conditions (A4 ) and (A_).

By [16, Proposition 3.8], we can find constants s and s_ such that

s—p1(x) <wuo(z) < syp1(x) in

If we let
9+ () := f(x,uo()),

then it follows that we have, for all u > s in €,
f(@,u(x)) < flz,uo(2) = g4(z), =€,

/ 04 (@)r () = / F (o)) () dar = 0,
Q

Q
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12 K. Taira: Semilinear degenerate elliptic boundary value problems

since the function f(x, ) is decreasing in &, for each = € Q.
Similarly, we have, for all u < s_¢1 in €,

Fe,u(@) = f@u0(@) =g (z), w9,
[ o-@er@de= [ fauw@)pr()ds =0,
Q Q

Therefore, the existence of a solution u(z) of problem (3.1) follows from an application of Theorem 3.3. O

3.2 End of proof of Theorem 1.3

First, by the mean value theorem it is easy to see that condition (C) implies condition (B).
Secondly, we show that condition (B) implies condition (A). We have only to consider the case where £ > 0.
If condition (B) is satisfied for & > 0, then we can find a large positive number sy and a continuous function
g(z) on Q such that

g(z) >0, zeq,

f(z,8)
§

Hence we have, for all £ > s,

+g(x) <M, €>s50, TEQ.

f(xag) - )\15 < —gg((l;) < —g(l’), T e Qa

and

/ (—g()) p1(x) dz < 0.
Q

This verifies condition (A) for § > 0 with h(x) := —g(z).
Thirdly, it should be noticed that condition (A) is just a restatement of conditions (B ).
Therefore, the desired assertion of Theorem 1.3 follows by combining Lemma 3.1 and Theorem 3.3. O

4 Proof of Theorem 1.5

In this section we prove our existence theorem of solutions of problem (1.5) depending on a parameter (The-
orem 1.5). To do this, we construct sub- and supersolutions of problem (1.5) just as in Subsection 3.1. The
essential step in the proof is Theorem 4.3 in which we give sufficient conditions in order that ¢y > —o0.

4.1 Equations depending on a parameter

In this subsection we consider problem (1.5) depending on a parameter t. We recall that a solution of prob-
lem (1.5) is a function u € W2’p(Q), N < p < oo, which satisfies the conditions

Au = F(z,u(x),t) almost everywhere in (2,
 Ou N
Bu = a(x )8—V+b(x Ju=0 on 0.

Similarly, a supersolution of problem (1.5) is a function ¢ € w2p (Q), N < p < oo, which satisfies the
conditions

Ay > F(x,¢(x),t) almost everywhere in €2,
By >0 on 052,
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and a subsolution of problem (1.5) is a function ¢ € Wva(Q), N < p < oo, which satisfies the conditions

A¢ < F(x,p(x),t) almost everywhere in €2,
By <0 on 0.

The next existence theorem of solutions of problem (1.5) is a generalization of Theorem 1.1 to the parameter
dependence case:

Theorem 4.1 Assume that F'(x,&,t) satisfies the regularity condition (F2). If (x) and ¢(z) are respectively
super- and subsolutions of problem (1.5) satisfying the condition

d(z) <YP(x) onQ,

then there exists a solutionu € WP (Q), N < p < oo, of problem (1.5) such that ¢(x) < u(z) < 1(z) on Q.

We give simple conditions on the nonlinear term F'(x, £, t) in order that there exist a number ¢t € [—00, +00]
such that problem (1.5) has no (classical) solution for ¢ > ¢y and at least one solution for t < #y (cf. [9,
Theorem 3.4]):

Theorem 4.2 Assume that the function F(x, &, t) satisfies the condition

w6020, @&HeTxRxR, @

and further that the function f(x,&,t), defined by the formula
flx,&,t) == F(z,6,t) = M&, (2,61 € xR xR,

satisfies condition (A_). Then there exists a number ty € [—o00, +00| such that problem (1.5) has no (classical)
solution for t > to and at least one solution u € W2P(2), N < p < oo, fort < to.

Proof. Assume that problem (1.5) has a solution v € W?2P?(Q2), N < p < oo, for some t = c. By
condition (4.1), it follows that the function u (x) := wv(x) is a supersolution of problem (1.5) for all ¢ < c.
Indeed, we have the assertions

Auy = F(z,uq(x),¢) > F(x,us(z),t) almost everywhere in €2,
Buy =0 on 0.

Moreover, by using Lemma 3.2 we can find a subsolution u_ € W2’p(Q), N < p < oo, of problem (1.5) which
satisfies the condition u_(z) < u4 (z) in Q. Namely, we have the assertions

Au_ < F(z,u_(z),t) almosteverywhere in €,
u_ < ug in Q, (4.2)
Bu_ =0 on 0f.

Hence it follows from an application of Theorem 4.1 that problem (1.5) has a solution u € W2P?(Q), N < p <
00, for all ¢ < ¢. Therefore, we have only to take

to := sup {t € R : problem (1.5) has a solution for ¢} .
The proof of Theorem 4.2 is complete. O

Furthermore, we give some conditions which insure that {, > —oo and {3 < +o00. The next theorem gives
sufficient conditions in order that ¢y > —oo (cf. [9, Theorem 3.5]):

Theorem 4.3 In addition to the conditions of Theorem 4.2, we assume that there is a function h € C(Q)
satisfying the condition h(x) > 0 in Q and that there exist numbers 0 < mqg < my and t1 such that

F _
&) > h@) >0, 2e® mo<E<m, t<h “.3)

Then there exists a number t € R such that problem (1.5) has at least one solution u € WP (Q) with N < p <
o0. In particular, it follows that ty > —oo.
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14 K. Taira: Semilinear degenerate elliptic boundary value problems

Proof. The proof of Theorem 4.3 is divided into three steps.

Step 1: First, by arguing just as in the proof of Theorem 4.2 with u4 := 0 we can construct a subsolution
u_ € W2P(Q), N < p < oo, of problem (1.5); more precisely, we can construct a function u_ € W?2P(Q) (see
assertion (4.2)) such that

Au_ < F(z,u_(x),t) inQQ,
u_ <0 in ,
Bu_ =0 on 0.

Step 2: Secondly, we construct a supersolution u;. € W2P?(Q2), N < p < oo, of problem (1.5) for some ¢. To
do this, we may assume that ¢; = 0. If we let

f(xag) = F(xagvtl) = F(:E,f,O),
then we have, by condition (4.3),
F(z,&,t) —th(z) < f(x,€), z€€Q, mo<E<m, t<O.

Hence it suffices to find a function u (x) such that

Buy >0 on 02, .
and that
mo < ut(z) <mg in . (4.5)
We let
w:= sup f(z,§).
el
mo<{<my

(i) The case where w < 0: In this case, we can take u () = mg and t = 0 to satisfy conditions (4.4). Indeed,
we have the assertions

Auy = c(x)mo > 0> w > f(z,us(z)) in€Q,
Buy = b(z')mg >0 on Jf.

(ii) The case where 0 < w < +o00: Let w(z) be an arbitrary function in W2P (), with N < p < oo, which
satisfies the boundary condition

Bw =0 ondf.
By using [17, Theorem 1.1] and Sobolev’s imbedding theorem, we obtain that, for some positive constant C,
[wllwr.e () < CllAw| Lr () (4.6)
and further that
weW?P(Q)c CHQ) c Wh>(Q), N <p<oo.
We take two open subsets 21 and €25 of €2 such that

Ql S QQ S Q,
h(z) >0 onQq, @.7)

_ P

Copyright line will be provided by the publisher



mn header will be provided by the publisher 15

and let H () be a smooth function on 2 which satisfies the conditions

0<H(z)<w in{,
H(z)=w in Q\ Q, (4.8)
H(z)=0 in ;.

Moreover, if we take a large negative number ¢ so that
w—+th(z) <0 inQq,
then it is easy to see that
H(z) >w+th(z) inQ. (4.9)

It should be emphasized that this ¢ will be the value of ¢ for which problem (1.5) has at least one solution
u € W2P(Q) with N < p < oo.
Now we let v € W2P(€), N < p < oo, be the unique solution of the linear problem

Av=H in
v="Hz) ing, (4.10)
Bv=0 on 0.
Then it follows from an application of the maximum principle ( [17, Proposition 3.12]) that
v(z) >0 inQ. 4.11)
On the other hand, by applying inequality (4.6) with w := v and conditions (4.8) and (4.7) we obtain that
1/p
v(x) < vl @) < CllAvl Loy = CllH pq)y = C ( H{(x)" dw)
A\
SwC|Q\Ql|1/p<m1—m0, zeqQ. 4.12)

If we let
ug(x) :=v(x) +my, x€€Q,
then it follows that the function u () satisfies condition (4.5). Indeed, we have, by assertions (4.11) and (4.12),
mo < ut(z) =mo +v(xz) <myp in€Q,
and so

f(,up (@) Sw = sup f(z,§) in (4.13)
moZe2m:

Furthermore, by combining formula (4.10), inequalities (4.9) and (4.13) we obtain that
Auy = Av+c(z)mo > Av = H(z) > th(z) + w
> th(e) + f(z,us (@) inQ,
and further that
Buy = Bv+ Bmg = b(z')mg >0 on 99Q.

Summing up, we have constructed the desired supersolution u; € W?2:P(Q) of problem (1.5).

Step 3: Therefore, it follows from an application of Theorem 4.1 that problem (1.5) has a solution v €
W2P(Q) with N < p < oo.

The proof of Theorem 4.3 is now complete. O
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16 K. Taira: Semilinear degenerate elliptic boundary value problems

The next theorem gives some conditions under which ¢y < 400 (see [9, Theorem 3.8]):

Theorem 4.4 Assume that the following two conditions (a) and (b) are satisfied:

(a) Ifu € WQ”’(Q), N < p < o0, is a solution of problem (1.5), then we have the assertion
u(z) > c(t) p1(z), =€Q, (4.14)
where c(t) is a function such that c(t) — 400 ast — +oo.

(b) There exist numbers s € [—00,4+00) and ty € [—00, +00) such that we have, for all u > s1p1 and t > ta,
/ (F(z,u(x),t) — Mu(z)) p1(x) dx > 0.
Q

Then there exists a number t1 € [—00, +00) such that problem (1.5) has no solution for t > t;.

The next proposition gives verifiable conditions under which condition (b) of Theorem 4.4 is satisfied (see [9,
Proposition 3.9]):

Proposition 4.5 Assume that the function F(x, £, 1) satisfies the condition

%—f(m,g,t) >0, (r,&6t)eQxRxR,

and further that any of the following three conditions (b.1), (b.2) and (b.3) holds true for some t = t;:

(b.1) There exists a continuous function h(z) on Q such that

/ h(z)r (z) dz > 0,
Q

lglm_inf (F(x7£7t1) - >\1£) > h(l’), T e ﬁa

where lim infe_, |  is assumed to be uniform for x € Q.
(b.2) We have the condition

F(x, &t
lim inf B, & 1) > 1,
£—+oo
where liminf¢_, | o is assumed to be uniform for x € Q.

(b.3) We have the condition

F
lglffolf %—g(%fﬂfl) > A1,

where liminfe_, |  is assumed to be uniform for x € Q.

Then it follows that condition (b) of Theorem 4.4 is satisfied.

The next proposition gives verifiable conditions under which condition (a) of Theorem 4.4 is satisfied (see [9,
Proposition 3.10]):

Proposition 4.6 Assume that the following two conditions (a.1) and (a.2) are satisfied:
(a.1) There exist constants v < A1, k and t1 such that
F(x,&t) — >k, 2€Q, (€R, t> 1.
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(a.2) Forevery m € R, there exists a non-negative, continuous function h,,(x) on Q, depending on m, such that

F —
602 hn() 20, we®, g2m, 121,

Ifu € W2P(Q), N < p < o0, is a solution of problem (1.5) for some t > t1, then we have the inequality
u(z) > (at +b) p1(z), = €Q, (4.15)

for some constants a > 0 and b € R independent of u.

Remark 4.7 The above condition (4.15) insures condition (4.14) with ¢(t) := at + b.

4.2 End of proof of Theorem 1.5

The proof of Theorem 1.5 is divided into three steps.
Step 1: First, we prove that ¢y > —oco: By condition (D.1), it follows that

F
%—t(m,f,t)>0, e, £>m, teR.

By condition (D.2), we can prove that, for every ¢, the function
f(xafvt) = F(J),f,t) - /\lg

satisfies condition (A_) just as in the proof of Theorem 1.3 (see Subsection 3.2). Therefore, it follows from an
application of Theorem 4.2 that there exists a number ¢y € [—00, +00] such that problem (1.5) has at least one
solution u € W2P(Q), N < p < oo, fort < tg, but it has no solution for ¢ > to.

Step 2: Secondly, by condition (D.1) it follows from an application of Theorem 4.3 that ¢ty > —oo.

Step 3: Thirdly, we prove that ty < +o00: To do this, we apply Theorem 4.4.

Step 3-1: The condition (b) of Theorem 4.4 follows by combining conditions (D.3) and (D.1) with m := m;.
Indeed, we have, for all t5 > tq,

F($7£7t2) - Alf = (F(xﬂgvtl) - >\1£) + (F($7£7t2) - F(x7£7t1))
>C+hm1($)(t2—t1), &E>my.

This proves that

lflm-il-nf (F(J?,g,tg)—/\lf) ZC—Fhml(J)) (tg—tl), z € . (4.16)

If we take a number %2 so large that

¢ [oei(x)d

to >t — )
2 179 fQ Ty ()1 () dx

4.17)

and let

g(J?) = g + hml (J?)(tg - tl), X € ﬁ,

then we obtain from inequality (4.16) that

lim inf (F(z,& t2) = M&) 2 ¢+ h, (@) (T2 — 1) > g + hmy (2)(t2 — 1) = g(2), z€Q,

and further from inequality (4.17) that

/Q g (@) do = § / p1(@)do + (12— 1) / iy (@)1 () da > 0.
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18 K. Taira: Semilinear degenerate elliptic boundary value problems

This verifies condition (b.1) of Proposition 4.5 with h(z) := g(x).
Therefore, the desired condition (b) of Theorem 4.4 follows an application of Proposition 4.5.
Step 3-2: On the other hand, we make use of Proposition 4.6 to verify the desired condition (a) of Theorem 4.4.
(1) By using condition (D.2), we can find a constant v < A; and a negative number m such that we have, for
all & < my,

F(xvfatl) <~, z€ ﬁ

More precisely, there exists a constant ¢; such that
F(z,6,t1) — v >c1, €<mg, €.
In view of condition (D.1) (with m < & < my), this proves that
F(z,6,t) —vE> F(x,6,t) —vE>c, t>t, £ <mg, x€Q. (4.18)
(2) Furthermore, by condition (D.3) it follows that

F(l’,f,t)—’nyF("E,g,tl)—’yf: (F(fﬁ,g,tl)—)\lf)"‘()\l—7)£>C+(>\1 _7)5
>coi=c+ (M —y)my, t>ty, £€>my, x . 4.19)

(3) It is obvious that we have, for some constant cg,
F(z,6,t) =7 > F(x,6,t1) — v >c3, t>t, mog<&<my, €. (4.20)

Therefore, by combining inequalities (4.18), (4.19) and (4.20) we obtain that condition (a.1) of Proposition 4.6
holds true with k& := min (cy, ¢z, ¢3).

(4) Finally, we remark that condition (a.2) of Proposition 4.6 is a part of condition (D.1).

The proof of Theorem 1.5 is now complete. O

4.3 Proof of Corollary 1.7

In order to prove Corollary 1.7, we have only to verify all the conditions (D.1), (D.2) and (D.3) of Theorem 1.5
for the function F'(z, £, t) given by formula (1.6). Corollary 1.7 can be proved just as in the proof of Kazdan—
Warner [9, Corollary 3.12].

5 Existence of positive solutions

The purpose of this final section is to find a positive solution of the following semilinear elliptic eigenvalue
problem: Given a function f(z,£) defined on Q2 x R, find a positive function u(x) in €2 such that

Au =1 f(z,u(z)) in £,
5.1
Bu = a(m’)g—z +b(z")u=0 ond. ©-D

The next existence theorem of positive solutions of problem (5.1) extends Kazdan—Warner [9, Proposition 4.2]
to the degenerate case (cf. [6, Theorem 2.2]; [15, Theorem 4]):

Theorem 5.1 Assume that the nonlinear term f(x, ) satisfies the regularity condition (F.1) and further that
f(@,6) >0, (2,8 €QxR.

Then there exists a number to, 0 < tg < +o00, such that problem (5.1) has a positive solution for 0 < t < to, but
it has no positive solution for t < 0 andt > to. Moreover, we have the following two assertions (i) and (ii):
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(i) If we have the condition

lim inf M >0,
§—+o0 g

where liminfe_, |  is assumed to be uniform for x € Q, then it follows that 0 < ty < +oo0.

(ii) If we have the condition

N CRINE
EETOO 13 =0

where lim¢_, |  is assumed to be uniform for x € Q, then it follows that to = +o0c. Namely, problem (5.1)
has a positive solution for all t > 0.

Theorem 5.1 can be proved just as in the proof of Kazdan—Warner [9, Proposition 4.2].
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