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1 Introduction and main results

Let D be a bounded domain of Euclidean space RY, N > 2, with ¢ boundary
0D; its closure D = D U 0D is an N-dimensional, compact C® manifold with
boundary. In this paper we consider a second-order, uniformly elliptic differential
operator with real C* coefficients in divergence form

N 9 N

Au(x) = — Z %2 Z a’ (m)g—;)(x) + c(z)u(z).
Here:

i(g) = gt D " st
— — I’ — )
(1) a”(z) = a?*(z) for all z € D and 1 < i,j < N, and there exists a constant
ag > 0 such that

N
> a¥(@)€i&; > aol¢]® for all z € D and £ € RV,
ij=1
(2) ¢(z) >0 on D.

We study the following linear elliptic boundary value problem: Given function
f defined in D, find a function u in D such that

Au=f in D,
o , (1.1)
Bu = a(z") g5z +b(z")u =0 on dD.

Here:

(3) a € C*°(8D) and a(z') > 0 on OD.
(4) b€ C*>°(8D) and b(z') > 0 on ID.
(5) 8/0v is the outward conormal derivative associated with the operator A:

N
o i 0
ov - Z arng ox;’
i,j=1 ¢

where n = (n1,n2,...,ny) is the unit outward normal to the boundary 4D
(see Figure 1.1).

oD

Fig. 1.1 The unit outward normal n and the conormal v to D
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Remark 1.1 The terms a(x’)0u/0v and b(z')u of the boundary condition B are
supposed to correspond to reflection and absorption phenomena at the boundary
0D, respectively (see [64]). The situation may be represented schematically as in
Figure 1.2.

oD oD

absorption reflection

Fig. 1.2 The absorption phenomenon and the reflection phenomenon

It is worth pointing out (see [2, Definition 10.1], [35, Theorem 5]) that the
elliptic boundary value problem (1.1) is coercive (or non-degenerate) if and only if
either a(z’) > 0 on D or a(z’) = 0 and b(z’) > 0 on dD. In particular, if a(z’) = 1
and b(z') = 0 on 9D (resp. a(z’) = 0 and b(z’) = 1 on 9D), then the boundary
condition B is the Neumann (resp. Dirichlet) condition.

However, our boundary condition B is degenerate in the Lopatinski—Shapiro
sense (see [3, p. 633], [24, Chapitre V, condition (4.5)], [31, Chapter XX, Definition
20.1.1], [73, Chapter II, Condition 11.1]). This is due to the fact that the so-called
Lopatinski—-Shapiro complementary condition is violated at each point of the set

M = {2’ € 9D : a(z") = 0}

(see [60, Section 6.6]).

The present paper is amply illustrated; 1 table and 21 figures are provided
with appropriate captions in such a fashion that a broad spectrum of readers
could understand our problem and main results.

1.1 The closed realization 21

First, we study problem (1.1) in the framework of L? spaces. To do this, we as-
sociate with problem (1.1) a unbounded linear operator 2 from the Hilbert space
L?(D) into itself as follows:

(a) The domain of definition D(2) of A is the space
D) = {u € H*(D) = W>*(D) : Bu=0on aD}.

(b) Au = Au for every u € D(2).
Our starting point is the following theorem (see Theorem 2.1):

Theorem 1.1 Assume that the following hypotheses (H.1) and (H.2) are satisfied:
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(H.1) a(z’) > 0 and b(z’) > 0 on OD.
(H.2) a(z') +b(z") >0 on 6D.

Then the operator 2 is a non-negative, selfadjoint operator in the space LQ(D).
Moreover, the spectrum of 2L is discrete and the eigenvalues \; of 2 have finite multi-
plicities. In particular, the first eigenvalue A1 of U is positive and algebraically simple,
that is, 0 < A1 < A2, and the associated eigenfunction @1 € D(RL) is strictly positive
everywhere in D:

Apr =M g1 in L*(D),
By1 =0 on 0D,
p1 >0 in D.

Remark 1.2 A probabilistic meaning of condition (H.2) is that absorption phe-
nomenon occurs at each point of the boundary portion

M = {2’ € 9D : a(2") = 0},
while reflection phenomenon occurs at each point of the boundary portion
OD\ M = {2’ € 9D : a(2") > 0}.

More precisely, a Markovian particle moves continuously in the state space D\ M
until it “dies” at the time when it reaches the set M where the particle is definitely
absorbed (see Figurel.3).

oD

M ={a=0}

Fig. 1.8 A probabilistic meaning of condition (H.2)

We give a simple example of eigenvalue problems for the operator 2l in the
plane R? ([66, Theorem 2.3] and [32, Theorem II, formula (3)]):

Ezample 1.1 Let D = {(z1,22) € R? : 2% + 23 < 1} be the unit disk with the
boundary (unit circle) S = {(x1,72) € R? : 27 + 23 = 1}. For a local coordinate
system z1 = cos@, z2 = sinf with 6 € [0,27] on S, we define a function a(z1,z2)
as follows:

2 1
R <1_6«+9—%) for 6 € 0,%}7

a(z1,22) = a(cosb,sinf) =
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We consider the negative Laplacian —Ap with the degenerate Robin boundary
condition B in the unit disk D:

{—Au:ku in D,

Bu = a(ml,mg)g—z + (1 —-a(z1,2z2))u=0 onS.

Then we have the asymptotic expansion formula for the @-function

[ee] \/» 1
t) = exp[—Ajt] = — + ~— 4o ast 0.
J; 8Vt (x/)

1.2 Bifurcation theory for the semilinear elliptic boundary value problem

Now, as an application of Theorem 1.1 we consider global static bifurcation prob-
lems for the following semilinear elliptic boundary value problem: Let h(t) be a
real-valued function on R, not depending explicitly on z. For a real parameter ,
find a function u defined on D such that

Au—du+ f(u) =0 in D,
ou (1.2)
Bu = a(x )8—+b( #)Yu=0 on dD.

A solution u € C?(D) of the semilinear problem (1.2) is said to be nontrivial
if it does not identically equal to zero on D. We call a nontrivial solution u of
the semilinear problem (1.2) a positive solution (resp. negative solution) if u(x) >0
(resp. u(z) < 0) on D.

If the boundary condition B is non-degenerate such as the Dirichlet, Neumann
and Robin boundary conditions, then the exact number of solutions of the semilin-
ear elliptic boundary value problem (1.2) was studied by Ambrosetti-Prodi [12],
Amann [4], [6], Ambrosetti-Mancini [11], Berger [18], Berestycki [16] and Szulkin
[52]. See also Ambrosetti—Prodi [13], Runst—Sickel [49], Chang [23], Drdbek—Milota
[29] and the references therein.

This paper is a continuation of the previous papers [57] through [62] and [70]
in the case where the boundary condition B is degenerate as in Example 1.1.

By using the bifurcation theory from a simple eigenvalue due to Crandall—
Rabinowitz [26] (Theorem 3.3), we can prove that there exist precisely two non-
trivial branches of solutions of the semilinear problem (1.2) bifurcating at the point
(A1,0) where \; is the first eigenvalue of 2 (cf. [55, Theorem 3]). Theorems 1.3
and 1.4 below characterize them globally.

It is worthwhile pointing out here that the bifurcation solution curve (\,u) of
the semilinear problem (1.2) is “formally” given by the so-called Semenov approz-
imation in Chemistry ([51])

)\:)\1+¥. (1.3)

Indeed, Theorem 1.1 asserts that the first eigenvalue \; is the unique eigenvalue
corresponding to a positive eigenfunction of the operator 2. Hence, if we rewrite
the semilinear problem (1.2) as

tu )= (3 L)

u>0 1in D,
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then we have the equation
A=A L)
u

This proves the desired formula (1.3) (see Figure 1.4).

Fig. 1.4 The formal positive solution curve A = \; + @
U

(I) The asymptotically linear nonlinearity case: The first theorem is a general-
ization of Szulkin [52, Theorem 1.3] to the degenerate case:

Theorem 1.2 Assume that hypotheses (H.1) and (H.2) are satisfied and let \1 be the
first eigenvalue of A. Let f(t) be a function of class C! on R such that

£(0) = f'(0) = 0.
Moreover, we assume that

sup |f'(t)] < A1 — &  for some constant 0 < & < A1, (1.4)
teR

and further that the derivative f'(t) is strictly decreasing for t < 0 and strictly increas-
ing for t > 0 and that there exist constants k— > 0 and k4 > 0 such that

. 12 _
t—1>lr—noof (t) - ki’

lim f'(t) = k4.

t—+4o0
Then we have the following four assertions (see Figures 1.5 and 1.6):

(i) The point (A\1,0) is a bifurcation point of the semilinear problem (1.2). More pre-
cisely, the set of nontrivial solutions of the semilinear problem (1.2) consists of two
C' curves I'_ and I’y parametrized respectively by A as follows:

I ={nu-(\)eRxCMD): A <A< +k_},
F+:{()\,u+()\)) GRXC(b)Z)\l S)\<)\1—|—k+}.

The branch I'— is negative and the branch I'y is positive except at (A1,0).
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(i) The uniform norms |[u—(\)|| and ||ut(N)|| tend to co as A — A1 + k— and as
A — M\ + k4, respectively. In other words, A1 + k4 is a bifurcation point from
infinity for positive solutions and A1 + k— is a bifurcation point from infinity for
negative solutions, respectively.

(111) The semilinear problem (1.2) has no other positive or negative solutions for any
A> A

() The semilinear problem (1.2) has no other nontrivial solutions for X € [A1, A2].

Remark 1.3 If either ¢; := A1 + k4 > Ag or c2 := A\ + k— > A2, then we do not
describe the behaviors of I for A > As.

A+ ko

Fig. 1.5 The bifurcation curves I'y and I'_ in the case ¢ = A1 + k4 < min{cz, A2} = A2

Fig. 1.6 The bifurcation curves I'y and I'_ in the case co = A1 +k— < A2

For Theorem 1.2, we give a simple example of the function f(¢):
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Example 1.2 If k1 are constants such that
0< ks <X —6 for some constant 6 > 0,

then we let
ky (t+ 9 —3) fort>1,

£ = LE for0<t<1,
o kgt‘g for -1 <t <0,

k- (t+4 +3) fort<-1

The next corollary is a generalization of Szulkin [52, Corollary 1.4] to the
degenerate case:

Corollary 1.1 We let
cr:=min{\ +k_, A\ + ki),
co = InaX{)q +k_, 1+ k+} .
Then we have the following three assertions (see Figures 1.5 and 1.6):

(i) If \1 < X\ < min{c1, A2}, the semilinear problem (1.2) has two nontrivial solutions.
(i) If c1 < min{co, A2} and c1 < A < min{ca, A2}, the semilinear problem (1.2) has
one nontrivial solution.
(111) If c2 < A2 and ca < A < Ao, the semilinear problem (1.2) has no nontrivial
solutions.

(IT) The bounded nonlinearity case: The second theorem asserts that if the func-
tion f(t) is bounded, then the set of nontrivial solutions has properties considerably
different from Theorem 1.2. More precisely, we have the following generalization
of Szulkin [52, Theorem 5.1] to the degenerate case:

Theorem 1.3 Assume that hypotheses (H.1) and (H.2) are satisfied. Let f(t) be a
bounded, C' function on R such that

£(0) = f'(0) = 0.

Moreover, we assume that f'(t) is decreasing for t < 0 and increasing for t > 0, near
the origin t = 0, and further that

sup ’f’(t)‘ <X —3 for somed >0 andn > 0.
[t]<n

Then the semilinear problem (1.2) has at least four nontrivial solutions ui, uz, uz and
ug for each A € (A1, A1 + &) provided that € > 0 is sufficiently small (see Figure 1.7).

For Theorem 1.3, we give a simple example of the function f(¢):
Ezxzample 1.3 We let

—S%Jrg for t > 1,
f)=¢% for -1 <t<1,
for t < —1.

We may take n :=+1/A1 and § := A1 /4.
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u

I

)\1—|—5

Iy

Fig. 1.7 The semilinear problem (1.2) has at least four nontrivial solutions u1, uz, ug and ug4

The third theorem is a generalization of Szulkin [52, Theorem 5.2] to the de-
generate case, which asserts that the nontrivial solution branches turn back towards
the first eigenvalue Ap:

Theorem 1.4 Assume that hypotheses (H.1) and (H.2) are satisfied and let A1, A2 be
the first and second eigenvalues of 2, respectively. Let f(t) be a bounded, C' function
on R such that f(0) = 0 and f'(0) = 0. Moreover, we assume that there evists a
constant k > 0 such that

0<f'(t) <k<min{\i, 2 — A1} foralltecR. (1.5)

Then the set of nontrivial solutions of the semilinear problem (1.2), bifurcating at
(/\1,0), consists of two C' branches Iy and I'z. The branches It and 2 may be
parametrized respectively by s as follows (see Figure 1.8):

n= {(A(l)(s),ul(s)) ERxC(D):0<s< oo},

= {(A@)(s),m(s)) ceRxC(D):0<s< oo}l

Moreover, (A (0),u;(0)) = (A1,0) and AV (s) = Ay as s — oo, fori =1 and 2.
Remark 1.4 Condition (1.5) implies that the distance between A\; and A2 deter-
mines the rate of the linear growth of the nonlinearity.

For Theorem 1.4, we give a simple example of the function f(¢):
Ezample 1.4 If k is a constant such that

0<k< min{)\l,)\g —)\1},
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A2

Fig. 1.8 The bifurcation curves I'7 and I> “turn back” towards the first eigenvalue \;

then we let
k(- +32) fort>1,
f(t) = kB for -1 <t <1,

k(—%—%) for ¢t < —1.

1.3 Summary of the Contents

The rest of this paper is organized as follows.

In Section 2 we study the linear boundary value problem (1.1) in the frame-
work of L? spaces. Our class of semilinear second-order, elliptic boundary value
problems satisfies the maximum principle. Roughly speaking, this additional infor-
mation means that the operators associated with the boundary value problem (1.1)
are compatible with the natural ordering of the underlying function spaces. Conse-
quently, we are led to the study of nonlinear operator equations in the framework
of ordered Banach spaces. The material in this section is given for completeness,
to minimize the necessity of consulting many references.

By using the theory of ordered Banach spaces, we prove Theorem 1.1. More
precisely, we prove Theorem 2.1, which plays an essential role in the proof of
Theorem 1.2 in Section 4. On the way, we prove an existence and uniqueness
theorem for problem (1.1) in the framework of LP Sobolev spaces and Holder spaces
(Theorems 2.2 and 2.3). Our approach is based on various maximum principles for
second-order, elliptic differential operators with discontinuous coefficients such as
the weak and strong maximum principles (Theorems A.1 and A.2) and the Hopf
boundary point lemma (Lemma A.1) in the framework of LP Sobolev spaces.

Furthermore, the maximum principle tells us that the resolvent K of the linear
boundary value problem (1.1) is a positive operator in the framework of ordered
Banach spaces. In order to obtain an abstract formulation of this fact, we intro-
duce an ordered Banach subspace C.(D) of C(D) (see formulas (2.4) and (2.5)),
which combines the good properties of the resolvent K with the good properties
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of the natural ordering of C(D) (Proposition 2.2). The essential step in the proof
is Proposition 2.2 where the compactness and strong positivity of the resolvent
K: C(D) — Ce(D) are proved. Theorem 2.6 (or rather Theorem 2.1) is an im-
mediate consequence of the famous Krein—-Rutman theorem for strongly positive,
compact linear operators (Theorem 2.5).

Section 3 is devoted to elements of topological methods in nonlinear analysis
for the study of the semilinear elliptic boundary value problem (1.2). By using
the bifurcation theory from a simple eigenvalue due to Crandall-Rabinowitz [26]
and Dancer [27] (Theorems 3.3 and 3.4), we discuss the changes that occur in the
structure of the solutions of the operator equation F(A,u) = 0 as X varies near the
first eigenvalue A1 of the linear problem (1.1).

The Leray—Schauder degree is an important topological tool introduced by
Leray—Schauder [39] in the study of nonlinear partial differential equations. The
nontriviality of the degree guarantees the existence of a fixed point of the compact
mapping in the domain (Theorem 3.6). It should be emphasized that the more
precisely we know the degree the sharper we can estimate the number of fixed
points. This opens a door to the study of multiple solutions in nonlinear analysis.
The presentation here is taken from Brown [22], Chang [23] and Nirenberg [43].

In Section 4 we study the semilinear elliptic boundary value problem (1.2) and
prove Theorem 1.2. The semilinear problem (1.2) is reduced to the study of a
nonlinear operator equation for the resolvent K of problem (1.1)

AKu— K (f(u)=u in C(D). (1.6)

This nonlinear operator equation (1.6) is solved by using the theory of positive
mappings in the ordered Banach space Ce(D) (cf. [5], [27]), just as in Szulkin [52].
The idea of the proof of Theorem 1.2 may be stated as follows: By using Lemma
4.1, Lemma 4.5 and the implicit function theorem (Theorem 3.1), we can prove
that the nonlinear operator equation (4.1) has a unique positive solution u4 ()
for all A1 < A < A1 + k4, and that the branch I'y of positive solutions emanating
from (A1,0) is a C* curve given by the formula

Iy ={(A\u) eRxC(D):u=usr(A),\1 <A< +ky}.

The other branch I'_ is obtained in a similar way. Furthermore, it follows from
an application of Lemma 4.5 that no other positive or negative solutions exist for
A > Aq, and also |lut(A)|| = o0 as A = A\ + k4 and |lu—(N)]| = co as A — A +k—.
Finally, Lemma 4.6 tells us that there are no nontrivial solutions at A = A;.

The proof of Theorems 1.3 and 1.4 is based on the Lyapunov—Schmidt proce-
dure ([40], [50]) in Sections 6 and 7, which reduces an infinite-dimensional problem
to a finite-dimensional system. In Section 5 we apply the Lyapunov—Schmidt proce-
dure to the nonlinear operator equation (4.1) in the Banach space C(D) (Theorem
5.1). This section is the heart of the subject, which is based on the previous works
[57] and [58].

In Section 6 we prove Theorem 1.3 in the case where the nonlinear term f(t)
is bounded (Theorem 6.1). Our proof is based on an intermediate value argument,
just as in the proof of Szulkin [52, Theorem 5.1] (see also Landesman-Lazer [38]).
In the proof we make use of Amann—Ambrosetti-Mancini [7, Lemma 1.2] (Lemma
6.1).
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Section 7 is devoted to the proof of Theorem 1.4 in the case where the derivative
f'(¢) is bounded on R (Theorem 7.1). The proof of Theorem 1.4 is carried out by
using the global theory of positive mappings due to Dancer [27] (Theorem 3.4),
just as in the proof of Szulkin [52, Theorem 5.2].

In Section 8 we calculate the Leray—Schauder index of isolated critical points
in the framework of the Lyapunov—Schmidt procedure as in Section 5 (Theorem
8.1). Finally, we apply Theorem 8.1 (or Corollary 8.1) to the semilinear elliptic
boundary value problem (1.2) with A := A1, that is, the resonance case:

{Au—)\lu—l—f(u):o in D, )
Bu=0 on 0D.

We give sufficient conditions in order that this semilinear elliptic boundary value
problem at resonance has at least two nontrivial solutions (Theorem 8.2).

In the final Section 9, for the semilinear elliptic boundary value problem (1.2)
we give an overview of the classical Schauder theory in Szulkin [52] versus the L?
theory of pseudo-differential operators in the present paper (Table 9.1).

The weak and strong maximum principles (Theorems A.1 and A.2) and the
Hopf boundary point lemma (Lemma A.1l) are summarized in the Appendix.

2 Linear elliptic boundary value problems

In this section we consider the linearized boundary value problem (1.1) in the
framework of L? spaces, and prove Theorem 1.1. More precisely, we prove the
following theorem (see [53, Theorem 7.3], [55, Theorem 1]):

Theorem 2.1 Assume that hypotheses (H.1) and (H.2) are satisfied. Then we have
the following two assertions:

(i) The first eigenvalue A1 of A is positive and algebraically simple, and its associated
eigenfunction 1 is positive everywhere in D.
(ii) No other eigenvalues have positive eigenfunctions.

We remark that Taira [55, Theorem 1] proved Theorem 2.1 by making use of
the theory of Feller semigroups in functional analysis. In this paper we shall give
a simple and direct proof of Theorem 2.1 by making use of the theory of positive
mappings in ordered Banach spaces (cf. [5], [22], [29], [36]).

2.1 Function spaces

Let D be an open set in Euclidean space RY.
(I) First, we let

C(D) = the space of continuous functions in D.
If k is a positive integer, we let

C*(D) = the space of functions of class C* in D.
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Furthermore, we let

C(D) =the space of functions in C(D) having continuous extensions

to the closure D of D.
If k is a positive integer, we let
C* (D) =the space of functions in C*(D) all of whose derivatives

of order < k have continuous extensions to D.

Let 0 < 6 < 1. A function u defined on D is said to be uniformly Holder
continuous with exponent 6 in D if the quantity

[ufz) — uy)|

“ ayep  lr—yl®

is finite. We say that wu is locally Holder continuous with exponent 6 in D if it is
uniformly Hélder continuous with exponent 6 on compact subsets of D.
If 0 < 6 < 1, we define the Holder space CG(D) as follows:

C?(D) = the space of functions in C(D) which are locally Hélder

continuous with exponent 6 in D.

If k is a positive integer and 0 < 0 < 1, we define the Holder space Ck+0(D) as
follows:

C**9 (D) = the space of functions in C*(D) all of whose k-th order

derivatives are locally Holder continuous with exponent 6 in D.
Furthermore, we let

C%(D) =the space of functions in C(D) which are Hélder
continuous with exponent 6 on D,
and

9 (D) = the space of functions in C*(D) all of whose k-th order

derivatives are Holder continuous with exponent 6 on D.

Let k be a non-negative integer and 0 < § < 1. We introduce various seminorms
on the spaces C*(D) and C*+%(D) as follows:

(Wl oup = |DFul = sup sup [DPu(a)|,
” 0;D  zeD|g|=k
_ k _ B
oo = [Pe], = s [D74],

We can define the associated norms on the spaces C*(D) and C*+%(D) as follows:

k
B _ j
lullormy = lulyp = ]ZO ‘D u‘o;ﬁ’
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. o - k
lullgrsopy = luly o = lulyp + [P “}945

3

The Hélder spaces C**%(9D) on the smooth boundary 8D are defined to be
locally the Holder spaces Ck"'o(RN ~1), upon using local coordinate systems flat-
tening out 9D, together with a partition of unity.

(IT) Secondly, if 1 < p < oo, we let

LP(D) =the space of (equivalence classes of) Lebesgue measurable

functions u on D such that |u|” is integrable on D.

The space LP(D) is a Banach space with the norm

1/p
lull ooy = ( / \u(m)\pdx) .

If k is a positive integer and 1 < p < oo, we define a Sobolev space

W"P (D) = the space of functions u € LP(D) whose derivatives

D%u, |a| < k, in the sense of distributions are in LP(D).

The space W¥P(D) is a Banach space with the norm

1/p
lulwesiy = | 3 [ D@l ds | .
jol<k P

Furthermore, if the boundary 8D is smooth, we let

B*=1/PP(9D) =the space of the boundary values ¢ = u|sp
of functions u € WP (D).

In the space B*~1/PP(9D), we introduce a norm
@l gr—1/p.0(op) = inf {||u\|Wk.p(D) ¢ =ulpp for u e W’“”(D)} .

The space Bkil/m’((’)D) is a Banach space with respect to the norm |~\Bk_1/p,p(0D);
more precisely, it is a Besov space (cf. [1], [19], [71]).

2.2 Existence and uniqueness theorem for the linear problem (1.1)

In this subsection we study the linear elliptic boundary value problem (1.1) in
the framework of Holder spaces. To do so, we introduce a subspace of the Holder
space C1T9(AD) for 0 < 6 < 1, which is associated with the degenerate boundary
condition

Bu = a(x’)g—z +b(z")u
under hypotheses (H.1) and (H.2) in the following way: We let

CH0 (D) := a(2') C*0(0D) + b(z') C**P (0D)
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= {o = (@)1 +b(a')p2 : 1 € C'T0(@D), g2 € C*(0D)},
and define a norm
|olci+eppy = inf {\tpllcw@(aD) + |p2lceroapy @ = alz’)p1 + b(xl)w} :

Then it is easy to verify that the space ci”(ap) is a Banach space with respect

to the norm |- \Cl+e(8D). We remark that the space C17%(8D) is an “interpolation

space” between the spaces C2T%(0D) and C'T%(8D). More precisely, we have the
assertions

C+10(0D) = a(z’) ¢ (9D) + b(2') C*P(0D)
C?t9(aD) if a(z') = 0 on AD (the Dirichlet case),
Cc'*%(@D) if b(z') =0 on OD (the Neumann case),
Cc't9(oD) if a(z') > 0 on AD (the regular Robin case),

and, for general a(z’), the continuous injections
c**?op) c ¢t o) c ¢ (oD).

The purpose of this subsection is to prove the following theorem (see [54,
Theorem 1.1]):

Theorem 2.2 If hypotheses (H.1) and (H.2) are satisfied, then the mapping

(A,B): ¢**(D) — (D)@ ¢t (oD)

is an algebraic and topological isomorphism for all 0 < 6 < 1.

Proof The proof is divided into four steps.
Step 1: Let g be an arbitrary element of CQ(E)7 and ¢ an arbitrary element
of C1T?(8D) such that

o =a(@)p1 +b(x)p2, @1 €CTYOD), o2 € 0 (OD).

First, we show that the boundary value problem

Au = in D
{ugln, (2.1)

Bu=¢ ondD

can be reduced to the study of an operator on the boundary. To do this, we consider
the (purely) Neumann problem

ov (N)

Av =g in D,
on 0D.

E

By [30, Theorem 6.31], we can find a unique solution v in the space C*T%(D) of
the Neumann problem (N). Then it is easy to see that a function u in C**%(D)



16 K. Taira

is a solution of the boundary value problem (2.1) if and only if the function w =
u—v e C?t9(D) is a solution of the problem

Aw =0 in D,
Bw=¢—Bv ondD.

Here we remark that
Bv = a(azl)g—z +b(z" v = a(z")p1 + bz v,

so that
Bw = ¢ — Bv = b(z')(p2 —v) € C**° (D).

However, we know that every solution w € C>*%(D) of the homogeneous equation:
Aw =0 in D can be expressed as follows (cf. [31, Chapter XX], [49, Chapter 3]):

w="Py, pec*?oD).

Here the operator
P: ¢**%0D) — c*H(D)

is the Poisson kernel, that is, the function w = P is the unique solution of the
Dirichlet problem

Aw=0 1in D,
w=1 on JdD.
Thus we have the following proposition:

Proposition 2.1 For given functions g € C’O(E) and ¢ = a(x')p1 + b(a')p2 €
CH9 (D), there exists a solution u € C*t9(D) of the boundary value problem (2.1)
if and only if there exists a solution i € c*to (D) of the equation

Te := BPy = b(z')(p2 —v) on dD. (2.2)
Furthermore, the solutions u and v are related as follows:
u=v+ Py,
where v € C?1Y (D) is the unique solution of the Neumann problem (N).

Remark 2.1 The equation (2.2) is a modern version of the classical Fredholm integral
equation.

Step 2: We study the operator T in question. It is known (cf. [31, Chapter
XX], [49, Chapter 3]) that the operator

Ty = BPy = a(x) a% (PY) + b(a")v

is a first-order, pseudo-differential operator on the boundary 9D.
The next lemma is an essential step in the proof of Theorem 2.2 (see [66,
Lemma 6.1]):

Lemma 2.1 If hypotheses (H.1) and (H.2) are satisfied, then there exists a parametrix
E in the Hérmander class Lg’l/Q(aD) for T that maps C*+%(8D) continuously into
itself for all non-negative integers k.
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Proof By making use of [31, Theorem 22.1.3] just as in the proof of [65, Lemma
7.3], we can construct a parametrix E € L? 1/2(0D) for T

ET=TE=1 mod L™>°(dD).

The boundedness of E: C**t%(8D) — c**+%(9D) follows from an application of a
Besouv-space boundedness theorem due to Bourdaud [21, Theorem 1] (see [65, Theo-
rem 5.15] with m := 0, § := 1/2 and p := c0), since we have the assertion (see [71,
Chapter 1])

C**(0D) = B (0D).
The proof of Lemma 2.1 is complete. O

Step 3: We consider the boundary value problem (2.1) in the framework of
Sobolev spaces of LP style, and prove an LP version of Theorem 2.2 (see [69, Part
I11]).

We introduce a subspace of B'~Y/PP(9D) which is an L? version of C}+%(aD)
under hypotheses (H.1) and (H.2). We let

B '/PP(aD)
= {Lp = a2’ )1 + b2 )p2 : 91 € BTYPP(OD), oo € BQ*I/P»P(aD)} :

and define a norm

‘@'Bifl/p-,zs(aD)
= inf {|801|Bl—1/p,p(aD) + |<P2|B2—1/p,p(aD) L= a(l’/)@l + b(x/)gag} .

It is easy to verify that the space Bi_l/p’p(ﬁD) is a Banach space with respect to

the norm | - \Bi,l/p,p(aD).

Then we can obtain the following LP version of Theorem 2.2 (see [65, Theorem
1.1)):

Theorem 2.3 If hypotheses (H.1) and (H.2) are satisfied, then the mapping
(A,B): W2?(D) — LP(D) @ B~ "/"?(aD)
is an algebraic and topological isomorphism for all 1 < p < oo.
Step 4: Now we remark that
(D) c LP(D),
{C*HG(BD) c BI7YPP(9D).

Thus we find from Theorem 2.3 that the boundary value problem (2.1) has a
unique solution u € W2P(D) for any g € C?(D) and any ¢ = a(a')p1 + b(z )2 €
Ci"'e(@D). Moreover, by virtue of Proposition 2.1 it follows that the solution «
can be written in the form

u=v+Py, veC*T9D), v e B> /PPHOD).
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However, Lemma 2.1 tells us that
v e Cc?t (D),
since we have, by equation (2.2),
b= E(T6) = E (b(') (g2 —v))  mod C (D).
Therefore, we obtain that
u=v+PypeC* D).

The proof of Theorem 2.2 is complete. O

2.3 Proof of Theorem 2.1 — Part 1 —

First, we let
012;9(5) = {u e (D) : Bu=0on 8D}.

By Theorem 2.2, we can define a resolvent

K:C’(D) — Cc%(D)

for the linear problem (1.1) as follows: For any f € C?(D), the function u = K f €
C?*+%(D) is the unique solution of the problem

(1.1)

Au=f in D,
Bu=0 on dD.

Secondly, we let
Wé’p(D) = {U € WQ’p(D) : Bu=0on aD} .

By Theorem 2.3, we can define a resolvent

K: LP(D) — WZP(D)

for the linear elliptic boundary value problem (1.1) as follows: For any f € LP(D),
the function u = K f € W2P(D) is the unique solution of the problem

{Au:f in D, 1)

Bu=0 on oD.

Furthermore, by the Ascoli-Arzela theorem (see [30, Lemma 6.36]) it follows that
the operator K, considered as

K: (D) — c'(D),

is compact if N < p < oo. Indeed, by Sobolev’s imbedding theorem (see [1, Theorem
4.12, Part 1)) it suffices to note that the space WP (D) is continuously imbedded
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K: C(D) — LP(D) =5 W?P(D) — ¢*>"N/P(D) <= (D).
compactly

Fig. 2.1 The mapping properties of the resolvent K

into C2~N/P(D) with 2 — N/p > 1, for all N < p < co. The situation can be
visualized as in Figure 2.1.

Then it follows from an application of regularity theorem for the linear elliptic
boundary value problem (1.1) ([65, Theorem 7.1]) that v € LP(D) for 1 < p < oo
is a solution of the eigenvalue problem

Au = Au in D,
Bu=0 on 0D

if and only if it satisfies the operator equation

uw=AKu in C(D). (2.3)

2.4 Theory of positive mappings in ordered Banach spaces

We shall make use of the theory of positive operators in ordered Banach spaces
to study positive solutions of equation (2.3) (cf. [5], [22, Chapter 18], [29, Chapter
6], [36]).

Let X be a non-empty set. An ordering < in X is a relation in X that is
reflexive, antisymmetric and transitive:

(a) z <z for all x € X (reflexivity).
(b) If z <y and y < z, then we have x = y for all z and y € X (antisymmetry).
(¢) f z <yandy <z then we have z < z for all z, y and z € X (transitivity).

A non-empty set together with an ordering is called an ordered set.
Let V be a real vector space. An ordering < in V is said to be linear if the
following two conditions are satisfied:

(i) f z,y € V and = <y, then we have x + 2 <y +z for all z € V.
i z,y €V and z < y, then we have ax < ay for all a > 0.
i) If V and h h f 11 0

A real vector space together with a linear ordering is called an ordered vector space.
Ifz,y € Vand z < y, then the set [x,y] = {2z € X : 2 < z < y} is called an order
interval.
Let V be an ordered vector space. If we let

Q={zeV:z>0},
then it is easy to verify that the set @ has the following two conditions:

(iii) If =, y € Q, then az + By € Q for all a, B > 0.
(iv) If z # 0, then at least one of x and —z does not belong to Q, or equivalently,

QN (-Q) = {0}.
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The set Q is called the positive cone of the ordering <.
Let E be a Banach space E with a linear ordering <. The Banach space F is
called an ordered Banach space if the positive cone

Q={zecE:z>0}

is closed in E. We say that Q is generating if, for each z € E there exist vectors
u, v € @ such that x = u — v. It is to be expected that the topology and the
ordering of an ordered Banach space are closely related if the norm is monotone:
If 0 <wu <w, then [Ju| <.

For z, y € E, we write

x>y ifz—ye@\{0}.

If the interior Int (Q) is non-empty, then we write
z>y ifx—yelnt(Q).
Here we give two simple but important examples of ordered Banach spaces:

Ezample 2.1 Let E =RY, and let

RN’+:{x:(xl,xg,...,xN)eRN:miz()forall1§i§N}.

For any u, v € RY, we write u < v if v —u € RNF. Then it is easy to see
that (RN7 RN, g) is an ordered Banach space and that the norm is monotone.

Moreover, the positive cone RY'T is generating. We remark that
Int (RN’+) = {x: (z1,22,...,2N) € RY: z; >0forall 1 <i< N}.

Ezample 2.2 Let E = C(D) be the set of real-valued, continuous functions on the
closure D, and let
P={ueC(D):u(z)>00on D}.

For any u, v € C(D), we write u < v if v —u € P. Then it is easy to see that
(C(D), P) is an ordered Banach space and that the norm is monotone. Moreover,
the positive cone P is generating. We remark that

Int (P) = {ue C(D):u(z)>00n D}.
A linear operator L: E — E is said to be positive if L maps P into itself:
L:P— P

A linear operator L: E — F is said to be strictly positive if L maps P \ {0} into
itself:
L: P\ {0} — P\ {0}.

A linear operator L: E — FE is said to be strongly positive if Lz is an interior point
of P for every z € P\ {0}:

L: P\ {0} — Int (P).
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A linear operator L: E — E is said to be compact if it is continuous (bounded)
and maps bounded sets into relatively compact sets.

The next famous Krein—-Rutman theorem for strongly positive, compact linear
operators will play a fundamental role in the sequel (see [36, Chapter 2], [23,
Theorem 3.6.12], [29, Chapter 6, Theorem 6.3.35]):

Theorem 2.4 (Krein—Rutman) Let E be an ordered Banach space with total posi-
tive cone P. Assume that T: E — E is a compact linear operator such that its spectral
radius

r(T) = lim {/||TF|
k— oo

is positive. Then r(T) is an eigenvalue of T with eigenvector in P and an eigenvalue
of the dual operator
T":E* — E*

with eigenvector in the dual wedge P* of P, respectively. Here

P* = the space of all continuous, positive linear functionals on E.

Ezample 2.3 (Perron—Frobenius) Let (RN, RNV, §> be the ordered Banach space

in Example 2.1. If L = (a;;) is a transition matriz of positive entries a;; of a Markov
chain such that

N
Zaijzl for each 1 <i < N,
j=1
N
Zakal foreach 1 <j <N,
k=1

then it follows that L: E — FE is a linear, compact and strongly positive operator.

It is easy to see that
r(L) =

VI =1,

zo=(1,1,...,1) e RV,

lim
n—oo

This is a special case of the classical Perron—Frobenius theorem.

Furthermore, we can obtain a sharp version of Theorem 2.4 in the case where
the operator T: E — E is strongly positive ([29, Chapter 6, Theorem 6.3.35]):

Theorem 2.5 (Krein—Rutman) Let E be an ordered Banach space with positive
cone P having non-empty interior Int (P). Assume that

T:E—FE

is a strongly positive, compact linear operator. Then we have the following five asser-
tions:

(i) The spectral radius v(T') is positive.

(it) r(T) 4s an algebraically simple eigenvalue of T having a positive eigenvector
zo € Int (P): Txo = r(T)zo. There exist no other eigenvalues with a positive
etgenvector.
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(i11) r(T) is an algebraically simple eigenvalue of the dual operator T*: E* — E*
having a strictly positive eigenvector xzf € P* \ {0}. Namely, z§ satisfies the
condition

(z,20) >0 for allz € P\ {0}.

(i) For every y € P\ {0}, the equation
Aex—Tx=y

has ezactly one positive solution if A > r(T'), and no positive solution for X < r(T).
The equation
r(Te—Tz = —y

has no positive solution.
(v) For every continuous linear operator S satisfying S > T, we have the assertion

r(S) > r(T).
If S — T is strongly positive, then we have the assertion

r(S) > r(T).

2.5 The ordered Banach space Ce(D)

Now we introduce an ordered Banach space that is associated with the operator
(see Figure 2.1)
K: (D) — c'(D).

To do this, we need the following lemma (see [56, Lemma 3.7]):
Lemma 2.2 Assume that hypotheses (H.1) and (H.2) are satisfied. If v € C%(D) with

0 <6 <1andifve P\{0}, then the function u = Kv € C*T%(D) satisfies the
following three conditions:

(a) uw(z') =0 on M = {2’ € OD : a(z’) = 0}.
(b) u(z) >0 on D\ M.
(¢) For the conormal derivative Ou/Ov of u, we have the inequality

g—:j(x/) <0 onM.

In particular, the operator K: C(D) — C(D) is strictly positive:
v>0 = Kv>0.

Proof The proof of Lemma 2.2 is divided into three steps.
Step 1: First, since the function u = Kv € C**%(D) satisfies the condition

Au=v >0 in D,

it follows from an application of the weak maximum principle (Theorem A.1) that
the function v may take its negative minimum only on the boundary dD.
However, we have the following claim:
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Claim 2.1 The function uw = Kv does not take its negative minimum on the boundary
0D. In other words, the function u is non-negative on D.

Proof Our proof is based on a reduction to absurdity. Assume, to the contrary,
that there exists a point z(, € D such that

u(z() < 0.
If a(z)) = 0, then we have, by condition (H.2),
0 = Bu(zg) = b(x()u(zp) < 0.

This is a contradiction.
If a(z) > 0, then it follows that

Au(z) =v(z) >0 for all z € D,
u(zp) = mingu < 0,
w(z) > u(zy) for all x € D.

Thus it follows from an application of the Hopf boundary point lemma (Lemma
A.1) that

0
a—Z(xé) <0.

However, by hypotheses (H.1) and (H.2) it follows that
a(z") +b(z') >0 on aD.

Hence we have the assertion

0 = Bu(wh) = alab) 92 () + blab)u(xb) < a(wh) e (zh) < 0.

This is also a contradiction. O
Step 2: Furthermore, we have the following claim:
Claim 2.2 The function u = Kv is strictly positive in D, that is,
u(z) = Kv(z) >0 in D.

Proof Our proof is based on a reduction to absurdity. Assume, to the contrary,
that there exists a point xg € D such that

u(zo) = 0.
Then we obtain from the strong maximum principle (Theorem A.2) that
u(z) =0 in D,

so that
v=Ku=0 in D.

This contradicts the condition that v is not the zero function in D. m|
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Step 3: If there exists a point z(, € D such that
u(zo) = Kv(zg) = 0,
then we have, by Claims 2.1 and 2.2,

Au(z) =v(x) >0 for all z € D,
u(z() = mingu = 0,

u(z) >0 forall z € D.

Thus it follows from an application of the Hopf boundary point lemma (Lemma
A.1) that

ou
so that
a(:):6) =0,

since we have 9
u
0 = Bu(x) = a(z0) 5 (w0) = 0.
Conversely, if a(z(,) = 0, then we have, by condition (H.2),
b(xp) > 0,
and so
u(zp) =0,
since 0 = Bu(z() = b(x() u(xp).
Summing up, we have proved that
w@) =0 < 2/ € M,
w(lz) >0 < z€ D\ M.
This proves the desired assertions (a) and (b).

Assertion (c) is an immediate consequence of the Hopf boundary point lemma
(Lemma A.1), since the function u attains its minimum 0 at the set M.

Finally, in order to prove the positivity of K: C(D) — C(D), let v be an
arbitrary function in C(D) such that v > 0 and v Z 0 on D. Then, by using
Friedrichs’ mollifiers we can find a sequence {v;} C C 1(D) satisfying the conditions

v; >0 onD,
vj — v in C(D).

Hence we have, by assertions (a) and (b),
va cC? (5),

Kv; >0 on D,
Kv; — Kv  in C(D).

This proves that
Kv>0 onD.

The proof of Lemma 2.2 is complete. ad
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If we let
e(z) := (K1)(z), (2.4)

it follows from an application of Lemma 2.2 that the function e € C?*%(D) satisfies
the conditions

e(z’y=0  on M,
e(z) >0 on D\ M,
de , ,
a—y(x )<0 on M.
By using the function e = K1, we introduce a subspace of C(D) as follows:
Ce(D) (2.5)
={ue C(D): there is a constant ¢ > 0 such that —ce <u < ceon D}

= U [—ce,ce].

>0
The space Ce(D) is given a norm by the formula
lulle =inf {¢ >0: —ce <u<ceon D}.
By rescaling, we may assume that

el| ~ 7y = maxe(z) = 1.
lelle ) = ma e(a)

Then we have the inequality
—ce(z) <wv(z) <ce(x) on D for all v € Ce(D),

and so -
||v||0<5) <c ”3”0(5) =c for all v e Ce(D).

This proves that -
”U”C(ﬁ) <|lvll, for all v e Ce(D).

Namely, the injection
Ce (5) — C(ﬁ)

is continuous.
If we let
Pe=Ce(D)NP ={u€cCe(D):u>0o0n D},

it is easy to verify that the space Cc(D) is an ordered Banach space having the
positive cone P. with nonempty interior.

The next proposition will play an important role in the proof of Theorem 1.2
(see [70, Proposition 2.2]):

Proposition 2.2 The operator K maps C(D) compactly into Ce(D):

K:C(D) —  Ce(D).
compactly
Moreover, K is strongly positive, that is, if v € P\ {0}, then the function Kv is an
interior point of Pe:
veEP\{0} = Kvelnt (P).



26 K. Taira

Proof The proof is divided into three steps.
Step (i): First, by the positivity of K we find that K maps C(D) into Ce(D).
Indeed, we have, for all v € C(D),

<v(@) < |vlgm), on D.

- ||v||c(5)
Hence it follows from the positivity of K that
- ||UHC(5) -K1(z) < Kv(z) < H”Hc(ﬁ) -K1(z) on D.

This proves that
—ce< Kv<ce onD,

with ¢ = H”Hc(ﬁ)-
Step (ii): Next we prove that

K: C(D) — Ce(D)
is compact. To do this, we let
Ch(D) = {ueC'(D): Bu=0onoD}.

Since K maps C(D) compactly into Cg(D), it suffices to show that the inclusion
mapping
v: C5(D) — Ce(D) (2.6)

is continuous. The situation can be visualized as follows (see also Figure 2.1):

K:C(D) << Cp(D) - C(D).
compactly

(ii-a) We verify that : maps C(D) into Ce(D). Let u be an arbitrary function
in CL(D). Since we have, for some neighborhood w of M in 9D,

{b(x’) >0 inw,

g—i(x/) <0 inw,

it follows that

() e o
SRE I

Hence there exists a constant ¢; > 0 such that

lu(z')| < cre(z’)  in w.

Thus, by using Taylor’s formula we can find a neighborhood W of w in D and a
constant cz > 0 such that

|u(z)| < cge(z) in W.
On the other hand, since we have, for some constant o > 0,

e(z) >a on D\W,
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we can find a constant c3 > 0 such that

u(z)
e(z)

Therefore we have, with ¢ = max{ca, c3},

<ec3 OHE\W.

—ce(z) <u(x) <ce(z) on D.

This proves that v € Ce(D).
(ii-b) Now we show that the inclusion mapping

1: C5(D) — Ce(D) (2.6)

is continuous. To do so, we have only to prove the closedness of ¢, since its continuity
follows immediately from an application of Banach’s closed graph theorem ([74,
Chapter II, Section 6, Theorem 1]).

We assume that

Uj S Cé(ﬁ),
uj —u in CL(D),
uj — v in Ce(D).

Then there exists a sequence {c;}, ¢; — 0, such that
et = ©lle < e llell-

Hence we have the assertion

and so

This proves the closedness of .
Step (iii) It remains to prove the strong positivity of K, that is, K (P \ {0}) C
Int (Pe).
(iii-a) We show that, for every v € P\ {0} there exist constants 8 > 0 and v > 0
such that
Be(x) < Kv(z) <vye(z) on D. (2.7)

By the positivity of K, we may modify the function v in such a way that v € C*(D).
Furthermore, since the functions u = Kv and e = K1 vanish only on the set

M = {2’ € 9D : a(2") = 0},
it suffices to prove that there exists a neighborhood W of M in D such that
Be(z) <u(r) in W. (2.8)
We recall (see Lemma 2.2) that we have, in a neighborhood w of M in 8D,
u = _a(m’) ou inw
B b(x') ) v ’
u

— <0 in w,
ov
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= (i) e

8—V<0 n w.

Thus we have, for g8 sufficiently small,

and

w(@') — Be(z’) >0 inw,

a%(u —Be)(#') <0 inw.
Therefore, by using Taylor’s formula we can find a neighborhood W of M in D
such that
u(z) — Be(z) >0 in W.

This proves the desired inequality (2.8).

(iii-b) Finally, we show that the function v = Kwv is an interior point of Pe.
Take

B

= 57
where $ is the same constant as in estimate (2.7). Then, for all functions w € Ce(D)
satisfying

3

lw— Kvlle < ¢,
we have, by estimate (2.7),
w< Kv+ee<(y+e)e,

and also

=)

wZvaseZEe:se on D.
This implies that
Be (Kv,g) :={w € Ce(D) : ||lw — Kvl|le <e} C Pe,

that is, the function Kwv is an interior point of Pe.
The proof of Proposition 2.2 is now complete. O

The situation of Proposition 2.2 can be visualized as in Figure 2.2.

c(@) —E— c.(D)

| I

P\ {0} T) Int (Pe)

Fig. 2.2 The mapping properties of the resolvent K in the ordered Banach spaces C(D) and
C.(D)

Now we consider the resolvent K as an operator in the ordered Banach space
C.(D), and prove important results concerning its eigenfunctions and correspond-
ing eigenvalues.
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First, Proposition 2.2 tells us that the operator

K: Ce(D) — Ce(D)

is strongly positive and compact. This implies that K has a countable number
of positive eigenvalues p; which may accumulate only at 0. Hence they may be
arranged in a decreasing sequence

pZ s > > gy > >0,

where each eigenvalue is repeated according to its multiplicity.
The next theorem characterizes the eigenvalues and positive eigenfunctions of
K:

Theorem 2.6 The resolvent K, considered as an operator K: Ce(D) — Ce(D), has
the following spectral properties:

(i) The largest eigenvalue i is algebraically simple, that is, p1 > p2, and has a
positive eigenfunction ¥1: K1 = p1 1.
(it) No other eigenvalues, pj, j > 2, have positive eigenfunctions.

This theorem is an immediate consequence of the Krein—Rutman theorem
(Theorem 2.5).

2.6 Proof of Theorem 2.1 — Part 2 —

By assertion (2.3) and Figure 2.2, it is easy to see that
u=Au in L?*(D) <= u=AKu in C(D)
— Ku= %u in Ce(D).

Therefore, Theorem 2.1 (and hence Theorem 1.1) is an immediate consequence of
Theorem 2.6. O

3 Elements of topological methods in nonlinear analysis

This section is devoted to elements of topological methods in nonlinear analysis
for the study of the semilinear boundary value problem (1.2). For detailed studies
of topological methods in nonlinear analysis, the reader is referred to Ambrosetti—
Malchiodi [8], Ambrosetti-Prodi [13], Brown [22], Chang [23], Chow—Hale [25],
Drébek-Milota [29], Nirenberg [43], Papageorgiou-Radulescu-Repovs [44] and Zei-
dler [75].

First, by making use of bifurcation theory from a simple eigenvalue essentially
due to Crandall-Rabinowitz [26] and Dancer [27], we discuss the changes that
occur in the structure of the solutions of F(A,u) = 0 as A varies near the first
eigenvalue A\ of the linear problem (1.1) (Theorems 3.3 and 3.4).

The Leray—Schauder degree is an important topological tool introduced by
Leray—Schauder [39] in the study of the semilinear boundary value problem (1.2).
The nontriviality of the degree guarantees the existence of a fixed point of the
compact mapping in the domain (Theorem 3.6).
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3.1 Local properties of differentiable mappings

Let X, Y be Banach spaces. Let U be a subset of X. A map f: U — Y is said
to be compact if it is continuous on U and maps bounded sets in U into relatively
compact sets in Y.

Let U be an open set in X and let f: U — Y be a map. We say that the map f
is (Fréchet) differentiable at a point x € U if there exist a continuous linear operator
A: X — Y and a map v defined for all sufficiently small » in X, with values in Y,
such that

{f(w +h) = f(x) + Ah+ || bl (h),
limy, 0 ¢(h) = 0.

We remark that the continuous linear operator A is uniquely determined by f and
x. The operator A is called the (Fréchet) derivative of f at z, and is denoted by
Df(z) or f'(z). A map f is said to be (Fréchet) differentiable on U if it is (Fréchet)
differentiable at every point of U. In this case, the derivative Df is a map of U
into the Banach space B(X,Y) of all continuous (bounded) linear operators:

Df: U — B(X,Y)
ur— Df(u).

If in addition Df is continuous from U into B(X,Y), we say that f is of class C*.
If the derivative Df is differentiable at a point x € U (resp. in U), we say
that f is twice differentiable at x (resp. in U). The derivative of Df at x is called
the second derivative of f at z, and is denoted by D?f(x). This is an element of
the Banach space B(X, B(X,Y)) which can be naturally identified with the space
B2(X,Y) = B(X, X;Y) of all continuous bilinear mappings of X x X into Y.

By induction on k, we define a k times differentiable mapping f of U into YV
as a (k — 1) times differentiable mapping whose (k — 1)-th derivative D*~1f is
differentiable in U. The derivative D* f = D(D*~1f) is called the k-th derivative
of f. The derivative Dkf(x) at a point x € U can be identified with an element of
the space Bg(X,Y) of all continuous k-linear mappings of X x --- x X into Y. A
map f: U — Y is said to be of class C" (r > 2) in U if all the derivatives D* f exist
and are continuous in U for 1 < k <r.

Here it is worthwhile pointing out that if X = R, then the space B(X,Y) can
be identified with the space Y, so the space Bi(R,Y) can be identified with the
space Y for general k > 2.

Now we assume that the Banach space X is the product space of two Banach
spaces X1 and Xa:

X = X1 X XQ.

For each point * = (x1,72) € U C X, one can consider the partial mappings

Fi:up — f(u1,2),
Fo: ug —> f(fE17’LL2)

of open subsets of X; and X5 respectively into Y. We say that f is differentiable
with respect to the first (resp. second) variable if the mapping Fi(ui) (resp. Fa(uz2))
is differentiable at z1 (resp. at x2). The derivative DF;(x1) (resp. DF2(z2)) is an
element of the Banach space B(X1,Y) (resp. B(X2,Y)), and is called the partial
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(Fréchet) deriwative of f at (z1,x2) with respect to the first (resp. second) variable.
We write

Dy, f(x1,22) = DFy (1),
D,er(zl,mg) = DFQ(l’Q)-

We can define inductively the partial (Fréchet) derivatives Dlzngﬁ2 f for general k
and /.

The process of linearization provides a key link between the linear and nonlin-
ear theories of partial differential equations. Our basic tool is the implicit function
theorem (cf. [43, Theorem 2.7.2], [23, Theorem 1.2.1], [29, Theorem 4.2.1]):

Theorem 3.1 (the implicit function theorem) Let X, Y, Z be Banach spaces,
and let f be a C" map (r > 1) of an open subset U x V of X XY into Z. Assume that
the derwative Dy f(zo,y0): Y — Z is an algebraic and topological isomorphism at a
point (zo,y0) of U x V. Then there exist neighborhoods Uy of zo and Wy of f(zo,yo0)
and a unique C" map g: Up x Wy — V such that

f(z,g(z,w)) =w for all (z,w) € Uy x Wp.

The local inverse mapping theorem provides a criterion for a map to be a local C”
diffeomorphism in terms of its derivative (see [43, Corollary 2.7.3], [23, Theorem
1.2.3], [29, Theorem 4.1.1]):

Theorem 3.2 (the local inverse mapping theorem) Let X, Y be Banach spaces,
and let f be a C" map (r > 1) of an open subset U of X into Y. Assume that the
derivative f'(x0): X — Y is an algebraic and topological isomorphism at a point xo
of U. Then the map f is a C" diffeomorphism of some neighborhood of xg onto some
neighborhood of f(zo).

3.2 Bifurcation theory from a simple eigenvalue

Now we study the operator equation of the following form
f(\z) =0, (3.1)

where f depends on a real parameter A. In other words, f(\,z) is a nonlinear
operator, depending on the parameter A, which operates on the unknown vector x.
One of the first questions to be answered is whether or not the equation f(\, z) =0
has any solution z for a given value of A. If it does, the question of how many
solutions it has arises, and then how this number varies with A. Of particular
interest is the process of bifurcation whereby a given solution of f(A,z) = 0 splits
into two or more solutions as A passes through some critical value ;.

Now let f(X,z) be a C¥ map, k > 3, of a neighborhood of (A1,0) in a Banach
space R x X into a Banach space Y such that

F(A1,0) =0.

The point (A1,0) is called a bifurcation point of the operator equation f(A,z) =0
if every neighborhood of (A1,0) in R x X contains a solution (A, z) with = # 0.

The next theorem gives sufficient conditions in order that the point (A1,0) is
a bifurcation point of the map f (cf. [26, Theorem 1.7], [29, Chapter 4, Theorem
4.3.22], [43, Theorem 3.2.2]):
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Theorem 3.3 (Crandall-Rabinowitz) Let f(\, z) be a C* map, k > 3, of a neigh-
borhood of (A1,0) in a Banach space R X X into a Banach space Y such that

F(A1,0) =0.

Assume that the following four conditions are satisfied:

(i) Dxf(A1,0) = 0.

(1i) The null space N (Dgf(A1,0)) is one-dimensional, spanned by a vector xg.
(1ii) The range R (Dgf(A1,0)) has codimension one in the space Y.
(iv) D3f(A1,0) € R(Dgf(A1,0)) and DyDef(A1,0)z0 & R (D f(A1,0)).

Then the point (A1, 0) is a bifurcation point of the operator equation (3.1). In fact,
the set of solutions of f(A\,x) = 0 near (A1,0) consists of two C*~2 curves I't and
I’y intersecting only at the point (A\1,0). Furthermore, the curve I'y is tangent to the
A-azis at (A1,0) and may be parametrized by A as

M={(Az1(N) : A= \f <&},
while the curve I'x may be parametrized by a variable s as
Iy = {(N\2(s), sz0 + z2(s)) : |s| < e}.

Here

22(0) = %2(0) —0, Aa(0) = AL

In the case f(A,0) = 0 for all |A\— 1| sufficiently small, we have a trivial solution
x = 0 available; so the curve I is in the M\-axis (see Figure 3.1).

AL I
0/ A

Fig. 3.1 The bifurcation curves Iy and I in the case f(A,0) =0

The next theorem asserts the existence of global solution branches for positive
mappings due to Dancer [27, Corollary to Theorem 2] (cf. Rabinowitz [47, Theorem
1.3], Amann [5, Theorem 18.3]):

Theorem 3.4 (Dancer) Let E be an ordered Banach space with total positive cone
P. Let

A:RxE —FE
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be a completely continuous map that satisfies the conditions
A(0,z) =0 forz € E,
AN\ 0)=0 for XeR.

Assume that there exist a linear operator B: E — E and a map F': R X E — E such
that

AN\, z) =ABz + F(\ ),
where
IEz)| =o(|zll) asz— 0 in E, locally uniformly in X € R.
We let
Cp(B) :={X € [0,00) : There exists an x € P with ||z|| = 1 such that A Bx = x}.
If the spectral radius r(B) is positive, then the component of the set
Dp(A) ={(\,z) €[0,00) x P:z=A(\x), z # 0} U ({0} x Cp(B))

containing (1/r(B),0) is unbounded in R x E. Moreover, the point (1/r(B),0) is a
bifurcation point of the nonlinear operator equation x = A(X, z) to the trivial solution
(see Figure 3.2).

Dp(A)

1/r(B)

Fig. 3.2 The point (1/7(B),0) is a bifurcation point of the nonlinear operator equation z =
A(\, z) to the trivial solution

Remark 3.1 Some remarks are in order:

(i) The operator B: E — FE is compact. Hence the set Cp(B) is a countable set
with no finite limit point.

(ii) If P has non-empty interior Int (P) and if B is a strongly positive, then it fol-
lows from an application of the Krein-Rutman theorem (Theorem 2.4) that
r(T) > 0. Hence, the sharp version of the Krein-Rutman theorem (Theorem
2.5) applies.
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3.3 Brouwer degree

In this subsection we consider the following situation:

(a) £2is a bounded open set in R™ with boundary 942.
(b) f=(f1,...,fn): 2 — R™ is a continuous map.
(c) pis a point of R" such that f(z) # p for all z € 412.

For each triplet (f, £2,p), we define an integer-valued function deg(f, £2,p) in three
steps (see [22], [23], [29], [43], [75]):
(i) The regular value case: Let f € C1(2,R™) N C(2,R"). We say that p is a
reqular value of f if the Jacobian determinant
ofh Ofh . 0N
oxr, Oxa oL

Of2 Ofs . Of2
oxry Oxa Oxn

Jf(I) = det

Ofn Ofn . Ofn
Oxr, Ozo ox.,

is different from zero for every = € f~(p), where

F ) ={z € 2: f(z) =p}.

It is easy to see that if p is a regular value of f, then the set f~'(p) is a finite
set. Thus we can define an integer deg(f, £2,p) for any regular value p of f by the
formula

1 J .f -1 @7
s 2078

The integer deg(f, 2,p) is called the Brouwer degree of the map f with respect to
the set 2 and the point p.

(ii) The singular value case: Let f € C1(£2,R") N C(2,R™). In order to define
the Brouwer degree for any value p of f, we make use of the following theorem:

(3.2)

Theorem 3.5 (Sard) Let f € C*(£2,R™). If we define the set Sy of singular points
of f by the formula
Sy ={x € 2:Js(zx) =0},

then the Lebesgue measure of f(Sy) is equal to zero.

If p is a point of f(Sf), by virtue of Sard’s theorem we can find a sequence
{p;} of points in R"™ such that

pj —D as j — oo,

pj # f(z)  for each x € 902 and all j € N.
Then we define the degrees deg(f, 2,p;) by formula (3.2). We can show that the
limit

lim deg(f, £2,p;)
j—o00

exists and is independent of the approximation sequence {p;} chosen.
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Thus we can define the Brouwer degree for any value p of f as follows:
deg(f, 2,p) = lim deg(f, £2,p;). (3.3)
j—oo

(iii) The general case: Let f € C(£2,R"™). By using the Weierstrass approxima-
tion theorem, we can find a sequence {f;} of polynomials such that

fi — f  umiformly on 2 as k — oo,
p # fr(z) for each x € 82 and all k € N.

Then we define the degrees deg(fx, £2,p) by formula (3.3). We can show that the
limit

lim deg(f, £2,p)

k— o0

exists and is independent of the approximation sequence {f;} chosen.
In this way, for any map f € C(£2,R") and any point p € R™\ f(9£2) we can
define the Brouwer degree, deg(f, 2,p), by the formula

deg(f,2,p) = kli_{& deg(fx, 2,p).

The Brouwer degree enjoys some basic properties (see [22, Chapter 9)):

(i) (Normalization property): If I: 2 — R™ is the identity map and p € R™, then
we have the formula

1 ifpe

(ii) (Translation invariance property): deg(f, 2,p) = deg(f — p, £2,0).
(iil) (Domain additivity property): If (21, {22 are disjoint open subsets of 2 and a
point p € £2 such that p & f (£2\ (£21 U £22)), then we have the formula

deg(f, 2,p) = deg (flgr 21,p) + deg (flg;. 22.p) -

Here f|y is the restriction of f to V.
(iv) (Solution property): If deg(f,2,p) # 0, then there exists a point = € {2 such
that

f(z)=p.
(v) (Excision property): Let 29 be an open subset of 2 such that
f(z)#p forallz e 2\ N,

then we have the formula

deg(f, 2,p) = deg(f, 20, p).

(vi) (Homotopy invariance property): For every family h(-,t): £2 x [0,1] — R™ of
compact maps such that h(z,t) # p for all (z,t) € 02 x [0,1], the integer

deg (h(- 1), £2,p)

is independent of ¢ € [0, 1].
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3.4 The Leray—Schauder degree

The Leray—Schauder degree is an extension of the Brouwer degree to mappings
defined on an infinite dimensional real Banach space. The Brouwer fixed-point
theorem asserts that a continuous map f of a closed, bounded convex set K C R"
into itself has a fixed point. This is no longer true in infinite dimensions. In infinite-
dimensional spaces, we must require more of f than mere continuity (see [22], [23],
[29], [43], [75]).

Let X be a real Banach space and let 2 be a bounded and open subset of X
with boundary 9£2. A continuous map

fi2—X

is said to be compact if it maps bounded sets in (2 into relatively compact sets of
X. It should be emphasized that f: 2 — X is compact if and only if f is a uniform
limit of mappings whose ranges lie in finite-dimensional subspaces.

The Leray—Schauder degree deg (f, 2, p) of a compact perturbation f =1 — K
of the identity map I at a point p € X and relative to {2 can be defined by an
analogue of the Galerkin approximation procedures, by assuming that

f(z)#p on dfn.

More precisely, we define the integer-valued function deg (f, £2,p) in two steps
(see [22, Chapter 10]):

Step 1: If the compact mapping K: {2 — X has finite-dimensional range con-
tained in a finite-dimensional subspace X, of X, then, by assuming that p € X,
we define the Leray—Schauder degree of I — K at p relative 2, deg (I — K, {2,p), by
the formula

deg (I — K, 2,p) =deg (I — K, 2N Xy, p).

We can verify that the integer deg (I — K, 2N X5, p) is independent of the finite-
dimensional subspace X, containing p and the range of K.

Step 2: For a general compact mapping K : 2 — X, we approximate K by a
sequence {Kn} of compact mappings with finite-dimensional range K : 2 — X,
such that

—_

sup | Kz — Kpz| < —.

z€NR n
Then, by assuming that p € X, as in Step 1 we define the Leray—Schauder degree,
deg (I — K, £2,p), by the formula

deg (I — K, 2,p) = li_)m deg (I — Kn, 2N Xn,p). (3.4)

We can show that the limit (3.4) exists and is independent of the approximating
sequence {Kn}.

Similar to the Brouwer degree, the Leray—Schauder degree enjoys some basic
properties (see [22, Chapter 11]):

(I) Normalization property: If I: X — X is the identity map, then we have the
assertion
1 ifpe

deg (1,92,p) = {0 —
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(I1) Homotopy invariance property: Let §2 be a bounded and open subset of X. If
K: 2 x[0,1] — X is compact and if a point p € X satisfies the condition

z—K(z,t)#p forallz€dR and 0 <t <1,

then it follows that deg (I — K (-,t), §2,p) is independent of ¢.
(IIT) Translation invariance property: For each point p € X, we have the formula

deg (I—K,_Q,p):deg (I_K_p7970)'

(IV) Domain additivity property: If 21 and 22 are two open subsets in {2 such that
21 N 29 = P and satisfy the condition

r—Kr#p foralze 2\ (21U0),
then we have the formula
deg (I — K, 2,p) =deg (I — K, 1,p) +deg (I — K, £22,p) .
(V) Ezcision property: Let 2 be a bounded open set in X such that

x— Kz #p forall xzedf.
If W is an open subset of {2 such that

r—Kx#p forallze W,
then we have the formula

deg (I — K, 2,p) =deg (I — K, 2\ W,p).

(VI) Empty set property: deg (I — K,0,p) = 0.

The next theorem is a generalization of Kronecker’s existence theorem for the
Brouwer degree (see [23, Section 3.4]):

Theorem 3.6 (Kronecker) Let 2 be a bounded open subset of a real Banach space
X and let K: 2 — X be compact. If po € (I — K)(002) and deg (I — K, §2,p0) # 0,
then there exists a point xo € 2 such that (I — K)zo = po.

Proof Our proof is based on a reduction to absurdity. Assume, to the contrary,
that

po & (1- K) (@) = (I - K) (2) U (I - K) (02)..
Then we have, by the excision property (V) and the empty set property (VI),
deg (I — K, 2,po) = deg (I — K, 2\ 2,po) = deg (I — K,0,po) = 0.

This contradicts the assumption that deg (I — K, £2,pg) # 0.
The proof of Theorem 3.6 is complete. O



38 K. Taira

3.5 The Leray—Schauder index

Let ¢ be a mapping of the closure 2 = 2 U 912 into X such that ¢(z) # 0 on 9.
Assume that

peC(2,X),

K=1I-¢: 2 — X is compact.
If 2o is an isolated solution of the equation ¢(x) = 0 and if the Fréchet derivative

D¢(z9) = I — DK (z0) at zo is invertible, then we can define the Leray—Schauder
indez of the map ¢ at xo, i(4, z0,0), by the formula

7’(¢7 1}070) = deg (¢7B(x075)70) ’

where the open ball B(zo,e) of radius £ about z¢ is chosen so that it contains
no other solution of the equation ¢(x) = 0. It should be emphasized that the
Leray—Schauder index i(¢, zo,0) does not depend on the special choice of .

The next index theorem plays an essential role in the proof of Theorem 8.2 in
the resonance case (see [29, Proposition 5.8.11], [43, Theorem 2.8.1]):

Theorem 3.7 (the index theorem) Let X be a real Banach space and let 2 be a
bounded open set in X. If ¢ is a mapping of the closure 2 = 2U 012 into X such that
é(z) # 0 on 002 and if it satisfies the conditions

¢ € C'(2,X),
K=I—¢: 2 — X s compact,

then we have the formula for the Leray—-Schauder indez i(¢, xo, 0)
i (¢,0,0) = (=1), (3.5)

where

B= Zﬁj,

Hj>1

B; being the algebraic multiplicity of the eigenvalue u; of the Fréchet derivative
DK (:Co) =1—-D¢ (xo)

at xg.

4 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2 under hypotheses (H.1) and
(H.2). Its proof is essentially based on three lemmas (Lemma 4.1, Lemma 4.5 and
Lemma 4.6) and the unique continuation property (see [15], [33], [42]), just as in
Szulkin [52, Theorem 1.3].
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C.(D)

K TL

C(D) —— Cx(D)

I

C.(D)

Fig. 4.1 The mapping properties of the resolvent K in the spaces C(D), Ce(D) and C’}g (D)

Fig. 4.2 The mapping properties of the resolvent K

4.1 Reduction to an operator equation

By virtue of Figure 2.1, we have the mapping properties of the resolvent K in the
spaces C(D), Ce(D) and Ck(D) as in Figure 4.1.

Moreover, by virtue of Theorem 2.2 we have the mapping properties of the
operator A and the resolvent K as in Figure 4.2.

Therefore, we find that the semilinear boundary value problem

Au—Au+ f(u) =0 in D,

1 Ou , (1.2)
Bu=a(z')=— +b(z")u=0 on dD

ov
is equivalent to the following operator equation:
u=AKu— K (f(u)) in Ce(D). (4.1)
Now let m(zx) be a function in C(D) such that
m(z) >0 on D, (4.2)

and consider the following eigenvalue problem with the weight function m(z):
K (m(z)u) = pu in Ce(D). (4.3)
By Proposition 2.2, we find that the operator
K (m(z)-) : C(D) ™™ ¢(D) X5 c.(D) (4.4)

is strongly positive and compact (see Figure 4.3).

Therefore, by using the Krein—-Rutman theorem (Theorem 2.5) with K :=
K (m(z)-) we obtain the following generalization of Szulkin [52, Proposition 1.1] to
the degenerate case:
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c.(D) Em@ o (D)

I |

P, Int (P,
E\{O}K(m—(ﬂcw> nt (Pe)

Fig. 4.3 The mapping properties of the operator K (m(z)-) in the ordered Banach space
Ce(D)

Proposition 4.1 Assume that the weight function m(z) € C(D) satisfies condition
(4.2). Then we have the following two assertions:

(i) The eigenvalue problem (4.3) has a countable number of positive eigenvalues pj(m),
which may accumulate only at 0. Hence, they may be arranged in a decreasing
sequence

p1(m) > p2(m) > ...,

where each eigenvalue is repeated according to its multiplicity.
(ii) The largest eigenvalue pi(m) is algebraically simple, i.e., u1(m) > p2(m), and
has a positive eigenfunction. No other eigenvalues have positive eigenfunctions.

Since the operator 2 is positive and selfadjoint in the Hilbert space L? (D), we
can define its square root C = 911/2, and introduce a Hilbert space H as follows:

‘H = the domain D(C) with the inner product
(u,0)qy = (Cu,Cv) 2y for all u, v € D(C).
Here it is worthwhile pointing out (see [55, Theorem 1.10]) that the explicit formula

for the fractional power C = /2 on the domain D(2) is given by the formula

Cu= ——/ s~1/2 (s +20) " Auds for all uc D(A).

m™Jo

The next theorem gives a more concrete characterization of the Hilbert space
H (cf. [63, Proposition 4.1]):

Theorem 4.1 The Hilbert space H = D(C) coincides with the completion of the
domain
D) = {ue H*(D): Bu=0on oD}

with respect to the inner product

(u,v)q = (Au,v) 2 py

o i, Ou Ov
1] e .
E /D a' (z) 901 Dz, dr + /D c(z)u-vdx

1,j=1

/
+/ b(;r/) u-vdo for all u, v € D(A).
{a(z")#0} a(z’)

Here the last term on the right-hand side is an inner product of the Hilbert space
L*(8D).
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Proof We have only to show that D(2) is dense in the domain D(2'/?) = D(C).
To do this, we remark that the operators

¢t L*(2) — D(C)

and
¢t D(AY?) — D(AP/?)

are algebraic and topological isomorphisms, and further that
DR3/?) c D).
Therefore, we obtain that the domain D(2() is dense in the domain D(C), since
D(2) is dense in L?(£2).
The proof of Theorem 4.1 is complete. ad

The situation of Theorem 4.1 can be visualized as in Figure 4.4.

) <1, pey=wn

I I

H= D) - D2 = D)

| |

DAR) ——  D(A3/?)
671

Fig. 4.4 The mapping properties of the fractional power C~1 = 9—1/2

The next proposition gives the variational characterization of eigenvalues of the
eigenvalue problem (4.3) (cf. [28, Proposition 1.10], [48, Chapter XIII, Theorem
XTII1.2], [58, Proposition 3.4]):

Proposition 4.2 Assume that the weight function m(z) € C(D) satisfies the condi-
tion (4.2). Then we have the following two assertions:

(i) The eigenvalues pun(m) are characterized as follows:

pn(m) = supinf{/ m(z) |u|? da : ullyy =1, ue Fn},
D

n

where Fy, varies over all n-dimensional subspaces of H.
(it) The corresponding orthonormal eigenfunctions pn(x) in H are characterized as
follows:

N
ii, Opn OV
ij .
(on,v)y = E A a" (z) da: O, dz + /D c(x)on -vdr

=1
n / ) v do
{a(z)£0} a(2’)
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_ ! / m(z)pn -vdr  for allv e H.

pn(m) Jp
pn(m) = [ (@) i da.
D
(ii3) If m1(z) < ma(x) for all z € D, then we have pn(mi) < pn(ma) for all n. If
mi(z) < ma(z) for all z € D, then we have pn(mi) < pun(mz) for all n.

Part (iii) is an immediate consequence of the mazmini formula of eigenvalues
un(m) given by part (i) (see [58, Proposition 3.5]).

4.2 Proof of Theorem 1.2

The proof of Theorem 1.2 is divided into five steps.
Step 1: In order to study globally the bifurcation solution curves, we need the
following generalization of Szulkin [52, Lemma 2.1] to the degenerate case:

Lemma 4.1 If u is a positive or negative solution of the nonlinear operator equation
(4.1) with A1 < X < 00, then u is a regular point of the mapping

G (\u): R x C(D) — C(D),
given by the formulas
G(\u)=u—F(\u),
Fu) =K (Au— f(u)).
Namely, the partial Fréchet derivative Gy, (A, u) at u is invertible.

Proof First, we remark that the Fréchet derivative of G(},-) at u is equal to the
following:
Gu(Mu)=T—F,(Au)=I-K\-f(u).

Since the mapping
F(M\u)=AKu— K(f(u))

is compact, it suffices to show that the operator equation
v=Fy ()\,u)v:K()\v—f/(u)v) (4.5)

has only the trivial solution v = 0.

Our proof is based on a reduction to absurdity. Assume, to the contrary, that
the operator equation (4.5) has a nontrivial solution u. Then the eigenvalue prob-
lem with weight A\ — f/(u)

K\ = f'(u)v=pv inC(D)
has an eigenvalue 1. This implies that
pe (A= f'(w)) =1 for some k > 1. (4.6)
If w is a positive solution of the equation

F(\u)=KAu- f(u)=u in C(D), (4.7)
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then the equation can be written in the form

=i (- 1) 0w em),

U
where
@ =0 fort=0,
since we have the formula
lim @ =0.
t—0 t

Hence the eigenvalue problem with weight A — f(u)/u
K()\— @)vzyv in C(D)
has an eigenvalue 1. This implies that

1 <)\7M) =1 for some j>1,
u
with a corresponding positive eigenfunction u.
However, it follows from condition (1.4) and the properties of f(¢) that

A—@ SA—f({#) >  —f(t)>0 forallt#0. (4.8)
Therefore, by applying part (ii) of Proposition 4.1 with (see formula (4.4))
PR 10105

u(z)

we obtain that j = 1, that is,

(3= £2) 1, 4o

Moreover, it follows from an application of Lemma 2.2 with v := Au — f(u) that
the solution
u=K(Au— f(u))

satisfies the condition
u(z) >0 in D.

By combining inequality (4.8) and Proposition 4.2, we obtain from formulas
(4.6) and (4.9) that

t=m (A B @) >pr (A= f'(w) > pp (A= f'(w) = 1.

This is a contradiction.

Summing up, we have proved that the operator equation (4.5) has only the
trivial solution v = 0. In view of the Fredholm alternative, this implies that the
partial Fréchet derivative Gy (A, u) at u is bijective and hence invertible.

Similarly, we can prove that a negative solution u of the nonlinear operator
equation (4.1) is a regular point of G(\, u).

The proof of Lemma 4.1 is complete. ad
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Step 2: Secondly, we show that the positive solution of the nonlinear operator
equation (4.1) is unique. The proof is essentially based on the following uniqueness
theorem for order convex maps (cf. [5, Theorem 24.2]):

Theorem 4.2 (the uniqueness theorem) Let (E,Q) be an ordered Banach space
having the positive cone QQ with nonempty interior. If o is a positive number, we let

Qo ={ueQ:|ull <o}

Assume that a mapping
f:Q, —E
satisfies the following two conditions:

(A) f is strongly increasing, that is, if u, v € Q, and if u < v and v # u, then it
follows that f(v) — f(u) is an interior point of Q.

(B) f is strongly sublinear, that is, f(0) >0 and if u € Q, and u # 0, then it follows
that f(tu) — 7f(u) is an interior point of @ for every 0 < 7 < 1.

Then the mapping f has at most one positive fixed point.

Proof Our proof is based on a reduction to absurdity. Assume, to the contrary,
that uo and u; are two positive fixed points of f:

uo EPOV f(UO) = uo,
Ul Eﬁg’, f(ul) = Uui.

Without loss of generality, we may assume that
u1 L ug.
Since f is strongly monotone increasing, it follows that
uo = f(uo) > f(0) > 0.

This implies that
ug € Int (P).

Moreover, we can find a positive number 7 such that
up —Tuy € O(P).

Here we remark that 0 < 7 < 1. Indeed, it suffices to note that u; £ ug.
However, since f is strongly sublinear and strongly monotone increasing, we
obtain that

uo = f(uo) > f(ru1) > 7 f(ur) = Tu,

so that
uo — Tu1 € Int (P).

This is a contradiction.
The proof of Theorem 4.2 is complete. ad
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In the proof of Theorem 1.2, we shall apply Theorem 4.2 with
E :=C.(D),
Q:=Pe={ueCe(D):u>0o0n D},
f=FX)p, = KKX-=f()lp, -

If o is a positive number, we let

(E)U ={u€Pe:|ul|<oonD}.

We have only to consider in the space (Pe)  for every o > 0. Indeed, if u1 and usp

are two positive solutions of the nonlinear operator equation (4.1), then we can

find a constant o > 0 such that [[u1]], |luz|| < o on D, so that ui, ug € (Pe),.
Then we have the following lemma:

Lemma 4.2 The operator F(),-) maps (Pe)  into Pe.

Proof Let u be an arbitrary function in (Pe), . By applying inequality (1.4), we
find that
Au— f(u) € P.

Hence it follows from an application of Proposition 2.2 that
F\u)=K(Au— f(u)) € Pe.
The proof of Lemma 4.2 is complete. O
Moreover, we have the following lemma:
Lemma 4.3 The operator F(),-): (Pe)  — Pe is strongly increasing.
Proof The proof of Lemma 4.3 is based on the following claim:

Claim 4.1 The operator F(),-): [¢,9] — C(D) is increasing. Here [¢,1)] is the order
interval defined by the formula

[¢,4] = {ue C(D): ¢ <u<4 onD}.

Proof Let u and v be arbitrary functions in C(D) satisfying ¢ < u < v <1 on D.
Then we have the assertions

(F (A v(@) = F (A u(@)))

B {0 if v(z) = u(z),

F(\v(2) = F(\u(z)) N il = ule
( v(z) — u(z) )Wm) (z)) ifv(z) > u(z).

Hence it follows from inequality (1.4) and Lemma 2.2 that
F(\v) = F(\u) = K(A(v—u)— (f(v) = f(u))) >0 on D,

or equivalently
F(\u) < F(\v) on D.

This proves that F(),-) is increasing.
The proof of Claim 4.1 is complete. ad
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Therefore, Lemma 4.3 follows by combining Claim 4.1 and Proposition 2.2. O
Lemma 4.4 The operator F(),-): (Pe)_ — Pe is strongly sublinear.

Proof Let u be an arbitrary function in (Pe)_ but u # 0. Since f(t) is convex for
t > 0, we have, for every 0 < 7 < 1,

{f (ru(@) > 7 f(u(z)) if u(z) >0,
f(ru(z)) = f(0)=0 ifu(z)=0,

and so
F(thu) —1F(\u)
=K (thu— f(ru)) — 7 (Mu— f(u)) >0 and #Z0on D.
Hence it follows from an application of Proposition 2.2 that the function
F(tA\u)—7F(\u)

is an interior point of P for every 0 < 7 < 1.
The proof of Lemma 4.4 is complete. ad

By combining Lemmas 4.2, 4.3 and 4.4, we have proved that the mapping
F(\-): (Pe), — Pe

satisfies conditions (A) and (B) of Theorem 4.2 with E := Ce(D) and Q := Pe.
Therefore, the uniqueness of positive fixed points of the nonlinear operator
equation (4.1) follows from an application of Theorem 4.2.
Step 3: The next lemma is a generalization of Szulkin [52, Lemma 2.2] to the
degenerate case, and is an essential step in the proof of Theorem 1.2:

Lemma 4.5 The nonlinear operator equation (4.1) has a unique positive solution for
each A1 < A < A1 + k4. No positive solutions exist for A > A1 + ky. The uniform
norm ||uy(N\)|| of the positive solution uy(N) tends to co as X — Ay + ky:

li N = 0.
Hi?im”“*( ) = o0

Similar assertions hold true for negative solutions u—(\) of the monlinear operator
equation (4.1) for each A\1 < A < A\ + k—.

Proof The proof of Lemma 4.5 is divided into three steps.

Step (i): First, we show that the nonlinear operator equation (4.1) has a
positive solution.

By inequality (4.8), it follows that the mapping

F(\-) =KX -—f()): C(D) — C(D)
ur— K (Au — f(u))

maps the positive cone P into itself. Moreover, we remark that F(),-) is right
asymptotically linear. Indeed, we have the assertion
F(\u)

T:AK—K(@)—MA—I@)K as u — +o0o,
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and so

Fy(\oo)v=(A\—k4)Kv forallve P.
Here F/ (), -) denotes the right Fréchet derivative of F(,).

Similarly, it follows that F(),-) is right differentiable at zero, since we have the
formula 0
M:AK—K<M) S AK asu—0,

u u

and so

Fi.(\,0)v =AKv forallve P.
The proof of Lemma 4.5 is based on the following positive fixed point theorem
for differentiable maps ([5, Theorem 13.6]):

Theorem 4.3 (Amann) Let f: P — P be a completely continuous map such that

F(0) = 0. Assume that f is asymptotically linear and right differentiable at zero such

that 1 is not an eigenvalue of f'(c0) or of fi (0) to a positive eigenvector. Then f has

at least one positive fized point, provided that one of the following two conditions (I)

and (II) is satisfied:

(1) f'-(0) has no positive eigenvector to an eigenvalue greater than one, whereas f'(cc)
possesses such a positive eigenvector.

(1) f_’,_ (0) possesses a positive eigenvector to an eigenvalue greater than one, but this
is not the case for f'(c0).

If A1 < A< A1+ k4, we find that
(A —k4) Kv=F} (A, 00)v = pw,
v e P\ {0}
=

n
K = —
v ()\—k+>U7 — w:)\l
ve P\ {0} K

—

H:Aj\f* <1 for A <A1+ ky.

This proves that Fj_ (A, 00) possesses a positive eigenvector to an eigenvalue p < 1.
On the other hand, we find that

{/\Kv: FL(\ 000 =vu,

ve P\{0}
<
v
Kv= —w,
)y A
v e P\ {0} v
<
A
v=-—>1 for A> \.
A1

This proves that F_’,_(, A) possesses a positive eigenvector to an eigenvalue v > 1.
Summing up, we have proved that if A1 < A < A1 + k4, then it follows that:
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(II) F. (X 00) = (A — k4 ) K possesses a positive eigenvector to an eigenvalue p < 1,
while F_ﬂ_ (A, 0) = A K possesses a positive eigenvector to an eigenvalue v > 1.

Therefore, by applying Theorem 4.3 we obtain that the map F(),-) has a
positive fixed point u:

F\u)=KAu— f(u)=u, ueP

Step (ii): Secondly, we show that the nonlinear operator equation (4.1) has no
positive solutions for A > A\; + k.

Our proof is based on a reduction to absurdity. Assume, to the contrary, that
u is a positive solution of the nonlinear operator equation (4.1) for A > A\ + k.
Then we have the assertion

K ()\f @) w=K(wu—fw)=u inC(D).

with a corresponding positive eigenfunction wu.
On the other hand, since we have, by inequality (1.4),

This implies that

A= f'(u) > X —sup f'(t) = A=k,
t>0
we find from the proof of Proposition 4.2 that

1=y (z\f¥) > 1 (A= f(w) > p1 (A= k)
Zul()\l): 1 for A> X1 + ky.

This is a contradiction.

Step (iii): Thirdly, in order to show that the norm of the positive solution
tends to co as A — A1 + k4 we use the compactness of the resolvent K.

Our proof is based on a reduction to absurdity. Assume, to the contrary, that
there exist a sequence {(un, A\("™)} and a constant C' > 0 such that

K ()\(") U — f(un)) = F ()\(")7un) =un for all n,
un| < C for all n,

PRSI Sy as n — oo.

By virtue of the compactness of K, (by passing to a subsequence) we may assume
that
tn = F (un, /\(”)) — o in C(D). (4.10)

Then we have the formula
uo :F()\1+/€+,uo) in C(E)

This implies that ug is a positive solution of the nonlinear operator equation (4.1)
for A= A1 + k+.
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However, it follows from Step 2 (the uniqueness of positive fixed points of the
nonlinear operator equation (4.1)) that

ug = 0,

so that
un — 0 in C(D). (4.11)

Since f/(0) = 0, we obtain from assertions (4.10) and (4.11) that

1= (/\(’” - M) > (/\(”) — f’(un))

Un

> p1 (M) =1 for n sufficiently large.

This is a contradiction.

In order to prove the lemma for negative solutions, we repeat the above argu-
ments in the “positive” cone {u € C(D) : u < 0}.

The proof of Lemma 4.5 is complete. O

Step 4: The next lemma is a generalization of Szulkin [52, Lemma 2.3] to the
degenerate case, which asserts that the nonlinear operator equation (4.1) has no
nontrivial solutions for A\1 —§ < X < A\q:

Lemma 4.6 Let § be the constant as in condition (1.4):

sup ‘f/(t)| <A1 — & for some constant 0 < § < Aq. (1.4)
teER

Then the nonlinear operator equation (4.1) has no nontrivial solutions for A1 —§ <
A< ).

Proof Our proof is based on a reduction to absurdity. Assume, to the contrary,
that u is a nontrivial solution of the nonlinear operator equation (4.1)

K(Au- f(u)=u in C(D).

Then the eigenvalue problem with weight
K()\— @)v:uv in C(D)
has an eigenvalue 1, that is,

i ()\ - M) =1 for some k > 1, (4.12)

u

with a corresponding eigenfunction u. Since f(0) = f/(0) = 0 and f(t) is convex
for ¢t > 0 and is concave for t < 0, it follows that

)\—%g)\ for u(x) # 0.

This implies that

1=uk<z\—@>§uk()\)§% for A1 — 0 < X< \q.
k
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Hence, we have the assertions
k=1, A=\,
and the corresponding eigenfunction u(z) is of constant sign:
u(z) >0 or u(z) <0 in D.
Moreover, it follows from Lemma 2.2 that
u(z) >0 or u(z) <0 in D.

Therefore, since we have the inequality

A1 — % > A\ for u(x) 7507

we find from formula (4.12) with k :=1 and A := X\ that

1= (Al - %) <pi(A1) =1

This is a contradiction.
The proof of Lemma 4.6 is complete. |

Remark 4.1 By the argument of Plastock [46, p. 321], we can prove that the map-
ping G(},-) defined in Lemma 4.1 is a homeomorphism of C'(D) onto itself for any
A< A

Step 5: Finally, we show that each nontrivial solution of the nonlinear operator
equation (4.1) for A1 < A < A2 must necessarily be positive or negative in D.
If u # 0 is a solution, then it follows that

u

Ik ()\—M> =1 for some k> 1,

with a corresponding eigenfunction u, just as in the proof of Lemma 4.6.
However, by the unique continuation property (see [15], [33], [42]) it follows that
u(z) #0 almost everywhere in D.

This implies that

_ f(u(@))
u(z)

Hence we have the assertion

< A almost everywhere in D.

ug(A—@)ﬁug()\):%gl for A1 < X < Ao,
2

Since the first eigenvalue uq (A — @) is algebraically simple, it follows that
5 (A—@) =1 for A1 <X < g,

with a corresponding eigenfunction wu.
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Therefore, we have proved that each nontrivial solution of the operator equa-

tion K(A—M)v:” in C(D)

u

is of constant sign. Since u is a solution of this equation, it follows that u is positive
or negative in D.
Now the proof of Theorem 1.2 is complete. O

5 The Lyapunov—Schmidt procedure in the Banach space C (D)

In the proof of Theorems 1.3 and 1.4 we make use of the Lyapunov—Schmidt
procedure ([40], [50]) in order to study the nonlinear operator equation (4.1), which
reduces an infinite-dimensional problem to a finite-dimensional system (Theorem
5.1). This section is the heart of the subject.

We assume that hypotheses (H.1) and (H.2) are satisfied. Let e;(z) be the
normalized positive solution of the operator equation

el —)\1 K€1 =0 in C(E), (51)
or equivalently (see Theorem 1.1),
A61 = )\1 el in D,

Be; =0 on 8D, (5.2)

lleillzz(py = 1.

First, we have the following orthogonal decomposition in the Hilbert space
L*(D):

L*(D) (5.3)
=N(I-MK)®R(I-MK)
={ue’(D): (A= M)u=0, Bu=0} & {(I -\ K)u:ue H*(D), Bu=0}.
=span [e1] ®R(I — M1 K).
Indeed, it suffices to note that the operator 2l is selfadjoint in L?(D) and that
K="

Hence, by restricting the orthogonal decomposition (5.3) to the subspace LP(D)
for N < p < oo we obtain the orthogonal decomposition

LP(D) =span [e1] ® (R(I — A1 K)NLP(D)) for N <p < cc. (5.4)

However, it follows from an application of the regularity theorem ([65, Theorem
7.1]) that
RI-MK)NLP(D)={(I-MK)v:veC(D)}.

Indeed, it suffices to note the following;:

u— A1 Ku e C(D), u€ LP(D)
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=

Kue W?P(D) c >~ NP(D) for N <p< oo
=
u=(u—X Ku)+ M\ Ku e C(D).

Hence, by restricting the orthogonal decomposition (5.4) to the subspace C(D)
of L?(D) we obtain the orthogonal decomposition (see Figure 5.1)

C(D) =spanfe1] ® {(I — A\ K)v:v e C(D)} =span[e1] & W, (5.5)

where
W:={I- MK)v:ueC(D)}.

W =R(I -\ K)

> spanfe;] =N (I — A\ K)

Fig. 5.1 The orthogonal decomposition (5.5) of X = C(D)

If we define the orthogonal projection @ from C(D) onto W along N (I — A\ K)
by the formula

Qu=u~— (/D w(z) e1(z) dat) er for all u € C(D),

or equivalently,

(I—Q)u= </D w(z)e1(z) dz) e for all u e (D),

then it is easy to see that
W=Q(X)= {w eC(D): / w(z) e1(x)dz = 0} .
D

Moreover, let e} be a continuous linear functional on the space C(D) such that

<61’e>{> = 1’
(w,e]) =0 for all w e W.
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Then it follows from the orthogonal decomposition (5.5) that every function u €

C(D) can be written uniquely in the form (see Figure 5.1)
u=te; +w fort= (u,e])and weW. (5.6)

Hence we have the assertions

{Au/\u-i-f(u):O in D, (1.2)
Bu=20 in 0D

—

u—AKu+ K (f(u)) =0 in Ce(D) (4.1)
—

u=te; +w,
w—AKw+Q (K (f(te1 +w))) =0 in C(D), (5.7)

<t (1-%) el+(I—Q)K(f(tel+w)),eT> 0.

Summing up, we are reduced to the infinite-dimensional equation

w—AKw+Q (K (f(te1 +w))) =0 in C(D) (5.8)
and the one-dimensional equation
U (t,w) :zt(l—%) + /(K (f (te1 +w)),el) =0. (5.9)

However, the Fréchet derivative of the left-hand side of the infinite-dimensional
equation (5.8) at t =0 and A = A1 is given by the formula

(I-MK)w 0 W 144
I-\MK= e — @ (5.10)

0 1/Xx1/) span [e1] span [e1]
Since we have, by formula (5.5),
C(D) = W @ span [e1],

we find from formula (5.10) and Figure 5.1 that the Fréchet derivative I — A\ K of
the infinite-dimensional equation (5.8) at ¢ = 0 and A\ = Ay is an isomorphism of
the space C(D).

Therefore, it follows from an application of the implicit function theorem (The-
orem 3.1) that there exists a constant 1 > 0 such that if |¢| < e1 and |A— 1| < e1,
then the infinite-dimensional equation (5.8) has a unique solution w(t, A):

wt,\) = AKwt,A) + Q (K (f (ter +w(t,))))) =0 in C(D), (5.11)
for |t| < e1 and |A — A1 < e1.
If we take A € (A1,A1 +¢€1), then we find that all small solutions u = te; +

w(t,\) of the nonlinear operator equation (4.1) are in one-to-one correspondence
with the solutions ¢ of the one-dimensional equation

O (t,w(t,N\)) =t (1 - %) + (K (f(ter +w(t,N)),el) =0 for |t| <e1. (5.12)
1
By combining formulas (5.7), (5.11) and (5.12), we have proved the following

theorem:
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Theorem 5.1 There exists a constant €1 > 0 such that every small solution u of the
semilinear problem (1.2) can be uniquely expressed in the form

u=ter+w=rter +w(t,\) forlt|<er and \i <A< A1 +eq, (5.13)

where the w(t, \) satisfy the infinite-dimensional equation (5.11) and the t satisfy the
one-dimensional equation (5.12).

6 Proof of Theorem 1.3

In this section we study the semilinear elliptic boundary value problem (1.2) under
the condition that f(¢) is bounded on R. It turns out that the set of nontrivial
solutions has properties considerably different from Theorem 1.2.

The semilinear elliptic boundary value problem (1.2) may be converted into
the nonlinear operator equation (4.1) which we rewrite as follows:

G\u) i =u—AKu+ K (f(u)) =0 in C(D). (6.1)

The purpose of this section is to prove the following generalization of Szulkin
[52, Theorem 5.1] to the degenerate case:

Theorem 6.1 Assume that hypotheses (H.1) and (H.2) are satisfied and let f(t) be a
bounded, C! function on R such that

£(0) = f'(0) = 0.

Moreover, we assume that f'(t) is decreasing for t < 0 and increasing for t > 0, near
the origin t = 0, and further that

sup |f'(t)| <A1 —3d  for some § >0 and n > 0. (1.4)
[t]<n

Then the nonlinear operator equation (6.1) has at least four nontrivial solutions w1,
u2, uz and ug for each A € (A1, A1 + ) provided that € > 0 1is sufficiently small (see
Figure 1.7).

Proof The proof of Theorem 6.1 is based on an intermediate value argument just as
in Landesman—Lazer [38]. The proof is divided into five steps.

Step 1: By Theorem 3.3 (Crandall-Rabinowitz), there exists a constant e; > 0
such that the nonlinear operator equation (6.1) has two nontrivial solution curves
It and I emanating from the point (A1,0). Just as in Step 4 of the proof of
Theorem 1.2, we find that each small nontrivial solution of the nonlinear operator
equation (6.1) is of constant sign for A € [A1,A2). Moreover, under the present
hypotheses, Lemmas 4.1 and 4.5 remain valid for u of small norm. Hence there
exists a constant €1 > 0 such that

Flz{()\,ul()\))GRXC(ﬁ)t)\lS)\<)\1 +81}, (6.28,)
FQZ{()\7UQ()\))€RXC(ﬁ)Z>\1S)\<)\1 —I—El}. (62b)
Here I is the negative solution curve of the nonlinear operator equation (6.1)

and I is the positive solution curve of the nonlinear operator equation (6.1),
respectively (see Figures 1.5 and 1.6).
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It should be emphasized that wi(\) and u2(\) are regular points of the map
G(), ) for every X € (A1, 1 +¢1) (see Lemma 4.1).

Step 2: Now we apply the Lyapunov—Schmidt procedure to the nonlinear op-
erator equation (6.1), just as in Section 5 (see Theorem 5.1). Let ej(z) be the
normalized positive solution of the equation

61—)\1 K61:0 in C(ﬁ), (51)

that is,
Ae1 = M eg in D,
Be; =0 on 9D, (5.2)
lleillzz(py = 1.
Since the eigenvalue \; is algebraically simple, we have the orthogonal decompo-
sition
C(D)=N({I-MK)®R(I - XM K)=span [e1] ® W, (5.5)
where (see Figure 5.1)

span [e1] = N (I — M K),
W=R(I-MK).

By Mazur’s theorem ([74, Chapter IV, Section 6, Corollary]), there exists a con-
tinuous linear functional e such that

<61,ef> =1,
<w,ej{> =0 forallweW.

More concretely, we have the formula
(u,et) = / u(z)er(x)dr for all u € C(D), (6.3)
D
since e1(x) is normalized.

If we define the orthogonal projection Q from C(D) onto W along N (I — A\ K)
by the formula (see Figure 5.1)

Qu=u— (/ u(z) e1(z) dx) e1 for all u € C(D),
D
or equivalently,
I-Qu= </ u(z) e1(z) da:) e1 = (u,er)er forall uw e C(D), (6.4)
D
then it is easy to see that
W=RI-MK)= {w e C(D) :/ w(z)el(x)dm:()}.
D

Moreover, it follows from the orthogonal decomposition (5.5) and formula (6.3)
that every function u € C(D) can be written uniquely in the form (see Figure 5.1)

u=te; +w(t) fort= (ue])and w(t) e W. (6.5)
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Hence we have, by formulas (6.5) and (6.4),

{Au—Au—i—f(u):O ?n D, (1.2)
Bu=20 in 0D
s

u—AKu+ K (f(u) =0 inC(D) (4.1)
<

u=ter + w(t),
w—AKw(t) +Q (K (f (ter +w(t)))) =0 in C(D), (6.6)
: (1 - %) b [ K (fF(ter +w(®)) - ex(a) da =0,

since K(W) C W.
Summing up, we are reduced to the study of the following system:

w(t) = AKw(t) + Q (K (f (ter +w(t)))) =0 in C(D), (6.7a)
W (4, w(t)) = (1 - %) 4 (K (f (ter +w(t))),ef) = 0. (6.7b)

Step 3: Since I — \1 K is an isomorphism of W onto itself, it follows from an
application of the implicit function theorem (Theorem 3.1) that there exists a
constant €3 > 0 such that if [t| < e2 and |[A— A1| < e2, then the infinite-dimensional
equation (6.7a) has a unique solution w = w(t, ) € C(D):

w(t,\) = AKw(t,A) +Q (K (f (ter +w(t,A)))) =0 in C(D), (6.8)
for |t| < e2 and |A — A1 < ea.

If we take A € (A1,A1 +¢€1), then we find from the one-dimensional equation
(6.7b) and the infinite-dimensional equation (6.8) that all small solutions

u=ter +w(tN\)

of the nonlinear operator equation (6.1) are in one-to-one correspondence with the
solutions ¢ of the one-dimensional equation

O(t) =" (t,w(t,\) =t (1 - )\%) + (K (f (ter +w(t,N)),el) (6.9)
=t (1 - %) +/DK(f(t61 +w(t,N))-ei(z)de =0 for [t <ea.

Rephrased, the set of nontrivial solutions of the nonlinear operator equation (6.1)
consists of two C! curves Il and I that can be parametrized by ¢, for ¢ < 0 and
for t > 0, respectively.

Therefore, we obtain that the one-dimensional equation (6.9)

D(t) =0 (t,w(t,\)) =0
has at least two nontrivial solutions, t1 = t1(A\) < 0 and t2 = t2(\) > 0:

@(tl) =0, @(tg) =0,
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provided that A € (A1, A1 +¢). Here
€ = min {61, 62} .

In this way, we find from formulas (6.6), (6.8) and (6.9) that the nonlinear
operator equation (6.1) has at least two nontrivial solutions u1 and u2 for each
A€ (A, A1 +e):

{u1 =t(\)er4+w(ti(N),)), t1(\) <0,
ug = tg()\) el +w (tQ(A),A) , tQ(A) > 0.

Step 4: Now we show that the nonlinear operator equation (6.1) possesses a
third nontrivial solution

ugz =tzer +ws, tz >0, t3 # ta, w3:w3(>\)€W
Without loss of generality, we may assume that
&(t) #0 forallt € (0,e2) and ¢ # to.

In fact, if &(t3) = 0 for some t3 € (0,e2) and ¢ # to, then we obtain the third
solution by setting

uz =tze; + w(tg).

First, we prove the following claim:
Claim 6.1 If X\ > A1, then the function ®(t) satisfies the conditions
{qs(o) =0, ¢'(0) <0,
P(t2) =0, ¥'(t2) # 0.
Proof Since f(0) =0, we have, by formula (6.9),

2(0) = [, K (f(0)) - ex(z) dz = 0,
D(t2) = ta <1 — %) + [p K (f (u2(t2))) - e1(z) dz = 0.

Moreover, we have the formula for the derivative &' (t) of &(t)

&) =1 %1 + /D K (f (ter +w(t, \)) (er +we(t,N) - e1(z) da.

Since f/(0) = 0, this proves that

#(0)=1— %1 +/DK(f’(O)) (1 +we(0,N) - e1(x)do = 1 — %

<0 for A > A1.
Recall that the solution

uz(t) = u2(t,\) =ter + w(t, \)
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is a regular point of the map G(},-) for each A € (A1, A1 + £1), so that the partial
Fréchet derivative

Gu(Mu2(t)) =1 - MAK + K (f (u2(t))) : ¢(D) — C(D)

is an isomorphism for each A € (A1, \1 +¢€1).
On the other hand, by differentiating the equation

G (A u2(t) = ua(t) = AKuz(t) + K (f (u2(2)))
with respect to ¢, we obtain that
uz(t) — AKuz(t) + K (f (u2(t))) - uz(t) = Gu (A, u2(t)) - us(t) # 0, (6.10)
since we have the assertion
us(t) = e1 +we(t,\) #0 for we(t,\) € W. (6.11)

Therefore, we find from assertions (6.10) and (6.11) that

B (t2) = 1— /\% + /DK (f (tz er + w(tz, \)) (e1 +wilta, ) - e1(z) da

) [ R ) ) r(o) o

#1-— ,\% + /D {AK (e1 +wi(t2, N)) —er —wi(t2, A)} - e1(x) do

A A 2 2 A A
N —|—>\1/Del(m) Del(x) T " +)\1
=0 for A > M.

Indeed, it suffices to note that

W= {w cc(D): /Dw(:c) er(z) do = o}

and further that K: W — W.
The proof of Claim 6.1 is complete. O

By Claim 6.1, it follows that
®(t2) =V (t2,w(t2)) >0 for some number ¢3 € (t2,2).
We let
Yi={(t,w) ERxW:w—-AKw+ Q (K (f(te1 +w))) =0}.

It should be noticed that if ¢t € (—e2,e2), then (¢,w) € X if and only if w = w(t).
In particular, we have the assertion

(ZQ,U) (tNQ)) c .
Since f is bounded on R, there is a constant C' > 0 such that

1K (f(w)| < C for all u € C(D). (6.12)
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Moreover, by applying Schwarz’s inequality we obtain that

SC/Del(x)d:ESC\//Ddx-\//Del(x)Qd:c

= C+/|D| for all u € C(D),

[ K () e as

where |D| is the volume of the bounded domain D.
Hence we have, for all w € W,

A1

<t3 (1 - %) +c/|D| <0,
1

Q/(Zg,w) =13 (1 — i) —i—/DK(f (?3@1 —l—w(m))) -e1(z) dz

if we take a large number t3 > to such that

- A\
t3 > ()\—)\1>CV|D"

Furthermore, by arguing just as in Amann—Ambrosetti-Mancini [7, Lemma
1.2] we can prove the following lemma:

Lemma 6.1 For every a > 0, there exists a connected subset X () of X such that
projrX(a) D [—a,q].
Proof First, we remark that the mapping
gt,w): RxW — W
(tw) — (I = XEK) ' Q (K (f(ter +w)))

is uniformly bounded and compact on bounded sets, for each A € (A1,A1 + €1).
Moreover, the image f(X) is bounded in the space X = C(D), since the function
f is bounded on R.

Now we choose a constant r > 0 so large that

llg(t,w)|] <r for all (t,w) e R x W.

If we denote by B(0,r) the open ball about 0 in W with radius r, then it is easy
to see that
Y={(t,w) eRxW:w—-AKw+ Q (K (f(te1 +w))) =0}
={(t,w) eRx W :w+ g(t,w) = 0}
C R x B(0,r).
Hence we can define the Leray—Schauder degree deg (G(t,-), B(0,r),0) for a map
G = I + g defined by the formula

G: RxW —W
(t,w) — w~+ g(t,w).
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Then, by a homotopic argument it follows that
deg (G(t,-), B(0,7),0) = deg (I, B(0,7),0) =1 for every t € R,

where Iy is the identity map on the space W.
Hence, we have the assertion

projr ~ = R.

In order to show that, for every o > 0 there is a connected subset X(a) with
the stated properties, we follow a well-known argument used in bifurcation theory
(see [22, Chapter 19]). For a > 0, we let

A= [—a,a] x B(0,7).
Furthermore, we let
K:=XnA,
Ki:=XnN ({:l:a} X W,r)) .

Then K is a compact metric space and K+ are non-empty disjoint, closed subsets
of K.

Our proof is based on a reduction to absurdity. Assume, to the contrary, that
there does not exist a connected subset of K joining K4+ and K_. Then it follows
from an application of the separation theorem ([22, Theorem 19.4]) that there exist
disjoint compact sets C+ D K+ such that

K=CyuC_.
We remark that

c_n (C+ U ([—a,a] x S(0,7)) U ({a} x B(0, r))) =0,

where S(0,r) is the surface of the ball B(0,r). Hence we can find an open subset
U of A such that

e C_CU,
e Un(Cu(a,a] x S(0,n) U ({a} x BO,7)) ) =0.
This implies that
G(t,w) #0 for all (¢,w) in the boundary of U relative to A,

and that
Uy i ={weW: (qw)eU}=0.
Therefore, by the excision property and the homotopy invariance property of
the Leray—Schauder degree we obtain that
1= deg (G(*O{, ')7 B(O,’f'), 0) = deg (G(*O{, ')7 U*Ou 0) = deg (G(CM, ')v UOH 0)
=0.
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This contradiction proves the existence of a connected subset Y'(«) of X' joining
K4 and K_.

Summing up, we have proved the desired assertion
projry O [—a, a].
The proof of Lemma 6.1 is complete. O

By applying Lemma 6.1 with o := f3, we can find a connected subset X (t3) of
XY such that

projgr ~ (t~3) D [—’{3,’{3] D [—gz,;z] .

Hence we have the assertions

{(fsz@)) € I,

(ts,w3) € X1 for some w3 € W.

since (f2,w2) € X if and only if @Wo = w(tz) for t2 < 2.
Moreover, the mapping

U: X — ¥(t,w)

is continuous and satisfies the inequalities:

4 (?Q,w(?g)) = @(?2) > 0,
v (53,@3) < 0.

Therefore, by an intermediate value argument we find a point (¢3,ws3) € X1 such
that

In this way, we have found the third solution by setting
uz = tze1 +ws for tg3 >ty and wg € W.
Step 5: The fourth solution
ug =tae] +wa for ts <ty and wa € W

can be obtained in an analogous way.
Now the proof of Theorem 6.1 is complete. O
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7 Proof of Theorem 1.4

In this last section we consider the case where f(t) and f'(t) are bounded on R.
The proof of Theorem 1.4 is carried out by using the global theory of positive
mappings due to Dancer [27] (Theorem 3.4).

More precisely, we prove the following generalization of Szulkin [52, Theorem
5.2] to the degenerate case:

Theorem 7.1 Assume that hypotheses (H.1) and (H.2) are satisfied and let f(t) be a
C* function on R such that f(0) = 0 and f'(0) = 0. Then we have the following two
assertions:

(i) If, in addition, there exists a constant k > 0 such that
0 < f'(t) <k <min{Ai, A2 — M}, (1.5)

then the set of nontrivial solutions of the nonlinear operator equation (4.1), bifur-
cating at (A1,0), consists of two C! branches, one positive I't and one negative 1.
These branches are given respectively by the formulas (see Figure 1.8)

ro={(u) eRxCD): A=AV(s), u=u(s) for0<s<oc), (7.1a)
(A(0),u1(0)) = (A1, 0), (7.1b)
and
ry={(\uw) e Rx C(D) : A= AP (s), u=us(s) for0<s<oo}, (7.2)
(X2(0),u2(0)) = (A1,0). (7.2b)
(ii) Furthermore, if f(t) is bounded, it follows that
AD () — A1 as s — o0, (7.3a)
AP (s) — A1 as s — 0. (7.3b)

Remark 7.1 The behavior of Iy and I for a bounded function f(t) is in sharp
contrast with that described in Theorem 1.2. More precisely, the branches turn
back towards A1, hence they cannot be parametrized by .

Proof By Theorem 3.3 (Crandall-Rabinowitz), it follows that there exist precisely
two branches of solutions emanating from the point (A1,0). We shall show the
conclusions of the theorem hold true for the positive branch I, since the proof
for the negative one I> is analogous.

The proof of Theorem 7.1 is divided into four steps.

Step 1: Take a real-valued, smooth function g(A\) on R such that 0 < g(\) <1

on R and that
0 for A< X\ — 6,
g(\) = -
1 for A > \1.

We define a mapping
Gi(\u): Rx C(D) — C(D)
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by the formula
Gi(\u) =u—AKu+g(\) K (f(u)) for (A\u) € RxC(D).

We remark that
9(N) K (f(u))

all — 0 asu—0in P\ {0}, locally uniformly in A € R.

Hence, by applying Theorem 3.4 due to Dancer [27] to our situation we find that
the set of positive solutions of the operator equation Gi(A,u) = 0 contains an
unbounded subcontinuum I't emanating from (A1,0).

Step 2: We consider the case where 0 < A < A1: If condition (1.5) is satisfied,
then we have, for 0 < A < Ay,

A— g LW S
9N =, A—k fork< <A

£(u) {A for 0 < A <k,

Hence it follows from an application of Proposition 4.2 that

ul(A—g(A)M)§u1(A)=%<1 for 0 < A < Ar.

u 1
This implies that the eigenvalue problem with weight A — g()) f(u)/u
K ()\—g(/\) M) v=pwv,
u
veP

does not have an eigenvalue 1. In other words, the operator equation
Gi(\u)=u—K ()\—g()\) %) u=0

has only the trivial solution for 0 < A < A;.
Therefore, we have the assertion

Flﬁ{()\,u):0<)\<)\1}:@. (74)
Step 3: We consider the case where A > A\1: Remark that we have the formula

Ghu)=u—AKu+ K (f(u)) =u—AKu+g(\) K (f(u))
= Gl()\,u) =0 for ()\,u) cI1.

Substep (3-1): The case where A = X2. Since we have, by condition (1.5),
)\1<)\2—@ for t € R,

it follows that

i ()\2 - @) > () = 1.
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This implies that the eigenvalue problem with weight Ao — f(u)/u

{K (Ag—@)v:uu,

veEP

does not have an eigenvalue 1. In other words, the equation

Govi) =u-x (A= 1)y —o

u

has no positive solutions for A = \s.
Therefore, we have proved that the subcontinuum I is bounded away from
the hyperplane {A = A2} (see Figure 1.4), since we have, by condition (1.5),

@§k<)\2—)\1 for all t € R.

Substep (3-2): The case where A1 < A < A2. Then we have, for A1 < A < A2,
A—f(u) > A=k >0.

Hence it follows from an application of Proposition 4.2 that
A
%) ()\ — f’(u)) < ;1,2()\) = X <1 for A1 < A< Ao
2

We are reduced to the study of the following three cases:
(a) p2 (A= f(w)) <p1 (A= f'(u)) <1for (A\,u) € I't with A < Ag.
(0) p2 (A= f'(u)) <1< pr (A= f'(u) for (\,u) € I with XA < Aa.
(€) po (A= f'(u) <1=p1 (A= f'(u) for (A, u) € I't with A < Aa.

In order to prove part (i) of Theorem 7.1, it suffices to show that

The set I't \ {(A1,0)} is locally homeomorphic to the set of real numbers. (7.5)
We shall show that the Fréchet derivative
G'(\u) = (-Ku,I — (K (A= f'(u)) : Rx C(D) — C(D)
is an epimorphism (a surjective function). Here
G'Mu)(pv) = —pKu+v—KA-f(u)v for (u,v) € RxC(D).

The situation can be visualized as in Figure 7.1 and assertion (7.6) below.
Cases (a) and (b): Since p1 (A — f'(u)) # 1 for (\,u) € I1, it follows that the
partial Fréchet derivative

Gu(yu) =1—K (XA— f'(u))

is an isomorphism. In other words, u is a regular point of the mapping G (A, u).

Case (c): If p1 (A — f/(u)) =1 for (A, u) € I, it follows from an application of
Proposition 4.1 that the eigenvalue 1 (A — f'(u)) is algebraically simple. However,
since the operator K (A — f'(u)) is compact, we have the formula

ind Gu(\,u) =ind (I - K (A — f'(u))) = 0.
This implies that
codim R (Gu(M\u)) =dim N (Gu(A\,u)) = 1.

More precisely, we have the following claim:
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R

Fig. 7.1 The derivative G'(\,u) = (—Ku,I — K (A — f’(u))) is an epimorphism

Claim 7.1 The function Ku € Int (Pe) and
Ku g R(Gu(X,u)).
In other words, we have the assertion (see Figure 7.2)

O(D) = R (Gu(\w)) ® N (Gu(h 1)) = R (Gu(\ u)) +span [Ku]. (7.6)

R(Gu ()\u “))

Ku

> N(Gu(X u))

Fig. 7.2 The function Ku € Int (P.) and Ku & R(Gu(\,w))

Proof First, by the strong positivity of K it follows that

Ku € Int (P.).
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Our proof is based on a reduction to absurdity. We assume, to the contrary,
that
Ku € R(Gu(A,u)).

Then it follows that
Ku=Gu(\u)v=v—K((A= f'(u))v) for some v € C(D).
We remark that
v=Ku—AKv+ K (f(u)v) € Ce(D),
since the operator K maps C(D) into Ce(D).
We introduce a strongly positive, compact linear operator
T: Ce(D) — Ce(D)

by the formula
Ti= K (A=), p)-

Then the operator T' has an eigenvalue 1, since p1 (A — f/(u)) = 1.
Therefore, by using the Krein—-Rutman theorem (Theorem 2.5) we can find a
linear functional ¢* € Ce(D)" such that

T y* =97,
(z,9*) >0 forall z € P\ {0}.

In particular, we have the assertion
(v =K (A~ f'(w)v,¢") = (Ku,¥") >0,

since Ku € P\ {0}.
However, we have the assertion

0<{(v—K(\- f’(u)) v, ") = (v —Tv, ")
= (0,9") = (v, T"Y") = (v,9") — (v,9") = 0.
This is a contradiction.

The proof of Claim 7.1 is complete. O

By Claim 7.1, we find that the Fréchet derivative G'(\, ) is an epimorphism
(a surjective function).

Summing up, by applying the implicit function theorem (Theorem 3.1) we
obtain a local homeomorphism at each point (A, u) € I't \ {(A1,0)} for A1 < A < As.
Indeed, it suffices to note the following;:

()\7u) eI \ {()\1,0)} for A <A< Ao
<~
Ghu)=u—-AKu+ K (f(u)) =u—AKu+gX\) K (f(v)) =Gi(\u)=0
for AL <A< A2 andu;éO.

Part (i) of Theorem 7.1 follows from assertions (7.4) and (7.5). Namely, we
have the assertion (see Figure 1.8)

()\,u) S Fl\{()\l,O)} for A< A< Ao
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<
A =AW (s) for 0 < s < o0,
u=1u1(s) =ti(s)er + wi(s) for 0< s < oo.
Similarly, we have the assertion (see Figure 1.8)
(/\,u) S \ {(Al,O)} for M1 < A< A2
<
{)\:/\(2)(5) for 0 < s < o0,

u=usz(s) =t2(s)er +wa(s) for 0 < s < oo.

Step 4: In order to prove part (ii) of Theorem 7.1, we apply the Lyapunov—
Schmidt procedure to the nonlinear operator equation (4.1).

Let e1, e], W and @ be as in Section 5. By virtue of formula (5.13), we can
express uniquely the solution u(s) as follows:

ui(s) =ti(s)er +wi(s), wi(s)eW={(I-MK)v:ueC(D)}.
Here we recall the following two assertions:

(1) The positive solution branch Iy is unbounded (see Step 1).
(2) The distance from Iy to the hyperplane {\ = A2} is positive (Substep (3-1)).

First, we consider the case where w1 (s) is bounded in C(D) as s — oo and
t1(s) — o0 as s — oo.

Then it follows from the one-dimensional equation (5.9) that

A
<1 - /\1) t1(s) + (K (f (t1(s) ex + wi(s))) ,e1) = 0.

However, we find from inequality (6.12) that if f(¢) is bounded, the second term
on the left-hand side of this equation is bounded.
Therefore, we find that the desired assertion

A (s) — A1 as s — o0

holds true.
Secondly, we consider the case where w1 (s) is unbounded in C(D) as s — oo.
We have, by the operator equation (5.7),

o @K (ngziu) +Q (K (f(tﬁ;%(:’)h(s)))) —0 inC(D). (7.7)

Since the resolvent

K:C(D) — Ce(D)
is compact and strongly positive, we can find a sequence {s;}, a function x € Pe

and a number A1 <~ < A2 such that, as j — oo,

v(s;) = % e o(D)\ {0}, (7.82)
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Kv(sj) — x  in Ce(D), (7.8b)
A (5) — . (7.8¢)
Hence, by passing to the limit in formula (7.7) we obtain from assertions (7.8) that
v(sj) — vx in Ce(D) as j — oo,
so that -
Kv(sj) — vKx in Ce(D) as j — oo.
Summing up, we have proved that

1
X € Pe, |Ixll==,
gl

Kx = %X in Ce(D),
A1 <7y < Aa.

By Proposition 4.1, this proves that

1
~y

so that
v =A1.

Therefore, we find from assertion (7.8c) that the desired assertions
)\(1)(8]) —> A1 as j — 00 (73)

hold true.
Now the proof of Theorem 7.1 is complete. ad

8 The Leray—Schauder index of critical points and its application

Let X be a Banach space and let G be a nonlinear map of X into itself. In this
last section we consider the case where G is a compact perturbation of the identity
map. It is known (see [23, Section 3.4]) that if ug is an isolated solution of the
nonlinear operator equation

G(u)=p forpe X,

then the Leray—Schauder index i (G, uo) is well-defined. The purpose of this section
is to show (Theorem 8.1) that if the null space N (G'(uo)) is one dimensional, then
we have the assertion

‘i(G, u0)| <1.

Finally, we apply Theorem 8.1 (or Corollary 8.1) to the semilinear elliptic boundary
value problem (1.2) with X := Aq:

1.7
Bu = a(x’)% +b(z')Yu=0 on dD. (L.7)

{Au—/\lu—l—f(u) =0 in D,
ov
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8.1 The Leray—Schauder index calculation

Now we formulate our result more precisely. Assume that a mapping G: X — X
is of class C* such that

G=1-C for some compact map C: X — X.

Recall that C: X — X is said to be compact if it is continuous and maps bounded
sets into relatively compact sets.
If ug is an isolated solution of the nonlinear operator equation

Glu)=u—C(u)=p, peX,
then the Leray—-Schauder indez i (G, uo) is defined by the formula
i (G ug) = lsiﬁ)ldeg (G, B(uo,€),p),
where B(ug,¢) is an open ball about ug of radius e.
It is known from the index formula (see [22, Theorem 21.10]) that
i (G, ug) = +1, (8.1)

provided that the Fréchet derivative G'(up) is invertible.
In this section we study the case where the null space N (G'(uo)) is one di-
mensional. Without loss of generality, we may assume that uo = 0 and p = 0:

i(G,0) = lif&deg (G, B(0,¢),0).
£

We express the map C in the form
C(u) = Ku— N(u) foruceX,

where K: X — X is a self-adjoint, bounded linear operator and N: X — X satisfies
the condition
INw|l=o(ul) asu—0in X, (8.2)

so that the Fréchet derivative G'(0) is equal to the following:
G'(0)=1-K.

Furthermore, we assume that K has the first reciprocal eigenvalue 1 of simple
algebraic multiplicity:
Keg = e,

where e is an eigenvector of K such that
lleoll =1,

N (I — K) = span [eg].

Now, as in formula (5.5) we consider the Lyapunov—Schmidt orthogonal de-
composition of X:
X=N(I-K)®R(-K). (8.3)
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By Mazur’s theorem ([74, Chapter IV, Section 6, Corollary]), there exists a con-
tinuous linear functional eg on X such that

(eg,e0) =1,
(eg,w)y=0 forallweW :=R(I-K).

Then we can express every vector u € X as follows (see Figure 8.1):

u=teyg+w fort= (ef,u) and we W. (8.4)

ﬂ WTR(I—K)

N(I — K) = span [eg)

Fig. 8.1 The orthogonal decomposition (8.3) of X

Denote by @ the projection of X onto W along N (I — K):
Qu=mu—{(ey,uyeq forue X,

or equivalently,
(I-Q)u={es,uyeo forueX.

Then it is easy to see that the operator equation
Gu)=u— Ku+Nu=0 foru=teo+w, (8.5)

is equivalent to the following system:

w—Kw+ QN(teg+w) =0 in W, (8.6a)
&(t,w) :=(N(teo +w),ep) =0 inR. (8.6b)
However, since |[N(u)|| = o (JJu]) as v — 0 in X, it follows from an application of

the implicit function theorem (Theorem 3.1) that, for each ¢t € R near the origin
the equation (8.6a) has a unique solution

w=op(t)ew

such that the map
p: (—e,e) — W
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is of class C* and ¢(0) = ¢'(0) = 0. Indeed, it suffices to note that the Fréchet
derivative
I-K: W —W

is an isomorphism.
Hence we have the equivalent assertions

{G(u)zu—Ku—i—N(u):O in X, (8.5)
u =teg +w
<~
w—Kw+ QN(teo +w) =0 in W, (8.6)
&(t,w) = (N(teo + w),e5) =0 inR .
—
@(t) = Ko(t) + QN (teo +¢(t)) =0 in W,
D (t,0(t) =0 in R, (8.7)
u=teg + p(t) for sufficiently small norm.
We remark that
& (t,p(t)) #0 for sufficiently small ¢ with ¢ # 0, (8.8)

since u = 0 is an isolated solution of the equation G(u) = 0.
We are in a position to prove the following generalization of Szulkin [52, The-
orem 6.1] to the degenerate case:

Theorem 8.1 Assume that u = 0 is an isolated solution of the equation G(u) = 0
and that
X=N({I-K)®R(I-K). (8.3)

Then we have the assertion

i(G,0)] < 1. (8.9)
Furthermore, we have the product formula
i(G,0) =i ((I = K)lw,0)-i(2(-,¢(),0).

Proof The proof of Theorem 8.1 is divided into two steps.
Step 1: Our proof is based on the Leray—Schauder continuation method. To do
so, we show that the homotopy

(—e,€) x B(0,¢) x [0,1] 3 (t,w, s) —>

(¢ (t, 5w+ p(t) — p(st)) ,w — Kw + w>

s
is admissible on the set

Us={u=tegt+weX:|t|<e, ||w|<e},
provided that e is sufficiently small. Here we have set

QN (steg + sw)

S

=0 fors=0,



72 K. Taira

according to the condition (8.2).
It suffices to show that the system of equations

QN (steg + sw) —0
D (t,sw+ o(t) — p(st)) =0 (8.10b)

w— Kw + , (8.10a)
has no solution for 0 < s < 1 on the boundary
ou ={[t| =e, wl| <e}U{ft| <e, |lw|| =€},

if ¢ is sufficiently small.
For each [t| < ¢, the equation (8.10a) has a unique solution

w:ﬂsﬂ for0<s<1,

where we set
@ =0 fors=0,
s

recalling that ¢'(0) = 0.
(1) First, since we have the assertion

p(t) =o(t) ast—0,
we may choose ¢ > 0 so small that

t t
H@H — H%H |t| <& whenever |t| <e.

This proves that the equation (8.10b) has no solution if ||w| = € and [t] < e.
Indeed, we have the contradiction

full = |22 < e = .

(2) Secondly, since we have the formula

w:w(::t) for0<s<1,

then we have, by assertion (8.8),
& (1,50 + (1) — p(st)) = B (1, 9()) £0 for |f] = ¢ and ]| <.
Summing up, we have proved that
P (t,sw+ ¢(t) — p(st)) #0 if either |t| =€ or |Jw| =e.

Namely, the system (8.10a) and (8.10b) has no solution on the boundary dU for
0<s<1.

Step 2: By Step 1, we obtain from Brown [22, Theorem 9.9] that i(G,0) is
equal to the index of the mapping given by the formula

(t,w) — (D (¢, 0(t)) ,w — Kw).
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Hence we have, by the product formula ([17, Theorem 5.3.16], [22, Theorem 11.3]),
(G, 0) = i (1 — K)|w,0) 4 (® (- 0()) ,0) . (s.11)

However, since (I — K)|w is invertible, it follows from formula (8.1) that
i((I = K)|lw,0) = *1. (8.12)

Furthermore, it follows from an application of Brown [22, Theorem 9.9] that
i(P(,(),0)=0,=1, (8.13)

since @ (-, ¢(+)) maps a subset of R into R.
By combining formulas (8.11), (8.12) and (8.13), we have proved the desired
assertion

i(G,0)] < 1. (8.9)

The proof of Theorem 8.1 is now complete. o

It is an easy consequence of the additivity property of degree that if p is a regu-
lar value of G, that is, if G~ (p) contains no critical points, and if deg (G, U, p) = n,
then the nonlinear operator equation G(u) = p has at least |n| distinct solutions
in U. This result can be extended as follows (see [52, Corollary 6.3]):

Corollary 8.1 Let U be an open bounded subset of X such that p ¢ G(0U). Assume
that deg (G,U,p) = n and that

dim N (G'(v)) <1 forallue G~ (p)NU.
Then the nonlinear operator equation G(u) = p has at least |n| distinct solutions in U.

Proof If not all of the solutions are isolated, there is nothing to prove. If all of the
solutions are isolated, then the conclusion follows immediately from the additivity
property of degree and Theorem 8.1.

The proof of Corollary 8.1 is complete. O

8.2 Application to the resonance case

In this subsection we apply Theorem 8.1 or Corollary 8.1 to the resonance case.
More precisely, we consider the semilinear elliptic boundary value problem (1.2)
with A := Aq:

Au—Xu+ f(u) =0 in D,
n Oou , (1.7)
Bu:a(m)a—u +b(z')Yu=0 on 8D,

and prove that the semilinear problem (1.7) has at least two nontrivial solutions.
To do so, we rewrite the semilinear problem (1.7) in the nonlinear operator

form
G(u, M) =u— M Ku+ K (F(u)) =0. (8.14)

Recall that A; is the first reciprocal eigenvalue of K and further that \; is alge-
braically simple:
M Keg=e€ey inX= C(ﬁ)

The next theorem is a generalization of Szulkin [52, Theorem 6.4] to the de-
generate case:
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Theorem 8.2 Assume that hypotheses (H.1) and (H.2) are satisfied and let f(t) be a
C* function on R such that f(0) = 0. Moreover, we assume that

. ! _
Jim f(8) =c (8.15)

and that
0<co<A—f(t) <er < e (8.16)

Then the nonlinear operator equation (8.14) has at least two nontrivial solutions u1,
uz if one of the following conditions is satisfied (see Figure 8.2):

(i) f(0)<0<e.
(ii) ¢ <0< f'(0).

f
" A=A+ %
EEYENH) X A
Uz
J(w)

Fig. 8.2 The formal solution curve A = A1 + —— in the case (i)
u

Proof The proof of Theorem 8.2 is divided into three steps.
Step 1: First, it follows from condition (8.14) that

o (M= 1)) < pa(ha) = 1.
Hence we have the assertion
dim N (Gu (u,A1)) <1 for any u € X.
More precisely, we have the formula

1 if g ()\1 — f/(u)) =1,

0 if (- £(u) # L. (517

dim N (Gu (u, A1) = {

By condition (8.15), we obtain that the mapping
u: —> A\ Ku— K (F(u))
is asymptotically linear and has the asymptote

K\ —c). (8.18)
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Step 2: We consider the case where condition (i) is satisfied. Then it follows
that
Al — C
A1

p1 (A1 —c¢) = <1

Since we have the formula
G( M) =1- (MK - K(F()))

and assertions (8.17) and (8.18), we obtain from [29, Chapter 5, Proposition 5.8.11]
that
deg (G(-, A1), B(0,R),0) = (-1)" =1 (8.19)

if the open ball B(0, R) is sufficiently large. Indeed, it suffices to note that the
operator K (A1 — c¢) has no eigenvalue greater than 1.
On the other hand, we have, by condition (i) and condition (8.16),

pr (M= f'(0)) = /\1}7{/(0) >1

and

pa (- /o)) = 2L < o

Therefore, by applying the Leray—Schauder index formula (3.5) (see Theorem 3.7)
we obtain that

<1

i(G(-,A1),0) = (=1)t = —1. (8.20)

Indeed, it suffices to note that the operator
K (A~ £1(0))

has only one eigenvalue 1 (A1 — f/(0)) greater than 1.
Now we assume that all the solutions of the nonlinear operator equation
G(u, A1) = 0 are isolated. Then, we have, by formulas (8.19) and (8.20),

deg (G(-,A1),B(0,R),0) — ¢ (G(-,A1),0) = 2. (8.21)
Therefore, by using Theorem 8.1 with

C(u) == MKu— K (F(u)),
K:=MK, N(u):=K(F(u)),

and the additivity property of degree we find that there must exist at least two
additional nontrivial solutions w1, uz of the nonlinear equation G (u, A1) = 0 (see
the proof of Corollary 8.1).

Step 3: Similarly, we can prove that if condition (ii) is satisfied, formula (8.21)
holds true.

The proof of Theorem 8.2 is complete. ad

Results similar to our last theorem have been obtained in Ambrosetti—-Mancini
[9] and [10] by means of completely different methods.
For Theorem 8.2, we give a simple example of the nonlinear term f(t):
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Example 8.1 If A1, Ao are eigenvalues of the non-negative, selfadjoint operator 2,
we let

%t-l—l)\l—)\g for t > 2,

%ﬁ—%:w% for 1 <t<2,
r = oA for ~1<t<1,

—%t2—¥t—% for —2 <t < —1,

A1 A1

?t—7+)\2 for t < —2.

Then it is easy to verify that

fl(o):>\1;)\27

c_ﬁ c—ﬁ At

T2 Ty T T

9 Concluding remarks

This paper is devoted to the study of static bifurcation theory for a class of de-
generate boundary value problems for semilinear elliptic differential operators of
second-order, which includes as particular cases the Dirichlet and Robin prob-
lems. The purpose of this paper is to generalize some results of Szulkin [52] to the
degenerate case. The approach here is distinguished by the extensive use of the
ideas and techniques characteristic of the recent developments in the LP theory
of pseudo-differential operators ([69, Part II]). In the proof of main theorems 1.2,
1.3, 1.4 and 8.2 we re-work and expand in a different sprit the material of the
previous papers [57] through [62] and [70], even though there is a lot of overlap
in the contents of the present paper and those of them. This makes the present
paper fairly self-contained.

This paper will provide a solid foundation for the reader interested in elliptic
boundary value problems and topological methods in nonlinear analysis such as
the bifurcation theory from a simple eigenvalue due to Crandall-Rabinowitz [26]
and Dancer [27] and the Leray—Schauder degree introduced by Leray—Schauder
[39], via the Semenov approximation in Chemistry.

For the semilinear elliptic boundary value problem (1.2), we give an overview of
the classical Schauder theory in Szulkin [52] versus the theory of pseudo-differential
operators in the present paper (see Table 9.1 below).

Finally, it should be noticed that Anh—-My [14] studied semilinear Dirichlet
problems for a strongly degenerate elliptic system of Hamiltonian type (see [34])
and further that Papageorgiou—Zhang [45] studied nonlinear Dirichlet problems
for the sum of a p-Laplacian and a Laplacian with concave terms (see [41]).

10 Appendix: The maximum principle in LP Sobolev spaces
In this appendix we formulate various maximum principles for second-order, el-

liptic differential operators with discontinuous coefficients such as the weak and
strong maximum principles (Theorems A.1 and A.2) and the Hopf boundary point
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Type of Classical Theory of
nonlinearity Schauder theory pseudo-differential operators

Asymptotically linear (52, Theorem 1.3] Theorem 1.2

nonlinearity case

(52, Theorem 1.4] Corollary 1.1

Bounded nonlinearity [52, Theorem 5.1] Theorem 1.3

case (52, Theorem 5.2] Theorem 1.4

Resonance (52, Theorem 6.4] Theorem 8.2

case

Table 9.1 An overview of the classical Schauder theory versus the theory of pseudo-differential
operators for the semilinear elliptic boundary value problem (1.2)

lemma (Lemma A.1) in the framework of LP Sobolev spaces. The results here are
adapted from Bony [20], Troianiello [72, Chapter 3] and also Taira [64, Chapter
8].

Let D be a bounded domain in Euclidean space RY, N > 3, with boundary 0D
of class C1'!. We consider a second-order, uniformly elliptic differential operator A
with real discontinuous coefficients in non-divergence form

o Ou LA ou
.__ ij o ou
s z';::l a” (@) 00z, + ;::1 b'(z) oz, + c(z)u.

More precisely, we assume that the coefficients o' (), b’(x) and c(z) of the differ-
ential operator A satisfy the following three conditions:

(1) a¥(x) € L®(D), a¥ () = a’*(z) for almost all z € D and there exist a constant
A > 0 such that

N
§|§|2 < > a¥(z)&g; < Mg for almost all z € D and all £ € RN,
i,j=1

(2) b'(z) € L°°(D) for all 1 <i < N.
(3) c(z) € L*(D) and c(x) > 0 for almost all x € D.

First, we state a variant of the weak mazimum principle in the framework of LP
Sobolev spaces, due to Bony [20] ([72, Chapter 3, Lemma 3.25]):

Theorem A.1 (the weak maximum principle) If a function v € W?P(D), N <
p < 00, satisfies the condition

Au(z) <0 for almost all z € D,

then we have the inequality

max u < max u+,

D



78 K. Taira

where
ut (z) = max {u(z),0} forzeD.

A detailed proof of Theorem A.1 is given in Taira [67, Theorem 8.1].
Secondly, the Hopf boundary point lemma reads as follows ([72, Chapter 3,
Lemma 3.26], [68, Lemma 6.1]):

Lemma A.1 (the boundary point lemma) Assume that a function u € WP (D),
N < p < oo, satisfies the condition

Au(z) <0 for almost all z € D.

If u(x) attains a non-negative, strict local mazimum at a point x{, of dD, then we have

the inequality

9
55, (@0) >0

(see Figure 1.1).

Finally, we can obtain the following strong mazimum principle for the operator
A ([20, Théoréme 2], [72, Chapter 3, Theorem 3.27], [68, Theorem 6.2]):

Theorem A.2 (the strong maximum principle) Assume that a function u €
W2P(D), N < p < oo, satisfies the condition

Au(z) <0  for almost all z € D.

If u(z) attains a non-negative mazimum at an interior point xo of D, then it is a
(non-negative) constant function.

Acknowledgements I am grateful to the referees for their valuable suggestions and for in-
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