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Elements of Singular Integrals

The Calderón–Zygmund theory of singular integral operators is a very

refined mathematical tool whose full power is yet to be exploited. This

chapter is devoted to a careful and accessible exposition of the most el-

ementary part of the Calderón–Zygmund theory. We present a straight-

forward treatment of the Calderón–Zygmund theory necessary for the

study of elliptic boundary value problems, assuming only basic knowl-

edge of real analysis and functional analysis.

In Section 9.1 we formulate precisely the notion of singular integrals of

Calderón and Zygmund (Lemma 9.1). In Section 9.2 we study the case

where the integral kernel K(x) is a bounded function that satisfies as-

sumption 9.2 (Theorem 9.2). In Section 9.3 we study the case where the

integral kernel K(x) is a continuous function that satisfies assumption

9.3 (Theorem 9.5). The proof of Theorem 9.5 is based on a version of

the Calderón–Zygmund decomposition adapted to the present context

(Lemma 9.3). In Section 9.5, we introduce a non-negative, measurable

function f∗(t) defined on the interval [0,∞) for a given non-negative,

measurable function f(x) on Rn such that∫
Rn

f(x)p dx =

∫ ∞

0

f∗(t)p dt.

The function f∗(t) is called an equimeasurable function of f(x) (Lemmas

9.8 and 9.9).

Sections 9.4 and 9.6 are devoted to the basic theory of the Hilbert

transform H that is a special case of the singular integral of a single

independent variable (Theorems 9.6 and 9.14):

Hf(x) :=
1

π
lim
ε↓0

∫
|x−t|>ε

f(t)

x− t
dt =

1

π
lim
ε↓0

∫
|s|>ε

f(x− s)
ds

s
.
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272 Elements of Singular Integrals

The proofs of Theorems 9.6 and 9.14 are flowcharted in two diagrams

below.

Theorem9.3

(bounded kernels)

Theorem9.6

(continuous kernels)

inequality (9.29)

inequality (9.30)

Theorem9.7

(Hilbert transform)

Fourier transform FK

(formula (9.9))

Theorem9.3

(bounded kernels)

Parseval’s formula

Table 9.1. A flowchart for the proof of Theorem 9.6

Theorem 9.3

(bounded kernels)

Theorem 9.7

(Hilbert transform)

Theorem 9.6

(continuous kernels)

Theorem 9.15

(Hilbert transform)

Lemma 9.10

Lemma9.11

Lemma 9.13

Corollary 9.14

Lemma 9.10

Lemma9.12

Table 9.2. A flowchart for the proof of Theorem 9.14

In Section 9.7 we study the case where the integral kernel K(x) is an

odd function that satisfies assumption 9.4 (Theorem 9.15). The proof of

Theorem 9.15 can be reduced to the study of the Hilbert transform H

(Theorem 9.14). More precisely, we have the following formula for the

odd kernel K(x) (see formula (9.83)):

K ∗ f(x) := lim
ε↓0

∫
|x−y|>ε

K(x− y) f(y) dy

I I 

I I 
I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 
I I 

I I 
I I 

I I 
I I 
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=
1

2

∫
Σn−1

K(σ)

(
lim
ε↓0

∫
|t|>ε

f(x− tσ)
dt

t

)
dσ.

Section 9.8 is devoted to the study of Riesz kernels (Theorem 9.16)

Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

, 1 ≤ j ≤ n.

It is easy to see that the Riesz kernels Rj(x) satisfy assumption 9.3 and

assumption 9.4.

In Section 9.9 we study the case where the integral kernel K(x) is an

even function that satisfies assumption 9.5 (Theorem 9.24). The case of

even kernels can be reduced to the case of odd kernels. In fact, we have

the following decomposition formula:

K ∗ f = −
n∑

j=1

Rj ∗ (Rj ∗K) ∗ f,

where the operators Rj and Rj ∗K have respectively the odd kernels

Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

,

Rj ∗K(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

∗K(x).

This decomposition formula may be rephrased as follows:

{Even kernels} = {Riesz kernels} ∗ {Odd kernels} .

In the final Section 9.10 we prove the existence of the singular inte-

gral in the general case (Theorem 9.25). The proof of Theorem 9.25 is

flowcharted as follows:

9.1 Singular Integrals of Calderón and Zygmund

Let K(x) be a real-valued, Lebesgue measurable function defined on

Rn. If f(x) ∈ Lp(Rn) with 1 < p < ∞, then it follows that the usual

Lebesgue integral ∫
Rn

K(x− y)f(y) dy (9.1)

does not exist. However, under suitable conditions on the integral kernel

K(x), we can prove that the principal value of the integral (9.1)

v.p.

∫
Rn

K(x− y)f(y) dy = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy (9.2)
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Theorem9.15

(Hilbert transform)

Theorem9.16

(odd kernels)

Lemma 9.1

Hölder’s inequality

Theorem9.27

(general case)

Theorem9.17

(Riesz kernels)

Theorem9.26

(even kernels)

Lemma 9.22

Lemma 9.23

Table 9.3. A flowchart for the proof of Theorem 9.25

exist. The integrals defined as formula (9.2) are called singular integrals.

In what follows we shall use the notation

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy.

Throughout this chapter, we consider the case where the integral ker-

nel K(x) in formula (9.2) satisfies the following assumption:

Assumption 9.1. The integral kernel K(x) is positively homogeneous of

degree −n, that is,

K(λx) = λ−nK(x) for all λ > 0 and all x ∈ Rn, (9.3)

and further it is integrable on the unit sphere

Σn−1 = {x ∈ Rn : |x| = 1}

and satisfies the cancellation property∫
Σn−1

K(σ) dσ = 0, (9.4)

where dσ is the surface measure on Σn−1.

In this chapter we shall denote the Lebesgue measure of a subset A

of Rn by |A| and the norm of the space Lp(Rn) by ∥ · ∥p, respectively.
We begin by proving the following fundamental result:

Lemma 9.1. Let K(x) be an integral kernel satisfying Assumption 9.1.

I I 

I I 
I I 

I I 

I I 

I I 

I I 
I I 
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If f(x) ∈ Lp(Rn) for 1 < p <∞ and ε > 0, then the Lebesgue integral

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy (9.5)

exists for almost all x ∈ Rn.

Proof. First, we have, by a suitable change of variables,

f̃ε(x) =

∫
|y|>ε

K(y)f(x− y) dy

=

∫
Σn−1

(∫ ∞

ε

K(tσ)f(x− tσ)tn−1 dt

)
dσ

=

∫
Σn−1

K(σ)

(∫ ∞

ε

f(x− tσ)
dt

t

)
dσ.

Hence it suffices to show that, for any bounded measurable subset S of

Rn, the integral∫
S

(∫
Σn−1

|K(σ)|
(∫ ∞

ε

|f(x− tσ)| dt
t

)
dσ

)
dx

is finite. More precisely, we show that there exists a positive constant

Cε,S such that∫
S

(∫
Σn−1

|K(σ)|
(∫ ∞

ε

|f(x− tσ)| dt
t

)
dσ

)
dx (9.6)

≤ Cε,S ∥f∥p

(∫
Σn−1

|K(σ)| dσ

)
.

By using Hölder’s inequality (Theorem 3.14), we obtain that∫
S

(∫ ∞

ε

|f(x− tσ)| dt
t

)
dx (9.7)

≤ Cε,p

∫
S

(∫ ∞

−∞
|f(x− tσ)|p dt

)1/p

dx

≤ Cε,p|S|1−1/p

(∫
S

∫ ∞

−∞
|f(x− tσ)|p dt dx

)1/p

,

where Cε,p is a positive constant given by the formula

Cε,p := (p− 1)(p−1)/pε−1/p.

For each σ ∈ Σn−1, we make a change of variables

x := z − s σ, z ∈ Rn, s ∈ R,
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with

⟨z, σ⟩ = z1σ1 + . . .+ znσn = 0.

Moreover, we choose a subset S′ of Rn−1 and two real numbers a, b such

that

S ⊂ {x = z − sσ : z ∈ S′, a < s < b} .

Then the last term on inequality (9.7) can be estimated as follows:

Cε,p|S|1−1/p

(∫
S

∫ ∞

−∞
|f(x− t σ)|p dt dx

)1/p

≤ Cε,p|S|1−1/p

(∫ b

a

∫
S′

∫ ∞

−∞
|f(z − (t+ s)σ)|p dt dz ds

)1−p

≤ Cε,p|S|1−1/p

(
(b− a)

∫
Rn

|f(x)|p dx
)1/p

= Cε,p |S|1−1/p
(b− a)1/p ∥f∥p .

Here it should be noticed that the two numbers a, b can be chosen

independent of σ ∈ Σn−1.

Therefore, we obtain that∫
S

(∫
Σn−1

|K(σ)|
(∫ ∞

ε

|f(x− tσ)| dt
t

)
dσ

)
dx

≤ Cε,p |S|1−1/p
(b− a)1/p ∥f∥p

(∫
Σn−1

|K(σ)| dσ

)
.

This proves the desired inequality (9.6) with

Cε,S := Cε,p|S|1−1/p(b− a)1/p.

The proof of Lemma 9.1 is complete.

Remark 9.1. We remark that the cancellation property (9.4) is not used

in the proof of Lemma 9.1.

9.2 The Case of Bounded Kernels

In this section we consider the case where the integral kernel K(x) sat-

isfies the following assumption:

Assumption 9.2. The integral kernel K(x) satisfies Assumption 9.1 and

is bounded on the unit sphere Σn−1.

□ 
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The purpose of this section is to prove the existence of the singular

integral (9.2) in the space L2(Rn) in the case of bounded kernels:

Theorem 9.2. Let K(x) be an integral kernel satisfying Assumption

9.2. If f(x) ∈ L2(Rn) and if ε > 0, we let

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy.

Then we have the following four assertions (i) through (iv):

(i) There exists a constant C, independent of ε, such that∥∥∥f̃ε∥∥∥
2
≤ C ∥f∥2 .

(ii) The sequence f̃ε converges strongly to a function K ∗ f in the

space L2(Rn) as ε ↓ 0. Namely, the singular integral

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy

exists in the strong topology of L2(R).

(iii) The mapping f 7→ K∗f is a bounded linear operator from L2(Rn)

into itself.

(iv) The Fourier transform F(K ∗ f) of K ∗ f is given by the formula

F(K ∗ f)(ξ) = FK(ξ) · Ff(ξ), (9.8)

where FK(ξ) is an essentially bounded, measurable function de-

fined by the formula

FK(ξ) :=

∫
Σn−1

K(σ)

(∫ ∞

0

(
e−isσ·ξ

|ξ| − e−s
) ds
s

)
dσ (9.9)

for ξ ̸= 0,

and is a positively homogeneous function of degree 0.

Proof. For 0 < ε < µ, we introduce two functions

Kε,µ(x) :=

{
K(x) if ε < |x| < µ,

0 otherwise,
(9.10)

and

Kε(x) :=

{
K(x) if |x| > ε,

0 if |x| ≤ ε.
(9.11)



278 Elements of Singular Integrals

Then it follows that

f̃ε(x) =

∫
Rn

Kε(x− y) f(y) dy = (Kε ∗ f)(x).

The proof of Theorem 9.2 is divided into four steps.

Step (I): First, we show that the sequence Kε,µ converges strongly

to the function Kε in L2(Rn) as µ ↑ ∞. Indeed, it suffices to note that∫
Rn

|Kε,µ(x)−Kε(x)|2 dx

=

∫
|x|>µ

|K(x)|2 dx

=

∫ ∞

µ

∫
Σn−1

|K(rσ)|2 rn−1 dr dσ

=

(∫
Σn−1

|K(σ)|2 dσ

)∫ ∞

µ

1

rn+1
dr

=
1

n

(∫
Σn−1

|K(σ)|2 dσ

)
1

µn
−→ 0 as µ ↑ ∞.

Therefore, it follows from an application of Parseval’s formula that the

sequence FKε,µ converges strongly to the function FKε in L2(Rn) as

µ ↑ ∞:

lim
µ↑∞

FKε,µ = FKε in L2(Rn). (9.12)

Step (II): Secondly, we calculate explicitly the Fourier transform of

Kε,µ(x), which is an essential step in the proof of Theorem 9.2.

To do this, we remark that Kε,µ(x) ∈ L1(Rn). We write, for x ∈ Rn

and ξ ∈ Rn,

x = rσ, |x| = r, σ ∈ Σn−1,

|ξ| = ρ, x · ξ = ⟨x, ξ⟩ = rρ cosϕ, ξ ̸= 0.

Then, by using two conditions (9.3) and (9.4) (the cancellation property)

we obtain from formula (9.10) that

(FKε,µ)(ξ) (9.13)

=

∫
Rn

Kε,µ(x)e
−ix·ξ dx =

∫
ε<|x|<µ

K(x)e−ix·ξ dx

=

∫ µ

ε

(∫
Σn−1

K(σ)e−irρ cosϕ dσ

)
dr

r
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=

∫ µρ

ερ

(∫
Σn−1

K(σ)e−is cosϕ dσ

)
ds

s

=

∫ µρ

ερ

(∫
Σn−1

K(σ)
(
e−is cosϕ − e−s

)
dσ

)
ds

s

=

∫
Σn−1

K(σ)

(∫ µρ

ερ

(
e−is cosϕ − e−s

) ds
s

)
dσ, ρ = |ξ| ̸= 0.

We decompose the integral∫ µρ

ερ

(
e−is cosϕ − e−s

) ds
s

(ρ ̸= 0)

into the two terms:∫ µρ

ερ

(
e−is cosϕ − e−s

) ds
s

:= I1(ε, µ) + i I2(ε, µ), (9.14)

where

I1(ε, µ) :=

∫ µρ

ερ

(
cos (s cosϕ)− e−s

) ds
s
,

I2(ε, µ) := −
∫ µρ

ερ

sin (s cosϕ)
ds

s
.

Step (1): First, we have, for 0 < a < b,∫ b

a

cos s

s
ds =

∫ b+π/2

a+π/2

cos(s− π/2)

s− π/2
ds =

∫ b+π/2

a+π/2

sin s

s− π/2
ds (9.15)

=

∫ b+π/2

a+π/2

sin s

s
ds+

∫ b+π/2

a+π/2

(
1

s− π/2
− 1

s

)
sin s ds.

Since the improper integral

lim
b↑∞

∫ b

0

sinx

x
dx

exists, it follows from formula (9.15) that the improper integral

lim
b↑∞

∫ b

a

cos s

s
ds

exists. Hence, we find that the improper integral

lim
ε↓0,µ↑∞

∫ µρ

ερ

(
e−is cosϕ − e−s

) ds
s

(ρ ̸= 0)

exists for cosϕ ̸= 0.
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Step (2): Secondly, we prove an estimate on integral (9.14) indepen-

dent of ε and µ.

To do this, we choose a positive constant A such that we have, for all

a > 0, ∣∣∣∣∫ a

0

sinx

x
dx

∣∣∣∣ ≤ A. (9.16)

For example, we may take

A := sup
a>0

∣∣∣∣∫ a

0

sinx

x
dx

∣∣∣∣ .
Then it is easy to see that

|I2(ε, µ)| =
∣∣∣∣∫ µρ

ερ

sin (s cosϕ)
ds

s

∣∣∣∣ =
∣∣∣∣∣
∫ µρ cosϕ

ερ cosϕ

sin t

t
dt

∣∣∣∣∣ ≤ 2A.

On the other hand, by combining formula (9.15) and inequality (9.16)

we obtain that∣∣∣∣∣
∫ b

a

cos s

s
ds

∣∣∣∣∣ ≤ 2A+

∫ b+π/2

a+π/2

(
1

s− π/2
− 1

s

)
ds (9.17)

= 2A+ log
b(a+ π/2)

a(b+ π/2)

≤ 2A+ log
(
1 +

π

2a

)
.

Step (2-a): We consider the case where cosϕ > 0. In this case, we

have the inequality∫ 1

0

∣∣cos(s cosϕ)− e−s
∣∣ ds
s

(9.18)

≤
∫ 1

0

(1− cos (s cosϕ))
ds

s
+

∫ 1

0

(
1− e−s

) ds
s

≤
∫ 1

0

(1− cos s)
ds

s
+

∫ 1

0

(
1− e−s

) ds
s
.

(i) If µρ < 1, it follows that

|I1(ε, µ)| =
∣∣∣∣∫ µρ

ερ

(
cos (s cosϕ)− e−s

) ds
s

∣∣∣∣ ≤ B,

where

B :=

∫ 1

0

(1− cos s)
ds

s
+

∫ 1

0

(
1− e−s

) ds
s
.



9.2 The Case of Bounded Kernels 281

(ii) If ερ > 1, it follows from inequality (9.17) that

|I1(ε, µ)| =

∣∣∣∣∣
∫ µρ cosϕ

ερ cosϕ

cos s

s
ds−

∫ µρ

ερ

e−s ds

s

∣∣∣∣∣
≤ 2A+ log

(
1 +

π

2ερ cosϕ

)
+

∫ ∞

1

e−s ds

s

≤ 2A+ log

(
1 +

π

2 cosϕ

)
+

∫ ∞

1

e−s ds

s
.

(iii) If ερ < 1 < µρ, then, by combining two inequalities (9.17) and

(9.18) we obtain that

|I1(ε, µ)| =
∣∣∣∣(∫ 1

ερ

+

∫ ερ

1

)(
cos (s cosϕ)− e−s

) ds
s

∣∣∣∣
≤ B +

∣∣∣∣∣
∫ µρ cosϕ

cosϕ

cos s

s
ds

∣∣∣∣∣+
∫ ∞

1

e−s ds

s

≤ B + 2A+ log

(
1 +

π

2 cosϕ

)
+

∫ ∞

1

e−s ds

s
.

Step (2-b): The case where cosϕ < 0 can be estimated similarly.

Summing up, we can find a positive constant C, independent of ε and

µ, such that∣∣∣∣∣
∫ µ|ξ|

ε|ξ|

(
e−is cosϕ − e−s

) ds
s

∣∣∣∣∣ ≤ C + log

(
1

| cosϕ|

)
(9.19)

= C + log

(
|ξ|

|σ · ξ|

)
, ξ ̸= 0.

Therefore, by combining formula (9.13) and inequality (9.19) we ob-

tain that

|(FKε,µ)(ξ)|

≤
∫
Σn−1

∣∣∣∣∣K(σ)

∫ µ|ξ|

ε|ξ|

(
e−is cosϕ − e−s

) ds
s

∣∣∣∣∣ dσ
≤

(
sup

σ∈Σn−1

|K(σ)|

)∫
Σn−1

(
C + log

(
|ξ|

|σ · ξ|

))
dσ, ξ ̸= 0.

This proves that there exists a positive constant M such that we have,

for 0 < ε < µ,

|(FKε,µ)(ξ)| ≤M, ξ ̸= 0. (9.20)
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On the other hand, it follows from formula (9.13) and inequality (9.19)

that we have, for all ξ ̸= 0,

lim
µ↑∞

(FKε,µ)(ξ) =

∫
Σn−1

K(σ)

(∫ ∞

ε|ξ|

(
e−is cosϕ − e−s

) ds
s

)
dσ,

and ∣∣∣∣∣
∫ ∞

ε|ξ|

(
e−is cosϕ − e−s

) ds
s

∣∣∣∣∣ ≤ C + log

(
|ξ|

|σ · ξ|

)
, ξ ̸= 0. (9.21)

By assertion (9.12), this proves that we have, for almost all ξ ∈ Rn\{0},

(FKε)(ξ) = lim
µ↑∞

(FKε,µ)(ξ) (9.22)

=

∫
Σn−1

K(σ)

(∫ ∞

ε|ξ|

(
e−isσ·ξ

|ξ| − e−s
) ds
s

)
dσ.

Moreover, it follows from inequality (9.21) and formulas (9.22) and (9.9)

that we have, for almost all ξ ∈ Rn \ {0},

lim
ε↓0

(FKε)(ξ) =

∫
Σn−1

K(σ)

(∫ ∞

0

(
e−isσ·ξ

|ξ| − e−s
) ds
s

)
dσ. (9.23)

= FK(ξ).

It should be noticed that the Fourier transform FK(ξ) of the kernel

K(x) is a positively homogeneous function of degree 0 and that we have,

by inequality (9.18),

|(FKε)(ξ)| ≤M, ξ ̸= 0, (9.24a)

|FK(ξ)| ≤M, ξ ̸= 0. (9.24b)

Step (III): If f(x) ∈ L2(Rn), then it follows from an application of

Theorem 3.23 with p := 1 and q = r := 2 that

Kε,µ ∗ f ∈ L2(Rn),

since Kε,µ(x) ∈ L1(Rn). However, we have, by formula (9.22),

F(Kε,µ(ξ) −→ FKε(ξ) for almost all ξ ∈ Rn \ {0} as µ ↑ ∞,

and also, by inequalities (9.20) and (9.24),

|F (Kε,µ(ξ)−FKε(ξ))Ff(ξ)|2

≤ 4M2 |Ff(ξ)|2 for ξ ̸= 0.
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Therefore, by applying the Lebesgue dominated convergence theorem

(Theorem 3.8) we obtain from Parseval’s formula that

∥Kε,µ ∗ f −Kε ∗ f∥2

=
1

(2π)n/2
∥F (Kε,µ ∗ f)−F (Kε ∗ f)∥2

=
1

(2π)n/2
∥(F (Kε,µ)−F (Kε))Ff∥2 −→ 0 as µ ↑ ∞.

Step (IV): Moreover, by using formulas (9.23) and (9.9) we find

that the sequence Kε ∗ f is a Cauchy sequence in the space L2(Rn) as

ε ↓ 0. This implies that Kε ∗ f converges to some function g, denoted

by g := K ∗ f , in L2(Rn) as ε ↓ 0:

K ∗ f := lim
ε↓0

Kε ∗ f in L2(Rn).

Hence, by Parseval’s formula and formula (9.21) it follows that

F (K ∗ f) (ξ) = lim
ε↓0

F (Kε ∗ f) (ξ) = lim
ε↓0

F (Kε) (ξ) · Ff(ξ)

= FK(ξ) · Ff(ξ), ξ ̸= 0.

Therefore, by using the Parseval formula we obtain from inequality

(9.24b) that

∥K ∗ f∥2 =
1

(2π)n/2
∥F(K ∗ f)∥2 =

1

(2π)n/2
∥FK · Ff∥2

≤ M

(2π)n/2
∥Ff∥2 =M ∥f∥2 for all f ∈ L2(Rn).

Now the proof of Theorem 9.2 is complete.

9.3 The Case of Continuous Kernels

In this section, we make the following assumption:

Assumption 9.3. In addition to Assumption 9.2, the integral kernelK(x)

satisfies the following conditions (i) and (ii):

(i) There exists a positively homogeneous function Ω(x) of degree 0

defined on Rn \ {0} such that

K(x) = Ω

(
x

|x|

)
1

|x|n
for all x ∈ Rn \ {0}. (9.25)

□ 
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(ii) The function Ω(x) satisfies the condition

|Ω(x)− Ω(y)| ≤ ω(|x− y|) for all x, y ∈ Σn−1, (9.26)

where ω(t) is a non-negative, increasing continuous function de-

fined on the interval [0,∞) that satisfies the conditions∫ 1

0

ω(t)

t
dt <∞, (9.27a)

ω(t)

t
≥ c0 for all t ≥ 0, (9.27b)

with some constant c0 > 0.

The next lemma is another version of the Calderón–Zygmund decom-

position adapted to the present context (cf. Theorem 4.10):

Lemma 9.3 (the Calderón–Zygmund decomposition). Let f(x) be an

arbitrary non-negative function in the space Lp(Rn) with 1 ≤ p <

∞. Then, for any positive number s, there exists a sequence of non-

overlapping cubes {Ik} such that

s ≤ 1

|Ik|

∫
Ik

f(x) dx < 2ns. (9.28)

If we let

Ds :=
∞∪
k=1

Ik,

then it follows that

f(x) ≤ s almost everywhere outside the set Ds,

and that

s ≤ 1

|Ds|

∫
Ds

f(x) dx < 2ns. (9.29)

Proof. Let I be a cube. Since we have, as |I| → ∞,

1

|I|

∫
I

f(x) dx ≤ ∥f∥p
|I|1/p

−→ 0,

we can find a positive number ν such that, if |I| ≥ ν, we have the

inequality

1

|I|

∫
I

f(x) dx < s.
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We let

Rn =
∞∪
k=1

I0,k

to be the decomposition of Rn into a sum of cubes I0,k of volume ν.

Then we have, for each k,

1

|I0,k|

∫
I0,k

f(x) dx < s.

First, we denote by {I1,k} the sequence of cubes obtained by dividing

each I0,k into 2n equal parts. We classify the cubes {I1,k} as follows:

{I1,k} = {I ′1,k} ∪ {1′′1,k},
1

|I ′1,k|

∫
I′
1,k

f(x) dx ≥ s,

1

|I ′′1,k|

∫
I′′
1,k

f(x) dx < s.

Secondly, we denote by {I2,k} the sequence of cubes obtained by di-

viding each I ′′1,k into 2n equal parts, and we classify the cubes {I2,k} as

follows:

{I2,k} = {I ′2,k} ∪ {I ′′2,k},
1

|I ′2,k|

∫
I′
2,k

f(x) dx ≥ s,

1

|I ′′2,k|

∫
I′′
2,k

f(x) dx < s.

Repeating this process, we obtain a sequence of cubes {Im,k} such that

we have, for each integer m,

{Im,k} = {I ′m,k} ∪ {I ′′m,k},
1

|I ′m,k|

∫
I′
m,k

f(x) dx ≥ s,

1

|I ′′m,k|

∫
I′′
m,k

f(x) dx < s.

Then we have the decomposition

Rn =
(
∪I ′1,k

)
∪
(
∪I ′′1,k

)
∪ · · · ∪

(
∪I ′m,k

)
∪
(
∪I ′′m,k

)
.

Moreover, if m ≥ 1, then each cube I ′m,k is obtained by dividing some
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I ′′m−1,l, where I
′′
0,l = I0,l. This implies that

|I ′m,k| =
1

2n
|I ′′m−1,l|.

Hence we have the inequalities

1

|I ′m,k|

∫
I′
m,k

f(x) dx ≤ 2n

|I ′′m−1,l|

∫
I′′
m−1,l

f(x) dx < 2ns.

Now, we let {Ik} be the totality of the cubes I ′m,k, m = 1, 2, . . .,

k = 1, 2, . . ., and let

Ds =
∞∪
k=1

Ik.

Then it follows that inequalities (9.28) hold true for all k:

s ≤ 1

|Ik|

∫
Ik

f(x) dx < 2ns.

Since we have, by Hölder’s inequality (Theorem 3.14),

|Ik| ≤
1

s

∫
Ik

f(x) dx ≤ 1

s
|Ik|1−1/p

(∫
Ik

f(x)p dx

)1/p

,

we obtain that

|Ik| ≤
1

sp

∫
Ik

f(x)p dx,

so that

|Ds| =
∞∑
k=1

|Ik| ≤
1

sp

∫
Ds

f(x)p dx <∞.

Moreover, it is easy to verify that inequalities (9.29) hold true. Indeed,

we have, by inequalities (9.28),

|Ds| =
∞∑
k=1

|Ik| ≤
1

s

∞∑
k=1

∫
Ik

f(x) dx =
1

s

∫
Ds

f(x) dx.

Similarly, we have the inequality∫
Ds

f(x) dx =
∞∑
k=1

∫
Ik

f(x) dx ≤
∞∑
k=1

|Ik| 2n s = 2n s |Ds| .

Finally, let x0 be an arbitrary Lebesgue point of the function f(x)

which does not belong to the set Ds (see Definition 4.1). Then, for any

integer m ≥ 1, there exists an integer k(m) such that x0 ∈ I ′′m,k(m).
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Since {I ′′m,k(m)} is a sequence of regular closed sets converging to x0, it

follows from an application of Corollary 4.6 that

s >
1

|I ′′m,k(m)|

∫
I′′
m,k(m)

f(x) dx −→ f(x0),

so that

f(x0) ≤ s.

Therefore, we have proved that f(x) ≤ s almost everywhere outside the

set Ds.

The proof of Lemma 9.3 is complete.

The next lemma is an essential step for the proof of existence of the

singular integral (9.2) in the space Lp(Rn) for 1 < p <∞:

Lemma 9.4. Let K(x) be an integral kernel satisfying Assumption 9.3.

Assume that f(x) is a non-negative function in Lp(Rn) for 1 ≤ p ≤ 2.

Let Kε(x) be the function defined by formula (9.11) and let f̃ε(x) :=

Kε ∗ f(x) be the function defined by formula (9.5). Moreover, if s is a

positive number, we let

Es := {x : |f̃ε(x)| > s}.

Then we can find two positive constants C1 and C2, independent of ε

and s, such that

|Es| ≤
C1

s2

∫
Rn

[f(x)]2s dx+ C2|Ds|, (9.30)

where Ds is the set as in Lemma 9.3, and [f(x)]s is a function defined

by the formula

[f(x)]s :=

{
f(x) if f(x) ≤ s,

s if f(x) > s.

Proof. In the following we shall denote by C a generic positive constant,

independent of ε and s.

Let {Ik} be the sequence of cubes as in Lemma 9.3, and let g(x) and

h(x) be functions defined respectively by the formulas

h(x) :=

{
1

|Ik|
∫
Ik
f(y) dy if x ∈ Ik,

f(x) if x /∈ Ds,

and

g(x) := f(x)− h(x).

□ 
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Then it follows that

s ≤ h(x) ≤ 2ns in Ds, (9.31a)

h(x) = f(x) = [f(x)]s outside Ds, (9.31b)

g(x) = 0 outside Ds. (9.31c)

We remark that we have, for each k ∈ N,∫
Ik

g(y) dy =

∫
Ik

f(y) dy −
∫
Ik

h(y) dy = 0. (9.32)

If we let

h̃ε(x) := Kε ∗ h(x),
g̃ε(x) := Kε ∗ g(x),

and

E1 :=
{
x : h̃ε(x) ≥

s

2

}
,

E2 :=
{
x : g̃ε(x) ≥

s

2

}
,

then we have the inclusion

Es ⊂ E1 ∪ E2. (9.33)

However, by arguing just as in the proof of Theorem 9.2 we obtain from

Parseval’s formula and inequality (9.24a) that∫
Rn

|h̃ε(x)|2 dx =
1

(2π)n/2

∫
Rn

|(F(Kε ∗ h)(ξ)|2 dξ

=
1

(2π)n/2

∫
Rn

|(FKε)(ξ) · (Fh)(ξ)|2 dξ

≤ M2

(2π)n/2

∫
Rn

|(Fh)(ξ)|2 dξ =M2

∫
Rn

h(x)2 dx.

This proves that

s2

4
|E1| ≤

∫
E1

|h̃ε(x)|2 dx ≤
∫
Rn

|h̃ε(x)|2 dx (9.34)

≤M2

∫
Rn

h(x)2 dx.

On the other hand, it follows from inequalities (9.31a) and formula

(9.31b) that∫
Rn

h(x)2 dx =

∫
Ds

h(x)2 dx+

∫
Rn\Ds

h(x)2 dx
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≤ 22ns2|Ds|+
∫
Rn

[f(x)]2s dx.

Therefore, by combining this inequality with inequality (9.34) we ob-

tain that

|E1| ≤ 22n+2M2|Ds|+
4M2

s2

∫
Rn

[f(x)]2s dx. (9.35)

If Sk is the ball centered at the center of Ik and of radius the diameter

of Ik, we let

D̃s :=
∞∪
k=1

Sk,

and also

D̃c
s := Rn \ D̃s,

Sc
k := Rn \ Sk.

Then it follows that

|D̃s| ≤ C|Ds|. (9.36)

Since we have, by assertion (9.31c),

g̃ε(x) =

∫
Ds

Kε(x− y)g(y) dy =
∞∑
k=1

∫
Ik

Kε(x− y)g(y) dy,

we obtain that∫
D̃c

s

|g̃ε(x)| dx ≤
∞∑
k=1

∫
D̃c

s

∣∣∣∣∫
Ik

Kε(x− y)g(y) dy

∣∣∣∣ dx (9.37)

≤
∞∑
k=1

∫
Sc
k

∣∣∣∣∫
Ik

Kε(x− y)g(y) dy

∣∣∣∣ dx.
Now, let x be a fixed point of Sc

k = Rn \ Sk, and denote the center of

Ik by yk. We consider the following two cases:

(I) The set {y : |y − x| ≤ ε} ∩ Ik is empty.

(II) The set {y : |y − x| ≤ ε} ∩ Ik is not empty.

Case I: First, we consider the case where {y : |y − x| ≤ ε} ∩ Ik = ∅,
In this case, it follows from formula (9.32) that∫

Ik

Kε(x− y)g(y) dy =

∫
Ik

K(x− y)g(y) dy (9.38)

---
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=

∫
Ik

(K(x− y)−K(x− yk)) g(y) dy.

However, we have, by formula (9.25),

|K(x− y)−K(x− yk)| (9.39)

=

∣∣∣∣ 1

|x− y|n
Ω

(
x− y

|x− y|

)
− 1

|x− yk|n
Ω

(
x− yk
|x− yk|

)∣∣∣∣
≤
∣∣∣∣ 1

|x− y|n
− 1

|x− yk|n

∣∣∣∣ ∣∣∣∣Ω( x− y

|x− y|

)∣∣∣∣
+

1

|x− yk|n

∣∣∣∣Ω( x− y

|x− y|

)
− Ω

(
x− yk
|x− yk|

)∣∣∣∣ .
We estimate each term on the right hand side of inequality (9.39).

(a) Since we have the inequality

|y − yk| ≤
|x− yk|

2
for all y ∈ Ik,

it follows that

|x− yk|
2

≤ |x− y| ≤ 3|x− yk|
2

.

Hence we obtain that∣∣∣∣ 1

|x− y|n
− 1

|x− yk|n

∣∣∣∣ (9.40)

=

∣∣∣∣ 1

|x− y|
− 1

|x− yk|

∣∣∣∣ n−1∑
i=0

1

|x− y|n−1−i|x− yk|i

≤ |y − yk|
|x− y| |x− yk|

n−1∑
i=0

1

|x− y|n−1−i |x− yk|i

≤ C |y − yk|
|x− yk|n+1

≤ C |Ik|1/n

|x− yk|n+1
.

(b) On the other hand, since we have the inequality∣∣∣∣ x− y

|x− y|
− x− yk

|x− yk|

∣∣∣∣
≤
∣∣∣∣ x− y

|x− y|
− x− y

|x− yk|

∣∣∣∣+ ∣∣∣∣ x− y

|x− yk|
− x− yk

|x− yk|

∣∣∣∣
≤ 2|y − yk|

|x− yk|
≤ C |Ik|1/n

|x− yk|
,
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it follows from condition (9.26) that∣∣∣∣Ω( x− y

|x− y|

)
− Ω

(
x− yk
|x− yk|

)∣∣∣∣ ≤ ω

(
C |Ik|1/n

|x− yk|

)
. (9.41)

By combining three inequalities (9.39), (9.40) and (9.41) and by using

condition (9.27b), we obtain that

|K(x− y)−K(x− yk)|

≤ C |Ik|1/n

|x− yk|n+1
+

1

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)
≤ 1

|x− yk|n
c0 ω

(
C |Ik|1/n

|x− yk|

)
+

1

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)
≤ C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)
.

Therefore, it follows from this inequality and formula (9.38) that∣∣∣∣∫
Ik

Kε(x− y)g(y) dy

∣∣∣∣ (9.42)

≤
∫
Ik

|K(x− y)−K(x− yk)| g(y) dy

≤ C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)∫
Ik

|g(y)| dy.

Case II: Secondly, we consider the case where {y : |y−x| ≤ ε}∩Ik ̸= ∅.
It should be noticed that, in this case, we have the inclusion

Ik ⊂ {y : |y − x| ≤ 3ε}. (9.43)

Let γ(t) be the characteristic function of the interval [0, 3]:

γ(t) =

{
1 if 0 ≤ t ≤ 3,

0 otherwise.

If y ∈ Ik, then it follows from condition (9.43) that

γ

(
|x− y|
ε

)
= 1.

Moreover, since we have the inequality

|Kε(x− y)| ≤ C

εn
,
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it follows that∣∣∣∣∫
Ik

Kε(x− y)g(y) dy

∣∣∣∣ ≤ C

εn

∫
Ik

γ

(
|x− y|
ε

)
|g(y)| dy. (9.44)

Therefore, by combining the inequalities (9.42) and (9.44) we obtain

that, for x ∈ Sc
k = Rn \ Sk,∣∣∣∣∫

Ik

Kε(x− y)g(y) dy

∣∣∣∣ ≤ C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)∫
Ik

|g(y)| dy (9.45)

+
C

εn

∫
Ik

γ

(
|x− y|
ε

)
|g(y)| dy.

By inequalities (9.37) and (9.45), it follows that∫
D̃c

s

|g̃ε(x)| dx (9.46)

≤
∞∑
k=1

∫
Sc
k

C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)(∫
Ik

|g(y)| dy
)
dx

+

∞∑
k=1

∫
Sc
k

C

εn

(∫
Ik

γ

(
|x− y|
ε

)
|g(y)| dy

)
dx

=

∞∑
k=1

(∫
Sc
k

C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)
dx

)∫
Ik

|g(y)| dy

+ C

∞∑
k=1

∫
Ik

|g(y)|

(
1

εn

∫
Sc
k

γ

(
|x− y|
ε

)
dx

)
dy.

However, since we have, by condition (9.27a),∫
Sc
k

C

|x− yk|n
ω

(
C |Ik|1/n

|x− yk|

)
dx

=

∫
Σn−1

(∫ ∞

C |Ik|1/n

C

rn
ω

(
C |Ik|1/n

r

)
rn−1 dr

)
dσ

=

∫
Σn−1

(∫ ∞

C |Ik|1/n

C

r
ω

(
C |Ik|1/n

r

)
dr

)
dσ

= C

∫
Σn−1

dσ ·
∫ 1

0

ω(t)

t
dt

= C ωn

∫ 1

0

ω(t)

t
dt <∞,
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and the inequality

1

εn

∫
Sc
k

γ

(
|x− y|
ε

)
dx ≤ 1

εn

∫
Rn

γ

(
|x|
ε

)
dx =

∫
Rn

γ(|x|) dx =
3n ωn

n
,

it follows from inequality (9.46) that∫
D̃c

s

|g̃ε(x)| dx ≤ C ωn

(∫ 1

0

ω(t)

t
dt+

3n

n

) ∞∑
k=1

∫
Ik

|g(y)| dy (9.47)

≤ C

∫
Ds

|g(y)| dy.

Here

ωn = |Σn−1| =
2πn/2

Γ(n/2)

is the surface area of the unit sphere Σn−1 in Rn.

Moreover, we have the inequality∫
Ds

|g(y)| dy ≤
∫
Ds

f(y) dy +

∫
Ds

h(y) dy = 2

∫
Ds

f(y) dy

= 2

∞∑
k=1

∫
Ik

f(x) dx ≤ 2

( ∞∑
k=1

|Ik|

)
2n s

= 2n+1 s |Ds| .

By combining this inequality with inequality (9.47), we obtain that∫
D̃c

s

|g̃ε(x)| dx ≤ C

∫
Ds

|g(y)| dy ≤ Cs|Ds|.

This implies that

s

2

∣∣∣D̃c
s ∩ E2

∣∣∣ ≤ ∫
D̃c

s∩E2

|g̃ε(x)| dx ≤
∫
D̃c

s

|g̃ε(x)| dx ≤ Cs|Ds|,

so that ∣∣∣D̃c
s ∩ E2

∣∣∣ ≤ C|Ds|.

Hence, we have, by this inequality and inequality (9.36),

|E2| ≤ |D̃c
s ∩ E2|+ |D̃s ∩ E2| ≤ C|Ds|. (9.48)

Therefore, by combining two inequalities (9.35) and (9.48) we obtain

from inclusion (9.33) that

|Es| ≤ |E1|+ |E2| ≤ 22n+2M2|Ds|+
4M2

s2

∫
Rn

[f(x)]2s dx+ C|Ds|
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=
4M2

s2

∫
Rn

[f(x)]2s dx+
(
22n+2M2 + C

)
|Ds|.

This proves the desired inequality (9.30) with

C1 := 4M2, C2 := 22n+2M2 + C.

Now the proof of Lemma 9.4 is complete.

The next theorem asserts the existence of the singular integral (9.2)

in the space Lp(Rn) for 1 < p <∞ in the case of continuous kernels:

Theorem 9.5. Assume that K(x) is an integral kernel satisfying As-

sumption 9.3. Let f(x) ∈ Lp(Rn) for 1 < p <∞. If ε > 0, we let f̃ε(x)

be the function defined by formula (9.5)

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy.

Then we have the following three assertions (i), (ii) and (iii):

(i) There exists a positive constant Cp, independent of ε, such that∥∥∥f̃ε∥∥∥
p
≤ Cp ∥f∥p . (9.49)

(ii) The sequence f̃ε converges strongly to a function K ∗ f in the

space Lp(Rn) as ε ↓ 0. Namely, the singular integral

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy

exists in the strong topology of Lp(Rn).

(iii) The mapping f 7→ K∗f is a bounded linear operator from Lp(Rn)

into itself. More precisely, we have the inequality

∥K ∗ f∥p ≤ Cp ∥f∥p .

Proof. We write, for ε > 0,

Tεf := f̃ε.

By applying Theorem 9.2 to our situation, we can find a positive constant

C, independent of ε, such that

∥Tεf∥2 ≤ C ∥f∥2 for all f ∈ L2(Rn).

This proves that the operator Tε is of type (2, 2) uniformly with respect

to ε.

□ 
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(1) If f(x) is a non-negative function in L1(Rn), then we have the

inequality

[f(x)]
2
s ≤ s f(x) for all s > 0.

Hence it follows from two inequalities (9.29) and (9.30) that

|{x : |(Tεf)(x)| > s}| ≤
C ∥f∥1
s

for all s > 0.

If f(x) is an arbitrary function in L1(Rn), then, by decomposing it

into the positive part f1(x) and the negative part f2(x) as

f(x) = f1(x)− f2(x),

f1(x) := max{f(x), 0},
f2(x) := max{−f(x), 0},

we obtain that

|{x : |(Tεf)(x)| > s}|
≤ |{x : |(Tεf1)(x)| > s/2}|+ |{x : |(Tεf2)(x)| > s/2}|

≤
2C ∥f1∥1

s
+

2C ∥f2∥1
s

=
2C ∥f∥1

s
for all s > 0.

This proves that the operator Tε is of weak type (1, 1) uniformly in ε.

Therefore, by arguing just as in the proof of Marcinkiewicz’s interpola-

tion theorem (Theorem 3.30) we can find a positive constant Cp such

that the desired inequality (9.49) holds true for 1 < p ≤ 2:

∥Tεf∥p ≤ Cp ∥f∥p (1 < p ≤ 2).

Furthermore, by passing to the adjoint operator T ∗
ε we obtain that the

desired inequality (9.49) holds true for 2 < p <∞:

∥Tεf∥p ≤ Cp ∥f∥p (2 < p <∞).

(2) Secondly, let f(x) ∈ Lp(Rn) for 1 < p <∞. If g(x) ∈ C1
0 (R

n), i.e.,

if g(x) is a continuously differentiable function with compact support in

Rn and if ε, δ > 0, then we have, by inequality (9.49),

∥Tεf − Tδf∥p (9.50)

≤ ∥Tεf − Tεg∥p + ∥Tδg − Tδf∥p + ∥Tεg − Tδg∥p
≤ 2Cp ∥f − g∥p + ∥Tεg − Tδg∥p (1 < p <∞).
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If 0 < ε < 1, it follows from the cancellation property (9.4) that

(Tεg)(x) =

∫
|x−y|>1

K(x− y) g(y) dy (9.51)

+

∫
ε<|x−y|<1

K(x− y) (g(y)− g(x)) dy.

Since K(x) ∈ Lp({x : |x| > 1}) and g(x) ∈ L1(Rn), it follows from an

application of Theorem 3.23 with q := 1 and r = p that the first term

on the right hand side of formula (9.51) belongs to Lp(Rn):∫
|x−y|>1

K(x− y) g(y) dy ∈ Lp(Rn).

On the other hand, we remark that the second term on the right

hand side of formula (9.51) is a function with support contained in a

fixed compact set, so that it converges uniformly as ε ↓ 0, since g(x)

is uniformly Lipschitz continuous. Hence we find that the second term

on the right hand side of formula (9.51) converges strongly in the space

Lp(Rn):

lim
ε↓0

∫
ε<|x−y|<1

K(x− y) (g(y)− g(x)) dy ∈ Lp(Rn).

This implies that

∥Tεg − Tδg∥p −→ 0 as ε, δ ↓ 0.

However, Corollary 3.27 tells us that C1
0 (R

n) is dense in Lp(Rn).

Hence, we obtain from inequality (9.50) that the sequence Tεf = f̃ε
converges strongly to some function K ∗ f in the space Lp(Rn) as ε ↓ 0:

lim
ε↓0

Tεf = lim
ε↓0

f̃ε = K ∗ f ∈ Lp(Rn).

Therefore, by letting ε ↓ 0 in inequality (9.49) we obtain from Lebesgue’s

dominated convergence theorem (Theorem 3.8) that

∥K ∗ f∥p ≤ Cp ∥f∥p .

This proves that the mapping f 7→ K ∗ f is bounded from Lp(Rn) into

itself.

The proof of Theorem 9.5 is complete. □ 
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9.4 The Hilbert Transform

In the case where n = 1, we can apply Theorem 9.5 with

K(x) :=
1

πx

to obtain that the singular integralK∗f reduces to the following formula:

K ∗ f(x) = 1

π
lim
ε↓0

∫
|x−t|>ε

f(t)

x− t
dt.

Moreover, it should be noticed that this formula is also expressed as

1

π

(
v.p.

1

x

)
∗ f,

where v.p.(1/x) is a distribution defined by the formula⟨
v.p.

1

x
, φ

⟩
= lim

ε↓0

∫
|x|>ε

φ(x)

x
dx for all φ ∈ C1

0 (R).

The function Hf(x), defined by the formula

Hf(x) =
1

π

(
v.p.

1

x

)
∗ f =

1

π
lim
ε↓0

∫
|x−t|>ε

f(t)

x− t
dt (9.52)

=
1

π
lim
ε↓0

∫
|s|>ε

f(x− s)
ds

s

is called the Hilbert transform of f(x).

The purpose of this section is to prove the following basic results for

the Hilbert transform:

Theorem 9.6. Let H be the Hilbert transform defined by formula (9.52).

Then we have the following three assertions (i), (ii) and (iii):

(i) The Hilbert transform H is a bounded linear operator from Lp(R)

into itself for 1 < p <∞.

(ii) If g = Hf is the Hilbert transform of f ∈ Lp(R) for 1 < p <∞,

then its inverse transform is given by the formula

f(x) = −h ∗ g(x) = − 1

π
lim
ε↓0

∫
|x−t|>ε

g(t)

x− t
dt. (9.53)

Furthermore, the singular integrals (9.52) and (9.53) exist in the

strong topology of Lp(R).
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(iii) If f ∈ Lp(R) and f̂ ∈ Lp′
(R) with p′ = p/(p− 1) and if g = Hf

and ĝ = Hf̂ are the Hilbert transforms of f and f̂ , respectively,

then the formula∫ ∞

−∞
f(x) · f̂(x) dx =

∫ ∞

−∞
Hf(x) ·Hf̂(x) dx (9.54)

=

∫ ∞

−∞
g(x) · ĝ(x) dx

holds true. In particular, the Hilbert transform H is a unitary

operator in the Hilbert space L2(R), and the formula

∥g∥2 = ∥Hf∥2 = ∥f∥2 (9.55)

holds true if g = Hf is the Hilbert transform of f ∈ L2(R).

Proof. The proof of Theorem 9.6 is divided into four steps.

Step (I): First, we consider the case where p = 2. Following the

proof of Theorem 9.2, we calculate explicitly the Fourier transform of

the distribution (formula (9.57) below)

h(x) :=
1

π
v.p.

1

x
.

To do this, we let, for 0 < ε < µ,

hε,µ(x) :=

{
1
πx if ε < |x| < µ,

0 otherwise,

and

hε(x) :=

{
1
πx if |x| > ε,

0 if |x| ≤ ε.

Then it follows that

(Fhε,µ)(ξ) =
∫
ε<|x|<µ

e−ix·ξ

πx
dx

= −2i

π

∫ µ

ε

sin (x · ξ)
x

dx

=

{
− 2i

π

∫ µξ

εξ
sin x
x dx if ξ > 0,

2i
π

∫ −µξ

−εξ
sin x
x dx if ξ < 0

= −2i

π

∫ µ|ξ|

ε|ξ|

sinx

x
dx · sign ξ for ξ ̸= 0,
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so that we have, as µ ↑ ∞,

(Fhε)(ξ) = −2i

π

∫ ∞

ε|ξ|

sinx

x
dx · sign ξ for ξ ̸= 0. (9.56)

Therefore, by letting ε ↓ 0 in formula (9.56) we obtain that

(Fh)(ξ) = −2i

π

(∫ ∞

0

sinx

x
dx

)
sign ξ = −2i

π

π

2
sign ξ (9.57)

= −i sign ξ for ξ ̸= 0.

If f(x) ∈ L2(R), then we have, by formula (9.56) and inequality (9.16),

|(Fhε)(ξ)| ≤
4A

π
,

and so, by Parseval’s formula,

∥hε ∗ f∥2 =
1

(2π)1/2
∥F(hε ∗ f)∥2 =

1

(2π)1/2
∥Fhε · Ff∥2

≤ 1

(2π)1/2
4A

π
∥Ff∥2 =

4A

π
∥f∥2 .

Step (II): On the other hand, Theorem 9.2 asserts that the singular

integral

g(x) = Hf(x) =
1

π

(
v.p.

1

x

)
∗ f =

1

π
lim
ε↓0

∫
|x−t|>ε

f(t)

x− t
dt (9.58)

exists in the strong topology of L2(R) (p = 2):

H : L2(R) −→ L2(R).

By combining two formulas (9.8) and (9.57), we obtain that

(Fg)(ξ) = (Fh)(ξ) · (Ff)(ξ) = −i sign ξ · (Ff)(ξ) for ξ ̸= 0. (9.59)

Therefore, by Parseval’s formula we have the desired formula (9.55)

∥g∥2 = ∥Hf∥2 = ∥f∥2 ,

and also the formula

(Ff)(ξ) = i sign ξ · (Fg)(ξ) = −(Fh)(ξ) · (Fg)(ξ) for ξ ̸= 0. (9.60)

By formulas (9.58) and (9.60), it follows from an application of the

Fourier inversion formula that the singular integral (9.53) exists in the

strong topology of L2(R) (p = 2).

Step (III): We consider the general case where 1 < p < ∞. By
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applying Theorem 9.5, we obtain that the Hilbert transform H is a

bounded linear operator from Lp(R) into itself:

H : Lp(R) −→ Lp(R) (1 < p <∞).

Let f ∈ Lp(R) and let g = Hf be its Hilbert transform. If we take a

sequence fn ∈ Lp(R) ∩ L2(R) such that

fn −→ f in Lp(R) as n→ ∞,

then it follows that the Hilbert transform gn = Hfn of fn belongs to

Lp(R) ∩ L2(R) and further that

gn = Hfn −→ g = Hf in Lp(R) as n→ ∞.

By assertion (9.53), we remark that

−fn(x) =
1

π
lim
ε↓0

∫
|x−t|>ε

gn(t)

x− t
dt

in the strong topology of L2(R) and further that the right hand side

of this formula is the Hilbert transform of gn. Hence it follows from

an application of Theorem 9.5 that the above limit exists also in the

strong topology of Lp(R). Moreover, by letting n→ ∞ we obtain from

Theorem 9.5 that formula (9.53) holds true also in the strong topology

of Lp(R):

f(x) = −h ∗ g(x) = − 1

π
lim
ε↓0

∫
|x−t|>ε

g(t)

x− t
dt (1 < p <∞).

Step (IV): It remains to prove formula (9.54).

Now, let f ∈ Lp(R) and f̂ ∈ Lp′
(R) with p′ = p/(p − 1), and let

g = Hf and ĝ = Hf̂ be the Hilbert transforms of f and f̂ , respectively.

By using Friedrichs’ mollifiers (Subsection 3.7.2), we can choose two

sequences fn ∈ Lp(R) ∩ L2(R) and f̂n ∈ Lp′
(R) ∩ L2(R) such that

fn −→ f in Lp(R) as n→ ∞,

f̂n −→ f̂ in Lp′
(R) as n→ ∞.

Then we have the assertions

gn = Hfn ∈ Lp(R) ∩ L2(R),

ĝn = Hf̂n ∈ Lp′
(R) ∩ L2(R),

and

gn = Hfn −→ g = Hf in Lp(R),
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ĝn = Hf̂n −→ ĝ = Hf̂ in Lp′
(R).

However, it follows from formula (9.55) that the Hilbert transform H is

a unitary operator in L2(R). Hence we have the formulas∫ ∞

−∞
fn(x) · f̂n(x) dx =

∫ ∞

−∞
Hfn(x) ·Hf̂n(x) dx

=

∫ ∞

−∞
gn(x) · ĝn(x) dx.

Therefore, by letting n → ∞ in these formulas we obtain the desired

formula (9.54)∫ ∞

−∞
f(x) · f̂(x) dx =

∫ ∞

−∞
Hf(x) ·Hf̂(x) dx =

∫ ∞

−∞
g(x) · ĝ(x) dx.

The proof of Theorem 9.6 is now complete.

9.5 Equimeasurable Functions

Let f(x) be a non-negative, measurable function defined on Rn. For

each τ ≥ 0, we let

m(τ) := |{x ∈ Rn : f(x) > τ}| . (9.61)

In this section we consider only functions such that m(τ) < ∞ for any

τ > 0 and that

lim
τ↑∞

m(τ) = 0.

It should be emphasized that non-zero functions f(x) in Lp(Rn) with

1 ≤ p <∞ satisfy this condition.

Let f(x) be a non-negative, measurable function defined on Rn. A

non-negative, measurable function f∗(t) defined on the interval [0,∞)

is called an equimeasurable function of f(x) if it satisfies the condition

m∗(τ) := |{t : f∗(t) > τ}| = m(τ) for all τ ≥ 0. (9.62)

We begin by proving the following elementary result:

Lemma 9.7. The function m(τ) defined by formula (9.61) is monotone

decreasing and right-continuous.

Proof. It is clear that m(τ) is monotone decreasing. If τk ↓ τ , then it

follows that

{x : f(x) > τ} =
∞∪
k=1

{x : f(x) > τk} ,

D 
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so thatm(τ) = limk→∞m(τk). This proves the right-continuity ofm(τ).

The proof of Lemma 9.7 is complete.

We let

t0 := m(0), τ0 := sup{τ : m(τ) > 0}.

It is easy to see that 0 < t0 ≤ ∞ and 0 < τ0 ≤ ∞.

The next lemma proves the existence and uniqueness of the equimea-

surable function:

Lemma 9.8. The function f∗(t), defined by the formula

f∗(t) := inf{τ : t ≥ m(τ)}, f∗(0) := τ0,

is a unique monotone decreasing, right-continuous equimeasurable func-

tion of f(x).

Proof. The proof of Lemma 9.8 is divided into two steps.

Step (1): We prove that the non-negative function f∗(t) is a mono-

tone decreasing, right-continuous equimeasurable function of f(x).

(a) First, we show that

τ ≥ f∗(t) ⇐⇒ t ≥ m(τ).

Indeed, we remark that t ≥ m(τ) implies that τ ≥ f∗(t). Conversely,

if τ > f∗(t), then, by the definition of f∗ it follows that t ≥ m(τ).

Assume that τ = f∗(t). If τk ↓ τ , then it follows that t ≥ m(τk). Since

the function m(τ) is right-continuous, by letting k → ∞ we obtain that

t ≥ m(τ).

Therefore, we have, for all τ > 0,

{t : f∗(t) > τ} = [0,m(τ)).

Hence, if m∗(τ) is the function defined by formula (9.62), then it follows

that m∗(τ) = m(τ). Namely, the function f∗(t) satisfies the condition

(9.62).

(b) Secondly, it is clear that f∗(t) is monotone decreasing.

(c) Thirdly, we show that f∗(t) is right-continuous. Since either t0 =

m(0) ≥ m(τ) or τ ≥ f∗(t0) for all τ > 0, it follows that f∗(t0) = 0. If

t0 <∞, then f∗(t) = 0 for all t ≥ t0.

We show that f∗(t) > 0 for 0 < t < t0 for all t < t0 = m(0). Indeed,

there exists a number τ > 0 such that t < m(τ). This proves that

0 < τ < f∗(t). Let {tk} be an arbitrary sequence such that tk ↓ t. For

□ 
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any given number τ < f∗(t), it follows that t < m(τ). In particular, we

have the assertion

tk < m(τ) if k is sufficiently large,

or equivalently

τ < f∗(tk) ≤ f∗(t) if k is sufficiently large.

This proves that

f∗(t) = lim
k→∞

f∗(tk),

since τ < f∗(t) is arbitrary.

Therefore, we have proved the right-continuity of f∗(t).

Step (2): We prove the uniqueness of the equimeasurable function.

Let g∗(t) be another monotone decreasing, right-continuous equimea-

surable function of f(x). If t1 is a positive number, then we let τ :=

f∗(t1) and

t2 := min{t : f∗(t) = τ} = inf{t : f∗(t) = τ}.

We recall that f∗(t) is right-continuous. Since we have the formula

{t : f∗(t) > τ} = [0, t2),

it follows that

|{t : g∗(t) > τ}| = m(τ) = |{t : f∗(t) > τ}| = t2.

Moreover, since g∗(t) is monotone decreasing and right-continuous, it

follows that {t : g∗(t) > τ} = [0, t2). This proves that g∗(t2) ≤ τ =

f∗(t1). Hence we have, for t2 ≤ t1,

g∗(t1) ≤ g∗(t2) ≤ τ = f∗(t1).

Similarly, we can prove that f∗(t1) ≤ g∗(t1) for any positive number

t1.

Summing up, we obtain that f∗(t1) = g∗(t1) for any positive number

t1. This proves the uniqueness of the equimeasurable function of f(x).

The proof of Lemma 9.8 is now complete.

Lemma 9.9. If f∗(t) is an equimeasurable function of f(x), then we

have, for 1 ≤ p <∞,∫
Rn

f(x)p dx =

∫ ∞

0

f∗(t)p dt.

□ 
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Proof. By formula (9.61), it follows that∫
Rn

f(x)p dx = −
∫ ∞

0

τp dm(τ) = −
∫ ∞

0

τp dm∗(τ) =

∫ ∞

0

f∗(t)p dt.

The proof of Lemma 9.9 is complete.

Lemma 9.10. Let f(x) be a non-negative, measurable function defined

on Rn. If A is a measurable subset of Rn of finite measure, then we

have the inequality ∫
A

f(x) dx ≤
∫ |A|

0

f∗(t) dt.

Proof. We let

f1(x) :=

{
f(x) if x ∈ A,

0 if x /∈ A.

Since f1(x) ≤ f(x), it follows that

m1(τ) := |{x : f1(x) > τ}| ≤ |{x : f(x) > τ}| = m(τ).

Hence, if f∗1 (t) is the monotone decreasing, right-continuous equimea-

surable function of f1(x), then we have the inequality

f∗1 (t) = inf{τ : t ≥ m1(τ)} ≤ f∗(t).

Since we have, for all τ > 0,

{x : f1(x) > τ} ⊂ {x : f1(x) > 0} ⊂ A,

it follows that m1(τ) ≤ |A|. This proves that f∗1 (t) = 0 for t ≥ |A|.
Therefore, we obtain from Lemma 9.9 with p := 1 that∫

A

f(x) dx =

∫
Rn

f1(x) dx =

∫ ∞

0

f∗1 (t) dt ≤
∫ |A|

0

f∗1 (t) dt

≤
∫ |A|

0

f∗(t) dt.

The proof of Lemma 9.10 is complete.

From now on, we assume that f(x) is a non-negative function in

Lp(Rn) for 1 ≤ p < ∞, and let f∗(t) be the monotone decreasing,

right-continuous equimeasurable function of f(x). If t > 0, we let

βf (t) :=
1

t

∫ t

0

f∗(s) ds. (9.63)

□ 

□ 
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By Lemma 9.9, it follows that f∗(t) ∈ Lp(0,∞) for 1 ≤ p <∞. Hence it

follows from an application of Hölder’s inequality (Theorem 3.14) that

the right hand side of formula (9.63) is finite. Moreover, we remark that

d

dt
βf (t) =

1

t2

∫ t

0

(f∗(t)− f∗(s)) ds ≤ 0.

If β′
f (t1) = 0 for some t1 > 0, then it follows that f∗(t) = f∗(t1) in the

interval (0, t1), and so βf (t) = f∗(t1) there. Hence it is easy to see that

f∗(t) → 0 as t ↑ ∞. This proves that βf(t) → 0 as t ↑ ∞.

Therefore, we obtain that either

(a) βf (t) is strictly decreasing in (0,∞)

or

(b) there exists a positive number t1 such that βf (t) is constant in

(0, t1] and strictly decreasing in [t1,∞).

In the case (a), we let t1 := 0, and let βf (0) := s1 if s1 = limt→0 βf (t).

Then it is easy to see that 0 < s1 ≤ ∞ and that s1 = βf (t1) = βf (0).

We denote the inverse function of s = βf (t) by t = βf (s).

(1) If t1 = 0 and s1 = ∞, then it follows that βf (s) is uniquely

determined in 0 < s <∞.

(2) If t1 = 0 and s1 <∞, then we let βf (s) := 0 for s > s1.

(3) If t1 > 0, then we let βf (s1) := t1 and βf (s) := 0 for s > s1.

Then we have the following lemma:

Lemma 9.11. If f(x) ∈ Lp(Rn) for 1 < p < ∞, then we have the

inequality(∫ ∞

0

βf (t)
p dt

)1/p

≤ p

p− 1

(∫
Rn

f(x)p dx

)1/p

. (9.64)

Proof. By Lemma 9.9, it follows that f∗(t) ∈ Lp(0,∞). Let 0 < a < b.

Then we have, by integration by parts,∫ b

a

βf (t)
p dt =

∫ b

a

t−p

(∫ t

0

f∗(s) ds

)p

dt (9.65)

≤ a1−p

p− 1

(∫ a

0

f∗(s) ds

)p

+
p

p− 1

∫ b

a

t1−pf∗(t)

(∫ t

0

f∗(s) ds

)p−1

dt.
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However, we obtain that the first term on the right hand side of in-

equality (9.65) tends to 0 as a ↓ 0. Indeed, it suffices to note that we

have, by Hölder’s inequality (Theorem 3.14),

a1−p

p− 1

(∫ a

0

f∗(s) ds

)p

≤ 1

p− 1

∫ a

0

f∗(s)p ds.

Therefore, by letting a ↓ 0 and b ↑ ∞ in inequality (9.65) and by using

Hölder’s inequality (Theorem 3.14) we obtain that∫ ∞

0

βf (t)
p dt ≤ p

p− 1

∫ ∞

0

f∗(t)βf (t)
p−1 dt

≤ p

p− 1

(∫ ∞

0

f∗(t)p dt

)1/p(∫ ∞

0

βf (t)
p dt

)1−1/p

.

This proves the desired inequality (9.63).

The proof of Lemma 9.11 is complete.

The main purpose of this section is to prove the following lemma:

Lemma 9.12. Assume that f(x) is a non-negative function in Lp(R)

for 1 < p <∞. If ε > 0, we let

Fε(x) :=
1

ε

∫ ε

0

f(x+ y) dy, G(x) := sup
ε>0

Fε(x). (9.66)

Then we have the inequality(∫ ∞

−∞
G(x)p dx

)1/p

≤ p

p− 1

(∫ ∞

−∞
f(x)p dx

)1/p

. (9.67)

Proof. First, we remark that the function G(x) is measurable, since the

supremum of the right-hand side of the second equality of formula (9.66)

may be taken only over the rational ε ∈ Q. If τ > 0, we let

H(τ) := {x : G(x) > τ}.

Since we have the formula

G(x) = sup
y>x

1

y − x

∫ y

x

f(t) dt,

it is easy to see that x ∈ H(τ) if and only if the inequality∫ y

0

f(t) dt− yτ >

∫ x

0

f(t) dt− xτ

□ 
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holds true for some y > x. Hence, if we let

F (x) :=

∫ x

0

f(t) dt− xτ,

then we have the formula

H(τ) = {x : F (y) > F (x) for some y > x}.

This proves that the set H(τ) is open, so that it is the sum of disjoint

open intervals, that is,

H(τ) =

∞∪
k=1

(ak, bk) .

We have, by Hölder’s inequality (Theorem 3.14),

lim
x→±∞

F (x) = ∓∞. (9.68)

Step (1): We show that, for any k ∈ N,

−∞ < ak < bk <∞.

Our proof is based on a reduction to absurdity. We assume, to the

contrary, that ak = −∞ for some k. Then we have the inclusion

(−∞, bk) ⊂ H(τ).

By assertion (9.68), it follows that F (c) > F (bk) for some c < bk. Let

c1 be a real number in the interval [c, bk] such that

F (c1) = max
c≤x≤bk

F (x),

Then it follows that c ≤ c1 < bk, since we have the inequalities

F (c1) ≥ F (c) > F (bk).

This implies that c1 ∈ (−∞, bk) ⊂ H(τ). Furthermore, it follows that

F (x) ≤ F (c1) for c1 < x ≤ bk.

On the other hand, since we have the assertion bk /∈ H(τ), it follows

that

F (x) ≤ F (bk) < F (c1) for all x > bk.

Hence we have proved that

F (x) ≤ F (c1) for all x > c1.

This contradicts the condition that c1 ∈ H(τ).
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Next, we assume, to the contrary, that ak > −∞ and bk = ∞. Then

we have the inclusion

(ak,∞) ⊂ H(τ).

Let c be an arbitrary number satisfying the condition c > ak. By asser-

tion (9.68), it follows that

F (c1) = max
x≥c

F (x) for some c1 ≥ c.

This implies that c1 ∈ (ak,∞) ⊂ H(τ). However, we have the inequality

F (x) ≤ F (c1) for all x > c1.

This is also a contradiction.

Summing up, we have proved that −∞ < ak < bk <∞.

Step (2): Secondly, we show that F (ak) = F (bk) for all k.

Since ak /∈ H(τ) and bk > ak, it follows that

F (bk) ≤ F (ak).

Our proof is based on a reduction to absurdity. Assume, to the contrary,

that F (bk) < F (ak) for some k. Then it follows that

F (bk) < F (c) for some c ∈ (ak, bk).

Let c1 be a real number in the interval [c, bk] such that

F (c1) = max
c≤x≤bk

F (x).

Since F (c1) ≥ F (c) > F (bk), it follows that c ≤ c1 < bk, so that

c1 ∈ (ak, bk) ⊂ H(τ).

Hence we have the inequality

F (x) ≤ F (c1) for all c1 < x ≤ bk.

On the other hand, since bk /∈ H(τ), it follows that

F (x) ≤ F (c1) for all x > c1.

This contradicts the condition that c1 ∈ H(τ).

Summing up, we have proved that F (ak) = F (bk) for all k.

Step (3) Therefore, we have, by the definition of F (x) and by Hölder’s

inequality (Theorem 3.14),

(bk − ak)τ =

∫ bk

ak

f(t) dt ≤ (bk − ak)
1−1/p

(∫ bk

ak

f(t)p dt

)1/p

,
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and so

(bk − ak)
1/pτ ≤

(∫ bk

ak

f(t)p dt

)1/p

.

Hence, it follows that

|H(τ)|τp =
∞∑
k=1

(bk − ak)τ
p ≤

∞∑
k=1

∫ bk

ak

f(t)p dt <∞.

By applying Lemma 9.10 to our situation, we obtain that

|H(τ)|τ =
∞∑
k=1

(bk − ak)τ =
∞∑
k=1

∫ bk

ak

f(t) dt =

∫
H(τ)

f(t) dt

≤
∫ |H(τ)|

0

f∗(t) dt,

so that

τ ≤ 1

|H(τ)|

∫ |H(τ)|

0

f∗(t) dt = βf (|H(τ)|).

This proves that

|H(τ)| ≤ βf (τ).

Hence, we have, by this inequality and Theorem 3.29,∫ ∞

−∞
G(x)p dx = p

∫ ∞

0

τp−1|H(τ)| dτ (9.69)

≤ p

∫ ∞

0

τp−1βf (τ) dτ =

∫ s1

0

βf (τ) dτ
p.

Here we recall that s1 = limt→0 βf (t).

However, just as in the proof of Lemma 9.11 it follows that

lim
t→0

tβf (t)
p = lim

t→0
t1−p

(∫ t

0

f∗(s) ds

)p

= 0.

Hence, by making the change of the independent variable t := βf (τ) or

τ := βf (t) in the last integral of (9.69) we obtain that∫ ∞

−∞
G(x)p dx ≤

∫ s1

0

βf (τ) dτ
p = −

∫ ∞

t1

t dβf (t)
p

= − [tβf (t)]
∞
t1

+

∫ ∞

t1

βf (t)
p dt

≤ t1βf (t1)
p +

∫ ∞

t1

βf (t)
p dt = t1 s

p
1 +

∫ ∞

t1

βf (t)
p dt

----
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=

∫ t1

0

βf (t)
p dt+

∫ ∞

t1

βf (t)
p dt =

∫ ∞

0

βf (t)
p dt.

Therefore, we have, by this inequality and Lemma 9.11,∫ ∞

−∞
G(x)p dx ≤

∫ ∞

0

βf (t)
p dt ≤

(
p

p− 1

)p ∫
Rn

f(x)p dx.

This proves the desired inequality (9.67).

Now the proof of Lemma 9.12 is complete.

Corollary 9.13. Under the assumptions of Lemma 9.12, we let

f(x) := sup
ε>0

1

2ε

∫ ε

−ε

f(x+ y) dy.

Then we have the inequality(∫ ∞

−∞
f(x)p dx

)1/p

≤ 21/pp

p− 1

(∫ ∞

−∞
f(x)p dx

)1/p

. (9.70)

Proof. If τ > 0, we let

E(τ) := {x : f(x) > τ},

and

F−
ε (x) :=

1

ε

∫ ε

0

f(x− y) dy, G−(x) := sup
ε>0

F−
ε (x).

Moreover, we let

H−(τ) := {x : G−(x) > τ}.

Recall that

Fε(x) =
1

ε

∫ ε

0

f(x+ y) dy, G(x) = sup
ε>0

Fε(x),

and that

H(τ) = {x : G(x) > τ}.

Then, just as in the proof of Lemma 9.12 we obtain that

|H−(τ)| ≤ βf (τ).

On the other hand, since f(x) ≤ (G(x) +G−(x))/2, it follows that

E(τ) ⊂ H(τ) ∪H−(τ).

Hence we have the inequality

|E(τ)| ≤ |H(τ)|+ |H−(τ)| ≤ 2βf (τ).

□ 
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Therefore, just as in the proof of Lemma 9.12 we can obtain the desired

inequality (9.70).

The proof of Corollary 9.13 is complete.

9.6 The Hilbert Transform (Continued)

Let ϕ(x) be an even function in C1(R) such that

ϕ(x) =

{
0 if |x| ≤ 1/4,

1 if |x| ≥ 3/4,

and that 0 ≤ ϕ(x) ≤ 1 on R. We denote by ψ(x) the Hilbert transform

of ϕ(x)/x:

ψ(x) = lim
ε↓0

1

π

∫
|x−t|>ε

ϕ(t)

t

dt

x− t
.

First, since we have the formula

d

dx

(∫
|x−t|>ε

ϕ(t)

t

dt

x− t

)
=

d

dx

(∫
|t|>ε

ϕ(x− t)

x− t

dt

t

)

=

∫
|t|>ε

∂

∂x

(
ϕ(x− t)

x− t

)
dt

t

=

∫
|x−t|>ε

d

dt

ϕ(t)

t
· dt

x− t
,

it follows that that the derivative

d

dx
ψ(x) = lim

ε↓0

1

π

∫
|x−t|>ε

d

dt

ϕ(t)

t
· dt

x− t

exists and is continuous, that is, ψ(x) is of class C1. It is easy to see

that ψ(x) is an even function.

Secondly, we show that, as x→ ±∞,

ψ(x) = O(x−2), ψ′(x) = O(|x|−3). (9.71)

If x > 1, we let

πψ(x) := lim
N→∞,ε↓0

(∫ −1

−N

+

∫ 0

−1

+

∫ 1

0

+

∫ x−ε

1

+

∫ N

x+ε

)
ϕ(t)

t

dt

x− t
.

Then, since we have the four formulas∫ −1

−N

ϕ(t)

t

dt

x− t
=

∫ −1

−N

dt

t(x− t)
= − 1

x

[
log

N

x+N
+ log(x+ 1)

]
,

□ 
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−1

ϕ(t)

t

dt

x− t
= −

∫ 1

0

ϕ(t)

t

dt

x+ t
,∫ x−ε

1

ϕ(t)

t

dt

x− t
=

∫ x−ε

1

dt

t(x− t)
=

1

x

[
log

x− ε

ε
+ log(x− 1)

]
,∫ N

x+ε

ϕ(t)

t

dt

x− t
=

∫ N

x+ε

dt

t(x− t)
=

1

x

(
log

N

N − x
− log

x+ ε

ε

)
,

it follows that we have, for x > 1,

πψ(x) =
1

x
log

x− 1

x+ 1
+

∫ 1

0

2ϕ(t)

(x− t)(x+ t)
dt.

Therefore, the desired assertions (9.71) follow immediately from this

formula, by using de L’Hôpital’s rule.

The next theorem asserts the existence of the Hilbert transform (9.52)

in the space Lp(Rn) for 1 < p <∞, refining Theorem 9.6:

Theorem 9.14. Assume that f(x) ∈ Lp(R) for 1 < p < ∞. If ε > 0,

we let

f̃ε(x) :=
1

π

∫
|x−t|>ε

f(t)

x− t
dt.

Then we have the following three assertions:

(i) There exists a constant Cp > 0, independent of ε, such that(∫ ∞

−∞
sup
ε>0

∣∣∣f̃ε(x)∣∣∣p dx)1/p

≤ Cp

(∫ ∞

−∞
|f(x)|p dx

)1/p

. (9.72)

(ii) The sequence f̃ε converges almost everywhere in R and in the

strong topology of Lp(R) as ε ↓ 0. Namely, the singular integral

Hf(x) =
1

π
lim
ε↓0

∫
|x−t|>ε

f(t)

x− t
dt

exists for almost all x ∈ R and in the strong topology of Lp(R).

(iii) The Hilbert transform H is a bounded linear operator from Lp(R)

into itself. More precisely, we have the inequality

∥Hf∥p ≤ Cp ∥f∥p .

Proof. Let f(x) be an arbitrary function in Lp(R) with 1 < p <∞. The

proof of Theorem 9.14 is divided into three steps.

Step (1): First, we prove inequality (9.72). If ϕ(x) and ψ(x) are the

two functions defined as above, then we have the formula

f̃ε(x) (9.73)



9.6 The Hilbert Transform (Continued) 313

=
1

π

∫
|x−t|>ε

ϕ

(
x− t

ε

)
f(t)

x− t
dt

=
1

π

∫ ∞

−∞
ϕ

(
x− t

t

)
f(t)

x− t
dt− 1

π

∫
|x−t|<ε

ϕ

(
x− t

ε

)
f(t)

x− t
dt

:= f̃1,ε(x) + f̃2,ε(x).

The Hilbert transform of the function

t 7−→ ϕ

(
x− t

ε

)
1

x− t
(for a fixed x)

is equal to the following:

1

ε
ψ

(
x− t

ε

)
.

Indeed, by the change of variables

s =
x− σ

ε
,

we find that

1

π
v.p.

∫
R

ϕ

(
x− σ

ε

)
1

x− σ

1

t− σ
dσ

=
1

ε

1

π
v.p.

∫
R

ϕ(s)

s

1

(x− t)/ε− s
ds =

1

ε
ψ

(
x− t

ε

)
.

Hence, if we denote the Hilbert transform of f by g = Hf , then it

follows from an application of Theorem 9.6 (formula (9.54)) that

f̃1,ε(x) =
1

π

∫ ∞

−∞
ϕ

(
x− t

t

)
1

x− t
· f(t) dt (9.74)

=
1

πε

∫ ∞

−∞
ψ

(
x− t

ε

)
· g(t) dt

=
1

πε

∫ ∞

−∞
ψ
(s
ε

)
g(x− s) ds

=
1

πε

(∫ ∞

0

ψ
(s
ε

)
g(x− s) ds+

∫ 0

−∞
ψ
(s
ε

)
g(x− s) ds

)
=

1

πε

∫ ∞

0

ψ
(s
ε

)
(g(x− t) + g(x+ t)) dt.

Here we have used the fact that the function ψ(x) is even.

If t > 0 and −∞ < x <∞, we let

I(x : t) :=

∫ t

−t

g(x+ y) dy,
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g(x) := sup
ε>0

1

2ε

∫ ε

−ε

|g(x+ y)| dy.

Then we have, by Corollary 9.13,

g(x) ∈ Lp(R).

Let x be a point such that g(x) <∞. We remark that

|I(t : x)| ≤
∫ t

−t

|g(x+ y)| dy ≤ 2t g(x) for all t > 0, (9.75)

and further that

dI(t : x) = (g(x− t) + g(x+ t)) dt. (9.76)

By combining two formulas (9.74) and (9.76), we obtain that

f̃1,ε(x) =
1

πε

∫ ∞

0

ψ

(
t

ε

)
dI(t : x)

=
1

πε

[
ψ

(
t

ε

)
I(x : t)

]t=∞

t=0

− 1

πε2

∫ ∞

0

ψ′
(
t

ε

)
I(t : x) dt.

However, it follows from assertions (9.71) that

ψ

(
t

ε

)
= O

(
ε2

t2

)
as t→ ∞,

ψ′
(
t

ε

)
= O

(
ε3

t3

)
as t→ ∞.

Hence we find from inequality (9.75) that the first term on the right hand

side equals 0, while the second term on the right hand side converges.

Summing up, we have proved the formula

f̃1,ε(x) = − 1

πε2

∫ ∞

0

ψ′
(
t

ε

)
I(x : t) dt. (9.77)

Therefore, by combining inequality (9.75) and formula (9.77) we ob-

tain from formula (9.74) that

|f̃1,ε(x)| ≤
1

πε2

∫ ∞

0

∣∣∣∣ψ′
(
t

ε

)∣∣∣∣ 2t g(x) dt (9.78)

=
1

πε2

∫ ∞

0

|ψ′(s)| 2(ε s) ε ds · g(x) = 2

π

∫ ∞

0

t|ψ′(t)| dt · g(x).

On the other hand, we have the inequality

|f̃2,ε(x)|
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≤ 1

π

∫
ε/4<|x−t|<ε

ϕ

(
x− t

ε

) ∣∣∣∣ f(t)x− t

∣∣∣∣ dt
≤ 1

π

∫
ε/4<|x−t|<ε

∣∣∣∣ f(t)x− t

∣∣∣∣ dt
≤ 4

π ε

∫
|x−t|<ε

|f(t)| dt = 4

πε

∫ x+ε

x−ε

|f(t)| dt

=
4

πε

∫ ε

−ε

|f(x+ y)| dy.

If we let

f(x) := sup
ε>0

1

2ε

∫ ε

−ε

|f(x+ y)| dy,

then it follows that

|f̃2,ε(x)| ≤
8

π
f(x). (9.79)

Therefore, we obtain from formula (9.73) and two inequalities (9.78)

and (9.79) that

sup
ε>0

|f̃ε(x)| ≤ |f̃1,ε(x)|+ |f̃2,ε(x)|

≤ 2

π

∫ ∞

0

t|ψ′(t)| dt · g(x) + 8

π
f(x).

The desired inequality (9.72) follows by applying Theorem 9.6 and

Corollary 9.13 to the right hand side of the above inequality:∫ ∞

−∞
sup
ε>0

∣∣∣f̃ε(x)∣∣∣p dx ≤ Dp

(∫ ∞

−∞
|g(x)|p dx+

∫ ∞

−∞
|f(x)|p dx

)
≤ D′

p

(∫ ∞

−∞
|Hf(x)|p dx+

∫ ∞

−∞
|f(x)|p dx

)
≤ D′′

p

∫ ∞

−∞
|f(x)|p dx.

Here Dp, D
′
p, D

′′
p are positive constants independent of ε.

Step (2): We have already proved that, as ε ↓ 0, the sequence f̃ε
converges in the strong topology of Lp(R).

Step (3): Finally, we prove that the sequence f̃ε converges almost

everywhere in R, as ε ↓ 0.

To do this, we take a function g(x) in C1
0 (R) and let

h(x) := f(x)− g(x).

If we define two functions g̃ε(x) and h̃ε(x) as we defined the function
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f̃ε(x), then, by arguing just as in the proof of Theorem 9.5 we obtain

that the sequence g̃ε converges uniformly as ε ↓ 0. Hence we have the

inequality

lim sup
ε↓0

f̃ε(x)− lim inf
ε↓0

f̃ε(x)

= lim sup
ε↓0

(
h̃ε(x) + g̃ε(x)

)
− lim inf

ε↓0

(
h̃ε(x) + g̃ε(x)

)
= lim sup

ε↓0
h̃ε(x)− lim inf

ε↓0
h̃ε(x)

≤ 2 sup
ε>0

|h̃ε(x)|.

By combining this inequality and inequality (9.72) with f(x) := h(x),

we obtain that∫ ∞

−∞

∣∣∣∣∣lim sup
ε↓0

f̃ε(x)− lim inf
ε↓0

f̃ε(x)

∣∣∣∣∣
p

dx ≤ 2p
∫ ∞

−∞
|h̃ε(x)|p dx (9.80)

≤ 2p Cp
p

∫ ∞

−∞
|h(x)|p dx.

However, Corollary 3.27 tells us that C1
0 (R) is dense in Lp(R). Hence,

the right hand side of inequality (9.80) can be made arbitrarily small

if we choose the function g(x) appropriately. This proves that the in-

tegrand of the left hand side of inequality (9.80) vanishes almost every-

where in R:

lim sup
ε↓0

f̃ε(x) = lim inf
ε↓0

f̃ε(x).

Namely, the sequence f̃ε converges almost everywhere in R as ε ↓ 0.

Now the proof of Theorem 9.14 is complete.

9.7 The Case of Odd Kernels

In this section we consider the case where the integral kernel K(x) is an

odd function, and make the following assumption:

Assumption 9.4. The integral kernel K(x) is an odd function satisfying

Assumption 9.1.

It should be noticed that the odd integral kernel K(x) satisfies condi-

tion (9.2).

In the case of odd kernels, the existence of the singular integral (9.2)

in the space Lp(Rn) for 1 < p < ∞ can be reduced to the study of the

□ 
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Hilbert transform (Theorem 9.14). In fact, we can prove the following

theorem:

Theorem 9.15. Assume that the integral kernel K(x) satisfies Assump-

tion 9.4. If f(x) ∈ Lp(Rn) for 1 < p <∞ and ε > 0, we let

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy.

Then we have the following three assertions (i), (ii) and (iii):

(i) The inequality(∫
Rn

sup
ε>0

|f̃ε(x)|p dx
)1/p

(9.81)

≤ πCp

2

(∫
Σn−1

|K(σ)| dσ

)(∫
Rn

|f(x)|p dx
)1/p

holds true where Cp is the positive constant given in Theorem

9.14.

(ii) The sequence f̃ε converges almost everywhere in Rn and in the

strong topology of Lp(Rn) as ε ↓ 0. Namely, the singular integral

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y) f(y) dy

exists for almost all x ∈ Rn and in the strong topology of Lp(Rn).

(iii) The mapping f 7→ K∗f is a bounded linear operator from Lp(Rn)

into itself. More precisely, we have the inequality

∥K ∗ f∥p ≤ πCp

2

(∫
Σn−1

|K(σ)| dσ

)
∥f∥p . (9.82)

Proof. The proof of Theorem 9.15 is divided into three steps.

Step (1): As is shown in the proof of Lemma 9.1, we have the formula

f̃ε(x) =

∫
|y|>ε

K(y)f(x− y) dy =

∫
Σn−1

K(σ)

(∫ ∞

ε

f(x− tσ)
dt

t

)
dσ.

However, since the kernel K(x) is odd, it follows that∫
Σn−1

K(σ)

(∫ ∞

ε

f(x− tσ)
dt

t

)
dσ
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= −
∫
Σn−1

K(σ)

(∫ ∞

ε

f(x+ tσ)
dt

t

)
dσ

=

∫
Σn−1

K(σ)

(∫ −ε

−∞
f(x− tσ)

dt

t

)
dσ.

Hence we have the formula

f̃ε(x) =
1

2

∫
Σn−1

K(σ)

(∫
|t|>ε

f(x− tσ)
dt

t

)
dσ. (9.83)

By using Hölder’s inequality (Theorem 3.14), we obtain that

|f̃ε(x)|

≤ 1

2

∫
Σn−1

|K(σ)|1−1/p|K(σ)|1/p
∣∣∣∣∣
∫
|t|>ε

f(x− tσ)
dt

t

∣∣∣∣∣ dσ
≤ 1

2

(∫
Σn−1

|K(σ)| dσ

)1−1/p

×

(∫
Σn−1

|K(σ)|

∣∣∣∣∣
∫
|t|>ε

f(x− tσ)
dt

t

∣∣∣∣∣
p

dσ

)1/p

.

Hence we have the inequality

sup
ε>0

|f̃ε(x)|p

≤ 1

2p

(∫
Σn−1

|K(σ)| dσ
)p−1 ∫

Σn−1

|K(σ)| sup
ε>0

∣∣∣∣∫
|t|>ε

f(x− tσ)
dt

t

∣∣∣∣p dσ.
Moreover, by integrating the both sides of this inequality over Rn we

obtain that∫
Rn

sup
ε>0

|f̃ε(x)|p dx (9.84)

≤ 1

2p

(∫
Σn−1

|K(σ)| dσ

)p−1

×
∫
Σn−1

|K(σ)|

(∫
Rn

sup
ε>0

∣∣∣∣∣
∫
|t|>ε

f(x− tσ)
dt

t

∣∣∣∣∣
p

dx

)
dσ.

For each σ ∈ Σn−1, we make a change of variables

x := y + s σ, y ∈ Rn, s ∈ R,
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with

⟨y, σ⟩ = y1σ1 + . . .+ ynσn = 0.

Then we have the formula∫
Rn

sup
ε>0

∣∣∣∣∣
∫
|t|>ε

f(x− t σ)
dt

t

∣∣∣∣∣
p

dx

=

∫
Rn−1

(∫ ∞

−∞
sup
ε>0

∣∣∣∣∣
∫
|t|>ε

f(y + (s− t)σ)
dt

t

∣∣∣∣∣
p

ds

)
dy.

Here it should be noticed that∫
|t|>ε

f (y + (s− t)σ)
dt

t
= −

∫
|s−τ |>ε

f(y + τσ)

s− τ
dτ.

Hence, by applying Theorem 9.14 with

f(t) := f(y + tσ),

we obtain that∫
Rn

sup
ε>0

∣∣∣∣∫
|t|>ε

f(x− tσ)
dt

t

∣∣∣∣pdx
= πp

∫
Rn−1

(∫ ∞

−∞
sup
ε>0

∣∣∣∣ 1π
∫
|s−τ |>ε

f(y + τσ)

s− τ
dτ

∣∣∣∣pds)dy
≤ (πCp)

p

∫
Rn−1

(∫ ∞

−∞
|f(y + sσ)|p ds

)
dy = (πCp)

p

∫
Rn

|f(x)|p dx.

By combining this inequality with inequality (9.84), we have the inequal-

ity∫
Rn

sup
ε>0

|f̃ε(x)|p dx ≤ 1

2p

(∫
Σn−1

|K(σ)| dσ

)p−1

×

(∫
Σn−1

|K(σ)

(
(πCp)

p
∫
Rn

|f(x)|p dx
)
dσ

)

=

(
πCp

2

)p
(∫

Σn−1

|K(σ)| dσ

)p ∫
Rn

|f(x)|p dx.

This proves the desired inequality (9.81).

Step (2): We consider the case where f(x) is an arbitrary function

in the space C1
0 (R

n).

We remark that if f(x) = 0 for |x| > M and 0 < ε < 1, then it is easy
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to see that the function f̃ε(x) is independent of ε, for |x| ≥ M + 1. If

|x| < M + 1, then we have the formula

f̃ε(x)

=

∫
|x−y|>ε

|x|<M+1,|y|<M

K(x− y)f(y) dy =

∫
ε<|x−y|<2M+1

K(x− y)f(y) dy

=

∫
ε<|x−y|<2M+1

K(x− y)(f(y)− f(x)) dy.

However, by letting

L := max
x∈Rn

|∇f(x)| ,

we obtain that∫
|x−y|<ε

|K(x− y)(f(y)− f(x))| dy

≤ L

∫
|x−y|<ε

|K(x− y)| |x− y| dy ≤ εL

∫
|x−y|>ε

|K(x− y)| dy

= εL

∫
Σn−1

|K(σ)| dσ for all |x| < M + 1.

This proves that the sequence f̃ε converges uniformly to some function

f̃ in the open ball {|x| < M +1}, as ε ↓ 0. Hence we have, by inequality

(9.81),∫
Rn

|f̃(x)|p dx = lim
ε↓0

∫
Rn

|f̃ε(x)|p dx ≤
∫
Rn

sup
ε>0

|f̃ε(x)|p dx

≤
(
πCp

2

)p
(∫

Σn−1

|K(σ)| dσ

)p

·
∫
Rn

|f(x)|p dx,

so that

f̃(x) ∈ Lp(Rn).

Therefore, by applying the Lebesgue dominated convergence theorem

(Theorem 3.8) we obtain that

∥f̃ε − f̃∥pp =

∫
|x|<M+1

|f̃ε(x)− f̃(x)|p dx −→ 0 as ε ↓ 0.

Step (3): We consider the general case where f(x) is an arbitrary

function in the space Lp(Rn).

We take a function g(x) ∈ C1
0 (R

n) and let

h(x) := f(x)− g(x).

--
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Just as in the proof of Theorem 9.14, we can prove that the sequence f̃ε
converges almost everywhere in Rn to some function K ∗ f as ε ↓ 0:

f̃ε −→ K ∗ f almost everywhere in Rn as ε ↓ 0.

Moreover, we show that

f̃ε −→ K ∗ f in Lp(Rn) as ε ↓ 0.

To do this, we remark that∥∥∥f̃ε − f̃δ

∥∥∥
p
=
∥∥∥(h̃ε + g̃ε

)
−
(
h̃δ + g̃ε

)∥∥∥
p

≤ ∥g̃ε − g̃δ∥p +
∥∥∥h̃ε − h̃δ

∥∥∥
p
.

Since g is uniformly Lipschitz continuous, it follows that the first term

on the right hand side of the inequality tends to 0 as ε, δ ↓ 0:

lim
ε,δ↓0

∥g̃ε − g̃δ∥p = 0.

On the other hand, we have, by inequality (9.81),∥∥∥h̃ε − h̃δ

∥∥∥
p
≤ 2

(∫
Rn

sup
ε>0

|h̃ε(x)|p dx
)1/p

≤ πCp

(∫
Σn−1

|K(σ)| dσ

)
∥h∥p .

However, we remark that the last term on this inequality can be made

arbitrarily small if we choose the function g(x) appropriately.

In this way, we find that the sequence f̃ε converges strongly to the

function f̃ in Lp(Rn) as ε ↓ 0:

f̃ε −→ f̃ in Lp(Rn) as ε ↓ 0.

This proves that

K ∗ f = f̃ ∈ Lp(Rn),

so that

f̃ε −→ K ∗ f in Lp(Rn) as ε ↓ 0.

Finally, by letting ε ↓ 0 in inequality (9.81) we obtain from Lebesgue’s

dominated convergence theorem (Theorem 3.8) that

∥K ∗ f∥p ≤ πCp

2

(∫
Σn−1

|K(σ)| dσ

)
∥f∥p .--
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This proves that the mapping f 7→ K ∗ f is a bounded linear operator

from Lp(Rn) into itself.

Now the proof of Theorem 9.15 is complete.

9.8 Riesz Kernels

The Riesz kernels are functions defined by the formulas

Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

for 1 ≤ j ≤ n. (9.85)

It is easy to see that the Riesz kernels Rj(x) satisfy Assumption 9.3

and Assumption 9.4 with ω(t) := t. Moreover, it should be emphasized

that the Riesz kernels transform even kernels to odd kernels. Therefore,

by making use of Theorem 9.15 we can prove the existence of singular

integral operators with even kernel. In fact, this will be carried out in

the next Section 9.9.

In this section we calculate explicitly the Fourier transforms (FRj)(ξ)

of the Riesz kernels Rj(x) (see formula (9.97)).

To do this, we let 0 < ε < 1 < µ. Then we have, by the divergence

theorem,

(1− n)

∫
ε<|x|<1

e−ix·ξ xj
|x|n+1

dx (9.86)

=

∫
ε<|x|<1

e−ix·ξ ∂

∂xj

(
|x|1−n

)
dx

=

∫
|x|=1

e−ix·ξ xj
|x|n

dσ −
∫
|x|=ε

e−ix·ξ xj
|x|n

dS

=

∫
|x|=1

e−ix·ξ xj
|x|n

dσ +

∫
ε<|x|<1

iξje−ix·ξ|x|1−n dx

=

∫
|x|=1

xje
−ix·ξ dσ − 1

εn

∫
|x|=ε

xje
−ix·ξ dS

=

∫
|x|=1

xje
−ix·ξ dσ + iξj

∫
ε<|x|<1

e−ix·ξ|x|1−n dx.

However, it follows that∫
|x|=1

xje
−ix·ξ dσ = i

∂

∂ξj

(∫
|x|=1

e−ix·ξ dσ

)

= i
∂

∂ξj

(∫
|x|=1

cos (x · ξ) dσ

)
.

□ 
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If we make an orthogonal transformation which maps ξ to (|ξ|, 0, . . . , 0),
then we obtain that∫

|x|=1

xje
−ix·ξ dσ = i

∂

∂ξj

(∫
|y|=1

cos (|ξ|y1) dσ

)
(9.87)

= −i ξj
|ξ|

∫
|y|=1

y1 sin (|ξ|y1) dσ.

Moreover, it is easy to verify that

lim
ε↓0

1

εn

∫
|x|=ε

xje
−ix·ξ dS (9.88)

= lim
ε↓0

∫
|x|=1

σje
−iεσξ dσ =

∫
Σn−1

σj dσ

= 0,

and further that

lim
ε↓0

∫
ε<|x|<1

e−ix·ξ|x|1−n dx =

∫
|x|<1

e−ix·ξ|x|1−n dx (9.89)

=

∫
|x|<1

|x|1−n cos (x · ξ) dx

=

∫
|y|<1

|y|1−n cos (|ξ|y1) dy.

By combining four formulas (9.86), (9.87), (9.88) and (9.89), we obtain

that

lim
ε↓0

∫
ε<|x|<1

e−ix·ξ xj
|x|n+1

dx

=
1

1− n

(
−i ξj

|ξ|

∫
|y|=1

y1 sin (|ξ|y1) dσ

+ i ξj

∫
|y|<1

|y|1−n cos (|ξ|y1) dy
)
.

Hence, if we let

c1 :=
i

1− n

(
−
∫
|y|=1

y1 sin y1 dσ +

∫
|y|<1

|y|1−n cos y1 dy

)
,

then we have, for |ξ| = 1,

lim
ε↓0

∫
ε<|x|<1

e−ix·ξ xj
|x|n+1

dx = c1ξj . (9.90)
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Similarly, we have the formula∫
1<|x|<µ

e−ix·ξ xj
|x|n+1

dx = i
∂

∂ξj

(∫
1<|x|<µ

e−ix·ξ

|x|n+1
dx

)
. (9.91)

It is easy to see that the limit

lim
µ↑∞

∫
1<|x|<µ

e−ix·ξ

|x|n+1
dx =

∫
|x|>1

e−ix·ξ

|x|n+1
dx (9.92)

exists uniformly in Rn. If ξj ̸= 0, then it follows from an application of

the divergence theorem that∫
1<|x|<µ

e−ix·ξ xj
|x|n+1

dx

=
i

ξj

∫
1<|x|<µ

xj
|x|n+1

∂

∂xj

(
e−ix·ξ) dx

=
i

ξj

(∫
|x|=µ

e−ix·ξ xj
|x|n+1

xj
|x|

dS +

∫
|x|=1

e−ix·ξ xj
|x|n+1

−xj
|x|

dσ

−
∫
1<|x|<µ

e−ix·ξ ∂

∂xj

(
xj

|x|n+1

)
dx

)
=

i

ξj

(∫
|x|=µ

e−ix·ξ x2j
|x|n+2

dS −
∫
|x|=1

e−ix·ξ x2j
|x|n+2

dσ

−
∫
1<|x|<µ

e−ix·ξ ∂

∂xj

(
xj

|x|n+1

)
dx

)
=

i

ξj

(
1

µ

∫
|x|=1

x2je
−iµx·ξ dσ −

∫
|x|=1

x2je
−ix·ξ dσ

−
∫
1<|x|<µ

e−ix·ξ ∂

∂xj

(
xj

|x|n+1

)
dx

)
,

where dS = µn−1 dσ is the surface measure on the sphere {|x| = µ}.
Hence we find that the limit

lim
µ↑∞

∫
1<|x|<µ

e−ix·ξ xj
|x|x+1

dx (9.93)

= − i

ξj

(∫
|x|=1

x2je
−ix·ξ dσ +

∫
|x|>1

e−ix·ξ ∂

∂xj

(
xj

|x|n+1

)
dx

)

exists uniformly on any compact subset of the space {ξ ∈ Rn : ξj ̸= 0}.
By combining three formulas (9.91), (9.92) and (9.93), we have proved
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that ∫
|x|>1

e−ix·ξ

|x|n+1
dx ∈ C1({ξ ∈ Rn : ξ1 · · · ξn ̸= 0}) (9.94)

for all 1 ≤ j ≤ n,

and that

i
∂

∂ξj

(∫
|x|>1

e−ix·ξ

|x|n+1
dx

)
= i lim

µ↑∞

∂

∂ξj

(∫
1<|x|<µ

e−ix·ξ

|x|n+1
dx

)
(9.95)

= lim
µ↑∞

∫
1<|x|<µ

e−ix·ξ xj
|x|n+1

dx

= − i

ξj

(∫
|x|=1

x2je
−ix·ξ dσ +

∫
|x|>1

e−ix·ξ ∂

∂xj

(
xj

|x|n+1

)
dx

)
for ξj ̸= 0.

If we let (cf. formula (9.87))

f(|ξ|)

:=

∫
|x|>1

e−ix·ξ

|x|n+1
dx =

∫
|x|>1

cos (x · ξ)
|x|n+1

dx− i

∫
|x|>1

sin (x · ξ)
|x|n+1

dx

=

∫
|y|>1

cos (y1|ξ|)
|y|n+1

dy,

then it follows from assertion (9.94) that the function f(|ξ|) is of class

C1 in the space {ξ ∈ Rn : ξ1 · · · ξn ̸= 0}. Hence we obtain that

f(t) =

∫
|y|>1

cos (y1t)

|y|n+1
dy ∈ C1 (0,∞) ,

and further that f(|ξ|) is continuously differentiable in the spaceRn\{0}.
By formula (9.95), it follows that

lim
µ↑∞

∫
1<|x|<µ

e−ix·ξ xj
|x|n+1

dx = i
∂

∂ξj
(f(|ξ|)) = i

ξj
|ξ|
f ′(|ξ|).

Hence, if we let

c2 := if ′(1) = −i
∫
|y|>1

y1 sin y1
|x|n+1

dy,

then we have, for |ξ| = 1,

lim
µ↑∞

∫
1<|x|<µ

e−ix·ξ xj
|x|n+1

dx = iξj f
′(1) = c2 ξj . (9.96)
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By two formulas (9.90) and (9.96), it follows that we have, for |ξ| = 1,

lim
ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix·ξ xj
|x|n+1

dx = c1 ξj + c2 ξj := c3 ξj , (9.97)

where

c3 := c1 + c2.

However, we remark that, since the left hand side of formula (9.97) is a

positively homogeneous function of ξ degree 0, we have, for all ξ ̸= 0,

lim
ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix·ξ xj
|x|n+1

dx = c3
ξj
|ξ|
. (9.98)

We calculate explicitly the value of the constant c3. To do this, we

may choose j = 1 and ξ = (1, 0, . . . , 0). Then it follows from formula

(9.98) that

lim
ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix1
x1

|x|n+1
dx = c3, (9.99)

and further that∫
ε<|x|<µ

e−ix1
x1

|x|n+1
dx (9.100)

=

∫
ε<|x|<µ

x1 cosx1
|x|n+1

dx− i

∫
ε<|x|<µ

x1 sinx1
|x|n+1

dx

= −i
∫
Σn−1

σ1

(∫ µ

ε

sin (rσ1)

r
dr

)
dσ.

However, since we have the formula

lim
ε↓0,µ↑∞

∫ µ

ε

sin (rσ1)

r
dr =

π

2
signσ1

and the inequality ∣∣∣∣∫ µ

ε

sin (rσ1)

r
dr

∣∣∣∣ ≤ 2A,

by applying Lebesgue’s dominated convergence theorem (Theorem 3.8)

we obtain from two formulas (9.99) and (9.100) that

c3 = lim
ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix1
x1

|x|n+1
dx

= −i lim
ε↓0,µ↑∞

∫
Σn−1

σ1

(∫ µ

ε

sin (rσ1)

r
dr

)
dσ
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= −π
2
i

(∫
Σn−1

σ1 signσ1 dσ

)
= −πi

∫
σ1>0

σ1 dσ.

Moreover, we have the formula∫
σ1>0

σ1 dσ = ωn−1

∫ 1

0

t(1− t2)(n−3)/2 dt

=
1

2
ωn−1

∫ 1

0

(1− s)(n−3)/2 ds

=
ωn−1

n− 1
,

where

ωn−1 := |Σn−2| =
2π(n−1)/2

Γ((n− 1)/2)

is the surface area of the unit sphere Σn−2 in Rn−1.

Therefore, we obtain that

c3 = −πi ωn

n− 1
= − πi

n− 1

2π(n−1)/2

Γ((n− 1)/2)
= − iπ(n+1)/2

Γ((n+ 1)/2)
.

Summing up, we find from formula (9.98) that the Fourier transforms

(FRj)(ξ) of the Riesz kernels Rj(x) are given by the formulas

(FRj)(ξ) = lim
ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix·ξRj(x) dx (9.101)

= −Γ((n+ 1)/2)

π(n+1)/2
lim

ε↓0,µ↑∞

∫
ε<|x|<µ

e−ix·ξ xj
|x|n+1

dx

= −Γ((n+ 1)/2)

π(n+1)/2
c3
ξj
|ξ|

=
Γ((n+ 1)/2)

π(n+1)/2

iπ(n+1)/2

Γ((n+ 1)/2)

ξj
|ξ|

= i
ξj
|ξ|

for 1 ≤ j ≤ n.

Now, we let f(x) ∈ L2(Rn) and

gj(x) := − lim
ε↓0

∫
|x−y|>ε

Rj(x− y)f(y) dy = −(Rj ∗ f)(x).

Then we have, by formula (9.101),

−F

 n∑
j=1

Rj ∗ (Rj ∗ f)

 (ξ) = F

 n∑
j=1

Rj ∗ gj

 (ξ)



328 Elements of Singular Integrals

=

n∑
j=1

(FRj)(ξ) · (Fgj)(ξ)

= −
n∑

j=1

((FRj)(ξ))
2 · (Ff)(ξ) = −

n∑
j=1

(−ξ2j )
|ξ|2

· (Ff)(ξ) = (Ff)(ξ).

By the Fourier inversion formula, this proves that we have, for all f ∈
L2(Rn),

−
n∑

j=1

Rj ∗ (Rj ∗ f) = f. (9.102)

Moreover, by arguing just as in the proof of Theorem 9.5 we obtain that

formula (9.98) holds true for all f(x) ∈ Lp(Rn) with 1 < p <∞.

Therefore, we have proved the following fundamental theorem for the

Riesz kernels:

Theorem 9.16. The Fourier transforms (FRj)(ξ) of the Riesz kernels

Rj(x) are given by formulas (9.101). Moreover, formula (9.102) holds

true for all f ∈ Lp(Rn) with 1 < p <∞.

Remark 9.2. By virtue of formula (9.101), we have, for all 1 ≤ j, k ≤ n,

∂2f

∂xj∂xk
= −Rj ∗ (Rk ∗ (∆f)) for all f ∈ C∞

0 (Rn).

Therefore, by applying Theorem 9.15 (inequality (9.82)) we find that∥∥∥∥ ∂2f

∂xj∂xk

∥∥∥∥
Lp(Rn)

≤ C ′
p ∥∆f∥Lp(Rn) for all 1 ≤ j, k ≤ n,

where C ′
p > 0 is a constant. In other words, the Laplacian ∆ controls

all second-order partial derivatives in the Lp-norm for 1 < p <∞.

9.9 The Case of Even Kernels

In this section we consider the case where the integral kernel K(x) is an

even function, and make the following assumption:

Assumption 9.5. The integral kernel K(x) is an even function satisfying

Assumption 9.1 and the condition∫
Σn−1

|K(σ)| log+ |K(σ)| dσ <∞. (9.103)
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Here log+ x is a function defined by the formula

log+ x := max{log x, 0} =

{
log x if x > 1,

0 if 0 < x ≤ 1.

The case of even kernels can be reduced to the case of odd kernels.

Indeed, we have, by formula (9.102) with f := K ∗ f ,

K ∗ f = −
n∑

j=1

Rj ∗ (Rj ∗K) ∗ f.

However, it should be noticed that the operators Rj and Rj ∗ K have

respectively the odd kernels

Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

,

Rj ∗K(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

∗K(x)

of positively homogeneous of degree −n. In other words, a singular

integral operator with even kernel can be expressed as a finite sum of

products of singular integral operators with odd kernel.

We begin by proving the following elementary result:

Lemma 9.17. For all a > 0 and b > 0, we have the inequality

ab ≤ a log+ a+ eb−1. (9.104)

Proof. Let φ(x) and ψ(y) be two functions defined respectively by the

formulas

φ(x) :=

{
log x+ 1 if x > 1,

0 if 0 ≤ x ≤ 1,

and

ψ(y) :=

{
ey−1 if y > 1,

1 if 0 ≤ y ≤ 1.

Then it follows that ψ(y) is the inverse function of φ(x) in the region

{y > 1} (or {x > 1}). Hence we obtain that

ab ≤
∫ a

0

φ(x) dx+

∫ b

0

ψ(y) dy. (9.105)
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However, we have the formulas∫ a

0

φ(x) dx =

{
0 if 0 ≤ a ≤ 1,

a log a if a > 1,

and ∫ b

0

ψ(y) dy =

{
0 if 0 ≤ b ≤ 1,

eb−1 − 1 if b > 1.

Therefore, the desired inequality (9.104) follows immediately from in-

equality (9.105).

The proof of Lemma 9.17 is complete.

Lemma 9.18. Let K(x) be an integral kernel satisfying Assumption

9.3. Assume that f(x) is a measurable function with compact support in

Rn which satisfies the condition∫
Rn

|f(x)| log+ |f(x)| dx <∞. (9.106)

If S is a measurable set of Rn with |supp f | < |S| < ∞, where supp f

denotes the support of f(x), then there exist positive constants C3 and

C4 such that we have, for all ε > 0,∫
S

∣∣∣f̃ε(x)∣∣∣ dx ≤ C3

∫
Rn

|f(x)| log+ |f(x)| dx+ C4 |S| , (9.107)

where f̃ε(x) is the function defined by formula (9.5):

f̃ε(x) =

∫
|x−y|>ε

K(x− y) f(y) dy.

Proof. Since we have the inequality∫
Rn

|f(x)| dx =

∫
|f |>e

|f(x)| dx+

∫
|f |≤e

|f(x)| dx (9.108)

≤
∫
Rn

|f(x)| log+ |f(x)| dx+ e |supp f | ,

it follows from condition (9.106) that

f(x) ∈ L1(Rn).

Step (1): First, we consider the case where f(x) is non-negative: We

let

Es :=
{
x :
∣∣∣f̃ε(x)∣∣∣ > s

}
,

□ 
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E′
s := Es ∩ S.

Let βf (t) and βf (t) be the two functions defined in Section 9.5, and

s0 := βf (|S|). Then we have, by Theorem 3.29,∫
S

∣∣∣f̃ε(x)∣∣∣ dx =

∫ ∞

0

|E′
s| ds ≤ |S|s0 +

∫ ∞

s0

|Es| ds. (9.109)

However, by Lemma 9.9 it follows that

|S|s0 = |S|βf (|S|) =
∫ |S|

0

f∗(s) ds ≤
∫
Rn

f(x) dx. (9.110)

Moreover, by combining Theorem 3.29 and Lemma 9.10 we obtain that

|Ds| ≤ βf (s).

Hence, we have, by Lemma 9.4,∫ ∞

s0

|Es| ds ≤ C1

∫ ∞

0

1

s2

∫
Rn

[f(x)]2s dx ds+ C2

∫ ∞

s0

βf (s) ds, (9.111)

where

[f(x)]s =

{
f(x) if f(x) ≤ s,

s if f(x) > s.

Hence we have, by Fubini’s theorem (Theorem 3.10),∫ ∞

0

1

s2

(∫
Rn

[f(x)]2s dx

)
ds =

∫
Rn

(∫ ∞

0

1

s2
[f(x)]2s ds

)
dx (9.112)

=

∫
Rn

[∫ f(x)

0

1

s2
· s2 ds+

∫ ∞

f(x)

1

s2
f(x)2 ds

]
dx

=

∫
Rn

[∫ f(x)

0

ds+ f(x)2 · 1

f(x)

]
dx = 2

∫
Rn

f(x) dx.

Let s1 = βf (t1) be the number defined in Section 9.5. If we make the

change of the variable t = βf (s) or s = βf (t), then it is easy to see that

βf (s0) = |S| and βf (s1) = t1. Hence we have the formula∫ ∞

s0

βf (s) ds

=

∫ s1

s0

βf (s) ds =

∫ t1

|S|
tdβf (t)

= [tβf (t)]
t1
|S| +

∫ |S|

t1

βf (t) dt =

[∫ t

0

f∗(s) ds

]t1
|S|

+

∫ |S|

t1

βf (t) dt
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=

∫ t1

0

f∗(s) ds−
∫ |S|

0

f∗(s) ds+

∫ |S|

t1

βf (t) dt

:= A.

Here it should be noticed that t1 ≤ |S|, since |S| > |supp f |. Moreover,

since f∗(s) = βf (s) = βf (t1) for 0 < s ≤ t1, we can estimate the last

term on the above formula as follows:

A :=

∫ t1

0

f∗(s) ds−
∫ |S|

0

f∗(s) ds+

∫ |S|

t1

βf (t) dt

=

∫ |S|

0

βf (t) dt−
∫ |S|

0

f∗(s) ds

≤
∫ |S|

0

βf (t) dt =

∫ |S|

0

1

t

∫ t

0

f∗(s) ds dt

=

∫ |S|

0

f∗(s)

(∫ |S|

s

dt

t

)
ds =

∫ |S|

0

f∗(t) log
|S|
t
dt

= 2

∫ |S|

0

f∗(t) log

(
|S|
t

)1/2

dt.

However, by applying Lemma 9.17 with

a := f∗(t), b := log

(
|S|
t

)1/2

,

we obtain that∫ ∞

s0

βf (s) ds = A ≤ 2

∫ |S|

0

f∗(t) log

(
|S|
t

)1/2

dt (9.113)

≤ 2

∫ |S|

0

[
f∗(t) log+ f∗(t) + exp

(
log

(
|S|
t

)1/2

− 1

)]
dt

≤ 2

∫ ∞

0

f∗(t) log+ f∗(t) dt+
2C2

e

∫ |S|

0

(
|S|
t

)1/2

dt

= 2

∫
Rn

f(x) log+ f(x) dx+
4C2

e
|S|.

Therefore, by combining inequality (9.109) with inequalities (9.110)

and (9.111) and formulas (9.112) and (9.113) and then using inequality

(9.108), we obtain that∫
S

∣∣∣f̃ε(x)∣∣∣ dx
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≤ |S|s0 +
∫ ∞

s0

|Es| ds

≤
∫
Rn

f(x) dx+ C1

∫ ∞

0

1

s2

(∫
Rn

[f(x)]2s dx

)
ds+ C2

∫ ∞

s0

βf (s) ds

≤ (1 + 2C1)

∫
Rn

f(x) dx+ C2

∫ ∞

s0

βf (s) ds

≤ (1 + 2C1)

(∫
Rn

f(x) log+ f(x) dx+ e |S|
)

+ 2C2

∫
Rn

f(x) log+ f(x) dx+
4C2

e
|S|

= (1 + 2C1 + 2C2)

∫
Rn

f(x) log+ f(x) dx+

(
(1 + 2C1)e+

4C2

e

)
|S|.

This proves the desired inequality (9.107) in the case where f(x) is non-

negative, with

C3 := 1 + 2C1 + 2C2, C4 := (1 + 2C1)e+
4C2

e
.

Step (2): In the general case, by decomposing a function f(x) into

its positive part f+(x) and its negative part f−(x) as

f(x) = f+(x)− f−(x),

f+(x) := max{f(x), 0},
f−(x) := max{−f(x), 0},

we can easily prove that the desired inequality (9.107) holds true with

C3 := 1 + 2C1 + 2C2, C4 := 2(1 + 2C1)e+
8C2

e
.

The proof of Lemma 9.18 is now complete.

We need the following elementary inequalities for the function log+ x:

Lemma 9.19. For all α > 0 and β > 0, we have the two inequalities

log+(αβ) ≤ log+ α+ log+ β, (9.114)

and

α+ β

2
log+

(
α+ β

2

)
≤ 1

2

(
α log+ α+ β log+ β

)
. (9.115)

Proof. (1) If αβ ≤ 1, it follows that log+(αβ) = 0. If αβ > 1, then it

follows that

log+(αβ) = log(αβ) = logα+ log β ≤ log+ α+ log+ β.

□ 
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so that the first inequality (9.114) follows.

(2) Next, we remark that the function f(x) := x log+ x is convex for

x > 1 and f(x) = 0 for 0 < x ≤ 1. Hence we have the inequality

f

(
α+ β

2

)
≤ 1

2
(f(α) + f(β)) .

This proves the second inequality (9.115).

The proof of Lemma 9.19 is complete.

Now we can prove the following fundamental result:

Lemma 9.20. Assume that the integral kernel K(x) satisfies Assump-

tion 9.3. If f(x) is a measurable function with compact support in Rn

that satisfies condition (9.106), then the sequence f̃ε converges in the

space L1
loc(R

n) as ε ↓ 0.

Proof. Let S be an arbitrary bounded measurable set such that

|supp f | < |S| .

It suffices to show that

lim
ε,ε′↓0

∫
S

∣∣∣f̃ε(x)− f̃ε′(x)
∣∣∣ dx = 0.

If k is a positive integer, we let

[f(x)]k :=

{
f(x) if |f(x)| ≤ k,

k f(x)
|f(x)| if |f(x)| > k.

For any given 0 < δ < 2, we can choose the integer k so large that∫
Rn

|f(x)− [f(x)]k| · log+ |f(x)− [f(x)]k| dx <
δ

4
, (9.116)

and that ∫
Rn

|f(x)− [f(x)]k| dx <
δ

4

1

log+(2/δ)
. (9.117)

Indeed, we have, by condition (9.106),

lim
k→∞

∫
Rn

|f(x)− [f(x)]k| · log+ |f(x)− [f(x)]k| dx

= lim
k→∞

∫
|f(x)|>k+1

(|f(x)| − k) · log+ (|f(x)| − k) dx

≤ lim
k→∞

∫
|f(x)|>k+1

|f(x)| · log+ |f(x)| dx = 0.

□ 
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Similarly, since f ∈ L1(Rn), it follows that

lim
k→∞

∫
Rn

|f(x)− [f(x)]k| dx = lim
k→∞

∫
|f(x)|>k

|f(x)− k| dx

≤ lim
k→∞

∫
|f(x)|>k

|f(x)| dx = 0.

By applying inequality (9.114) with

α := |f(x)− [f(x)]k|, β :=
2

δ
,

we obtain from two inequalities (9.116) and (9.117) that∫
Rn

|f(x)− [f(x)]k|
δ/2

log+
(
|f(x)− [f(x)]k|

δ/2

)
dx (9.118)

≤
∫
Rn

|f(x)− [f(x)]k|
δ/2

log+ (|f(x)− [f(x)]k|) dx

+

∫
Rn

|f(x)− [f(x)]k|
δ/2

log+
(
2

δ

)
dx

< 1.

We take a function g(x) in C1
0 (R

n) that satisfies the conditions

|supp g| <|S|,∫
Rn

|g(x)− [f(x)]k|2 dx <
(
δ

2

)2

.

Then, since we have the inequality

α log+ α ≤ α2 for all α > 0,

it follows that∫
Rn

|g(x)− [f(x)]k|
δ/2

log+
(
|g(x)− [f(x)]k|

δ/2

)
dx (9.119)

≤
∫
Rn

(
|g(x)− [f(x)]k|

δ/2

)2

dx

< 1.

Moreover, by letting

α :=
|f(x)− [f(x)]k|

δ/2
, β :=

|[f(x)]k − g(x)|
δ/2

,



336 Elements of Singular Integrals

we have the inequality

|f(x)− g(x)|
δ/2

≤ |f(x)− [f(x)]k|
δ/2

+
|[f(x)]k − g(x)|

δ/2
= α+ β.

Hence it follows from an application of inequality (9.115) that

2
|f(x)− g(x)|

δ
log+

(
|f(x)− g(x)|

δ

)
(9.120)

≤ (α+ β) log+
(
α+ β

2

)
≤ α log+ α+ β log+ β

= 2
|f(x)− [f(x)]k|

δ
log+

(
|f(x)− [f(x)]k|

δ/2

)
+ 2

|[f(x)]k − g(x)|
δ

log+
(
|[f(x)]k − g(x)|

δ/2

)
.

If we let

h(x) := f(x)− g(x),

then we obtain from inequalities (9.118), (9.119) and (9.120) that∫
Rn

|h(x)|
δ

log+
(
|h(x)|
δ

)
dx (9.121)

≤
∫
Rn

|f(x)− [f(x)]k|
δ

log+
(
|f(x)− [f(x)]k|

δ/2

)
dx

+

∫
Rn

|g(x)− [f(x)]k|
δ

log+
(
|g(x)− [f(x)]k|

δ/2

)
dx

<
1

2
+

1

2
= 1.

On the other hand, since |supph| < |S|, by applying inequality (9.107)

(Lemma 9.18) with

f(x) :=
h(x)

δ
,

we obtain from inequality (9.121) that∫
S

|h̃ε(x)|
δ

dx ≤ C3

∫
Rn

|h(x)|
δ

log+
(
|h(x)|
δ

)
dx+ C4|S|

≤ C3 + C4|S|.

Hence we have, for all ε > 0 and ε′ > 0,∫
S

∣∣∣f̃ε(x)− f̃ε′(x)
∣∣∣ dx
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=

∫
S

∣∣∣(g̃ε(x)− h̃ε(x)
)
−
(
g̃ε′(x)− h̃ε′(x)

)∣∣∣ dx
≤
∫
S

|g̃ε(x)− g̃ε′(x)| dx+

∫
S

∣∣∣h̃ε(x)∣∣∣ dx+

∫
S

∣∣∣h̃ε′(x)∣∣∣ dx
≤
∫
S

|g̃ε(x)− g̃ε′(x)| dx+ 2δ(C3 + C4|S|).

However, the sequence g̃ε(x) converges uniformly as ε ↓ 0, as is shown

in the proof of Theorem 9.5. Therefore, we obtain that

lim sup
ε,ε′↓0

∫
S

∣∣∣f̃ε(x)− f̃ε′(x)
∣∣∣ dx ≤ 2δ(C3 + C4|S|).

This proves the desired assertion

lim
ε,ε′↓0

∫
S

∣∣∣f̃ε(x)− f̃ε′(x)
∣∣∣ dx = 0,

since δ > 0 is arbitrary.

The proof of Lemma 9.20 is complete.

Now we take a function ϕ(t) in C1(R) such that

ϕ(t) =

{
0 if 0 ≤ t ≤ 1/4,

1 if t > 3/4.

If the Rj(x) are Riesz kernels

Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

for 1 ≤ j ≤ n,

then we define the integral kernels

K
(1)
j (x) := lim

ε↓0
lim
δ↓0

∫
|x−y|>ε,|y|>δ

Rj(x− y)K(y) dy, (9.122)

and

K
(2)
j (x) := lim

ε↓0

∫
|x−y|>ε

Rj(x− y)K(y)ϕ(|y|) dy. (9.123)

The first purpose of this section is to prove the following lemma:

Lemma 9.21. (i) The right hand side of formula (9.122) converges in

L1
loc(R

n \ {0})

K
(1)
j (x) ∈ L1

loc(R
n \ {0}) for 1 ≤ j ≤ n,

while the right hand side of formula (9.123) converges in L1
loc(R

n)

K
(2)
j (x) ∈ L1

loc(R
n) for 1 ≤ j ≤ n.

□ 
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The integral kernels K
(1)
j (x) and K

(2)
j (x) are both odd functions, and

K1(x) is positively homogeneous of degree −n.
(ii) If K(σ) ∈ Lq(Σn−1) for some 1 < q <∞, then it follows that

K
(1)
j (σ) ∈ Lq(Σn−1) for 1 ≤ j ≤ n,

and further that we have, for some positive constant Cq,(∫
Σn−1

∣∣∣K(1)
j (σ)

∣∣∣q dσ)1/q

≤ Cq

(∫
Σn−1

|K(σ)|q dσ

)1/q

(9.124)

for 1 ≤ j ≤ n.

Proof. The proof of Lemma 9.21 is divided into four steps. In the fol-

lowing we shall denote by C a generic positive constant.

Step (1): First, we assume that 1/2 ≤ |x| ≤ 1 and that 0 < ε < 1/4.

Then we have the formula∫
|x−y|>ε

Rj(x− y)K(y) dy (9.125)

= lim
δ↓0

∫
|x−y|>ε,|y|>δ

Rj(x− y)K(y) dy

= lim
δ↓0

∫
δ<|y|<1/4

Rj(x− y)K(y) dy

+

∫
|x−y|>ε,1/4<|y|<2

Rj(x− y)K(y) dy +

∫
|y|>2

Rj(x− y)K(y) dy

:= I
(1)
j (x) + I

(2)
j (x; ε) + I3j (x) for 1 ≤ j ≤ n.

Here it should be noticed that

K
(1)
j (x) = I

(1)
j (x) + lim

ε↓0
I
(2)
j (x; ε) + I

(3)
j (x) for 1 ≤ j ≤ n. (9.126)

We estimate the three terms I
(1)
j (x), I

(2)
j (x; ε) and I

(3)
j (x) on the right

hand side of formula (9.125). In the following we shall denote by C a

generic positive constant.

Step (1-a): We recall that the Riesz kernelsRj(x) satisfy Assumption

9.3 with ω(t) := t. By using inequality (9.40) with yk := 0, we can find

a constant C > 0 such that we have, for all |x| ≥ 1/2 and |y| < 1/4,

|Rj(x− y)−Rj(x)| ≤
C

|x|n+1
|y|.

Hence we have the inequality∣∣∣I(1)j (x)
∣∣∣ (9.127)

----
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=

∣∣∣∣∣limδ↓0
∫
δ<|y|<1/4

(Rj(x− y)−Rj(x))K(y) dy

∣∣∣∣∣
≤ C

|x|n+1

∫
0<|y|<1/4

|y| |K(y)| dy

=
C

|x|n+1

∫
Σn−1

(∫ 1/4

0

|tσ| |K(tσ)| tn−1 dt

)
dσ

=
C

4 |x|n+1

∫
Σn−1

|K(σ)| dσ for all 1/2 ≤ |x| ≤ 1 and 1 ≤ j ≤ n.

This proves that

I
(1)
j (x) ∈ L1({1/2 ≤ |x| ≤ 1}) for 1 ≤ j ≤ n.

Step (1-b): If 1/2 ≤ |x| ≤ 1 and |y| > 2, then it follows that

|x| ≤ 1 <
|y|
2
,

so that

|x− y| ≥ |y| − |x| > |y|
2
.

Hence we have the inequality∣∣∣I(3)j (x)
∣∣∣ = ∣∣∣∣∣

∫
|y|>2

Rj(x− y)K(y) dy

∣∣∣∣∣ (9.128)

≤
∫
|y|>2

C

|x− y|n
|K(y)| dy ≤ 2n C

∫
|y|>2

|K(y)|
|y|n

dy

= 2n C

∫
Σn−1

(∫ ∞

2

1

|tσ|n
|K(tσ)| tn−1 dt

)
dσ

=
C

n

∫
Σn−1

|K(σ)| dσ for all 1/2 ≤ |x| ≤ 1 and 1 ≤ j ≤ n.

This proves that

I
(3)
j (x) ∈ L1({1/2 ≤ |x| ≤ 1}) for 1 ≤ j ≤ n.

Step (1-c): In order to estimate the middle term I
(2)
j (x; ε), we intro-

duce a function f(x) by the formula

f(x) :=

{
K(x) if 1/4 < |x| < 2,

0 otherwise.
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Then we have the inequality∫
Rn

|f(x)| log+ |f(x)| dx

=

∫
1/4<|x|<2

|K(x)| log+ |K(x)| dx

=

∫
Σn−1

(∫ 2

1/4

|K(tσ)| log+ |K(tσ)| tn−1 dt

)
dσ

=

∫
Σn−1

(∫ 2

1/4

|K(σ)| log+(t−n|K(σ)|) dt
t

)
dσ

≤
∫
Σn−1

(∫ 2

1/4

|K(σ)|
(
log+ |K(σ) + log+(t−n)

) dt
t

)
dσ

=

∫
Σn−1

|K(σ)| log+ |K(σ)| dσ ·
∫ 2

1/4

dt

t

+

∫
Σn−1

|K(σ)| dσ ·
∫ 2

1/4

log+(t−n)
dt

t

≤ C

(∫
Σn−1

|K(σ)| log+ |K(σ)| dσ +

∫
Σn−1

|K(σ)| dσ

)
<∞.

This proves that the function f(x) satisfies condition (9.106). Hence, by

applying Lemma 9.20 with

K(x) := Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

for 1 ≤ j ≤ n,

we find that the term

I
(2)
j (x; ε) =

∫
|x−y|>ε,1/4<|y|<2

Rj(x− y)K(y) dy

=

∫
|x−y|>ε

Rj(x− y) f(y) dy for 1 ≤ j ≤ n,

converges in the space L1
loc(R

n) as ε ↓ 0.

Therefore, we have proved that formula (9.126) converges in the space

L1({1/2 ≤ |x| ≤ 1}).
Step (2): We assume that 1 ≤ |x| ≤ 2. Then we have the formula∫

|x−y|>ε

Rj(x− y)K(y) dy =

∫
|x−2z|>ε/2

Rj (x− 2z)K(2z) 2n dz
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=
1

2n

∫
|x/2−z|>ε/2

Rj

(x
2
− z
)
K(z) dz.

Hence it follows that formula (9.126) converges in the space L1({1 ≤
|x| ≤ 2}).
Similarly, we have, for 1/22 ≤ |x| ≤ 1/2,∫

|x−y|>ε

Rj(x− y)K(y) dy

=

∫
|x−z/2|>ε/2

Rj

(
x− z

2

)
K
(z
2

) 1

2n
dz

= 2n
∫
|2x−z|>2ε

Rj (2x− z)K(z) dz for 1 ≤ j ≤ n.

Hence it follows that formula (9.126) converges in the space L1({1/22 ≤
|x| ≤ 1/2}).
Repeating this process, we obtain that formula (9.126) (and hence

formula (9.122)) converges in the space L1
loc(R

n \ {0}):

K
(1)
j (x) = I

(1)
j (x) + lim

ε↓0
I
(2)
j (x; ε) + I

(3)
j (x) for 1 ≤ j ≤ n.

Moreover, it is easy to see that the function K
(1)
j (x) is positively homo-

geneous of degree −n.
Step (3): Now we assume that K(σ) ∈ Lq(Σn−1) for 1 < q <∞. By

applying Hölder’s inequality (Theorem 3.14), we obtain from inequalities

(9.127) and (9.128) that∫
1/2<|x|<1

∣∣∣I(1)j (x)
∣∣∣q dx ≤ C

∫
Σn−1

|K(σ)|q dσ (9.129a)

for 1 ≤ j ≤ n,∫
1/2<|x|<1

∣∣∣I(3)j (x)
∣∣∣q dx ≤ C

∫
Σn−1

|K(σ)|q dσ (9.129b)

for 1 ≤ j ≤ n.

We let

g(y) :=

{
K(y) if 1/4 < || < 2,

0 otherwise.

Then, by applying Theorem 9.15 with

K(x) := Rj(x) = −Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

for 1 ≤ j ≤ n,
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we find that∫
Rn

∣∣∣I(2)j (x; ε)
∣∣∣q dx

≤
(
πCq

2

)q
(∫

Σn−1

|Rj(σ)| dσ

)q ∫
1/4<|x|<2

|K(x)|q dx

≤ C

∫
1/4<|x|<2

|K(x)|q dx

= C

∫
Σn−1

(∫ 2

1/4

|K(t σ)|q tn−1 dt

)
dσ

≤ C
4n(q−1)

n(q − 1)

∫
Σn−1

|K(σ)|q dσ.

By combining this inequality with inequalities (9.129), we obtain that∫
1/2<|x|<1

|K(1)
j (x)|q dx ≤ C

∫
Σn−1

|K(σ)|q dσ for 1 ≤ j ≤ n. (9.130)

Therefore, the desired inequality (9.124) follows from the inequality

(9.130) and the homogeneity of K
(1)
j (x). Indeed, it suffices to note that∫

1/2<|x|<1

∣∣∣K(1)
j (x)

∣∣∣q dx =

∫
Σn−1

(∫ 1

1/2

∣∣∣K(1)
j (t σ)

∣∣∣q tn−1 dt

)
dσ

=
1

n(q − 1)

(
2n(q−1) − 1

)∫
Σn−1

∣∣∣K(1)
j (σ)

∣∣∣q dσ.
Step (4): Finally, we consider the convergence of formula (9.123).

Let N be an arbitrary positive integer. If |x| < N and 0 < ε < 1, it

follows that ∫
|x−y|>ε

Rj(x− y)K(y)ϕ(|y|) dy

=

∫
|x−y|>ε,|y|<N+1

Rj(x− y)K(y)ϕ(|y|) dy

+

∫
|y|>N+1

Rj(x− y)K(y) dy

:= I
(4)
j (x; ε) + I

(5)
j (x).

Here it should be noticed that

K
(2)
j (x) = lim

ε↓0
I
(4)
j (x; ε) + I

(5)
j (x; ε) for 1 ≤ j ≤ n. (9.131)
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We study the convergence of the two terms I
(4)
j (x; ε) and I

(5)
j (x) on

the right hand side of the above formula in the space L1
loc(R

n).

Step (4-a): Since the function h(y), defined by the formula

h(y) =

{
K(y)ϕ(|y|) if |y| < N + 1,

0 if |y| > N + 1

=

{
K(y)ϕ(|y|) if 1/4 < |y| < N + 1,

0 otherwise,

satisfies condition (9.102) (see Step 1), we can apply Lemma 9.20 to

obtain that the term

I
(4)
j (x; ε) =

∫
|x−y|>ε, 1/4<|y|<N+1

Rj(x− y)K(y)ϕ(|y|) dy

=

∫
|x−y|>ε

Rj(x− y)h(y) dy for 1 ≤ j ≤ n,

converges in the space L1
loc(R

n) as ε ↓ 0.

Step (4-b): On the other hand, we have the inequality∣∣∣I(5)j (x)
∣∣∣ = ∫

|y|>N+1

Rj(x− y)K(y) dy

≤ C

∫
|y|>N+1

1

|x− y|n
|K(y)| dy

≤ C

∫
|y|>N+1

1

(|y| −N)n
|K(y)| dy

≤ C

∫
|y|>N+1

(N + 1)n

|y|n
|K(y)| dy

= C(N + 1)n

(∫ ∞

N+1

1

|tσ|n

∫
Σn−1

|K(t σ)| tn−1 dt

)
dσ

=
C

n

∫
Σn−1

|K(σ)| dσ.

This proves that

I
(5)
j (x) ∈ L1

loc(R
n) for 1 ≤ j ≤ n.

Therefore, we find that formula (9.131) (and hence formula (9.123))

converges in the space L1
loc(R

n):

K
(2)
j (x) = lim

ε↓0
I
(4)
j (x; ε) + I

(5)
j (x) for 1 ≤ j ≤ n.

The proof of Lemma 9.21 is now complete. □ 
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The second purpose of this section is to prove the following lemma:

Lemma 9.22. We can find positive constants C, C1 and a non-negative,

positively homogeneous function Gj(x) of degree 0 such that

|K(1)
j (x)−K

(2)
j (x)| ≤ C

|x|n+1

∫
Σn−1

|K(σ)| dσ for all |x| ≥ 1 (9.132)

and ∫
Σn−1

Gj(σ) dσ <∞,

and further that

|K(2)
j (x)| ≤ Gj(x) for all |x| ≤ 1. (9.133)

Moreover, if K(σ) ∈ Lq(Σn−1) for 1 < q < ∞, then we have, for some

constant Cq > 0,(∫
Σn−1

Gj(σ)
q dσ

)1/q

≤ Cq

(∫
Σn−1

|K(σ)|q dσ

)1/q

(9.134)

for 1 ≤ j ≤ n.

This inequality implies that formula (9.123)

K
(2)
j (x) = lim

ε↓0

∫
|x−y|>ε

Rj(x− y)K(y)ϕ(|y|) dy, 1 ≤ j ≤ n,

holds true in the strong topology of Lq(Rn).

Proof. By Lemma 9.21, it follows that

K
(1)
j (x) ∈ L1

loc(R
n \ {0}) for 1 ≤ j ≤ n,

K
(2)
j (x) ∈ L1

loc(R
n) for 1 ≤ j ≤ n,

and further that we have, in the space L1
loc(R

n \ {0}),

K
(1)
j (x)−K

(2)
j (x) =

∫
|x−y|>1/4

Rj(x− y)K(y) (1− ϕ(|y|)) dy (9.135)

for 1 ≤ j ≤ n.

In the following we shall denote by C a generic positive constant.

Step (1): We may assume that 0 < ε < 1/16. If |x| ≥ 1 and |y| < 3/4,

we have, by inequality (9.40) with yk := 0,

|Rj(x− y)−Rj(x)| ≤
C

|x|n+1
|y| for |x− y| > 1

4 .
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Hence we obtain from formula (9.135) that∣∣∣K(1)
j (x)−K

(2)
j (x)

∣∣∣ = ∣∣∣∣∫
Rn

Rj(x− y)K(y) (1− ϕ(|y|)) dy
∣∣∣∣

=

∣∣∣∣∫
Rn

(Rj(x− y)−Rj(x))K(y) (1− ϕ(|y|)) dy
∣∣∣∣

≤ C

|x|n+1

∫
|y|<3/4

|y| |K(y)| dy

=
C

|x|n+1

∫
Σn−1

(∫ 3/4

0

|tσ| |K(tσ)| tn−1 dt

)
dσ

≤ 3C

4|x|n+1

∫
Σn−1

|K(σ)| dσ for all |x| ≥ 1.

This proves the desired inequality (9.132).

Step (2): If |x| ≤ 1/8 and |y| > 1/4, it follows that

|y| > 1

4
≥ 2|x|,

so that

|x− y| ≥ |y| − |x| > |y|
2
.

Hence we have the inequality∣∣∣K(2)
j (x)

∣∣∣ = ∣∣∣∣∣
∫
|y|>1/4

Rj(x− y)K(y)ϕ(|y|) dy

∣∣∣∣∣ (9.136)

≤ C

∫
|y|>1/4

|K(y)|
|x− y|n

dy ≤ 2n C

∫
|y|>1/4

|K(y)|
|y|n

dy

= 2n C

∫
Σn−1

(∫ ∞

1/4

1

|tσ|n
|K(tσ)| tn−1 dt

)
dσ

≤ 8n C

n

∫
Σn−1

|K(σ)| dσ for all |x| ≤ 1/8.

Step (3): If 1/8 ≤ |x| ≤ 1, we consider the characteristic function

χ(t) of the interval [0, 1/16]:

χ(t) =

{
1 if 0 ≤ t ≤ 1

16 ,

0 otherwise.

Then we have the formula∫
|x−y|>ε

Rj(x− y)K(y)ϕ(|y|) dy (9.137)
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= ϕ(|x|)
∫
|x−y|>ε

Rj(x− y)K(y) dy

+

∫
|x−y|>ε

Rj(x− y)K(y) (ϕ(|y|)− ϕ(|x|)) dy

= ϕ(|x|)
∫
|x−y|>ε

Rj(x− y)K(y) dy

+

∫
|x−y|>ε

(Rj(x− y)− χ(|y|)Rj(x))K(y) (ϕ(|y|)− ϕ(|x|)) dy

+Rj(x)

∫
|x−y|>ε

χ(|y|)K(y) (ϕ(|y|)− ϕ(|x|)) dy for 1 ≤ j ≤ n.

However, since ϕ(t) = 0 for t ≤ 1/4 it follows from the cancellation

property (9.4) that the last integral of formula (9.137) tends to zero as

ε ↓ 0: ∫
|x−y|>1/16>ε, |y|<1/16

χ(|y|)K(y) (ϕ(|y|)− ϕ(|x|)) dy

= −
∫
0<|y|<1/16

K(y)ϕ(|x|) dy = −
∫
0<|y|<1/16

K(y) dy · ϕ(|x|)

= 0.

Hence, by letting ε ↓ 0 in formula (9.137) we obtain that

K
(2)
j (x) (9.138)

= ϕ(|x|)K(1)
j (x)

+

∫
Rn

(Rj(x− y)− χ(|y|)Rj(x))K(y) (ϕ(|y|)− ϕ(|x|)) dy

for 1/8 ≤ |x| ≤ 1 and 1 ≤ j ≤ n.

Here it should be noticed that the function ϕ(|x|) is uniformly Lipschitz

continuous.

Step (3-a): If 1/8 ≤ |x| ≤ 1 and if |y| ≤ 1/16, then it follows that

2 |x− y| ≤ 2 |x|+ 2 |y| ≤ 2 |x|+ 1

16
≤ 3 |x|.

Hence we have the inequality

|Rj(x− y)− χ(|y|)Rj(x)| = |Rj(x− y)−Rj(x)| ≤
C

|x− y|n
+

C

|x|n

≤
(
1 +

(
3

2

)n)
C

|x− y|n
.
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On the other hand, we have, by inequality (9.40) with yk := 0,

|Rj(x− y)− χ(|y|)Rj(x)| = |Rj(x− y)−Rj(x)|

≤ C

|x− y|n+1
|y|.

Therefore, by combining these two inequalities we obtain that

|Rj(x− y)− χ(|y|)Rj(x)| (9.139)

≤ C

(
|y|

|x− y|n+1

)1/2

·
(

1

|x− y|n

)1/2

=
C

|x− y|n+1/2
|y|1/2 for all 1/8 ≤ |x| ≤ 1 and |y| ≤ 1/16.

Step (3-b): If 1/8 ≤ |x| ≤ 1 and if |y| > 1/16, then it follows that

|x− y| ≤ |x|+ |y| ≤ 1 + |y| ≤ 16 |y|+ |y|
= 17 |y|.

Hence we have the inequality

|Rj(x− y)− χ(|y|)Rj(x)| = |Rj(x− y)| (9.140)

≤ C

|x− y|n
≤
(

17 |y|
|x− y|

)1/2
C

|x− y|n

=
C

|x− y|n+1/2
|y|1/2

for all 1/8 ≤ |x| ≤ 1 and |y| > 1/16 and 1 ≤ j ≤ n.

By using two inequalities (9.139) and (9.140), we have, for 1/8 ≤ |x| ≤ 1,

|Rj(x− y)− χ(|y|)Rj(x)| ≤
C

|x− y|n+1/2
|y|1/2 on Rn.

Therefore, by carrying this inequality into formula (9.138) we obtain

that ∣∣∣K(2)
j (x)

∣∣∣ (9.141)

≤ |K(1)
j (x)|+ C

∫
Rn

|y|1/2 |K(y)| |x− y|−n+1/2
dy

≤ 8n|x|n|K1(x)|+ 8n−1C|x|n−1

∫
Rn

|y|1/2 |K(y)| |x− y|−n+1/2
dy

for all 1/8 ≤ |x| ≤ 1 and 1 ≤ j ≤ n.

Step (4): By combining two inequalities (9.136) and (9.141), we can
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choose a positive constant C0 such that the function Gj(x), defined by

the formula

Gj(x) := C0

(∫
Σn−1

|K(σ)| dσ + |x|n
∣∣∣K(1)

j (x)
∣∣∣ (9.142)

+ |x|n−1

∫
Rn

|y|1/2 |K(y)| |x− y|−n+1/2
dy

)
for 1 ≤ j ≤ n,

satisfies the inequality∣∣∣K(2)
j (x)

∣∣∣ ≤ Gj(x) for all |x| ≤ 1 and 1 ≤ j ≤ n.

Here it should be noticed that the functions Gj(x) are positively homo-

geneous of degree 0.

Next, we show that

Gj(σ) ∈ L1(Σn−1) for 1 ≤ j ≤ n.

To do this, since we have the formula∫
1/2<|x|<3/2

Gj(x) dx =

∫
Σn−1

∫ 3/2

1/2

Gj(t σ) t
n−1 dt dσ

=
1

n

((
3

2

)n

−
(
1

2

)n)∫
Σn−1

Gj(σ) dσ

for 1 ≤ j ≤ n,

it suffices to prove that∫
1/2<|x|<3/2

Gj(x) dx <∞ for 1 ≤ j ≤ n. (9.143)

However, we remark that∫
1/2<|x|<3/2

|x|n
∣∣∣K(1)

j (x)
∣∣∣ dx ≤

(
3

2

)n ∫
1/2<|x|<3/2

∣∣∣K(1)
j (x)

∣∣∣ dx
<∞ for 1 ≤ j ≤ n,

since the functions K
(1)
j (x) are locally integrable on Rn \ {0}.

Therefore, we have only to show that∫
1/2<|x|<3/2

(∫
Rn

|y|1/2|K(y)| |x− y|−n+1/2
dy

)
dx (9.144)

≤ C

∫
Σn−1

|K(σ)| dσ.
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To do this, we remark the following three inequalities:

•
∫
1/2<|x|<3/2

(∫
1/4<|y|<3

|y|1/2|K(y)| |x− y|−n+1/2
dy

)
dx (9.145)

≤
∫
1/4<|y|<3

|y|1/2|K(y)|

(∫
|x−y|<9/2

|x− y|−n+1/2 dx

)
dy

= 3
√
2ωn

∫
1/4<|y|<3

|y|1/2|K(y)| dy

= C

∫
Σn−1

|K(σ)| dσ,

where

ωn = |Σn−1| =
2πn/2

Γ(n/2)

is the surface area of the unit sphere Σn−1 in Rn.

•
∫
1/2<|x|<3/2

(∫
0<|y|<1/4

|y|1/2|K(y)| |x− y|−n+1/2
dy

)
dx (9.146)

≤ 4n−1/2

∫
1/2<|x|<3/2

(∫
|y|<1/4

|y|1/2|K(y)| dy

)
dx

= C

∫
Σn−1

|K(σ)| dσ.

•
∫
1/2<|x|<3/2

(∫
|y|>3

|y|1/2|K(y)| |x− y|−n+1/2
dy

)
dx (9.147)

≤
(
2

3

)n−1/2 ∫
1/2<|x|<3/2

(∫
|y|>3

|y|1−n|K(y)| dy

)
dx

= C

∫
Σn−1

|K(σ)| dσ.

The desired inequality (9.144) follows by combining inequalities (9.145),

(9.146) and (9.147).

Furthermore, we obtain from inequality (9.144) that the last integral

of inequality (9.141) is finite for almost all x:∫
Rn

|y|1/2 |K(y)| |x− y|−n+1/2
dy <∞ for almost all x ∈ Rn.

Step (5): Finally, we consider the case where K(σ) ∈ Lq(Σn−1) for

1 < q <∞.
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The first two terms in formula (9.142) can be estimated as follows:

(1) We have, by Hölder’s inequality (Theorem 3.14),∫
Σn−1

|K(σ)| dσ ≤ ω1−1/q
n

(∫
Σn−1

|K(σ)|q dσ

)1/q

.

(2) We have already proved inequality (9.124):(∫
Σn−1

|K1(σ)|q dσ

)1/q

≤ Cq

(∫
Σn−1

|K(σ)|q dσ

)1/q

.

Therefore, in order to prove inequality (9.134) it remains to prove the

following inequality for the last term in formula (9.142):∫
1/2<|x|<3/2

(∫
Rn

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

dx (9.148)

≤ C

∫
Σn−1

|K(σ)|q dσ.

Step (5-a): First, by Hölder’s inequality (Theorem 3.14) it follows

that(∫
|y|<1/4

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

=

(∫
|y|<1/4

(
|y|1/2|K(y)|

)1−1/q (
|y|1/2|K(y)|

)1/q
|x− y|−n+1/2 dy

)q

≤

(∫
|y|<1/4

|y|1/2|K(y)| dy

)q−1

×

(∫
|y|<1/4

|y|1/2|K(y)| |x− y|(−n+1/2)q
dy

)
.

Hence, by integrating the both sides of this inequality over the annular

region {
x ∈ Rn :

1

2
< |x| < 3

2

}
,

we obtain from Fubini’s theorem (Theorem 3.10) and Hölder’s inequality

(Theorem 3.14) that∫
1/2<|x|<3/2

(∫
|y|<1/4

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

dx (9.149)
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≤

(∫
|y|<1/4

|y|1/2|K(y)| dy

)q−1

×
∫
1/2<|x|<3/2

(∫
|y|<1/4

|y|1/2|K(y)| |x− y|(−n+1/2)q
dy

)
dx

=

(∫
|y|<1/4

|y|1/2|K(y)| dy

)q−1

×
∫
|y|<1/4

|y|1/2|K(y)|

(∫
1/2<|x|<3/2

|x− y|(−n+1/2)q dx

)
dy

≤

(∫
|y|<1/4

|y|1/2 |K(y)| dy

)q (∫
1/4<|z|<7/4

|z|(−n+1/2)q dz

)

≤ C

(∫
Σn−1

|K(σ)| dσ

)q

≤ C ωq−1
n

∫
Σn−1

|K(σ)|q dσ.

Step (5-b): Secondly, since we have, for 1/2 < |x| < 3/2 and 1/4 <

|y| < 3, (∫
1/4<|y|<3

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

≤
∫
1/4<|y|<3

(
|y|1/2|K(y)|

)q
|x− y|−n+1/2 dy

×

(∫
1/4<|y|<3

|x− y|−n+1/2 dy

)q−1

≤

(∫
1/4<|y|<3

(
|y|1/2|K(y)|

)q
|x− y|−n+1/2 dy

)

×

(∫
|z|<9/2

|z|−n+1/2 dz

)q−1

,

it follows from an application of Fubini’s theorem (Theorem 3.10) that

we have, for 1/4 < |y| < 3,∫
1/2<|x|<3/2

(∫
1/4<|y|<3

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

dx (9.150)
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≤
∫
1/2<|x|<3/2

(∫
1/4<|y|<3

(
|y|1/2|K(y)|

)q
|x− y|−n+1/2 dy

)
dx

×

(∫
|z|<9/2

|z|−n+1/2 dz

)q−1

≤

(∫
1/4<|y|<3

(
|y|1/2|K(y)|

)q
dy

)(∫
|y|<9/2

|y|−n+1/2 dy

)q

≤ C

∫
Σn−1

|K(σ)|q dσ.

Step (5-c): Thirdly, by Hölder’s inequality (Theorem 3.14) it follows

that ∫
1/2<|x|<3/2

(∫
|y|>3

|y|1/2|K(y)| |x− y|−n+1/2
dy

)q

dx (9.151)

≤ C

∫
1/2<|x|<3/2

(∫
|y|>3

|y|1−n|K(y)| dy

)q

dx

≤ C

(∫
Σn−1

|K(σ)| dσ

)q

≤ C ωq−1
n

∫
Σn−1

|K(σ)|q dσ.

Therefore, by combining inequalities (9.149), (9.150) and (9.151) we

can obtain inequality (9.148) and hence the desired inequality (9.134).

The proof of Lemma 9.22 is now complete.

The third purpose of this section is to prove the following lemma:

Lemma 9.23. If f(x) is a non-negative function in Lp(R) for 1 < p <

∞, then we have the inequalities(∫ ∞

−∞

(
sup
ε>0

1

εn

∫ ε

0

f(t+ s)sn−1 ds

)p

dt

)1/p

(9.152)

≤ p

p− 1

(∫ ∞

−∞
f(t)p dt

)1/p

,

and (∫ ∞

−∞

(
sup
ε>0

ε

∫ ∞

ε

f(t+ s)s−2 ds

)p

dt

)1/p

(9.153)

□ 
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≤ 2p

p− 1

(∫ ∞

−∞
f(t)p dt

)1/p

.

Proof. (1) If ε > 0, we define two functions Fε(t) and G(t) by formulas

(9.66):

Fε(t) :=
1

ε

∫ ε

0

f(t+ s) ds,

G(t) := sup
ε>0

Fε(t).

Then it follows from inequality (9.67) (Lemma 9.12) that∫ ∞

−∞
G(t)p dt ≤

(
p

p− 1

)p ∫ ∞

−∞
f(t)p dt. (9.154)

However, we have the inequality

sup
ε>0

(
1

εn

∫ ε

0

f(t+ s) sn−1 ds

)
= sup

ε>0

(
1

ε

∫ ε

0

f(t+ s)
(s
ε

)n−1

ds

)
≤ sup

ε>0

(
1

ε

∫ ε

0

f(t+ s) ds

)
= sup

ε>0
Fε(t)

= G(t).

Therefore, the desired inequality (9.152) follows from inequality (9.154).

(2) First, we have, by Hölder’s inequality (Theorem 3.14),

εFε(t) =

∫ ε

0

f(t+ s) ds ≤
(∫ ε

0

ds

)1−1/p(∫ ε

0

f(t+ s)p ds

)1/p

≤ ε1−1/p ∥f∥p ,

and so

lim
ε↑∞

Fε(t)

ε
= 0.

Secondly, we have the formula

d

ds
(sFs(t)) =

d

ds

(∫ s

0

f(t+ σ) dσ

)
= f(t+ s).

Hence, by integration by parts it follows that

ε

∫ ∞

ε

f(t+ s)s−2 ds = ε

∫ ∞

ε

d

ds
(sFs(t)) s

−2 ds (9.155)

= ε
[
s−1Fs(t)

]s=∞
s=ε

+ 2ε

∫ ∞

ε

s−2Fs(t) ds
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= −Fε(t) + 2ε

∫ ∞

ε

s−2Fs(t) ds

≤ 2ε

∫ ∞

ε

s−2 Fs(t) ds ≤ 2ε

∫ ∞

ε

s−2 ds ·G(t)

= 2G(t).

Therefore, the desired inequality (9.153) follows by combining inequali-

ties (9.155) and (9.154).

The proof of Lemma 9.23 is complete.

Now, by using Lemmas 9.21, 9.22 and 9.23 we can prove the existence

of the singular integral (9.2) in the space Lp(Rn) for 1 < p < ∞ in the

case of even kernels:

Theorem 9.24. Assume that the integral kernel K(x) satisfies Assump-

tion 9.5. If f(x) ∈ Lp(Rn) for 1 < p <∞, we let

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy.

Then we have the following three assertions (i), (ii) and (iii):

(i) There exists a positive constant Cp, independent of ε, such that(∫
Rn

sup
ε>0

|f̃ε(x)|p dx
)1/p

≤ Cp

(∫
Rn

|f(x)|p dx
)1/p

. (9.156)

(ii) The sequence f̃ε converges almost everywhere in Rn and in the

strong topology of Lp(Rn) as ε ↓ 0. Namely, the singular integral

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy

exists for almost all x ∈ Rn and in the strong topology of Lp(Rn).

(iii) The mapping f 7→ K∗f is a bounded linear operator from Lp(Rn)

into itself. More precisely, we have the inequality

∥K ∗ f∥p ≤ Cp ∥f∥p .

Proof. Let K
(1)
j (x) and K

(2)
j (x) be the functions defined by formulas

(9.122) and (9.123), respectively. If we let

gj(x) := − (Rj ∗ f) (x) = − lim
ε↓0

∫
|x−y|>ε

Rj(x− y) f(y) dy

D 
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for 1 ≤ j ≤ n,

by applying Theorem 9.15 and Theorem 9.16 we obtain from formula

(9.102) that the function

f(x) =
n∑

j=1

(Rj ∗ gj)(x) = lim
ε↓0

n∑
j=1

∫
|x−y|>ε

Rj(x− y) gj(y) dy

= −
n∑

j=1

Rj ∗ (Rj ∗ f)

exists for almost all x ∈ Rn and in the strong topology of Lp(Rn).

The proof of Theorem 9.24 is divided into three steps.

Step (1): Now we show that∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy (9.157)

=
1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
gj(y) dy

= − 1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
(Rj ∗ f) (y) dy.

Here ϕ(t) ∈ C1(R) is the function used in the definition of the functions

K
(2)
j (x):

ϕ(t) =

{
0 if 0 ≤ t ≤ 1/4,

1 if t > 3/4.

Step (1-a): First, we assume that

gj(x) ∈ C1
0 (R

n) for 1 ≤ j ≤ n,

and that

supp gj ⊂ B(0, N) := {x ∈ Rn : |x| ≤ N}

for some positive integer N . If |y| ≤ N+1, then we find that the integral

n∑
j=1

∫
|y−z|>δ

Rj(y−z) gj(z) dz =
n∑

j=1

∫
|y−z|>δ

Rj(y−z) (gj(z)− gj(y)) dz

converges to the function

f(y) =
n∑

j=1

(Rj ∗ gj)(y)
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uniformly in y ∈ B(0, N), as δ ↓ 0. Indeed, it suffices to note that the

function g(x) is uniformly Lipschitz continuous.

If |y| > N + 1, then it follows that

2(N + 1) |y − z| = (N + 1)|y − z|+ (N + 1)|y − z|
≥ |y − z|+ (N + 1) ≥ |y|+ (N − |z|) + 1

≥ |y|+ 1 for all |z| ≤ N.

Hence we have, for 0 < δ < 1,∣∣∣∣∣
∫
|y−z|>δ

Rj(y − z) gj(z) dz

∣∣∣∣∣ ≤
∫
|z|<N

C|gj(z)|
|y − z|n

dz

≤ 2n (N + 1)
n
C ∥gj∥1

1

(|y|+ 1)n
.

Moreover, since we have the inequality

2 (|x− z|+ 1) ≥ (|z| − |x|) + (|z| − |x|) ≥ 2|x| − 2|x|+ |z|
= |z| for all |z| > 2|x|,

it follows that∫
Rn

|K(x− y)|ϕ
(
|x− y|
ε

)
dy

(|y|+ 1)n

=

∫
Rn

|K(z)|ϕ
(
|z|
ε

)
dz

(|x− z|+ 1)n

≤
∫
|z|>ε/4

|K(z)|ϕ
(
|z|
ε

)
dz

(|x− z|+ 1)n

≤
∫
ε/4<|z|<2|x|

|K(y)| dz + 2n
∫
|z|>2|x|

|K(z)|
|z|n

dz

=

(
log

(
8|x|
ε

)
+

1

n |x|n

)∫
Σn−1

|K(σ)| dσ

<∞ for all x ̸= 0.

Hence it follows from an application of Lebesgue’s dominated conver-

gence theorem (Theorem 3.8) that

lim
δ↓0

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
(9.158)

×
( n∑

j=1

∫
|y−z|>δ

Rj(y − z) gj(z) dz

)
dy
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=

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)( n∑
j=1

(Rj ∗ gj)(y)
)
dy

=

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy.

Step (1-b): If |y − z| > δ, then it follows that

2 |y − z| = |y − z|+ |y − z| ≥ |y − z|+ δ ≥ δ (|y − z|+ 1) .

Hence we have the inequality∣∣∣∣K(x− y)ϕ

(
|x− y|
ε

)
Rj(y − z) gj(z)

∣∣∣∣ (9.159)

≤ 2n C

δn
|K(x− y)|ϕ

(
|x− y|
ε

)
|gj(z)|

(|y − z|+ 1)n

≤ 2n C(N + 1)n

δn
|K(x− y)|ϕ

(
|x− y|
ε

)
|gj(z)|

(|y|+ 1)n
for all |z| ≤ N.

However, we find that this term is integrable in (y, z) ∈ Rn × Rn for

x ̸= 0. Indeed, it suffices to note that∫
Rn

|K(x− y)|ϕ
(
|x− y|
ε

)
dy

(|y|+ 1)n

=

∫
Rn

|K(z)|ϕ
(
|z|
ε

)
dz

(|x− z|+ 1)n

≤
∫
ε/4<|z|<2|x|

|K(y)| dz + 2n
∫
|z|>2|x|

|K(z)|
|z|n

dz

=

(
log

(
8|x|
ε

)
+

1

n |x|n

)∫
Σn−1

|K(σ)| dσ

<∞ for all x ̸= 0.

Therefore, by using Fubini’s theorem (Theorem 3.10) and then for-

mula (9.123) we obtain that the left hand side of formula (9.158) is

equal to the following:∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

= lim
δ↓0

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

) n∑
j=1

∫
|y−z|>δ

Rj(y − z) gj(z) dz

 dy

= lim
δ↓0

n∑
j=1

∫
Rn

(∫
|y−z|>δ

K(x− y)ϕ

(
|x− y|
ε

)
Rj(y − z) dy

)
gj(z) dz
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= lim
δ↓0

∫
Rn

n∑
j=1

(∫
|x−εw−z|>δ

K(εw)ϕ(|w|)Rj(x− εw − z)εn dw

)
gj(z) dz

=
1

εn
lim
δ↓0

∫
Rn

n∑
j=1

(∫
|(x−z)/ε−w|>δ/ε

K(w)ϕ(|w|)Rj

(
x− z

ε
− w

)
dw

)
× gj(z) dz

=
1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− z

ε

)
gj(z) dz.

Namely, the desired formula (9.157) holds true for all f =
∑n

j=1Rj ∗ gj
with gj ∈ C1

0 (R
n):∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

= − 1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
(Rj ∗ f) (y) dy.

Step (1-c): Now we consider the general case where f ∈ Lp(Rn) for

1 < p <∞.

We let

gj(x) := − (Rj ∗ f) (x) ∈ Lp(Rn), 1 ≤ j ≤ n.

Then we choose a sequence {gkj } in the space C1
0 (R

n) such that (see

Theorem 3.27)

gkj − gj −→ 0 in Lp(Rn) as k → ∞,
∞∑
k=1

∥∥gk+1
j − gkj

∥∥
p
<

1

2k
,

and define a sequence

fk :=
n∑

j=1

Rj ∗ gkj .

By applying Theorem 9.5 or Theorem 9.15 to our situation, we obtain

that

∥fk − f∥p ≤

∥∥∥∥∥∥
n∑

j=1

Rj ∗
(
gkj − gj

)∥∥∥∥∥∥
p

≤ C
n∑

j=1

∥∥gkj − gj)
∥∥
p
−→ 0 as k → ∞,
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and
∞∑
k=1

∥fk+1 − fk∥p

=
∞∑
k=1

∥∥∥∥∥∥
n∑

j=1

Rj ∗
(
gk+1
j − gkj

)∥∥∥∥∥∥
p

≤
∞∑
k=1

n∑
j=1

∥∥Rj ∗
(
gk+1
j − gkj

)∥∥
p

≤ C
∞∑
k=1

n∑
j=1

∥∥gk+1
j − gkj

∥∥
p
= C

n∑
j=1

( ∞∑
k=1

∥∥gk+1
j − gkj

∥∥
p

)

<
nC

2k
.

Moreover, we find that the series

gj(x) :=
∣∣g1j (x)∣∣+ ∞∑

k=1

∣∣gk+1
j (x)− gkj (x)

∣∣ , 1 ≤ j ≤ n,

and that the series

f(x) := |f1(x)|+
∞∑
k=1

|fk+1(x)− fk(x)|

converge for almost all x ∈ Rn, and satisfy the following three conditions

(i), (ii) and (iii):

(i) gj(x) ∈ Lp(Rn) and f(x) ∈ Lp(Rn).

(ii)
∣∣gkj (x)∣∣ ≤ gj(x) for 1 ≤ j ≤ n and |fk(x)| ≤ f(x) almost every-

where in Rn.

(iii) gkj (x) → gj(x) and fk(x) → f(x) in R for almost all x ∈ Rn, as

k → ∞.

Moreover, since f(x) ∈ Lp(Rn), it follows from an application of

Lemma 9.1 that the integral∫
Rn

|K(x− y)|ϕ
(
|x− y|
ε

)
f(y) dy ≤

∫
|x−y|>ε/4

|K(x− y)| f(y) dy

exists for almost all x ∈ Rn, as ε ↓ 0.

On the other hand, we have, by inequality (9.132),

n∑
j=1

∫
Rn

∣∣∣∣K(2)
j

(
x− y

ε

)∣∣∣∣ gj(y) dy
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=

n∑
j=1

∫
|x−y|<ε

∣∣∣∣K(2)
j

(
x− y

ε

)∣∣∣∣gj(y) dy
+

n∑
j=1

∫
|x−y|>ε

∣∣∣∣K(2)
j

(
x− y

ε

)∣∣∣∣gj(y) dy
≤

n∑
j=1

∫
|x−y|<ε

∣∣∣∣K(2)
j

(
x− y

ε

)∣∣∣∣ gj(y) dy
+

n∑
j=1

∫
|x−y|>ε

∣∣∣∣K(2)
j

(
x− y

ε

)
−K

(1)
j

(
x− y

ε

)∣∣∣∣ gj(y) dy
+

n∑
j=1

∫
|x−y|>ε

∣∣∣∣K(1)
j

(
x− y

ε

)∣∣∣∣ gj(y) dy
≤

n∑
j=1

∫
|x−y|<ε

∣∣∣∣K(2)
j

(x− y

ε

)∣∣∣∣gj(y) dy
+

n∑
j=1

∫
|x−y|>ε

∣∣∣∣K(1)
j

(x− y

ε

)∣∣∣∣gj(y) dy
+ Cεn+1

n∑
j=1

∫
|x−y|>ε

gj(y)

|x− y|n+1
dy.

By applying Theorem 3.23 with p := 1 and q = r := p, we obtain that

the first term on the right hand side of this inequality is finite for almost

every x ∈ Rn. Indeed, we have, by inequality (9.133),∫
|x|<ε

∣∣∣K(2)
j

(x
ε

)∣∣∣ dx
= εn

∫
|y|<1

|K(2)
j (y)| dy

≤ εn
∫
|y|<1

Gj(y) dy = εn
∫
Σn−1

(∫ 1

0

Gj(t σ) t
n−1 dt

)
dσ

=
εn

n

∫
Σn−1

Gj(σ) dσ for 1 ≤ j ≤ n.

Similarly, the third term is also finite for almost every x ∈ Rn if we

apply Theorem 3.23 with p := 1 and q = r := p. Indeed, it suffices to

note the inequality

εn+1

∫
|x|>ε

1

|x|n+1
dx
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= εn
∫
|y|>1

1

|y|n+1
dy

= εn
∫
Σn−1

(∫ ∞

1

1

tn+1
tn−1 dt

)
dσ = εn ωn.

The second term is finite for almost every x ∈ Rn if we apply Lemma

9.1.

Therefore, by applying formula (9.157) to the sequences fk and gkj and

by letting k → ∞ we obtain from Lebesgue’s dominated convergence

theorem (Theorem 3.8) that the desired formula (9.157) holds true for

all f ∈ Lp(Rn) with 1 < p <∞:∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

= lim
k→∞

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
fk(y) dy

= lim
k→∞

1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
gkj (y) dy

=
1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
gj(y) dy

= − 1

εn

n∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
(Rj ∗ f) (y) dy.

Step (2): By formula (9.157), it follows that

f̃ε(x) =

∫
|x−y|>ε

K(x− y) f(y) dy

=

∫
|x−y|>ε

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

=

∫
Rn

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

−
∫
|x−y|<ε

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

=
1

εn

∞∑
j=1

∫
Rn

K
(2)
j

(
x− y

ε

)
gj(y) dy

−
∫
|x−y|<ε

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy
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=
1

εn

∞∑
j=1

∫
|x−y|>ε

K
(1)
j

(
x− y

ε

)
gj(y) dy

+
1

εn

∞∑
j=1

∫
|x−y|>ε

(
K

(2)
j

(
x− y

ε

)
−K

(1)
j

(
x− y

ε

))
gj(y) dy

+
1

εn

∞∑
j=1

∫
|x−y|<ε

K
(2)
j

(
x− y

ε

)
gj(y) dy

−
∫
|x−y|<ε

K(x− y)ϕ

(
|x− y|
ε

)
f(y) dy

:= I1(x; ε) + I2(x; ε) + I3(x; ε) + I4(x; ε).

We estimate the four terms I1(x; ε) through I4(x; ε) on the right hand

side of the above formula.

Step (2-a): First, since K
(1)
j (x) are positively homogeneous of degree

−n, we have the formula

I1(x; ε) =
∞∑
j=1

∫
|x−y|>ε

K
(1)
j (x− y) gj(y) dy

= −
∞∑
j=1

∫
|x−y|>ε

K
(1)
j (x− y) (Rj ∗ f)(y) dy.

Hence, by applying inequality (9.82) with

K(x) := K
(1)
j (x), f(x) := Rj ∗ f(x) for 1 ≤ j ≤ n,

we obtain that∫
Rn

sup
ε>0

|I1(x; ε)|p dx (9.160)

≤
(
πCp

2

)p
 n∑

j=1

∫
Σn−1

∣∣∣K(1)
j (σ)

∣∣∣ dσ
p ∫

Rn

|gj(x)|p dx

=

(
πCp

2

)p
(∫

Σn−1

∣∣∣K(1)
j (σ)

∣∣∣ dσ)p n∑
j=1

∥Rj ∗ f∥pp

≤ C

 n∑
j=1

∫
Σn−1

∣∣∣K(1)
j (σ)

∣∣∣ dσ
p

∥f∥pp .

Here we recall that the functions K
(1)
j (x) are integrable on Σn−1, since

they are positively homogeneous of degree −n and belong to the space

L1
loc(R

n \ {0}).
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Step (2-b): Secondly, by inequality (9.132) with

x :=
x− y

ε
,

it follows that

|I2(x; ε)|

=

∣∣∣∣∣ 1εn
∫
|x−y|>ε

(
K

(2)
j

(
x− y

ε

)
−K

(1)
j

(
x− y

ε

))
gj(y) dy

∣∣∣∣∣
≤ 1

εn

∫
|x−y|>ε

∣∣∣∣(K(2)
j

(
x− y

ε

)
−K

(1)
j

(
x− y

ε

))∣∣∣∣ |gj(y)| dy
≤ C

1

εn

∫
|x−y|>ε

εn+1

|x− y|n+1
|gj(y)| dy ·

∫
Σn−1

|K(σ)| dσ

≤ C

(
ε

∫
|x−y|>ε

|gj(y)|
|x− y|n+1

dy

)∫
Σn−1

|K(σ)| dσ.

However, we have, by Hölder’s inequality (Theorem 3.14),

ε

∫
|x−y|>ε

|gj(y)|
|x− y|n+1

dy = ε

∫
|z|>ε

|gj(x− z)|
|z|n+1

dz

= ε

∫
Σn−1

(∫ ∞

ε

|gj(x− sσ)|
|sσ|n+1

sn−1 ds

)
dz

= ε

∫
Σn−1

(∫ ∞

ε

s−2|gj(x− sσ)| ds
)
dσ

≤

(∫
Σn−1

dσ

)1−1/p(∫
Σn−1

(
ε

∫ ∞

ε

s−2|gj(x− sσ)| ds
)p

dσ

)1/p

= ω1−1/p
n

(∫
Σn−1

(
ε

∫ ∞

ε

s−2|gj(x− sσ)| ds
)p

dσ

)1/p

.

Hence it follows from an application of Fubini’s theorem (Theorem 3.10)

that ∫
Rn

(
sup
ε>0

ε

∫
|x−y|>ε

|gj(y)|
|x− y|n+1

dy

)p

dx

≤ ωp−1
n

∫
Σn−1

(∫
Rn

(
sup
ε>0

ε

∫ ∞

ε

s−2|gj(x− sσ)| ds
)p

dx

)
dσ.

For each σ ∈ Σn−1, we make the change of the variables

x := y − t σ, y ∈ Rn, t ∈ R,
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with

⟨y, σ⟩ = y1σ1 + . . .+ ynσn = 0,

as in the proof of Theorem 9.5. Then, by applying inequality (9.153)

with

f(t) := |gj(y − t σ)|,

we obtain that∫
Rn

(
sup
ε>0

ε

∫ ∞

ε

s−2|gj(x− s σ)| ds
)p

dx

=

∫
Rn−1

(∫ ∞

−∞

(
sup
ε>0

ε

∫ ∞

ε

s−2|gj(y − (t+ s)σ)| ds
)p

dt

)
dy

≤
(

2p

p− 1

)p ∫
Rn−1

(∫ ∞

−∞
|gj(y − tσ)|p dt

)
dy

=

(
2p

p− 1

)p ∫
Rn

|gj(x)|p dx for every σ ∈ Σn−1.

This proves that∫
Rn

(
sup
ε>0

ε

∫
|x−y|>ε

|gj(y)|
|x− y|n+1

dy

)p

dx

≤ ωp−1
n

(∫
Σn−1

(
2p

p− 1

)p ∫
Rn

|gj(x)|p dx

)
dσ

=

(
2p

p− 1

)p

ωp−1
n

(∫
Rn

|gj(x)|p dx
)∫

Σn−1

dσ

=

(
2pωn

p− 1

)p ∫
Rn

|gj(x)|p dx.

Summing up, we have proved that∫
Rn

sup
ε>0

|I2(x; ε)|p dx (9.161)

≤
(
2pCωn

p− 1

)p
 n∑

j=1

∫
Σn−1

|K(σ)| dσ

p ∫
Rn

|gj(x)|p dx

=

(
2pCωn

p− 1

)p
(∫

Σn−1

|K(σ)| dσ

)p n∑
j=1

∥Rj ∗ f∥pp

≤ C

(∫
Σn−1

|K(σ)| dσ

)p

∥f∥pp .
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Step (2-c): Thirdly, we have, by inequality (9.133) and Hölder’s

inequality (Theorem 3.14),

|I3(x; ε)|

=

∣∣∣∣∣∣ 1εn
n∑

j=1

∫
|x−y|<ε

K2

(
x− y

ε

)
gj(y) dy

∣∣∣∣∣∣
≤ 1

εn

n∑
j=1

∫
|(x−y)/ε|<1

∣∣∣∣K(2)
j

(
x− y

ε

)∣∣∣∣ gj(y) dy
≤ 1

εn

n∑
j=1

∫
|x−y|<ε

Gj(x− y) |gj(y)| dy

=
1

εn

n∑
j=1

∫
|z|<ε

Gj(z)|gj(x− z)| dz

=

∫
Σn−1

Gj(σ)

(
1

εn

∫ ε

0

|gj(x− sσ)|sn−1 ds

)
dσ

≤
n∑

j=1

(∫
Σn−1

Gj(σ) dσ

)1−1/p

×

(∫
Σn−1

Gj(σ)

(
1

εn

∫ ε

0

|gj(x− sσ)|sn−1 ds

)p

dσ

)1/p

.

However, by applying inequality (9.152) with

f(t) := |gj(y − t σ)|,

we obtain that∫
Rn

(
sup
ε>0

1

εn

∫ ε

0

|gj(x− sσ)|sn−1 ds

)p

dx

=

∫
Rn−1

(∫ ∞

−∞

(
sup
ε>0

1

εn

∫ ε

0

|gj(y − (t+ s)σ)| sn−1 ds

)p

dt

)
dy

≤
∫
Rn−1

(
p

p− 1

)p(∫ ∞

−∞
|gj(y − tσ)|p dt

)
dy

=

(
p

p− 1

)p ∫
Rn−1

∫ ∞

−∞
|gj(y − tσ)|p dt dy

=

(
p

p− 1

)p ∫
Rn

|gj(x)|p dx.
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Therefore, by Fubini’s theorem (Theorem 3.10) it follows that∫
Rn

sup
ε>0

|I3(x; ε)|p dx (9.162)

≤
n∑

j=1

(∫
Σn−1

Gj(σ) dσ

)p−1

×
∫
Rn

(∫
Σn−1

Gj(σ) sup
ε>0

(
1

εn

∫ ε

0

|gj(x− s σ)| sn−1 ds

)p

dσ

)
dx

=
n∑

j=1

(∫
Σn−1

Gj(σ) dσ

)p−1

×
∫
Σn−1

Gj(σ)

(∫
Rn

sup
ε>0

(
1

εn

∫ ε

0

|gj(x− s σ)| sn−1 ds

)p

dx

)
dσ

≤
n∑

j=1

(∫
Σn−1

Gj(σ) dσ

)p−1(
p

p− 1

)p ∫
Rn

|gj(x)|p dx

×
∫
Σn−1

Gj(σ) dσ

=
n∑

j=1

(
p

p− 1

)p
(∫

Σn−1

Gj(σ) dσ

)p ∫
Rn

|gj(x)|p dx

≤
n∑

j=1

(
p

p− 1

)p
(∫

Σn−1

Gj(σ) dσ

)p

∥Rj ∗ f∥pp

≤ C
n∑

j=1

(∫
Σn−1

Gj(σ) dσ

)p

∥f∥pp .

Here we recall that the functions Gj(σ) are integrable on Σn−1.

Step (2-d): Finally, we have, by Hölder’s inequality (Theorem 3.14),

|I4(x; ε)|

=

∣∣∣∣∣
∫
ε/4<|x−y|<ε

|x− y|−nK

(
x− y

|x− y|

)
ϕ

(
|x− y|
ε

)
f(y) dy

∣∣∣∣∣
≤
(
4

ε

)n ∫
|x−y|<ε

∣∣∣∣K ( x− y

|x− y|

)∣∣∣∣ |f(y)| dy
=

(
4

ε

)n ∫
Σn−1

|K(σ)|1−1/p |K(σ)|1/p
(∫ ε

0

|f(x− sσ)|sn−1 ds

)
dσ



9.10 The General Case 367

≤ 4n

(∫
Σn−1

|K(σ)| dσ

)1−1/p

×

(∫
Σn−1

|K(σ)|
(

1

εn

∫ ε

0

|f(x− sσ)|sn−1 ds

)p

dσ

)1/p

.

Hence, by applying Fubini’s theorem (Theorem 3.10) and inequality

(9.141) with

f(t) := |f(y − t σ)|,

we obtain that∫
Rn

sup
ε>0

|I4(x; ε)|p dx (9.163)

≤ 4np

(∫
Σn−1

|K(σ)| dσ

)p−1

×
∫
Σn−1

|K(σ)|
(∫

Rn

(
sup
ε>0

1

εn

∫ ε

0

|f(x− sσ)|sn−1 ds

)p

dx

)
dσ

≤ 4np

(∫
Σn−1

|K(σ)| dσ

)p−1

×
(

p

p− 1

)p ∫
Σn−1

|K(σ)|
(∫

Rn−1

∫ ∞

−∞
|f(y − tσ)|p dt dy

)
dσ

=

(
4np

p− 1

)p
(∫

Σn−1

|K(σ)| dσ

)p ∫
Rn

|f(x)|p dx.

Therefore, the desired inequality (9.156) follows from four inequalities

(9.160), (9.161), (9.162) and (9.163), if we recall the formula

f̃ε(x) = I1(x; ε) + I2(x; ε) + I3(x; ε) + I4(x; ε).

Step (3): The proof of the remaining part is analogous to that of

Theorem 9.15.

Now the proof of Theorem 9.24 is complete.

9.10 The General Case

The next theorem asserts the existence of the singular integral (9.2) in

the space Lp(Rn) for 1 < p <∞ in the general case:

Theorem 9.25. Assume that the integral kernel K(x) is a measurable,

□ 
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positively homogeneous function of degree −n defined on Rn and satisfies

the two conditions∫
Σn−1

|K(σ)| log+ |K(σ)| dσ <∞, (9.164a)∫
Σn−1

K(σ) dσ = 0 (the cancellation property), (9.164b)

where Σn−1 is the unit sphere in Rn and dσ is the surface measure on

Σn−1. If f(x) ∈ Lp(Rn) with 1 < p <∞ and ε > 0, we let

f̃ε(x) :=

∫
|x−y|>ε

K(x− y)f(y) dy.

Then we have the following three assertions (i), (ii) and (iii):

(i) There exists a positive constant Cp, independent of ε, such that(∫
Rn

sup
ε>0

|f̃ε(x)|p dx
)1/p

≤ Cp

(∫
Rn

|f(x)|p dx
)1/p

.

(ii) The sequence f̃ε converges almost everywhere in R and in the

strong topology of Lp(R) as ε ↓ 0. Namely, the singular integral

K ∗ f(x) = lim
ε↓0

∫
|x−y|>ε

K(x− y)f(y) dy

exists for almost all x ∈ Rn and in the strong topology of Lp(Rn).

(iii) The mapping f 7→ K∗f is a bounded linear operator from Lp(Rn)

into itself. More precisely, we have the inequality

∥K ∗ f∥p ≤ Cp ∥f∥p .

Proof. It suffices to apply Theorem 9.15 and Theorem 9.24 to the odd

part

K1(x) :=
K(x)−K(−x)

2

and the even part

K2(x) :=
K(x) +K(−x)

2

of the integral kernel K(x), respectively.

Indeed, it is easy to see that∫
Σn−1

K1(σ) dσ =
1

2

(∫
Σn−1

K(σ) dσ −
∫
Σn−1

K(−σ) dσ

)
= 0,
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This proves that the odd part K1(x) satisfies the cancellation property

(9.4).

On the other hand, by inequality (9.115) with

α := |K(σ)|, β := |K(−σ)|,

it follows that

|K2(σ)| log+ |K2(σ)|

≤ |K(σ)|+ |K(−σ)|
2

log+
(
|K(σ)|+ |K(−σ)|

2

)
≤ 1

2

(
|K(σ)| log+ |K(σ)|+ |K(−σ)| log+ |K(−σ)|

)
.

Hence we have, by conditions (9.164),∫
Σn−1

|K2(σ)| log+ |K2(σ)| dσ

≤ 1

2

(∫
Σn−1

|K(σ)| log+ |K(σ)| dσ +

∫
Σn−1

|K(−σ)| log+ |K(−σ)| dσ

)

=
1

2

(∫
Σn−1

|K(σ)| log+ |K(σ)| dσ +

∫
Σn−1

|K(σ)| log+ |K(σ)| dσ

)

=

∫
Σn−1

|K(σ)| log+ |K(σ)| dσ

<∞.

This proves that the even part K2(x) satisfies condition (9.103).

The proof of Theorem 9.25 is complete.

9.11 Notes and Comments

The results of this chapter are adapted from Calderón–Zygmund [15]

and Tanabe [89] and [90].

□ 



10

Calderón–Zygmund Kernels and their
Commutators

This chapter 10 and the next chapter 11 are the heart of the subject. The

Calderón–Zygmund theory of singular integrals continues to be one of

the most influential works in modern history of analysis. The first main

result (Theorem 10.1) asserts the existence of singular integral opera-

tors and the second main result (Theorem 10.2) concerns commutators

of BMO functions and singular integral operators. It should be empha-

sized that singular integral operators with non-smooth kernels provide a

powerful tool to deal with smoothness of solutions of partial differential

equations, with minimal assumptions of regularity on the coefficients.

10.1 Calderón–Zygmund Kernels

Let k(x) be a real-valued function defined on Rn\{0}. We say that k(x)

is a Calderón–Zygmund kernel if it satisfies the following three conditions

(i), (ii) and (iii):

(i) k ∈ C∞ (Rn \ {0}).
(ii) k(x) is positively homogeneous of degree −n, that is, k(tx) =

t−nk(x) for all t > 0.

(iii)
∫
Σn−1

k(σ) dσ = 0 where Σn−1 is the unit sphere in Rn and dσ

is the surface measure on Σn−1.

Example 10.1. Let h(x) be a function in C∞ (Rn \ {0}) which is pos-

itively homogeneous of degree 1− n. Then the derivatives

∂h

∂xj
, 1 ≤ j ≤ n,

are Calderón–Zygmund kernels.

370

--
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Proof. It is easy to see that ∂h/∂xj is positively homogeneous of degree

−n. Hence we have only to verify that ∂h/∂xj has the cancellation

property ∫
Σn−1

∂h

∂xj
(σ) dσ = 0. (10.1)

Let ρ(t) be a non-negative, smooth function on R such that

supp ρ ⊂ [1, 2], (10.2a)∫ ∞

0

ρ(t)

t
dt = 1. (10.2b)

First, by integration by parts it follows that∫
Rn

∂h

∂xj
(x) · ρ(|x|) dx = −

∫
Rn

h(x)ρ′(|x|) xj
|x|

dx. (10.3)

Since h(x) is positively homogeneous of degree 1−n and since ∂h/∂xj is

positively homogeneous of degree −n, by introducing polar coordinates

x = r σ,

r = |x|,
σ ∈ Σn−1,

we obtain from formula (10.3) that∫ ∞

0

∫
Σn−1

r−n ∂h

∂xj
(σ)ρ(r)rn−1 dσ dr

= −
∫ ∞

0

∫
Σn−1

r1−nh(σ)ρ′(r)σjr
n−1 dσ dr,

so that (∫ ∞

0

ρ(r)

r
dr

)∫
Σn−1

∂h

∂xj
(σ) dσ (10.4)

= −
(∫ ∞

0

ρ′(r) dr

)∫
Σn−1

h(σ)σj dσ.

However, we have, by conditions (10.2),∫ ∞

0

ρ(r)

r
dr = 1,∫ ∞

0

ρ′(r) dr = 0.

Therefore, the desired assertion (10.1) follows from formula (10.4). □ 
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The first main result — the most important property of Calderón–

Zygmund kernels — asserts the existence of singular integral operators

([15]). The next theorem is a special case of Theorem 9.2 (cf. [18,

Theorem 2.5]):

Theorem 10.1. Let k(x) be a Calderón–Zygmund kernel. If ε > 0 and

f ∈ Lp(Rn) for 1 < p <∞, we let

Kεf(x) :=

∫
|x−y|>ε

k(x− y)f(y) dy.

Then there exists a function Kf ∈ Lp(Rn) such that

lim
ε↓0

∥Kεf −Kf∥Lp(Rn) = 0.

Moreover, the operator K is bounded on the space Lp(Rn). More pre-

cisely, there exists a constant c1 = c1
(
n, p, ∥k∥L2(Σn−1)

)
> 0 such that

∥Kf∥Lp(Rn) ≤ c1 ∥f∥Lp(Rn) for all f ∈ Lp(Rn).

The operator K is called a Calderón–Zygmund singular integral oper-

ator. In what follows we shall use the notation

Kf(x) = (v. p.k) ∗ f(x) = v. p.

∫
Rn

k(x− y)f(y) dy.

10.2 Commutators of Calderón–Zygmund Kernels

Now we are in a position to state the second main result concerning

commutators of singular integrals. Let k(x) be a Calderón–Zygmund

kernel and let K be its associated singular integral operator defined by

the formula

Kf(x) = v. p.

∫
Rn

k(x− y)f(y) dy,

where f ∈ Lp(Rn) for 1 < p < ∞. If φ ∈ BMO, then we define the

commutator C[φ,K] of φ and K as the principal value

C[φ,K]f := φ(Kf)−K(φf)

= v. p.

∫
Rn

k(x− y)[φ(x)− φ(y)]f(y) dy.

Then we have the following (cf. [21, Theorem I], [13, Theorem 2.6],

[18, Theorem 2.7]):
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Theorem 10.2. If φ ∈ BMO, then the commutator of singular integrals

C[φ,K]f = φ(Kf)−K(φf)

is well-defined. Moreover, the commutator C[φ,K] is bounded on the

space Lp(Rn) for 1 < p < ∞. More precisely, there exists a constant

c2 = c2
(
n, p, ∥k∥L2(Σn−1)

)
> 0 such that

∥C[φ,K]f∥Lp(Rn) ≤ c2 ∥φ∥∗ ∥f∥Lp(Rn) for all f ∈ Lp(Rn). (10.5)

Proof. The idea of our proof is due to Strömberg (cf. [91, pp. 417–419]).

The proof is divided into three steps.

Step 1: Let Q be a cube with sides parallel to the coordinate axes. If

f ∈ L1
loc(R

n), then we define the Hardy–Littlewood maximal function

(see Section 4.4)

Mf(x) := sup
Q∋x

1

|Q|

∫
Q

|f(y)| dy,

and the sharp function (see Section 4.6)

f ♯(x) := sup
Q∋x

1

|Q|

∫
Q

|f(y)− fQ| dy,

where the supremum is taken over all cubes containing x and fQ is the

integral average of f over Q

fQ :=
1

|Q|

∫
Q

f(z) dz.

For the sake of simplicity, we write

Tf(x) := C[φ,K]f(x) for x ∈ Rn.

For each r ∈ (1, p), we shall prove a pointwise estimate

(Tf)♯(x) (10.6)

≤ c(n, r) ∥φ∥∗
(
(M(|Kf |r)(x))1/r + (M(|f |r)(x))1/r

)
for x ∈ Rn,

with a positive constant c(n, r).

Step 2: Assuming estimate (10.6) for the moment, we shall prove

Theorem 10.2. The proof of estimate (10.6) will be given in the next

Section 10.3, due to its length.

By applying Corollary 4.15 and Remark 4.3 and estimate (10.6), we

obtain that, for 1 < r < p,

∥Tf∥Lp(Rn) (10.7)
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≤ cp
∥∥(Tf)♯∥∥

Lp(Rn)

≤ 2(p−1)/pcpc(n, r) ∥φ∥∗

×
{(∫

Rn

(M(|Kf |r)(x))p/r dx
)1/p

+

(∫
Rn

(M(|f |r)(x))p/r dx
)1/p}

.

Step 2-1: However, it should be noticed that(∫
Rn

(M(|f |r)(x))p/r dx
)1/p

=

(
∥M(|f |r)∥Lp/r(Rn)

)1/r

,

so that, by Theorem 4.8 with p := p/r and Remark 4.1,

∥M(|f |r)∥Lp/r(Rn) ≤ C(p, r) ∥|f |r∥Lp/r(Rn) = C(p, r) ∥f∥rLp(Rn) .

Hence, we have the inequality(∫
Rn

(M(|f |r)(x))p/r dx
)1/p

≤ C(p, r)1/r ∥f∥Lp(Rn) . (10.8)

Step 2-2: Similarly, we have the formula(∫
Rn

(M(|Kf |r)(x))p/r dx
)1/p

=
(
∥M(|Kf |r)∥Lp/r(Rn)

)1/r
,

and also, by Theorem 4.8 with p := p/r,

∥M(|Kf |r)∥Lp/r(Rn) ≤ C(p, r) ∥|Kf |r∥Lp/r(Rn) = C(p, r) ∥Kf∥rLp(Rn) .

Hence, it follows from an application of Theorem 10.1 that(∫
Rn

(M(|Kf |r)(x))p/r dx
)1/p

≤ C(p, r)1/r ∥Kf∥Lp(Rn) (10.9)

≤ c1(n, p)C(p, r)
1/r ∥f∥Lp(Rn) .

Step 3: Therefore, the desired estimate (10.5) follows by combining

estimates (10.7), (10.8) and (10.9), with

c2(n, p) := 2(p−1)/pcpc(n, r) (c1(n, p) + 1)C(p, r)1/r.

The proof of Theorem 10.2 is now complete, apart from the proof of

estimate (10.6).

10.3 Proof of Estimate (10.6)

The purpose of this section is to prove estimate (10.6). If Q is a cube,

then we denote by δQ its side length and by xQ its center, respectively.

□ 
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For each j ∈ N, we denote by 2jQ the cube centered at xQ with side

length 2jδQ (see Figure 4.3). Let Q be an arbitrary cube containing x.

We write

Tf(x) := C[φ,K]f(x)

in the form

Tf(x) = K((φ(·)− φQ)f(·)χ2Q)(x)

+K((φ(·)− φQ)f(·)χRn\2Q)(x)− (φ(x)− φQ)Kf(x)

:= A(x) +B(x)− C(x),

where χA(x) is the characteristic function of the set A. The proof is

divided into four steps.

Step 1: The estimate of the term A(x). We prove that, for 1 < r < p,

1

|Q|

∫
Q

|A(x)−AQ| dx ≤ c1(n, r) ∥φ∥∗ (M(|f |r)(y))1/r (10.10)

for y ∈ Q.

First, we have the inequality

1

|Q|

∫
Q

|A(x)−AQ| dx ≤ 1

|Q|

∫
Q

|A(x)| dx+ |AQ| (10.11)

=
1

|Q|

∫
Q

|A(x)| dx+
1

|Q|

∣∣∣∣∫
Q

A(y) dy

∣∣∣∣
≤ 2

|Q|

∫
Q

|A(x)| dx

=
2

|Q|

∫
Q

|K((φ(·)− φQ)f(·)χ2Q)(x)| dx.

If q is a number such that 1 < q < r, then, by Hölder’s inequality

(Theorem 3.14) it follows that

2

|Q|

∫
Q

|K((φ(·)− φQ)f(·)χ2Q)(x)| dx (10.12)

≤ 2

|Q|

(∫
Q

|K((φ(·)− φQ)f(·)χ2Q)(x)|q dx
)1/q (∫

Q

dx

)1−1/q

≤ 2

|Q|1/q

(∫
Rn

|K((φ(·)− φQ)f(·)χ2Q)(x)|q dx
)1/q

.

However, we have, by Theorem 10.1 and Hölder’s inequality (Theorem
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3.14),

2

|Q|1/q

(∫
Rn

|K((φ(·)− φQ)f(·)χ2Q)(x)|q dx
)1/q

(10.13)

≤ c(n, q)
2

|Q|1/q

(∫
Rn

|(φ(x)− φQ)f(x)χ2Q(x)|q dx
)1/q

= 2c(n, q)

(
1

|Q|

∫
2Q

|φ(x)− φQ|q |f(x)|q dx
)1/q

≤ 2c(n, q)

×
[

1

|Q|

(∫
2Q

|f(x)|r dx
)q/r (∫

2Q

|φ(x)− φQ|rq/(r−q) dx

)(r−q)/r]1/q
.

Moreover, we have the following claim:

Claim 10.1. There exists a constant c(n, q, r) > 0 such that we have, for

1 < q < r < p,∫
2Q

|φ(x)− φQ|rq/(r−q)
dx ≤ c(n, q, r) ∥φ∥rq/(r−q)

∗ |2Q| . (10.14)

Proof. First, by Lemma 4.2 with f := φ and j := 1 it follows that

|φ(x)− φQ| ≤ |φ(x)− φ2Q|+ |φ2Q − φQ|
≤ |φ(x)− φ2Q|+ c(n) ∥φ∥∗ ,

so that∫
2Q

|φ(x)− φQ|rq/(r−q)
dx (10.15)

≤ 2C(q,r)

(∫
2Q

|φ(x)− φ2Q|rq/(r−q) dx+

∫
2Q

(c(n) ∥φ∥∗)
rq/(r−q)

dx

)
= 2C(q,r)

(∫
2Q

|φ(x)− φ2Q|rq/(r−q) dx+ c(n)rq/(r−q)∥φ∥rq/(r−q)
∗ |2Q|

)
,

where

C(q, r) :=
rq

r − q
− 1, 1 < q < r.

However, we have, by Theorem 4.11 with p := rq/(r − q) and Remark

4.2, ∫
Q

|φ(x)− φ2Q|rq/(r−q)
dx ≤ c1(q, r) ∥φ∥rq/(r−q)

∗ |2Q| . (10.16)
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Therefore, by combining estimates (10.15) and (10.16) we obtain that∫
2Q

|φ(x)− φQ|rq/(r−q)
dx

≤ 2C(q,r)
(
c1(q, r) + c(n)rq/(r−q)

)
∥φ∥rq/(r−q)

∗ |2Q| .

This proves the desired estimate (10.14), with

c(n, q, r) := 2C(q,r)
(
c1(q, r) + c(n)rq/(r−q)

)
.

The proof of Claim 10.1 is complete.

Therefore, by combining five estimates (10.11), (10.12), (10.13) and

(10.14) we obtain that

1

|Q|

∫
Q

|A(x)−AQ| dx (10.17)

≤ 2c(n, q)

×
[

1

|Q|

(∫
2Q

|f(x)|r dx
)q/r(∫

2Q

|φ(x)− φQ|rq/(r−q) dx

)(r−q)/r]1/q
= 21+n/rc(n, q)c(n, q, r)

1

|Q|1/q

(
1

|2Q|

∫
2Q

|f(x)|r dx
)1/r

|Q|1/r

×
(
∥φ∥rq/(r−q)

∗ |2Q|
)(r−q)/rq

= 21+n/rc(n, q)c(n, q, r) ∥φ∥∗

(
1

|2Q|

∫
2Q

|f(x)|r dx
)1/r

≤ 21+n/rc(n, q)c(n, q, r) ∥φ∥∗ (M(|f |r)(y))1/r for y ∈ Q,

since we have the estimate

1

|2Q|

∫
2Q

|f(x)|r dx ≤M(|f |r)(y) for y ∈ Q.

The desired estimate (10.10) follows from estimate (10.17), with

c1(n, r) := 21+n/rc(n, q)c(n, q, r).

Step 2: The estimate of the term C(x). Similarly, we prove that, for

1 < r < p,

1

|Q|

∫
Q

|C(x)− CQ| dx ≤ c2(n, r) ∥φ∥∗ (M(|Kf |r)(y))1/r (10.18)

for y ∈ Q.

□ 
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First, we have the inequality

1

|Q|

∫
Q

|C(x)− CQ| dx ≤ 1

|Q|

∫
Q

|C(x)| dx+ |CQ| (10.19)

=
1

|Q|

∫
Q

|C(x)| dx+
1

|Q|

∣∣∣∣∫
Q

C(y) dy

∣∣∣∣
≤ 2

|Q|

∫
Q

|C(x)| dx.

If q is a number such that 1 < q < r, then, by Hölder’s inequality

(Theorem 3.14) it follows that we have, for r′ = r/(r − 1),

2

|Q|

∫
Q

|C(x)| dx

=
2

|Q|

∫
Q

|(φ(x)− φQ)Kf(x)| dx

≤ 2

(
1

|Q|

∫
Q

|φ(x)− φQ|r
′
dx

)1/r′ (
1

|Q|

∫
Q

|Kf(x)|r dx
)1/r

.

However, we have, by Theorem 4.11 with p := r′ and Remark 4.2,

1

|Q|

∫
Q

|φ(x)− φQ|r
′
dx ≤ c1(r

′) ∥φ∥r
′

∗ ,

and also

1

|Q|

∫
Q

|Kf(x)|r dx ≤M(|Kf |r)(y) for y ∈ Q.

Hence it follows that

2

|Q|

∫
Q

|C(x)| dx ≤ 2
(
c1(r

′) ∥φ∥r
′

∗

)1/r′
(M(|Kf |r)(y))1/r (10.20)

= 2c1(r
′)1/r

′
∥φ∥∗ (M(|Kf |r)(y))1/r for y ∈ Q.

Therefore, the desired estimate (10.18) follows by combining estimates

(10.19) and (10.20), with

c2(n, r) := 2c1(r
′)1/r

′
.

Step 3: The estimate of the term B(x). Thirdly, we prove that, for

1 < r < p,

1

|Q|

∫
Q

|B(x)−BQ| dx ≤ c3(n, r) ∥φ∥∗ (M(|f |r)(y))1/r , (10.21)

for y ∈ Q.



10.3 Proof of Estimate (10.6) 379

The proof of estimate (10.21) is divided into four steps.

Step 3-1: We begin with the pointwise Hörmander condition for the

Calderón–Zygmund kernels k(x):

Lemma 10.3. Let k(x) be a Calderón–Zygmund kernel. If Q is a cube

with center xQ, then we have, for all x ∈ Q and y ̸∈ (2Q) (see Figure

10.1 below),

|k(x− y)− k(xQ − y)| ≤ c
|x− xQ|

|xQ − y|n+1
, (10.22)

with a positive constant c.

y •
2Q

Q

x •
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Fig. 10.1. The points x ∈ Q and y ∈ Rn \ (2Q)

Proof. (1) Since k(x) is positively homogeneous of degree −n, it follows
that, for h ̸= 0,

k(x+ hej)− k(x)

h
=
k
(

x
|x| +

h
|x|ej

)
− k

(
x
|x|

)
h

· 1

|x|n
, x ∈ Rn \ {0},

so that

k(x+ hej)− k(x)

h
=
k(x+ δej)− k(x)

δ
· 1

|x|n+1
, (10.23)

with

x =
x

|x|
∈ Σn−1, δ =

h

|x|
.
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Hence, by letting h→ 0 in formula (10.23) we obtain that

|∇k(x)| ≤ C

|x|n+1
for all x ∈ Rn \ {0}, (10.24)

where C is a positive constant given by the formula

C := max
|z|=1

|∇k(z)| .

(2) If we let

xQ = (x1Q, x
2
Q, . . . , x

n
Q),

then, by the mean value theorem it follows that, for 0 < θ < 1,

|k(x− y)− k(xQ − y)| (10.25)

= |k((xQ − y) + (x− xQ))− k(xQ − y)|

≤
∣∣∣∣ ∂k∂x1 (x1Q − y1 + θ(x1 − x1Q), x2 − y2, . . . , xn − yn)

∣∣∣∣ |x1 − x1Q|

+

∣∣∣∣ ∂k∂x2 (x1Q − y1, x
2
Q − y2 + θ(x2 − x2Q), x3 − y3, . . . , xn − yn)

∣∣∣∣
× |x2 − x2Q|

+ . . .+

∣∣∣∣ ∂k∂xn (x1Q − y1, x
2
Q − y2, . . . , x

n
Q − yn + θ(xn − xnQ))

∣∣∣∣
× |xn − xnQ|

≤
∣∣∣∣ ∂k∂x1 (x1Q − y1 + θ(x1 − x1Q), x2 − y2, . . . , xn − yn)

∣∣∣∣ |x− xQ|

+

∣∣∣∣ ∂k∂x2 (x1Q − y1, x
2
Q − y2 + θ(x2 − x2Q), x3 − y3, . . . , xn − yn)

∣∣∣∣
× |x− xQ|

+ . . .+

∣∣∣∣ ∂k∂xn (x1Q − y1, x
2
Q − y2, . . . , x

n
Q − yn + θ(xn − xnQ))

∣∣∣∣
× |x− xQ|

However, we have, for all x ∈ Q and y ̸∈ 2Q,∣∣∣xjQ − yj + θ(xj − xjQ)
∣∣∣ ≥ ∣∣∣xjQ − yj

∣∣∣− ∣∣∣xj − xjQ

∣∣∣
≥ 1

2

∣∣∣yj − xjQ

∣∣∣ , 0 < θ < 1,

and also

|xj − yj | =
∣∣∣(xjQ − yj) + (xj − xjQ)

∣∣∣ ≥ ∣∣∣xjQ − yj

∣∣∣− ∣∣∣xj − xjQ

∣∣∣
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≥ 1

2

∣∣∣yj − xjQ

∣∣∣ .
In particular, it follows that, for 1 ≤ j ≤ n,∣∣∣(x1Q − y1, . . . , x

j
Q − yj + θ(xj − xjQ), . . . , xn − yn)

∣∣∣ (10.26)

≥ 1

2
|y − xQ|.

Therefore, by using inequality (10.24) we obtain from inequalities

(10.25) and (10.26) that

|k(x− y)− k(xQ − y)|

≤
( n∑

j=1

∣∣∣∣ ∂k∂xj (x1Q − y1, . . . , x
j
Q − yj + θ(xj − xjQ), . . . , x

n
Q − yn)

∣∣∣∣2)1/2

× |x− xQ|

≤ 2n+1 C
|x− xQ|

|y − xQ|n+1
.

This proves the desired inequality (10.22), with

c := 2n+1 C = 2n+1 max
|z|=1

|∇k(z)|.

The proof of Lemma 10.3 is complete.

Step 3-2: First, it follows that

B(x)−B(xQ)

= K((φ(·)− φQ)f(·)χRn\2Q)(x)−K((φ(·)− φQ)f(·)χRn\2Q)(xQ)

=

∫
Rn\(2Q)

k(x− y)[φ(y)− φQ]f(y) dy

−
∫
Rn\(2Q)

k(xQ − y)[φ(y)− φQ]f(y) dy,

so that

|B(x)−B(xQ)| ≤
∫
Rn\(2Q)

|k(x− y)− k(xQ − y)||φ(y)− φQ||f(y)| dy.

However, by Lemma 10.3 we can find a positive constant c such that

|k(x− y)− k(xQ − y)| ≤ c
|x− xQ|

|xQ − y|n+1
, x ∈ Q, y ̸∈ 2Q.

Hence we have, by Hölder’s inequality (Theorem 3.14),

|B(x)−B(xQ)| (10.27)

□ 
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≤
∫
Rn\(2Q)

|k(x− y)− k(xQ − y)||φ(y)− φQ||f(y)| dy

≤ c

∫
Rn\(2Q)

|x− xQ|
|xQ − y|n+1

|φ(x)− φQ||f(y)| dy

≤ c′δQ

∫
Rn\(2Q)

|f(y)|
|xQ − y|(n+1)/r

|φ(x)− φQ|
|xQ − y|(n+1)/r′

dy

≤ c′δQ

(∫
Rn\(2Q)

|f(y)|r

|xQ − y|n+1
dy

)1/r

×

(∫
Rn\(2Q)

|φ(x)− φQ|r
′

|xQ − y|n+1
dy

)1/r′

.

Here δQ is the side length of Q.

Step 3-3: Now we prove the following two estimates:

I(x) :=

∫
Rn\(2Q)

|f(z)|r

|xQ − z|n+1
dz ≤ C1

δQ
M(|f |r)(y), y ∈ Q. (10.28)

II(x) :=

∫
Rn\(2Q)

|φ(x)− φQ|r
′

|xQ − y|n+1
dy ≤ C2

δQ
∥φ∥r

′

∗ . (10.29)

Proof of Estimate (10.28): Indeed, we have, for all z ∈ 2jQ with

j ∈ N,

|xQ − z|n+1 ≥ (2j−1δQ)
n+1 = 2(n+1)jδn+1

Q

1

2n+1
,

and also

2jδQ|2jQ| = 2(n+1)jδn+1
Q .

Hence it follows that∫
Rn\(2Q)

|f(z)|r

|xQ − z|n+1
dz =

∞∑
j=2

∫
2jQ\(2j−1Q)

|f(z)|r

|xQ − z|n+1
dz

≤ C
∞∑
j=2

1

2jδQ

(
1

|2jQ|

∫
2jQ

|f(z)|r dz
)

≤ C

2δQ
M(|f |r)(y) for y ∈ Q.

This proves the desired estimate (10.28), with

C1 :=
C

2
.

The proof of Estimate (10.28) is complete. □ 
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Proof of Estimate (10.29): Similarly, we have, for r′ = r/(r − 1),∫
Rn\(2Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz (10.30)

=
∞∑
j=2

∫
2jQ\(2j−1Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

≤ C

∞∑
j=2

1

2jδQ

(
1

|2jQ|

∫
2jQ

|φ(z)− φQ|r
′
dz

)
.

However, by Lemma 4.2 with f := φ it follows that

|φ(z)− φQ| ≤ |φ(z)− φ2jQ|+ |φ2jQ − φQ|
≤ |φ(z)− φ2jQ|+ c(n)j ∥φ∥∗ ,

so that

1

|2jQ|

∫
2jQ

|φ(z)− φQ|r
′
dz (10.31)

≤ 2r
′−1

(
1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz

)
+

1

|2jQ|

∫
2jQ

(c(n)j ∥φ∥∗)
r′
dz

≤ 2r
′−1

(
1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz

)
+ 2r

′−1 (c(n)j ∥φ∥∗)
r′
.

However, we have, by Theorem 4.11 with p := r′ and Remark 4.2,

1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz ≤ c1(r

′) ∥φ∥r
′

∗ . (10.32)

Hence, it follows from estimates (10.31) and (10.32) that

1

|2jQ|

∫
2jQ

|φ(z)− φQ|r
′
dz ≤ 2r

′−1
(
c(n)r

′
jr

′
+ c1(r

′)
)
∥φ∥r

′

∗ . (10.33)

Therefore, by combining estimates (10.30) and (10.33) we obtain that∫
Rn\(2Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

=

∞∑
j=2

∫
2jQ\(2j−1Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

≤ 2r
′−1C

∞∑
j=2

1

2jδQ

(
c(n)r

′
jr

′
+ c1(r

′)
)
∥φ∥r

′

∗
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= 2r
′−1 C

δQ

c1(r′)
 ∞∑

j=2

1

2j

+ c(n)r
′

 ∞∑
j=2

jr
′

2j

 ∥φ∥r
′

∗ .

This proves the desired estimate (10.29), with

C2 := 2r
′−1C

c1(r′)
 ∞∑

j=2

1

2j

+ c(n)r
′

 ∞∑
j=2

jr
′

2j

 .
The proof of Estimate (10.29) is complete.

Step 3-4: Therefore, by combining estimates (10.27), (10.28) and

(10.29) we obtain that

1

|Q|

∫
Q

|B(x)−BQ| dx ≤ 2

|Q|

∫
Q

|B(x)−B(xQ)| dx

≤ 2

|Q|
c(n, r) ∥φ∥∗ (M(|f |r)(y))1/r

∫
Q

dx

= 2c(n, r) ∥φ∥∗ (M(|f |r)(y))1/r for all y ∈ Q.

This proves the desired estimate (10.21), with

c3(n, r) := 2c(n, r).

The proof of estimate (10.21) is complete.

Step 4: Finally, if we let

c(n, r) := max{c1(n, r), c2(n, r), c3(n, r)},

then, by combining estimates (10.10), (10.18) and (10.21) we obtain that

1

|Q|

∫
Q

|Tf(x)− (Tf)Q| dx

≤ 1

|Q|

∫
Q

|A(x)−AQ| dx+
1

|Q|

∫
Q

|B(x)−BQ| dx

+
1

|Q|

∫
Q

|C(x)− CQ| dx

≤ c(n, r) ∥φ∥∗
(
(M(|Kf |r)(y))1/r + (M(|f |r)(y))1/r

)
for all y ∈ Q.

This proves that

(Tf)♯f(y)

≤ c(n, r) ∥φ∥∗
(
(M(|Kf |r)(y))1/r + (M(|f |r)(y))1/r

)
for all y ∈ Rn,

since Q is arbitrary.

□ 

□ 
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Now the proof of estimate (10.6) (and hence that of Theorem 10.2) is

complete.

10.4 Notes and Comments

The results of this chapter are adapted from Coifman–Rochberg–Weiss

[21] and Bramanti–Cerutti [13].

□ 
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Calderón–Zygmund Variable Kernels and
their Commutators

In this chapter we consider singular integrals with kernels depending on

a parameter, and prove theorems about singular integrals and commuta-

tors of L∞ functions and singular integral operators (Theorems 11.1 and

11.2), generalizing Theorems 10.1 and 10.2 in Chapter 10. The main idea

of proof is to reduce the variable kernel case to the constant kernel case.

This is done by expanding the kernel into a series of spherical harmonics

(Theorem 4.31), each term defining a constant kernel operator treated

in Chapter 10. Theorems about singular integrals and commutators are

usually formulated in the whole space Rn. However, our application

to the theory of elliptic equations with discontinuous coefficients will

require a local version of Theorems 11.1 and 11.2 (Theorems 11.3 and

11.4 and Corollary 11.5).

11.1 Commutators of Calderón–Zygmund Variable Kernels

Let k(x, z) be a real-valued function defined on Rn × (Rn \ {0}) that

satisfies the following two conditions (i) and (ii):

(i) k(x, ·) is a Calderón–Zygmund kernel for almost all x ∈ Rn.

(ii) The quantity

M := max
|α|≤2n

∥∥∥∥∂αk∂zα
(·, ·)

∥∥∥∥
L∞(Rn×Σn−1)

is finite. Here Σn−1 is the unit sphere in Rn.

It should be emphasized that the lack of regularity in the first variable

x of k(x, z) prevents to apply many recent results on singular integral

operators. However, the good regularity in the second variable z of

k(x, z) allows us to use an old argument employed by Giraud, Calderón

386

--
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and Zygmund based on an expansion into spherical harmonics (Theorem

4.31).

Example 11.1. Assume that the functions aij(x) ∈ VMO∩L∞(Rn)

satisfy the following two conditions (1) and (2):

(1) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ Ω.

(2) There exists a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2

for almost all x ∈ Ω and for all ξ ∈ Rn.

Let Ω̃ be the subset of Ω where conditions (1) and (2) hold true, and let

Γ(x, z) =
1

(2− n)ωn

1√
det(aij(x))

 n∑
i,j=1

Aij(x)zizj

(2−n)/2

for all x ∈ Ω̃ and all z ∈ Rn \ {0}.

Here

(Aij(x)) = the inverse matrix of (aij(x)),

ωn := |Σn−1| =
2πn/2

Γ(n/2)

(the surface area of the unit sphere Σn−1 in Rn).

Then it follows that the functions

Γi(x, z) =
∂Γ

∂zi
(x, z)

=
1

ωn

1√
det(aij(x))

 n∑
i,j=1

Aij(x)zizj

−n/2 n∑
j=1

Aij(x)zj


for all x ∈ Ω̃ and all z ∈ Rn \ {0},

are positively homogeneous of degree 1− n with respect to the variable

z (1 ≤ i ≤ n). Therefore, by applying Example 10.1 to the functions

Γi(x, z) we obtain that the functions

Γij(x, z) =
∂2Γ

∂zi∂zj
(x, z), 1 ≤ i, j ≤ n,

are Calderón–Zygmund kernels in the z variable.
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Then we have the following existence theorem of singular integrals

(see [18, Theorem 2.10]):

Theorem 11.1. Let k(x, z) be a real-valued function defined on Rn ×
(Rn \{0}) that satisfies conditions (i) and (ii), and let f ∈ Lp(Rn) with

1 < p <∞. If ε > 0, we let

Kεf(x) =

∫
|x−y|>ε

k(x, x− y)f(y) dy.

Then there exists a function Kf ∈ Lp(Rn) such that

lim
ε↓0

∥Kεf −Kf∥Lp(Rn) = 0. (11.1)

Moreover, the operator K is bounded on Lp(Rn); more precisely, there

exists a positive constant c3 = c3(n, p,M) such that

∥Kf∥Lp(Rn) ≤ c3 ∥f∥Lp(Rn) for all f ∈ Lp(Rn). (11.2)

Proof. By a density argument, it suffices to prove Theorem 11.1 for all

f ∈ C∞
0 (Rn). The proof is divided into five steps.

Step 1: First, it should be noticed that the function

z 7−→ |z|nk(x, z)

belongs to C∞(Rn \ {0}) for almost all x ∈ Rn, and it is positively

homogeneous of degree zero and satisfies the condition∫
Σn−1

k(x, z) dz = 0.

For each m = 1, 2, . . . and k = 1, 2, . . ., d(m), we let

akm(x) =

∫
Σn−1

k(x, z)Ykm(z) dz,

then, by the completeness of the spherical harmonics {Ykm} in L2(Σn−1)

it follows that

|z|nk(x, z) =
∞∑

m=1

d(m)∑
k=1

akm(x)Ykm(z) (11.3)

Moreover, we have, by assertion (4.76) with r := n and assertion (4.75)

with α := 0 of Theorem 4.31,

∥akm∥L∞(Rn) ≤
c1(n)

m2n
M, (11.4a)

∥Ykm∥L∞(Σn−1)
≤ c2(n)m

(n−2)/2, (11.4b)

---



11.1 Commutators of Calderón–Zygmund Variable Kernels 389

and, by assertion (4.74) of Theorem 4.31,

d(m) ≤ c3(n)m
n−2. (11.4c)

Step 2: Secondly, we have, by the spherical expansion (11.3) with

z := x− y,

Kεf(x) =

∫
|x−y|>ε

k(x, x− y)f(y) dy

=

∫
|x−y|>ε

∞∑
m=1

d(m)∑
k=1

akm(x)
Ykm(x− y)

|x− y|n
f(y) dy.

However, we obtain from estimates (11.4) that, for almost all x ∈ Rn

and all y ∈ Rn satisfying |x− y| > ε,∣∣∣∣∣∣
N∑

m=1

d(m)∑
k=1

akm(x)
Ykm(x− y)

|x− y|n
f(y)

∣∣∣∣∣∣
≤ 1

εn
|f(y)|

N∑
m=1

d(m)∑
k=1

∥akm∥L∞(Σn−1)
∥Ykm∥L∞(Σn−1)

≤ 1

εn
|f(y)|

N∑
m=1

d(m)∑
k=1

c1(n)M

m2n
c2(n)m

(n−2)/2

≤ 1

εn
|f(y)|

∞∑
m=1

c1(n)M

m2n
c2(n)m

(n−2)/2 c3(n)m
n−2

=
1

εn

( ∞∑
m=1

1

mn/2+3

)
c1(n) c2(n) c3(n)M |f(y)| .

Therefore, it follows from an application of the Lebesgue dominated

convergence theorem (Theorem 3.8) that

Kεf(x) =

∫
|x−y|>ε

lim
N→∞

N∑
m=1

d(m)∑
k=1

akm(x)
Ykm(x− y)

|x− y|n
f(y) dy (11.5)

=
∞∑

m=1

d(m)∑
k=1

akm(x)

∫
|x−y|>ε

Ykm(x− y)

|x− y|n
f(y) dy in Lp(Rn).

Step 3: We let

Rkmεf(x) =

∫
|x−y|>ε

Ykm(x− y)

|x− y|n
f(y) dy.
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It should be noticed that the function

Ykm(z)

|z|n

is a Calderón–Zygmund kernel and that

∥Ykm∥L2(Σn−1)
= 1.

Therefore, by applying Theorem 10.1 we obtain that there exists a func-

tion

Rkmf ∈ Lp(Rn)

such that

lim
ε↓0

∥Rkmεf −Rkmf∥Lp(Rn) = 0. (11.6)

Moreover, the operator Rkm is bounded on Lp(Rn); more precisely, there

exists a positive constant c1(n, p) such that

∥Rkmf∥Lp(Rn) ≤ c1(n, p) ∥f∥Lp(Rn) . (11.7)

Step 4: We show that the series of operators

Kf(x) =
∞∑

m=1

d(m)∑
k=1

akm(x)Rkmf(x)

converges absolutely in the Lp space. More precisely, we have the fol-

lowing two assertions (A) and (B):

(A) Kf ∈ Lp(Rn).

(B) There exists a constant c3(n, p,M) > 0 such that

∥Kf∥Lp(Rn) ≤ c3(n, p,M) ∥f∥Lp(Rn) . (11.2)

Indeed, it suffices to note that, by estimates (11.4) and inequality

(11.7),

∥Kf∥Lp(Rn)

≤
∞∑

m=1

d(m)∑
k=1

∥akmRkmf∥Lp(Rn)

≤
∞∑

m=1

d(m)∑
k=1

∥akm∥L∞(Σn−1)
∥Rkmf∥Lp(Rn)

≤
∞∑

m=1

d(m)∑
k=1

c1(n)M

m2n
c1(n, p) ∥f∥Lp(Rn)
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≤
∞∑

m=1

c1(n)M

m2n
c1(n, p) c3(n)m

n−2 ∥f∥Lp(Rn)

=

( ∞∑
m=1

1

mn+2

)
c1(n) c1(n, p) c3(n)M ∥f∥Lp(Rn) .

This proves the desired inequality (11.2) with

c3(n, p,M) := c1(n) c1(n, p) c3(n)M

( ∞∑
m=1

1

mn+2

)
.

Step 5: Finally, we prove assertion (11.1)

lim
ε↓0

∥Kεf −Kf∥Lp(Rn) = 0.

Indeed, we have, by estimates (11.4) and formula (11.5),

∥Kεf −Kf∥Lp(Rn)

=

∥∥∥∥∥∥
∞∑

m=1

d(m)∑
k=1

akmRkmεf −
∞∑

m=1

d(m)∑
k=1

akmRkmf

∥∥∥∥∥∥
Lp(Rn)

=

∥∥∥∥∥∥
∞∑

m=1

d(m)∑
k=1

(akmRkmεf − akmRkmf)

∥∥∥∥∥∥
Lp(Rn)

≤
∞∑

m=1

d(m)∑
k=1

∥akm∥L∞(Σn−1)
∥Rkmεf −Rkmf∥Lp(Rn)

≤
∞∑

m=1

d(m)∑
k=1

c1(n)M

m2n
∥Rkmεf −Rkmf∥Lp(Rn)

≤
∞∑

m=1

c1(n)M

m2n
c3(n)m

n−2 ∥Rkmεf −Rkmf∥Lp(Rn)

= c1(n) c3(n)M

( ∞∑
m=1

1

mn+2

)
∥Rkmεf −Rkmf∥Lp(Rn)

≤ c1(n) c3(n)M

(
N∑

m=1

1

mn+2

)
∥Rkmεf −Rkmf∥Lp(Rn)

+ c1(n) c3(n)M

( ∞∑
m=N+1

1

mn+2

)(
∥Rkmεf∥Lp(Rn) + ∥Rkmf∥Lp(Rn)

)
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≤ c1(n) c3(n)M

(
N∑

m=1

1

mn+2

)
∥Rkmεf −Rkmf∥Lp(Rn)

+ 2 c1(n) c3(n)M c1(n, p)

( ∞∑
m=N+1

1

mn+2

)
∥f∥Lp(Rn) .

Hence, we obtain from assertion (11.6) that

lim sup
ε↓0

∥Kεf −Kf∥Lp(Rn) (11.8)

≤ 2 c1(n) c3(n)M c1(n, p)

( ∞∑
m=N+1

1

mn+2

)
∥f∥Lp(Rn) .

Therefore, the desired assertion (11.1) follows by letting N → ∞ in

inequality (11.8).

Now the proof of Theorem 11.1 is complete.

Let φ ∈ L∞(Rn). If ε > 0 and f ∈ Lp(Rn) for 1 < p < ∞, we define

the commutator C [φ,Kε] by the formula

C [φ,Kε] f := φ(Kεf)−Kε(φf)

=

∫
|x−y|>ε

k(x, x− y) [φ(x)− φ(y)] f(y) dy.

Then we have the following (see [18, Theorem 2.10]):

Theorem 11.2. Let f ∈ Lp(Rn) for 1 < p <∞. If φ ∈ L∞(Rn), then

there exists a function C [φ,K] f ∈ Lp(Rn) such that

lim
ε↓0

∥C [φ,Kε] f − C [φ,K] f∥Lp(Rn) = 0.

Furthermore, the commutator C[φ,K] is bounded on Lp(Rn); more pre-

cisely, there exists a positive constant c4 = c4(n, p,M) such that

∥C [φ,K] f∥Lp(Rn) ≤ c4 ∥φ∥∗ ∥f∥Lp(Rn) for all f ∈ Lp(Rn).

The proof of Theorem 11.2 is essentially the same as that of Theorem

11.1 if we use Theorem 10.2 (instead of Theorem 10.1).

11.2 Local Version of Theorems 11.1 and 11.2

Theorems about singular integrals and commutators are usually formu-

lated in the whole space Rn. However, our application to the theory

of elliptic equations with discontinuous coefficients will require a local

version of Theorems 11.1 and 11.2.

□ 
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Let Ω be an open subset ofRn, and let k(x, z) be a real-valued function

defined on Ω× (Rn \ {0}) that satisfies the following two conditions (i)

and (ii):

(i) k(x, ·) is a Calderón–Zygmund kernel for almost all x ∈ Ω.

(ii) The quantity

M := max
|α|≤2n

∥∥∥∥∂αk∂zα
(·, ·)

∥∥∥∥
L∞(Ω×Σn−1)

is finite.

The next existence theorem of singular integrals is a local version of

Theorem 11.1 (cf. [18, Theorem 2.11]):

Theorem 11.3. Let k(x, z) be a real-valued function defined on Rn ×
(Rn \ {0}) that satisfies conditions (i) and (ii), and let f ∈ Lp(Ω) with

1 < p <∞. If ε > 0, we let

Kεf(x) :=

∫
y∈Ω

|x−y|>ε

k(x, x− y)f(y) dy.

Then there exists a function Kf ∈ Lp(Ω) such that

lim
ε↓0

∥Kεf −Kf∥Lp(Ω) = 0 for every f ∈ Lp(Ω).

Moreover, the operator K is bounded on Lp(Ω); more precisely, there

exists a positive constant c5 = c5(n, p,M) such that

∥Kf∥Lp(Ω) ≤ c5 ∥f∥Lp(Ω) for all f ∈ Lp(Ω).

Proof. First, we remark that the function

k̃(x, z) :=

{
k(x, z) if x ∈ Ω and z ∈ Rn \ {0},
0 if x ̸∈ Ω and z ∈ Rn \ {0}

satisfies all the conditions (i) and (ii) of Theorem 11.1.

(i) k̃(x, ·) is a Calderón–Zygmund kernel for almost all x ∈ Rn.

(ii) The quantity

M := max
|α|≤2n

∥∥∥∥∥∂αk̃∂zα
(·, ·)

∥∥∥∥∥
L∞(Rn×Σn−1)

= max
|α|≤2n

∥∥∥∥∂αk∂zα
(·, ·)

∥∥∥∥
L∞(Ω×Σn−1)

is finite.
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Moreover, if f ∈ Lp(Ω), we let

f̃(x) :=

{
f(x) if x ∈ Ω,

0 if x ̸∈ Ω.

Then it follows that ∥∥∥f̃∥∥∥
Lp(Rn)

= ∥f∥Lp(Ω) .

By applying Theorem 11.1, we obtain that there exists a function

K̃f̃ ∈ Lp(Rn)

such that

lim
ε↓0

∥∥∥K̃εf̃ − K̃f̃
∥∥∥
Lp(Rn)

= 0,

and that ∥∥∥K̃f̃∥∥∥
Lp(Rn)

≤ c5

∥∥∥f̃∥∥∥
Lp(Rn)

= c5 ∥f∥Lp(Ω) ,

with a positive constant c5 = c5(n, p,M).

However, it should be noticed that

K̃εf̃(x) =

∫
|x−y|>ε

k̃(x, x− y)f̃(y) dy

=

∫
|x−y|>ε

y∈Ω

k̃(x, x− y)f(y) dy

=

∫
|x−y|>ε

y∈Ω

k(x, x− y)f(y) dy

= Kεf(x) for almost all x ∈ Ω.

Therefore, if we let

Kf = K̃f̃ |Ω ∈ Lp(Ω),

then we have the inequality

∥Kεf −Kf∥Lp(Ω) ≤
∥∥∥K̃εf̃ − K̃f̃

∥∥∥
Lp(Rn)

,

and hence

lim
ε↓0

∥Kεf −Kf∥Lp(Ω) = 0 for every f ∈ Lp(Ω).

Finally, we obtain that

∥Kf∥Lp(Ω) ≤
∥∥∥K̃f̃∥∥∥

Lp(Rn)
≤ c5

∥∥∥f̃∥∥∥
Lp(Rn)
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= c5 ∥f∥Lp(Ω) for all f ∈ Lp(Ω).

The proof of Theorem 11.3 is complete.

The next theorem is a local version of Theorem 11.2 (cf. [18, Theorem

2.11]):

Theorem 11.4. If φ ∈ L∞(Rn), then the commutator

C [φ,K] f := φ(Kf)−K(φf) = lim
ε↓0

C [φ,Kε] f

= lim
ε↓0

∫
y∈Ω

|x−y|>ε

k(x, x− y) [φ(x)− φ(y)] f(y) dy,

is well-defined for all f ∈ Lp(Ω) with 1 < p < ∞. Moreover, the

commutator C[φ,K] is bounded on Lp(Ω); more precisely, there exists a

positive constant c6 = c6(n, p,M) such that

∥C [φ,K] f∥Lp(Ω) ≤ c6 ∥φ∥∗ ∥f∥Lp(Ω) for all f ∈ Lp(Ω).

The proof of Theorem 11.4 is essentially the same as that of Theorem

11.3 if we use Theorem 11.2 (instead of Theorem 11.1).

Remark 11.1. Let φ, ψ ∈ L∞(Rn) such that φ(x) = ψ(x) almost every-

where in Ω. Then we have, for all f ∈ Lp(Ω),∫
y∈Ω

|x−y|>ε

k(x, x− y) [φ(x)− φ(y)] f(y) dy

=

∫
y∈Ω

|x−y|>ε

k(x, x− y) [ψ(x)− ψ(y)] f(y) dy almost everywhere in Ω.

Therefore, we have, for all f ∈ Lp(Ω),

C [φ,K] f = C [ψ,K] f almost everywhere in Ω.

The next result asserts that the norm of singular commutators can be

made small if φ ∈ VMO (see [18, Theorem 2.13]):

Corollary 11.5. Let φ ∈ VMO∩L∞(Rn) and η the VMO modulus of

φ. Then, for each ε > 0, there exists a positive constant ρ0 = ρ0(ε, η)

such that, for any ball Br of radius r, 0 < r < ρ0, contained in Ω, we

have the inequality

∥C [φ,K] f∥Lp(Br)
≤ c7 ε ∥f∥Lp(Br)

for all f ∈ Lp(Br), (11.9)

with a positive constant c7 = c7(n, p,M).

□ 
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Proof. The proof of Corollary 11.5 is divided into three steps.

Step 1: By using Theorem 4.3, for each ε > 0 we can find a bounded,

uniformly continuous function a(x) on Rn such that

∥a− φ∥∗ <
ε

2
. (11.10)

Let ωa(r) be the modulus of uniform continuity of a(x) defined by the

formula

ωa(r) = sup
|x−y|≤r

|a(x)− a(y)|,

and choose a constant ρ0 = ρ0(ε, η) > 0 such that

ωa(ρ0) <
ε

2
. (11.11)

If Br = Br(x0) is a ball of radius r about x0, we let

b(x) :=

a(x) if x ∈ Br(x0),

a
(
x0 + r x−x0

|x−x0|

)
if x ∈ Rn \Br(x0).

It should be noticed that the function b(x) is uniformly continuous on

Rn and that the oscillation of b(x) in Rn equals the oscillation of a(x)

in Br.

Step 2: Now we remark that

C [φ,K] f = φ (Kf)−K (φf)

= (φ− a)Kf −K ((φ− a)f) + a (Kf)−K (af)

= C [φ− a,K] f + C [a,K] f,

so that

∥C [φ,K] f∥Lp(Br)
≤ ∥C [φ− a,K] f∥Lp(Br)

+ ∥C [a,K] f∥Lp(Br)
.

However, we have, by Theorem 11.4 with Ω := Br,

∥C [φ− a,K] f∥Lp(Br)
≤ c7 ∥φ− a∥∗ ∥f∥Lp(Br)

, (11.12)

and also, by Remark 11.1,

∥C [a,K] f∥Lp(Br)
= ∥C [b,K] f∥Lp(Br)

(11.13)

≤ c7 ∥b∥∗ ∥f∥Lp(Br)
for all f ∈ Lp(Br).

Moreover, it is easy to see that

∥b∥∗ ≤ ωb(r) = ωa(r). (11.14)
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Hence, by combining inequalities (11.13) and (11.14) we obtain that

∥C [a,K] f∥Lp(Br)
≤ c7 ωa(r) ∥f∥Lp(Br)

for all f ∈ Lp(Br). (11.15)

Step 3: Therefore, we obtain from inequalities (11.12) and (11.15)

that, for all 0 < r < ρ0,

∥C [φ,K] f∥Lp(Br)
≤ ∥C [φ− a,K] f∥Lp(Br)

+ ∥C [a,K] f∥Lp(Br)

≤ c7 ∥φ− a∥∗ ∥f∥Lp(Br)
+ c7 ωa(r) ∥f∥Lp(Br)

≤ c7 (∥φ− a∥∗ + ωa(ρ0)) ∥f∥Lp(Br)
.

By inequalities (11.10) and (11.11), this inequality proves the desired

inequality (11.9).

The proof of Corollary 11.5 is complete.

Remark 11.2. Roughly speaking, inequality (11.9) may be expressed as

follows:

∥C [φ,K] f∥Lp(Br)
≤ c8 η(r) ∥f∥Lp(Br)

for all f ∈ Lp(Br), (11.9′)

with a positive constant c8 = c8(n, p,M). Here

η(r) = sup
ρ≤r

1

|B|

∫
B

|φ(x)− φB| dx

is the VMO modulus of φ (see Section 4.2).

11.3 Notes and Comments

The results of this chapter are adapted from Chiarenza–Frasca–Longo

[18].

□ 





Part IV

Dirichlet Problems for Elliptic Differential
Equations with Discontinuous Coefficients
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Dirichlet Problems in Sobolev Spaces

The purpose of this chapter is to formulate the homogeneous Dirichlet

problem in the framework of Lp Sobolev spaces. We state interior and

global a priori estimates for the Dirichlet problem (Theorems 12.1 and

12.2) that will play an essential role in the proof of the unique solvabil-

ity theorem for the homogeneous Dirichlet problem (Theorem 15.1) in

Chapter 15.

12.1 Formulation of the Dirichlet Problem

Let Ω be a bounded domain in Euclidean space Rn, n ≥ 3, with bound-

ary ∂Ω of class C1,1. If 1 < p <∞ and if k = 1 or k = 2, then we define

the Sobolev space

W k,p(Ω) = the space of (equivalence classes of) functions

u ∈ Lp(Ω) whose derivatives Dαu, |α| ≤ k, in the

sense of distributions are in Lp(Ω),

and the boundary space

Bk−1/p,p(∂Ω) = the space of the traces γ0u of functions u ∈W k,p(Ω).

In the space Bk−1/p,p(∂Ω), we introduce a norm

|φ|Bk−1/p,p(∂Ω) = inf
{
∥u∥Wk,p(Ω) : u ∈W k,p(Ω), γ0u = φ on ∂Ω

}
.

We recall that the space Bk−1/p,p(∂Ω) is a Besov space (see the trace

theorem (Theorem 7.6)).

Moreover, it should be emphasized (see [2, Theorem 5.37]) that the

closure W 1,p
0 (Ω) of C∞

0 (Ω) in W 1,p(Ω) can be characterized as follows:

W 1,p
0 (Ω) =

{
u ∈W 1,p(Ω) : γ0u = 0 on ∂Ω

}
.

401
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Now we consider a second-order, elliptic differential operator L with

real discontinuous coefficients of the form

Lu :=
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
.

More precisely, we assume that the coefficients aij(x) satisfy the follow-

ing three conditions (i), (ii) and (iii):

(i) aij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

(ii) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ Ω.

(iii) There exists a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2

for almost all x ∈ Ω and for all ξ ∈ Rn.

In this chapter we study the following homogeneous Dirichlet problem

in the framework of Lp Sobolev spaces:{
Lu =

∑n
i,j=1 a

ij(x) ∂2u
∂xi∂xj

= f in Ω,

γ0u = 0 on ∂Ω.
(12.1)

More precisely, for a given function f ∈ Lp(Ω) we find a function u ∈
W 2,p(Ω)∩W 1,p

0 (Ω) that satisfies the equation Lu = f almost everywhere

in Ω.

If Ω̃ is the subset of Ω where conditions (ii) and (iii) hold true, then

we let

Γ(x, z) :=
1

(2− n)ωn

1√
det(aij(x))

 n∑
i,j=1

Aij(x)zizj

(2−n)/2

,

x ∈ Ω̃, z ∈ Rn \ {0}.

Here:

(Aij(x)) = the inverse matrix of (aij(x)),

ωn := |Σn−1| =
2πn/2

Γ(n/2)

(the surface area of the unit sphere Σn−1 in Rn).
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Moreover, we let

Γi(x, z) :=
∂Γ

∂zi
(x, z) for x ∈ Ω̃, z ∈ Rn \ {0} and 1 ≤ i ≤ n,

Γij(x, z) :=
∂2Γ

∂zi∂zj
(x, z) for x ∈ Ω̃, z ∈ Rn \ {0} and 1 ≤ i, j ≤ n,

and

M := max
1≤i,j≤n

max
|α|≤2n

∥∥∥∥ ∂α∂zαΓij(·, ·)
∥∥∥∥
L∞(Ω×Σn−1)

.

Finally, if ηij(r) are the VMO moduli of aij(x), we let

η(r) :=

 n∑
i,j=1

ηij(r)2

1/2

.

12.2 Statement of Main Results (Theorems 12.1 and 12.2)

The next interior W 2,p estimate plays an important role in the proof

of the existence theorem for the Dirichlet problem (12.1) in Chapter 15

(see [18, Theorem 4.2]):

Theorem 12.1 (the interior regularity theorem). Let 1 < q < p < ∞
and f ∈ Lp(Ω). If a function u ∈W 2,q

loc (Ω) satisfies the equation

Lu = f in Ω,

then it follows that u ∈ W 2,p
loc (Ω). Moreover, for any open subsets Ω′ ⋐

Ω′′ ⋐ Ω (see Figure 12.1), we have the interior a priori estimate

∥u∥W 2,p(Ω′) ≤ C1

(
∥u∥Lp(Ω′′) + ∥f∥Lp(Ω)

)
, (12.2)

with a positive constant C1 = C1(n, p,M, dist(Ω′, ∂Ω′′), λ, η).

The next global W 2,p estimate plays an essential role in the proof of

the existence theorem for the Dirichlet problem (12.1) in Chapter 14

(see [19, Theorem 4.2]):

Theorem 12.2 (the global regularity theorem). Let 1 < q < p <∞ and

f ∈ Lp(Ω). If a function u ∈W 2,q(Ω) ∩W 1,q
0 (Ω) satisfies the equation

Lu = f in Ω,
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Fig. 12.1. The subsets Ω′, Ω′′ of Ω such that Ω′ ⋐ Ω′′ ⋐ Ω

then it follows that u ∈ W 2,p(Ω). Moreover, we have the global a priori

estimate

∥u∥W 2,p(Ω) ≤ C2

(
∥u∥Lp(Ω) + ∥f∥Lp(Ω)

)
, (12.3)

with a positive constant C2 = C2(n, p,M, ∂Ω, λ, η).

The desired interior a priori estimate (12.2) and global a priori esti-

mate (12.3) are consequences of the following two facts (I) and (II):

(I) The explicit representation formulas for the solutions of the ho-

mogeneous Dirichlet problem (Chapters 13 and 14).

(II) An Lp boundedness of some singular integral operators appearing

in those formulas (Chapter 14).

It is worthwhile pointing out here that VMO functions are invariant

under C1,1-diffeomorphisms (see [1, Proposition 1.3]).

The proofs of Theorems 12.1 and 12.2 can be visualized in the follow-

ing diagrams:

Remark 12.1. There are classical results by Miranda [50] in the case of

W 1,n coefficients and p = 2 and by Meyers [49] and Talenti [88] in the

two dimensional case (n = 2), respectively.

12.3 Notes and Comments

The results of this chapter are adapted from Chiarenza–Frasca–Longo

[18] and [19]. Our approach can be traced back to the pioneering work of
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Theorem 13.1

(integral representation formula (13.1))

Lemma 13.2

(local interior estimate (13.7))

Corollary 11.7

(norm of singular commutators)

Theorem 12.1

(interior regularity)

Theorem 11.4

(existence of singular integrals)

Theorem 13.3

(interior estimate (12.2))

Theorem 2.1

(contraction mapping principle)

Table 12.1. A flowchart for the proof of Theorem 12.1

Theorem 13.1

(integral representation formula (13.1))

Theorem 12.1

(interior estimate (12.2))

Lemma 13.2

(local interior estimate (13.7))

Theorem 12.2

(global estimate (12.3))

Theorem 14.1

(integral representation formula (14.2))

Lemma 14.13

(boundary estimate (14.62))

Corollary 14.9

(boundary estimate (14.55) for commutators)

Table 12.2. A flowchart for the proof of Theorem 12.2

Schauder [64] and [65] on the Dirichlet problem for second-order, elliptic

differential operators.

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 

I I 



13

Calderón–Zygmund Kernels and Interior
Estimates

This chapter is devoted to the proof of Theorem 12.1 (Theorem 13.3)

that is based on some local interior a priori estimates for the solutions

of the homogeneous Dirichlet problem (Lemma 13.2). The main idea of

proof may be considered as an integral perturbation about the constant

coefficient case, which goes back to Eugenio Elia Levi [42] (Theorem

13.1). The VMO assumption on the coefficients is of the greatest rele-

vance in the study of an error term expressed by singular commutators

(Corollary 11.5). The desired interior a priori estimate (12.2) follows in

a standard way from Lemma 13.2 by a covering argument if we make

use of the following three theorems:

(1) Sobolev’s imbedding theorem (Theorem 7.3).

(2) The contraction mapping principle (Theorem 2.1).

(3) The interpolation inequality (Theorem 13.4).

13.1 Interior Representation Formula for Solutions

In this chapter we consider a second-order, elliptic differential operator

with variable coefficients

L =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
.

We assume that the coefficients aij satisfy the following three conditions

(i), (ii) and (iii): Let B be an open ball of Rn.

(i) aij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

(ii) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ B.

406
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(iii) There exists a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2

for almost all x ∈ B and for all ξ ∈ Rn.

If B̃ is the subset of B where conditions (ii) and (iii) hold true, then

we let

Γ(x, z) :=
1

(2− n)ωn

1√
det(aij(x))

( n∑
i,j=1

Aij(x)zizj

)(2−n)/2

,

for all x ∈ B̃ and all z ∈ Rn \ {0}.

Here:

(Aij(x)) = the inverse matrix of (aij(x)),

ωn := |Σn−1| =
2πn/2

Γ(n/2)

(the surface area of the unit sphere Σn−1 in Rn).

It should be emphasized that the function Γ(x0, z), x0 ∈ B̃, is a funda-

mental solution for the constant coefficients elliptic differential operator

L0 =
n∑

i,j=1

aij(x0)
∂2

∂xi∂xj
.

Moreover, we recall that the functions

Γi(x, z) =
∂Γ

∂zi
(x, z)

=
1

ωn

1√
det(aij(x))

( n∑
i,j=1

Aij(x)zizj

)−n/2( n∑
j=1

Aij(x)zj

)
,

for x ∈ B̃, z ∈ Rn \ {0} and 1 ≤ i ≤ n,

are positively homogeneous of degree 1− n with respect to the variable

z, so that the functions

Γij(x, z) =
∂2Γ

∂zi∂zj
(x, z) for x ∈ B̃, z ∈ Rn \ {0} and 1 ≤ i, j ≤ n,

are Calderón–Zygmund kernels in the z variable (see Example 10.1).

The next theorem gives integral representation formulas for the second
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derivatives of solutions of the homogeneous Dirichlet problem for the el-

liptic differential operator L with variable coefficients (see [18, Theorem

3.1]):

Theorem 13.1 (the integral representation formula). Let B be an open

ball of Rn and assume that u ∈ W 2,p
0 (B) for 1 < p < ∞. If B̃ is the

subset of B where conditions (ii) and (iii) hold true, then we have, for

all x ∈ B̃,

∂2u

∂xi∂xj
(x) = v. p.

∫
B

Γij(x, x− y) (13.1)

×

 n∑
h,k=1

[
ahk(x)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy

+ Lu(x)

(∫
|t|=1

Γi(x, t)tj dσt

)
for 1 ≤ i, j ≤ n.

Proof. By a density argument, it suffices to prove formula (13.1) for all

u ∈ C∞
0 (B). Indeed, the general case can be proved by using Theorems

11.3 and 11.4. The proof is divided into three steps.

Step 1: If x0 is an arbitrary point of B̃, we consider the constant

coefficients elliptic differential operator

L0 =
n∑

i,j=1

aij(x0)
∂2

∂xi∂xj
.

Then it follows that

L0u(x) =
n∑

i,j=1

aij(x0)
∂2u

∂xi∂xj
(x) ∈ C∞

0 (B).

Moreover, we have the formula

L0u(y) =
n∑

i,j=1

[
aij(x0)− aij(y)

] ∂2u

∂xi∂xj
(y) +

n∑
i,j=1

aij(y)
∂2u

∂xi∂xj
(y)

= (L0 − L)u(y) + Lu(y) for y ∈ B.

This implies that

u(x) = v. p.

∫
B

Γ(x0, x− y)L0u(y) dy (13.2)

= v. p.

∫
B

Γ(x0, x− y)
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×

 n∑
h,k=1

[
ahk(x0)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy.

We introduce a function g(x) ∈ C∞
0 (Rn) by the formula

g(y) =

{
L0u(y) =

∑n
i,j=1 a

ij(x0)
∂2u

∂xi∂xj
(y) if y ∈ B,

0 if y ̸∈ B.

Then it follows that

u(x) = v. p.

∫
Rn

Γ(x0, x− y)g(y) dy = (Γ ∗ g)(x) for x ∈ Rn.

Hence we have, by the Fourier transform,

û(ξ) = Γ̂(x0, ξ)ĝ(ξ) for ξ ∈ Rn,

and

ξiξj û(ξ) = ξiξjΓ̂(x0, ξ)ĝ(ξ) for ξ ∈ Rn and 1 ≤ i, j ≤ n. (13.3)

Step 2: Secondly, we prove that

−ξiξjΓ̂(x0, ξ) = v̂. p.Γij(x0, ξ) + cij(x0) δ̂(ξ) (13.4)

for ξ ∈ Rn and 1 ≤ i, j ≤ n,

where δ(x) is the Dirac measure at 0 on Rn and

cij(x0) :=

∫
|y|=1

Γi(x0, y)yj dσy.

Indeed, it follows that we have, for all φ ∈ S(Rn),

−
⟨
ξiξjΓ̂(x0, ξ), φ(ξ)

⟩
= −

⟨
Γ(x0, t), ξ̂iξjφ(t)

⟩
(13.5)

=

⟨
Γ(x0, t),

∂2

∂ti∂tj
φ̂(t)

⟩
=

⟨
∂2

∂ti∂tj
Γ(x0, t), φ̂(t)

⟩
= ⟨Γij(x0, t), φ̂(t)⟩ for 1 ≤ i, j ≤ n.

On the other hand, we have, for all φ ∈ S(Rn),

⟨Γij(x0, t), φ̂(t)⟩

=

⟨
∂2

∂ti∂tj
Γ(x0, t), ψ(t)

⟩
=

⟨
∂

∂tj
Γi(x0, t), φ̂(t)

⟩
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= −
⟨
Γi(x0, t),

∂φ̂

∂tj
(t)

⟩
= −

∫
Rn

Γi(x0, t)
∂φ̂

∂tj
(t) dt

= − lim
ε↓0

∫
|t|>ε

Γi(x0, t)
∂φ̂

∂tj
(t) dt

= lim
ε↓0

{∫
|t|>ε

∂

∂tj
Γi(x0, t)φ̂(t) dt+

∫
|t|=ε

Γi(x0, t)
tj
|t|
φ̂(t) dσy

}

= ⟨v. p.Γij(x0, t), φ̂⟩+ lim
ε↓0

∫
|y|=1

Γi(x0, y)yjφ̂(εy) dσy

= ⟨v. p.Γij(x0, t), φ̂⟩+

(∫
|y|=1

Γi(x0, y)yj dσy

)
φ̂(0),

so that

Γij(x0, t) = v. p.Γij(x0, t) + cij(x0)δ(t) for 1 ≤ i, j ≤ n. (13.6)

Therefore, by combining formulas (13.5) and (13.6) we obtain that

−
⟨
ξiξjΓ̂(x0, ξ), φ(ξ)

⟩
= ⟨Γij(x0, t), φ̂(t)⟩

= ⟨v. p.Γij(x0, t) + cij(x0)δ(t), φ̂(t)⟩

=
⟨
v̂. p.Γij(x0, ξ) + cij(x0)δ̂(ξ), φ(ξ)

⟩
for all φ ∈ S(Rn).

This proves the desired formula (13.4).

Step 3: By formulas (13.3) and (13.4), it follows that

∂̂2u

∂xi∂xj
= −ξiξj û(ξ) = −ξiξjΓ̂(x0, ξ)ĝ(ξ)

=
(

̂v. p.Γij(x0, ξ) + cij(x0)δ̂(ξ)
)
ĝ(ξ)

= F (v. p.Γij(x0, ·) ∗ g) (ξ) + cij(x0)δ̂ ∗ g(ξ)
= F (v. p.Γij(x0, ·) ∗ g) (ξ) + cij(x0)ĝ(ξ).

Hence we have, by the Fourier inversion formula,

∂2u

∂xi∂xj
(x) = lim

ε↓0

∫
|x−y|>ε

Γij(x0, x− y)g(y) dy + cij(x0)g(x)

for x ∈ Rn.

In particular, by taking

x = x0 ∈ B̃ ⊂ B,
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we obtain that

∂2u

∂xi∂xj
(x0) = v. p.

∫
B

Γij(x0, x0 − y)L0u(y) dy + cij(x0)L0u(x0)

= v. p.

∫
B

Γij(x0, x0 − y)

×

 n∑
i,j=1

[
aij(x0)− aij(y)

] ∂2u

∂xi∂xj
(y) + Lu(y)

 dy
+ cij(x0)Lu(x0) for 1 ≤ i, j ≤ n.

This proves the representation formula (13.1) with x := x0.

The proof of Theorem 13.1 is complete.

13.2 Local Interior Estimates

Let Ω be an open subset of Rn, n ≥ 3, and we assume that the func-

tions aij(x) ∈ VMO∩L∞(Rn), 1 ≤ i, j ≤ n, satisfy the following three

conditions (i), (ii) and (iii):

(i) aij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

(ii) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ Ω.

(iii) There exist a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2

for almost all x ∈ Ω and all ξ ∈ Rn.

If Ω̃ is the subset of Ω where conditions (ii) and (iii) hold true, then

we let

Γ(x, z) :=
1

(2− n)ωn

1√
det(aij(x))

( n∑
i,j=1

Aij(x)zizj

)(2−n)/2

for all x ∈ Ω̃ and all z ∈ Rn \ {0},

and

M := max
1≤i,j≤n

max
|α|≤2n

∥∥∥∥ ∂α∂zαΓij(·, ·)
∥∥∥∥
L∞(Ω×Σn−1)

.

Moreover, if ηij(r) is the VMO modulus of aij(x), we let

η(r) :=

( n∑
i,j=1

ηij(r)2
)1/2

.

□ 
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Then we can prove local interior a priori estimates for the second

derivatives of solutions of the homogeneous Dirichlet problem for the

elliptic differential operator

L =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj

with variable coefficients (cf. [18, Lemma 4.1]):

Lemma 13.2. Let 1 < p <∞ and assume that

M = max
1≤i,j≤n

max
|α|≤2n

∥∥∥∥ ∂α∂zαΓij(·, ·)
∥∥∥∥
L∞(Ω×Σn−1)

<∞.

Then there exist positive constants C = C(n, p,M) and ρ0 = ρ0(C, η)

such that, for any u ∈ W 2,p
0 (Br) in an open ball Br of radius r with

0 < r < ρ0, contained in Ω (see Figure 13.1), we have the interior a

priori estimate∥∥∥∥ ∂2u

∂xi∂xj

∥∥∥∥
Lp(Br)

≤ C ∥Lu∥Lp(Br)
for all 1 ≤ i, j ≤ n. (13.7)

In other words, the second-order, elliptic differential operator L controls

all second-order partial derivatives in the Lp-norm for 1 < p <∞ in the

open ball Br (cf. Remark 9.2).
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Fig. 13.1. The open ball Br of radius r contained in Ω

Proof. By Theorem 13.1, we can represent the second derivatives

∂2u

∂xi∂xj
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of u in the following form:

∂2u

∂xi∂xj
(x) = v. p.

∫
Br

Γij(x, x− y) (13.8)

×

 n∑
h,k=1

[
ahk(x)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy

+

(∫
|t|=1

Γi(x, t)tj dσt

)
Lu(x)

:=
n∑

h,k=1

C
[
ahk,Kij

]( ∂2u

∂xh∂xk

)
(x) +Kij(Lu)(x)

+ cij(x) Lu(x) for 1 ≤ i, j ≤ n,

where

Kijf(x) = v. p.

∫
Br

Γij(x, x− y)f(y) dy,

C [φ,Kij ] = v. p.

∫
Br

Γij(x, x− y)[φ(x)− φ(y)]f(y) dy,

and

cij(x) =

∫
|t|=1

Γi(x, t)tj dσt.

We can estimate the three terms on the right-hand side of formula

(13.8) as follows:

(1) First, we have, for some positive constant c1,

∥Γi(·, ·)∥L∞(Ω×Σn−1)
≤ c1 for 1 ≤ i ≤ n,

and hence

∥cij Lu∥Lp(Br)
≤ C1 ∥Lu∥Lp(Br)

for 1 ≤ i, j ≤ n,

for some positive constant C1.

(2) Secondly, by applying Theorem 11.3 with

Ω := Br, k(x, z) := Γij(x, z),

we obtain that

∥Kij(Lu)∥Lp(Br)
≤ C2 ∥Lu∥Lp(Br)

for 1 ≤ i, j ≤ n.
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(3) Thirdly, we show that the norm of singular commutators can be

made small if the coefficients have a small integral oscillation.

Indeed, by applying Corollary 11.5 with

k(x, z) := Γij(x, z), φ(x) := ahk(x),

we obtain from Remark 11.2 that∥∥∥∥C [ahk,Kij

] ∂2u

∂xh∂xk

∥∥∥∥
Lp(Br)

≤ c2 η
hk(r)

∥∥∥∥ ∂2u

∂xh∂xk

∥∥∥∥
Lp(Br)

.

Hence it follows that∥∥∥∥C [ahk,Kij

] ∂2u

∂xh∂xk

∥∥∥∥
Lp(Br)

≤ c3 η(r)
∥∥∇2u

∥∥
Lp(Br)

for 1 ≤ h, k ≤ n.

Summing up, we have proved that∥∥∥∥ ∂2u

∂xi∂xj

∥∥∥∥
Lp(Br)

≤ c3 η(r)
∥∥∇2u

∥∥
Lp(Br)

+ C3 ∥Lu∥Lp(Br)

for all u ∈W 2,p
0 (Br) and 1 ≤ i, j ≤ n.

This implies that∥∥∇2u
∥∥
Lp(Br)

(13.9)

≤ n2c3 η(r)
∥∥∇2u

∥∥
Lp(Br)

+ n2 C3 ∥Lu∥Lp(Br)
for all u ∈W 2,p

0 (Br).

Therefore, the desired interior a priori estimate (13.7) follows from es-

timate (13.9) if we take ρ0 > 0 sufficiently small so that

n2 c3 η(r) <
1

2
, 0 < r < ρ0.

The proof of Lemma 13.2 is complete.

13.3 Proof of Theorem 12.1

This section is devoted to the proof of Theorem 12.1. In fact, the next

theorem proves Theorem 12.1 (see [18, Theorem 4.2]):

Theorem 13.3. Let 1 < q < p < ∞ and f ∈ Lp
loc(Ω). If a function

u ∈W 2,q
loc (Ω) satisfies the equation

Lu =
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
= f in Ω,

□ 
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then it follows that u ∈ W 2,p
loc (Ω). Moreover, for any open subsets Ω′ ⋐

Ω′′ ⋐ Ω (see Figure 12.1), we have the interior a priori estimate

∥u∥W 2,p(Ω′) ≤ C
(
∥u∥Lp(Ω′′) + ∥f∥Lp(Ω)

)
, (12.2)

with a positive constant C = C(n, p,M, dist(Ω′, ∂Ω′′), λ, η).

Proof. The proof is divided into two steps.

Step 1: Let Bρ be an open ball such that Bρ ⋐ Ω, and let f ∈ Lr(Bρ)

for some r ∈ (1,∞). For i, j, h, k = 1, 2, . . ., n, we introduce a linear

bounded operator Sijhk on Lr(Bρ) by the formula

Sijhk(f) = v. p.

∫
Bρ

Γij(x, x− y)
[
ahk(x)− ahk(y)

]
f(y) dy.

By applying Corollary 11.5 with

k(x, z) := Γij(x, z), a(x) := ahk(x),

we can find a constant ρ0 > 0 such that

n∑
i,j,h,k=1

∥Sijhk∥ <
1

2
, 0 < ρ < ρ0. (13.10)

Here the norm of the operators Sijhk is the norm in the space of bounded

linear operators on Lr(Bρ) for 0 < ρ < ρ0.

Step 1-1: Let B be an open ball with radius less than ρ0 such that

B ⋐ Ω, and take a function β ∈ C∞
0 (B) such that β(x) = 1 on some

ball B′ ⋐ B (see Figure 13.2).
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Fig. 13.2. The open balls B and B′ such that B ⋐ Ω

Since we have the assertions

u ∈W 2,q
loc (Ω), Lu = f ∈ Lp

loc(Ω),

-
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it follows that

v = βu ∈W 2,q
0 (B), (13.11)

and that

Lu ∈ Lp(B). (13.12)

Step 1-2: In order to estimate the term Lv, we need Sobolev’s imbed-

ding theorem (Theorem 7.3).

Since we have the assertions

∂β

∂xi

∂u

∂xj
∈W 1,q(B) for 1 ≤ i, j ≤ n,

∂2β

∂xi∂xj
u ∈W 2,q(B) for 1 ≤ i, j ≤ n,

by applying Sobolev’s imbedding theorem (Theorem 7.3) to our situation

we obtain that

n∑
i,j=1

aij(x)
∂β

∂xi

∂u

∂xj
∈ Lq1(B), (13.13)

(Lβ)u =

n∑
i,j=1

aij(x)
∂2β

∂xi∂xj
u ∈ Lq1(B), (13.14)

for some q1 ∈ (q, p].

Therefore, by assertions (13.12), (13.13) and (13.14) it follows that

Lv =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
(βu)

= β(Lu) + 2

n∑
i,j=1

aij(x)
∂β

∂xi

∂u

∂xj
+ (Lβ)u ∈ Lq1(B).

Step 1-3: Now we have, by formula (13.1),

∂2v

∂xi∂xj
(x) (13.15)

= v. p.

∫
B

Γij(x, x− y)

×

 n∑
h,k=1

[
ahk(x)− ahk(y)

] ∂2v

∂xh∂xk
(y) + Lv(y)

 dy
+ cij(x)Lv(x) for 1 ≤ i, j ≤ n,
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with

cij(x) :=

∫
|y|=1

Γi(x,y)yj dσy ∈ L∞(Ω).

If we let

hij(x) := v. p.

∫
B

Γij(x, x− y)Lv(y) dy + cij(x)Lv(x) for 1 ≤ i, j ≤ n,

then, since Lv ∈ Lq1(B), it follows from an application of Theorem 11.3

with

Ω := B, k(x, z) := Γij(x, z), p := q1

that

hij ∈ Lq1(B).

Therefore, if r ∈ [q, q1], we can introduce a mapping

T : (Lr(B))
n2

−→ (Lr(B))
n2

by the formula

Tw =

 n∑
h,k=1

Sijhk (whk) + hij(x)


1≤i,j≤n

, w = (wij)1≤i,j≤n.

Then it follows that T is a contraction mapping. Indeed, we have, by

condition (13.10),∥∥∥Tw(1) − Tw(2)
∥∥∥

=

n∑
i,j=1

∥∥∥∥∥∥
n∑

h,k=1

Sijhk

(
w

(1)
hk

)
−

n∑
h,k=1

Sijhk

(
w

(2)
hk

)∥∥∥∥∥∥
Lr(B)

≤
n∑

i,j,h,k=1

∥Sijhk∥
∥∥∥w(1)

hk − w
(2)
hk

∥∥∥
Lr(B)

≤
n∑

h,k=1

 n∑
i,j=1

∥Sijhk∥

∥∥∥w(1)
hk − w

(2)
hk

∥∥∥
Lr(B)

≤ 1

2

n∑
h,k=1

∥∥∥w(1)
hk − w

(2)
hk

∥∥∥
Lr(B)

=
1

2

∥∥∥w(1) −w(2)
∥∥∥ .
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Therefore, by applying the contraction mapping principle (Theorem 2.1)

we obtain that the mapping T has a unique fixed point

w = (wij) ∈ (Lq1(B))
n2

,

Tw = w.

This implies that

n∑
h,k=1

Sijhk (whk) + hij(x)

= v. p.

∫
B

Γij(x, x− y)

 n∑
h,k=1

[
ahk(x)− ahk(y)

]
whk(y) + Lv(y)

 dy
+ cij(x) Lv(x)

= wij(x) for 1 ≤ i, j ≤ n.

On the other hand, we obtain from formula (13.15) and assertion

(13.11) that the Hessian matrix

∇2v =

(
∂2v

∂xi∂xj

)
∈ (Lq(B))

n2

is also a fixed point of T .

Therefore, since we have, for q1 > q,

(Lq1(B))
n2

⊂ (Lq(B))
n2

,

by the uniqueness of fixed points of T it follows that

∂2(βu)

∂xi∂xj
=

∂2v

∂xi∂xj
= wij ∈ Lq1(B) for 1 ≤ i, j ≤ n.

If q1 = p, then we obtain that

u ∈W 2,p
loc (Ω),

since B ⋐ Ω and B′ ⋐ B are arbitrary.

If q1 < p, by continuing this procedure we obtain, after a finite number

of steps, that

u ∈W 2,p
loc (Ω).

Step 2: The interior a priori estimate (12.2) follows in a standard

way from Lemma 13.2 by a covering argument.

Step 2-1: Let Ω′ and Ω′′ be any open subsets such that Ω′ ⋐ Ω′′ ⋐
Ω (see Figure 12.1). First, we cover the closure Ω′ of Ω′ by a finite



13.3 Proof of Theorem 12.1 419

number of open balls {Br(xk)}Nk=1 in each of which inequality (13.7)

holds true (see Figure 13.3 below), and we take a partition of unity

{αk}Nk=1 subordinate to the open covering {Br(xk)}Nk=1. Moreover, we

may assume that

suppαk ⊂ Ω′′, 1 ≤ k ≤ N.
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Fig. 13.3. The open subsets Ω′, Ω′′ such that Ω′ ⋐ Ω′′ and the open ball
Br(xk)

If u ∈W 2,p
loc (Ω), then it follows that

∥u∥W 2,p(Ω′) (13.16)

≤
N∑

k=1

∥αku∥W 2,p(Ω)

≤
N∑

k=1

(∥∥∇2(αku)
∥∥
Lp(Ω)

+ ∥∇(αku)∥Lp(Ω) + ∥αku∥Lp(Ω)

)
≤

N∑
k=1

(∥∥∇2(αku)
∥∥
Lp(Br(xk))

+ ∥∇(αku)∥Lp(Br(xk))
+ ∥u∥Lp(Ω′′)

)
.

Step 2-2: In order to estimate the terms ∇(αku), we need the follow-

ing interpolation inequality (see [2, Theorem 5.2]; [33, Theorem 7.28];

[80, Theorem 2.15]):

Theorem 13.4 (the interpolation inequality). Let Ω be a C1,1 domain

in Rn, and 1 ≤ p < ∞. Then there exists a positive constant C =
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C(Ω, p) such that, for any ε > 0 we have the inequality

∥∇v∥Lp(Ω) ≤ ε
∥∥∇2v

∥∥
Lp(Ω)

+
C

ε
∥v∥Lp(Ω) (13.17)

for all v ∈W 2,p(Ω).

Since we have the formula

∇(αku) = αk ∇u+ u(∇αk),

by applying inequality (13.17) to the function αku we obtain that, for

some positive constants C1 and C2,

∥∇(αku)∥Lp(Br(xk))
(13.18)

≤ ∥αk(∇u)∥Lp(Br(xk))
+ ∥u(∇αk)∥Lp(Br(xk))

≤ ∥∇u∥Lp(Ω′′) + C1 ∥u∥Lp(Ω′′)

≤ ε
∥∥∇2u

∥∥
Lp(Ω′′)

+
C2

ε
∥u∥Lp(Ω′′) + C1 ∥u∥Lp(Ω′′) for 1 ≤ k ≤ N.

Step 2-3: On the other hand, by applying inequality (13.7) to the

functions αku we obtain that∥∥∇2(αku)
∥∥
Lp(Br(xk))

≤ C ∥L(αku)∥Lp(Br(xk))
(13.19)

for 1 ≤ k ≤ N,

and also that

L(αku) = αkf + uL(αk) + 2
n∑

i,j=1

aij(x)
∂αk

∂xi

∂u

∂xj
(13.20)

for 1 ≤ k ≤ N.

Therefore, it follows from inequality (13.19) and formula (13.20) that∥∥∇2(αku)
∥∥
Lp(Br(xk))

(13.21)

≤ C ∥L(αku)∥Lp(Br(xk))

≤ C

(
∥αkf∥Lp(Br(xk))

+ ∥uL(αk)∥Lp(Br(xk))

+ 2

n∑
i,j=1

∥∥∥∥aij ∂αk

∂xi

∂u

∂xj

∥∥∥∥
Lp(Br(xk))

)

≤ C3

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω′′) + ∥∇u∥Lp(Ω′′)

)
≤ C3

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω′′)

)
+ ε

∥∥∇2u
∥∥
Lp(Ω′′)

+
C4

ε
∥u∥Lp(Ω′′) .
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By combining inequalities (13.16), (13.18) and (13.21), we obtain that

∥u∥W 2,p(Ω′) ≤ 2Nε
∥∥∇2u

∥∥
Lp(Ω′)

+ C5

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω′′)

)
+
C6

ε
∥u∥Lp(Ω′′) .

This proves the desired interior a priori estimate (12.2), if we take

ε :=
1

4N
.

The proof of Theorem 13.3 (and hence that of Theorem 12.1) is com-

plete.

13.4 Notes and Comments

The results of this chapter are adapted from Chiarenza–Frasca–Longo

[18].

□ 
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Calderón–Zygmund Kernels and Boundary
Estimates

The purpose of this chapter is to prove the global a priori estimate

(12.3) for the homogeneous Dirichlet problem stated in Theorem 12.2

(see [19, Theorem 4.2]). The desired global a priori estimate (12.3) is a

consequence of the following two facts (I) and (II):

(I) The explicit boundary representation formula (14.2) for the so-

lutions of the homogeneous Dirichlet problem, which is obtained

from the half space Green function, involves the same integral

operators as in the interior case.

(II) An Lp boundedness of the singular integral operators and bound-

ary commutators appearing in the boundary representation for-

mula (14.2) (Theorems 14.2 and 14.5).

The results here can be visualized in the following diagram:

Theorem 4.41

(spherical harmonics)

Theorem 14.2

(boundary singular integrals)

Theorem 14.4

(singular integrals with reflection)

Theorem 14.1

(representation formula (14.2))

Theorem 4.41

(spherical harmonics)

Theorem 14.5

(boundary commutators)

Theorem 14.8

(singular integrals via adjoints)

Table 14.1. A flowchart for the proof of Theorem 14.1

422

I I 

I I 

I I 

I I 

I I 

I I 
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14.1 Boundary Representation Formula for Solutions

In this section we give a boundary representation formula for solutions

of the homogeneous Dirichlet problem, by using the half space Green

function for the elliptic differential operator

L =

n∑
i,j=1

aij(x)
∂2

∂xi∂xj
.

Let Bσ be an open ball of radius σ in Euclidean space Rn, and assume

that the functions aij satisfy the following three conditions (i), (ii) and

(iii):

(i) aij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

(ii) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ Bσ.

(iii) There exists a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2 (14.1)

for almost all x ∈ Bσ and for all ξ ∈ Rn.

If B̃σ is the subset of Bσ where conditions (ii) and (iii) hold true, then

we let (see Section 12.1)

Γ(x, z) :=
1

(2− n)ωn

1√
det(aij(x))

( n∑
i,j=1

Aij(x)zizj

)(2−n)/2

for x ∈ B̃σ and z ∈ Rn \ {0}.

Here:

(Aij(x)) = the inverse matrix of (aij(x)),

ωn := |Σn−1| =
2πn/2

Γ(n/2)

(the surface area of the unit sphere Σn−1 in Rn).

Moreover, we let

Γi(x, z) :=
∂Γ

∂zi
(x, z) for x ∈ B̃σ, z ∈ Rn \ {0} and 1 ≤ i ≤ n,

Γij(x, z) :=
∂2Γ

∂zi∂zj
(x, z) for x ∈ B̃σ, z ∈ Rn \ {0} and 1 ≤ i, j ≤ n.

Now we let (see Figure 14.1)

B+
σ := Bσ ∩Rn

+ = Bσ ∩ {xn > 0} ,
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and introduce two function spaces

Cγ0 :=
{
u|B+

σ
: u ∈ C∞

0 (Bσ), u = 0 on Bσ ∩ {xn = 0}
}
,

and

W 2,p
γ0

(B+
σ ) := the closure of Cγ0 in the Sobolev space W 2,p(B+

σ ).

Then it is easy to verify that u ∈W 2,p
0 (Bσ) belongs to W

2,p
γ0

(B+
σ ) if and

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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Fig. 14.1. The semi-ball B+
σ in the half-space Rn

+

only if it vanishes on Bσ ∩ {xn = 0} (see [2, Theorem 5.37]).

The next theorem gives integral representation formulas for the second

derivatives of solutions of the homogeneous Dirichlet problem for the

elliptic differential operator

L =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj

with variable coefficients (see [19, Theorem 3.2]):

Theorem 14.1 (the integral representation formula). Let B̃σ be the sub-

set of Bσ where conditions (ii) and (iii) hold true, and let u ∈W 2,p
γ0

(B+
σ )

for 1 < p <∞. Then we have, for all x ∈ B̃+
σ = B̃σ ∩Rn

+,

∂2u

∂xi∂xj
(x) (14.2)

= v. p.

∫
B+

σ

Γij(x, x− y)

×

 n∑
h,k=1

[
ahk(x)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
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+ Lu(x)

(∫
|t|=1

Γi(x, t)tj dσt

)
− Iij(x;x) for 1 ≤ i, j ≤ n.

Here:

• Iij(x; z) :=
∫
B+

σ

Γij(z, T (x; z)− y)

×

 n∑
h,k=1

[
ahk(z)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
for 1 ≤ i, j ≤ n− 1;

• Iin(x; z) = Ini(x; z)

:=

∫
B+

σ

n∑
ℓ=1

Γiℓ(z, T (x; z)− y)Aℓ(z)

×

 n∑
h,k=1

[
ahk(z)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
for 1 ≤ i ≤ n− 1;

and

• Inn(x; z) :=
∫
B+

σ

n∑
ℓ,m=1

Γℓm(z, T (x; z)− y)Aℓ(z)Am(z)

×

 n∑
h,k=1

[
ahk(z)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy.
Moreover, the generalized reflection map T (x; z) is defined by the for-

mula

T (x; z) =


x1 − 2xn

a1n(z)
ann(z)

x2 − 2xn
a2n(z)
ann(z)

...

−xn

 , x =


x1
x2
...

xn

 ,

and the vector A(x) is defined by the formula

A(x) =


A1(x)

A2(x)
...

An(x)

 :=
∂T

∂xn
(x;x0)

∣∣∣∣
x0=x

=


−2 a1n(x)

ann(x)

−2 a2n(x)
ann(x)

...

−1

 .
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Proof. By a density argument, it suffices to prove boundary represen-

tation formula (14.2) for all u ∈ Cγ0 . Indeed, the general case can

be obtained by using Theorems 11.3 and 11.4, and Theorems 14.2 and

14.5 which will be proved in Sections 14.2 and 14.3, respectively. More

precisely, we shall prove the following two assertions (i) and (ii):

(i) If we let

K̃ijf(x) :=

∫
Rn

+

Γij(x, T (x)− y)f(y) dy for 1 ≤ i, j ≤ n,

where

T (x) := T (x;x) =


x1 − 2xn

a1n(x)
ann(x)

x2 − 2xn
a2n(x)
ann(x)

...

−xn

 , x =


x1
x2
...

xn

 ,

then there exists a positive constant C1 = C1(n, p, λ,M) such

that (Theorem 14.2)∥∥∥K̃ijf
∥∥∥
Lp(Rn

+)
≤ C1 ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+).

(ii) Let φ ∈ L∞(Rn). If we let

C̃ [φ,Kij ] f(x)

:=

∫
Rn

+

Γij(x, T (x)− y) [φ(x)− φ(y)] f(y) dy for 1 ≤ i, j ≤ n,

then there exists a positive constant C2 = C2(n, p, λ,M) such

that (Theorem 14.5)∥∥∥C̃ [φ,Kij ] f
∥∥∥
Lp(Rn

+)
≤ C2 ∥φ∥∗ ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+).

Let x0 be an arbitrary point of B̃σ. First, it is easy to verify that the

half space Green function G(x0, x, y) for the elliptic differential operator

L0 =
n∑

i,j=1

aij(x0)
∂2

∂xi∂xj

with constant coefficients is given by the formula (cf. [33, Section 4.4,

formula (4.28)])

G(x0, x, y) = Γ(x0, x− y)− Γ(x0, T (x;x0)− y).

----
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Then we have the representation formula

u(x) =

∫
B+

σ

G(x0, x, y)L0u(y) dy (14.3)

=

∫
B+

σ

Γ(x0, x− y)L0u(y) dy −
∫
B+

σ

Γ(x0, T (x;x0)− y)L0u(y) dy

:= J(x;x0)− I(x;x0).

We can differentiate the first term J(x;x0) in formula (14.3) twice to

obtain that

• ∂2J

∂xi∂xj
(x;x0) (14.4)

=
∂2

∂xi∂xj

(∫
B+

σ

Γ(x0, x− y)L0u(y) dy

)
= v. p.

∫
B+

σ

Γij(x0, x− y)

×

 n∑
h,k=1

[
ahk(x0)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy

+ Lu(x)

(∫
|t|=1

Γi(x0, t)tj dσt

)
= Jij(x;x0) for 1 ≤ i, j ≤ n,

since we have the formula

L0u(y) = (L0 − L)u(y) + Lu(y)

=
n∑

i,j=1

[
aij(x0)− aij(y)

] ∂2u

∂xi∂xj
(y) +

n∑
i,j=1

aij(y)
∂2u

∂xi∂xj
(y).

As for the second term I(x;x0) in formula (14.3), we can differentiate it

under the integral sign to obtain that

• ∂2I

∂xi∂xj
(x;x0) (14.5a)

=
∂2

∂xi∂xj

(∫
B+

σ

Γ(x0, T (x;x0)− y)L0u(y) dy

)
=

∫
B+

σ

Γij(x0, T (x;x0)− y)
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×

 n∑
h,k=1

[
ahk(x0)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
= Iij(x;x0), 1 ≤ i, j ≤ n− 1;

• ∂2I

∂xi∂xn
(x;x0) (14.5b)

=
∂2

∂xi∂xn

(∫
B+

σ

Γ(x0, T (x;x0)− y)L0u(y) dy

)
=

∫
B+

σ

n∑
ℓ=1

Γiℓ(x0, T (x;x0)− y)
∂Tℓ
∂xn

(x;x0)

×

 n∑
h,k=1

[
ahk(x0)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
= Iin(x;x0), 1 ≤ i ≤ n− 1;

and

• ∂2I

∂x2n
(x;x0) (14.5c)

=
∂2

∂x2n

(∫
B+

σ

Γ(x0, T (x;x0)− y)L0u(y) dy

)
=

∫
B+

σ

n∑
ℓ,m=1

Γℓm(x0, T (x;x0)− y)
∂Tℓ
∂xn

(x;x0)
∂Tm
∂xn

(x;x0)

×

 n∑
h,k=1

[
ahk(x0)− ahk(y)

] ∂2u

∂xh∂xk
(y) + Lu(y)

 dy
= Inn(x;x0).

Therefore, the desired boundary representation formula (14.2) for x :=

x0 follows by setting x = x0 in formulas (14.4) and (14.5).

The proof of Theorem 14.1 is complete.

14.2 Lp Boundedness of Boundary Singular Integral

Operators

This section is devoted to the proof of Lp boundedness of boundary sin-

gular integral operators appearing in boundary representation formula

(14.2).

□ 
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14.2.1 Boundary Singular Integral Operators

Let k(x, z) be a real-valued function defined on Rn × (Rn \ {0}) that

satisfies the following two conditions (i) and (ii):

(i) k(x, ·) is a Calderón–Zygmund kernel for almost all x ∈ Rn.

(ii) The quantity

M := max
|α|≤2n

∥∥∥∥∂αk∂zα
(·, ·)

∥∥∥∥
L∞(Rn×Σn−1)

is finite, where Σn−1 is the unit sphere in Rn. Moreover, we

recall that

T (x) := T (x;x) =


x1 − 2xn

a1n(x)
ann(x)

x2 − 2xn
a2n(x)
ann(x)

...

−xn

 , x =


x1
x2
...

xn

 ,

and

A(x) :=


A1(x)

A2(x)
...

An(x)

 =


−2 a1n(x)

ann(x)

−2 a2n(x)
ann(x)

...

−1

 .

Then we have the following Lp boundedness of boundary singular

integral operators (cf. [13, Theorem 3.1]):

Theorem 14.2. If f ∈ Lp(Rn
+) for 1 < p <∞, we let

K̃f(x) :=

∫
Rn

+

k(x, T (x)− y)f(y) dy.

Then there exists a positive constant c = c(n, p, λ,M) such that∥∥∥K̃f∥∥∥
Lp(Rn

+)
≤ c ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+). (14.6)

The proof of Theorem 14.2 will be given in the next Subsection 14.2.2,

due to its length.

Before the proof of Theorem 14.2, we need the following geometric

properties of the map T (x) = T (x;x) (cf. [19, Lemma 3.1], [13, Lemma

3.2]):
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Lemma 14.3. For the map T (x) := T (x;x), there exist positive con-

stants c1, c2 such that, for all y ∈ Rn
+ and all x ∈ Rn

+ for which T (x)

is defined, we have the inequalities

c1|x̃− y| ≤ |T (x)− y| ≤ c2 |x̃− y| , (14.7)

where x̃ = (x′,−xn) for x = (x′, xn) ∈ Rn
+.

Proof. (1) First, we have, for all y = (y′, yn) = (y1, . . . , yn−1, yn) ∈ Rn
+,

T (x)− y =


T1(x)− y1
T2(x)− y2

...

Tn−1(x)− yn−1

−xn − yn

 :=

(
T (x)′ − y′

−xn − yn

)
, (14.8)

and so

|T (x)− y| ≥ xn + yn ≥ xn.

Hence it follows from (14.8) that

|T (x)− x̃|
|T (x)− y|

≤ |T (x)− x̃|
xn

=
1

xn
|(x′, 0) + xnA(x)− (x′,−xn)|

= |(0′, 1) +A(x)|

=
2

ann(x)

√
(a1n(x))

2
+ . . .+ (an−1n(x))

2

for all y ∈ Rn
+ and all x ∈ Rn

+ for which T (x) is defined.

However, since the functions aij ∈ L∞(Rn) satisfy condition (14.1),

we have the inequality

|(0′, 1) +A(x)| ≤ C1(n, λ),

where

C1(nλ) = 2λ
(∥∥a1n∥∥∞ + . . .+

∥∥an−1n
∥∥
∞

)
.

Hence we have, for all y ∈ Rn
+ and all x ∈ Rn

+ for which T (x) is defined,

|T (x)− x̃|
|T (x)− y|

≤ C1(n, λ). (14.9)

Therefore, we obtain from inequality (14.9) that, for all y ∈ Rn
+ and

for all x ∈ Rn
+ for which T (x) is defined,

|x̃− y| ≤ |T (x)− x̃|+ |T (x)− y|



14.2 Lp Boundedness of Boundary Singular Integral Operators 431

≤ |T (x)− y|
(
1 +

|T (x)− x̃|
|T (x)− y|

)
≤ (1 + C1(n, λ)|T (x)− y|.

This proves the desired inequality (14.7) with

c1 :=
1

1 + C1(n, λ)
.

(2) On the other hand, it follows that, for all y = (y′, yn) ∈ Rn
+ and

for all x = (x′, xn) ∈ Rn
+,

|x̃− y| = |(x′ − y′,−xn − yn)| =
√
|x′ − y′|2 + (xn + yn)2,

|T (x)− y| =
√
|T (x)′ − y′|2 + (xn + yn)2,

where

T (x)′ − y′ =


x1 − y1 − 2xn

a1n(x)
ann(x)

x2 − y2 − 2xn
a2n(x)
ann(x)

...

xn−1 − yn−1 − 2xn
an−1n(x)
ann(x)

 .

We remark that

|T (x)′ − y′| ≤ |x′ − y′|+ C1(n, λ)xn

≤ |x′ − y′|+ C1(n, µ) (xn + yn) .

Hence we have, for all y ∈ Rn
+ and for all x ∈ Rn

+ for which T (x) is

defined,

|T (x)− y| ≤ |T (x)′ − y′|+ (xn + yn)

≤ |x′ − y′|+ (1 + C1(n, λ)) (xn + yn)

≤ (C1(n, λ) + 1) (|x′ − y|+ (xn + yn))

≤
√
2 (C1(n, λ) + 1)

√
|x′ − y|2 + (xn + yn)2

=
√
2 (C1(n, λ) + 1) |x̃− y| .

This proves the desired inequality (14.7) with

c2 :=
√
2 (C1(n, λ) + 1) .

The proof of Lemma 14.3 is complete.

Moreover, we have the following Lp boundedness theorem for singular

intgrals with reflection (cf. [19, Theorem 2.5], [13, Lemma 3.3]):

□ 
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Theorem 14.4. If f ∈ Lp(Rn
+) for 1 < p <∞, we let

K̃f(x) :=

∫
Rn

+

f(y)

|x̃− y|n
dy,

where x̃ = (x′,−xn). Then there exists a positive constant c(n, p) such

that ∥∥∥K̃f∥∥∥
Lp(Rn

+)
≤ c(n, p) ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+). (14.10)

For example, we may take

c(n, p) := B

(
1

p
, 1− 1

p

)∫
Rn−1

1

(|z′|2 + 1)n/2
dz′.

Proof. The proof of Theorem 14.4 is divided into three steps.

Step (1): First, we have the inequality∥∥∥K̃f(x)∥∥∥p
Lp(Rn

+)
≤
∫
Rn

+

(∫
Rn

|f(y)|
|x̃− y|n

dy

)p

dx (14.11)

=

∫ ∞

0

∫
Rn−1

(∫
Rn

+

|f(y)|
|x̃− y|n

dy

)p

dx′dxn

=

∫ ∞

0

I(xn) dxn,

where

I(xn) :=

∫
Rn−1

(∫ ∞

0

∫
Rn−1

|f(y′, yn)|
(|x′ − y′|2 + (xn + yn)2)

n/2
dy′dyn

)p

dx′.

Thus we are reduced to the estimate of the function I(xn).

Step (2): We prove that

I(xn)
1/p ≤ Cn

∫ ∞

0

1

xn + yn

(∫
Rn−1

|f(y′, yn)|p dy′
)1/p

dyn, (14.12)

where Cn is a positive constant given by the formula

Cn :=

∫
Rn−1

1

(|z′|2 + 1)n/2
dz′.

By applying Minkowski’s inequality for integrals (Theorem 3.16)∥∥∥∥∫ ∞

0

F (·, yn) dyn
∥∥∥∥
Lp(Rn−1)

≤
∫ ∞

0

∥F (·, yn)∥Lp(Rn−1) dyn
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to the function

F (x′, yn) =

∫ ∞

0

∫
Rn−1

|f(y′, yn)|
(|x′ − y′|2 + (xn + yn)2)

n/2
dy′,

we obtain that

I(xn)
1/p

≤
∫ ∞

0

(∫
Rn−1

(∫
Rn−1

|f(y′, yn)|
(|x′ − y′|2 + (xn + yn)2)n/2

dy′
)p

dx′
)1/p

dyn

=

∫ ∞

0

∥G ∗ f(·, xn + yn)∥Lp(Rn−1) dyn,

where

G(x′, xn + yn) :=
1

(|x′|2 + (xn + yn)2)
n/2

,

and

(G ∗ f)(x′, xn + yn) :=

∫
Rn−1

|f(y′, yn)|
(|x′ − y′|2 + (xn + yn)2)n/2

dy′.

Moreover, by Young’s inequality (Theorem 3.23) it follows that

∥G ∗ f(·, xn + yn)∥Lp(Rn−1) (14.13)

≤ ∥G(·, xn + yn)∥L1(Rn−1) ∥f(·, yn)∥Lp(Rn−1) .

However, we have, for the above positive constant Cn,

∥G(·, xn + yn)∥L1(Rn−1) =

∫
Rn−1

1

(|y′|2 + (xn + yn)2)n/2
dy′ (14.14)

=
1

xn + yn

∫
Rn−1

1

(|z′|2 + 1)n/2
dz′

=
Cn

xn + yn
.

Therefore, the desired inequality (14.12) follows by combining inequality

(14.13) and formula (14.14).

Step (3): By inequality (14.12), it follows that∫ ∞

0

I(xn) dxn (14.15)

≤ Cp
n

∫ ∞

0

(∫ ∞

0

(∫
Rn−1 |f(y′, yn)|p dy′

)1/p
xn + yn

dyn

)p

dxn
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= Cp
n

∫ ∞

0

(∫ ∞

0

(∫
Rn−1 |f(y′, λxn)|p dy′

)1/p
1 + λ

dλ

)p

dxn

= Cp
n

∫ ∞

0

(∫ ∞

0

∥f(·, λxn)∥Lp(Rn−1)

1 + λ
dλ

)p

dxn.

However, by applying Minkowski’s inequality for integrals (Theorem

3.16) ∥∥∥∥∫ ∞

0

G(·, λ) dλ
∥∥∥∥
Lp(0,∞)

≤
∫ ∞

0

∥G(·, λ)∥Lp(0,∞) dλ

to the function

G(xn, λ) =
∥f(·, λxn)∥Lp(Rn−1)

1 + λ
,

we obtain that∫ ∞

0

(∫ ∞

0

∥f(·, λxn)∥Lp(Rn−1)

1 + λ
dλ

)p

dxn (14.16)

≤

∫ ∞

0

(∫ ∞

0

(
∥f(·, λxn)∥Lp(Rn−1)

1 + λ

)p

dxn

)1/p

dλ

p

=

(∫ ∞

0

1

1 + λ

(∫ ∞

0

∥f(·, zn)∥pLp(Rn−1)

dzn
λ

)1/p

dλ

)p

=

(∫ ∞

0

1

(1 + λ)λ1/p
dλ

)p(∫ ∞

0

∫
Rn−1

|f(z′, zn)|
p
dz′dzn

)
= Dp

p ∥f∥
p
Lp(Rn

+) ,

where Dp is a positive constant given by the formula

Dp :=

∫ ∞

0

1

(1 + λ)λ1/p
dλ = B

(
1

p
, 1− 1

p

)
.

Therefore, we have, by inequalities (14.11), (14.15) and (14.16),∥∥∥K̃f(x)∥∥∥p
Lp(Rn

+)
≤
∫ ∞

0

I(xn) dxn

≤ Cp
n

∫ ∞

0

(∫ ∞

0

∥f(·, λxn)∥Lp(Rn−1)

1 + λ
dλ

)p

dxn

≤ Cp
nD

p
p ∥f∥

p
Lp(Rn

+) for all f ∈ Lp(Rn
+).
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This proves the desired inequality (14.10) with

c(n, p) := CnDp.

The proof of Theorem 14.4 is complete.

14.2.2 Proof of Theorem 14.2

This subsection is devoted to the proof of Theorem 14.2. By a density

argument, it suffices to prove the theorem for all f ∈ C∞
0 (Rn

+). The

proof is divided into three steps.

Step 1: First, it should be noticed that the function

z 7−→ |z|nk(x, z)

belongs to C∞(Rn \ {0}) for almost all x ∈ Rn
+, and it is positively

homogeneous of degree zero and satisfies the condition∫
Σn−1

k(x, z) dσz = 0.

For each m = 1, 2, . . . and k = 1, 2, . . ., d(m), we let

akm(x) :=

∫
Σn−1

k(x, z)Ykm(z) dz,

then, by the completeness of the spherical harmonics {Ykm} in L2(Σn−1)

it follows that

|T (x)− y|nk(x, T (x)− y) (14.17)

=
∞∑

m=1

d(m)∑
k=1

akm(x)Ykm(T (x)− y), x ∈ Rn
+, y ∈ Rn \ {0}.

Moreover, we have, by assertion (4.76) with r := n and assertion (4.75)

with α := 0 of Theorem 4.31,

∥akm∥L∞(Rn
+) ≤

c1(n)

m2n
M, (14.18a)

∥Ykm∥L∞(Σn−1)
≤ c2(n)m

(n−2)/2, (14.18b)

and, by assertion (4.74) of Theorem 4.31,

d(m) ≤ c3(n)m
n−2. (14.18c)

□ 
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Step 2: By using the expansion (14.17), we obtain from inequality

(14.18a) that∥∥∥K̃f∥∥∥
Lp(Rn

+)
(14.19)

=

∥∥∥∥∥
∫
Rn

+

k(·, T (·)− y)f(y) dy

∥∥∥∥∥
Lp(Rn

+)

=

∥∥∥∥∥∥
∞∑

m=1

d(m)∑
k=1

akm(·)
∫
Rn

+

Ykm(T (·)− y)

|T (·)− y|n
f(y) dy

∥∥∥∥∥∥
Lp(Rn

+)

≤
∞∑

m=1

d(m)∑
k=1

∥akm∥L∞(Rn
+)

∥∥∥∥∥
∫
Rn

+

Ykm(T (·)− y)

|T (·)− y|n
f(y) dy

∥∥∥∥∥
Lp(Rn

+)

≤ c1(n)M
∞∑

m=1

d(m)∑
k=1

1

m2n

∥∥∥∥∥
∫
Rn

+

Ykm(T (·)− y)

|T (·)− y|n
f(y) dy

∥∥∥∥∥
Lp(Rn

+)

.

However, by inequality (14.18b) it follows from an application of Lemma

14.3 and Theorem 14.4 that∥∥∥∥∥
∫
Rn

+

Ykm(T (·)− y)

|T (·)− y|n
f(y) dy

∥∥∥∥∥
Lp(Rn

+)

(14.20)

≤ c(n, p) c2(n)m
(n−2)/2 ∥f∥Lp(Rn

+) .

Indeed, we have, by Lemma 14.3,(∫
Rn

+

∣∣∣∣∣
∫
Rn

+

|Ykm(T (x)− y)|
|T (x)− y|n

f(y) dy

∣∣∣∣∣
p

dx

)1/p

≤

(∫
Rn

+

∣∣∣∣∣
∫
Rn

+

∥Ykm∥L∞(Σn−1)

|T (x)− y|n
|f(y)| dy

∣∣∣∣∣
p

dx

)1/p

≤ c2(n)m
(n−2)/2

(∫
Rn

+

∣∣∣∣∣
∫
Rn

+

|f(y)|
|x̃− y|n

dy

∣∣∣∣∣
p

dx

)1/p

= c2(n)m
(n−2)/2

∥∥∥K̃(|f |)
∥∥∥
Lp(Rn

+)

≤ c(n, p) c2(n)m
(n−2)/2 ∥f∥Lp(Rn

+) .

Step 3: Finally, the desired inequality (14.6) follows by combining
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inequalities (14.19), (14.20) and (14.18c):∥∥∥K̃f∥∥∥
Lp(Rn

+)

≤ c1(n) c(n, p) c2(n)M

∞∑
m=1

d(m)∑
k=1

1

m2n
m(n−2)/2 ∥f∥Lp(Rn

+)

≤ c1(n) c2(n) c3(n) c(n, p)M

( ∞∑
m=1

1

m2n
m(n−2)/2mn−2

)
∥f∥Lp(Rn

+)

= c1(n) c2(n) c3(n) c(n, p)M

( ∞∑
m=1

1

mn/2+3

)
∥f∥Lp(Rn

+)

for all f ∈ Lp(Rn
+).

The proof of Theorem 14.2 is now complete.

14.3 Lp Boundedness of Boundary Commutators

The next theorem concerns the Lp boundedness of boundary commu-

tators appearing in boundary representation formula (14.2) (cf. [13,

Theorem 3.4]):

Theorem 14.5. Assume that k(x, z) is a real-valued function defined on

Rn × (Rn \ {0}) which satisfies conditions (i) and (ii). If φ ∈ L∞(Rn)

and f ∈ Lp(Rn
+) for 1 < p < ∞, we define the boundary commutator

C̃[φ,K] by the formula

C̃ [φ,K] f(x) :=

∫
Rn

+

k(x, T (x)− y) [φ(x)− φ(y)] f(y) dy

= φ(x)Kf(x)−K(φf)(x).

Then there exists a positive constant c5 = c5(n, p, λ,M) such that∥∥∥C̃ [φ,K] f
∥∥∥
Lp(Rn

+)
≤ c5 ∥φ∥∗ ∥f∥Lp(Rn

+) (14.21)

for all f ∈ Lp(Rn
+).

The proof of Theorem 14.5 will be given in Subsection 14.3.2, due to

its length.

Before the proof of Theorem 14.5, we need one more result concerning

constant kernel boundary commutators. However, for lack of regularity

of T (x), we cannot apply Theorem 11.4. This difficulty may be overcome

□ 
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by taking into consideration the adjoint operators K̃∗ and C̃∗[φ,K], just

as in Bramanti–Cerutti [13].

More precisely, we can prove the following Lp′
boundedness theorem

(cf. [13, Theorem 3.5]):

Theorem 14.6. If k(x) is a Calderón–Zygmund kernel, then we let

K̃∗g(x) :=

∫
Rn

+

k(T (y)− x)g(y) dy.

If φ ∈ L∞(Rn) and g ∈ Lp′
(Rn

+) for p′ = p/(p − 1), we define the

boundary commutator C̃∗[φ,K] by the formula

C̃∗ [φ,K] g(x) :=

∫
Rn

+

k(T (y)− x) [φ(x)− φ(y)] g(y) dy

= φ(x) K̃∗g(x)− K̃∗(φg)(x).

Then there exists a positive constant c6 = c6(n, p
′, λ,M) such that∥∥∥C̃∗ [φ,K] g

∥∥∥
Lp′ (Rn

+)
≤ c6 ∥φ∥∗ ∥g∥Lp′ (Rn

+) for all g ∈ Lp′
(Rn

+).

(14.22)

Proof. The proof is divided into three steps.

Step 1: First, by Lemma 14.3 it follows that

|k(T (y)− x)| ≤ C

|T (y)− x|n
≤ C ′

|x− ỹ|n
, x, y ∈ Rn

+.

However, we have the formula

|x− ỹ|2 = |x′ − y′|2 + (xn + yn)
2 = |x̃− y|2.

Hence it follows that

|k(T (y)− x)| ≤ C ′

|x̃− y|n
, x, y ∈ Rn

+.

Therefore, by applying Theorem 14.4 to the operator K̃∗ we obtain

that K̃∗ is bounded on Lp′
(Rn); more precisely, there exists a constant

c∗(n, p′) > 0 such that∥∥∥K̃∗g
∥∥∥
Lp′ (Rn

+)
≤ c∗(n, p′) ∥g∥Lp′ (Rn

+) for all g ∈ Lp′
(Rn

+). (14.23)

Step 2: Now let Q be a cube with sides parallel to the coordinate axes
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contained in Rn
+. If f ∈ L1

loc(R
n), then we define the Hardy–Littlewood

maximal function (see Section 4.4)

M+f(x) := sup
Q∋x

1

|Q|

∫
Q

|f(y)| dy,

and the sharp function (see Section 4.6)

f ♯+(x) := sup
Q∋x

1

|Q|

∫
Q

|f(y)− fQ| dy,

where the supremum is taken over all cubes containing x and fQ is the

integral average of f over Q

fQ :=
1

|Q|

∫
Q

f(z) dz.

Here it should be emphasized that we have, for all f ∈ Lp(Rn
+) with

1 < p <∞ (Theorem 4.8 and Remark 4.1),

∥M+f∥Lp(Rn
+) ≤ c ∥f∥Lp(Rn

+) ,

and that we have, for all f ∈ Lp(Rn
+) with 1 < p < ∞ (Corollary 4.15

and Remark 4.3),

∥f∥Lp(Rn
+) ≤ c

∥∥∥f ♯+∥∥∥
Lp(Rn

+)
.

Now we consider the operator

Sg(x) := C̃∗
[
φ, K̃∗

]
g(x) =

∫
Rn

+

k(T (y)− x) [φ(x)− φ(y)] g(y) dy,

and, for each r ∈ (1, p′), we shall prove a pointwise estimate

(Sg)♯+(x) (14.24)

≤ c(n, r) ∥φ∥∗

((
M+(|K̃∗g|r)(x)

)1/r
+ (M+(|g|r)(x))1/r

)
for all x ∈ Rn

+,

with a constant c(n, r) > 0.

Step 3: Assuming estimate (14.24) for the moment, we shall prove

Theorem 14.6. The proof of estimate (14.24) will be given in the next

Subsection 14.3.1, due to its length.

By applying Corollary 4.15 with p := p′ and Remark 4.3 and estimate

(14.24), we obtain that

∥Sg∥Lp′ (Rn
+) ≤ cp′

∥∥∥(Sg)♯+∥∥∥
Lp′ (Rn

+)
(14.25)
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≤ cp′ c(n, r) ∥φ∥∗

×


(∫

Rn
+

(M+(|K̃∗g|r)(x))p
′/r dx

)1/p′

×


∫

Rn
+

+

(∫
Rn

+

(M+(|g|r)(x))p
′/r

dx

)1/p′ .

Step 3-1: However, it should be noticed that(∫
Rn

+

(M+(|g|r)(x))p
′/r

dx

)1/p′

=
(
∥M+(|g|r)∥Lp′/r(Rn)

)1/r
,

so that, by Theorem 4.8 with p := p′/r and Remark 4.1,

∥M+(|g|r)∥Lp′/r(Rn
+) ≤ C(p′, r) ∥|g|r∥Lp′/r(Rn

+) = C(p′, r) ∥g∥rLp′ (Rn
+) .

Hence we have the estimate(∫
Rn

+

(M+(|g|r)(x))p
′/r

dx

)1/p′

≤ C(p′, r)1/r ∥g∥Lp′ (Rn
+) . (14.26)

Step 3-2: Similarly, we have the formula(∫
Rn

+

(M+(|K̃∗g|r)(x))p
′/r dx

)1/p′

=

(∥∥∥M+(|K̃∗g|r)
∥∥∥
Lp′/r(Rn

+)

)1/r

,

and, by Theorem 4.8 with p := p′/r and Remark 4.1,∥∥∥M+(|K̃∗g|r)
∥∥∥
Lp′/r(Rn

+)
≤ C(p′, r)

∥∥∥|K̃∗g|r
∥∥∥
Lp/r(Rn

+)

= C(p′, r)
∥∥∥K̃∗g

∥∥∥r
Lp′ (Rn

+)
.

Hence it follows from an application of Theorem 14.4 that∫
Rn

+

(
M+(|K̃∗g|r)(x))p

′/rdx
)1/p′

(14.27)

≤ C(p′, r)1/r
∥∥∥K̃∗g

∥∥∥
Lp′ (Rn

+)

≤ c(n, p′)C(p′, r)1/rc∗(n, p′) ∥g∥Lp′ (Rn
+) .

Therefore, the desired estimate (14.22) follows by combining estimates

(14.25), (14.26) and (14.27), with

c6(n, p
′) = cp′ c(n, r) (c(n, p′)c∗(n, p′) + 1)C(p′, r)1/r, 1 < r < p′.
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The proof of Theorem 14.6 is now complete, apart from the proof of

estimate (14.24).

14.3.1 End of Proof of Theorem 14.6

This subsection is devoted to the proof of estimate (14.24). If Q is a

cube contained in Rn
+, then we denote by δQ its side length and by xQ

its center, respectively. For each j ∈ N, we denote by 2jQ the cube

centered at xQ with side length 2jδQ. For any cube Q containing x, we

write Sg(x) := C̃∗g(x) in the form

Sg(x) =

∫
Rn

+

k(T (y)− x) (φ(x)− φQ) g(y) dy

+

∫
Rn

+

k(T (y)− x) (φQ − φ(y)) g(y) dy

= (φ(x)− φQ)

∫
Rn

+

k(T (y)− x)g(y) dy

+

∫
Rn

+∩(2Q)

k(T (y)− x) (φQ − φ(y)) g(y) dy

+

∫
Rn

+\(2Q)

k(T (y)− x) (φQ − φ(y)) g(y) dy

:= A(x) +B(x) + C(x).

The proof of estimate (14.24) is divided into four steps.

Step I: The estimate of the term A(x). We prove that, for 1 < r <

p′ = p/(p− 1),

1

|Q|

∫
Q

|A(x)−AQ| dx (14.28)

≤ c1(n, r) ∥φ∥∗
(
M+

(∣∣∣K̃∗g
∣∣∣r) (y))1/r for all y ∈ Q.

First, we have the inequality

1

|Q|

∫
Q

|A(x)−AQ| dx ≤ 1

|Q|

∫
Q

|A(x)| dx+ |AQ| (14.29)

=
1

|Q|

∫
Q

|A(x)| dx+
1

|Q|

∣∣∣∣∫
Q

A(y) dy

∣∣∣∣
≤ 2

|Q|

∫
Q

|A(x)| dx.

□ 
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If r is a number such that 1 < r < p′ = p/(p − 1), then, by Hölder’s

inequality (Theorem 3.14) it follows that, for r′ = r/(r − 1),

2

|Q|

∫
Q

|A(x)| dx (14.30)

=
2

|Q|

∫
Q

∣∣∣∣∣(φ(x)− φQ)

∫
Rn

+

k(T (y)− x)g(y) dy

∣∣∣∣∣ dx
≤ 2

|Q|

∫
Q

|φ(x)− φQ|
∣∣∣K̃∗g(x)

∣∣∣ dx
≤ 2

|Q|

(∫
Q

|φ(x)− φQ|r
′
dx

)1/r′ (∫
Q

∣∣∣K̃∗g(x)
∣∣∣r dx)1/r

.

= 2

(
1

|Q|

∫
Q

|φ(x)− φQ|r
′
dx

)1/r′ (
1

|Q|

∫
Q

∣∣∣K̃∗g(x)
∣∣∣r dx)1/r

.

However, we have, by Theorem 4.11 with p := r′ and Remark 4.2,

1

|Q|

∫
Q

|φ(y)− φQ|r
′
dy ≤ c1(r

′) ∥φ∥r
′

∗ . (14.31)

and, by the definition of the maximal functions,(
1

|Q|

∫
Q

∣∣∣K̃∗g(x)
∣∣∣r dx)1/r

(14.32)

≤
(
M+

(∣∣∣K̃∗g
∣∣∣r) (y))1/r for all y ∈ Q.

Therefore, the desired estimate (14.28) follows by combining estimates

(14.29), (14.30), (14.31) and (14.32) with

c1(n, r) = 2 c1(r
′)1/r

′
, r′ =

r

r − 1
.

Step II: The estimate of the term B(x). Secondly, we prove that, for

1 < r < p′ = p/(p− 1),

1

|Q|

∫
Q

|B(x)−BQ| dx (14.33)

≤ c2(n, q, r) ∥φ∥∗ (M+ (|g|r) (y))1/r for all y ∈ Q.

Here

1 < q < r <
p

p− 1
.
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First, we remark that

B(x) =

∫
Rn

+∩(2Q)

k(T (y)− x) (φQ − φ(y)) g(y) dy

=

∫
Rn

+

k(T (y)− x) (φQ − φ(y))χ2Q(y) g(y) dy

= −K̃∗ ((φ− φQ)χ2Q g) (x),

where χ2Q is the characteristic function of 2Q:

χ2Q(x) =

{
1 if x ∈ 2Q,

0 if x ∈ Rn \ (2Q).

Then we have the inequality

1

|Q|

∫
Q

|B(x)−BQ| dx (14.34)

≤ 1

|Q|

∫
Q

|B(x)| dx+ |BQ|

=
1

|Q|

∫
Q

|B(x)| dx+
1

|Q|

∣∣∣∣∫
Q

B(y) dy

∣∣∣∣
≤ 2

|Q|

∫
Q

|B(x)| dx

=
2

|Q|

∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g) (x)
∣∣∣ dx.

If q is a number such that 1 < q < r, then, by Hölder’s inequality

(Theorem 3.14) it follows that, for q′ = q/(q − 1),

2

|Q|

∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g) (x)
∣∣∣ dx (14.35)

≤ 2
1

|Q|

(∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g)
∣∣∣q dx)1/q (∫

Q

dx

)1/q′

=
2

|Q|1/q

(∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g)
∣∣∣q dx)1/q

.

However, we have, by inequality (14.23) with p′ := q and then by

Hölder’s inequality for the exponent r/q,(∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g)
∣∣∣q dx)1/q

(14.36)
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≤

(∫
Rn

+

∣∣∣K̃∗ ((φ− φQ)χ2Q g)
∣∣∣q dx)1/q

≤ c∗(n, q) ∥(φ− φQ)χ2Q g∥Lq(Rn
+)

= c∗(n, q)

(∫
2Q

|φ(x)− φQ|q · |g(x)|q dx
)1/q

≤ c∗(n, q)

(∫
2Q

|g(x)|r dx
)1/r (∫

2Q

|φ(x)− φQ|qr/(r−q)
dx

)(r−q)/qr

.

Therefore, by combining the inequalities (14.34) through (14.36) we

obtain that

1

|Q|

∫
Q

|B(x)−BQ| dx (14.37)

≤ 2

|Q|

∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g) (x)
∣∣∣ dx

≤ 2

|Q|1/q

(∫
Q

∣∣∣K̃∗ ((φ− φQ)χ2Q g)
∣∣∣q dx)1/q

≤ 2 c∗(n, q)

|Q|1/q

(∫
2Q

|g(x)|r dx
)1/r(∫

2Q

|φ(x)− φQ|qr/(r−q)
dx

)(r−q)/qr

.

Now we recall the following inequality (see Claim 10.1): There exists

a constant c(n, q, r) > 0 such that we have, for 1 < q < r,∫
2Q

|φ(x)− φQ|rq/(r−q) dx ≤ c(n, q, r) ∥φ∥rq/(r−q)
∗ |2Q| . (14.38)

Therefore, it follows from inequalities (14.37) and (14.38) that

1

|Q|

∫
Q

|B(x)−BQ| dx

≤ 2 c∗(n, q)

|Q|1/q

(∫
2Q

|g(x)|r dx
)1/r (

c(n, q, r) ∥φ∥rq/(r−q)
∗ |2Q|

)(r−q)/qr

= 21+(n/q) c∗(n, q) c(n, q, r)(r−q)/qr ∥φ∥∗

(
1

|2Q|

∫
2Q

|g(x)|r dx
)1/r

≤ 21+(n/q) c∗(n, q) c(n, q, r)(r−q)/qr ∥φ∥∗ (M+ (|g|r) (y))1/r

for all y ∈ Q.

This proves the desired estimate (14.33) with

c2(n, q, r) := 21+(n/q) c∗(n, q) c(n, q, r)(r−q)/qr, 1 < q < r.
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Step III: The estimate of the term C(x). Thirdly, we prove that, for

1 < r < p′ = p/(p− 1),

1

|Q|

∫
Q

|C(x)− CQ| dx (14.39)

≤ c3(n, r) ∥φ∥∗ (M+(|g|r)(y))1/r for all y ∈ Q.

The proof of estimate (14.39) is divided into four steps.

Step III-1: We begin with the pointwise Hörmander condition for

adjoint kernels k (x− T (y)).

Lemma 14.7. Let k(x) be a Calderón–Zygmund kernel. If Q is a cube

with center xQ contained in Rn
+, then we have, for all x ∈ Q, y ∈

Rn
+ \ (2Q) (see Figure 14.2),

|k(x− T (y))− k(xQ − T (y))| ≤ c
|x− xQ|

|xQ − ỹ|n+1
, (14.40)

with a positive constant c. Here recall that the map T (y) is defined by

the formula

T (y) := T (y; y) =


y1 − 2yn

a1n(y)
ann(y)

y2 − 2yn
a2n(y)
ann(y)

...

−yn

 , y =


y1
y2
...

yn

 .
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Fig. 14.2. The points x ∈ Q and y ∈ Rn
+ \ (2Q)
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Proof. The proof of Lemma 14.7 is essentially the same as that of Lemma

10.3 if we use Lemma 14.3.

If Q is a cube with center xQ contained in Rn
+ and if y ∈ Rn

+ \ (2Q),

we let

x = (x1, x2, . . . , xn) = (x′, xn) ∈ Q,

xQ =
(
x1Q, x

2
Q, . . . , x

n
Q

)
=
(
x′Q, x

n
Q

)
∈ Q,

and

T (y) = (T1(y), T2(y), . . . , Tn(y)) ∈ Rn
−,

ỹ = (y1, y2, . . . , yn−1,−yn) ∈ Rn
−.

Then, by the mean value theorem it follows that we have, for 0 < θ < 1,

|k(x− T (y))− k(xQ − T (y))| (14.41)

= |k((xQ − T (y)) + (x− xQ))− k(xQ − T (y))|

≤
∣∣∣∣ ∂k∂x1 (x1Q − T1(y) + θ(x1 − x1Q), x2 − T2(y), . . . , xn − Tn(y)

)∣∣∣∣
×
∣∣x1 − x1Q

∣∣
+ . . .+ . . .

+

∣∣∣∣ ∂k∂xn (x1Q − T1(y), x
2
Q − T2(y), . . . , x

n
Q − Tn(y) + θ(xn − xnQ)

)∣∣∣∣
×
∣∣xn − xnQ

∣∣
≤
∣∣∣∣ ∂k∂x1 (x1Q − T1(y) + θ(x1 − x1Q), x2 − T2(y), . . . , xn − Tn(y))

∣∣∣∣
× |x− xQ|
+ . . .+ . . .

+

∣∣∣∣ ∂k∂xn (x1Q − T1(y), x
2
Q − T2(y), . . . , x

n
Q − Tn(y) + θ(xn − xnQ))

∣∣∣∣
× |x− xQ| .

However, we obtain from Lemma 14.3 that

c1

∣∣∣xjQ − ỹj + θ(xj − xjQ)
∣∣∣ ≤ ∣∣∣xjQ − Tj(y) + θ(xj − xjQ)

∣∣∣
≤ c2

∣∣∣xjQ − ỹj + θ(xj − xjQ)
∣∣∣ , 1 ≤ j ≤ n,



14.3 Lp Boundedness of Boundary Commutators 447

and further that, for all x ∈ Q, y ∈ Rn
+ \ (2Q),∣∣∣xjQ − ỹj + θ(xj − xjQ)

∣∣∣ ≥ ∣∣∣xjQ − ỹj

∣∣∣− ∣∣∣xj − xjQ

∣∣∣
≥ 1

2

∣∣∣xjQ − ỹj

∣∣∣ , 1 ≤ j ≤ n.

In particular, we have, for 1 ≤ j ≤ n,∣∣∣(x1Q − T1(y), . . . , x
j
Q − Tj(y) + θ(xj − xjQ), . . . , xn − Tn(y)

)∣∣∣ (14.42)

≥ c1
2
|xQ − ỹ| .

Therefore, by using inequality (10.24) we can obtain from inequalities

(14.41) and (14.42) that

|k(x− T (y))− k(xQ − T (y))| ≤ 2n+1

cn+1
1

nC
|x− xQ|

|xQ − ỹ|n+1

for all x ∈ Q, y /∈ 2Q.

This proves the desired inequality (14.40), with

c :=
2n+1

cn+1
1

nC =
2n+1

cn+1
1

n max
|z|=1

|∇k(z)|.

The proof of Lemma 14.7 is complete.

Step III-2: First, it follows that

1

|Q|

∫
Q

|C(x)− CQ| dx

≤ 1

|Q|

∫
Q

|C(x)− C(xQ)| dx+
1

|Q|

∫
Q

|C(xQ)− CQ| dx.

However, we have the estimate

|C(x)− CQ| =
1

|Q|

∣∣∣∣∫
Q

(C(x)− C(xQ)) dx

∣∣∣∣
≤ 1

|Q|

∫
Q

|C(x)− C(xQ)| dx.

Hence we obtain that

1

|Q|

∫
Q

|C(x)− CQ| dx ≤ 2

|Q|

∫
Q

|C(x)− C(xQ)| dx. (14.43)

Moreover, by Lemma 14.7 we can find a constant c > 0 such that

|k(x− T (y))− k(xQ − T (y))| ≤ c
|x− xQ|

|xQ − ỹ|n+1

□ 
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for all x ∈ Q and y ̸∈ 2Q.

Therefore, we have, by Hölder’s inequality (Theorem 3.14),

|C(x)− C(xQ)| (14.44)

=

∣∣∣∣∣
∫
Rn

+\(2Q)

(k(x− T (y))− k(xQ − T (y))) (φQ − φ(y)) g(y) dy

∣∣∣∣∣
≤
∫
Rn

+\(2Q)

|k(x− T (y))− k(xQ − T (y))| |φ(y)− φQ||g(y)| dy

≤ c

∫
Rn

+\(2Q)

|x− xQ|
|xQ − ỹ|n+1

|φ(x)− φQ||g(y)| dy

≤ c′ δQ

∫
Rn

+\(2Q)

|g(y)|
|xQ − ỹ|(n+1)/r

|φ(x)− φQ|
|xQ − ỹ|(n+1)/r′

dy

≤ c′ δQ

(∫
Rn

+\(2Q)

|g(z)|r

|xQ − z̃|n+1
dz

)1/r(∫
Rn

+\(2Q)

|φ(z)− φQ|r
′

|xQ − z̃|n+1
dz

)1/r′

.

Here δQ is the side length of Q.

Step III-3: Now we prove the following two estimates (14.45) and

(14.46):

I(x) :=

∫
Rn

+\(2Q)

|g(z)|r

|xQ − z̃|n+1
dz ≤ C1

δQ
M+(|g|r)(y) for all y ∈ Q.

(14.45)

II(x) :=

∫
Rn

+\(2Q)

|φ(x)− φQ|r
′

|xQ − z̃|n+1
dz ≤ C2

δQ
∥φ∥r

′

∗ . (14.46)

of Estimate (14.45). Indeed, we have, for all xnQ ≥ 0, zn ≥ 0,

|xQ − z̃|2 = |x′Q − z′|2 + (xnQ + zn)
2

≥ |x′Q − z′|2 + (xnQ − zn)
2 = |xQ − z|2.

If Q′
j is the cube in Rn

+ containing 2jQ ∩ Rn
+ and having the same

measure as 2jQ, then we obtain that∫
Rn

+\(2Q)

|g(z)|r

|xQ − z̃|n+1
dz ≤

∫
Rn

+\(2Q)

|g(z)|r

|xQ − z|n+1
dz

=

∞∑
j=2

∫
Rn

+∩(2jQ\(2j−1Q))

|g(z)|r

|xQ − z|n+1
dz

≤ C

δQ

∞∑
j=2

1

2j

(
1

|Q′
j |

∫
Q′

j

|g(z)|r dz

)
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≤ C

δQ

 ∞∑
j=2

1

2j

M+(|g|r)(y) for all y ∈ Q.

This proves the desired estimate (14.45), with

C1 := C
∞∑
j=2

1

2j
=
C

2
.

The proof of Estimate (14.45) is complete.

of Estimate (14.46). Similarly, we have the estimate∫
Rn

+\(2Q)

|φ(z)− φQ|r
′

|xQ − z̃|n+1
dz (14.47)

≤
∞∑
j=2

∫
2jQ\(2j−1Q)

1

2jδQ

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

≤ C

δQ

∞∑
j=2

(
1

|2jQ|

∫
2jQ

|φ(z)− φQ|r
′
dz

)
.

However, by Lemma 4.2 with f := φ it follows that

|φ(z)− φQ| ≤ |φ(z)− φ2jQ|+ |φ2jQ − φQ|
≤ |φ(z)− φ2jQ|+ c(n)j ∥φ∥∗ ,

so that

1

|2jQ|

∫
2jQ

|φ(z)− φQ|r
′
dz (14.48)

≤ 2r
′−1

(
1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz

)
+

1

|2jQ|

∫
2jQ

(c(n)j ∥φ∥∗)
r′
dz

≤ 2r
′−1

(
1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz

)
+ 2r

′−1 (c(n)j ∥φ∥∗)
r′
.

However, we have, by Theorem 4.11 with p := r′ and Remark 4.2,

1

|2jQ|

∫
2jQ

|φ(z)− φ2jQ|r
′
dz ≤ c1(r

′) ∥φ∥r
′

∗ . (14.49)

Hence, it follows from estimates (14.48) and (14.49) that

1

|2jQ|

∫
2jQ

|φ(z)−φQ|r
′
dz ≤ 2r

′−1
(
c(n)r

′
jr

′
+ c1(r

′)
)
∥φ∥r

′

∗ . (14.50)

□ 
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Therefore, by combining estimates (14.47) and (14.50) we obtain that∫
Rn

+\(2Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

=

∞∑
j=2

∫
2jQ\(2j−1Q)

|φ(z)− φQ|r
′

|xQ − z|n+1
dz

≤ 2r
′−1 C

∞∑
j=2

1

2jδQ

(
c(n)r

′
jr

′
+ c1(r

′)
)
∥φ∥r

′

∗

= 2r
′−1 C

δQ

c1(r′)
 ∞∑

j=2

1

2j

+ c(n)r
′

 ∞∑
j=2

jr
′

2j

 ∥φ∥r
′

∗ .

This proves the desired estimate (14.46), with

C2 := 2r
′−1 C

c1(r′)
 ∞∑

j=2

1

2j

+ c(n)r
′

 ∞∑
j=2

jr
′

2j

 .
The proof of Estimate (14.46) is complete.

Step III-4: Therefore, by combining the estimates (14.43) through

(14.46) we obtain that

1

|Q|

∫
Q

|C(x)− CQ| dx

≤ 2

|Q|

∫
Q

|C(x)− C(xQ)| dx

≤ 2

|Q|
c′ C

1/r
1 C

1/r′

2 ∥φ∥∗ (M+(|g|r)(y))1/r
∫
Q

dx

= 2 c′ C
1/r
1 C

1/r′

2 ∥φ∥∗ (M+(|g|r)(y))1/r for all y ∈ Q.

This proves the desired estimate (14.39), with

c3(n, r) := 2 c′ C
1/r
1 C

1/r′

2 , r′ =
r

r − 1
.

Step IV: If we let

c(n, r) := max{c1(n, r), c2(n, r), c3(n, r)},

then, by combining estimates (14.28), (14.33) and (14.39) we obtain that

1

|Q|

∫
Q

|Sg(x)− (Sg)Q| dx

□ 
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≤ 1

|Q|

∫
Q

|A(x)−AQ| dx+
1

|Q|

∫
Q

|B(x)−BQ| dx

+
1

|Q|

∫
Q

|C(x)− CQ| dx

≤ c(n, r) ∥φ∥∗

((
M+(|K̃∗g|r)(y)

)1/r
+ (M+(|g|r)(y))1/r

)
for all y ∈ Q.

This proves that

(Sg)♯+(y)

≤ c(n, r) ∥φ∥∗

((
M+(|K̃∗g|r)(y)

)1/r
+ (M+(|g|r)(y))1/r

)
for all y ∈ Rn,

since Q is arbitrary.

The proof of estimate (14.24) (and hence that of Theorem 14.6) is

now complete.

14.3.2 Proof of Theorem 14.5

This subsection is devoted to the proof of Theorem 14.5. By a density

argument, it suffices to prove the theorem for all f ∈ C∞
0 (Rn

+). The

proof is divided into four steps.

Step 1: First, by passing to adjoint operators we obtain from Theo-

rem 14.6 the following:

Theorem 14.8. If k(x) is a Calderón–Zygmund kernel, then we let

K̃f(x) :=

∫
Rn

+

k(T (x)− y)f(y) dy for all f ∈ Lp(Rn
+).

If φ ∈ L∞(Rn), we define the boundary commutator C̃[φ, K̃] by the

formula

C̃
[
φ, K̃

]
f(x) :=

∫
Rn

+

k(T (x)− y) [φ(x)− φ(y)] f(y) dy

= φ(x) K̃f(x)− K̃(φf)(x)

for all f ∈ Lp(Rn
+) with 1 < p < ∞. Then there exists a positive

□ 
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constant c7 = c7(n, p, λ,M) such that∥∥∥C̃ [φ,K] f
∥∥∥
Lp(Rn

+)
≤ c7 ∥φ∥∗ ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+).

(14.51)

Proof. First, we prove the Lp boundedness of the operator K̃. For any

f ∈ Lp(Rn
+) and any g ∈ Lp′

(Rn
+), we have, by Theorem 14.6 and

Fubini’s theorem (Theorem 3.10),⟨
f, K̃∗g

⟩
=

∫
Rn

+

f(y)

(∫
Rn

+

k(T (x)− y)g(x) dx

)
dy

=

∫
Rn

+

(∫
Rn

+

k(T (x)− y)f(y) dy

)
g(x) dx

=
⟨
K̃f, g

⟩
.

Therefore, by passing to the adjoint operator we obtain from inequality

(14.23) that

K̃f ∈ Lp(Rn
+),

and further that∥∥∥K̃f∥∥∥
Lp(Rn

+)
= sup

∥g∥p′≤1

∣∣∣⟨K̃f, g⟩∣∣∣ = sup
∥g∥p′≤1

∣∣∣⟨f, K̃∗g
⟩∣∣∣

≤ c∗(n, p′) ∥f∥Lp(Rn
+) .

The operators K̃ : Lp(Rn
+) → Lp(Rn

+) and K̃∗ : Lp′
(Rn

+) → Lp′
(Rn

+)

can be visualized as follows:

f ∈ Lp(Rn

+

)
eK

−−−−→ Lp(Rn

+

) ∋ K̃f

←
→

←
→

K̃∗g ∈ Lp
′

(Rn

+

)
eK

∗

←−−−− Lp
′

(Rn

+

) ∋ g

Fig. 14.3. The operators K̃ and K̃∗

Secondly, we prove inequality (14.51). For any f ∈ Lp(Rn
+) and any

g ∈ Lp′
(Rn

+), we have, by Theorem 14.6 and Fubini’s theorem (Theorem

3.10), ⟨
f, C̃∗ [φ,K] g

⟩
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=

∫
Rn

+

f(y)

(∫
Rn

+

k(T (x)− y) [φ(x)− φ(y)] g(x) dx

)
dy

=

∫
Rn

+

(∫
Rn

+

k(T (x)− y) [φ(x)− φ(y)] f(y) dy

)
g(x) dx

=
⟨
C̃ [φ,K] f, g

⟩
.

Therefore, by passing to the adjoint operator we obtain from inequality

(14.22) that

C̃ [φ,K] f ∈ Lp(Rn
+),

and further that∥∥∥C̃ [φ,K] f
∥∥∥
Lp(Rn

+)
= sup

∥g∥p′≤1

∣∣∣⟨C̃ [φ,K] f, g
⟩∣∣∣

= sup
∥g∥p′≤1

∣∣∣⟨f, C̃∗ [φ,K] g
⟩∣∣∣

≤ c6 ∥φ∥∗ ∥f∥Lp(Rn
+) .

The operators

C̃ [φ,K] : Lp(Rn
+) −→ Lp(Rn

+)

and

C̃∗ [φ,K] : Lp′
(Rn

+) −→ Lp′
(Rn

+)

can be visualized as follows:

f ∈ Lp(Rn

+

)
e

C[ϕ,K]

−−−−−→ Lp(Rn

+

) ∋ C̃ [ϕ, K] f

←
→

←
→

C̃∗ [ϕ, K] g ∈ Lp
′

(Rn

+

)
e

C
∗
[ϕ,K]

←−−−−− Lp
′

(Rn

+

) ∋ g

Fig. 14.4. The operators C̃ [φ,K] and C̃∗ [φ,K]

The proof of Theorem 14.8 is complete.

Step 2: Now let k(x, z) be a real-valued function on Rn × (Rn \
{0}) that satisfies conditions (i) and (ii). It should be noticed that the

function

z 7−→ |z|nk(x, z)

□ 
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belongs to C∞(Rn \ {0}) for almost all x ∈ Rn
+, and it is positively

homogeneous of degree zero and satisfies the condition∫
Σn−1

k(x, z) dσz = 0.

For each m = 1, 2, . . . and k = 1, 2, . . ., d(m), we let

akm(x) :=

∫
Σn−1

k(x, z)Ykm(z) dz,

then, by the completeness of the spherical harmonics {Ykm} in L2(Σn−1)

it follows that

|T (x)− y|nk(x, T (x)− y) (14.52)

=
∞∑

m=1

d(m)∑
k=1

akm(x)Ykm(T (x)− y), x ∈ Rn
+, y ∈ Rn \ {0}.

Moreover, we have, by Theorem 4.31,

∥akm∥L∞(Rn
+) ≤

c1(n)

m2n
M, (14.18a)

∥Ykm∥L∞(Σn−1)
≤ c2(n)m

(n−2)/2, (14.18b)

and

d(m) ≤ c3(n)m
n−2. (14.18c)

Step 3: By using the expansion (14.52), we obtain that

K̃f(x) =

∫
Rn

+

k(x, T (x)− y)f(y) dy

=
∞∑

m=1

d(m)∑
k=1

akm(x)

∫
Rn

+

Ykm(T (x)− y)

|T (x)− y|n
f(y) dy.

Hence it follows that

C̃ [φ,K] f(x)

=

∫
Rn

+

k(x, T (x)− y) [φ(x)− φ(y)] f(y) dy

=

∞∑
m=1

d(m)∑
k=1

akm(x)

∫
Rn

+

[φ(x)− φ(y)]
Ykm(T (x)− y)

|T (x)− y|n
f(y) dy,
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and so

C̃ [φ,K] f(x) =
∞∑

m=1

d(m)∑
k=1

akm(x)C̃km [φ,K] f(x),

where

C̃km [φ,K] f(x) :=

∫
Rn

+

[φ(x)− φ(y)]
Ykm(T (x)− y)

|T (x)− y|n
f(y) dy.

Therefore, we have, by inequality (14.18a),∥∥∥C̃ [φ,K] f
∥∥∥
Lp(Rn

+)
(14.53)

=

∥∥∥∥∥∥
∞∑

m=1

d(m)∑
k=1

akmC̃km [φ,K] f

∥∥∥∥∥∥
Lp(Rn

+)

≤
∞∑

m=1

d(m)∑
k=1

∥akm∥L∞(Rn
+)

∥∥∥∥∥
∫
Rn

+

C̃km [φ,K] f

∥∥∥∥∥
Lp(Rn

+)

≤ c1(n)M
∞∑

m=1

d(m)∑
k=1

1

m2n

∥∥∥∥∥
∫
Rn

+

C̃km [φ,K] f

∥∥∥∥∥
Lp(Rn

+)

.

However, by inequality (14.18b) it follows from an application of Theo-

rem 14.8 that∥∥∥C̃km [φ,K] f
∥∥∥
Lp(Rn

+)
≤ c7c2(n)m

(n−2)/2 ∥φ∥∗ ∥f∥Lp(Rn
+) . (14.54)

Step 4: Finally, the desired inequality (14.21) follows by combining

inequalities (14.53), (14.54) and (14.18c):∥∥∥C̃ [φ,K] f
∥∥∥
Lp(Rn

+)

≤ c1(n)M

∞∑
m=1

d(m)∑
k=1

1

m2n
c2(n)m

(n−2)/2 ∥φ∥∗ ∥f∥Lp(Rn
+)

≤ c1(n) c2(n) c3(n) c7M

( ∞∑
m=1

1

m2n
m(n−2)/2mn−2

)
∥φ∥∗ ∥f∥Lp(Rn

+)

= c1(n) c2(n) c3(n) c7M

( ∞∑
m=1

1

mn/2+3

)
∥φ∥∗ ∥f∥Lp(Rn

+) .

Now the proof of Theorem 14.5 is complete. □ 
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The next result is a local version of Theorem 14.5 (see [19, Theorem

2.7]):

Corollary 14.9. Let φ ∈ VMO∩L∞(Rn) and η the VMO modulus of

φ. Then, for each ε > 0, there exists a positive constant ρ0 = ρ0(ε, η)

such that, for any r ∈ (0, ρ0), we have the inequality∥∥∥C̃ [φ,K] f
∥∥∥
Lp(B+

r )
≤ c5 ε ∥f∥Lp(B+

r ) for all f ∈ Lp(B+
r ), (14.55)

where (see Figure 14.5)

B+
r := Br ∩Rn

+.
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Fig. 14.5. The semi-ball B+
r in the half-space Rn

+

Proof. The proof of Corollary 14.9 is divided into three steps.

Step (1): By using Theorem 4.3, for each ε > 0 we can find a

bounded, uniformly continuous function a(x) on Rn such that

∥a− φ∥∗ <
ε

2
. (14.56)

Let ωa(r) be the modulus of uniform continuity of a(x) defined by the

formula

ωa(r) = sup
|x−y|≤r

|a(x)− a(y)|,

and choose a constant ρ0 = ρ0(ε, η) > 0 such that

ωa(ρ0) <
ε

2
. (14.57)
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If Br = Br(x0) is a ball of radius r about x0, we let

b(x) :=

a(x) if x ∈ Br(x0),

a
(
x0 + r x−x0

|x−x0|

)
if x ∈ Rn \Br(x0).

It should be noticed that the function b(x) is uniformly continuous on

Rn and that the oscillation of b(x) in Rn equals the oscillation of a(x)

in Br.

Step (2): Now we remark that

C̃ [φ,K] f = φ (Kf)−K (φf)

= (φ− a)Kf −K ((φ− a)f) + a (Kf)−K (af)

= C̃ [φ− a,K] f + C̃ [a,K] f,

so that∥∥∥C̃ [φ,K] f
∥∥∥
Lp(B+

r )
≤
∥∥∥C̃ [φ− a,K] f

∥∥∥
Lp(B+

r )
+
∥∥∥C̃ [a,K] f

∥∥∥
Lp(B+

r )
.

However, we have, by Theorem 14.5,∥∥∥C̃ [φ− a,K] f
∥∥∥
Lp(B+

r )
≤ c5 ∥φ− a∥∗ ∥f∥Lp(B+

r ) , (14.58)

and also∥∥∥C̃ [a,K] f
∥∥∥
Lp(B+

r )
=
∥∥∥C̃ [b,K] f

∥∥∥
Lp(B+

r )
≤ c5 ∥b∥∗ ∥f∥Lp(B+

r ) . (14.59)

Moreover, it is easy to see that

∥b∥∗ ≤ ωb(r) = ωa(r). (14.60)

Hence, by combining inequalities (14.59) and (14.60) we obtain that∥∥∥C̃ [a,K] f
∥∥∥
Lp(B+

r )
≤ c5 ωa(r) ∥f∥Lp(B+

r ) . (14.61)

Step (3): Therefore, it follows from inequalities (14.58) and (14.61)

that we have, for all 0 < r < ρ0,∥∥∥C̃ [φ,K] f
∥∥∥
Lp(B+

r )

≤
∥∥∥C̃ [φ− a,K] f

∥∥∥
Lp(B+

r )
+
∥∥∥C̃ [a,K] f

∥∥∥
Lp(B+

r )

≤ c5 ∥φ− a∥∗ ∥f∥Lp(B+
r ) + c5 ωa(r) ∥f∥Lp(B+

r )

≤ c5 (∥φ− a∥∗ + ωa(ρ0)) ∥f∥Lp(B+
r ) for all f ∈ Lp(B+

r ).

---
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By inequalities (14.56) and (14.57), this inequality proves the desired

inequality (14.55).

The proof of Corollary 14.9 is complete.

Remark 14.1. Roughly speaking, inequality (14.55) may be expressed as

follows:∥∥∥C̃ [φ,K] f
∥∥∥
Lp(B+

r )
≤ c5 η(r) ∥f∥Lp(B+

r ) for all f ∈ Lp(B+
r ). (14.55′)

Here

η(r) = sup
ρ≤r

1

|B|

∫
B

|φ(x)− φB| dx

is the VMO modulus of φ (see Section 4.2).

14.3.3 Lp Boundedness of Integral Operators with Positive

Kernels

Just as in the proof of Theorem 14.5, we can prove an Lp boundedness

of integral operators which have positive kernels depending on the dif-

ference |φ(x)−φ(y)|. In fact, we can obtain the following ([12, Theorem

0.1]):

Theorem 14.10. If φ ∈ BMO and f ∈ Lp(Rn
+) for 1 < p < ∞, we

define the commutator C̃φ by the formula

C̃φf(x) :=

∫
Rn

+

|φ(x)− φ(y)|
|T (x)− y|n

f(y) dy

= φ(x)

Then there exists a positive constant c = c(n, p) such that∥∥∥C̃φf
∥∥∥
Lp(Rn

+)
≤ c ∥φ∥∗ ∥f∥Lp(Rn

+) for all f ∈ Lp(Rn
+).

Remark 14.2. It should be emphasized that the results in Section 14.3

remain valid if the function |T (x)− y| is replaced by an equivalent func-

tion.

14.4 Local Boundary Estimates

First, we recall (see Section 14.1) that

Cγ0 = {u|B+
r
: u ∈ C∞

0 (Br), u = 0 on Br ∩ {xn = 0}},

□ 
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and thatW 2,p
γ0

(B+
r ) is the closure of Cγ0 in the Sobolev spaceW 2,p(B+

r ).

In particular, it should be emphasized that u ∈ W 2,p
0 (Br) belongs to

W 2,p
γ0

(B+
r ) if and only if it vanishes on Br ∩ {xn = 0} (see [2, Theorem

5.37]).

Now we can prove local boundary a priori estimates for the second

derivatives of solutions of the homogeneous Dirichlet problem, similar

to Lemma 13.2 (see [19, Theorem 3.3]):

Lemma 14.11. Let 1 < q < p <∞, and let

M := max
1≤i,j≤n

max
|α|≤2n

∥∥∥∥ ∂α∂zαΓij(·, ·)
∥∥∥∥
L∞(B+

σ ×Σn−1)

.

Then there exists a constant ρ0 = ρ0(n, p, q,M, λ, η), with 0 < ρ0 < σ,

such that if u ∈ W 2,q
γ0

(B+
r ) with Lu ∈ Lp(B+

r ) for 0 < r < ρ0, it follows

that u ∈W 2,p(B+
r ). Moreover, we have the boundary a priori estimate∥∥∥∥ ∂2u

∂xi∂xj

∥∥∥∥
Lp(B+

r )

≤ C ∥Lu∥Lp(B+
r ) for 1 ≤ i, j ≤ n, (14.62)

with a positive constant C = C(n, p,M, λ, η). Here (see Figure 14.5)

B+
r = Br ∩Rn

+ for 0 < r < ρ0.

In other words, the second-order, elliptic differential operator L controls

all second-order partial derivatives in the Lp-norm for 1 < p <∞ in the

semi-ball B+
r (cf. Lemma 13.2).

Proof. Let ν ∈ [q, p]. For 1 ≤ i, j, h, k ≤ n, we introduce linear operators

Sijhk and S̃ijhk on Lν(B+
r ), 0 < r ≤ σ, as follows:

(1) If 1 ≤ i, j, h, k ≤ n, we let

Sijhk(f) := v. p.

∫
B+

r

Γij(x, x− y)
[
ahk(x)− ahk(y)

]
f(y) dy.

(2) If 1 ≤ i, j ≤ n− 1 and 1 ≤ h, k ≤ n, we let

S̃ijhk(f) :=

∫
B+

r

Γij(x, T (x)− y)
[
ahk(x)− ahk(y)

]
f(y) dy.

(3) If 1 ≤ i ≤ n− 1, j = n and 1 ≤ h, k ≤ n, we let

S̃inhk(f)

:=

∫
B+

r

 n∑
j=1

Γij(x, T (x)− y)Aj(x)

[ahk(x)− ahk(y)
]
f(y) dy.

----
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(4) If i = n, j = n and 1 ≤ h, k ≤ n, we let

S̃nnhk(f) :=

∫
B+

r

 n∑
i,j=1

Γij(x, T (x)− y)Ai(x)Aj(x)


×
[
ahk(x)− ahk(y)

]
f(y) dy.

Here we recall that the map T (x) is defined by the formula

T (x) := T (x;x) =


x1 − 2xn

a1n(x)
ann(x)

x2 − 2xn
a2n(x)
ann(x)

...

−xn

 , x =


x1
x2
...

xn

 ,

and that the vector A(x) is defined by the formula

A(x) =


A1(x)

A2(x)
...

An(x)

 :=
∂T

∂xn
(x; z)

∣∣∣∣
z=x

=


−2 a1n(x)

ann(x)

−2 a2n(x)
ann(x)

...

−1

 .

By using Corollaries 11.5 and 14.9, we can find a constant ρ0 > 0 such

that
n∑

i,j,h,k=1

∥∥∥Sijhk + S̃ijhk

∥∥∥ < 1

2
, 0 < ρ < ρ0. (14.63)

Here the norm of the operators Sijhk + S̃ijhk is the norm in the space of

bounded, linear operators on Lν(B+
r ) for 0 < r < ρ0 and q ≤ ν ≤ p.

Let u ∈W 2,p
γ0

(B+
r ) such that Lu ∈ Lp(B+

r ), 0 < r < ρ0, and let

hij(x) = v. p.

∫
B+

r

Γij(x, x− y)Lu(y) dy + cij(x) Lu(x)− Ĩij(x)

for 1 ≤ i, j ≤ n.

Here the terms Ĩij(x) are defined respectively as follows:

Ĩij(x) :=

∫
B+

r

Γij(x, T (x)− y)Lu(y) dy

for 1 ≤ i, j ≤ n− 1;

Ĩin(x) := Ĩni(x) =

∫
B+

r

(
n∑

ℓ=1

Γij(x, T (x)− y)Aℓ(y)

)
Lu(y) dy
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for 1 ≤ i ≤ n− 1,

Ĩnn(x) :=

∫
B+

r

 n∑
ℓ,m=1

Γij(x, T (x)− y)Aℓ(x)Am(x)

Lu(y) dy.

Then, since Lu ∈ Lp(B+
r ), it follows from an application of Theorem

14.2 that

hij ∈ Lp(B+
r ).

Therefore, if we introduce a mapping

T :
(
Lp(B+

r )
)n2

−→
(
Lp(B+

r )
)n2

by the formula

Tw =

 n∑
h,k=1

(
Sijhk + S̃ijhk

)
(whk) + hij(x)


1≤i,j≤n

,

w = (wij)1≤i,j≤n,

then we find that T is a contraction mapping. Indeed, we have, by

condition (14.63),

∥∥∥Tw(1) − Tw(2)
∥∥∥ =

n∑
i,j=1

∥∥∥∥∥∥
n∑

h,k=1

(
Sijhk + S̃ijhk

)(
w

(1)
hk − w

(2)
hk

)∥∥∥∥∥∥
Lr(B+

r )

≤
n∑

i,j,h,k=1

∥∥∥Sijhk + S̃ijhk

∥∥∥ ∥∥∥w(1)
hk − w

(2)
hk

∥∥∥
Lr(B+

r )

≤
n∑

h,k=1

 n∑
i,j=1

∥∥∥Sijhk + S̃ijhk

∥∥∥
∥∥∥w(1)

hk − w
(2)
hk

∥∥∥
Lr(B+

r )

≤ 1

2

n∑
h,k=1

∥∥∥w(1)
hk − w

(2)
hk

∥∥∥
Lr(B+

r )

=
1

2

∥∥∥w(1) −w(2)
∥∥∥ .

Hence it follows an application of the contraction mapping principle

(Theorem 2.1) that the mapping T has a unique fixed point

w = (wij) ∈
(
Lq1(B+

r )
)n2

,

Tw = w.
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On the other hand, boundary representation formula (14.2) implies that

the Hessian matrix

∇2u =

(
∂2u

∂xi∂xj

)
∈
(
Lq(B+

r )
)n2

is also a fixed point of T . However, since we have the inclusion(
Lp(B+

r )
)n2

⊂
(
Lq(B+

r )
)n2

,

by the uniqueness of fixed points of T , it follows that

∂2u

∂xi∂xj
= wij ∈ Lp(B+

r ) for 1 ≤ i, j ≤ n.

Therefore, we obtain that

u ∈W 2,p(B+
r ).

Furthermore, by Theorem 14.1 we can write the second derivatives

∂2u

∂xi∂xj
for 1 ≤ i, j ≤ n

in the form

∂2u

∂xi∂xj
(x)

=
n∑

h,k=1

C
[
ahk,Kij

]( ∂2u

∂xh∂xk

)
(x)

+Kij(Lu)(x) +

(∫
|t|=1

Γi(x, t)tj dσt

)
Lu(x)− Iij(x).

Here the singular integral operators Kij and boundary commutators

C[φ,Kij ] are defined respectively as follows:

Kijf(x) := v. p.

∫
B+

r

Γij(x, x− y)f(y) dy,

C [φ,Kij ] f(x) := v. p.

∫
B+

r

Γij(x, x− y) [φ(x)− φ(y)] f(y) dy,

and the terms Iij(x) are defined respectively as follows:

Iij(x) :=

n∑
h,k=1

C̃
[
ahk,Kij

]( ∂2u

∂xh∂xk

)
(x) + K̃ij(Lu)(x),

for 1 ≤ i, j ≤ n− 1;
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Iin(x) = Iin(x) :=

n∑
j=1

Aj(x)

×

 n∑
h,k=1

C̃
[
ahk,Kij

]( ∂2u

∂xh∂xk

)
(x) + K̃ij(Lu)(x)

 ,

for 1 ≤ i ≤ n− 1;

Inn(x) :=
n∑

i,j=1

Ai(x)Aj(x)

×

 n∑
h,k=1

C̃
[
ahk,Kij

]( ∂2u

∂xh∂xk

)
(x) + K̃ij(Lu)(x)

 ,

and the singular integral operators K̃ij and boundary commutators

C̃[φ,Kij ] are defined respectively as follows:

K̃ijf(x) :=

∫
B+

r

Γij(x, T (x)− y)f(y) dy,

C̃ [φ,Kij ] f(x) :=

∫
B+

r

Γij(x, T (x)− y) [φ(x)− φ(y)] f(y) dy.

Therefore, the desired boundary a priori estimate (14.62) follows from

an application of Theorems 11.3, 14.2, 14.5 and Corollary 14.9 with

k(x, z) := Γij(x, z), φ(x) := ahk(x).

The proof of Lemma 14.11 is complete.

14.5 Proof of Theorem 12.2

The purpose of this section is to prove Theorem 12.2. The proof of

Theorem 12.2 is divided into two steps.

Step 1: Since the boundary ∂Ω is of class C1,1, for each point x0 ∈ ∂Ω

we can find an open neighborhood U(x0) and a C1,1-diffeomorphism

G = (G1, G2, . . . , Gn) which maps U(x0)∩Ω onto B+
r (see Figure 14.6).

Then it is easy to see that the coefficients aij(x) of L are transformed

into the functions

bij(y) =
n∑

h,k=1

ahk(x)
∂Gi

∂xh
(x)

∂Gj

∂xk
(x), x = G−1(y), y ∈ B+

r ,

where G−1 : B+
r → U(x0) ∩ Ω is the inverse of G. Moreover, without

loss of generality, we may assume that the functions bij(y) are defined

□ 
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on the whole space Rn. Then we can verify that the functions bij(y)

are in VMO and further that their VMO moduli are estimated in terms

of the VMO moduli of ahk, the C1,1-norm of G, the uniform continuity

moduli of the derivatives ∂Gi/∂xh (see [1, Proposition 1.3]).

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

........................................................................................................................................................................................................................................................

......
...
...
..
.

..
..
..
..
..
..
..
..
..
..
..
..
..
.............

...
..
.
.
.
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

• •

n

yn

y′

Ω

∂Ω

U(x
0

)
B+

rG
........................................................................................................................................

......
....
...
...
..
.

G−1

...........................................................................................................................
....
...
...
..
.

...................

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

..

..

..

.

..

..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
....
......

...........................................................
..
..
.
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
...
..............................................................

....
....
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

..

..

..

.

..

..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
....
......

...........................................................
..
..
.
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..
.
...
..............................................................

....
....
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

......................
...........
........
.......
.......
.....
.....
.....
....
....
....
....
...
...
...
...
....
...
...
...
...
....
...
...
...
....
..
..
..
..
..
..
...
..
..
..
..
..
..
...
..
..
..
..
..
...
..
..
..
..
..
..
...
..
..
..
..
..
...
..
..
..
..
..
...
..
..
..
..
..
...
.
.
..
.
..
.
.
..
..
.
.
.
.
..
.
.
..
.
.
.
..
.
.
.
.
.
..
.
.
.
..
.
.
.
.
.
..
.
..
.
.
.
.
..
.
..
.
..
.
.
..
.
.
...
..
.
..
..
..
..
...
..
..
..
..
..
...
..
..
..
..
..
...
..
..
..
..
..
...
..
..
.......

Fig. 14.6. An open neighborhood U(x0) and the C1,1-diffeomorphism G of
U(x0) ∩ Ω onto B+

r

Step 2: The desired global a priori estimate (12.3) follows in a stan-

dard way from Theorem 12.1 and Lemma 14.11 by a covering argument,

by flattening the boundary ∂Ω and by using interpolation inequalities

(Theorem 13.4).

Step 2-1: Now we choose a finite covering {Uj}Nj=1 of the boundary

∂Ω by open subsets of Rn and C1,1-diffeomorphisms Gj of Uj ∩ Ω onto

B+
r in each of which inequality (14.62) holds true. Furthermore, we

choose an open subset U0 of Ω, bounded away from ∂Ω, such that (see

Figure 14.7)
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Fig. 14.7. The open covering {Uj} of ∂Ω and the open set U0 bounded away
from ∂Ω

Ω ⊂ U0 ∪
( N∪

j=1

Uj

)
,
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and take a partition of unity {αk}Nk=0 subordinate to the open covering

{Uk}Nk=0 of Ω.

Step 2-2: Now we assume that a function

u ∈W 2,p(Ω) ∩W 1,p
0 (Ω)

satisfies the equation

Lu = f in Ω.

Then, by applying the interior a priori estimate (12.2) to the function

α0u we obtain that

∥u∥W 2,p(Ω) (14.64)

≤
N∑

k=0

∥αku∥W 2,p(Ω)

≤ ∥α0u∥W 2,p(Ω)

+
N∑

k=1

(∥∥∇2(αku)
∥∥
Lp(Ω)

+ ∥∇(αku)∥Lp(Ω) + ∥αku∥Lp(Ω)

)
≤ C0

(
∥u∥Lp(Ω) + ∥f∥Lp(Ω)

)
+

N∑
k=1

(∥∥∇2(αku)
∥∥
Lp(Ω∩Uk)

+ ∥∇(αku)∥Lp(Ω∩Uk)
+ ∥u∥Lp(Ω)

)
.

(a) In order to estimate the terms ∇(αku), 1 ≤ k ≤ N , we recall the

interpolation inequality (Theorem 13.4)

∥∇v∥Lp(Ω) ≤ ε
∥∥∇2v

∥∥
Lp(Ω)

+
C

ε
∥v∥Lp(Ω) , v ∈W 2,p(Ω). (13.17)

Since we have the formula

∇(αku) = αk ∇u+ u(∇αk),

by applying inequality (13.17) to the function u ∈W 2,p(Ω), we can find

positive constants C1 and C2 such that

∥∇(αku)∥Lp(Ω∩Uk)
(14.65)

≤ ∥αk(∇u)∥Lp(Ω∩Uk)
+ ∥u(∇αk)∥Lp(Ω∩Uk)

≤ ∥∇u∥Lp(Ω) + C1 ∥u∥Lp(Ω)

≤ ε
∥∥∇2u

∥∥
Lp(Ω)

+
C2

ε
∥u∥Lp(Ω) + C1 ∥u∥Lp(Ω) for 1 ≤ k ≤ N.



466 Calderón–Zygmund Kernels and Boundary Estimates

(b) Moreover, by applying inequality (14.62) to the functions αku ∈
W 2,p

γ0
(Ω ∩ Uk), 1 ≤ k ≤ N , we obtain that∥∥∇2(αku)

∥∥
Lp(Ω∩Uk)

≤ C ∥L(αku)∥Lp(Ω∩Uk)
. (14.66)

However, we have the formula

L(αku) = αkf + uL(αk) + 2

n∑
i,j=1

aij(x)
∂αk

∂xi

∂u

∂xj
(14.67)

for 1 ≤ k ≤ N.

Hence, it follows from inequality (14.66), formula (14.67) and inequality

(13.17) that∥∥∇2(αku)
∥∥
Lp(Ω∩Uk)

(14.68)

≤ C ∥L(αku)∥Lp(Ω∩Uk)

≤ C

(
∥αkf∥Lp(Ω∩Uk)

+ ∥uL(αk)∥Lp(Ω∩Uk)

+ 2
n∑

i,j=1

∥∥∥∥aij ∂αk

∂xi

∂u

∂xj

∥∥∥∥
Lp(Ω∩Uk)

)
≤ C3

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω) + ∥∇u∥Lp(Ω)

)
≤ C3

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω)

)
+ ε

∥∥∇2u
∥∥
Lp(Ω)

+
C4

ε
∥u∥Lp(Ω)

for 1 ≤ k ≤ N.

(c) Therefore, by combining inequalities (14.64), (14.65) and (14.68)

we obtain that

∥u∥W 2,p(Ω) ≤ 2Nε
∥∥∇2u

∥∥
Lp(Ω)

+ C5

(
∥f∥Lp(Ω) + ∥u∥Lp(Ω)

)
+
C6

ε
∥u∥Lp(Ω) .

This proves the desired global a priori estimate (12.3), if we take

ε :=
1

4N
.

The proof of Theorem 12.2 is now complete.

14.6 Notes and Comments

This chapter is adapted from Chiarenza–Frasca–Longo [19] and also

Bramanti–Cerutti [13].

□ 



15

Unique Solvability of the Dirichlet Problem

This chapter is devoted to the study of the homogeneous Dirichlet prob-

lem for a second-order, uniformly elliptic differential operator with VMO

coefficients in the framework of Sobolev spaces of Lp style. We prove

an existence and uniqueness theorem for the Dirichlet problem (Theo-

rem 15.1). Our proof is based on some interior and boundary a priori

estimates for the solutions of problem (15.2) (Theorem 12.1 and Theo-

rem 12.2). Both the interior and boundary a priori estimates are con-

sequences of explicit representation formulas (13.1) and (14.1) for the

solutions of problem (15.2) (Theorem 13.1 and Theorem 14.1) and also

of the Lp-boundedness of Calderón–Zygmund singular integral operators

and boundary commutators appearing in those representation formulas

(Theorem 14.2 and Theorem 14.5). It should be emphasized that the

VMO assumption on the coefficients aij is of the greatest relevance in

the study of singular commutators. The uniqueness result in Theorem

15.1 follows from a variant of the Bakel’man–Aleksandrov maximum

principle in the framework of Sobolev spaces due to Bony [9] (Theorem

8.5). Moreover, in order to prove the existence theorem for the homoge-

neous Dirichlet problem, we make good use of the method of continuity

(Theorem 2.14).

Now, let Ω be a bounded domain in Euclidean space Rn (n ≥ 3)

with boundary ∂Ω of class C1,1, and we consider a second-order, elliptic

differential operator L with real discontinuous coefficients of the form

Lu :=
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
.

Here the coefficients aij satisfy the following three conditions (i), (ii)

and (iii):

467

----
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(i) aij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

(ii) aij(x) = aji(x) for all 1 ≤ i, j ≤ n and for almost all x ∈ Ω.

(iii) There exists a positive constant λ such that

1

λ
|ξ|2 ≤

n∑
i,j=1

aij(x)ξiξj ≤ λ|ξ|2 (15.1)

for almost all x ∈ Ω and for all ξ ∈ Rn.

The purpose of this chapter is devoted to the study of the following

homogeneous Dirichlet problem:{
Lu =

∑n
i,j=1 a

ij(x) ∂2u
∂xi∂xj

= f in Ω,

γ0u = 0 on ∂Ω.
(15.2)

The next existence and uniqueness theorem for problem (15.2) is es-

sentially due to Chiarenza–Frasca–Longo [19, Theorems 4.3 and 4.4] (see

also [76, Theorem 1.1]):

Theorem 15.1 (the existence and uniqueness theorem). Let 1 < p <

∞. Then, for any given f ∈ Lp(Ω) there exists a unique solution u ∈
W 2,p(Ω) ∩W 1,p

0 (Ω) of problem (15.2). Moreover, we have the a priori

estimate

∥u∥W 2,p(Ω) ≤ C ∥f∥Lp(Ω) , (15.3)

with a positive constant C = C(n, p, λ, η,M, ∂Ω).

The proof of Theorem 15.1 can be visualized in the following diagram:

15.1 VMO Functions and Friedrichs’ Mollifiers

The VMO assumption means a kind of continuity in the average sense,

not in the pointwise sense. This property guarantees that VMO func-

tions may be approximated by smooth functions. In fact, we can prove

the following (cf. condition (iii) of Theorem 4.5):

Proposition 15.2. Let f(x) ∈ VMO. For any ε > 0, there exists a

smooth function gε(x) ∈ VMO such that

∥f − gε∥∗ < ε, (15.4)

and further that

ηε(r) ≤ η(r),
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Lemma 15.5

(L1 compactness)

uniform estimate (15.8)

(for the operators Lt)

Eberlein-Shmulyan

Rellich-Kondrachov

Theorem 15.1

(unique solvability)

Theorem 12.2

(global estimate (12.3))

Theorem 2.16

(method of continuity)

Theorem 15.3

(weak maximum principle)

Table 15.1. A flowchart for the proof of Theorem 15.1

where η(r) and ηε(r) are the VMO moduli of f and gε, respectively. In

other words, VMO functions can be approximated by smooth functions.

Proof. Just as in Subsection 3.7.2, we take a bell-shaped function φ(x)

on Rn that satisfies the following four conditions:

φ(x) ∈ C∞
0 (Rn).

φ(x) ≥ 0 on Rn.

suppφ ⊂ B(0, 1) := {x ∈ Rn : |x| ≤ 1} .∫
Rn

φ(x) dx = 1.

For each ε > 0, we let

φε(x) :=
1

εn
φ
(x
ε

)
.

Then it is easy to verify the following four conditions:

φε(x) ∈ C∞
0 (Rn).

φε(x) ≥ 0 on Rn.

suppφε ⊂ B(0, ε) := {x ∈ Rn : |x| ≤ ε} ,∫
Rn

φε(x) dx = 1.

We recall that the functions {φε} are Friedrichs’ mollifiers.

I I 

I I 
I I 

I I 

I I 

I I 

I I 
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If we let

fε(x) := (f ∗ φε)(x) =
1

εn

∫
Rn

φ

(
x− y

ε

)
f(y) dy

=

∫
|z|≤1

φ(z) f(x− εz) dz,

then we have the following assertions:

(1) fε(x) ∈ C∞(Rn).

(2) By applying Minkowski’s inequality for integrals (Theorem 3.16),

we obtain that

∥fε − f∥∗ =

∥∥∥∥∥
∫
|z|≤1

φ(z) (f(· − εz)− f(·)) dz

∥∥∥∥∥
∗

(15.5)

≤
∫
|z|≤1

φ(z) ∥f(· − εz)− f(·)∥∗ dz.

However, by Theorem 4.3, (iii) it follows that there exists a pos-

itive constant C, independent of ε, such that

∥f(· − εz)− f(·)∥∗ ≤ C η(ε) for |z| ≤ 1. (15.6)

By combining inequalities (15.5) and (15.6), we find that

∥fε − f∥∗ ≤
∫
|z|≤1

φ(z) ∥f(· − εz)− f(·)∥∗ dz

≤ C

∫
|z|≤1

φ(z) dz · η(ε)

= C η(ε).

This proves the desired inequality (15.4) with gε := fε.

(3) Moreover, we have, by Theorem 3.16,

∥fε∥∗ =

∥∥∥∥∥
∫
|z|≤1

φ(z) f(· − εz) dz

∥∥∥∥∥
∗

≤
∫
|z|≤1

φ(z) ∥f(· − εz)∥∗ dz =
∫
|z|≤1

φ(z) dz · ∥f∥∗

= ∥f∥∗ .

This proves that

gε = fε ∈ VMO∩C∞(Rn),

ηε(r) ≤ η(r).

The proof of Proposition 15.2 is complete. □ 
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15.2 Proof of Theorem 15.1

The proof of Theorem 15.1 is divided into four steps (see [18], [19], [47]).

Step 1: First, by applying Theorem 12.2 we obtain the following

global a priori estimate:

∥u∥W 2,p(Ω) ≤ c1

(
∥Lu∥Lp(Ω) + ∥u∥Lp(Ω)

)
, (15.7)

u ∈W 2,p(Ω) ∩W 1,p
0 (Ω),

where

W 1,p
0 (Ω) =

{
u ∈W 1,p(Ω) : γ0u = 0 on ∂Ω

}
.

Here c1 > 0 is a constant depending on the coefficients aij only through

the ellipticity constant λ, the bound on the norms ∥aij∥Lp(Ω) and the

VMO moduli of the aij .

Step 2: The uniqueness result of problem (15.2) follows from an

application of the global regularity theorem (Theorem 12.2) and the

following weak maximum principle (Theorem 8.5) due to Bony [9]:

Theorem 15.3 (the weak maximum principle). Assume that a function

u in W 2,p(Ω) with n < p <∞ satisfies the condition

Lu(x) ≥ 0 for almost all x ∈ Ω.

Then it follows that

max
Ω

u ≤ max
∂Ω

u+,

where

u+(x) := max{u(x), 0} for x ∈ Ω = Ω ∪ ∂Ω.

Remark 15.1. In fact, Bony proved this maximum principle under the

weaker condition that aij ∈ L∞(Ω) (see the proof of Theorem 8.5 in

Chapter 8).

In light of the global regularity theorem (Theorem 12.2), we may

assume that

n < p <∞.

Hence we have, by Sobolev’s imbedding theorem (see Theorem 7.3),

W 2,p(Ω) ⊂ C1(Ω),

since 2 − n/p > 1 for n < p < ∞. By applying the weak maximum
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principle (Theorem 8.5) to the functions ±u(x), we find that{
Lu = 0 almost everywhere in Ω,

γ0u = 0 on ∂Ω

=⇒ u = 0 in Ω.

This proves the uniqueness result of problem (15.2):

Step 3: In order to prove the existence result of problem (15.2), we

make use of the method of continuity (Theorem 2.14).

We shall apply Theorem 2.14 with

B :=W 2,p(Ω) ∩W 1,p
0 (Ω),

V := Lp(Ω),

L1 := L =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
,

L0 := ∆.

Here it should be noticed that

B =W 2,p(Ω) ∩W 1,p
0 (Ω) =

{
u ∈W 2,p(Ω) : γ0u = 0 on ∂Ω

}
is a closed subspace of W 2,p(Ω), since the trace theorem (Theorem 7.6)

asserts that the trace map γ0 :W 2,p(Ω) → B2−1/p,p(∂Ω) is continuous.

Substep 3-1: The essential step in our proof is how to show the a

priori estimate (corresponding to inequality (2.9)) for a family of elliptic

differential operators

Lt := tL+ (1− t)∆

=
n∑

i,j=1

(
t aij(x) + (1− t)δij

) ∂2

∂xi∂xj
, 0 ≤ t ≤ 1.

More precisely, we consider, instead of the original homogeneous Dirich-

let problem (t = 1) {
Lu = f in Ω,

γ0u = 0 on ∂Ω,
(15.2)

a family of homogeneous Dirichlet problems{
Ltu = f in Ω,

γ0u = 0 on ∂Ω.

By the uniqueness result of problem (15.2), we can get rid of the term
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∥u∥Lp(Ω) on the right-hand side of estimate (15.4). Namely, we shall

prove that the a priori estimate

∥u∥W 2,p(Ω) ≤ c2 ∥Ltu∥Lp(Ω) , u ∈ B (15.8)

holds true for the elliptic differential operators Lt, 0 ≤ t ≤ 1. Here

c2 > 0 is a structure constant depending on the coefficients aij only

through the ellipticity constant λ, the bound on the norms ∥aij∥Lp(Ω)

and the VMO moduli of the aij .

Now it should be noticed that the coefficients

aij(t)(x) := t aij(x) + (1− t) δij , 0 ≤ t ≤ 1,

satisfy the following three conditions (i), (ii) and (iii):

(i) aij(t)(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

Indeed, we have, for all 0 ≤ t ≤ 1,∥∥∥aij(t)∥∥∥
L∞(Rn)

≤
∥∥aij∥∥

L∞(Rn)
+ 1,

and ∥∥∥aij(t)∥∥∥∗ ≤ t
∥∥aij∥∥∗ ≤

∥∥aij∥∥∗ .
(ii) aij(t)(x) = aji(t)(x) for almost all x ∈ Ω.

(iii) We have, for almost all x ∈ Ω and for all ξ ∈ Rn,

1

λ+ 1
|ξ|2 ≤

n∑
i,j=1

aij(t)(x)ξiξj ≤ (λ+ 1)|ξ|2,

where λ is the same constant as in condition (15.1).

Our proof of the a priori estimate (15.8) is based on a reduction to

absurdity. We assume, to the contrary, that the a priori estimate (15.8)

does not hold true. Then we can find a sequence of elliptic differential

operators

L(m) =

n∑
i,j=1

aij(m)(x)
∂2

∂xi∂xj
, m = 1, 2, . . . ,

and a sequence of functions

u(m) ∈ B =W 2,p(Ω) ∩W 1,p
0 (Ω), m = 1, 2, . . . ,

such that the coefficients aij(m)(x) and the functions {u(m)} satisfy the

following four conditions (i), (ii), (iii) and (iv):

----
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(i) aij(m)(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n and∥∥∥aij(m)

∥∥∥
L∞(Rn)

≤
∥∥aij∥∥

L∞(Rn)
+ 1, (15.9a)

ηij(m)(r) ≤ ηij(r). (15.9b)

Here we recall that

ηij(m)(r) = sup
ρ≤r

1

|B|

∫
B

∣∣∣aij(m)(y)−
(
aij(m)

)
B

∣∣∣ dy,
ηij(r) = sup

ρ≤r

1

|B|

∫
B

∣∣aij(y)− (aij)
B

∣∣ dy,
where the supremum is taken over all balls B with radius ρ ≤ r.

(ii) aij(m)(x) = aji(m)(x) for almost all x ∈ Ω.

(iii) We have, for almost all x ∈ Ω and for all ξ ∈ Rn,

1

λ+ 1
|ξ|2 ≤

n∑
i,j=1

aij(m)(x)ξiξj ≤ (λ+ 1)|ξ|2. (15.10)

(iv) u(m) ∈W 2,p(Ω) ∩W 1,p
0 (Ω) and∥∥∥u(m)

∥∥∥
W 2,p(Ω)

= 1, (15.11a)∥∥∥L(m)u(m)
∥∥∥
Lp(Ω)

−→ 0. (15.11b)

(3-1a): First, it follows that the sequence {(aij(m))B} is bounded for

every 1 ≤ i, j ≤ n. Indeed, we have, by inequality (15.9a),∣∣∣(aij(m)

)
B

∣∣∣ ≤ ∥∥∥aij(m)

∥∥∥
L∞(Rn)

≤
∥∥aij∥∥

L∞(Rn)
+ 1.

Moreover, we have the following lemma:

Lemma 15.4. For any ball B in Rn, every sequence{
aij(m)(x)−

(
aij(m)

)
B

}
, 1 ≤ i, j ≤ n,

is compact in the space L1(B).

Proof. The proof of Lemma 15.4 is divided into two steps (1) and (2).

(1) For simplicity, we write

a(m)(x) := aij(m)(x),

and let

f(m)(x) := a(m)(x)−
(
a(m)

)
B
, (15.12a)
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fε(m)(x) := a(m) ∗ φε(x)−
(
a(m) ∗ φε

)
B
, (15.12b)

where

a(m) ∗ φε(x) =

∫
Rn

a(m)(x− y)φε(y) dy

is a mollification of the coefficients a(m).

In light of the mollification, the VMO functions may be approximated

by smooth functions. In fact, we can prove the following two claims 15.1

and 15.2:

Claim 15.1. The sequence {fε(m)} is uniformly bounded and equicon-

tinuous in B, for each ε > 0. Hence {fε(m)} has a subsequence that is

uniformly convergent in B to a continuous function, for each ε > 0.

Proof. We have only to prove the first statement. Indeed, the sec-

ond statement follows from an application of the Ascoli–Arzelà theorem

(Corollary 2.69).

(a) The uniform boundedness of {fε(m)}: First, we have, for all x ∈ B,

|a(m) ∗ φε(x)| ≤
∫
Rn

|a(m)(x− y)|φε(y) dy ≤
∥∥a(m)

∥∥
L∞(Rn)

≤ ∥a∥L∞(Rn) + 1,

and also

|
(
a(m) ∗ φε

)
B
| ≤ 1

|B|

∫
Rn

|a(m)(x− y)|φε(y) dy ≤
∥∥a(m)

∥∥
L∞(Rn)

≤ ∥a∥L∞(Rn) + 1.

Hence it follows that

|fε(m)(x)| ≤ |a(m) ∗ φε(x)|+ |
(
a(m) ∗ φε

)
B
|

≤ 2
(
∥a∥L∞(Rn) + 1

)
for all x ∈ B.

(b) The equicontinuity of {fε(m)}: By the mean value theorem, it suf-

fices to show that the gradient {∇fε(m)} is uniformly bounded in B, for

each ε > 0.

We have, for all x ∈ B,

∇xf
ε
(m)(x) = ∇x

(∫
B(0,ε)

a(m)(x− y)φε(y) dy −
(
a(m) ∗ φε

)
B(0,ε)

)
= ∇x

(∫
B(x,ε)

φε(x− y)a(m)(y) dy

)

--
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=
1

εn
∇x

(∫
B(x,ε)

φ

(
x− y

ε

)
a(m)(y) dy

)
.

However, it should be noticed that

∇x

(
φ

(
x− y

ε

))
= −∇y

(
φ

(
x− y

ε

))
=

1

ε
(∇φ)

(
x− y

ε

)
,

and further that ∫
B(x,ε)

∇φ
(
x− y

ε

)
dy = 0.

Hence we can express the function ∇xf
ε
(m)(x) as follows:

∇xf
ε
(m)(x) =

1

εn+1

∫
B(x,ε)

∇φ
(
x− y

ε

)
a(m)(y) dy

=
1

εn+1

∫
B(x,ε)

∇φ
(
x− y

ε

)(
a(m)(y)−

(
a(m)

)
B(x,ε)

)
dy.

Therefore, we have, for all x ∈ B,∣∣∣∇fε(m)(x)
∣∣∣ (15.13)

≤ 1

εn+1

∫
B(x,ε)

∣∣∣a(m)(y)−
(
a(m)

)
B(x,ε)

∣∣∣ · ∣∣∣∣∇φ(x− y

ε

)∣∣∣∣ dy
≤ 1

εn+1

(
sup
Rn

|∇φ|
)∫

B(x,ε)

∣∣∣a(m)(y)−
(
a(m)

)
B(x,ε)

∣∣∣ dy
≤ 1

εn+1

(
sup
Rn

|∇φ|
)
|B(x, ε)| η(m)(ε)

=
1

εn+1

(
sup
Rn

|∇φ|
)
(εnωn) η(m)(ε)

≤ ωn

ε

(
sup
Rn

|∇φ|
)
η(ε), ε > 0.

Here we recall that

ωn =
2πn/2

Γ(n/2)
(the surface area of the unit sphere Σn−1 in Rn),

η(m)(r) := ηij(m)(r) = sup
ρ≤r

1

|B|

∫
B

∣∣∣aij(m)(y)−
(
aij(m)

)
B

∣∣∣ dy,
η(r) := ηij(r) = sup

ρ≤r

1

|B|

∫
B

∣∣aij(y)− (aij)
B

∣∣ dy.
By inequality (15.13), it follows that {∇fε(m)} is uniformly bounded

in B, for each ε > 0.
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The proof of Claim 15.1 is complete.

Claim 15.2. There exists a positive constant C, independent of ε, such

that

1

|B|

∫
B

∣∣∣fε(m)(x)− f(m)(x)
∣∣∣ dx ≤ C η(ε) for ε > 0. (15.14)

In particular, we have the assertion∥∥∥fε(m) − f(m)

∥∥∥
∗
≤ C η(ε) for ε > 0.

Proof. First, by Fubini’s theorem (Theorem 3.10) it follows that(
a(m) ∗ φε

)
B
=

1

|B|

∫
B

a(m) ∗ φε(x) dx (15.15)

=
1

|B|

∫
B

(∫
B(0,ε)

a(m)(x− y)φε(y) dy

)
dx

=

∫
B(0,ε)

(
1

|B|

∫
B

a(m)(x− y) dx

)
φε(y) dy

=

∫
B(0,ε)

(
1

|B − y|

∫
B−y

a(m)(z) dz

)
φε(y) dy

=

∫
B(0,ε)

(
a(m)

)
B−y

φε(y) dy,

where B − y is the translation of the ball B by y-units

B − y = {x− y : x ∈ B} .

Hence we have, by formulas (15.12) and (15.15),∫
B

∣∣∣fε(m)(x)− f(m)(x)
∣∣∣ dx (15.16)

=

∫
B

∣∣a(m) ∗ φε(x)−
(
a(m) ∗ φε

)
B
−
(
a(m)(x)−

(
a(m)

)
B

)∣∣ dx
=

∫
B

∣∣∣∣∫
B(0,ε)

(
a(m)(x− y)− a(m)(x)

)
−
((
a(m)

)
B−y

−
(
a(m)

)
B

)
φε(y) dy

∣∣∣∣dx
≤
∫
B

∫
B(0,ε)

∣∣∣∣(a(m)(x− y)− a(m)(x)
)

−
((
a(m)

)
B−y

−
(
a(m)

)
B

)∣∣∣∣φε(y) dy dx

□ 
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≤
∫
B(0,ε)

φε(y)

(∫
B

∣∣∣∣(a(m)(x− y)− a(m)(x)
)

−
((
a(m)

)
B−y

−
(
a(m)

)
B

)∣∣∣∣dx)dy.
However, we have the formula(

a(m)

)
B−y

=
1

|B − y|

∫
B−y

a(m)(w) dw =
1

|B|

∫
B

a(m)(z − y) dz

= a(m)(· − y)B.

Hence it follows from an application of inequality (4.9) with f := a(m)

that

1

|B|

∫
B

∣∣(a(m)(x− y)− a(m)(x))−
((
a(m)

)
B−y

−
(
a(m)

)
B

)∣∣dx (15.17)

=
1

|B|

∫
B

∣∣(a(m)(x− y)− a(m)(x)
)
−
(
a(m)(· − y)− a(m)

)
B

∣∣ dx
≤
∥∥a(m)(· − y)− a(m)(·)

∥∥
∗

≤ C η(m)(ε), |y| < ε.

Therefore, by combining inequalities (15.16) and (15.17) we obtain

that ∫
B

∣∣∣fε(m)(x)− f(m)(x)
∣∣∣ dx ≤ C η(m)(ε)

(∫
B(0,ε)

φε(y) dy

)
|B|

= C η(m)(ε) |B|
≤ C |B| η(ε).

This proves the desired inequality (15.14).

The proof of Claim 15.2 is complete.

(2) By combining Claims 15.1 and 15.2, we find from Theorems 2.4

and 2.5 that the sequence {f(m)} is compact in the space L1(B). Indeed,

it suffices to apply Example 2.1 with X := L1(B), A := {f(m)} and

Ah := {fh(m)}.
The proof of Lemma 15.4 is complete.

(3-1b): By using Lemma 15.4 and the Bolzano–Weierstrass theorem,

we can choose a subsequence of the sequence

aij(m)(x) =
(
aij(m)(x)−

(
aij(m)

)
B

)
+
(
aij(m)

)
B

that converges almost everywhere in B. Therefore, by considering an

□ 

□ 
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exhaustive sequence of balls of Rn we can choose a subsequence of aij(m),

denoted again by aij(m), that converges to a function αij almost every-

where in Rn, as m → ∞. Then it is easy to verify the following three

assertions (i), (ii) and (iii):

(i) αij(x) ∈ VMO∩L∞(Rn) for all 1 ≤ i, j ≤ n.

Indeed, since we have the inequality∥∥∥aij(m)

∥∥∥
L∞(Rn)

≤
∥∥aij∥∥

L∞(Rn)
+ 1,

it follows that ∥∥αij
∥∥
L∞(Rn)

≤
∥∥aij∥∥

L∞(Rn)
+ 1.

Moreover, since we have, for all balls B with radius ρ ≤ r,

1

|B|

∫
B

|aij(m)(x)−
(
aij(m)

)
B
| dx ≤ ηij(m)(r) ≤ ηij(r),

and since we have, by the Lebesgue dominated convergence the-

orem (Theorem 3.8),

(aij(m))B =
1

|B|

∫
B

aij(m)(y) dy

−→ 1

|B|

∫
B

αij(y) dy =
(
αij
)
B

as m→ ∞,

it follows that we have, for all balls B with radius ρ ≤ r,

1

|B|

∫
B

|αij(x)−
(
αij
)
B
| dx = lim

m→∞

1

|B|

∫
B

|aij(m)(x)−
(
aij(m)

)
B
| dx

≤ ηij(r) for 1 ≤ i, j ≤ n.

This proves that the VMO modulus of αij is dominated by ηij(r):

sup
ρ≤r

1

|B|

∫
B

|αij(x)−
(
αij
)
B
| dx ≤ ηij(r) for 1 ≤ i, j ≤ n.

(ii) αij(x) = αji(x) for almost all x ∈ Ω and 1 ≤ i, j ≤ n.

Indeed, we have, for almost all x ∈ Ω,

αij(x) = lim
m→∞

aij(m)(x) = lim
m→∞

aji(m)(x) = αji(x).

(iii) We have, for almost all x ∈ Ω and for all ξ ∈ Rn,

1

λ+ 1
|ξ|2 ≤

n∑
i,j=1

αij(x)ξiξj ≤ (λ+ 1)|ξ|2.
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These inequalities can be obtained by passing to the limit in the

inequalities (15.10).

We introduce a new second-order, uniformly elliptic differential oper-

ator A by the formula

A :=

n∑
i,j=1

αij(x)
∂2

∂xi∂xj
.

(3-1c): Now it is known (see [2, Theorem 3.6]) that the Sobolev space

W 2,p(Ω) is reflexive if 1 < p < ∞. By applying the Eberlein–Shmulyan

theorem (Theorem 2.30) and the Rellich–Kondrachov theorem (Theorem

7.4) to our situation, we can obtain the following two assertions (A) and

(B):

(A) Let {wm} be any sequence that is norm bounded in the Sobolev

space W 2,p(Ω) for 1 < p < ∞. Then there exists a subsequence

{wm′} that converges weakly to an element of W 2,p(Ω).

(B) The injection W 2,p(Ω) → W 1,p(Ω) is compact for 1 < p < ∞
(j := 1 and p = q in Theorem 7.4).

Therefore, by using condition (15.11a) we can find a subsequence of

the sequence {
u(m)

}
⊂W 2,p(Ω) ∩W 1,p

0 (Ω),

denoted again by {u(m)}, that converges weakly to some function

v ∈W 2,p(Ω)

and also converges strongly to v in Lp(Ω):

u(m) −→ v weakly in W 2,p(Ω) as m→ ∞,

u(m) −→ v in Lp(Ω) as m→ ∞.

We shall prove that v = 0, that is,

u(m) −→ 0 weakly in W 2,p(Ω) as m→ ∞, (15.18a)

u(m) −→ 0 in Lp(Ω) as m→ ∞. (15.18b)

First, we show that the function v ∈ W 2,p(Ω) satisfies the boundary

condition

v = 0 on ∂Ω,

that is,

v ∈W 2,p(Ω) ∩W 1,p
0 (Ω). (15.19)

----
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To do this, it should be noticed that the subspace

B =W 2,p(Ω) ∩W 1,p
0 (Ω)

is strongly closed in W 2,p(Ω). Indeed, it suffices to note that if {uj} is

any sequence in B that converges strongly to a function u in W 2,p(Ω),

then we have, by the trace theorem (Theorem 7.6),

γ0u = lim
j→∞

γ0(uj) = 0 in B2−1/p,p(∂Ω).

Hence, we find that the subspace B is weakly closed in W 2,p(Ω), by

applying Mazur’s theorem (or Theorem 2.29) with

X :=W 2,p(Ω), M := B.

Therefore, we obtain the desired assertion (15.19), since the sequence

{u(m)} in W 2,p(Ω) ∩W 1,p
0 (Ω) converges weakly to v in W 2,p(Ω).

To prove assertions (15.18), let φ be an arbitrary function in Lq(Ω)

with q = p/(p − 1). Then we have, by Hölder’s inequality (Theorem

3.14) and condition (15.18a),∣∣∣∣∫
Ω

(
L(m)u(m) −Av

)
φdx

∣∣∣∣ (15.20)

=

∣∣∣∣∣∣
n∑

i,j=1

∫
Ω

(
aij(m)(x)

∂2u(m)

∂xi∂xj
− αij(x)

∂2v

∂xi∂xj

)
φdx

∣∣∣∣∣∣
≤

n∑
i,j=1

∣∣∣∣∫
Ω

(
aij(m)(x)

∂2u(m)

∂xi∂xj
− αij(x)

∂2v

∂xi∂xj

)
φdx

∣∣∣∣
≤

n∑
i,j=1

∣∣∣∣∫
Ω

(
aij(m)(x)− αij(x)

) ∂2u(m)

∂xi∂xj
φdx

∣∣∣∣
+

n∑
i,j=1

∣∣∣∣∫
Ω

αij(x)

(
∂2u(m)

∂xi∂xj
− ∂2v

∂xi∂xj

)
φdx

∣∣∣∣
≤

n∑
i,j=1

∥∥∥∇2u(m)
∥∥∥
Lp(Ω)

∥∥∥(aij(m) − αij
)
φ
∥∥∥
Lq(Ω)

+

n∑
i,j=1

∣∣∣∣∫
Ω

αij(x)φ(x) ·
(
∂2u(m)

∂xi∂xj
− ∂2v

∂xi∂xj

)
dx

∣∣∣∣
≤

n∑
i,j=1

∥∥∥(aij(m) − αij
)
φ
∥∥∥
Lq(Ω)
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+

n∑
i,j=1

∣∣∣∣∫
Ω

αij(x)φ(x) ·
(
∂2u(m)

∂xi∂xj
− ∂2v

∂xi∂xj

)
dx

∣∣∣∣ .
However, by condition (15.9a) it follows from an application of the

Lebesgue dominated convergence theorem (Theorem 3.8) that the first

term on the last inequality (15.20) tends to zero as m→ ∞:

n∑
i,j=1

∥∥∥(aij(m) − αij
)
φ
∥∥∥
Lq(Ω)

−→ 0.

Moreover, we recall that {u(m)} converges weakly to a function v ∈
W 2,p(Ω) ∩W 1,p

0 (Ω). Since αij(x)φ(x) ∈ Lq(Ω), we find that the second

term on the last inequality (15.20) tends to zero as m→ ∞:

n∑
i,j=1

∣∣∣∣∫
Ω

αij(x)φ(x) ·
(
∂2u(m)

∂xi∂xj
− ∂2v

∂xi∂xj

)
dx

∣∣∣∣ −→ 0.

Hence we have, by inequality (15.20),∫
Ω

L(m)u(m) · φdx −→
∫
Ω

Av · φdx as m→ ∞.

On the other hand, by Hölder’s inequality (Theorem 3.14) and condition

(15.11b) it follows that∣∣∣∣∫
Ω

L(m)u(m) · φdx
∣∣∣∣ ≤ ∥∥∥L(m)u(m)

∥∥∥
Lp(Ω)

· ∥φ∥Lq(Ω) −→ 0 as m→ ∞.

This proves that∫
Ω

Av · φdx = lim
n→∞

∫
Ω

L(m)u(m) · φdx = 0 for all φ ∈ Lq(Ω).

Summing up, we have proved that

v ∈W 2,p(Ω) ∩W 1,p
0 (Ω),

Av = 0 almost everywhere in Ω.

By applying Theorem 15.3 (the weak maximum principle) to the oper-

ator A, we obtain that

v = 0 in Ω.

This proves the desired assertions (15.18).

(3-1d): By combining assertions (15.11b) and (15.18b), we have

proved that, as m→ ∞,

L(m)u(m) −→ 0 in Lp(Ω),
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u(m) −→ 0 in Lp(Ω).

Therefore, by applying estimate (15.7) to the operators {L(m)} we obtain
that ∥∥∥u(m)

∥∥∥
W 2,p(Ω)

≤ c1

(∥∥∥L(m)u(m)
∥∥∥
Lp(Ω)

+
∥∥∥u(m)

∥∥∥
Lp(Ω)

)
,

so that

u(m) −→ 0 in W 2,p(Ω) as m→ ∞.

However, this assertion contradicts condition (15.11a):∥∥∥u(m)
∥∥∥
W 2,p(Ω)

= 1.

This contradiction proves the desired a priori estimate (15.8).

Substep 3-2: By virtue of estimate (15.8), we can apply the method

of continuity (Theorem 2.14) to obtain that the Dirichlet problem is

uniquely solvable for the operator L0 if and only if it is uniquely solvable

for the operator L1. However, it is known (see [33, Theorem 13.15]) that

the homogeneous Dirichlet problem is uniquely solvable for the Laplace

operator L0 = ∆: More precisely, for any f ∈ Lp(Ω) there exists a

unique solution u ∈W 2,p(Ω) ∩W 1,p
0 (Ω) of the Dirichlet problem{

∆u = f in Ω,

γ0u = 0 on ∂Ω.

In other words, the operator L0 := ∆ maps W 2,p(Ω) ∩W 1,p
0 (Ω) onto

Lp(Ω).

Therefore, it follows from an application of Theorem 2.14 that the

operator L1 := L maps W 2,p(Ω) ∩ W 1,p
0 (Ω) onto Lp(Ω). Namely, for

any f ∈ Lp(Ω), there exists a unique solution u ∈W 2,p(Ω)∩W 1,p
0 (Ω) of

problem (15.2).

Finally, the desired a priori estimate (15.3) follows from estimate

(15.8) with t := 1.

Now the proof of Theorem 15.1 is complete.

15.3 Notes and Comments

The results discussed here are adapted from Chiarenza–Frasca–Longo

[19] and Gilbarg–Trudinger [33].

□ 






