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Preface

This book is an easy-to-read reference providing a link with functional

analysis, real analysis, partial differential equations and probability.

Most mathematicians working in partial differential equations are only

vaguely familiar with the powerful ideas of stochastic analysis. On the

other hand, the additional intuition which this book conveys might pro-

vide better insight and be helpful to their work. In addition, the book

provides a compendium for a large variety of facts from functional anal-

ysis, real analysis, singular integral operators and Markov processes -

for looking up quickly a theorem. This book gives better coverage of

important examples and applications, and is amply illustrated and all

figures and tables are provided with appropriate captions.

The purpose of this book is a self-contained account of the functional

analytic approach to the problem of construction of Markov processes

with Ventcel’ (Wentzell) boundary conditions in probability. More pre-

cisely, we prove existence theorems for Feller semigroups with Dirichlet

boundary condition, oblique derivative boundary condition and first-

order Ventcel’ boundary condition for second-order, uniformly elliptic

differential operators with discontinuous coefficients. Our approach here

is distinguished by the extensive use of the ideas and techniques charac-

teristic of the recent developments in the Calderón–Zygmund theory of

singular integral operators with non-smooth kernels.

It should be emphasized that singular integral operators with non-

smooth kernels provide a powerful tool to deal with smoothness of so-

lutions of partial differential equations, with minimal assumptions of

regularity on the coefficients. The Calderón–Zygmund theory of singu-

lar integrals continues to be one of the most influential works in modern

history of analysis, and is a very refined mathematical tool whose full

power is yet to be exploited.
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Preface xv

This book is addressed to advanced undergraduates or beginning-

graduate students and also mathematicians with interest in real analysis,

functional analysis and partial differential equations. For the former, it

may serve as an effective introduction to these four interrelated fields

of analysis. For the latter, it provides a method for the study of ellip-

tic boundary value problems with discontinuous coefficients, a powerful

method clearly capable of extensive further development. Bibliograph-

ical references are discussed primarily in Notes and Comments at the

end of each chapter. These notes are intended to supplement the text

and place it in better perspective. This book will lead to a better insight

into the study of singular integrals and elliptic boundary value problems

for graduate students about to enter the subject, and mathematicians

in the field looking for a coherent overview.

The author is grateful to Professors Akihiko Miyachi and Yasushi

Ishikawa for fruitful conversations while working on this book.

Last but not least, I owe a great debt of gratitude to my family who

gave me moral support during the preparation of this book.

Tsuchiura, Kazuaki Taira

November 2020
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[11] Bony, J.-M., Courrège, P. et Priouret, P. (1968). Semi-groupes de Feller
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opérateurs différentiels”, Math. Scand. 8, 116–120.

[57] Ray, D. (1956). Stationary Markov processes with continuous paths,
Trans. Amer. Math. Soc. 82, 452–493.

[58] Reed, M. and Simon, B. (1980). Methods of modern mathematical physics
I: Functional analysis, revised and enlarged edition (Academic Press, New
York).

[59] Revuz, D. and Yor, M. (1999). Continuous martingales and Brownian
motion, third edition (Springer-Verlag, Berlin New York Heidelberg).

[60] Rudin, W. (1987). Real and complex analysis, third edition (McGraw-Hill,
New York).

[61] Sarason, D. (1975). Functions of vanishing mean oscillation, Trans. Amer.
Math. Soc. 207, 391–405.

[62] Sato, K. and Ueno, T. (1965). Multi-dimensional diffusion and the Markov
process on the boundary, J. Math. Kyoto Univ. 4, 529–605.

[63] Schaefer, H. H. (1991). Topological vector spaces, second edition
(Springer-Verlag, New York Berlin Heidelberg).
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Ascoli–Arzelà theorem, 58, 229, 474, 548
average, 108, 114, 372

Bakel’man–Aleksandrov maximum
principle, 540, 592

balanced, 34, 480, 550
ball, 108, 114, 476, 547
Banach space, 3, 28, 74, 109, 200, 228
Banach’s closed graph theorem, 44
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BMO function, 108
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boundary singular integral operator, 426
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Calderón–Zygmund variable kernel, 385
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Cauchy (convergence) condition, 23
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560
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closed (linear) operator, 43, 49, 576,
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closed range theorem, 44
closed subspace, 23
closest-point theorem, 53
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conjugate linear, 54

conjugation, 41
conservative, 559
continuity of linear operators, 26
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contraction mapping, 20, 415, 459, 523,

531
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416, 460
contraction semigroup, 565, 566
contractive (operator), 566
converge weakly, 38
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576, 581, 582, 596, 608, 610, 618,
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densely defined operator, 40, 43, 44, 48,
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diffeomorphism, 402, 462, 489, 537
differentiation theorem, 120
diffusion operator, 2, 16, 238
diffusion process, 565
Dini’s theorem, 631, 633
Dirac measure, 407
direct image of a measure, 66
Dirichlet condition, 7, 179, 400, 467, 571
Dirichlet problem, 176, 399, 466, 570,

571, 580, 602, 614
distance, 20
distance function, 20
distribution, 5, 6, 8
distribution function, 97, 118, 141
divergence theorem, 157, 170, 320, 322,
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dominated convergence theorem, 68, 83,

92, 181, 281, 294, 318, 319, 324,
355, 359, 388, 478, 481, 549, 551

double integral, 69
drift, 3
dual operator, 40, 41
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dual space, 36
dual space of a normed factor space, 37
dyadic cube, 117, 118, 139

Eberlein–Shmulyan theorem, 39, 189,
479, 549
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eigenvector, 47
elliptic differential operator, 1, 400, 405,

421, 466, 485, 510, 571, 585, 601
elliptic integro-differential operator, 237
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essentially bounded, 73
Euler’s formula, 157
even kernel, 320, 326, 352
existence and uniqueness theorem, 466,

540
existence and uniqueness theorem for

the Dirichlet problem, 575, 576
existence and uniqueness theorem for

the homogeneous Dirichlet
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existence and uniqueness theorem for
the oblique derivative problem,
488, 540

existence theorem, 466, 471, 540, 575,
576

existence theorem for the Dirichlet
problem, 31, 471

existence theorem of singular integrals,
387, 392

extended real numbers, 62
extension, 43, 58, 581, 597
extension of an operator, 21

factor space, 29
Fatou’s lemma, 68, 201, 220
Feller semigroup, 3, 5, 6, 7, 8, 565, 566,

568, 569, 570, 585, 601, 617, 618,
625, 626, 635

Feller (transition) function, 561
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576
finite measure, 63
finite measure space, 63
first axiom of countability, 22
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fixed point theorem, 21
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formulation of the boundary value
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formulation of the Dirichlet problem,
399

Fourier coefficient, 56, 152, 161, 164
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Fourier series expansion, 56, 151, 164
Fourier transform, 225, 296, 326, 407
Fréchet differentiable, 169, 231
Fréchet space, 23
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Fubini’s theorem, 68, 70, 71, 72, 75, 76,
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329, 349, 350, 355, 362, 364, 365,
450, 476, 494, 502, 546
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function space, 16, 224
functional, 21, 36
fundamental solution, 405, 504

general existence theorem for Feller
semigroups, 617

generalized Hölder’s inequality, 81, 85
generalized reflection map, 423
generalized Sobolev space, 227
generalized Young’s inequality, 84
generation theorem for Feller

semigroups, 5, 6, 7, 567, 568, 569
global a priori estimate, 402, 420, 465,

470, 488, 587
global estimate, 401, 537, 571, 587
global regularity theorem for the

Dirichlet problem, 401, 470
global regularity theorem for the

oblique derivative problem, 487
global solvability theorem for the
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Gram–Schmidt orthogonalization, 55
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Green’s formula, 150, 160, 167, 171, 173
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Hahn–Banach extension theorem, 34
half space Green function, 424
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Hardy–Littlewood maximal function,
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harmonic function, 167, 171, 172, 179,
185, 192, 198

harmonic operator, 602, 604
heat kernel, 93
Hessian matrix, 256, 416, 460
Hilbert space, 50, 151, 164
Hilbert transform, 295, 309, 315
Hille–Yosida–Ray theorem, 568
Hille–Yosida theorem, 567
Hölder’s inequality, 74, 77, 78, 81, 82,

90, 134, 183, 186, 204, 234, 252,
254, 273, 284, 303, 304, 305, 306,
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363, 365, 374, 375, 377, 380, 440,
441, 446, 480, 481, 501, 550, 552

Hardy’s inequality, 207
homogeneous, 143, 157
homogeneous Dirichlet problem, 466,

467
Hopf’s boundary point lemma, 259, 541,

593, 616, 625
Hörmander’s condition, 378, 443
hypograph, 168, 232

imbedding theorem for Besov spaces,
624

improper integral, 277
index of an operator, 48, 576
infinitesimal generator, 568, 569, 618,

635
infinitesimal generator of a semigroup,

5, 6, 8, 567
initial value problem for the heat

equation, 94
injective, 30, 578, 594
inner product, 51
inner product space, 50, 145
inner regular, 65
integrable, 68, 73
integral, 66, 67
integral average, 108, 109, 372, 437
integral operators with positive kernels,
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integral representation formula, 422
interior a priori estimate, 401, 404, 410,

413, 463, 466, 538
interior estimate, 401, 404, 409, 410,

412, 413
interior normal, 3, 486, 591, 602, 623
interior normal derivative, 586, 629
interior regularity theorem for the

Dirichlet problem, 401
interior representation formula for
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interior a priori estimate, 412
interpolation inequality, 417, 464, 530,

533, 537, 538, 575, 590

inverse, 21, 29
inverse Fourier transform, 226
inverse operator, 21, 30
inward normal, 259
inward normal derivative, 259
isometry, 30
isomorphic, 30
isomorphism, 30, 577, 578, 591, 594
iterated integral, 70

John–Nirenberg’s inequality, 129, 133,
134, 135

Lp boundedness, 426, 456
Lp boundedness of boundary

commutators, 435
Lp boundedness of boundary singular

integral operators, 427
Lp space, 73
Lévy operator, 239
Laplace equation, 148, 172
Laplace operator, 482, 552
Laplacian, 148, 171, 172, 482, 552
Lebesgue differentiation theorem, 120
Lebesgue dominated convergence

theorem, 68, 83, 92, 181, 281, 294,
318, 319, 324, 355, 359, 388, 478,
481, 549, 551

Lebesgue measurable, 64
Lebesgue measure, 64
Lebesgue point, 124, 182, 284
Lebesgue set, 182, 206, 217
lifetime, 559
linear functional, 21, 34, 35, 36
linear operator, 21, 26
Liouville’s theorem for harmonic

functions, 188
Lipschitz constant, 169
Lipschitz continuous, 3, 167, 230, 486,

529, 535, 586, 602, 623
Lipschitz domain, 167, 168, 169, 228,

229, 230, 232
Lipschitz hypograph, 167, 230
locally compact, 24
locally compact Hausdorff space, 65
locally compact metric space, 558, 560,

561, 565, 567
locally integrable function, 108
logarithmic convexity, 192

Marcinkiewicz’s interpolation theorem,
99, 100, 103, 106, 293

Markov process, 4, 7, 16, 557, 558
Markov property, 560
Markov time, 563
Markov transition function, 4, 16, 560
maximal function, 118, 125, 372, 437
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maximum norm, 3
maximum principle, 237, 568, 632
Mazur’s theorem, 34, 39, 480, 550
mean value theorem, 379, 444
mean value theorem for harmonic

functions, 172, 185
measurable, 66, 558
measurable function, 61
measurable set, 62
measurable space, 61, 62
measure, 63, 64
measure space, 63, 99
method of continuity, 31, 466, 471, 482,

542, 553
metric, 20, 22, 28
metric space, 19, 565
metrizable, 20, 22
minimal closed extension, 43, 58, 569,

615
Minkowski functional, 35
Minkowski’s inequality, 74, 219
Minkowski’s inequality for integrals, 74,

79, 92, 195, 204, 206, 209, 216, 217,
430, 432, 469, 494, 500

mollifier, 94, 95, 467, 468, 474, 545
moment condition, 238
monotone class theorem, 63
monotone convergence theorem, 68, 83
Morrey’s imbedding theorem, 247, 251
multiplicity, 47

negative semi-definite, 256
Neumann series, 31, 33, 47
non-negative measure, 63, 560
non-negative (operator), 566, 567, 580,

581, 595, 597, 604, 613, 625, 627,
628, 634

non-homogeneous oblique derivative
problem, 535

norm, 3, 28, 29, 561
norm of Besov spaces, 202
norm-preserving, 30
normal, 3, 169, 230, 233, 259, 486
normal derivative, 259
normal transition function, 560, 561,

562
normed factor space, 29, 37
normed linear space, 28
null set, 63
null space, 21, 46, 576

oblique derivative boundary condition,
489, 491, 503, 585, 586, 623

oblique derivative problem, 6, 485, 505,
510, 518, 535, 585, 587, 591, 624

odd kernel, 314, 320, 327
one-point compactification, 24, 558, 578

open covering, 24
open mapping theorem, 44, 578, 594
operator, 21, 26
operator norm, 31
orthogonal, 52
orthogonal complement, 53
orthogonal decomposition, 53
orthogonal projection, 54
orthogonal set, 55
orthonormal, 55, 151
orthonormal set, 55
orthonormal system, 56, 151
outer regular, 65
outward normal, 171, 230, 233

parallelogram law, 53
Parseval’s formula, 276, 281, 286, 297
Parseval’s identity, 56, 152, 158
partition of unity, 169, 230, 232, 417,

463, 538
path, 558
path function, 562
path-continuity, 562
perturbation, 6, 623
Poincaré inequality, 234
point at infinity, 24, 558, 578
point spectrum, 47
pointwise Hörmander’s condition, 378,

443
Poisson integral, 167, 179, 199, 201,

202, 210, 213
Poisson integral formula, 185
Poisson kernel, 176
positive definite, 256
positively homogeneous, 79, 80, 272,

275, 327, 339, 346, 369, 386, 387,
405, 433, 452

potential, 103, 226, 524
pre-Hilbert space, 50
precompact, 24
principal value, 271
probability measure, 558
product measure, 66
product of linear operators, 31
product σ-algebra, 66
product space, 27, 29
product topology, 28, 29
progressively measurable, 564

quasinorm, 23
quasinormed linear space, 22, 23

Rademacher’s theorem, 169, 230, 529,
530

Radon measure, 65, 238
random variable, 558
range, 21, 576
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rapidly decreasing, 225
real Borel measure, 65
real measure, 64
reflexive, 38, 549
reflexive Banach space, 43
reflexivity, 40
reflexivity of Hilbert spaces, 55
regular Borel measure, 65
regular oblique derivative boundary

condition, 493
regular oblique derivative problem, 485,

487
regularity theorem, 401, 470
regularity theorem for the Dirichlet

problem, 571
regularity theorem for the oblique

derivative problem, 487, 586
regularization, 96
relatively compact, 24, 45, 59, 96
Rellich–Kondrachov theorem, 229, 479,

549, 577, 592
representation formula, 406, 422, 503,

510
resolvent, 47
resolvent equation, 604, 614, 634
resolvent set, 47
restriction mapping, 233
restriction of a function, 228, 233
restriction of an operator, 21
Riesz kernel, 103, 320, 326, 335, 353
Riesz potential, 103, 106, 524
Riesz representation theorem, 54, 57,

153
Riesz’s theorem, 54, 57, 153
Riesz–Schauder theory, 46
right-continuous path, 562, 564

σ-algebra, 61
σ-algebra generated by, 62, 558
σ-algebra of all Borel sets, 558, 564
σ-compact, 24, 59
σ-finite, 63
sample space, 558
scalar field, 21, 33
scalar multiplication, 27
scalar product, 51
Schur’s lemma, 86
Schwartz space, 225, 227
Schwarz reflection principle, 186
Schwarz’s inequality, 51, 156, 162, 252
second dual space, 38
second-order elliptic differential

operator, 1, 400, 404, 405, 406, 410,
421, 466, 485, 510, 571, 585, 601

section of a function, 69
section of a set, 68
self-adjoint, 57

semigroup, 3, 6, 7, 565, 566
semigroup property, 16, 565, 566
seminorm, 22
separable, 558, 560, 561, 565, 567
sepates points, 60
sequential weak compactness, 39
sequential weak* compactness, 40
sequentially compact, 24
sesquilinear, 42
sesquilinearity, 51
sharp function, 136, 372, 437
shift mapping, 558
signed measure, 64
simple convergence topology, 27, 38
simple function, 62
singular integral, 272, 275, 292, 297,

298, 310, 315, 352, 366
singular integral operator, 269
singular intgral with reflection, 429
Slobodeckǐi seminorm, 225
small perturbation, 49
smallest σ-algebra, 62, 558
Sobolev imbedding theorem, 228, 248,

414, 470, 541, 593, 604, 613
Sobolev space, 224, 237, 399, 486, 570
solid harmonic, 148
space of bounded continuous functions,

561, 565
space of continuous functions, 3, 7
spectrum, 47
spherical harmonic, 143, 148, 161, 164,

385, 387, 433, 452
state space, 558
sticking phenomenon, 623
stochastic process, 558
Stone–Weierstrass theorem, 59, 60, 149
stopping time, 563, 564
strong bidual space, 38
strong closure, 39
strong continuity, 566
strong convergence, 23, 28
strong dual space, 36
strong Markov process, 4, 7, 563, 565
strong Markov property, 564
strong maximum principle, 264, 593
strong second dual space, 38
strong topology, 31, 36, 275, 292, 295,

310, 315, 352, 366
strongly closed, 480, 550
strongly continuous semigroup, 566
sum of linear operators, 27
supremum norm, 561
surface area, 152, 172, 186, 203, 291,

325, 347, 386, 401, 405, 421, 501,
505, 507

surface measure, 150, 169, 230
surjective, 145, 578, 594
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tempered distribution, 225
terminal point, 559
the existence and uniqueness theorem

for the Dirichlet problem, 571
the existence and uniqueness theorem

for the oblique derivative problem,
587

topological complement, 45
topological space, 20, 22
topology of linear operators, 27
total variation, 65
total variation measure, 65
totally bounded, 25, 548
trace, 399, 486, 570
trace map, 233
trace theorem, 233, 480, 529, 530, 532,

539, 542, 572, 587, 591
trajectory, 558
transition function, 4, 557, 559, 560
translation, 116, 476
translation invariant, 64
transpose, 41, 44, 50
triangle inequality, 19, 22, 28
type, 99

uniform boundedness, 474, 545
uniform metric, 59
uniform topology of operators, 31
uniformly elliptic differential operator,

503
uniformly stochastically continuous,

564, 566
uniqueness theorem, 466, 540
unit ball, 33
unitary operator, 296
upper contact set, 249, 250

vanishing mean oscillation, 2, 108, 113,
114, 115, 116, 386, 394, 400, 404,
409, 421, 454, 466, 485, 487, 506,
535, 536, 543, 544, 548, 570, 571,
585, 601

vector field, 170, 486, 504
Ventcel’ (Wentzell) boundary condition,

3, 16, 601, 623
Ventcel’ boundary condition, 623
VMO, 2, 485, 487, 506, 535, 536, 543,

544, 548, 570, 571, 585, 601
VMO (vanishing mean oscillation), 108,

113, 114, 115, 116, 386, 394, 400,
404, 409, 421, 454, 466

VMO function, 113, 233, 402, 467, 489
VMO modulus, 114, 394, 396, 401, 409,

454, 456, 462, 470, 472, 478, 486,
525, 537, 543, 549

volume, 185

volume of the unit ball, 107, 110, 126,
136, 175, 185, 203

Waldenfels operator, 237, 238
weak closure, 39
weak compactness, 39, 189
weak convergence, 38
weak maximum principle, 248, 470, 541,

577, 605, 615, 632
weak topology, 38
weak type, 100
weak* convergence, 40
weak* dual space, 36
weak* topology, 36
weakly closed, 480, 550
weakly compact, 40
weakly convergent, 38
weakly* convergent, 40
Weierstrass approximation theorem, 60,

596

Young’s inequality, 84, 193, 218, 431

zonal harmonic, 152, 154
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