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Introduction and Main Results

This book provides a self-contained account of the functional analytic
approach to the problem of construction of Markov processes with Vent-
cel’ (Wentzell) boundary conditions in probability. More precisely, we
prove existence theorems for Feller semigroups with Dirichlet boundary
condition, oblique derivative boundary condition and first-order Vent-
cel” boundary condition for second-order, uniformly elliptic differential
operators with discontinuous coefficients (Theorems 1.1, 1.2 and 1.3).
Our approach here is distinguished by the extensive use of the ideas and
techniques characteristic of the recent developments in the Calderén—
Zygmund theory of singular integral operators with non-smooth ker-
nels. It should be emphasized that singular integral operators with
non-smooth kernels provide a powerful tool to deal with smoothness of
solutions of elliptic boundary value problems, with minimal assumptions
of regularity on the coefficients.

1.1 Formulation of the Problem

Now, let 2 be a bounded domain in Euclidean space R", n > 3, with
boundary 99 of class C1'!. We consider a second-order, elliptic differ-
ential operator A with real discontinuous coefficients of the form

n

Aui= Y al(a 8x8mJ+;bZ

i,j=1

+ (). (1.1)

In the case of continuous coefficients a® (), an LP Schauder theory has
been elaborated for second-order, uniformly elliptic differential opera-
tors (see [33]). However, the situation becomes rather difficult if we
try to allow discontinuity on the a®(z). In fact, it is known (see [49],
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[88]) that arbitrary discontinuity of the a'/(z) breaks down as the LP
Schauder theory, except for the two-dimensional case (n = 2). In order
to handle with the multidimensional case (n > 3), additional conditions
on the a¥(x) should be required. Here we shall see that the relevant con-
dition is that the coefficients a* (x) belong to the Sarason class VMO of
functions with vanishing mean oscillation. We remark that VMO con-
sists of the John—Nirenberg class BMO of functions with bounded mean
oscillation whose integral oscillation over balls shrinking to a point con-
verge uniformly to zero (see Chapter 4 for the precise definitions and
references).

Throughout this book, we assume that the coefficients a%(x), b*(z)
and c¢(x) of the differential operator A satisfy the following three condi-
tions (1), (2) and (3):

(1) a¥(x) € VMONL>®(Q), a¥(x) = a/*(x) for almost all z € 2 and

there exist a constant A > 0 such that

n

SR < Y ad@eg < Al (12)

i,j=1
for almost all z € Q and all £ € R™.

(2) bi(z) € L=(Q) for 1 <i < n.
(3) ¢(x) € L™(92) and c¢(x) < 0 for almost all z € Q.

The differential operator A is called a diffusion operator which describes
analytically a strong Markov process with continuous paths in the inte-
rior  such as Brownian motion (see Figure 1.1).

Q

Fig. 1.1. A Markovian particle moves continuously

Moreover, we consider a first-order, boundary operator of the form

Lu = u(a:’)% + 8@ - u+ (@ )u — 6(2")(Aulaq) on Q. (1.3)
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Throughout this book, we assume that the coefficients p(z’), 8(a’), y(z')
and 6(z") of the boundary operator L satisfy the following four conditions

(4), (5), (6) and (7):

(4) p(z") is a Lipschitz continuous function on 92 and p(z’) > 0 on
o0.

(5) B(a') is a Lipschitz continuous vector field on 052 (see Figure 1.2).

(6) ~y(z') is a Lipschitz continuous function on 992 and y(z’) < 0 on

o0.

(7) 6(2') is a Lipschitz continuous function on 9 and §(z’) > 0 on
o0.

(8) n = (n1,na,...,n,) is the unit inward normal to the boundary

0% (see Figure 1.2).

[)9)

Fig. 1.2. The unit inward normal n to 92 and the vector field 8 on 0f2

The boundary condition L is called a first-order Ventcel’ boundary con-
dition (cf. [97]). The four terms of L

A, gl B w5 (Aulan)

are supposed to correspond to the absorption phenomenon, the reflection
phenomenon, the drift phenomenon along the boundary and the sticking
(or viscosity) phenomenon, respectively (see Figures 1.3 and 1.4).

Let C(Q) be the Banach space of real-valued, continuous functions on
the closure Q@ = Q U 99, equipped with the maximum norm

7l = max|f(@). feC@).

A strongly continuous semigroup {7} }+>0 on the space C(f2) is called a
Feller semigroup if it is non-negative and contractive on C(£2), that is,

feC),0< flx)<1 onQ = 0<Tyf(z) <1 onQ.

It is known (see [25], [79, Chapter 3]) that if T} is a Feller semigroup on
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absorption reflection

Fig. 1.3. The absorption phenomenon and the reflection phenomenon

A\ Ao

drift along the boundary sticking (viscosity)

Fig. 1.4. The drift phenomenon along 9 and the sticking (or viscosity) phe-
nomenon

C(€), then there exists a unique Markov transition function p(x,-) on
Q such that

T,f(z) = / pe(z,dy)f(y) for all [ € C(@).

Furthermore, it can be shown (see [24, Section 6.3], [79, Chapter 9]) that
the function p;(z, ) is the transition function of some strong Markov pro-
cess whose paths are right-continuous and have no discontinuities other
than jumps; hence the value p;(x, F) expresses the transition probability
that a Markovian particle starting at position = will be found in the set
E at time t.

The third purpose of this book is devoted to the functional analytic
approach to the problem of existence of strong Markov processes in
probability. More precisely, we consider the following problem:

Problem. Conversely, given analytic data (A, L), can we construct a
Feller semigroup {T; };>o whose infinitesimal generator 2 is characterized
by (A, L)?
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1.2 Statement of Main Results

The next generation theorem for Feller semigroups ([83, Theorem 1.1])
asserts that there exists a Feller semigroup corresponding to such a dif-
fusion phenomenon that a Markovian particle moves continuously in the
state space, with absorption, reflection, drift and sticking phenomena at
the boundary (see Figure 1.5):

00

Fig. 1.5. The intuitive meaning of Theorem 1.1

Theorem 1.1. Ifn < p < oo, we define a linear operator A from C(Q)
into itself as follows:

(a) The domain D(L) is the set
D) = {ueW>P(Q): Aue C(Q), Lu=00on dQ}. (1.4)
(b) Au = Au for every u € D(2).

Here Au and Lu are taken in the sense of distributions.
Assume that the functions p(x') and v(z') satisfy the conditions

pu(x') >0 on dQ, (H.1)
and

y(@') <0 on 0. (H.2)

Then the operator A is the infinitesimal generator of a Feller semigroup

on C(Q).

Remark 1.1. The domain D(2l) does not depend on p, for n < p < oco.
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The crucial point in the proof of Theorem 1.1 is that we consider the
term 6(z')(Au|sq) of sticking phenomenon in the boundary condition

0
Lu= p(a) o+ B(a') - u 5o Ju — (a') (Aula) on 99

as a term of “perturbation” of the oblique derivative boundary condition
(0(z") = 0)

Lyu:= u(x’)g—z + B(z") - u+y(x')u  on ON.

To do this, we prove the following generation theorem for Feller semi-
groups with oblique derivative boundary condition ([83, Theorem 1.2],
[86, Theorem 1.1.]):

Theorem 1.2. Ifn < p < oo, we define a linear operator 2, from C(Q)
into itself as follows:

(a) The domain D(,) is the set
D®,) = {ueW?(Q): Au € C(Q), L,u=0 on 9Q}, (1.5)

where
/ 8“ / /
Lyu:= p(x )a—n +B8(x") - u+y(xu  on Q.
(b) A,u = Au for every u € D(2,).

Here Au and L,u are taken in the sense of distributions.
Assume that the functions u(x’") and v(x') satisfy the conditions

pu(x') >0 on dQ, (H.1)
and

y(@') <0 on 0. (H.2)

Then the operator 2, is the infinitesimal generator of a Feller semigroup

on C(Q).
Remark 1.2. The domain D(2(,) does not depend on p, for n < p < co.

Rephrased, Theorem 1.2 asserts that there exists a Feller semigroup
corresponding to such a diffusion phenomenon that a Markovian particle
moves continuously in the state space, with absorption, reflection and
drift phenomena at the boundary (see Figure 1.6).

Moreover, we construct a Feller semigroup associated with absorption
phenomenon at the boundary, which we shall formulate precisely.
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[)9]

Fig. 1.6. The intuitive meaning of Theorem 1.2

We introduce a subspace of C(Q), which is associated with Dirichlet
boundary condition (u(z’) =0, S(z’) =0, y(z') = 1, §(z’) = 0), by the
formula

Co(@) ={ueC(Q):u=00nd0}.

A strongly continuous semigroup T} on the space C(Q) is called a Feller
semigroup if it is non-negative and contractive on Cy(Q), that is,

fe€Ci(Q), 0<f(r)<1 onQ = 0<Tif(x) <1 on .

It is known that if 7} is a Feller semigroup on Co(2), then there exists
a unique Markov transition function p:(z,-) on 2 such that

T.f(e) = [ o di) ) for all £ € Cof@).

Furthermore, it can be shown (see [24, Section 6.3]) that the func-
tion py(z,-) is the transition function of some strong Markov process
whose paths are right-continuous and have no discontinuities other than
jumps; hence the value p;(x, E') expresses the transition probability that
a Markovian particle starting at position x will be found in the set E at
time £.

The next generation theorem for Feller semigroups ([77, Theorem 1.2])
asserts that there exists a Feller semigroup associated with absorption
phenomenon at the boundary (see Figure 1.7):

Theorem 1.3. If n < p < oo, we define a linear operator Ap from
Co(Q) into itself as follows:

(a) The domain D(p) is the set
DRp) = {ueW?P(Q)NCo(Q) : Au € Co()}. (1.6)
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00

Fig. 1.7. The intuitive meanig of Theorem 1.3

(b) Apu = Au for every u € D(Up).

Here Au is taken in the sense of distributions.
Assume that

c(x) <0 for almost all x € €.

Then the operator Up is the infinitesimal generator of a Feller semigroup

on Co(9).

Remark 1.3. The domain D(2p) does not depend on p, for n < p < oo.

The semigroup approach to Markov processes can be traced back to
the pioneering work of Feller [26], [27] in early 1950s. Our presentation
here follows the book of Dynkin [25] and also part of Lamperti’s [41].

For more leisurely treatments of Markov processes and Feller semi-
groups, the reader is referred to Blumenthal-Getoor [8], Dynkin [24],
[25], Tt6-McKean [36], Lamperti [41], Revuz—Yor [59] and also Taira
79].

1.3 Summary of the Contents

This introductory chapter 1 is intended as a brief introduction to our
problem and results in such a fashion that a broad spectrum of read-
ers could understand. The contents of the book are divided into five
principal parts.

The first part (Chapters 2-4) provides the elements of measure theory,
functional analysis and real analysis. The material in these preparatory
chapters is given for completeness, to minimize the necessity of con-
sulting too many outside references. This makes the book fairly self-
contained.
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Chapter 2 is devoted to a review of standard topics from functional
analysis. In Section 2.5 we formulate three pillars of functional analy-
sis — Banach’s open mapping theorem (Theorem 2.36), Banach’s closed
graph theorem (Theorem 2.37) and Banach’s closed range theorem for
closed operators (Theorem 2.40). Section 2.8 is devoted to the Riesz—
Schauder theory for compact operators (Theorem 2.47). In Section 2.9
we state important properties of Fredholm operators (Theorems 2.48
through 2.53). In Section 2.10 we formulate the Riesz representation
theorem for bounded linear functionals on a Hilbert space (Theorem
2.58). In the last Section 2.11 we formulate two fundamental theorems
concerning spaces of continuous functions defined on a metric space —
the Ascoli-Arzela theorem (Theorem 2.67) and the Stone-Weierstrass
theorem (Theorem 2.70). These topics form a necessary background for
what follows.

In Chapter 3 we set forth the basic concepts of measure theory and
develop the theory of integration on abstract measure spaces, paying
particular attention to the Lebesgue integral on the Euclidean space
R”™. In particular, we give a complete proof of Minkowski’s inequality
for integrals (Theorem3.16) and Hardy’s inequality (Theorem 3.18) in LP
spaces. In Section 3.9, we prove the Marcinkiewicz interpolation theorem
(Theorem 3.30) that plays an important role in the proof of Theorem
9.5 in Section 9.3. In Section 3.10, as an application of Marcinkiewicz’s
interpolation theorem we study Riesz potentials in the classical potential
theory (Theorem 3.31).

Chapter 4 is devoted to the precise definitions and statements, with
some detailed proofs, of real analytic tools such as BMO and VMO
functions, the Calderén—Zygmund decomposition (Theorem 4.7), the
Hardy-Littlewood maximal function (Theorem 4.4), the John—Nirenberg
inequality (Theorem 4.10), sharp functions (Theorem 4.14) and spherical
harmonics (Theorem 4.31).

In the second part (Chapters 5-8) we study Sobolev spaces, Besov
spaces and maximum principles in the framework of Sobolev spaces of
LP type that are used throughout the book.

The purpose of Chapter 5 is to study harmonic functions in the half-
space in terms of Poisson integrals of functions in L? spaces ((Theorems
5.8, 5.9 and 5.10)). In particular, we establish fundamental relationships
between means of derivatives of Poisson integrals u(z,y) taken with
respect to the normal variable y and those taken with respect to the
tangential variables x; (Theorems 5.14 and 5.19).

In Chapter 6 we develop the theory of Besov spaces By (R") on the
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Euclidean space R"™, paying particular attention to Poisson integrals.
Besov spaces are functions spaces defined in terms of the LP modulus of
continuity. We prove a variety of equivalent norms for the Besov spaces
on R™ via Poisson integrals (Theorems 6.3, 6.5 and 6.6).

Chapter 7 is devoted to the precise definitions and statements of func-
tion spaces with some detailed proofs. The function spaces of L? type we
treat are the generalized Sobolev spaces W*P(§) and H*P?(2) and Besov
spaces B*P(02) on the boundary of a Lipschitz domain. It should be em-
phasized that Besov spaces enter naturally in connection with boundary
value problems in the framework of Sobolev spaces of LP type. Indeed,
we need to make sense of the restriction u|sq to the boundary 0f2 as an
element of a Besov space on 02 when u belongs to a Sobolev space on
the domain . In particular, we formulate an important trace theorem
(Theorem 7.5) that will be used in the study of boundary value problems
in Part IV. In the last Section 7.4 we prove that

won/O(R") c VMO for 0 <6 <1

(Proposition 7.7).

In Chapter 8 we prove various maximum principles for second-order,
elliptic differential operators with discontinuous coefficients such as the
weak and strong maximum principles (Theorems 8.5 and 8.9) and the
Hopf boundary point lemma (Lemma 8.8) in the framework of Sobolev
spaces of LP type that plays an essential role in the proof of uniqueness
theorems for the Dirichlet problem in Part IV.

The third part (Chapters 9-11) is the heart of the subject. The
Calderon—Zygmund theory of singular integral operators is a very re-
fined mathematical tool whose full power is yet to be exploited.

Chapter 9 is devoted to a concise and accessible exposition of the
most elementary part of the Calderén—Zygmund theory of singular inte-
gral operators. We present a straightforward treatment of the Calderén—
Zygmund theory necessary for the study of elliptic boundary value prob-
lems, assuming only basic knowledge of real analysis and functional anal-
ysis. In particular, we present the basic theory of the Hilbert transform
H that is a special case of the singular integral of a single independent
variable (Theorems 9.6 and 9.14):

i) = 1 (v 3 ) o
_1 lim Lf) dt
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1 d
= —lim f(x—s)—s.
T €l0 |s|>e S
The proof of Theorems 9.6 and 9.14 are flowcharted.
Moreover, we study bounded kernels (Theorem 9.2), continuous ker-
nels (Theorem 9.5), odd kernels (Theorem 9.15) and Riesz kernels
M((n+1)/2) =

Rj(z) = — G2 T for1<j<n

(Theorem 9.16) in great detail. The proof of the continuous kernel case
is based on a version of the Calderén—Zygmund decomposition (Lemma
9.3). The study of odd kernels K (x) and Riesz kernels R;(x) is reduced
to that of the Hilbert transform H. More precisely, we have the following
formula for the odd kernel K(x) (see formula (9.83)):

K*f(x):zlaiﬁ)l . K(z—y) f(y)dy
r—y|>e
1 ) dt
"2y, K (hfol e ta)"‘) “

On the other hand, singular integral operators with even kernel K () can
be expressed as a finite sum of products of singular integral operators
with odd kernel (Theorem 9.24). we have the following decomposition
formula:

Kxf==> Rj*(R;«K)xf, (1.7)
j=1
where the operators R; and R; * K have respectively the odd kernels.
This decomposition formula (1.7) may be rephrased as follows:

{Even kernels} = {Riesz kernels} * {Odd kernels} .

In this way, we can prove the existence of the singular integral in the
general case (Theorem 9.25). The proof of Theorem 9.25 is flowcharted.

The results discussed in Chapter 9 are adapted from the original paper
of Calderén-Zygmund [15] and also Tanabe [89] and [90].

The first main result in Chapter 10 (Theorem 10.1) asserts the exis-
tence of singular integral operators and the second main result (Theorem
10.2) concerns commutators of BMO functions and singular integral op-
erators. It should be emphasized again that singular integral operators
with non-smooth kernels provide a powerful tool to deal with smoothness
of solutions of partial differential equations, with minimal assumptions
of regularity on the coefficients.
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In Chapter 11 we consider singular integrals with kernels depending on
a parameter, and prove theorems about singular integrals and commu-
tators of L functions and singular integral operators (Theorems 11.1
and 11.2), generalizing Theorems 10.1 and 10.2. The main idea of proof
is to reduce the variable kernel case to the constant kernel case. This is
done by expanding the kernel into a series of spherical harmonics, each
term defining a constant kernel operator treated in Chapter 10. Theo-
rems about singular integrals and commutators are usually formulated
in the whole space R™. However, our application to the theory of elliptic
equations with discontinuous coefficients will require a local version of
Theorems 11.1 and 11.2 (Theorems 11.3 and 11.4 and Corollary 11.5).

Our subject proper starts with the fourth part (Chapters 12-15).

Chapter 12 is devoted to the study of the homogeneous Dirichlet prob-
lem

Lu = ZZ]’:I a'(x) agiz;:pj = in €,
You =0 on 0N

in the framework of Sobolev spaces of LP type. We state interior and
global a priori estimates for the Dirichlet problem (Theorems 12.1 and
12.2) that plays an essential role in the proof of the unique solvability
theorem of the Dirichlet problem in Chapter 15. The proofs of Theorems
12.1 and 12.2 are flowcharted. Our approach can be traced back to the
pioneering work of Schauder [64] and [65] on the Dirichlet problem for
second-order, elliptic differential operators.

Chapter 13 is devoted to the proof of Theorem 12.1 (Theorem 13.3)
that is based on some local interior a priori estimates for the solutions
of the Dirichlet problem (Lemma 13.2). The main idea of proof may
be considered as an integral perturbation about the constant coefficient
case, which goes back to Eugenio Elia Levi [42] (Theorem 13.1). The
VMO assumption on the coefficients is of the greatest relevance in the
study of an error term expressed by singular commutators (Corollary
11.5). The desired interior a priori estimate (12.2) follows in a standard
way from Lemma 13.2 by a covering argument if we make use of Sobolev’s
imbedding theorem (Theorem 7.3), the contraction mapping principle
(Theorem 2.1) and the interpolation inequality (Theorem 13.4).

In Chapter 14, we prove the global a priori estimate for the homo-
geneous Dirichlet problem stated in Theorem 12.2. The desired global
estimate is consequences of the following two facts (I) and (II):

(I) The explicit representation formula (14.2) for the solutions of the
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homogeneous Dirichlet problem, which is obtained from the half
space Green function, involves the same integral operators as in
the interior case.

(IT) An L? boundedness of the singular integral operators and bound-
ary commutators appearing in formula (14.2) (Theorems 14.2 and
14.5).

The results of Chapter 14 are flowcharted.

Chapter 15 is devoted to the study of the homogeneous Dirichlet prob-
lem for a second-order, uniformly elliptic differential operator with VMO
coefficients in the framework of Sobolev spaces of LP type. We prove an
existence and uniqueness theorem for the homogeneous Dirichlet prob-
lem (Theorem 15.1). Our proof is based on some interior and boundary
a priori estimates for the solutions of problem (15.2) (Theorem 12.1 and
Theorem 12.2). Both the interior and boundary a priori estimates are
consequences of explicit representation formulas (12.1) and (13.1) for the
solutions of the homogeneous Dirichlet problem (Theorem 13.1 and The-
orem 14.1) and also of the LP-boundedness of Calderén—-Zygmund sin-
gular integral operators and boundary commutators appearing in those
representation formulas (Theorem 14.2 and Theorem 14.5). It should
be emphasized that we make use of the method of continuity (Theo-
rem 2.14) in order to prove the existence theorem for the homogeneous
Dirichlet problem.

The fourth part (Chapters 16-20) is devoted to the study of the reg-
ular oblique derivative problem for a second-order, uniformly elliptic
differential operator with discontinuous coefficients

Lu(x) = szzl a¥(x) 8;225;,- = f(x) for almost all x € €,
Bu(z') = 2% + o(a')u = p(2') in the sense of traces on 0

in the framework of Sobolev spaces of LP type. More precisely, we con-
sider a second-order, uniformly elliptic differential operator with VMO
coefficients and an oblique derivative boundary operator that is nowhere
tangential to the boundary.

In Chapter 16 we state global regularizing property of the oblique
derivative problem in the framework of Sobolev spaces of LP type (The-
orem 16.1). Furthermore, we state an exsitence and uniqueness theorem
for the oblique derivative problem in the framework of Sobolev spaces
of LP type (Theorem 16.2).

In Chapter 17, for a given boundary function, we construct a special
auxiliary function that satisfies an oblique derivative boundary condi-
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tion (Lemma 17.1). This result will allow us to represent, locally near
the boundary, the solution of the non-homogeneous oblique derivative
problem in Chapter 19 (see formula (19.10)). In this way, we are reduced
to the study of the homogeneous oblique derivative problem.

In Chapter 18 we prove boundary representation formulas for solutions
of the homogeneous oblique derivative problem, by using the half-space
Green function. The first step is to derive a boundary representation
formula for the solution of the homogeneous oblique derivative problem
with constant coeflicients operators and homogeneous boundary condi-
tions (Lemma 18.1). The second step is to derive integral representa-
tion formulas for the second derivatives of solutions of the homogeneous
oblique derivative problem for variable coefficients differential operators
and constant coefficients boundary operators (Theorem 18.3).

The purpose of Chapter 19 is to prove boundary Sobolev regularity
of the solutions of the non-homogeneous oblique derivative problem to-
wards the proof of Theorem 16.1 (Lemma 19.1). A combination of this
regularity result with the interior regularity (Theorem 12.1) will prove
the main result in the next Chapter 20.

Chapter 20 is devoted to the study of the non-homogeneous oblique
derivative problem. We prove an existence and uniqueness theorem
(Theorem 20.1). By Lemma 17.1, we are reduced to the study of the
homogeneous oblique derivative problem. Our proof is based on some
interior and boundary a priori estimates for the solutions of the homoge-
neous oblique derivative problem (Theorem 12.1 and Lemma 19.1). Both
the interior and boundary a priori estimates are consequences of explicit
representation formulas (19.10) and (19.11) for the solutions of homo-
geneous oblique derivative problem and also of the LP-boundedness of
Calderén—Zygmund singular integral operators and boundary commuta-
tors appearing in those representation formulas (Theorem 14.2 and The-
orem 14.5). We make use of the method of continuity (Theorem 2.14)
in order to prove the existence theorem for the homogeneous oblique
derivative problem.

The fifth and final part (Chapters 21-25) is devoted to the functional
analytic approach to the problem of construction of Markov processes
with first-order Ventcel’ boundary condition for second-order, uniformly
elliptic differential operators with discontinuous coefficients. Our ap-
proach is distinguished by the extensive use of the ideas and techniques
in the Calderén-Zygmund theory of singular integral operators with non-
smooth kernels developed in Parts II and III.

Chapter 21 provides a brief description of the basic definitions and
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results about a class of semigroups (Feller semigroups) associated with
Markov processes in probability, which forms a functional analytic back-
ground for the proof of Theorem 1.1. In particular, we formulate a ver-
sion of the Hille-Yosida theorem adapted to the present context (The-
orem 21.9). Moreover, we give two useful criteria in order that a linear
operator be the infinitesimal generator of a Feller semigroup (Theorem
21.11 and Corollary 21.12).

In Chapter 22 we consider the Dirichlet problem for the diffusion
operator with VMO coefficients in the framework of Sobolev spaces of
LP type, and prove an existence and uniqueness theorem for the Dirichlet
problem (Theorem 22.2). The uniqueness result in Theorem 22.2 follows
from a variant of the Bakel’'man—Aleksandrov maximum principle in the
framework of Sobolev spaces due to Bony [9] (Theorem 8.1). Moreover,
we construct a Feller semigroup associated with absorption phenomenon
at the boundary (Theorem 1.3).

In Chapter 23 we study the oblique derivative problem in the frame-
work of Sobolev spaces of LP type, and prove un existence and uniqueness
theorem for the oblique derivative problem with VMO coefficients (Theo-
rem 23.2). The uniqueness result in Theorem 23.2 follows from a variant
of the Bakel’'man—Aleksandrov maximum principle in the framework of
Sobolev spaces due to Lieberman [43] (Theorem 23.5). Moreover, we
construct a Feller semigroup associated with absorption, reflection and
drift phenomena at the boundary (Theorem 1.2).

The purpose of Chapter 24 is to prove a general existence theorem for
Feller semigroups with Ventcel” boundary condition in terms of bound-
ary value problems (Theorem 24.9). Intuitively, Theorem 24.9 tells us
that we can “piece together”a Markov process on the boundary with a
diffusion in the interior to construct a Markov process on the closure of
the domain.

Chapter 25 is devoted to the proof of Theorem 1.1. The crucial point
in the proof is that we consider the term of sticking in the boundary
condition as a term of “perturbation”of the oblique derivative boundary
condition. More precisely, we make use of a generation theorem for Feller
semigroups with oblique derivative boundary condition to verify all the
conditions in a version of the Hille-Yosida theorem (Theorem 21.9).

In the last Chapter 26 we give two overviews for general results on
generation theorems for Feller semigroups based on the theory of pseudo-
differential operators [73], [74], [83], [79] and [80] and based on the theory
of singular integral operators [75], [76], [77] and [83], respectively.

Bibliographical references are discussed primarily in Notes and Com-
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ments at the end of each chapter. These notes are intended to supple-
ment the text and place it in better perspective.

1.4 A Bird’s Eye View of the Contents

The following diagram gives a bird’s eye view of Markov processes, Feller
semigroups and boundary value problems and how these relate to each
other:

Probability Functional analysis Boundary
value
problems
Strong Markov Feller semigroup Infinitesimal
process {T:} generator
(X¢) 2

Markov transition — Tyf(z) = [ pi(z, dy) f(y) T; = exp[t2]
function p¢(x, -)

Chapman— Semigroup property Diffusion
Kolmogorov Tivs =T - Ts operator
equation A
Various diffusion Function spaces Ventcel’
phenomena Cc(Q), Co(Q) condition L

Table 1.1. A bird’s eye view of Markov processes, Feller semigroups
and boundary value problems

The paper [85] is devoted to the functional analytic approach to the
problem of construction of Feller semigroups in the characteristic case
via the Fichera function. Probabilistically, our result may be stated
as follows: We construct a Feller semigroup corresponding to such a
diffusion phenomenon that a Markovian particle moves continuously in
the interior of the state space, without reaching the boundary (see [85,
Theorem 1.2]). We make use of the Hille-Yosida—Ray theorem (Theorem
21.11) that is a Feller semigroup version of the classical Hille-Yosida
theorem in terms of the positive maximum principle. Our proof is based
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on a method of elliptic regularizations essentially due to Oleinik and
Radkevi¢ [55].






Part 1

A Short Course on Functional Analysis and
Real Analysis






2

Elements of Functional Analysis

This chapter is devoted to a review of standard topics from functional
analysis such as quasinormed and normed linear spaces and closed and
continuous (bounded) linear operators between Banach spaces. Most of
the material will be quite familiar to the reader and may be omitted.
This chapter, included for the sake of completeness, should serve to settle
questions of notation and such.

Section 2.5 is devoted to the three pillars of functional analysis — Ba-
nach’s open mapping theorem (Theorem 2.36), Banach’s closed graph
theorem (Theorem 2.37) and Banach’s closed range theorem for closed
operators (Theorem 2.40). Section 2.8 is devoted to the Riesz—Schauder
theory for compact operators (Theorem 2.47). In Section 2.9 we state
important properties of Fredholm operators (Theorems 2.48 through
2.53). In Section 2.10 we formulate the Riesz representation theorem for
bounded linear functionals on a Hilbert space (Theorem 2.58). In the last
Section 2.11 we formulate two fundamental theorems concerning spaces
of continuous functions defined on a metric space — the Ascoli-Arzela
theorem (Theorem 2.67) and the Stone—Weierstrass theorem (Theorem
2.70).

2.1 Metric Spaces and the Contraction Mapping Principle

A set X is called a metric space if there is defined a real-valued function
p on the Cartesian product X x X such that

x,y) < +o0;

if and only if x = y;

(y,2) (symmetry);

(x,2) + p(y, z) (the triangle inequality).

I
> = ©

21
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The function p is called a metric or distance function on X.
If x € X and € > 0, then B(x;¢) will denote the open ball of radius
about x, that is,

B(z;ie) ={y € X : p(z,y) <e}.

fo(o2) o)

of open balls forms a fundamental neighborhood system of xz; hence
a metric space is a topological space which satisfies the first axiom of
countability.

A topological space X is said to be metrizable if we can introduce a

The countable family

metric p on X in such a way that the induced topology on X by p is
just the original topology on X.

Two metrics p; and p on the same set X are said to be equivalent if,
for each € > 0 there exists § > 0 such that

p1(z,y) <8 = pa(w,y) <,
p2(z,y) <6 = pi(z,y) <e.

Equivalent metrics induce the same topology on X.
If  is a point of X and A is a subset of X, then we define the distance
dist (x, A) from z to A by the formula

dist (x, A) = 122 oz, a).
a

Let (X, p) be a metric space. A sequence {z,} in X is called a Cauchy

sequence if it satisfies Cauchy’s convergence condition
lim p(zy,Tm) =0.
n,m— 00

A metric space X is said to be complete if every Cauchy sequence in X
converges to a point in X.

Let (X, p) be a metric space. A map T from a subset Xy of X into
X is called a contraction on X if there exists a number 0 < § < 1 such
that

p(T(x), T(y)) <Op(x,y) forall x,ye Xp. (2.1)

The next theorem is the basis of many important existence theorems
in analysis (cf. [30, Chapter 3, Theorem 3.8.2]):
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Theorem 2.1 (the contraction mapping principle). Let T be a map of
a complete metric space (X, p) into itself. If T is a contraction, then
there exists a unique point z € X such that T'(z) = z.

A point z for which T'(z) = z is called a fized point of T. Hence
Theorem 2.1 is also called a fixed point theorem.

2.2 Linear Operators and Functionals

Let X, Y be linear spaces over the same scalar field K. A mapping T
defined on a linear subspace D of X and taking values in Y is said to be
linear if it preserves the operations of addition and scalar multiplication:

(L1) T(x1 + x2) = Tay + Ty for all z1, x5 € D.
(L2) T(ax) = aTx for all z € D and o € K.

We often write Tz, rather than T'(x), if T' is linear. We let

D(T) =D,
R(T)={Tz:2 € D(T)},
N(T)={x e D(T): Tx =0},

and call them the domain, the range and the null space of T', respectively.
The mapping T is called a linear operator from D(T) C X into Y. We
also say that T is a linear operator from X into Y with domain D(T).
In In the particular case when Y = K, the mapping T is called a linear
functional on D(T'). In other words, a linear functional is a K-valued
function on D(T') that satisfies conditions (L1) and (L2).

If a linear operator T is a one-to-one map of D(T") onto R(T), then it
is easy to see that the inverse mapping 7~ is a linear operator on R(T)
onto D(T). The mapping T~! is called the inverse operator or simply
the inverse of T. A linear operator 7" admits the inverse 7! if and only
if Tx = 0 implies that = = 0.

Let T} and T3 be two linear operators from a linear space X into a
linear space Y with domains D(7T7) and D(T3), respectively. Then we
say that T3 = Ty if and only if D(Ty) = D(T3) and Tiz = Tha for all
T € D(Tl) = D(TQ) IfD(Tl) C D(TQ) and Thax = Thx for all x € D(Tl),
then we say that 75 is an extension of T1 and also that T} is a restriction
of Ty, and we write 77 C T5.
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2.3 Quasinormed Linear Spaces

Let X be a linear space over the real or complex number field K. A real-
valued function p defined on X is called a seminorm on X if it satisfies
the following three conditions (S1), (S2) and (S3):

(S1) 0 <p(z) < oo forall z € X.
(S2) p(azx) = |alp(z) for all « € K and = € X.
(S3) p(x +y) <plx)+ply) for all z, y € X.

Let {p;} be a countable family of seminorms on X such that
pi(z) <p2(x) < -+ <pi(x) <--- for each x € X, (2.2)
and define

1
Vij = {$€X5pi($) < j}, i,j=1,2....
Then it is easy to verify that a countable family of the sets
v+ Vi ={z+y:yeV;}

satisfies the axioms of a fundamental neighborhood system of x; hence
X is a topological space which satisfies the first axiom of countability.
Furthermore, we have the following:

Theorem 2.2. Let {p;} be a countable family of seminorms on a linear
space X which satisfies condition (2.2). Assume that

For every non-zero x € X, there exists a seminorm p; such that (2.3)
pi(z) > 0.

Then the space X is metrizable by the metric

plz,y) = ;:1 YT+ pi(a) forallx, y € X.
If we let
|z| = p(z,0) = EOO le) forze X, (2.4)
— 21+ pi(x)

then the quantity |x| enjoys the following four properties (Q1), (Q2),
(@3) and (Q4):

(Q1) |z| > 0; |z| =0 if and only if x = 0.
(Q2) |z +y| < |z|+ |y| (the triangle inequality).
(Q3) an — 0 in K = |apz| — 0 for every z € X.
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(Q4) |zn] = 0= |azx,| = 0 for every a € K.

This quantity |z| is called a quasinorm of x, and the space X is called a
quasinormed linear space.
Theorem 2.2 may be restated as follows:

Theorem 2.3. A linear space X, topologized by a countable family {p;}
of seminorms satisfying conditions (2.2) and (2.3), is a quasinormed
linear space with respect to the quasinorm |x| defined by formula (2.4).

Let X be a quasinormed linear space. The convergence

lim |z, —2| =0
n— oo

in X is denoted by s — lim,, ..., = x or simply by x, — x, and we
say that the sequence {x,} converges strongly to x. A sequence {x,} is
called a Cauchy sequence if it satisfies Cauchy’s condition
lim |x,, — 2, =0.
m,n— oo

A quasinormed linear space X is called a Fréchet space if it is complete,
that is, if every Cauchy sequence in X converges strongly to a point in
X. If a quasinormed linear space X is topologized by a countable family
{pi} of seminorms which satisfies conditions (2.2) and (2.3), then the
above definitions may be reformulated in terms of seminorms as follows:

(i) A sequence {z,} in X converges strongly to a point z in X if
and only if, for every seminorm p; and every € > 0, there exists
a positive integer N = N(i,¢) such that

n>N= p;i(z, —z) <e.
(ii) A sequence {z,} in X is a Cauchy sequence if and only if, for
every seminorm p; and every € > 0, there exists a positive integer
N = N(i,¢) such that
m,n >N = pi(z, —x,) <e.
Let X be a quasinormed linear space. A linear subspace of X is called
a closed subspace if it is a closed subset of X. For example, the closure M

of a linear subspace M is a closed subspace. Indeed, since the elements
of M are limits of sequences in M, we have the assertions

T = lim, oo Tn, Tn € M7
Y= limy, o0 Yn, UYn € M



26 Elements of Functional Analysis
—

ar = lim,,_,., ax, forall a € K.

This proves that z +y € M and ax € M for all a € K.

2.3.1 Compact Sets

A collection {Ux}rena of open sets of a topological space X is called
an open covering of X if X = UycaUx. A topological space X is said
to be compact if every open covering {U,} of X contains some finite
subcollection of {Uy} which still covers X. If s subset of X is compact
considered as a topological subspace of X, then it is called a compact
subset of X.

A subset of a topological space X is said to be relatively compact
(or precompact) if its closure is a compact subset of X. A topological
space X is said to be locally compact if every point of X has a relatively
compact neighborhood.

A subset of a topological space X is called a o-compact subset if it is
a countable union of compact sets.

Compactness is such a useful property that, given a non-compact
space (X,0), it is worthwhile constructing a compact space (X', O’)
with X being its dense subset. Such a space is called a compactification
of (X, 0). The simplest way in which this can be achieved is by adjoin-
ing one extra point co to the space X; a topology O’ can be defined on
X' = X U{oo} in such a way that (X', 0’) is compact and that O is the
relative topology induced on X by O'. The topological space (X', O’)
is called the one-point compactification of (X, ), and the point oo is
called the point at infinity.

Let X be a quasinormed linear space. A subset Y of X is called a
sequentially compact if every sequence {y,} in Y contains a subsequence
{yn} which converges to a point y of Y

hm [Yn — y| = 0.
n'—oo
Then we have the following criterion for compactness:

Theorem 2.4. A subset of a quasinormed linear space X is compact if
and only if it is sequentially compact.
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2.3.2 Bounded Sets

Let (X,]|-]) be a quasinormed linear space. A set B in X is said to be
bounded if it satisfies the condition

sup |z| < oo.
r€B

We remark that every compact set is bounded.
A subset K of X is said to be totally bounded if, for any given ¢ > 0
there is a finite number of balls

B(zi,e)={ze X |z —x;| <e}, 1<i<nm,
of radius ¢ about x; € X that cover K:
K C U B(x;,¢€).

Example 2.1. Let (X, |-|) be a quasinormed linear space. Assume that
a subset A satisfies the following three conditions:

(a) For every h > 0, there exists a totally bounded subset A;, of X.
(b) For each point = € A, there exists a point y € Ay such that

|z —y| < h.
(c) For each point z € Aj, there exists a point w € A such that
|z — w| < h.

Then the subset A is totally bounded.
Proof. For any given € > 0, we assume that
A C UgeaB(z,¢).
Choose a number hg such that
0< hg < %
Since we have the assertion
Ap, CUyea,, B (y,¢/3),

it follows from condition (a) that there is a finite number of points
{y1,...,yn} of Ap, such that

Apy C UL B (yi,2/3). (2.5)
Moreover, by condition (¢) we can find a finite number of points

{z1,...,zn}
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of A such that
|zi —yil <hg, 1<i<N.
Then we have the assertion
AcUN, B (xie), (2.6)

which proves that A is totally bounded.
Indeed, if = is an arbirary point of A, by condition (b) we can find a
point yo € Ap, such that

|z — yo| < ho.
Moreover, by assertion (2.5), there exists a point y; € Ap, such that
€
lyo — yil < 3
Hence we have the inequality
€
|z — 25| < |z —yo| + [yo — yil + |yi — i Sho-l-g—i—ho
<eE.

This proves the desired assertion (2.6).
The proof of Example 2.1 is complete. O

Finally, we have the following criterion for compactness:

Theorem 2.5. Let X be a complete quasinormed linear space. A closed
subset of X is compact if and only if it is totally bounded.

Throughout the rest of this section, let X and Y be quasinormed
linear spaces over the same scalar field K, topologized respectively by
countable families {p;} and {g;} of seminorms which satisfy conditions
(2.2) and (2.3).

2.3.3 Continuity of Linear Operators
Let T be a linear operator from X into Y with domain D(T). By virtue
of the linearity of T, it follows that T is continuous everywhere on D(T)
if and only if it is continuous at one point of D(T'). Furthermore, we
have the following:

Theorem 2.6. A linear operator T' from X into Y with domain D(T)
is continuous everywhere on D(T) if and only if, for every seminorm g¢;
on'Y, there exist a seminorm p; on X and a constant C' > 0 such that

q;(Tz) < Cpi(z) for allx € D(T).
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2.3.4 Topologies of Linear Operators
We let

L(X,Y) = the collection of continuous linear operators on X into Y.

We define in the set L(X,Y") addition and scalar multiplication of oper-
ators in the usual way:

(T+S)r=Tx+ Sz, z€X,
(o) =a(Tz), ackK, zeX.

Then L(X,Y) is a linear space.
We introduce three different topologies on the space L(X,Y).

(1) Simple convergence topology: This is the topology of convergence
at each point of X; a sequence {7, } in L(X,Y") converges to an
element T of L(X,Y) in the simple convergence topology if and
only if T,x — Tx in Y for each z € X.

(2) Compact convergence topology: This is the topology of uniform
convergence on compact sets in X; T, — T in the compact con-
vergence topology if and only if T,,z — Tz in Y uniformly for z
ranging over compact sets in X.

(3) Bounded convergence topology: This is the topology of uniform
convergence on bounded sets in X; T;, — T in the bounded con-
vergence topology if and only if T,,x — Tz in Y uniformly for x
ranging over bounded sets in X.

The simple convergence topology is weaker than the compact conver-
gence topology, and the compact convergence topology is weaker than
the bounded convergence topology.

2.3.5 Product Spaces

Let X and Y be quasinormed linear spaces over the same scalar field K.
Then the Cartesian product X X Y becomes a linear space over K if we
define the algebraic operations coordinatewise

{zr, ) + {22, 92} = {21 + 22,91 + 92},
afzr,y} = {az,ay} for a € K.

It is easy to verify that the quantity

{2,y = (Jof% + [yl3) (2.7)
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satisfies axioms (Q1) through (Q4) of a quasinorm; hence the product
space X XY is a quasinormed linear space with respect to the quasinorm
defined by formula (2.7). Furthermore, if X and Y are Fréchet spaces,
then so is X x Y. In other words, the completeness is inherited by the
product space.

2.4 Normed Linear Spaces

A quasinormed linear space is called a normed linear space if it is topol-
ogized by just one seminorm that satisfies condition (2.3). We give the
precise definition of a normed linear space.

Let X be a linear space over the real or complex number field K. A
real-valued function || - || defined on X is called a norm on X if it satisfies
the following three conditions (N1), (N2) and (N3):

(N1) |lz|| = 0; ||=|]| = 0 if and only if = 0.
(N2) [[az|| = |oflz], « € K, z € X.
(N3) ||z +yll < |zl + llyll, =, y € X (the triangle inequality).

A linear space X equipped with a norm || - || is called a normed linear
space. The topology on X is defined by the metric

p(z,y) = ||z —y.

The convergence

lim ||z, —z|| =0
n—oo
in X is denoted by s — lim,,_, x,, = x or simply x, — z, and we say
that the sequence {z,} converges strongly to z. A sequence {z,} in X
is called a Cauchy sequence if it satisfies the condition
lim ||z, — x| = 0.
n,m— 00
A normed linear space X is called a Banach space if it is complete, that
is, if every Cauchy sequence in X converges strongly to a point in X.
Two norms || - ||; and || - |2 defined on the same linear space X are
said to be equivalent if there exist constants ¢ > 0 and C > 0 such that

cllell, < llally < Cllzll, for all 2 € X.

Equivalent norms induce the same topology.
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If X and Y are normed linear spaces over the same scalar field K,
then the product space X x Y is a normed linear space by the norm

1/2
Iz g}l = (Il + lyl5) "

If X and Y are Banach spaces, then sois X x Y.
Let X be a normed linear space. If Y is a closed linear subspace of
X, then the factor space X/Y is a normed linear space by the norm

|7 = inf 1. (23)

If X is a Banach space, then so is X/Y. The space X/Y, normed by
formula (2.8), is called a normed factor space.

2.4.1 Linear Operators on Normed Spaces

Throughout the rest of this section, the letters X, Y, Z denote normed
linear spaces over the same scalar field K.
The next theorem is a normed linear space version of Theorem 2.6:

Theorem 2.7. Let T be a linear operator from X into Y with domain
D(T). Then T is continuous everywhere on D(T) if and only if there
exists a constant C > 0 such that

|Tx|| < C|lz|| for all x € D(T). (2.9)

Remark 2.1. In inequality (2.9), the quantity |z| is the norm of z in
X and the quantity ||Tz| is the norm of Tz in Y. Frequently several
norms appear together, but it is clear from the context which is which.

One of the consequences of Theorem 2.7 is the following extension
theorem for a continuous linear operator:

Theorem 2.8. If T is a continuous linear operator from X into Y
with domain D(T) an~d if Y is a Banach space, then T has a unique

continuous extension T whose domain is the closure D(T) of D(T).

As another consequence of Theorem 2.7, we give a necessary and suf-
ficient condition for the existence of the continuous inverse of a linear
operator:

Theorem 2.9. Let T be a linear operator from X into Y with domain
D(T). Then T admits a continuous inverse T~ if and only if there
ezists a constant ¢ > 0 such that

|Tz|| > c||z|]] for all x € D(T).
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A linear operator T' from X into Y with domain D(T') is called an
isometry if it is norm-preserving, that is, if we have the formula

ITz|| = ||z|| for all x € D(T).

It is clear that if T' is an isometry, then it is injective and both T and
T~1 are continuous.

If T is a continuous, one-to-one linear mapping of X onto Y and
if its inverse T~! is also a continuous mapping, then it is called an
isomorphism of X onto Y. Two normed linear spaces are said to be
isomorphic if there is an isomorphism between them.

By combining Theorems 2.7 and 2.9, we obtain the following;:

Theorem 2.10. Let T be a linear operator on X ontoY. Then T is an
isomorphism if and only if there exist constants ¢ > 0 and C > 0 such
that

cllz|| < || Tz|| < Cllz||  for allx € X.

If T is a continuous linear operator from X into ¥ with domain D(T),
we let

1T = inf{C": |Tz]| < C|lz||, z € D(T)}.

Then, in view of the linearity of T" we have the formula

Tx
17l = sop TN Tl = sup Tel. (210
zeD(T) HJCH zeD(T) zeD(T)
x#0 [lz|l=1 [zl <1

This proves that ||T]| is the smallest non-negative number such that
|Tx| < ||T| - ||| for all x € D(T). (2.11)

Theorem 2.7 asserts that a linear operator 7" on X into Y is continuous
if and only if it maps bounded sets in X into bounded sets in Y. Thus
a continuous linear operator on X into Y is usually called a bounded
linear operator on X into Y. We let

L(X,Y)

= the space of bounded (continuous) linear operators on X into Y.

In the case of normed linear spaces, the simple convergence topology
on L(X,Y) is usually called the strong topology of operators, and the
bounded convergence topology on L(X,Y) is called the uniform topology
of operators. In view of formulas (2.10) and (2.11), it follows that the
quantity ||T|| satisfies axioms (N1), (N2) and (N3) of a norm; hence
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the space L(X,Y) is a normed linear space by the norm ||T|| given by
formula (2.10). The topology on L(X,Y’) induced by the operator norm
|T|| is just the uniform topology of operators.

We give a sufficient condition for the space L(X,Y’) to be complete:

Theorem 2.11. IfY is a Banach space, then so is L(X,Y).

If T is a linear operator from X into Y with domain D(T) and S is
a linear operator from Y into Z with domain D(S), then we define the
product ST as follows:

(a) D(ST)={x € D(T) : Tx € D(5)},
(b) (ST)(x) = S(Tx) for every x € D(ST).
As for the product of linear operators, we have the following:

Proposition 2.12. If T € L(X,Y) and S € L(Y,Z), then it follows
that ST € L(X,Z). Moreover, we have the inequality

ST < IS T

We make use of the following theorem in constructing the bounded
inverse of a bounded linear operator:

Theorem 2.13. If T is a bounded linear operator on a Banach space
X into itself and satisfies |T|| < 1, then the operator I — T has a unique
bounded linear inverse (I —T)~1 which is given by C. Neumann’s series

(I-7)"'= i ™.
n=0

Here I is the identity operator: Iz = x for every x € X, and T° = I.

2.4.2 Method of Continuity

In Chapter 15 we make use of the following method of continuity (see
[33, Chapter 5, Theorem 5.2]) in order to prove the ezistence theorem
for the Dirichlet problem:

Theorem 2.14 (the method of continuity). Let B be a Banach space
and let V be a normed linear space. If Lo and L1 are two bounded linear
operators from B into V, we define a family of bounded linear operators

Et:(lft)ﬁoﬁLtﬁliB—)V
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for 0 <t < 1. Assume that there exists a positive constant C, indepen-
dent of x and t, such that

lzllz < CllLexlly, for all x € B. (2.12)

Then the operator L1 maps B onto V if and only if the operator Lo maps
B onto V.

Proof. Assume that L is surjective for some s € [0,1]. By inequality
(2.12), it follows that L is bijective, so that the inverse £;1:V — B
exists. Here we remark that

e <c.
Now let ¢ be an arbitrary point of the interval [0,1]. For any given
y € V, the equation
Liz =1y
is equivalent to the equation
Lsx =L+ (Ls— L)z =y+ (s —t) (Lrz — Lox).
Hence we have the equivalent assertions
Lix=y <= v=L"(y+ (s—1t)(L17 — Lo))
= (I—(s—t)L;'(L1—Lo))z =Ly
However, if |t — s| is so small that
1

s—tl<d:= ,
s =1l A0

then it follows that

[(s =) £ (L1 = Lo)|| < Is — ¢ || £5H|| 1121 = Lol
s — 1
1)

< C s =t (1Ll + lI£Loll) =
<1
This proves that the operator
(I—(s—t) L1 (L1 — Lo))

has, as a Neumann series (Theorem 2.13), the inverse

oo

(I—(s—t)L; (L1 — =D (s=t)" (L))" (L1 — Lo)".

n=0
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Therefore, we obtain that, for all ¢ € [0, 1] satisfying |t — s| < 6,
Liz=y < v=(I—(s—t)L;" (L1 — [Zo))71 LYy

By dividing the interval [0,1] into subintervals of length less than &,
we find that the mapping L, is surjective for all ¢ € [0, 1], provided that
L is surjective for some s € [0,1]. In particular, this proves that £
maps B onto V if and only if £y maps B onto V.

The proof of Theorem 2.14 is complete. O

2.4.3 Finite Dimensional Spaces

The next theorem asserts that there is no point in studying abstract
finite dimensional normed linear spaces:

Theorem 2.15. All n-dimensional normed linear spaces over the same
scalar field K are isomorphic to K™ with the mazimum norm

lee]| = max lai|, a=(ar,as,...,a,) € K"

Topological properties of the space K™ applies to all finite dimensional
normed linear spaces.

Corollary 2.16. All finite dimensional normed linear spaces are com-
plete.

Corollary 2.17. FEwvery finite dimensional linear subspace of a normed
linear space is closed.

Corollary 2.18. A subset of a finite dimensional normed linear space
is compact if and only if it is closed and bounded.

By Corollary 2.17, it follows that the closed unit ball in a finite di-
mensional normed linear space is compact. Conversely, this property
characterizes finite dimensional spaces:

Theorem 2.19. If the closed unit ball in a normed linear space X 1is
compact, then X is finite dimensional.

2.4.4 The Hahn—Banach Extension Theorem

The Hahn-Banach extension theorem asserts the existence of linear func-
tionals dominated by norms (see [99, Chapter IV, Section 5, Theorem 1
and Corollary]):
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Theorem 2.20 (Hahn—Banach). Let X be a normed linear space over
the real or complex number field K and let M be a linear subspace of
X. If f is a continuous linear functional defined on M, then it can be
extended to a continuous linear functional f on X so that

LAl = 1111

Let X be a real or complex, normed linear space. A closed subset M
of X is said to be balanced if it satisfies the condition

xeM, o] <1 = ax e M.

The next two theorems assert the existence of non-trivial continuous
linear functionals (see [99, Chapter IV, Section 6, Theorem 3]):

Theorem 2.21 (Mazur). Let X be a real or complex, normed linear
space and let M be a closed convex, balanced subset of X. Then, for
any element xog & M there exists a continuous linear functional fy on X
such that

fo(zo) > 1,
[fo(x)] <1 on M.

Proof. Since M is closed and zg ¢ M, it follows that
dist (zg, M) > 0.

If 0 < d < dist (z , we let

( ) {meX x||<d},

d d
B(x0,2>—$0+3<02 {xeX:||x—x0||<2},

U{xEX:dist(x,M)gg}.

[\]

Then we have the assertions
d
UﬂB (I’o,2> :®7

d
B —
(O, 2) cU,

since 0 € M. Moreover, since M is convex and balanced, it is easy to
verify the following three assertions:

(a) U is convex.
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(b) U is balanced.

(¢) U is absorbing, that is, for any 2 € X, there exists a constant
o > 0 such that o=tz € U.

Hence, we can define the Minkowski functional py of U by the formula

pu(z) =inf{a>0:a" 'z €U} forevery z € X.

Since U is closed, it is easy to verify the following assertions:
pu(z)>1 ifz¢U,
pu(z) <1l ifzel.

Therefore, by applying [99, Chapter IV, Section 6, Corollary 1 to Theo-
rem 1] to our situation we can find a continuous linear functional f, on
X such that

fo(xo) = pu (o) > 1,

|fo(z)] <py(x) on X.

In particular, we have the assertion

|fo(z)] =pu(z) <1 on M,

since M C U.
The proof of Theorem 2.21 is complete. O

Theorem 2.22. Let X be a normed linear space and let M be a closed
linear subspace of X. Then, for any element xg ¢ M there exists a
continuous linear functional fo on X such that

{fo(l’o) > 1,
fo(x) =0 on M.

Proof. Indeed, it suffices to note that
lfo()| <1 on M = fo(x) =0 on M,

since M is a linear space.
The proof of Theorem 2.22 is complete. O

Finally, the next theorem asserts that, for each point g # 0 there
exists a continuous linear functional fo such that fo(xo) # fo(0) = 0:
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Theorem 2.23. Let X be a normed linear space. For each mon-zero
element xo of X, there exists a continuous linear functional fo on X
such that

{fom) = |lzoll,
I foll = 1.

2.4.5 Dual Spaces

Let X be a normed linear space over the real or complex number field K.
A continuous linear functional on X is usually called a bounded linear
functional on X.

The space L(X,K) of all bounded linear functionals on X is called
the dual space of X, and is denoted by X’. We shall write

f(@) ={f,x)

for the value of the functional f € X’ and the vector x € X. The
bounded (resp. simple) convergence topology on X’ is called the strong
(resp. weak™) topology on X’ and the dual space X’ equipped with this
topology is called the strong (resp. weak*) dual space of X.

It follows from an application of Theorem 2.11 with Y := K that the
strong dual space X’ is a Banach space with the norm

X
= s 2O g 5@,
zex\{0} [l ”zﬁi{l

We remark that
[(fsx)] < |fI - flzf| for all z € X.

Theorem 2.23 asserts that the dual space X’ separates points of X,
that is, for arbitrary two distinct points x;, xo of X, there exists a
functional f € X’ such that f(z1) # f(x2).

2.4.6 Annihilators

Let A be a subset of a normed linear space X. An element f of the dual
space X' is called an annihilator of A if it satisfies the condition

f(z) =0 forall z € A.

We let
A’ ={fe X": f(x)=0for all 2 € A}
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be the set of all annihilators of A. This is not a one way proposition. If
B is a subset of X'/, we let

'B={recX: f(z)=0forall fc B}
be the set of all annihilators of B.

Here are some basic properties of annihilators:

(i) The sets A and °B are closed linear subspaces of X and X',
respectively.
(ii) If M is a closed linear subspace of X, then (M?) = M.
(iii) If A is a subset of X and M is the closure of the subspace spanned
by A, then M° = A® and M = °(A°).

2.4.7 Dual Spaces of Normed Factor Spaces

Let M be a closed linear subspace of a normed linear space X. Then each
element f of M defines a bounded linear functional f on the normed
factor space X/M by the formula

f@) = f(z) forall T € X/M.

Indeed, the value f(x) on the right-hand side does not depend on the
choice of a representative = of the equivalence class Z, and we have the
formula

LA = 11711
Furthermore, it is easy to see that the mapping
w: f— f
of M into (X/M)’ is linear and surjective; hence we have the following:

Theorem 2.24. The strong dual space (X/M)' of the factor space X /M
can be identified with the space M° of all annihilators of M by the linear
1sometry m.

2.4.8 Bidual Spaces

Each element x of a normed linear space X defines a bounded linear
functional Jz on the strong dual space X’ by the formula

Jax(f) = f(z) forall fe X' (2.13)
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Then Theorem 2.23 asserts that

[Jzl| = sup [Jz(f)| = [,
ex’
IflI<1

so that the mapping J is a linear isometry of X into the strong dual
space (X')" of X’. The space (X')’ is called the strong bidual (or second
dual) space of X.

Summing up, we have the following:

Theorem 2.25. A normed linear space X can be embedded into its
strong bidual space (X') by the linear isometry J defined by formula
(2.13).

If the mapping J is surjective, that is, if X = (X’)’, then we say that
X is reflexive.
For example, we have the following:

Theorem 2.26. The space LP(Q) is reflexive if and only if 1 < p < oo
(see [2, Theorem 2.46]).

2.4.9 Weak Convergence

A sequence {z,} in a normed linear space X is said to be weakly con-
vergent if a finite lim,, o f(z,) exists for each f in the dual space
X' of X. A sequence {z,} in X is said to converge weakly to an el-
ement x of X if lim,,_, f(x,) = f(z) for every f € X'; we then write
w — lim,, oo T, = x or simply =, — = weakly. Since the space X’
separates points of X, the limit x is uniquely determined. Theorem
2.25 asserts that X may be considered as a linear subspace of its bidual
space (X')’; hence the weak topology on X is just the simple convergence
topology on the bidual space (X') = L(X’,K).
For weakly convergent sequences, we have the following:

Theorem 2.27. (i) s — lim, o0 p = & implies w — lim,_, o0 T, = 2.
(i) A weakly convergent sequence {x,} is bounded:

sup ||xn|| < 4oo.
n

Furthermore, if w —lim,,_,oc n, = x, then the sequence {x,} is bounded
and we have the inequality

lz]] < liminf ||2,]|.
n—o0
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Part (ii) of Theorem 2.27 has a converse:

Theorem 2.28. A sequence {x,} in X converges weakly to an element
x of X if the following two conditions (a) and (b) are satisfied:

(a) The sequence {x,} is bounded.

(b) lim, o0 f(2n) = f(x) for every f in some strongly dense subset
of X'.

For the strong and weak closures of a linear subspace, we have the
following (see [99, Chapter V, Section 1, Theorem 11]):

Theorem 2.29 (Mazur). Let X be a normed linear space. If M is a
closed linear subspace of X in the strong topology of X, then it is closed
in the weak topology of X.

Proof. Our proof is based on a reduction to absurdity. Assume, to the
contrary, that M is not weakly closed. Then there exists a point ¢ €
X \ M such that x is an accumulation point of the set M in the weak
topology of X. Namely, there exists a sequence {x,} of M such that
T, converges weakly to zo. However, by applying Mazur’a theorem
(Theorem 2.21) we can find a continuous linear functional fy on X such
that

fo(zo) > 1,
[fo(x)] <1 on M.

Hence we have the assertion
1< folao)l = lim [fo(n)] < 1

This is a contradiction.
The proof of Theorem 2.29 is complete. O

Finally, the next Eberlein—-Shmulyan theorem gives a necessary and
sufficient condition for reflexivity of a Banach space in terms of sequen-
tial weak compactness (see [99, Appendix to Chapter V, Section 4, The-
orem]|):

Theorem 2.30 (Eberlein-Shmulyan). A Banach space X is reflexive
if and only if it is locally sequentially weakly compact, that is, X is
reflexive if and only if every strongly bounded sequence of X contains a
subsequence which converges weakly to an element of X.
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2.4.10 Weak* Convergence

A sequence {f,} in the dual space X' is said to be weakly* convergent if
a finite lim,,—, oo frn(z) exists for every € X. A sequence {f,} in X' is
said to converge weakly* to an element f of X' if lim,, o fn(x) = f(2)
for every z € X; we then write w * — lim,, o f, = f or simply f, — f
weakly*. The weak™® topology on X' is just the simple topology on the
space X' = L(X,K).

We have the following analogue of Theorem 2.27:

Theorem 2.31. (i) s —lim, o0 fr = f implies w * —limy, o0 fro = f.
(i) If X is a Banach space, then a weakly* convergent sequence {fn}
in X' converges weakly* to an element f of X' and we have the inequality

[£]l < liminf || f,[].
n—oo

One of the important consequences of Theorem 2.31 is the sequential
weak* compactness of bounded sets:

Theorem 2.32. Let X be a separable Banach space. Then every bound-
ed sequence in the strong dual space X' has a subsequence which con-
verges weakly* to an element of X'.

2.4.11 Dwual Operators

The notion of the transposed matriz may be extended to the notion
of dual operators as follows: Let T be a linear operator from X into
Y with domain D(T") dense in X. Such operators are called densely
defined operators. Each element g of the dual space Y’ of Y defines a
linear functional G on D(T) by the formula

G(z) =¢g(Tzx) for all z € D(T).

If this functional G is continuous everywhere on D(T) in the strong
topology on X', it follows from an application of Theorem 2.8 that G
can be extended uniquely to a continuous linear functional ¢’ on the
closure

D(T) = X,

that is, there exists a unique element ¢’ of the dual space X’ of X which
is an extension of G. So we let

D(T")
=the totality of those g € Y’ such that the mapping
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x+— g(Tx)
is continuous everywhere on D(T) in the strong topology on X',
and define
Tg=g.

In other words, the mapping 7" is a linear operator from Y’ into X’ with
domain D(T") such that

g(Tx) =T'g(x) forallz € D(T) and g € D(T"). (2.14)

The operator T” is called the dual operator or transpose of T.
Frequently, we write (f,z) or (x, f) for the value f(z) of a functional
f at a point x. For example, we write formula (2.14) as follows:

(Tz,g) = (x,T'g) for all x € D(T) and g € D(T"). (2.14")

The next theorem states that the continuity of operators is inherited
by the transposes ([99, Chapter VII, Section 1, Theorem 2]):

Theorem 2.33. Let X, Y be normed linear spaces and X', Y’ their
strong dual spaces, respectively. If T is a bounded linear operator on X
into Y, then its transpose T" is a bounded linear operator on' Y’ into X',
and we have the formula

I = IIT].

2.4.12 Adjoint Operators

We assume that a normed linear space X is equipped with a conjugation,
that is, with a continuous, unitary operation

Xosu—uelX

satisfying the following conditions:

u+v=u-+m,
au=au,
u)=u

for all u, v € X and « € K. For example, if X is a function space, then
w is just the usual pointwise complex conjugate:

u(x) = u(z) for all u € X.
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A conjugation on X induces a conjugation on the dual space X’ by
the formula

(f,uy={(fu) forall fe X andue€ X.
Hence we can define a bounded sesquilinear form (-,-) on X’ x X by the
formula
(f,u) = <?,u> forall f € X’ and u € X.
Now we consider the case where X and Y are each equipped with
a conjugation. The notion of the adjoint matrix may be extended to
the notion of adjoints as follows: Let A : X — Y be a linear operator

with domain D(A) dense in X. Each element v of Y’ defines a linear
functional V on D(A) by the formula

V(u) = (Au,v) for every u € D(A).

If this functional V' is continuous everywhere on D(A) in the strong
topology on X', by applying Theorem 2.8 we obtain that V' can be

extended uniquely to a continuous linear functional v* on D(A) = X.
So we let

D(A")
= the totality of those v € Y’ such that the mapping
u— (Au,v)
is continuous everywhere on D(A) in the strong topology on X',
and define
A*v =™,

In other words, the mapping A* is a linear operator from Y’ into X’
with domain D(A*) such that

(u, A*v) = (Au,v) for all u € D(A) and v € D(A").

The operator A’ is called the adjoint operator or adjoint of A.

2.5 Closed Operators

Let X and Y be normed linear spaces over the same scalar field K. Let
T be a linear operator from X into Y with domain D(T). The graph
G(T) of T is the set

GT)={{z,Tz}: 2 € D(T)}
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in the product space X x Y. Note that G(T) is a linear subspace of
X xY. We say that T is closed if its graph G(T) is closed in X x Y.
This is equivalent to saying that

{z,} cD(T), 2y —2zin X, Tz, — yinY
= ze€D(T), Tz =y.

In particular, if T' is continuous and its domain D(T) is closed in X,
then T is a closed linear operator.

We remark that if T" is a closed linear operator which is also injective,
then its inverse 77! is a closed linear operator. Indeed, this follows
from the fact that the mapping {z,y} — {y,z} is a homeomorphism
of X xY onto Y x X.

A linear operator T is said to be closable if the closure G(T) in X x Y

of G(T') is the graph of a linear operator, say, T', that is, G(T') = G(T).
A linear operator is called a closed extension of T if it is a closed linear
operator which is also an extension of T'. It is easy to see that if T is
closable, then every closed extension of T is an extension of T. Thus the
operator T is called the minimal closed extension of T.
The next theorem gives a necessary and sufficient condition for a linear
operator to be closable ([99, Chapter II, Section 6, Proposition 2]):

Theorem 2.34. A linear operator T from X into Y with domain D(T)
1s closable if and only if the following condition is satisfied:

{zn} cDT), 2, —0in X, Tz, — yinY = y=0.

The notion of adjoints introduced in Subsection 2.4.12 gives a very
simple criterion for closability. In fact, we can prove the following ([38,
Chapter 3, Section 5, Theorem 5.29]):

Theorem 2.35. Let X andY be reflexive Banach spaces. If T : X —Y
is a densely defined, closable linear operator, then the adjoint T* : Y’ —
X' is closed and densely defined. Moreover, T** = (T*)" is the minimal

closed extension of T. Namely, we have the formula
G(T*)=G(T).

Now we can formulate three pillars of functional analysis — Banach’s
open mapping theorem ([14, Theorem 2.6]), Banach’s closed graph the-
orem ( [14, Theorem 2.9]) and Banach’s closed range theorem for closed
operators ([14, Theorem 2.19]):

Theorem 2.36 (Banach’s open mapping theorem). Let X and Y be
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Banach spaces. Then every continuous linear operator on X onto Y 1s
open, that is, it maps every open set in X onto an open set in'Y .

Theorem 2.37 (Banach’s closed graph theorem). Let X and Y be Ba-
nach spaces. Then every closed linear operator on X intoY is continu-
ous.

Corollary 2.38. Let X and Y be Banach spaces. If T is a continuous,
one-to-one linear operator on X onto Y, then its inverse T~ is also
continuous; hence T is an isomorphism.

Indeed, the inverse T~ is a closed linear operator, so that Theorem
2.37 applies.

We give useful characterizations of closed linear operators with closed
range ([14, Exercise 2.14]):

Theorem 2.39. Let X and Y be Banach spaces and T a closed linear
operator from X into Y with domain D(T). Then the range R(T) of T
1s closed in'Y if and only if there exists a constant C' > 0 such that

dist (z, N(T)) < C||Tz| for all z € D(T).

Here

dist (z, N(T)) = in]I\flfT) |z — z]|

is the distance from z to the null space N(T') of T.

The key point of the next theorem is that if the range R(T') is closed
in Y, then a necessary and sufficient condition for the equation Tz = y
to be solvable is that the given right-hand side y € Y is annihilated by
every solution 2’ € X’ of the homogeneous transposed equation T'z' = 0
([99, Chapter VII, Section 5, Theorem]):

Theorem 2.40 (Banach’s closed range theorem). Let X and Y be Ba-
nach spaces and T a densely defined, closed linear operator from X into
Y. Then the following four conditions are equivalent:

(i) The range R(T) of T is closed in'Y .

(i1) The range R(T") of the transpose T' is closed in X'.
(iii) R(T)=°N(T") ={z € X : (z,2") =0 for all 2’ € N(T")}.
(iv) R(T") ="N(T)={a’ € X' : (2/,2) =0 for allz € N(T)}.
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2.6 Complemented Subspaces

Let X be a linear space. Two linear subspaces M and N of X are said
to be algebraic complements in X if X is the direct sum of M and N,
that is, if X = M + N. Algebraic complements M and N in a normed
linear space X are said to be topological complementsin X if the addition
mapping

{y,z2} —y+=

is an isomorphism of M x N onto X. We then write
X=M®&N.
As an application of Corollary 2.38, we obtain the following:

Theorem 2.41. Let X be a Banach space. If M and N are closed
algebraic complements in X, then they are topological complements.

A closed linear subspace of a normed linear space X is said to be
complemented in X if it has a topological complement. By Theorem
2.41, this is equivalent in Banach spaces to the existence of a closed
algebraic complement.

The next theorem gives two criteria for a closed subspace to be com-
plemented ([14, Section 2.4]):

Theorem 2.42. Let X be a Banach space and M a closed subspace of
X. If M has either finite dimension or finite codimension, then it is
complemented in X .

2.7 Compact Operators

Let X and Y be normed linear spaces over the same scalar field K. A
linear operator T on X into Y is said to be compact or completely con-
tinuous if it maps every bounded subset of X onto a relatively compact
subset of Y, that is, if the closure of T'(B) is compact in Y for every
bounded subset B of X. This is equivalent to saying that, for every
bounded sequence {z,} in X, the sequence {T'z,} has a subsequence
which converges in Y.
We list some facts which follow at once:

(i) Every compact operator is bounded.
Indeed, a compact operator maps the unit sphere onto a bounded
set.
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(ii) Every bounded linear operator with finite dimensional range is
compact.
This is an immediate consequence of Corollary 2.18.

(iii) No isomorphism between infinite dimensional spaces is compact.
This follows from an application of Theorem 2.19.

(iv) A linear combination of compact operators is compact.

(v) The product of a compact operator with a bounded operator is
compact.

The next theorem states that if Y is a Banach space, then the compact
operators on X into Y form a closed subspace of L(X,Y) ([14, Theorem
6.1]):

Theorem 2.43. Let X be a normed linear space andY a Banach space.
If{T,} is a sequence of compact linear operators which converges to an
operator T' in the space L(X,Y) with the uniform topology, then T is
compact.

As for the transposes of compact operators, we have the following ([14,
Theorem 6.4]):

Theorem 2.44 (Schauder). Let X and Y be normed linear spaces. If
T is a compact linear operator on X into Y, then its transpose T' is a
compact linear operator on'Y' into X'.

2.8 The Riesz—Schauder Theory

Now we state the most interesting results on compact linear operators,
which are essentially due to F. Riesz in the Hilbert space setting. The
results are extended to Banach spaces by Schauder:

Theorem 2.45. Let X be a Banach space and T a compact linear op-
erator on X into itself. Set

S=I-T.
Then we have the following three assertions (i), (ii) and (iii):

(i) The null space N(S) of S is finite dimensional and the range
R(S) of S is closed in X.
(i) The null space N(S’) of the transpose S’ is finite dimensional
and the range R(S") of S’ is closed in X'.
(#i) dim N(S) = dim N(S5").
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By combining Theorems 2.40 and 2.45, we can obtain an extension
of the theory of linear mappings in finite dimensional linear spaces ([14,
Theorem 6.6]):

Corollary 2.46 (the Fredholm alternative). Let T' be a compact linear
operator on a Banach space X into itself. If S =1 —T 1is either one-to-
one or onto, then it is an isomorphism of X onto itself.

Let T be a bounded linear operator on X into itself. The resolvent
set of T, denoted p(T), is defined to be the set of scalars A € K such
that AI — T is an isomorphism of X onto itself. In this case, the inverse
(M — T)~! is called the resolvent of T. The complement of p(T'), that
is, the set of scalars A € K such that Al — T is not an isomorphism of
X onto itself is called the spectrum of T, and is denoted by o(T).

The set 0,(T) of scalars A € K such that A\I — T is not one-to-one
forms a subset of o(T'), and is called the point spectrum of T. A scalar
A € K belongs to 0,(T) if and only if there exists a non-zero element
x € X such that Tx = Az. In this case, A is called an eigenvalue of
T and x an eigenvector of T corresponding to A. Also the null space
N(M —T) of A\ —T is called the eigenspace of T corresponding to A,
and the dimension of N(AI — T) is called the multiplicity of A.

By using C. Neumann’s series (Theorem 2.13), we find that the resol-
vent set p(T) is open in K and that

{AeK: A>T} € p(T).

Hence the spectrum o(T) = K\ p(T) is closed and bounded in K.

If T is a compact operator and A is a non-zero element of o(7T'), then,
by applying Corollary 2.46 to the operator A™'T we obtain that A\ — T
is not one-to-one, that is, A € 0,(T). Also note that if X is infinite
dimensional, then T is not an isomorphism of X onto itself; hence 0 €
op(T). Therefore the scalar field K can be decomposed as follows:

K = (0,(T) U{0}) U p(D).

We can say rather more about the spectrum o(7") in terms of transpose
operators ([99, Chapter X, Section 5, Theorems 1, 2 and 3]):

Theorem 2.47 (Riesz—Schauder). Let T be a compact linear operator
on a Banach space X into itself. Then we have the following three
assertions (i), (ii) and (iii):

(i) The spectrum o(T) of T is either a finite set or a countable set
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accumulating only at the zero 0; and every non-zero element of
a(T) is an eigenvalue of T.

(i) dim N(A\ —T) = dim N(\ — T") < +oo for all X\ # 0.

(#ii) Let X\ # 0. The non-homogeneous equation

M-Tax=y

has a solution if and only if y is orthogonal to the space N(A\—T").
Similarly, the non-homogeneous transpose equation

AN -T)z=w

has a solution if and only if w is orthogonal to the space N (A —
T). Moreover, the operator \XI — T is onto if and only if it is
one-to-one.

2.9 Fredholm Operators

Throughout this section, the letters X, Y, Z denote Banach spaces over
the same scalar field K.

A linear operator T' : X — Y is called a Fredholm operator if the
following five conditions are satisfied:

(i) The domain D(T') of T is dense in X.
(ii) T is a closed operator.
(iii) The null space N(T) = {z € D(T) : Tx = 0} of T has finite
dimension; dim N(T") < co.
(iv) The range R(T') of T is closed in Y.
(v) The range R(T) has finite codimension in Y; codim R(T) =
dimY/R(T) < 0.

Then the index of T is defined by the formula
ind T := dim N(T') — codim R(T).

For example, we find from Theorems 2.45 and 2.40 that if X = Y
and T is compact, then the operator I — T is a Fredholm operator and
ind (I —T)=0.

We give a characterization of Fredholm operators. First, we have the
following ([48, Theorem 2.24]):

Theorem 2.48. If T : X — Y is a Fredholm operator with domain
D(T), then there exist a bounded linear operator S : Y — X and compact
linear operators P: X — X, Q:Y — Y such that
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(a) ST=1-P on D(T),
(b)) TS=I—-Q onY.
Furthermore, we have the formulas
R(P) = N(T),
dim R(Q) = codim R(T).
Theorem 2.48 has a converse:

Theorem 2.49. Let T be a closed linear operator from X into Y with
domain D(T) dense in X. Assume that there exist bounded linear op-
erators S1 1Y — X and Sy : 'Y — X and compact linear operators
Ki: X —> X, Ky:Y =Y such that

(a) 1T =1— K; on D(T),
(b) TSo=1—Ky onY.
Then T is a Fredholm operator.

Now we state some important properties of Fredholm operators ([48,
Theorem 2.21]):

Theorem 2.50. IfT : X — Y is a Fredholm operator and if S:Y — Z
is a Fredholm operator, then the product ST : X — Z is a Fredholm
operator, and we have the formula

ind (ST) = ind S + ind T.

The next theorem states that the index is stable under compact per-
turbations or small perturbations ([48, Theorem 2.26]):

Theorem 2.51. (i) If T : X — Y is a Fredholm operator and if K :
X — Y is a compact linear operator, then the sum T+ K : X - Y isa
Fredholm operator, and we have the formula

ind(T+ K)=ind T.

(ii) The Fredholm operators form an open subset of the space L(X,Y)
of bounded operators. More precisely, if E : X — Y is a bounded op-
erator with || E|| sufficiently small, then the sum T+ F : X — Y is a
Fredholm operator, and we have the formula

ind(T+ FE)=ind T.

As for the transposes of Fredholm operators, we have the following;:
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Theorem 2.52. If T : X — Y is a Fredholm operator and if Y is
reflexive, then the transpose T' : Y' — X' of T is a Fredholm operator,
and we have the formula

ind 7" = —ind T.

Now we can state a generalization of the Fredholm alternative (Corol-
lary 2.46) in terms of adjoint operators ([48, Theorem 2.27)):

Theorem 2.53 (the Fredholm alternative). Let A: X — Y be a Fred-
holm operator with ind A = 0. Then there are two, mutually exclusive
possibilities (i) and (ii):

(i) The homogeneous equation Au = 0 has only the trivial solution
u = 0. In this case, we have the following two assertions:

(a) For each f €Y, the non-homogeneous equation Au = f
has a unique solution u € X.

(b) For each g € X', the adjoint equation A*v = g has a
unique solution v € Y.

(ii) The homogeneous equation Au = 0 has exactly p linearly inde-
pendent solutions uy, usg, ..., up for somep > 1. In this case, we
have the following three assertions:

(¢) The homogeneous adjoint equation A*v =0 has ezxactly p
linearly independent solutions vy, va, ..., Vp.

(d) The non-homogeneous equation Au = f is solvable if and
only if the right-hand side f satisfies the orthogonal con-
ditions

(vj, f)=0 foralll <j<np.

(e) The non-homogeneous adjoint equation A*v = g is solv-
able if and only if the right-hand side g satisfies the or-
thogonal conditions

(g,uj) =0 foralll <j<p.

2.10 Hilbert Spaces

A complex (or real) linear space X is called a pre-Hilbert space or inner
product space if, to each ordered pair of elements = and y of X, there is
associated a complex (or real) number (z,y) in such a way that

(1) (y,2) = (z,9)-




(12)
(I13)
(14)
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(ax,y) = a(z,y) for all @ € C (or a € R).
(x+y,2) = (z,2) + (y,2) for all z, y and z € X.
(x,2) > 0; (x,2) =0 if and only if x = 0.

Here (z,y) denotes the complex conjugate of (z,y). In the real case
condition (I1) becomes simply (y,2) = (z,y). The number (x,y) is
called the inner product or scalar product of x and y.

The following are immediate consequences of conditions (I1), (I12) and

(13):

(i)
(i)

(ax + By, z) = a(z, z) + By, z) for all a, 5 € C.
(z,ay + B2) = a(z,y) + B(z,2) for all a, 3 € C.

These properties (i) and (ii) are frequently called sesquilinearity. In the
real case they are bilinearity.
We list some basic properties of the inner product:

(1)

The Schwarz inequality holds true for all z, y € X:

[z, 9)” < (z,2)(y,y).

Here the equality holds true if and only if z and y are linearly
dependent.
The quantity

|z = v/(z,z) (the non-negative square root)

satisfies axioms (N1), (N2) and (N3) of a norm; hence a pre-
Hilbert space is a normed linear space by the norm

2]l =/ (z, z).
The inner product (z,y) is a continuous function of x and y:
[2n — 2 — 0, llyn —yll — 0 = (zn,yn) — (z,9).
The parallelogram law holds true for all z, y € X:
llz+yl* + llz =yl = 2(l=]* + [ly]1*)- (2.15)

Conversely, we assume that X is a normed linear space whose
norm satisfies condition (2.15). We let

1
(z,y) = (I +yl* = llz = yl?)
if X is a real normed linear space, and let

1 . . . .
(@y) =7 (e +y” = lle =yl +illz +iy[|* — ile - iy]*)
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if X is a complex normed linear space. Then it is easy to verify
that the number (x,y) satisfies axioms (I1) through (I4) of an
inner product; hence X is a pre-Hilbert space.

A pre-Hilbert space is called a Hilbert space if it is complete with
respect to the norm derived from the inner product.

If X and Y are pre-Hilbert spaces over the same scalar field K, then
the product space X x Y is a pre-Hilbert space by the inner product

({z1, 1}, {72, y2})

= (21,22) + (y1,9y2) forall xy, 20 € X and y1, y2 €Y.

Furthermore, if X and Y are Hilbert spaces, then so is X x Y.

2.10.1 Orthogonality

Let X be a pre-Hilbert space. Two elements x, y of X are said to be
orthogonal if (z,y) = 0; we then write x L y. We remark that

rly <= ylz
rlzr <= z=0.

If A is a subset of X, we let
L={zeX:(x,y)=0forallyec A}.

In other words, At is the set of all those elements of X which are
orthogonal to every element of A.
We list some facts which follow at once:

(i) The set AL is a linear subspace of X.
(ii) Ac B = Bt c AL

(iii) An A+ ={o0}.

)

) A

(iv) The set A is closed.

A" = JAL where 4 is the closure of A and [A] is the space

bpanned by A, that is, the space of all finite linear combinations
of elements of A.

(v

Facts (iv) and (v) follow from the continuity of the inner product.
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2.10.2 The Closest-Point Theorem and Applications

Theorem 2.54 (the closest-point theorem). Let A be a closed convex
subset of a Hilbert space X. If x is a point not in A, then there is a
unique point a in A such that

||z — a|| = dist(x, A).

Theorem 2.54 can be proved by using the parallelogram law.
One of the consequences of Theorem 2.54 is that every closed linear
subspace of a Hilbert space is complemented:

Theorem 2.55. Let M be a closed linear subspace of a Hilbert space
X. Then every element x of X can be decomposed uniquely in the form

r=y+z2 yeM, ze M. (2.16)

Moreover, the mapping x — {y, z} is an isomorphism of X onto M x
M+t

We shall write the decomposition (2.16) in the form
X=MaoM™, (2.16")

emphasizing that the mapping z — {y, z} is an isomorphism of X onto
M x M. The space M~ is called the orthogonal complement of M.

Corollary 2.56. If M is a closed linear subspace of a Hilbert space X,
then it follows that M+ = (M+)+ = M. Furthermore, if A is a subset

of X, then we have A++ = [A], where [A] is the space spanned by A.

With the above notation (2.16), we define a mapping Py of X into
M by the formula

Pyx =y.

Since the decomposition (2.16) is unique, it follows that Py is linear.
Furthermore, we easily obtain the following:

Theorem 2.57. The operator Py; enjoys the following three properties
(i), (ii) and (iii):

(i) P% = Py (idempotent property).
(i1) (Pyz,2’) = (z, Pyx’) (symmetric property).
(iii) || Par]| < 1.
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The operator Py, is called the orthogonal projection onto M.
Similarly, we define a mapping Py,;. of X into M by the formula

Pyix=z.

Then Corollary 2.56 asserts that P, is the orthogonal projection onto
M. Tt is clear that

Py + Pye = 1.

Now we give an important characterization of bounded linear func-
tionals on a Hilbert space:

Theorem 2.58 (the Riesz representation theorem). Every element y of
a Hilbert space X defines a bounded linear functional Jxy on X by the
formula

Ixy(z) = (z,y) forallx € X, (2.17)
and we have the formula
I17xyll = sup [Jxy(@)l = [yl
lzll <1

Conversely, for every bounded linear functional f on X, there exists
a unique element y of X such that f = Jxy, that is,

flx)=(z,y) foralxeX,

and so
1A= lyll-

In view of formula (2.17), it follows that the mapping Jx enjoys the
following property:

Jx(ay + Bz) =aJxy+ BJxz forally, z€ X and a, 3 € C.

We express this by saying that Jx is conjugate linear or antilinear. In
the real case, Jx is linear.

Let X’ be the strong dual space of a Hilbert space X, that is, the
space of bounded linear functionals on X with the norm

Ifll = sup [f(=)].
zeX
llz] <1

Then Theorem 2.58 may be restated as follows:

There is a conjugate linear, norm-preserving isomorphism  (2.18)
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Jx of X onto X'.

In this case, we say that X' is antidual to X.

Recall that a sequence {z,} in a normed linear space X is said to
converge weakly to an element z of X if f(z,) — f(x) for every f € X'.
Assertion (2.18) tells us that a sequence {z,} in a Hilbert space X
converges weakly to an element = of X if and ouly if (z,,y) — (x,y) for
every y € X.

Another important consequence of Theorem 2.58 is the reflexivity of
Hilbert spaces:

Corollary 2.59. FEvery Hilbert space can be identified with its strong
bidual space.

2.10.3 Orthonormal Sets

Let X be a pre-Hilbert space. A subset S of X is said to be orthogonal
if every pair of distinct elements of S is orthogonal. Furthermore, if
each element of S has norm one, then S is said to be orthonormal.
We remark that if S is an orthogonal set of non-zero elements, we can
construct an orthonormal set from S by normalizing each element of S.
If {z1,z2,...,2,} is an orthonormal set and if = Y ;" | a;z;, then we
have the formula

n
HxHQ = Z |ai|27 Q= (xaxl)
=1

Therefore, every orthonormal set is linearly independent.
First, we state the Gram—Schmidt orthogonalization:

Theorem 2.60 (Gram—Schmidt). Let {z;}icr be a finite or countable
infinite set of linearly independent vectors of X. Then we can construct
an orthonormal set {u;};er such that, for eachi € I,

(a) w; is a linear combination of {x1,xa,...,x;}.
(b) x; is a linear combination of {uy,us, ..., u;}.

Corollary 2.61. Every n-dimensional pre-Hilbert space over the scalar
field K is isomorphic to the space K™ with the usual inner product.

Let {ux}rea be an orthonormal set of a pre-Hilbert space X . For each
r € X, we let

:%,\:(x,uA), A €A
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The scalars &) are called the Fourier coefficients of x with respect to

{ur}.

Then we have the following;:

Theorem 2.62. For each © € X, the set of those A € A such that
Ty # 0 is at most countable. Furthermore, we have the Bessel inequality

Dl < .
AEA

An orthonormal set S of X is called a complete orthonormal system
if it is not contained in a larger orthonormal set of X.
As for the existence of such systems, we have the following:

Theorem 2.63. Let X be a Hilbert space having a mon-zero element.
Then, for every orthonormal set S in X, there exists a complete or-
thonormal system that contains S.

The next theorem gives useful criteria for the completeness of or-
thonormal sets:

Theorem 2.64. Let S = {uy}xrea be an orthonormal set in a Hilbert
space X. Then the following five conditions (i) through (v) are equiva-
lent:

(i) The set S is complete.

(ii) S+ = {0}.
(iii) The space [S] spanned by S is dense in X: [S] = X.
(iv) For every x € X, we have the formula

RSN (2.19)

AEA
(v) For every x € X, we have the formula
r=Y duy inX. (2.20)
AEA

Formula (2.19) is called the Parseval identity and formula (2.20) is called
the Fourier series expansion of x with respect to {uy}.

2.10.4 Adjoint Operators

Throughout this subsection, the letters X, Y, Z denote Hilbert spaces
over the same scalar field K. Let T be a linear operator from X into
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Y with domain D(T) dense in X. Each element y of Y defines a linear
functional f on D(T) by the formula

f(x) = (Tz,y) for every x € D(T).

If this functional f is continuous everywhere on D(T'), by applying The-
orem 2.8 we obtain that f can be extended uniquely to a continuous
linear functional f on D(T) = X. Therefore, Riesz’s theorem (Theorem
2.63) asserts that there exists a unique element y* of X such that

fl@)=(z,y*) forallze X.
In particular, we have the formula
(Tz,y) = f(z) = (z,y") forall z € D(T).
Hence we let

D(T™) =the totality of those y € Y such that the mapping
x+— (Tz,y)

is continuous everywhere on D(T),

and define
Ty =y*.

In other words, the mapping 7™ is a linear operator from Y into X with
domain D(T*) such that

(Tz,y) = (x,T*y) forall x € D(T) and y € D(T™).

The operator T is called the adjoint operator or simply the adjoint of
T.
We list some basic properties of adjoints:

(i) The operator T* is closed.

(ii) ¥ T € L(X,Y), then T* € L(Y, X) and ||T*| = ||T|.
(iii) If T, S € L(X,Y), then (aT+BS)* =al*+pS* for all o, B € C.
(iv) T € L(X,Y) and S € L(Y, Z), then (ST)* = T*S*.

A densely defined linear operator T' from X into itself is said to be
self-adjoint if T'= T*. Note that every self-adjoint operator is closed.

As for the adjoints of closed operators, we have the following (see
Theorem 2.35):
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Theorem 2.65. IfT is a densely defined, closed linear operator from X
into Y, then the adjoint T* is a densely defined, closed linear operator
from 'Y into X and we have the formula

Corollary 2.66. IfT is a densely defined, closable linear operator, then
the adjoint T™* is densely defined and the operator T** coincides with the
minimal closed extension T of T. Namely, we have the formula

G(T*) = G(T).

2.11 Continuous Functions on Metric Spaces

In this last section we formulate two fundamental theorems concerning
spaces of continuous functions defined on a metric space.

2.11.1 The Ascoli—Arzela Theorem

Let X be a subset of a metric space (S, p) and F' a Banach space. We
let

C (X, F) = the space of continuous maps of X into F.

We say that a subset ® of C'(X, F) is equicontinuous at a point xg of X
if, for any given ¢ there exists a constant § = §(xg,e) > 0 such that we
have, for all f € @,

v € X, pla,we) <6 = |f(z) — flzo)| <e.

We say that ® is equicontinuous on X if it is equicontinuous at every
point of X.

The next theorem provides a criterion for compactness of compact
subsets of functions spaces:

Theorem 2.67 (Ascoli-Arzeld). Let X be a compact subset of a met-
ric space (S, p) and F a Banach space. Let ® be a subset of the space
C(X, F) of continuous maps with supremum norm. Then ® is relatively
compact in C(X, F) if and only if the following two conditions are sat-
isfied:

(1) ® is equicontinuous.
(II) For each x € X, the set ®(x) = {f(x) : f € O} is relatively com-
pact in F.
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The next corollary is a version of the Ascoli-Arzela theorem in the
case where F is the real numbers R or complex numbers C.

Corollary 2.68. Let X be a compact subset of a metric space, and
let © be a subset of the space C(X) of continuous functions on X with
supremum norm. Then ® is relatively compact in C(X) if and only if it
18 equicontinuous and bounded for the supremum norm.

We remark that a subset @ is relatively compact if and only if it has
the property that any sequence in ® has a convergent subsequence, con-
verging in its closure. The Ascoli-Arzela theorem is used mostly when
X is a o-compact space. In that case, we have the following version of
the Ascoli-Arzela theorem:

Corollary 2.69 (Ascoli-Arzeld). Let X be a metric space that is a
denumerable union of compact sets. Let {f,,} be a sequence of continuous
maps of X into a Banach space F. Assume that:

(1) The sequence {f,.} is equicontinuous as a family of maps.
(2) For each x € X, the closure of the set {fn(x) :n=1,2,...} is

compact in F.

Then there exists a subsequence of {f,} that converges pointwise to a
continuous map f € C(X, F), and this convergence is uniform on every
compact subset of X .

2.11.2 The Stone—Weierstrass Theorem

Let (X, d) be a compact metric space. In the space C'(X) of continuous,
real-valued functions on X, we define the uniform metric

p(f,9) = max|f(z) —g(z)| for f, g€ C(X).

X
Moreover, we introduce the following operations on C(X) for any f,
g€ C(X)and a € R:

(S1) (f+9)(z) = f(x) + g(x) for all x € X.
(S2) (fg)(z) = f(z) - g(z) for all z € X.
(S3) (af)(z) =af(x) for all z € X.

A subset A of C(X) is called an algebra if it is a real linear subspace
such that

fhge A = fge A
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Let B be a subset of C(X). The intersection of all algebras containing
B is an algbra. This algebra is called the algebra generated by B.

Example 2.2. Let X = [a,b] be the finite closed interval in R. Let
Cla,b] be the space of continuous, real-valued functions on [a,b]. The
algebra generated by functions 1 and x is the set P of all polynomials.

A subset B of C(X) is said to separate points of X if, for any two
distinct points x, y € X there exists a function f € B such that

f(x) # f(y).

For example, the set P of all polynomials separates points of X = [a, b].

The next theorem is a generalization of the classical Weierstrass ap-
prozimation theorem (see [30, Chapter 3, Theorem 3.7.1], [29, Section
4.7, Theorem 4.45]):

Theorem 2.70 (Stone-Weierstrass). Let X be a compact metric space
and let A be an algebra in the space C(X) of continuous, real-valued
functions on X. If A contains the constant function 1 and separates
points of X, then A is dense in C(X), that is, A= C(X).

The classical Weierstrass theorem is a special case of the Stone—
Weierstrass theorem (Theorem 2.70) if we take
X = Cla,b),
A=P

2.12 Notes and Comments

The topics in this chapter form a necessary background for what follows.
For more thorough treatments of this subject, the reader might be re-
ferred to Brezis [14], Folland [29], Friedman [30], Kato [38], Kolmogorov—
Fomin [39], Reed—Simon [58], Rudin [60], Schechter [66] and Yosida [99].
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Measures, Integration and L” Spaces

In this chapter we set forth the basic concepts of measure theory and
develop the theory of integration on abstract measure spaces, paying
particular attention to the Lebesgue integral on the Euclidean space
R™. In particular, we prove Minkowski’s inequality for integrals (Theo-
rem3.16) and Hardy’s inequality (Theorem 3.18)in L? spaces. In Section
3.9, we prove the Marcinkiewicz interpolation theorem (Theorem 3.30)
which plays an important role in the proof of Theorem 9.5 in Section 9.3.
In Section 3.10, as an application of Marcinkiewicz’s interpolation theo-
rem we study Riesz potentials in the classical potential theory (Theorem
3.31).

3.1 Measure Theory

This section is a summary of the basic definitions and results about
measure theory which will be used throughout the book. Most of the
material are quite familiar to the reader and may be omitted. This
section, included for the sake of completeness, should serve to settle
questions of notation and such.

3.1.1 Measurable Spaces and Functions

Let X be a non-empty set. A collection M of subsets of X is said to be
a o-algebra in X if it has the following three properties (S1), (S2) and
(S3):

(S1) The empty set @ belongs to M.
(S2) If A € M, then its complement A° = X \ A belongs to M.

63
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(S3) If {4, } is an arbitrary countable collection of members of M,
then the union (J,-, A, belongs to M.

The pair (X, M) is called a measurable space and the members of M
are called measurable setsin X.

For any collection F of subsets of X, there exists a smallest o-algebra
o(F) in X which contains F. This o(F) is sometimes called the o-
algebra generated by F.

We let

R={-00}URU {+00}

with the obvious ordering. The topology on R is defined by declaring
that the open sets in R are those which are unions of segments of the
types

(a,b), [—o0,a), (a,+ox].

The elements of R are called eztended real numbers.

Let (X, M) be a measurable space. An extended real-valued func-
tion f defined on a set A € M is said to be M-measurable or simply
measurable if, for every a € R, the set

{zreA: f(x)>a}

is in M.
If A is a subset of X, we let

() 1 ifzeA,
xT) =
xa 0 ifed A

The function y 4 is called the characteristic function of A.

A real-valued function f on X is called a simple function if it takes on
only a finite number of values. Thus, if a1, a2, ..., a,, are the distinct
values of f, then f can be written as

flx) = ZanAj (2)

where A; = {z € X : f(z) =a;}. We remark that the function f is
measurable if and only if each A; is measurable.

The next theorem characterizes measurable functions in terms of sim-
ple functions:

Theorem 3.1. An extended real-valued function defined on a measur-
able set is measurable if and only if it is a pointwise limit of a sequence
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of measurable simple functions. Furthermore, every non-negative mea-
surable function is a pointwise limit of an increasing sequence of non-
negative measurable simple functions.

The next monotone class theorem will be useful for the study of mea-
surability of functions:

Theorem 3.2 (the monotone class theorem). Let F be a w-system in
X and let H be a linear space of real-valued functions on X. Assume
that the following two conditions (i) and (ii) are satisfied:

(i) 1€ H and x4 € H for all A e F.
(ii) If {fn} is an increasing sequence of non-negative functions in H
such that f = sup,, fn is bounded, then it follows that f € H.

Then the linear space H contains all real-valued, bounded functions on
X which are o(F)-measurable.

3.1.2 Measures

Let (X, M) be a measurable space. An extended real-valued function
defined on M is called a non-negative measure or simply a measure if it
has the following three properties (M1), (M2) and (M3):

(M1) 0 < p(A) < o0, Ac M.
(M2) a(0) = 0.
(M3) The function p is countably additive, that is,

K (Z Ai) = Zﬂ(Ai)
i=1 i=1
for any disjoint countable collection {A;} of members of M.

The triple (X, M, ) is called a measure space. In other words, a measure
space is a measurable space which has a non-negative measure defined
on the g-algebra of its measurable sets. If ;1(X) < oo, then the measure
u is called a finite measure and the space (X, M, ) is called a finite
measure space. If X is a countable union of sets of finite measure, then
the measure p is said to be o-finite on X. We also say that the measure
space (X, M, p) is o-finite.

Let (X, M, 1) be a measure space. A set E € M such that u(E) =0
is called a null set. We remark that any countable union of null sets is
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a null set. A measure pu whose domain includes all subsets of null sets
is said to be complete, that is, if it satisfies the condition

w(EY=0and FCE — F € M.

It is known (see [29, Theorem 1.9]) that, for a measure space (X, M, )
there exist a o-algebra M and a unique extension 7z of x to a complete
measure on M. The measure 7 is called the completion of 1 and the
o-algebra M is called the completion of M with respect to p.

3.1.3 Lebesgue Measures

The next theorem is one of the fundamental theorems in measure theory:

Theorem 3.3. There exist a o-algebra M in R™ and a non-negative
measure p on M having the following four properties (i), (i), (iii) and

(iv):

(i) Fvery open set in R™ is in M.
(ii)) If AC B, Be M and u(B) =0, then A € M and u(A) = 0.
(tii) If A = {z e R":a; <x; <bj(1<j<n)}, then A € M and
u(A) = T, (b — ay):
(iv) The measure p is translation invariant, that is, if © € R™ and
A € M, then the set t + A = {z+y:y€ A} is in M and
u(a+ A) = p(A).

The elements of M are called Lebesgue measurable sets in R™ and the
measure u is called the Lebesgue measure on R™.

3.1.4 Signed Measures

Let (X, M) be a measurable space. A real-valued function u defined on
M is called a signed measure or real measure if it is countably additive,
that is,

M (Z Ai) = ZM(Ai)

for any disjoint countable collection {4;} of members of M. It should
be noticed that every rearrangement of the series ). ji(A4;) also con-
verges, since the disjoint union ), A; is not changed if the subscripts
are permuted. A signed measure takes its values in (—oo, +00), but a
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non-negative measure may take +o0o; hence the non-negative measures
do not form a subclass of the signed measures.
If v is a signed measure, we define a function || on M by the formula

ul(A) = sup Y |u(A))], A€M, (3.1)
i=1

where the supremum is taken over all countable partitions {4;} of A into
members of M. Then the function |u| is a finite non-negative measure
on M. The measure |u| is called the total variation measure of p, and
the quantity |p|(X) is called the total variation of u. We remark that

(A < [ul(A) < Jpl(X), AeM.

3.1.5 Borel Measures

Let X be a locally compact Hausdorff space. There exists a smallest
o-algebra B in X which contains all open sets in X. The members of
B are called Borel setsin X. A signed measure defined on B is called a
real Borel measure on X. A non-negative Borel measure p is said to be
outer regular on a Borel set B if it satisfies the condition

w(B) =inf {u(G) : B C G, G is open}.

A non-negative Borel measure p is said to be inner regular on a Borel
set B if it satisfies the condition

w(B) =sup{u(F): F C B, F is compact} .

If p is outer and inner regular on all Borel sets, it is called a regular
Borel measure.
We give a useful criterion for the regularity of p:

Theorem 3.4. Let X be a locally compact Hausdorff space in which
every open set is o-compact. If p is a non-negative Borel measure on X
such that pu(K) < +oo for every compact set K C X, then it is regular.

Let (X, p) be a locally compact metric space. A Radon measure on X
is a Borel measure that is finite on all compact sets in X, and is outer
regular on all Borel sets in X and inner regular on all open sets in X.
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3.1.6 Product Measures
Let (X, M) and (Y, N') be measurable spaces. We let

M ®@ N =the smallest o-algebra in X x Y which contains
all rectangles A x B where A € M and B € N.

Then M®AN is called the product o-algebraon X xY, and (X xY, MQN)
is a measurable space.

For the product of measure spaces, we have the following ([29, Section
2.5)):

Theorem 3.5. Let (X, M,u) and (Y,N,v) be two o-finite measure
spaces. Then there exists a unique o-finite, non-negative measure A on

M@N such that
MA X B) = u(Av(B) for Ae M and BeN.

The measure A is called the product measure of p and v, and is denoted
by u x v.

3.1.7 Direct Image of Measures

Let (X, M) and (Y, N) be measurable spaces. A mapping f of X into
Y is said to be measurable if the inverse image f~!(B) of every B € N
is in M.

Let (X, M, 1) be a measure space and (Y, N') a measurable space. If
f — X — Y is a measurable mapping, then we can define a measure v
on (Y, N) by the formula

v(B) = u(f~1(B)) for B €N.

We then write v = f,u. The measure f.pu is called the direct image of
© under f.

3.1.8 Integrals

Let (X, M, i) be a measure space. If A is a measurable subset of X and
if f(x) is a non-negative measurable simple function on A of the form

fl@) = Z%‘XA_,» (z), a; >0,
j=1
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then we let
m

/ (@) dp(x Zagu (3.2)

The convention: 0- oo = 0 is used here; it may happen that a; = 0 and
w(A;) = oo. If f(z) is a non-negative measurable function on A, we let

[ F@ dute) =sup [ @) duo) (3.3)
A A

where the supremum is taken over all measurable simple functions s on
A such that 0 < s(z) < f(x), v € A. We remark that if f(z) is a non-
negative simple function, then the two definitions (3.2) and (3.3) of the
integral [, f(z)du(z) coincide.

If f(z)is a meaburable function on A, we can write it in the form

fl@)=fT() - f(2),

where

[ (x) = max {f(z),0},
f(x) = max {—f(z),0}.

Both f*(x) and f~(z) are non-negative measurable functions on A.
Then we define the integral of f(x) by the formula

[ @ aduta) = [ @dnte) - [ 1@

provided at least one of the integrals on the right-hand side is finite.
If both integrals are finite, we say that f(z) is u-integrable or simply
integrable on A.

For simplicity, we abbreviate

/A fdp = /A £(z) du()

If p is the Lebesgue measure on R, we customarily write

[ @
A
instead of [, f(x)du(x).

A proposition concerning the points of a measurable set A is said
to hold p-almost everywhere (u-a.e.) or simply almost everywhere (a.e.)
in A if there exists a measurable set N of measure zero such that the
proposition holds for all x € A\ N. For example, if f(z) and g(z) are
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measurable functions on A and if u({x € A : f(z) # g(x)}) = 0, then
we say that f(x) = g(z) a.e. in A.

The next three theorems are concerned with the interchange of inte-
gration and limit process:

Theorem 3.6 (the monotone convergence theorem). Let {f,(x)} be an
increasing sequence of non-negative measurable functions defined on a
measurable set A. Then we have the formula

tim [ (o) du(o) = /A (1im (@) du().

n—oo n—oo

Theorem 3.7 (Fatou’s lemma). Let {fn(z)} be a sequence of non-
negative measurable functions defined on a measurable set A. Then we
have the inequality

/A (liminf fn(x)> dp(z) < lim inf / Fol) dp(z

n—oo n—roo

Theorem 3.8 (the Lebesgue dominated convergence theorem). Let
{fn(2)} be a sequence of measurable functions defined on a measurable
set A which converges to some function f(x) almost everywhere in A.
Assume that there exists a non-negative integrable function g(x) defined
on A such that

[fn(@)| <g(x) ae inA n=12....

Then the limit function f(x) is integrable on A and we have the formula

/A fx)du(z) = lim [ f.(2)du(z).

n— oo A

3.1.9 Fubini’s Theorem

We consider integration on product spaces. Let (X, M, u) and (Y, N,v)
be two o-finite measure spaces, and let u x v be the unique product
measure of 4 and v on the product o-algebra M @ N.

First, let ¥ be a subset of X x Y. For a point z € X, we define the
z-section F, of E by the formula

E,={yeY:(z,y) € E}.
For a point y € Y, we define the y-section EY of E by the formula

EVY={xe X :(x,y) € E}.
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For example, if E = A x B where A C X and B C Y, then we have the
formulas

EY = A.

Secondly, let f(z,y) be a function defined on X x Y. For a point
x € X, we define the z-section f, of f by the formula

fo(y) = f(z,y) forye E,.
For a point y € Y, we define the y-section fY of f by the formula
fU(z) = f(z,y) forze Y.

For example, if E = A x B where A C X and B C Y, then we have the
formulas

(xe), (¥) =xE,.(y) =xB(y) foryey,
(xg)! (z) = xpv(z) = xalz) forze X.

Now we assume that f(z,y) is an M ® N-measurable function on
X x Y such that its integral exists. Then we customarily write

//Xxyf(%y)d(w“/)(%y)

This integral is called the double integral of f. If it happens that the
function

Z/f@wMWmaxeX
Y

is defined and also its integral exists, then we denote the integral

/X 9() dyu(x)

by any one of the following notation:

/ (/ f(x,y)du(y)) du(z), /du(l‘)/f(x’y)dle)’
[ oo [ o

Similarly, we write

/Y ( /X / <$vy)du<x>) dv(y), /Y dv(y) /X flz,y) du(),
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// flz,y) du(z) dv(y // fdudv.
XxXY XxY

These integrals are called the iterated integrals of f(x,y).
The next theorem describes the most important relationship between
double integrals and iterated integrals:

Theorem 3.9 (Fubini). Assume that (X, M,u) and (Y,N,v) are o-
finite measure spaces. Then we have the following three assertions:

(1)

(ii)

(iii)

IfE ¢ M®N, then it follows that E, ¢ N for all z €¢ X
and that EY € M for all y € Y. Moreover, v(E;) is an M-
measurable function of x and p(EY) is an N -measurable function
of y, respectively, and we have the formula

/X V(Ey) du(x) = /Y W(EY) du(y) = (1 x v)(E).

In particular, if (1 x Vv)(E) < oo, then it follows that v(E,) < 0o
for p-almost all x € X and that u(EY) < oo for v-almost all
yeyY.

If f(x,y) is a non-negative, M ® mathcal N -measurable function
on X XY, then it follows that f,(y) is an N-measurable function
of y for any x € X and that f¥(z) is an M-measurable function
of x for ally € Y. Moreover, the functions

Xszr—g(x /fw ) dv(y /fxydu
Ysy— h(y /fy ) dp(x /fxydu

are M-measurable and N -measurable, respectively, and we have
the formula

[~ s~ [ i,

If f(x,y) is a p X v-integrable function on X XY, then it follows
that the function f.(y) is v-integrable for p-almost all x € X
and that the function fY(x) is p-integrable for v-almost all y €
Y. Furthermore, the function g(x) is p-integrable on X and the
function h(y) is v-integrable on Y, respectively, and we have the
formula

[ s~ [ i,
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The next theorem gives a useful version of Fubini’s theorem:

Theorem 3.10 (Fubini). Assume that (X, M, p) and (Y,N,v) are o-
finite measure spaces. Then we have the following two assertions:

(1)

(i)

If f(x,y) is a p @ v-integrable function on X XY, then the func-
tion fz(y) on'Y is v-integrable for p- almost all x € X, and the
function fY(x) is p-integrable for v-almost all y € Y. Further-
more, the function g(x), defined by the formula

o(z) = /Y foly) du(y) = /Y f(y) dv(y)

for p-almost all x € X, is p-integrable, and the function h(y),
defined by the formula

h(y) = /X V(@) dpu(r) = /X f(e,y) du(z)

for v-almost all y € Y, is v-integrable, respectively, and we have
the formula

//Xxyf(x,y)d(uxu)Z/Xg(x)d,u:/yh(y)du

Conversely, if f(x,y) is an MQN -measurable function on X XY,
then the functions

w(w)ZLIf(w7y)ldV(y), re X,
b(y) = /X F@y)ldu(), yeY

are M-measurable and N -measurable, respectively, and we have
the formula

J[, e = [ ewdn= [ v

Furthermore, if either o(x) or i(y) is integrable, then f(x,y) is
integrable, and part (i) applies.

Let (X, M, ) and (Y, N, v) be complete, o-finite measure spaces, and
let (X xY, L, pux v) be the completion of (X X Y, M QN ,u x v). The
next theorem is a version of Fubini’s theorem (Theorem 3.9) for complete
measures:
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Theorem 3.11 (Fubini). Let (X x Y, L, X v) be the completion of
the product measure space (X x Y,M @ N, X v). Then we have the
following three assertions:

(1)

(ii)

(iii)

If E € L, then it follows that E, € N for p-almost all x € X
and that EY € M for v-almost all y € Y. Moreover, v(E,) is
an M-measurable function of x and u(EY) is an N -measurable
function of y, respectively, and we have the formula

[ vt dute) = [ e dvty) = (ux (E).
X

Y

In particular, if u(E) < oo, then it follows that v(E,) < oo for
p-almost all x € X and that p(EY) < oo for v-almost ally € Y.
If f(z,y) is an L-measurable function on the product space X xY
such that f(x,y) > 0 for u x v-almost all (x,y) € X XY, then it
follows that f(y) is an N'-measurable function of y for u-almost
all x € X and that f¥(x) is an M-measurable function of x for
v-almost all y € Y. Moreover, the functions

X3z g(x) = /Yf(l“,y) dv(y),

Y 5y h(y) = /X f (@) duz)

are M-measurable and N -measurable, respectively, and the for-
mula

[ s@an) = [ mwavin = [[ s

holds true.

If f(z,y) is an L-measurable and p x v-integrable function on
X XY, then it follows that the function f,(y) is v-integrable for p-
almost all x € X and that the function f¥(z) is p-integrable for v-
almost all y € Y. Furthermore, the function g(x) is p-integrable
on X and the function h(y) is v-integrable on Y, respectively,
and we have the formula

| s@au) = [ st = [ s,

The next corollary gives a useful version of Fubini’s theorem for com-
plete measures:
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Corollary 3.12. Let (X XY, L, u x v) be the completion of the product
measure space (X X Y, M @ N,u xv). If f(z,y) is an L-measurable
function on X XY, then the functions

(@) = /Y F@.y)dv(y), € X,
by) = /X @) du(z), yeY

are M-measurable and N -measurable, respectively, and we have the for-

//ny [f(z,y)l dlp x v) = /XW”) du(x) = /Yw(y) dv(y).

Furthermore, if either o(x) or (y) is integrable, then f(x,y) is inte-
grable, and Theorem 3.11 applies.

mula

3.2 LP Spaces

Let (X, M, 1) be a measure space. Two M-measurable functions f and
g are said to be equivalent if they are equal p-almost everywhere in X
with respect to the measure p, that is, if f(z) = g(x) for all z outside
of a set of u-measure zero:

fr~g < f(z)=g(x) for p-almost all x € X.

This is obviously an equivalence relation.
If 1 <p< oo, welet

LP(X) =the space of equivalence classes of M-measurable

functions f on X such that |f|P is p-integrable on X.

We define
1/p
1£1l, = (/le(a:)|pdu(x)) / .

An M-measureable Lebesgue measurable function f on X is said to
be essentially bounded if there exists a constant C' > 0 such that

|f(x)] < C for y-almost all z € X.
For p = oo, we let

L°°(X) =the space of equivalence classes of essentially bounded,
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M-measurable functions f on X.

We define

[fllo = esssup,ex [f(2)]
=inf {C: |f(z)| < C for p-almost all x € X'}.

Then we have the following theorem:

Theorem 3.13. (i) The space LP(X), 1 < p < o0, is a Banach space
with the norm || - ||p.
(i) The space L>°(X) is a Banach space with the norm || - ||cc-

In order to show that LP(X) is a normed linear space, we need the
following two inequalities:

Theorem 3.14 (Holder’s inequality). Let 1 < p and q < oo such that
1/p+1/q=1. Then we have, for all f € LP(X) and g € LY(X),

<(/. If(x)l”du(w))l/p (/. |g<x>qdu<x>)1/q.

Theorem 3.15 (Minkowski’s inequality). Let 1 < p < co. Then we
have, for all f, g € LP(X),

([ 1) +g<x>|pdu)1/p (3.4

<(/ f(x)l”du>l/p+ (/ |g<x>|pdu)1/p.

3.3 Minkowski’s Inequality for Integrals

] | f@gte) duta)

Let (X, M,p) and (Y,N,v) be two o-finite, complete measure spaces
and let (M x N)* be the completion of M ® N with respect to the
product measure p X v.

Then Minkowski’s inequality for 1 < p < oo (Theorem 3.15) can be
generalized as follows:

Theorem 3.16 (Minkowski’s inequality for integrals). Let 1 < p < o0
and assume that f(x,y) is an (M x N)*-measureble function on X x Y,
and satisfies the conditions

fG,y) € LP(X) forv-almost ally €Y, (3.5a)
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/Y £ 9)ll, dvy) < oo. (3.5b)

Then we have the following three assertions (3.6a), (3.6b) and (3.6¢):

f(z,") € LYY) for u-almost all x € X. (3.6a)
F@waﬁf@wmwweL%X» (3.6b)
wmgAMwmw@. (3.6¢)

Inequality (3.6¢) is called Minkowski’s inequality for integrals.

Proof. The proof is divided into two steps.

Step 1: First, we show that

The function y — || f(-,y)||, is N-measurable.

Step 1-a: The case where 1 < p < oo. Since the function |f(z,y)|?
is (M x N)*-measurable on X x Y it follows from an application of
Fubini’s theorem (Theorem 3.10) that the function

z— [f(z, )"

is M-measurable for v-almost all y € Y, and that the function

weémwwwm

is M-measurable. Hence we find that the function

= I Cwll, = (/X |fz,y) P du(x))l/p

is A-measurable.
Step 1-b: The case where p = co. We assume that

w(X) < oo.
Then we have, part (ii) of Theorem 3.21 in Section 3.6,

IF Gl = lm [IF (5 y)ll, - for v-almost all y € Y.
qtoo
This proves the N -measurability of the function || f(-,¥)|lcc, since the
function y — || f(-,y)|l, is N-measurable.

Now we assume that X is o-finite, that is, it is a countable union of
sets X,, of finite measure:

X = U Xy p(Xp) < o0,
n=1
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Since we have the assertion

G 9)loe = sup (5 )llo for v-almost all y €Y,

it follows that the function y — || f(-,¥)||co is N -measurable.
Step 2: Now we prove inequality (3.6).
Step 2-a: The case where p = co. We remark that

1f (@)l < 1FC )l

for p-almost all x € X and for v-almost all y € Y.

Hence we have, by conditions (3.5a) and (3.5b),

/|f:vy|du /Hf dv(y) < oo for p-almost all z € X,

and so

f(z,-) € L*(Y) for p-almost all z € X.

Furthermore, in view of Fubini’s theorem (Theorem 3.10) it follows that
the function

x+— F(x / fz,y)dv(y
is M-measurable and that

x)| < / 1f(, )|l dv(y) for p-almost all x € X.
Y

This proves the desired inequality (3.6¢) for p = oo:

1P| < /Y 1G9l dy).

Step 2-b: The case where p = 1. By Fubini’s theorem (Theorem
3.10), we have the inequality

7= | ] [ 1w du<y>\ du(z)
< [ [irelawa = [ ([ 1r@lae) ao)
= [ 1rCl, vty

This proves the desired inequality (3.6¢) for p = 1.
Step 2-c: The case where 1 < p < oo.
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(1) First, we assume that
fz,y) >0 on X xY. (3.7)

Then, in view of Fubini’s theorem (Theorem 3.10) it follows that the
function

z— F(x) Z/Yf(l'»y)d’/(y)

is M-measurable. Thus we have, by Holder’s inequality (Theorem 3.14),

[ 1F@r aua) = [ F@p ( / f(x,wdu(y)) ()
- [ ([ ir@r s ) aw

</ ( YL ||f<-,y>||p) an(y)
Y X
P /Y 1£C )l dv(y).
Therefore, if we have the inequality
IF]), < oo,
it follows that
1P|, < /Y 1£C )l dv(y).

Now we assume that X and Y are o-finite, that is, they are the count-
able unions of sets X,, and Y,, of finite measure, respectively:

S

X = Xn, M(Xn) < 00
n=1

V=)V v¥n)<o
n=1

We let

min{f(z,y),n} ifze X, yeY,,
fx,y) = .
0 otherwise.

Then it follows that

fal@,y) T f(z,y) asn— oo,
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so that
/fnacydu )T F(x /fa:ydu as n — 0o.
We remark that
[ Fnll, < oo

Hence it follows that

|Ful, < /Y 1 ulom)ll, di(y) < /Y 1)l dv(w).

Therefore, by passing to the limit we obtain that

|7, < /Y 1G9, dv().

This proves the desired inequality (3.6¢) for 1 < p < co under condition
(3.7).

(ii) We consider the general case. By applying Step (i) to the function
|f(x,y)|, we obtain that

- /Y F(a,y)| dvly) € LP(X),

16, < /Y 1£Cow)l, dv().

Hence we have the assertion
G(z) < oo for p-almost all x € X,

and so

f(z,-) € LY(Y) for p-almost all 2 € X.
However, in view of Holder’s inequality (Theorem 3.14) it follows that
G(z) € L'(X,), n=1,2,....

By Fubini’s theorem, this implies that

z/yf(z,y)dy(y)eLl(Xn), n=12....

In particular, it follows that F is M-measurable on each X,,, and so it
is M-measurable on X = J,, X,,.
Moreover, we have the inequality

17, < Gl < /Y 1wl dv().
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This proves the desired inequality (3.6¢) for 1 < p < oo.
The proof of Theorem 3.16 is now complete. O

3.4 Hardy’s Inequality

First, we prove a general integral inequality on the interval (0, c0):

Theorem 3.17. Let K(z,y) be a Lebesgue measurable function defined
on the interval (0,00). Assume that K(xz,y) is positively homogeneous
of degree —1, that is,

Kz, y) = A'K(z,y), A>0,
and further that the integral

A = / K (L y)ly~ /7 dy
0

1s finite for some 1 < p < oo.
Then the operator T f, defined by the formula

Tf(x) = / " Ko y) ) dy.

is bounded from LP(0,00) into itself. More precisely, we have the in-
equality

1T, < Ax I fll,» | € LP(0,00).

Proof. Since we have the formula
Tf@)= [ K@iy
0
= / K(x-1,z-2)f(zx)xdz = / K1, 2) f(20) 2 dz
0 0
:/ K(1,2)f(zx) dz,
0

by applying Minkowski’s inequality for integrals (Theorem 3.16) we ob-
tain that

ITf1, S/O (K (L, 2) [ f (), d=-

However, it is easy to see that

It = (7 f(zx)pda:)l/p ([ dy>1/p



82 Measures, Integration and LP Spaces

=z"YPIf],.

Therefore, we have the inequality

ITfl, < (/O [K(1,2)|717 dz) 1f1l, = Axc 1 £l -

The proof of Theorem 3.17 is complete. O

Now we can prove Hardy’s inequality which will be used systemati-
cally:

Theorem 3.18 (Hardy’s inequality). Let 1 <p < oo andy # 0. If f(z)
is a non-negative, Lebesque measurable function on the interval (0,00),
we define a function F(x) by the formula

F(z) = {fozof(y) dy Z:fv <0,
fx fly)dy if v > 0.

Then we have the inequality

(/Ooo(x’YF(a:))Pd;")l/p < ﬁ (/Om(xvﬂf(x))pdl:)l/p. (3.8)

Proof. We only consider the case where v < 0. The case where v > 0 is
proved similarly.
If we let

K( gV Vpy=r/p=1 g0 <y <z,
x,y) =
Y 0 ifx <y.

then it follows that K (z,y) is positively homogeneous of degree —1 and
satisfies the conditions

[ee] 1 1
/ K(l,y)y_l/”dy=/ y T hdy = —-.
0 0 v

If we introduce an integral operator
To(a) = [ Klw)gly)dy
0

— U / P gy dy, g € LP(0, 00),
0

then, by applying Theorem 3.17 to our situation we obtain that

fe%s) x p 1/P
(/ <xwl/p/ y*’YJFl/P*lg(y) dy) dx)
0 0
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< ﬁ (/OOO 9(y)? dy>1/p-

In particular, if we let

g(y) =y P f(y),

then it follows that

UOOO(M(@)Z) CZE> " </ooo (Wl/p /wa«v) dy>p da:)l/p
s ([ rw) ) v

- S ([Ceser )"

The proof of Theorem 3.18 is complete. O

IN

Example 3.1. If we let

Y= _17 1<p§007

p

1
then we have, by inequality (3.10),
< /1 fw P 1/p P 00 1/p
- d dz < — / Pqd ) .

(/O (x/o f(y) y) ) p—l(o fy)Pdy

3.5 The Generalized Hoélder Inequality

Holder’s inequality (Theorem 3.14) can be generalized as follows:

Theorem 3.19 (the generalized Holder inequality). Let1 < p, g, r < 00
such that
1

p q T
Then we have, for all f € LP(X) and g € LY(X),

(/ If(x)g(w)lrdﬂ)l/r (39)

<(/ If(x)lpdu>1/p (/ Ig(w)l"du)l/q-
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Proof. We only consider the case where 1 < p,q < oco. Since we have

the formula

+7=1,

S| =
S| =

the desired inequality (3.9) follows by applying Holder’s inequality (The-
orem 3.14) to the functions |f|” € LP/"(X) and |g|" € LY/7(X).
The proof of Theorem 3.19 is complete. 0

Some basic properties of the L? spaces are summarized in the following
theorem:

Theorem 3.20. Assume that
0 < pu(X) < .
Then we have the following two assertions (i) and (ii):
(i) We have the inclusion
LP(X)C LU(X), 1<g<p<oo,

with continuous injection.
More precisely, we have the inequality

1fll, < OV VR fL L feIr(X).  (310)
(1) The norm || - ||, is continuous for p > 1, that is,
I —Ifl., feLrX).
im |1, = 171,/ € 2(X)

Proof. (i) By Hélder’s inequality (Theorem 3.14), it follows that

foserrans (fro) ™ (fvor )

= pu(X) P f)12
so that
£, < pX)MaHP £

This proves the desired inequality (3.10).
(ii) First, we remark that, by inequality (3.10),

limsup || £, < [I£Il, -
qtp

(ii-a) The case p = co: It suffices to show that
li{#glfﬂf”q > | fllo - (3.11)
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We may assume that

£l >0

For each € > 0, we can find a set X; C X such that

XiC{ze X [f@)| = [Ifllo —¢}s
ILL(Xl) > 0.

Then we have the inequality

151, = ([ 1@l duta )1/q>(/x 1|f(w)lqdu(:v)>1/q

> (|| flle — E)p(X1)M9,
and so

lim inf > —
min |£], 2 1.

This proves the desired inequality (3.13), since ¢ is arbitrary.
(ii-b) The case where 1 < p < oo: We let

f(@)] > 1},
f(@)| <1}

Xlz{l‘EXI

|
X2:{$€XZ|

Then we have the formula

12 = /X @) du(z) + /X @) du(z).

However, we have the inequalities

[f@)" < [f(@)], =€ X,
f@)|" <1, z€Xs.
Hence, by applying the monotone convergence theorem (Theorem 3.6)

to the first term and also the Lebesgue dominated convergence theorem
(Theorem 3.8) to the second term we obtain that

i Ifly = [ 5@ dut) + [ W@ dutw) = 1515

Now the proof of Theorem 3.20 is complete. O
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3.6 The Generelized Young Inequality
Now we prove a general theorem about integral operators on a measure

space:

Theorem 3.21 (the generalized Young inequality). Let (X, M, ) and
(Y,N,v) be o-finite, complete measure spaces and let 1 < p, q, r < oo
such that

1 1 1
- ==14-.
p T q

Assume that K (z,y) is an (M xN)*-measurable function on the product
space X XY such that

/ | K (z,y)|" du(x) < M for v-almost ally € Y
b'e
and that

/ |K (z,y)|"dv(y) < N for p-almost all z € X,
Y

where M and N are positive constants.
If f € LP(X), then the function T f(x), defined by the formula

Tf(z) = /Y K(2,y)f(y) dv(y),

is well-defined for p-almost all x € X, and is in the space L1(X).
Furthermore, we have the inequality

ITfll, < MYINTZQR ) (3.12)

Proof. The proof of Theorem 3.21 is divided into two steps.
Step 1: First, we assume that

K(z,y) >0 on X xY,
fly) =0 onY.

Then we have, by Fubini’s theorem (Theorem 3.10), the following two
assertions (i) and (ii):

(i) The function y — K(x,y)f(y) is N-measurable for p-almost all
reX.

(ii) The function T'f(x) = [, K(x,y)f(y) dv(y) is M-measurable on
X.
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By the generalized Holder inequality (Theorem 3.19), it follows that

i / K (2,9) 1K (2, ) U ()P f () P duly) (3.13)

([ o) ™ ([ resriora)”
<([ f(y)pdu@))l/p "

1 1/q
<0 ([ K iy aw)

Step I-a: The case where ¢ = oco: In view of inequality (3.13), it
follows that

Tf(x) < NP [fll, for p-almost all z € X,

so that
ITflloo < NV, -

This proves the desired inequality (3.12) for ¢ = oo
Step I-b: The case where 1 < g < co: We have, by Fubini’s theorem
(Theorem 3.10),

/ Tf ()" dp(x)

(N1 1/p ||f||1 p/q / /Kx y)" f(y)? dv(y) du(x)
< (N M
_ (M1/qN1_1/p ”pr)q,
and so
ITfll, < MYINTP S]],

This proves the desired inequality (3.12) for 1 < ¢ < cc.
Moreover, it follows that

Tf(x) < oo for u-almost all z € X.

Step II: We consider the general case. To do this, we remark that

K(2,y)f(y) = [Re K(z,y)f(y))" — Re K (z,y)f(y))"]
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and that

Here
fH(z) = max {f(),0},
S~ () = max {—f(z),0}.
However, we have, by Step I,
/ | K (z,9)||f(y)| dv(y) < oo for p-almost all z € X.
Y
Hence it follows that

(1) The function y — K(x,y)f(y) is N-integrable for u-almost all
e X.

(2) The function T'f(x) = [, K(2,y)f(y) dv(y) is M-measurable on
X.

Furthermore, since we have the inequality

ITf(x)] < /Y |K (z,y)[|f(y)| dv(y) for p-almost all x € X,

we find that the desired inequality (3.12) remains valid for this case.
The proof of Theorem 3.21 is complete. O

The case where r := 1 and p := ¢ is useful in applications:

Corollary 3.22 (Schur’s lemma). Assume that K (x,y) is an (MxN)*-
measurable function on the product space X XY such that

/ |K (z,y)|du(x) < M for v-almost ally € Y
X
and that

/ |K (z,y)|dv(y) < N  for u-almost all x € X,
Y

where M and N are positive constants.
If f € LP(X), then the function T f(x), defined by the formula

Tf(x) = /Y K(z,9)f(y) dv(y),

is well-defined for p-almost all x € X, and is in LP(X).
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Furthermore, we have the inequality

ITf]l, < MYPNTZWRY| £

3.7 Convolutions

In this section we prove a useful inequality for convolutions:

Theorem 3.23 (Young’s inequality). Let 1 <p, ¢, r < 0o such that
11 1
-+ -=—-+41
p q r
If f € LP(R™) and g € LY(R™), then the function (f % g)(x), defined by
the formula

(fxg)(z) = flx—y)g(y)dy,
Rn

is well-defined for almost all x € R™, and is in L"(R™). Furthermore,

we have the inequality

1f =gl < 1, lgll, - (3.14)
The function f * g is called the convolution of f and g.
Proof. Step I: First, we have to verify that
The function f(z + y) is Lebesgue measurable on R™ x R™.  (3.15)

Step I-a: First, we prove assertion (3.15) under the condition that
f(z) is Borel measurable on R"™, that is,

Claim 3.1. If f(z) is Borel measurable on R"™, then f(z + y) is Borel
measurable on R™ x R™.

The proof of Claim 3.1 is divided into five steps:

Step (1): If f(z) is continuous on R™, then f(x + y) is continuous
on R™ x R™, and so it is Borel measurable on R™ x R".

Step (2): Let G be an arbitrary open subset of R™, and let

f(z) := the characteristic function xg(z) of G.
If we let
fn(x) := min {N dist(z, G°),1} for N € N,
then it follows that

fn(z) is continuous on R™,
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fn(x) — f(z), x=eR™

Hence we find from Step (1) that the function
Jlw+y) = lm fx(exy)

is Borel measurable on R™ x R™, if f = x¢.
Step (3): We define

A={ACR": xa(x £y) is Borel measurable on R” x R"}.

Then 2 is a o-algebra.
Indeed, we have the following three assertions (a), (b) and (c):

(a) The empty set @) is in 2L, since xg = 0.
(b) If A €2, then we have xac =1 — x4, so that the function
Xac(xty)=1—xalzty)
is Borel measurable on R™ x R™.
(c) If Aj € Aand A ={J;Z, A, then the function
xa(z £y) =supxa,(z+y)
i>1

is Borel measurable on R™ x R™.

Step (4): By Steps (2) and (3), it follows that 2 is a o-algebra which
contains all open subsets of R"™; hence 2l contains all Borel subsets of
R"™. Namely, we find that the function xg(x =+ y) is Borel measurable
on R™ x R™, for each Borel subset E of R".

Step (5): Let f(z) be an arbitrary Borel measurable function on R".
We may assume that

f(z) >0 on R".

Then we can find an increasing sequence of non-negative, Borel measur-
able simple functions fy(x) on R™ such that

fn(x) — f(x) for x € R™
Hence, by Step (4) it follows that the function
flxty)= lim fy(z+ty)
N—00

is Borel measurable on R™ x R"™.
This completes the proof of Claim 3.1. O
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Step I-b: Now we prove assertion (3.15).
Let f(z) be an arbitrary Lebesgue measurable function on R™. We
may assume that

f(z) >0 onR".

Then we can find two Borel measurable functions g(x) and h(z) on R™
such that

0<g(z) < f(z) <h(z) onR"
g(x) = f(z) = h(z) for almost all x € R™.

This follows from the fact that the Lebesgue measure is the completion
of the Borel measure.
Hence we have the inequalities

0<g(zty) < flxty) <h(zxxty) for(z,y) e R" x R"

However, we know from Step I-a that the functions g(x +y) and h(x £y)
are Borel measurable on R™ x R™. Thus, by applying Fubini’s theorem
(Theorem 3.10) we obtain that

/n/n(h(xiy)—g(wiy)) dz dy

/n (/Rn(h(xiy)—g(x:ty))dx) dy
/R" (/n(h(””) —g(w))d:c> dy

0.

This proves that
glx £y) =h(x £y) foralmost all (z,y) € R" x R,
so that
glx £y) = fx £y) =h(x £y) for almost all (z,y) € R" x R™.

Therefore, we find that the function f(z £y) is Lebesgue measurable on
R"™ x R™, since the functions g(z £y) and h(x +y) are Borel measurable
on R” x R".

Step II: End of Proof of Theorem 3.23. The case where 1 < r <
oo: It suffices to apply Theorem 3.21 with

(X7 /1“) = (andx)7 (Y, V) = (Rn7dy)7
pi=4q, q:=T, =D,
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K(z,y) = f(x—y), [fly):=gy).

Indeed, since we have the formula

[ ifa—npaa= [ if@-y)l du= 111,

it follows from an application of Theorem 3.21 with M = N := |||}
that

1/r 1-1/q
1< gl, < (1) (1) llgll, = £, lgll, -

This proves the desired inequality (3.14) for 1 < r < occ.

The case where r = oo: If f € LP(R") and g € LY(R"™) with 1/p +
1/q = 1, then, by applying Hélder’s inequality (Theorem 3.14) we obtain
that

(o)l =| [ so ot ar

< </ ) If(:cy)l”dy>1/p (/Rn Ig(y)lqdy)l/q
=171, gl -

Hence we have the desired inequality (3.14) for r = oco:

1F* glloe < N F11, Nlgllg -

The proof of Theorem 3.23 is now complete. O

3.7.1 Approximations to the Identity

The next theorem 3.25 underlies one of the most important uses of con-
volutions. Before coming to it, we need a technical lemma:

Lemma 3.24. Assume that f € LP(R™) with 1 < p < oo. If we let
faly) = flz+y) foryecR",

then we have the assertion
foe — f in LP(R™) as x — 0.

Proof. (1) If g is a continuous function with compact support, then we
have the assertion

gz —> g uniformly as x — 0,
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and so

ng—g||p — 0 asz—0.

(2) Let f € LP(R™). For each € > 0, we can find a continuous function
g with compact support such that

€
17 =gl < =
Then we have the inequality
€
I fa _gac”p =|f- ng < 9
and so
I fo = fll, < W fe = gall, + llge —gll, +llg = fll, <&+ llg=—9l,-
This implies that
limsup [|f — f||, <e.
z—0
The proof of Lemma 3.24 is complete. O
Remark 3.1. Lemma 3.24 is not true for p = co. Indeed, the assertion
1fo = fllw = sup [f(z+y) = f(y)l — 0 asz—0
yER™
implies the uniform continuity of f on R”.

Theorem 3.25. Let o(x) be a function in L*(R™) such that

/ o(z)dx = 1.
For any € > 0, we define

pe(z) = ginw (g) :
Then we have the following two assertions (i) and (ii):
(i) If f € LP(R™) with 1 < p < oo, then it follows that
frpe — f in LP(R™) ase ] 0.
(i1) If f € L>(R"™) is uniformly continuous, then it follows that

froe — f in L®(R"™) ase 0.
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Proof. (i) Since we have the formula

/ ve(x) de = / p(z)de =1,
it follows that

(Fp)@) = @) = [ (Fla=1) = F@) p.0)dy
— [ (a2 - ) p(a) =

Hence, by applying Minkowski’s inequality for integrals (Theorem 3.16)
we obtain that

100 = Fly < [ 1fee = fl, ol
However, we have the inequality

1f=ez = fll, < W f=ezll, + I £, =211,
and so

1f=c= = fll, le(2)] < 21 f1l, [0(2)];
with
o€ LYR™).
Furthermore, Lemma 3.24 tells us that
lsii8||f,52—f||p:0, z € R"™

Therefore, it follows from an application of the Lebesgue dominated
convergence theorem (Theorem 3.8) that

limsup | f * pe — f]., < lim / 1oz = fl, lo(2)] dz = 0.
0 el0 Jrn

(ii) Assume that f € L>°(R™) is uniformly continuous. Since ¢(z) is
integrable on R", it follows that, for each d > 0, there exists a compact
subset W of R™ such that

/ lo(2)] d= < 6.
Rn\W

Then we have the inequality

sup |f * () — f(z)]

zcR"™
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< sw ([ 176 =en) - 1@l el )

zeR"

— sup ( [ 186 e = @l letwldy

zcR"”

* /R,L\W f(@ = ey) = f@) ()] dy)

< s (=) = @D [ lelay+20fl- [ letw)ldy

zeR"™ \W

< sup (|f(z —ey) — f(@)]) llelly +20 | fll -
zeR"

However, we have the assertion

lim | sup |f(z —ey) — f(z)|| =0,
el0 | zerm
zeW

since f is uniformly continuous and since W is compact.
Summing up, we obtain that

limeUP 1 * e = flloo <201l -
This proves part (ii), since § is arbitrary.
The proof of Theorem 3.25 is complete. O

The family of functions {¢.} defined above is called an approzima-
tion to the identity. What makes these useful is that, by choosing ¢
appropriately we can obtain the functions f * . to have nice properties.

Example 3.2 (the heat kernel). Let

1 _ 1|2
K(I) .:W€ 4t 5 t>07
and
1 T 1 |2
K = K|l— )= e t>0
@ =75 % (77) =
We define

u(z,t) = fx Ki(x)

1 _e—y|?
:(4m)"/2/ne o f(y)dy, t>0.

Then we have the following two assertions (i) and (ii):
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(i) If f € LP(R™) with 1 < p < o0, then it follows that
u(,t) — f in LP(R™) as t ] 0.

(ii) If f is bounded and continuous on R™, then it follows that u(z,t)
is continuous on R™ x [0, 00) and further that

u(-,t) — f in L®(R"™) as t ] 0.
Proof. (i) Note that

1 _ =2
/nK(x)dl'_W/ne 1 dx = 1.

Therefore, part (i) follows by applying Theorem 3.25 with

plx) = K(z),
e:= VL.

(ii) Similarly, part (ii) follows by applying Theorem 3.25 with

p(x) = K(z),
e:= VL.

The proof of Example 3.2 is complete. O

Remark 3.2. Tt should be emphasized that the function u(x,t) = f x
Ki(z) is a solution of the following initial value problem for the heat
equation:

ot

9u (g, 1) — Au(x,t) =0 for all z € R™ and t > 0,
u(z,0) = f(x) for all x € R™.

3.7.2 Friedrichs’ Mollifiers

Let p(z) be a non-negative, bell-shaped C'*° function on R™ satisfying
the following two conditions:

suppp={z € R": |z| < 1}. (3.16a)
/ p(z)dr = 1. (3.16Db)
For example, we may take

o) = 4 Fexpl=L/ (= [eP)] i |l <1,
0 if |z > 1,
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where the constant factor k is so chosen that condition (3.16) is satisfied.
For each € > 0, we define

1 T
pelz) = —p (g) ;
then p.(x) is a non-negative, C* function on R™, and satisfies the con-
ditions

suppp: = {x € R" : |z| < ¢e}; (3.17a)
/ po(x)da = 1. (3.17b)
The functions {p.} are called Friedrichs’ mollifiers (see Figure 3.1).

Y

zeR?

|z =1

Fig. 3.1. Friedrichs’ mollifiers {p.}
The next local version of Theorem 3.25 shows how mollifiers can be
used to approximate a function by smooth functions in a domain of R™:

Theorem 3.26. Let ) be an open subset of R™. Then we have the
following two assertions:

(i) If u € LP(Q) with 1 < p < oo and vanishes outside a compact



98 Measures, Integration and LP Spaces

subset K of Q, then it follows that p. x u € C§°(Q) provided that
e < dist (K,09), and further that p. x u — u in LP(Q) as e | 0.

(11) If uw € CJ(Q) with 0 < m < oo, then it follows that p. * u €
C§°(9) provided that € < dist (supp u, 9Q), and further that pe *
u—uin C(Q) ase ] 0.

Here
dist (K,0Q) =inf {|z —y| : x € K, y € 0Q}.
The functions p. * u are called regularizations of the function wu.

Corollary 3.27. The space C5°(R2) is dense in LP(Q)) for each 1 < p <
00.

Proof. Indeed, Corollary 3.27 is an immediate consequence of part (i)

of Theorem 3.26, since LP functions with compact support are dense in
LP(Q). O

The next result gives another useful construction of smooth functions
that vanish outside compact sets:

Corollary 3.28. Let K be a compact subset of R™. If Q is an open
subset of R™ such that K C Q, then there exists a function f € C§°(Q)
such that

0< f(z)<1 in,
fz)=1 on K.

Proof. Let
§ = dist (K, 00Q),

and define a relatively compact subset U of €1, containing K, as follows:
1)
U= :z:GQ:|asfy|<§forsomey€K .

Then it is easy to verify that the function

f(x):ps*XU(x):1/UP<$;y)dy7 0<5<é,

en 2

satisfies all the conditions. O
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3.8 Distribution Functions

In this section we are interested in giving a concise expression for the
LP-norm of a function. Let (£2, B, i) be a measure space. Let f(z) be a
measurable function defined on Q. If 7 > 0, we define the distribution
function of f by the formula

o(r) = p({z e Q:|f(x)] >7}).

The next theorem asserts that a measurable function is LP-integrable
over () with respect to p if and only if its distribution function is inte-
grable over the interval [0, 00) with respect to pr?~1 dr = d7P:

Theorem 3.29. Let f(z) be a measurable function defined on ), and
let 1 <p<oo. Then f € LP(Q) if and only if it satisfies the condition
/ P lo(r)dr < o0. (3.18)
0

Moreover, in this case we have the formula

/Q [f(2)[" du :p/ooo ™o (r)dr = /OOO o(r) drP. (3.19)

Proof. First, it should be noticed that the function o(7) is monotone
decreasing and right-continuous in 7, for 7 > 0.

The proof of Theorem 3.29 is divided into two steps.

Step (I): If condition (3.20) holds true, then we have the following
claim:

Claim 3.2. 7P o(7) - 0as 7 — 0 and 7 — oo.

Proof. (a) Our proof is based on a reduction to absurdity. Assume, to
the contrary, that we have, as 7 — 0,

™o(r) -+ 0.

Then we can find a sequence {7;} and a positive constant § such that

1
mo(r) > 6, 0< 741 < 37

Hence it follows that

p/ ™o (r) dr > pO’(Tj)/ Pt dr = o(7) (7';7 — TJZ-)_,’_l)

+1
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1
S k)
This contradict condition (3.20), since we have

p/ P lo(r)dr =00, 1<p<oo.
0

(b) Our proof is based on a reduction to absurdity. Assume, to the
contrary, that we have, as 7 — oo,
TP o(r) -+ 0.
Then we can find a sequence {7;} and a positive constant § such that
1
o o(Tip) 26, 0<7 < ST
Hence it follows that
Ti+1

Tj41
p/ ™o (1) dr > po(Tj+1)/ ™ dr = o(7j41) (Tf-s-l - ij)
T T

J J

1) 7 \?
>— (P, -y =6(1- J) )
- ij 1 (TJH T]) ( (Tj+1

This contradict condition (3.18), since we have the assertion
oo
p/ P lo(r)dr =00, 1<p<oo.
0

The proof of Claim 3.2 is complete. O

In view of Claim 3.2, by integration by parts we obtain that

p/ooo ™ lo(r)dr = [P o(1)]g° — /000 7P do(7)

:_/Ooofpdo—(f) :/Q\f(:c)|pd,u.

This proves the desired formula (3.19).
Step (II): Conversely, we assume that f € LP(Q). Then we have, for
all 7> 0,

7 o(r) < /E @ (3.20)

where
E(r)={xzeQ:|f(x)]>7}.
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However, since f € LP(Q) it follows that

[ 8@ du= tim )P du
Q

- / F@)Pdp— lim / @) dp,
Q 7= Jp(r)

so that
lim |f(z)|Pdu = 0.
T—>00 E(T)
Hence we have, by inequality (3.20),
lim 77 o(7) < lim |f(z)|Pdu = 0.

T—00 =0 Jp(r)

Therefore, by integration by parts it follows that

[ 1@ du =t [~ do(r
=lim {— (TP o (7)) + /:o pr*lo(T) dT}

el0

= lim {51’ o(e) + /:o pr? o (7) dT}

0
o0
zp/ P o (1) dr.
0

This proves the desired condition (3.18), since 1 < p < oo.
The proof of Theorem 3.29 is now complete. O

3.9 Marcinkiewicz’s Interpolation Theorem

In this section we prove the Marcinkiewicz interpolation theorem (The-
orem 3.30) for which we need some terminology. Let (€,B,¢) and
(Q, B, q?) be two measure spaces, and the norms of LP() and LP({)
will be denoted by the same notation || - ||,, but it is clear from the
context which is which.

~

(i) Let T be a not necessarily linear mapping of LP(Q) into L(Q)
with 1 <p < oo and 1 < ¢ < oo. The mapping T is said to be
of type (p,q) if there exists a positive constant K such that we
have, for all f € LP(Q),

ITfly < KNI, -
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(ii) Let T be a not necessarily linear mapping of L?(Q) into a set of
measurable functions defined on Q with 1 < p < oo. In the case
where ¢ < oo, the mapping T is said to be of weak type (p,q)
if there exists a positive constant K such that we have, for all
f€LP(Q) and all s > 0,

s(fvediimnur>s}) < (Fh)"

S

In the case where ¢ = co a mapping of type (p,c0) is said to be
of weak type (p,00).

It is easy to see that a mapping of type (p, q) is of weak type (p, q).
We denote the totality of functions which are expressed as a sum of a
function in LP(Q)) and a function in L2(Q2) by LP(Q2) 4+ L9(2), that is,

LP(Q) + LYQ) == {f +g: [ € L’(), g € LI(Q)}.
Let 1 <p<qg<r<oo If f(z) € LI(Q), we let
[0 @<
hio: {f(x) it 1) > 1.

and

_ @) i fa)] <1,
fole) := {o if |f(z)] > 1.

Then it follows that f(x) can be written in the form
f(@) = fi(z) + f2(),
with
file) € LP(Q),  fa(x) € LT(Q),
Indeed, it suffices to note that

[fr(@)P < [f(2)%
[fa(2)]" < [ f (@)%

Therefore, for 1 < p < ¢ < r < oo, we have the inclusion
Li(Q) C LP(Q2) + L™ ().

Marcinkiewicz’s interpolation theorem reads as follows:
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Theorem 3.30 (Marcinkiewicz). Let1 < p < g < r and let T be a linear
mapping of the space LP(Q) + L"(Q) into a set of measurable functions
defined on Q. If T is of weak type (p,p) and also of weak type (r,r),
then it is of type (q,q).

Proof. Tf f(x) is a measurable function defined on Q and if 7 > 0, we let

(f)r = o({z € Q: |f(2)] > 7}).

We shall use the same notation for a measurable function defined on ()
with ¢ replaced by (;AS

First, since T is of weak type (p,p) and of weak type (r,r), we can
find two constants K7 > 0 and K5 > 0 such that we have, for any 7 > 0
and for any f € LP(2) or for any f € L"(Q),

<Tf>fg<K1”f'p>p or <Tf>fs(K2”f”r>T, (3:21)

T T
respectively. If f(x) is a function in L9(f2), we let
_ ) f@) it [f(x)] <,
filw) = {Tsignf(x) if |f(z)| > T,
and
fa() := f(z) = fu(x).
Then, since T'f(z) = T f1(z) + T f2(x), we have the inclusion
{y (THWI> 7y [(TH)Y) > 7/2} Uiy (TF) (W) > 7/2}.
Hence, by condition (3.21) with 7 := 7/2 it follows that

(TF)r <(TH)rs2+ (Tf2)7)2 (3.22)
< <2K1 |f1||r>r . (2K2 ||f2||p)p.

However, we remark that

(F1)o = {(f)g for o < T,

0 for o > 7,

and that
(f2)o = (f)osr for o >0.

Thus, it follows from an application of Theorem 3.29 that

VAL = / " (f1)o do =7 / "), do, (3.23)
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and further that

I fal}, = p/ o (f2)o do (3.24)
0 N
:p/ Up_l(f)a+rd02p/ (0 — )P 1(f), do.
0 T
By combining inequality (3.22) and two formulas (3.23) and (3.24), we

obtain that
(7). < <2K1)Tr [ o tedn
0

T

" (QK>p JACEE

T

Therefore, we have, by this inequality and Theorem 3.29,
IT£15

:q/o PYTf), dr

< q/ooo 71 (QTK1>T (/OTarl(f)g da) dr
+ q/ooo 771 (27[(2)1);0 (/Toc(a — )P (f)s da) dr
= qr(QKl)T/OOO ra=rl (/OT "N f)e do) dr

0
= qr(2K;)" /000 (/OO i1 dT) o" N f)o do

+pq(2K2)? /O°° (/OU A (A o L dT) (f)o do
_ ar(2Ky)”
r—q

oo

[ o Do+ mCR Bl pp) [0 (o
0 0

+p(2K3)"Blg — p,p)} 713 -

This proves that the operator T is of type (g, q), with

; 1/q
K = (T(QI(I) —|—p(2K2)pB(q _pap)> :

r—4q

The proof of Theorem 3.30 is complete. O
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3.10 Riesz Potentials

In this section, as an application of Marcinkiewicz’s interpolation theo-
rem (Theorem 3.30) we study Riesz potentials in the classical potential
theory.

Let A be the usual Laplacian

A=) —.
Z Ox
j=i
Then we have, for every f € S(R"),

(ADE) = 1P (o),

RN

and also
F((=A)*2f)(€) = [€1” F(&), a>0.

If 0 < @ < n, we define a Riesz potential I, by the formula

L(Dle) = (~A72(1)w) = = [ Je=sl" 1),
where
/2297 (a/2)
1= T a2
The function
L ]
v(a)

is called a Riesz kernel.
The purpose of this secion is to prove the following:

Theorem 3.31. Let0<a<n,l1<p<qandl/q=1/p—a/n. Then
we have, for all f € LP(Q),

o (Pllg < Apg £, (3.25)
with some constant Ay, 4 > 0.
Proof. We have only to prove the theorem for the integral kernel
K(z) = |z|*7".
We shall show that the mapping

f— Kxf
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is of weak type (p,q). Namely, we have, for all A > 0,

miz: |Kx* f(z)| > A} < <Ap7q |Jj\”p) , (3.26)

where m is the Lebesgue measure on R™.
To do so, it suffices to prove that

A q
m{x:|K*xg(z)] > A} < <§\’q> for all ||g]|, = 1. (3.27)
Indeed, by letting
f(z)
g(a) = 15,
@ =1,

we obtain from inequality (3.27) that

m{x:\K*f(xﬂ >\ ||f|\p} —m{z: |K*g(a)]> A} < (Ai,q>q.

This proves the desired inequality (3.26) if we take

A
A= o
1711,

In order to prove inequality (3.27), we let, for a positive constant g,
K(z):= Ki(2) + Ko (z),

where

Ky () K(x) for |z| < u,
) =
! 0 for |z| > ,

and

Ko (x) 0 for |z| < p,
xTr) =
? K(z) for |z|> p.

The constant p will be chosen later on.
Since we have the formula

Kxg=Ki+xg+ K *xg,
it follows that

m{x: | K *g(z)] > 2\} (3.28)
<m{z: |Ky*g(x)| > A} +m{z: |[Ke *g(z)| > A}
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(1) First, we have the inequality

m{x:|Ky*g(z)] > A} (3.29)
Ky xg(2)\* , K g2l
ﬁ/n </\) =

1 1
< 5 1K gl = 5 Il

However, it follows that

o
1Kl :/ leo‘*”dx:/ / ro "t dr do (3.30)
\f6|§,u Xn-1J0

Wn,

[
)

«
where w,, is the surface area of the unit sphere X, _; in R"”
27Tn/2
I'(n/2)

Wn = |En71| =

Therefore, by combining inequality (3.29) and formula (3.30) we obtain
that
p HOP Wn
m{z: |Ky*g(x)| > A} <C] —, Cj:=—. (3.31)
AP !
(2) Secondly, by using Young’s inequality (Theorem 3.23) we have the
inequality

p

Koo * gl < 1Kl lgll, = 1Kol »' = PR (3.32)
However, it follows that
[ Kool (3.33)

, 1/p’

= (/ (|z|a7")p dx)

|z[>p

o 1/p’

= / / pla=mp’ =1 g o

Y1

oo\ /7’
Y
(a —n)p' +n u

oty \ VP
_ wl/p, o’ ( )P
"o \(n—a)p —n
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p— 1 1/p
=Cy u(a*n)ﬂl(l*l/p) = Oy ,zf”/q, Co = <wn ) )
p(n — )

If we choose the constant p as

or equivalently
A= Cy M*n/q’
then it follows from inequalities (3.32) and (3.33) that
Koo % glloe < Kool = A
This proves that
miz: |Ke *g(z)| > A} =0. (3.34)

(3) By combining inequalities (3.28), (3.31) and assertion (3.34), we
have proved that

1 q
m{zr:|K xg(z)| >2\} <C¥ ()\) ,
so that (by replacing 2\ by \)
miz: [Kxg(a)] > A} < (AN, Apg =207

Therefore, the desired inequality (3.27) (and hence (3.25)) follows from
an application of Marcinkiewicz’s theorem 3.30. O

‘We can prove a more precise estimate for Riesz potentials with o := nu
(see [45, Chapter 1, Lemma 1.34], [33, Chapter 7, Lemma 7.12]):

Theorem 3.32. If 0 < p < 1, we define the Riesz potential by the
formula

(nhla) = [ fo=ol"# D fio) dy.
Then, for any p, q satisfying the conditions

I<p<q< oo,
1 1
0§(5=(5(p7q)227—7<,u/7
p q



3.11 Notes and Comments 109

the operator I, maps LP(Q) continuously into L (Q2). More precisely,
we have, for all f € LP(R),

1-§ 1-6 B B
o fliniey < (=) Vo 12~ Wl

Here V,, is the volume of the unit ball in R™

poon_ T
n D(n/2+1)

3.11 Notes and Comments

For more thorough treatments of the subject in this chapter, the reader
might be referred to Duoandikoetxea [23], Folland [29], Friedman [30],
Maly—Ziemer [45], Rudin [60], Stein-Shakarchi [71] and Torchinsky [91].



4
Elements of Real Analysis

This chapter is devoted to the precise definitions and statements of real
analytic tools such as BMO and VMO functions, the Calderén—Zygmund
decomposition (Theorem 4.7), the John—Nirenberg inequality (Theorem
4.10), the Hardy-Littlewood maximal function (Theorem 4.4), sharp
functions (Theorem 4.14) and spherical harmonics (Theorem 4.31).

4.1 BMO Functions

In this section we recall some basic definitions and results concerning
BMO functions from real analysis.
First, we let
Li. .(R™) = the space of equivalence classes of Lebesgue measurable
functions on R™ which are integrable on every compact
subset of R™.

The elements of L (R") are called locally integrable functions on R".

A function f € L{ _(R™) is said to be of bounded mean oscillation,

f € BMO, if it satisfies the condition (see [37])
1
191, i=sup o [ 15(a) = al do < ox,
B |Bl /B

where the supremum is taken over all balls B in R", |B| is the Lebesgue
measure of B and fp is the integral average of f over B

1
o= /B £() dy.

The quantity |- || is called the BMO norm. This is not properly a norm,

110
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since any function which is constant almost everywhere has zero oscilla-
tion. However, it is easy to see that these are the only functions having
zero oscillation. Therefore, we view the class BMO as the quotient space
of the above space by the space of constant functions. In other words,
two functions which differ by a constant coincide as functions in the class
BMO. Then it should be emphasized (see [52]) that the class BMO is a
Banach space equipped with the BMO norm || - ||..

It is not important that we subtract exactly fp in the definition of
BMO. More precisely, we can obtain the following claim:

Claim 4.1. Let f € LL (R™). Assume that, for each ball B, there exists

loc
a constant ap such that we have the inequality

1
@/Bum) —apldz < C,

with some positive constant C' independent of B. Then it follows that
f € BMO with || f|l« < 2C.

Proof. Indeed, we have, for all balls B,

1

|fB _OéB| = 1
Bl

1
/B(f(y)—fg)dy‘ <o [ i@ —as <.
Hence it follows that
1 1 1
@/BU(‘U)_JCBWJUSE/BU(J?)—QBMZU‘F@/B\QB—fB|dg:
< 2C.

This proves that f € BMO with || f|. < 2C.
The proof of Claim 4.1 is complete. O

Sometimes we will define the BMO norm with cubes in place of balls.
If @ is a cube with sides parallel to the coordinate axes, then we can
define an equivalent BMO norm || - ||+ by the formula

1
, = sup — ~ folde,
11 2= sup o /Q (@) — fol do

where the supremum is taken over all cubes @ in R", and fg is the
integral average of f over

1
for= 17 /Q f(y) dy.

In fact, we can obtain the following lemma:
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1

Le(R™), we have the inequalities

Lemma 4.1. For any function f € L

n/2V
n n
£l = == 1l (4.1)
2n+1
£l < == £l (4.2)
where
- _&_ 7.[.n/2

n  T(n/2+1)
18 the volume of the unit ball in R™.

Proof. (1) Let Q@ = Q(x,r) be a cube with side length 2r and with center
x, and let B = B(z,y/nr) be a ball of radius y/nr about z (see Figure
4.1). Then it follows that

Q(’JJ,T) C B(x, \/’717”),
Q. r)| = 2r)",  |Bz,v/nr)| = n"*r"V,.

Hence we have the inequality

B(z,y/nr)

Q(z,r)

~_

Fig. 4.1. The cube Q(z,r) and the ball B(z,/nr)

\fq = /5]
1 1
=‘|Q|/Q<f<x)—f3>dx < jo1 . @~ Sl

< (18 (5 [ @ = salar) =5 (i [ 15@) - sl e

n/2V
n"2v,
e

IN




4.1 BMO Functions 113

Therefore, we obtain that

1

|Q/Q|f<x>—fQ|dx

1 1
sm/u(x)fmde/QuBfmdx
B|> )

n/ZVn n
< . (|B|/|f<x>—f3|dx)+

< o 2L

This proves the desired inequality (4.1).

(2) Similarly, if @ = Q(x,r) is a cube with side length 2r and with
center x and if B = B(z,r) is a ball of radius r about z (see Figure 4.2),
then it follows that

B(z,r) C Q(z,r),
|B(z,7)| ="V, |Q(z,r)| = (2r)".

Hence we have the inequality

1
51 |0 = s | < o [ 1760 = folda

(I%) (a1 1~ ralaz)
-7 (i1 1) = falae)

271
< — ‘.
< o 71,

Q(z,r)
@y

Fig. 4.2. The cube Q(z,r) and the ball B(z,r)

|fe — fql =
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Therefore, we obtain that
1
51 1@ = fol s
1 1
< [ V@) = feldo+ 5 [ 1o = folds
WQ|> 1 _ _

2m 1 2m
<z <|Q| /Q £(2) = fol dz) + 2151

2n+1
— 1.

IN

This proves the desired inequality (4.2).
The proof of Lemma 4.1 is complete. O

If @Q is a cube with sides parallel to the coordinate axes, then we
denote by ¢ its side length and by z¢ its center, respectively. For each
A > 0, we denote by AQ the cube centered at zg with side length Adg
(see Figure 4.3 below).

AQ

Fig. 4.3. The cubes @ and \Q

Lemma 4.2. Let f € BMO. For any positive integer j, there ezists a
constant c¢(n) > 0 such that

[f2iq = fol < c(m)jllfll. - (4.3)
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For example, we may take
n/2
—on?y, =g T
c(n) =2n T(n/2+1)

Proof. First, it follows that

o — fol = \lQl' /Q (oo — J(@)) da

1 1
<@|/ZQ|f2Q—f(fU)dx:2 (|2Q/2Q|f2Q—f($)|dx)
<2"[fl..-

1
< |Q|/Q \fag — f(@)|dx

Similarly, we have, for any positive integer 7,

|foiq — fa10] <27 |Ifl,. -

Hence it follows that

|faiq = fo| < |faiq — faro] + | faim1g — fai—2q| + ... (4.4)
+ | fag — foql + [f20 — fal
<j2" Ifll, -

However, we have, by Lemma 4.1,

n"/2V,
171 = == 1l (4.5)

Therefore, the desired inequality (4.3) follows by combining inequalities
(4.4) and (4.5):

n/2V
| faiq = fol < 32" 1fll < 32" =" I £Il = 20n"™ 2V | £]l..

The proof of Lemma 4.2 is complete. O

4.2 VMO Functions

Next we introduce a subspace of BMO functions whose BMO norm over
a ball vanishes as the radius of the ball tends to zero. More precisely, if
f € BMO and r > 0, then we let

1
() 1= sup /B F(@) — falde,

p<T



116 Elements of Real Analysis

where the supremum is taken over all balls B with radius p < r. A
function f € BMO has vanishing mean oscillation, f(x) € VMO, if it
satisfies the condition (see [61])

li —0.
lim n(r) =0

The function n(r) will be referred as the VMO modulus of f. The
assumption that f € VMO means a kind of continuity in the average
sense, not in the pointwise sense.

First, we prove the following claim:

Claim 4.2. (i) Uniformly continuous functions which belong to BMO are
VMO functions.
(if) VMO is a closed subspace of BMO.

Proof. (i) Assume that f(z) is a uniformly continuous function which
belongs to BMO. Then, for any & > 0 there exists a constant r = r(g) >
0 such that, for each ball B with radius r,

z,y € B = |f(z) - f(y)l <e,
or equivalently,

sup |f(z) — f(y)l <e.

z,yeB

Hence it follows that we have, for all z € B,

Therefore, we obtain that, for all balls B with radius p < r,

5 1@ = folde <.
so that
n(r) <e.

This proves that lim, o n(r) = 0, that is, f € VMO.
(ii) Assume that f is the limit of a sequence {f;} of VMO functions
in the BMO norm

lim [f; = fl[, = 0.
j—o0



4.2 VMO Functions 117

Then it follows that, for all balls B with radius p < r,

|;|/ (@)~ fplda

i ~ s+ foldo+ g [ 1@ = (1)slda
IBI/ ! ! |B| !
<5 = fll, +mn;(r),
where
n;(r) =sup — / filx dx.
J p<r |B| | J |
Hence we have the inequality
o) =swp o [ (@)= fulda <5~ Tl (@)
p<r |B|

However, for any given € > 0 there exists a positive integer N = N (¢)
such that

€
v = £l < 5 (47)
Moreover, we can find a positive number § = §(IV, €) such that
NN (r) = sup — / |[fn(z fN)B|da?< = forall0<r<d. (4.8)
p<r |B| 2

Therefore, by combining inequalities (4.6) with j := N, (4.7) and (4.8)
we obtain that
) =sww iz [ 17() = falda < 1ix = 71+ o)
p<r |B|
<e forall0<r <é.

This proves that lim, o n(r) = 0, that is, f € VMO.
The proof of Claim 4.2 is complete. O

The relationship between BMO and its subspace VMO is quite similar
to the relationship between L (R"™) and its subspace BUC of bounded
uniformly continuous functions on R™. This can be visualized as follows:

L>®(R") —— BMO

I I

BUC —— VMO
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In fact, the next theorem collects some important results concerning
VMO functions (see [32, Chapter VI, Theorem 5.1], [91, Chapter VIII]):

Theorem 4.3. For a function f € BMO, the following three conditions
(i), (i) and (i) are equivalent:

(i) f isin VMO.
(ii) f is in the BMO closure of uniformly continuous functions that
belong to BMO.
(i11) limy, o || f(- —y) — f(-)|l, = 0, where f(x —y) is the translation
of f(z) by y-units. More precisely, there exists a positive constant
C = C(n) such that

1FC=y) = FOl < Cn(r) for fy| <. (4.9)

Examples 4.1. (i) In|x| € BMO, but In|z| € VMO (n =1).
(ii) In|ln|z|] € VMO (n =1).
(iii) L>(R™) C BMO.
(iv) Won/9(R™) € VMO for 0 < < 1 (see Proposition 7.7).
(v) The Sobolev space W™ (R") is a proper subspace of VMO. For
example, |In|z||* € W (R")if0 < a < 1—1/n, while |In |z||* €
VMO\Whm(R™) if 1 —1/n<a <1

y=In|z|

Fig. 4.4. The functions In |z| and In |In|z||

Let © be a bounded domain of R™ with n > 3. Then it should be
emphasized that, by replacing the ball B above by the intersection BN
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we obtain the definitions of BMO(€2) and VMO(). Given a function
defined on Q) that belongs to BMO(2) (resp. VMO(?)), we can extend
it to the whole R™ preserving its BMO (resp. VMO) character (see [1,
Proposition 1.3]).

4.3 The Calderén—Zygmund Decomposition

Let f € L'(R™). The purpose of this section is to describe the splitting
of the space R™ into a subset {2 made up of non-overlapping cubes over
each of which the average of | f| is between ¢ and 2"¢ and the complement
R™\ Q where |f(z)| < ¢ (Theorem 4.7). This is known as the Calderén—
Zygmund decomposition. The Calderén—Zygmund decomposition is a
key step in real analysis. The idea behind this decomposition is that it
is often useful to split an arbitrary integrable function into its “small”
and “large” parts, and then we use different techniques to analyze each
part.

In the Euclidean space R™ we define the unit cube, open on the right,
to be the set [0,1)", and we let

Dy =the collection of cubes in R™ which are congruent

to [0,1)™ whose vertices lie on the lattice Z™.

If we dilate this family Qg of cubes by a factor 27% for each integer
k € Z, we obtain the family of cubes Dy, as follows:

Dy, =the collection of cubes, open on the right, whose

vertices are adjacent points of the lattice (27% Z)™.

The cubes in D = J; o4 Dy are called dyadic cubes.
From this construction, we obtain the following three assertions (1),
(2) and (3):

(1) Given z € R™, there exists a unique cube in each family Dy, which
contains x.

(2) Any two dyadic cubes are either disjoint or one is contained in
the other.

(3) A dyadic cube in Dy is contained in a unique cube of each family
Dj, j < k, and contains 2" dyadic cubes of Dj;.

If f e Li (R"), we define the Hardy-Littlewood mazimal function

loc
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M f by the formula

Mf(e) = sup o [ £l
T€EQ ‘Q| Q

where the supremum is taken over all cubes @ containing = and |Q)| is
the Lebesgue measure of (). The Hardy—Littlewood maximal function
will be studied in detail in the next Section 4.4.

In order to study the size of M f, we shall look at its distribution
function |E|. First, instead of looking at M f, we try to obtain a family
{Q;} of cubes such that the average of | f| over each @Q; is comparable to
t. This can be done most effectively by considering only dyadic cubes.

More precisely, we can prove the following theorem:

Theorem 4.4. Let f € L*(R"). Then, for every t > 0, there exists a
family {Q;} of disjoint dyadic cubes which satisfies the following three
conditions (4.10), (4.11) and (4.12):

By ={zeR": Mf(x) >t} c| 3@, (4.10)
J
t 1 t
M<@”@mmws%mew@- (4.11)
271
Bl [l (112)

Here we recall that if Q is a cube with center xg and with side length
0g, then a@, o > 0, denotes the cube with the same center xg as Q and
with side length adg.

Proof. The proof is divided into two steps.
Step I: If f € L*(R™) and t > 0, we let

Ci =the collection of cubes ) € D which satisfy the condition

1
t<m4ﬂw@ (4.13)

and are mazimal among those which satisfy condition (4.13).
Then it is easy to verify the following three assertions (i), (ii) and (iii):

(i) Every cube @ € D satisfying condition (4.13) is contained in some
cube @’ € Cy, since condition (4.13) imposes an upper bound on
the size of @), that is, since we have the inequality

Q<q [ 1wl
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(ii) The cubes in C; are non-overlapping.
(iii) For any cube Q € C;, we have the inequalities

1 n
t<KN¢;ﬂwMy<2t

Indeed, if Q € Dy is in C; and if Q' is the only cube in Dy_; containing
Q, then it follows that

a1 | <t

However, since |Q’| = 2"|Q)|, we obtain that

1 on
dy < — dy < 2™t.
Q|/Qf(y)| y < |Q,|/Q,|f(y) y <

Therefore, we have constructed a family C; = {Q,} of disjoint dyadic
cubes which satisfies the condition
1

< _
|QJ| Qj
Step II: (1) Assertion (4.10): If Cy/yn = {Q;}, we show that

By ={zeR": Mf(x) >t} c | J3Q;.
J

¢ |f(y)|dy < 2"t. (4.14)

To do this, let g be an arbitrary point of E;. Then we can find a
cube R containing x( in its interior and satisfying the condition

1
t<wémmw

We shall look for a dyadic cube of comparable size over which the average
of | f| is comparably large. If we take the only integer k such that

2—(k+1)n < |R| S Q—kn’

then there exists at most one point of the lattice Ay, = 27*Z"™ which is
an interior point of R. Here it should be noticed that there exists a cube
in D, and at most 2" cubes in Dy, meeting the interior of R. Hence we
can find a cube @ € Dy which meets the interior of R and satisfies the
condition

[ w50
RNQ

However, it follows that

[R| < Q[ < 2"|R].
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Hence we obtain that

tiR _ t Q] _ tQ|
fldy > —> ——= = —,
/RmQ on 7 9n 9n 4n

so that

1 t
al | rwlir> g

This implies that @) is contained in some cube Q; € C;/4n.
Moreover, since R and @ meet and |R| < |Q), it follows that

zo € R C 3Q C 3Q);.

This proves the desired assertion (4.10).
(2) Assertion (4.11): This follows from inequalities (4.14) with ¢ :=
t/4"
b
4n |QJ‘ Qj
(3) Assertion (4.12): By combining assertions (4.10) and (4.11), we
obtain that

B <) 13Qi1=3") Q]
J J
4m 127
<3" — dy = — d
<37 IO ;/ij(y)l y

<= [ wlay

R»

4 t
dy <2+ — = —.
)y <2 o=

The proof of Theorem 4.4 is complete. O

As an application of inequality (4.12), we can obtain an extension of
Lebesgue’s differentiation theorem:

Theorem 4.5 (Lebesgue’s differentiation theorem). Let f € LL _(R™).
If x € R™ and r > 0, we let

Qz,r) = H[fr + xp,r + zk].
k=1

Then we have, for almost every point x of R™,

. 1
Efg‘ﬁjzgz;ﬁT Q(£Jj|f(y)'— f(x)|dy = 0. (4.15)
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Proof. Without loss of generality, we may assume that f € L'(R"™).
Since we have the formula

{z € R"™ : assertion (4.15) does not hold}

> 1

j=1 10 Q(z,r)

1
|f(y) = f(x)| dy > j} ;
it suffices to show that, for every ¢t > 0, the set

Ay = {sc € R" : limsup

10 |Q(SC,7‘)| Q(x,r)|f(y)_f(x)|dy>t}

has measure zero.
For any given € > 0, we can find functions g € Co(R™) and h €
L'(R"™) such that

f(x) = g(x) + h(),
/n |h(z)|de < e.

Then we have the inequality

1
1

|9(y)*g(x)|dy+‘h(x)|+| 1

——— h(y)|d
Q) Q(x)r)\ ()l dy

- m Q(z,r)
1
S Q@] Jor 1@ ~9@ldy +|h(@)] + Mh().

By the uniform continuity of g, it follows that
1
lim == l9(y) — g(x)| dy = 0.
40 \Q(x,r)| Q(z,r)
Hence, by passing to the limit we obtain that
1
limsup ———— |f(y) = f()|dy < [h(x)] + Mh().
rl0 |Q($7 T)‘ Q(zx,r)
This implies that the set A; can be decomposed as follows:
A, C {xeR : Mh(z) > Q}U{xeR C|h(z)] > 2}.

However, we have the inequality

{xeR”:h(m)|>;}’= dy

~/{wER":|h(x)|>t/2}
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2
/ IRl dy
{zeR™:|h(x)|>t/2}

< [ Zmldy=7 [ )y

2
< Ze,
t

and also, by inequality (4.12) with ¢ :=t/2,

{eerrame > o f < 20 [ mola =2 [ lan

<

201~ t/2 t
2-12m
< €.
t
Summing up, we have proved that, for any given € > 0,
2 2-12" 2
|As] < —e+ e=—(1+12")e.
t t t
This proves that |A;| = 0 for every ¢ > 0.
The proof of Theorem 4.5 is complete. O

Definition 4.1. Let f € L{ (R"). A point x of R" is called a Lebesgue

loc
point for f if it satisfies the condition

1 -
i e /Q = @]y =0 (4.15)

Rephrased, Theorem 4.5 asserts that almost every point of R" is a
Lebesgue point for f € L (R™).

loc
Furthermore, we can prove the following corollary:

Corollary 4.6. Let f € Ll (R™). Then, for every Lebesgue point x for
f, and thus, for almost every point x € R"™, we have the following two

assertions (4.16) and (4.17):
1

fla) = 1T1i101 m 0 f(y)dy. (4.16)
()] < M f(x). (4.17)

Proof. (i) Let x be an arbitrary Lebesgue point for f. Then it follows
from condition (4.15) that we have, as r | 0,

1
’M o) f(y)dy — f(x)

1

1

< 0@ o |f(y) — f(=)]dy
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— 0.

This proves the desired assertion (4.16).
(ii) We remark that

1 1
[Q(z, )| /Q(I,r)f(y) W < 0w Q(I’T)If(y)ldy (4.18)
< M f(x).

However, by assertion (4.16) it follows that we have, as r | 0,

1
‘ /Q W
1

|Q(z,7)|
< ‘M o) fy)dy — f(x)

— ()]

— 0.

Therefore, by passing to the limit in inequality (4.18) we obtain that

/ f() dy
Q(z,r)

This proves the desired assertion (4.17).
The proof of Corollary 4.6 is complete. O

/()] = lim

1
0. < Mf(z).

Summing up, we can obtain the following Calderén—Zygmund decom-
position theorem:

Theorem 4.7 (the Calderén—Zygmund decomposition). If f(x) is an
arbitrary function in the space L'*(R™), then, for every t > 0 we can
construct a family C; = {Q;} of disjoint mazimal dyadic cubes over
which the average of |f| is greater than t. This family C; satisfies the
following two conditions (4.14) and (4.19):

1
t< —/ |f(y)|dy < 2"t for every Q;. (4.14)
Q5] Jo,
|f(z)] <t for almost every x € R" \ U, Q;. (4.19)
Moreover, we have, for everyt > 0,

By ={z e R": Mf(x) >t} C | J3Q;, (4.10)

where the Q; range over Cyyn .
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Proof. By Theorem 4.4, we have only to prove assertion (4.19).
(1) Let zp be a Lebesgue point for f. If {Q,} is a sequence of cubes
such that

Q1DQ2D--DQ; D+,
ﬂQj = {1’0},
J

then it follows that

flwo) = lim —— [ f(y)dy. (4.20)
J—r00 |QJ| Qj

Indeed, if the cube @); has side length r;, then we have the assertion
Qj CQ($077']')7 |Qj|:7“;-l\|,0,

Therefore, we obtain from condition (4.15) that, as j — oo,

! 1
‘Ile o (y) dy — f(xo)| = ‘Qﬂ Qj(f(y) ~ F(z0)) dy
1
<15 o (y) — f(2)|dy
271
< 100, )] O |f(y) = f(xo)| dy
— 0.

This proves the desired assertion (4.20).
(ii) Now, let f € L*(R™), and let C; = {Q;} be a family of disjoint
maximal dyadic cubes over which the average of |f]| is greater than ¢:

1
t< |f(y)|dy < 2"t for every Q.
Q] Jq,

If 2o is a point of R™\ Uj Qj, then we have, for any dyadic cube @

1
@/me)dy <t.

Hence, by taking a sequence {Rj} of dyadic cubes of decreasing size
such that

containing xg,

ﬂRk = {x0}7
k
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we obtain that
1

|R| JR,

If, in addition, ¢ is a Lebesgue point for f and so for | f|, then we have,

[fy)ldy <t (4.21)

by inequality (4.21) and assertion (4.20),

o)l =l [5Gy <

Therefore, we have proved the desired assertion (4.19)
|f(z)| <t for almost every x € R" \ |, Q;.

The proof of Theorem 4.7 is complete. O

4.4 The Hardy-Littlewood Maximal Function
If f € LL (R™), we define the Hardy-Littlewood mazimal function M f

loc

by the formula

1
M) = sup /Q )l dy,

where the supremum is taken over all cubes @ containing x. It should
be noticed that we can take only those cubes @ for which z is an in-
terior point. This implies that the function x — M f(x) is lower semi-
continuous, since the set

E,:={zeR": Mf(z) >t}

is open for every ¢t > 0. Indeed, it suffices to note that

Et{IERn:Mf(I)>t}U{QD; |Qlo|/Qo|f(y)|dy>t},

where the Q° range over all open cubes containing x.
If we define the mazimal function M'f by the formula

! e 1

where
n
Q($7T.) = {y € Rn N 121;2(”@3 71'J| S 7"} = Hl[x] 77",.%]' +7a]7
j=

then we have the inequalities

M'f(z) < Mf(z) <2"M'f(z), =€R"
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Indeed, if @ is a cube with side length ¢ and containing x, then it follows
that

Q C Q(z,0),
Q(z, 0)] = (20)" =2"|Q).

Hence we obtain that

n

1 2
- d = d n / n.
a LWl ot [ rwlay 2w, aer

This proves that
Mf(z) <2"M'f(x).

Furthermore, if we define the mazimal function M" f by the formula

1

M fa) = sup o [ 17wl
z€B |B| B

where the supremum is taken over all balls B containing z, then, by

arguing as in the proof of Lemma 4.1 we can obtain the inequalities

Vi Vi
M (@) < Mf(@) < 1

M"f(z), ze€R",
where V,, = w,/n = 7"/2/T(n/2 + 1) is the volume of the unit ball in
R".

The next theorem gives a fundamental norm estimate for the maximal
function M f(x) for 1 < p < oo (cf. [67, Chapter I, Section 1.3, Theorem

1]):

Theorem 4.8. If f € LP(R"™) with 1 < p < oo, then it follows that
Mf e LP(R™). More precisely, we have the inequality

1M £l oy < Co 1l zogrny (4.22)
with a positive constant C,. For example, we may take
12 . 1/p
C, =2 ( P ) .
p—1

Proof. Our proof is divided into two steps.
Step I: The essential step in the proof is the following theorem:

Theorem 4.9. Let f € LL _(R"). Ift >0, we let

loc

E,={xeR": Mf(z)>t}.
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Then we have the following two estimates for the Lebesgue measure |Ey|
Of Et:

2.19n
|Ey| < , f(y)ldy. (4.23a)
{zeR":|f(z)|>t/2}
1
Bz o [ ()] dy. (4.23b)
t {zeR™:|f(z)|>t}

Proof. (i) First, we decompose the function f(z) as follows:

f(@) = fi(z) + fa(2),
where

ﬁ@ﬂ:{f@)iff@ﬂ>2

0 otherwise,

and

{f(af) if | f(2)] < 3,

0 otherwise.

Then it follows that

u d
M ngQ/Wf N dy

1
<swp = [ Rl +sup L [ 1)y
2 |Ql Jg 2eQ Q| Jo
However, since we have the inequality
o
L@ <5 nRY

it follows that

l\)\w

M fo(x —sup |Q|/|f2

Summing up, we have proved that

N | o+

Mf(z) < Mfi(x) + M fao(z) <
This implies that

Mf(x) >t = Mfi(x) >

N |
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Therefore, by applying inequality (4.12) to the function f; we obtain
that

|Ei| = {z e R" : Mf(x) > t}]
er R": Mfi(x) > ;H

12™ 2.127
<5 f 1wl =222 [ nwld

l
_2.12m /
t o J{eerri|f(@)>t/2}

IN

|/ (y)| dy.

This proves the desired estimate (4.23a).

(i) Without loss of generality, we may assume that f € L'(R").
Indeed, otherwise, we truncate and apply a limiting process.

Then, by using the Calderén—-Zygmund decomposition for f (Theorem
4.7) we can construct a family {Q;} of disjoint dyadic cubes such that

1
< |f(y)|dy < 2"t for every Q.
Qi1 Jo,
|f(z)| <t for almost every z € R™\ U;’il Q;.

Then it follows that

r€eQ;, = Mf(x Q|/ y)dy >t = =z € E;.
J
This proves that
UQjCEt~
j=1

Hence, we obtain that
1
Ey| > dy = — dy.
B ZIQ;I_MZ/ =g [ 1wl
j=1"%J
However, we remark that
v |JQ = If@) <t,
j=1

or equivalently,

{zeR":|f(z)] >t} C U Q)
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Therefore, we obtain that

s 1
|mz|w27/ £ dy
; 2ﬁU Qj

oo
=1
1

> — If(y)] dy.
2" JweRm| f(2) >t}

This proves the desired estimate (4.23b).
The proof of Theorem 4.9 is complete. O

Step II: By applying Theorem 3.29 and Fubini’s theorem (Theorem
3.10) to our situation, we obtain from estimate (4.23a) that

M ey = [ Qts@) o= [ o i

Rn 0

<2p- 12"/ tP—2 (/ |f(x)|dx> dt
0 {veR™:|f(y)[>t/2}
2|f (=)
:2p~12"/ / tP=2dt | |f(x)| dx
» \Jo

2p - 127 1 )
L [ elr@h @l

?Pp . 127
S O
p— 1 n
?Pp . 127
= 2 -
This proves the desired estimate (4.22).
Now the proof of Theorem 4.8 is complete. O

Remark 4.1. Theorem 4.8 remains valid if the norm is taken on the half-
space R’}. In this case, the definition of BMO functions need to be
modified by taking only cubes @) contained in R’} (see Figure 4.4).

4.5 The John—Nirenberg Inequality

In this section we study the rate of growth of functions in BMO. The
next theorem asserts that logarithmic growth is the maximum possible
for BMO functions:

Theorem 4.10 (John-Nirenberg). Let f € BMO. Then we can find
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Tn

n
R‘+

Fig. 4.5. The cube @ contained in the half-space R}

constants C7 > 0 and Cy > 0, depending only on the dimension, such
that we have, for any cube Q and any t > 0,

{z € Q:|f(2) — fol > t}| < Cre” /W |Q). (4.24)

For example, we may take
1
C1 = \/E ) CQ = 2"74‘16'
Proof. First, we may assume that || f||« = 1, since the John—Nirenberg
inequality (4.24) is homogeneous. Indeed, if we let

f(x) t
g(x) =55, 8= —,
£, £,
then we can rewrite inequality (4.24) in the form
Hz € Q:|g(x) —gg| > s} < Cre %|Q|, s>0. (4.24")

The proof of inequality (4.24") is divided into three steps.
Step I: We fix a cube () and take the constant e. Then it follows that

|22/Q|f(x)—fQ|d$<1<e-

We make use of the Calder6n-Zygmund decomposition of @ for the
function

f(x) = fo

relative to e (see Theorem 4.7). This is done just as in Theorem 4.7
except that we begin by bisecting the sides of @ to form 2™ equal cubes
{Q1,;}. Then we have the following assertions:

e< —— |f(z) — foldz < 2".
Q1,51 Jo,
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|f(z) — fol < e for almost every z € @\ U; Q1,5
‘le,j - fQ| < 2.

>l < 1l

Indeed, it suffices to note that

1 1
far, = fal = /Q Wt < gy [ 156~ falay
< 2%,
and that
1 1
DFE Z/Q )~ faldy < ¢ [ 17~ saldy
< éIQL

Step II: On each Q1,;, we make use of the Calderén-Zygmund de-
composition of Q1 ; for the function

f(.]f) - fQ],j

relative to e (see Theorem 4.7). This is done just as in Theorem 4.7
except that we begin by bisecting the sides of @1 ; to form 2" equal
cubes {Q2,}. Then we have the following assertions:

e<i1o.1 |f(x) = fq,,|dx < 2.
|Q27k| Q2. N

|f(x) = fq.,| < e foralmost every x € Q1 ; \ U, Q2,x-
|fQ2,k - le,j| <2".

1
D Qo < 21Qul-
k
Indeed, it suffices to note that

1 1
S10al <Y [ 110 =daldys g [ 1500~ fau | dy

Q1,5
1
< — il
> e|Q17]|

Now we gather the cubes )2 corresponding to all the @1 ; and col-
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lectively rename them Q)3 ;. Then we have the following assertions:

2
IR lleIE (i) QI
k

J
|f(x) = fol <|f(x) = fou;l +|fq., — faol <e+2"
<2-2"% for almost every z € Q \ U, Q2,i-

Step III: By repeating this process for all cubes formed, we have, after
N-steps, a family {Qn ;} of subcubes of @ which satisfies the following

two conditions:
N
1
< () Q|-
e

> lQn;
J
|f(z) — fol <N -2"e for almost every z € Q \ U, Qn ;-

(a) If N-2"e <t < (N +1)-2" with N € N, then it follows that

z€Q, |f(2) = fol >t = |f(x) = fol > N-2"¢ = ze|JQn,
j

This proves that

{zeQ:|f(=)— fol >t} c | Qn,-

=1

Hence we have, for all ¢ > 27,

e eQ:|f(@) = fol >} <D 1Qn;l < e N[QI < e Q)

j=1
with
1
CQ :

(b) On the other hand, if 0 < t < 2"e, then it follows that

1

t <

Opt = —— t < ~.
20T ontlg 2

Hence we have, for all 0 < t < 2"e,
{z € Q:[f(x) - fol >t} < Q| < '/*~H Q| = Cre~ Q]
with

1
Ol ::\/E, CQ = m
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Summing up, we have proved that

Cre %t |Q| forall 0 <t < 2,
e~ 2t Q)| for all t > 2".

Hr € Q:|f(z) — fql >t} g{

This proves the desired inequality (4.24").
The proof of Theorem 4.10 is complete. O

The next theorem asserts that if f € BMO, then it is locally in L? for
any 1 < p < oo (see [70, Chapter IV, Section 1.3, Corollary]):

Theorem 4.11. Let f € BMO and 1 < p < oo. Then we have, for all
cubes Q,

1 1/p
(i1 L) = ol av) <l (1.25)
1Rl Jo
with a positive constant c,. For example, we may take

_ (CipT))"?
P 02 .
Proof. We let
E,:={xeQ:|f(x)— fol > A}, t>0.

Then we have, by Theorem 3.29 and the John-Nirenberg inequality
(4.24),

/ F() — fol? dy = / pt By dt
Q 0

< Q| / ptp_l e~ Cot/ Il gt
0

Therefore, by making the change of variables
Cot
§=—
I1f1l.

we obtain that

1 p [}
o L= sel v cop (M) [Tomeas

ey (121"

This proves inequality (4.25) with

_ (CipT(p)?
Cp o T.
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The proof of Theorem 4.11 is complete. O

Remark 4.2. Theorem 4.11 remains valid if the norm is taken on the
half-space R} . In this case, the definition of BMO functions need to be
modified by taking only cubes @) contained in R’} (see Figure 4.4).

Rephrased, Theorem 4.11 asserts that, for each 1 < p < oo, the
quantity

1 » 1/10
11 = sp (|Q /Q ) — fal dy)

is a norm on the space BMO equivalent to || - ||..
Indeed, it suffices to note that we have, by Holder’s inequality (The-
orem 3.14),

i o100 = sl v < 35 ( f 1700 - gl dy)w (/deyf”

= (a /Q 1) — fal dy)l/p

This proves that the reverse inequality

1
191, = sup o /Q F) — fal dy < |IfIl.,

holds true.
As a consequence of the proof of Theorem 4.11, we obtain the following
two additional results:

Corollary 4.12. Let f € BMO. Then we have, for all 0 < A <
Cao/ £,

1 / Mf)—feol
— | e eldy < oco.
QI Jo

Proof. If we expand the exponential function as a power series, we obtain
from Theorem 3.29 and the John-Nirenberg inequality (4.24) that

/ew(y) ledy:\Q|+Z—'/ [f(y) = fal” dy
Q p=1 P JQ

[e%s) AP 00 B
- \QI+Z§/O pt?1 B, dt
p=1""
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= < (APt
=Q|+21A/O Ep ) i B

- \Q|+/ N B dt
0

<|Ql <1+/ Aett (01 e—Czt/H.fH*> dt)
0

B ACy
=<l (” Go/lI71. —A)'

This proves that

AC)
Co/ Il = A

The proof of Corollary 4.12 is complete. O

1 / MFw)—fol
] € dy <1+
Q| Jo

The proof of Theorem 4.11 with p := 1 can be used to prove that the
converse to the John—Nirenberg inequality (Theorem 4.10) holds true:

Corollary 4.13. Let f € LL _(R"). Assume that there erist positive

loc
constants C1, Cy and K such that we have, for any cube @ and any

t>0,
{z € Q:|f(2) = fol > 1} < Cre R |Q). (4.26)
Then it follows that f € BMO.

Proof. Indeed, we have, by Theorem 3.29 and inequality (4.26),

_ _ (7  _Cat/K
/Qlf(y) fl v = [ |Et|dt§cl(/0 e dt)|@|

O K

Hence it follows that, for any cube @,

1 Ci1 K
a1 L 17w~ el dy < S5

This proves that
Ci1 K

<
171, <

The proof of Corollary 4.13 is complete. O
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4.6 The Sharp Function and the Space BMO
If f(z) € LL (R™), we define the sharp function f*(z) by the formula
)= s o [ 1560~ fol o
z€EQ |Q|

where the supremum is taken over all cubes @ containing x and |Q)] is
the Lebesgue measure of ). It should be noticed that we can take only
those cubes @ for which x is an interior point.

If we define the sharp function f¥(z) by the formula

i
f( = Sup |B|/|f fB|dy7

zEB

where the supremum is taken over all balls B containing z, then, by
arguing as in the proof of Lemma 4.1 we can obtain the inequalities

Va / 4 n

where V;, = w,,/n = /2 /T'(n/2 4 1) is the volume of the unit ball in
R".
We begin by proving the following:

Claim 4.3. For the maximal functions and sharp functions, we have the
useful inequalities

fi(x) <2Mf(z), =eR™ (4.27)
(IfD¥(z) < 2f*(x), =eR" (4.28)

Proof. (i) First, we remark that
1) = fol < [f W)l + Ifal,
1
ol < oy | V)l dy < M5,

Hence we have, for all cubes ) containing z,
1 1
a1 L1700 = fol du < 5 [ 1] dy + Ifol < 2011(0).
Q |Q\ Q

This proves the desired inequality (4.27).
(ii) Similarly, we remark that

1F @) = (fDel < I1f W) = (feDl +I(fel) = (fDel (4.29)
<[f(y) = fol + 1(Ifal) = (IFDel
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where

1
fa= g1 [, fwa
(Do = g7 [ 1Fwldy

However, it follows that

1
[(IfDe = fell = al ‘/Q (IF W) = 1fel) dy (4.30)

1
< @/an(ynmmy

1
< @l/@m)—fm dy.

Therefore, by combining inequalities (4.29) and (4.30) we obtain that,
for all cubes ) containing z,

d d —
|Q/ £ — (Dol dy < |Q|/ F@) — fol dy + 1ol — (Dol

< m/Qlf(y)—le dy
< 2f%(x).

This proves the desired inequality (4.28).
The proof of Claim 4.3 is complete. O

Secondly, it should be noticed that a function f is in BMO exactly
when f* is a bounded function in R™. More precisely, it is easy to verify
that

BMO = {f € Li,.(R") : f* € L*(R")},

and further that

1
151 = 1]y =512 7 [ 15 il

In view of inequality (4.27), we obtain from Theorem 4.8 that, for
1<p<oo,

HfﬁHL:D(Rn) < 2 ||Mf||LP(R") < 2CP Hf”LP(R") .
On the other hand, by inequality (4.17) it follows that

|f(z)] < M f(z) for almost every point z of R™,
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so that

||f||Lp(Rn) < ||MfHLp(Rn) :

Hence, we have the inequality

HfﬁHLP(Rn) < ZO;D HMfHLp(R") .

The next theorem asserts that the converse inequality holds true (see
[68, Chapter IV, Section 2.2, Theorem 2]):

Theorem 4.14. Let 1 < p < oo. If f € LP(R™), then we have the
inequality

HMfHLp(R") < AP HfﬁHLP(Rn) ) (431)
with a positive constant A,. For example, we may take
Ay = 2(2-3M)/P gl glntlip,

Proof. The proof is divided into four steps.
Step I: It suffices to show that

IM(ED oy < 0 10D g - (431)
Indeed, since we have, by Claim 4.3,
Mf(x) = M(|f)(x), =eR",
(1) (z) < 2f*(z), «e€R",
it follows from inequality (4.31") that
1M fll oy = IMAFDN Loy < €0 [UDPN Loy < 260 1] Loy -

This proves the desired inequality (4.31) with A, := 2¢,.
Step II: Therefore, we may assume that

f(z) >0 on R".

Our proof is based on the Calderén—Zygmund decomposition (Theorem
4.7). First, we see that this decomposition can be carried out for our
function f. Let t > 0 and assume that @ is a cube such that

1
fo=g7 [ Wiy >t (4.32)
QI Jg
Then we have, for every = € Q,

1
t< M/Qf(y)dy < Mf(x),
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and so
po L Py 1 Py
P < g M@ e < g | (7)) e
This proves that
1
Q< [ Our@)yds (43

Hence, if Q1 C Q2 C -+ C Qr C --- is an increasing family of dyadic
cubes such that
1

ka:m O

then it follows from inequality (4.33) that the family is necessarily finite.
Therefore, we find that each dyadic cube @ satisfying condition (4.32)
is contained in a maximal one. If {Q;;} is a family of these maximal
dyadic cubes, it follows from an application of the Calderén—Zygmund
decomposition (Theorem 4.7) that

f(y)dy > t,

1
Q51 Ja.,
f(z) <t for almost every z € R" \ J; Q¢

t< fau, Fly)dy < 2"t.

It should be noticed that if ¢ < s, then each @, ; is contained in some
Q@+, since we have the inequality

1
foo, =747
Qs,j ‘Qs7j| Qus

For any given ¢t > 0, we take

fly)dy > s > t.

Qo = Qt/2n+1) jo»
A= 2+ Dp2,

Then there are two possibilities:

(A) Qo C {z e R™: fi(z) > t/A}.
(B) Qo ¢ {z e R": fi(z) > t/A}.

In the first case (A), we have the inequality

Z Q5] <

{7:Q+,;CQo}

t

{x eR": fi(x) > AH . (4.34)
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In the second case (B), we can find a point g € Qg such that
i | 1) = faldy < fitzo) <
1Qol A
Here we remark the followmg inequalities:
t t t
— < = dy <om.— — ~.
ont1 fQo lQol % f( ) Y > ont1 2

1
th,j =TA f(y) dy > 1.
Q51 Jo.,

Then, since we have the inequality

t t
i\Qt,ﬂ = (t - 2) Q¢

< o f(y)dy_ fQo'QtJ

<A () — fou| dy,

t,j

=/ (F(4) — fau) dy

E,3

we obtain that

t
L Qusl < / — fooldy
2 Z J Qs

{4:Q¢,;CQo} {5:Q, ]CQO}
t
g/’mw—mmwsﬂ%L
Qo

This proves that

2
> 1@l < 21l (435
{5:Q+,;CQo}

Therefore, by combining inequalities (4.34) and (4.35) we have proved
that

t 2
Z |Qt,j| S Hx S R": fu(x) > A}’ + Z Z |Qt/(2"+1),k| . (4.36)
J k
Step III: If we introduce a function

=> 1@l
j

then we can rewrite inequality (4.36) as follows:

alt) < erR”:fﬂ(ag) > ZHJrZa (WZJ (4.37)
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If N is an arbitrary positive integer, we let

N
Iy = / pt?~ta(t) dt.
0

In order to estimate the integral I, we need the following claim:

Claim 4.4. If we introduce the distribution function of M f by the for-

mula
B(t) :=[{z e R" : M f(x) > t}],
then we have the inequalities
a(t) < B(t), (4.38a)

B(t) < 3" <4t> . (4.38b)

Proof. (i) Since we have, for any = € Q; ;,

t< [ )y < Mf),
Q51 Ja.,

it follows that
U@ c{z eR™: Mf(x) >t}
J

This proves that
a(t) = |Qul < [{z € R* : Mf(x) > t}| = B(1).
J

(ii) Just as in the proof of Theorem 4.7, we obtain that

Bt) =Kz e R™: Mf(x) >t} <> [3Quan ;| =3" D |Qujan ;]
J J

t
< 37L . .
The proof of Claim 4.4 is complete. O

First, by inequality (4.38a) and Theorem 3.29 it follows that
N N
Iy :/ ptl’*la(t)dtS/ ptP~L B(t) dt
0 0

< / pt B dt = [ Mf(a) do = | MFID, g -
0 R"
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This proves that the finite limit

N—oc0

lim Iy = / ptP L a(t) dt (4.39)
0

exists.
Secondly, we obtain from inequality (4.37) that

In < " P 1z eR": fi(z 13 dt 4.40
N_Op € f()>A ( )

2 v t
= p—1
—i—A/O pt a(QnH)dt
N t
:/ ptP! {meR”:f”(gc)>Hdt
0 A
9 [N/@")
+Z/ p (2P s (s) 27 ds
0
N
§/ pt?!
0
N
:/ ptp71
0

since we have chosen

n f t 1 N —1
r€eR :f(x)>2 dt+§/ psP  a(s)ds
0

{x eR": fi(z) > Z}‘dw %IN,

A = 2(n+lpt2,

Hence, by inequality (4.40) it follows that

N
In < 2/ ptP~!
0

Therefore, in view of assertion (4.39) we can let N — oo to obtain that

/ ptpfla(t)dt§2/ ptP~1
0 0

Step IV: By inequalities (4.38b) and (4.41), it follows from an appli-
cation of Theorem 3.29 that

M f(z)P dz = /Ooptp_l B(t) dt
0

{x eR": fi(z) > 2}’&.

{x ER": fi(z) > ZHdt. (4.41)

R

o0 t o0
< 3"/ ptPla (471) dt = 3"/ p(4M)P~1 P a(s) 4™ ds
0 0

=3" -4 (/ psP~la(s) ds)
0
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<3m.4mp (2/ ptP~! {xeR" CfH () > jl}‘dt)
0

:2~3"~4"p/ pApflaple:EGR”:fﬁ(x)>a}|AdU
0

:2~3”-4"p-Ap/ po? ' [{z e R": fH(z) >o}|do
0

=2.3".4" . AP | fH(x)P dx.
R’ﬂ

Summing up, we have proved the desired inequality

”MfHLp(Rn) S Cp HfﬁHLP(R“) s (4.31/)
with
cp = (2 3M) /P gntl g(ntip,
Now the proof of Theorem 4.14 is complete. O

Corollary 4.15. Let 1 < p < oo. If f € LP(R"), then we have the
inequality

||fHLP(R") < AP HquLP(R") ’
with a positive constant A,.

Corollary 4.15 is an immediate consequence of inequality (4.17) and
Theorem 4.14.

Remark 4.3. Theorem 4.14 and Corollary 4.15 remain valid if the norm
is taken on the half-space R}. In this case, the definition of sharp
functions need to be modified by taking only cubes @ contained in R’}
(see Figure 4.4).

4.7 Spherical Harmonics

In this section we introduce spherical harmonics in order to prove the
fundamental results of singular integrals in Chapter 10 and Chapter 11.
The presentation here is a slightly expanded version of Neri [51] (see also
[6, Chapter 5]).

If m is a non-negative integer, then we denote by II,, the set of all
polynomials in the variables © = (21, x9,...,2,), n > 2, which are ho-
mogeneous of degree m. A typical example of homogeneous polynomials
of degree 2 is given by the formula

o = 2%+ a5+ 2,
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For simplicity, we assume throughout this section that our polynomials
have real coefficients, the complex case being of course identical except
for the occasional presence of complex conjugates.

We begin by proving the following fundamental result:

Lemma 4.16. The space I1,,, is a finite dimensional real vector space.
Moreover, if we denote by g(m) the dimension of the vector space I,
then we have the formula

g(m) = (

Proof. (1) The first statement is obvious.

(2) Since the monomials % with |a| = m form a basis in the vector
space II,,, it follows that the dimension g(m) is equal to the number of
such monomials. However, it should be noticed that these monomials

m+n—1> _(ntm—-1)
n—1 ml(n—1)!

occur as coefficients in the formula
n n
[Ta-z" =]]Q+ajt+-+aftb+.-).
j=1 =1

This implies that their number is equal to the coefficient of t™ in (1 —
t)~™. Therefore, we obtain that

1 dm

g(m) = poor] dtim(l —t)"

t=0

1
_ . 7 _ (n+m)
= o nn+1)---(n+m—1)(1-1¢)

: t=0
_(n+m-1! [(m+m-1
ml(n—1)! n—1 '
The proof of Lemma 4.16 is complete. O

We let
P(z) = Z aox® €11,

|a]=m
and introduce the homogeneous differential polynomial
0 a\“
P(5)- T ()

which is obtained from P(z) by replacing each monomial z® by the
corresponding differential monomial (9/0z)”. Now we can prove the
following:
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Lemma 4.17. FEvery space I1,, is a real inner product space endowed
with the inner product

Q= (). Poe,.

Proof. First, it should be noticed that we have, for || = |5],

( 0 )a 5 al ifa=8,

Z) 8=

oz 0  otherwise.

Hence it is easy to verify that the formula (P, Q), P, @ € II,,, defines

a bilinear form on the product space II,, x II,,. Moreover, if P(z) =
> taz® and Q(z) =3 4 bgx? with |a| = |3| = m, then we obtain that

(P,Q)= Y alaaba = Y albaaa =(Q,P),

|a]=m |a]=m
(P,P)= Y ala2 >0,
|a]=m

(P, P) =0 if and only if P(z) = 0.

This proves that the quantity (P, Q) satisfies the axioms (I1) through
(I4) of inner product in Section 2.10.
The proof of lemma 4.16 is complete. O

Let P € II; and Q € II,,, with £ < m. Then it is easy to see that the
polynomial
0
P —pl =
Q)= (5 ) Q@

belongs to the space II,,_,. Hence it follows that the associated differ-
ential polynomial P (9/0x) defines a linear operator

P (3) I, — I,y
or

by the formula (P, Q). Moreover, we have the following:

Lemma 4.18. Let P € II; such that P(x) # 0, and m > £. Then the
linear map P (%) 1L, — I, ¢ is surjective.

Proof. Our proof is based on a reduction to absurdity. Assume, to the
contrary, that the range P (9/0x)1l,, is a proper subspace V of II,,_,.
Then, by using Lemma 4.17 we can find an element R(x) # 0 in the inner
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product space II,,_, which is orthogonal to the space V. Therefore, we
have, for all Q € I1,,,

(10(8))-5(2) (&) 00

In particular, by choosing Q(z) := R(z)P(x) we obtain that (Q, Q) = 0,
so that Q(z) = R(x)P(x) = 0. This implies that R(z) = 0, since
P(z) £ 0. This contradiction proves that P (9/0z) : II,,, — IL,,—¢ is
surjective.

The proof of Lemma 4.18 is complete. O

Theorem 4.19 (the decomposition theorem). Let P € II; such that
P(z) £0, and m > €. Then, every element T € I1,,, can be decomposed
uniquely in the form

T(x) =Y P*(z)Ri(x) (4.42)
k

where

Ry € 1L _pe,

P (ai) Ry(z) =0,

and the summation is taken over all non-negative integers k such that
kl < m. Moreover, the Ri(x) Z 0 are not divisible by P(x).

Proof. (1) First, we show that every element T € II,,, can be decomposed
uniquely in the form

T = PS; + R,

where Sy € I,,,_¢ and P (9/9z) Ro(x) = 0.
To do this, we introduce the subspace

M :={PS:8 e1l,,_¢}

of all elements of II,,, which are divisible by P(z), and the subspace

N:{REHm:P((i)R(x):O}

of all elements of II,,, which are annihilated by P (9/0z). Then we have
the assertion

MANN = {0}.
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Indeed, if PS € M belongs to N, then it follows that

P <8am> P(x)S(z) =0,
so that
S <8> P <3> P(z)S(z) = (PS,PS) = 0.
ox Ox
This implies that PS = 0. Hence, we have the formula
dim(M & N) = dim(M) + dim(N) = g(m — £) + dim(N).
However, by Lemma 4.18 it follows that
g(m —£) + dim(N) = dim (IL,,,) ,
so that,
dim(M & N) = dim (I1,,,) .
Therefore, we have proved that
II,, =M@ N,

and further that each element T' € II,,, can be decomposed uniquely in
the form

T = PS, + Ry,

with S; € II,,_p, and Ry € N. Moreover, it should be emphasized
that Ro(z) is not divisible by P(x) unless Ro(x) = 0, since we have
MnN ={0}.

(2) Similarly, by repeating the same procedure for S;(z) (in place of
T(x)) we obtain that

Sl = P52+R1,

where Sy € II,,,_o¢ and R;(z) is annihilated by P (9/0z) and not divis-
ible by P(x) (unless Ry(x) = 0). We remark that

T =PS, + Ry = P(PSy + Ry) + Ry = P2Sy + PRy + Ry.

(3) This recursive process ends when we reach an element Sy € II,,_ ks
of degree less than ¢. In this case, it follows that Si(x) is not divisible
by P(z) and that P (0/0x) Sk(x) = 0. Hence, we may take Sy = Rj.
This proves the desired decomposition (4.42).

The proof of Theorem 4.19 is complete. O
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It should be emphasized that the homogeneous polynomial
o =2t + a3+ 4 ap

of degree 2 corresponds to the usual Laplacian

0? 0? 0?
A= —+—5+...+ —5.

0z + x3 tot 02
All polynomials P € I1,,, are called solid harmonics of degree m if they
satisfy the Laplace equation: AP = 0 in R"™. The restrictions of these
solid harmonics to the unit sphere X, 1 are called spherical harmonics
of degree m.

We shall use the following notation:

S, := all solid harmonics of degree m,

‘H,, := all spherical harmonics of degree m.

Remark 4.4. (a) By Lemma 4.18, it follows that S, is the nullspace of
the Laplacian as a linear map of IL,,, onto Il,;,_o. If m =0 and m =1,
then we have S,, = II,,,. However, if m > 2, then we obtain that S,, is
a proper subspace II,, of dimension

d(m) := g(m) — g(m — 2).
This formula remains valid for all non-negative integers m if we let

g9(=1) =g(-2) =0.
(b) If S,, € Sy, then, we have, for all x # 0 and 2’ = z/|z|,

$(0) = S (Jal %) = 1ol S0 (151) = ol Qun(a')

|z |z

where Q. (2') = S, (2') is the corresponding spherical harmonic in H,,.

Since this correspondence is an isomorphism, it follows from assertion

(a) that H,, is a vector space of dimension d(m) = g(m) — g(m — 2).
(c) On the Euclidean space R?, we have, for any integer m > 1,

sy = (") = mr g2 =m-1

Hence it follows that d(m) = g(m) = m + 1 for m = 0 and 1, and
that d(m) = g(m) — g(m — 2) = 2 for m > 2. In terms of the complex
variable z =  + iy = re*?, we obtain that 2™ = r™ cos mfé + ir™ sin méf.
Therefore, we can conclude that, for every m, cosmf and sin mé are the
only linearly independent spherical harmonics on the plane.

On the Euclidean space R3, it is easy to see that d(m) = 2m + 1,



4.7 Spherical Harmonics 151

so the dimension of S,,, and hence that of H,,, increases as the odd
integers.
(d) On the general Euclidean space R™, we have, as m — o0,

(m+n—-1\ (m+n—-1)(m+n—2)---(m+1)
g(m)< n—1 ) (n—1)!

mnfl
(n—1)"

Moreover, by using the mean value theorem we obtain that
d(m) = g(m) — g(m —2)
mn—l B (m_ 2)n—1 5 mn—2
(n—1)! (n—1)! (n—2)!

Summing up, we have proved that, for any dimension n > 2,

d(m) ~ c(n) m™?

as m — oo, where ¢(n) is a positive constant depending only on the
dimension n.

Corollary 4.20. Any continuous function on the unit sphere X, 1 can
be approximated uniformly by a finite linear combination of spherical
harmonics.

Proof. Let f(z') be an arbitrary continuous function on X,,_;. We may
assume that f(z’) is real valued. By the Stone—Weierstrass theorem
(Theorem 2.70), it follows that f(z') can be approximated uniformly by
the restriction to X),_1 of some polynomial T'(x). However, since T'(x) is
a finite sum of homogeneous pieces, we have only to consider each piece
T € 11,,.

We remark that the assertion is obvious for m = 0 and m = 1.

If m > 2, by applying the decomposition theorem (Theorem 4.19) to
P(z) := |z|> and P (9/0z) := A we obtain that

To(x) = Y || Ry(x),
2k<m

where Ry (x) are solid harmonics of degree m — 2k. Hence, we have, on
the unit sphere X, _1,

T (2') = Z Ry (z'),
2k<m

where the Ry (z’) belong to H,—ok.
The proof of Corollary 4.20 is complete. O
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Lemma 4.21. Let Q; € H; and S;(z) = |z[7Q;(x’) its corresponding
solid harmonics. Then we have, for k # m,

L Qu(a') Qu(a) do(a’) = 0, (4.43)

/ - Sk(x) Sy (z) dx = 0. (4.44)

Here do is the surface measure on the unit sphere X, _1.

Proof. Since we have, in terms of polar coordinates,

/|<1Sk(x) Spn(z) do

= (/Olrkerr”ldr) /Z Qr(2") Qu(2') do(z")

1 / A !
= — m(x’) d ;
o [ Q) () dotw)
it suffices to prove formula (4.43) for spherical harmonics.

By using Green’s formula (see Theorem 5.3 in Chapter 5), we obtain
that

/| _ (51@) - ASn(x) ~ Sn(w) - ASy(z) da

= /znl (Sk(x’) aai;”(a:’) — Spm(2") %%) do ('),

where v is the outward normal to the unit sphere X,,_;. However, since
we have the formula

0 0

v~ O]’

it follows that
9
ov
Moreover, by the definition of solid harmonics it follows that AS; =0
in R™. Therefore, we obtain that

(Sj(x)) = jlzP 71 Q;(a").

0= / (Qu(’) - mQuu(’) — Quu(a) - kQu(a')) do(a’)
X

n—1

=(m—k) /2 Qr(2") Quy(2") do ().

n—1
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This proves that we have, for k # m,

/n Q) Qula!) doa’) =

The proof of Lemma 4.21 is complete. O

We consider the vector spaces H,, as linear subspaces of the real
Hilbert space L2(X,_,) with inner product

(f.9) = L f(@') (') do(').

With respect to this inner product, we can construct an orthonormal
basis {Yer, }, 1 < £ < d(m), in each space H,,. Hence, we have, for each
m7

(Yirm, Yim) = / Yim (') Yjm(2') do(a) = 6;5, 1 <1i,j <d(m).
27171
Moreover, we have the following theorem (cf. Theorem 2.64):

Theorem 4.22. (i) The Hilbert space L*(X,,_1) can be decomposed into
the infinite direct sum in the sense of Hilbert space theory:

More precisely, any function f € L?(X,_1) has the development

where the convergence is in the L?(X,,_1) norm, and we have the formula

[ e =3 [ Pt

(i) Furthermore, the family {ng} m=0.L,... forms a complete or-
=1,2,...,d(m)
thonormal system in the Hilbert space L2(Zn,1) More precisely, any
function f € L?(X,,_1) has the Fourier series expansion with respect to
{Yem}
oo d(m)

= Z Z Aom Yv@m(x/)7

m=0 ¢=1
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where the Fourier coefficients agn are given by the formulas

Qo = /2 f(y) Yom (y) da(y),

n—1

and satisfy the Parseval identity

am? = /2 @) do ().

Proof. Since part (i) is an immediate consequence of part (ii), we have
only to prove part (ii).

First, by Lemma 4.21 it follows that spherical harmonics of distinct
degrees are orthogonal, so that the family {Y;,,} is orthonormal. On
the other hand, since the continuous functions are dense in L*(X,_1), it
follows from an application of Corollary 4.20 that the set of all finite lin-
ear combinations of the Yy, is dense in LQ(Zn_l). This implies that the
orthonormal system {Y;,,} is complete in the Hilbert space L?(X,,_1).

The proof of Theorem 4.22 is complete. O

Now we prove some important bounds on the spherical harmonics
{Yerm,} and their derivatives. These bounds can be deduced from the
fact that we have, for each integer m > 0,

d(m)
Vi) = d(m), a' € Xy, (4.45)
Wn
r=1
where
d(m) = g(m) — g(m —2),
and
27Tn/2
= Pl = )

is the surface area of the unit sphere X,,_1. In order to prove formula
(4.45), we introduce the concept of zonal harmonics:

Lemma 4.23. For each m and each point ' € X, 1, we can find a
spherical harmonic Z, € Hp, called a zonal harmonic with pole z’,
such that we have, for all Q € H,,,

Q) = (Q, Zw). (4.46)
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Moreover, we have, for ally € X, _1,

d(m)

ZYem ) Yem(y).- (4.47)

Proof. (1) First, we remark that the map Q@ — Q(z’) is a linear func-
tional over the finite dimensional Hilbert space H,,. Hence, the desired
formula (4.46) follows from an application of the Riesz representation
theorem (Theorem 2.58).

(2) Secondly, since the {Yz,}, 1 < ¢ < d(m), form an orthonormal
basis in each space H,,, we obtain that any element Q) € H,, can be
written uniquely in the form

d(m)
2) =Y aYim(z'), 2’ € Zny, (4.48)

where the Fourier coefficients a, are given by the formulas
0=t = (@ Yon) = [ Q) Yinl) doy).
Xn-1

Hence we have, by formula (4.46) and formula (4.48),

d(m) d(m)
{=1

This proves the desired formula (4.47), since formula (4.49) holds true
for all Q in H,,
The proof of Lemma 4.23 is complete. O

Lemma 4.24. Ifu: X, 1 — X, _1 is a rotation, then we have, for any
zonal harmonic Z,,

VA (Uy) = Zx’(y)a Yy e Zn—1- (450>

Proof. If the function Q(z’) belongs to H,,, then so does the function
Q(uz’), since the Laplacian A is invariant under rotations. By applying
formula (4.46) to the harmonic @, (z’) := Q(uxz’), we obtain that

Quz’) = Quia') = / Quly) Zor(y) do(y) (4.51)
Py
- / Qluy) Zor(y) do(y).
Enfl
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On the other hand, by applying again formula (4.46) to the harmonic
Q(z') and by changing variables we obtain that

(4.52)
/le Zya (y) do(y /leuy Zw (uy) do(y),

since the surface measure do is also invariant under rotations.
Therefore, it follows from formula (4.51) and formula (4.52) that we
have, for all Q € H,,,

/ () Q(uy) dor(y) = / o () Q(uy) dor(y).
o1 Yn-1

This proves the desired formula (4.50).
The proof of Lemma 4.24 is complete. O

Remark 4.5. If the pole ' € X,,_1 of a zonal harmonic Z,, lies on the
axis of a rotation u, then we have uz’ = z’ and so, by Lemma 4.24,

Zy(y) = Zo (uy) forye Xy
In other words, a zonal harmonic Z,- is constant along each “parallel”
relative to the pole z’.

The next lemma proves the desired formula (4.45):

Lemma 4.25. For any integer m > 0, we have the formula

d(m)
D Vi) = d(m) fora' € 2. (4.45)
w

n

Proof. By formula (4.46), we have, for any o’ € X, _1,

d(m)

I/) = Z Yégm(xl)>
{=1

and we have, for any rotation wu,

d(m)
= > Y3, (ua).
=1
Hence, by applying Lemma 4.24 to our situation we obtain that

d(m) d(m)
Z Y2 (') = Z Y2, (ux') forz’' € X, 4. (4.53)
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Since each point y of X,,_1 is the image y = uz’ under a suitable rotation
u, we find from formula (4.53) that
d(m)
Z Y2 (2') = A,, fora’ € X, 4, (4.54)
=1

where A,, is a constant depending only on the degree m and the dimen-
sion n.
Hence, by integrating formula (4.54) over X,,_; we obtain that
d(m)

L S V2 (@) doa!) = Ap /E | dolel) = Aus (455)

n=1 g=1

On the other hand, since the {Y,,}, 1 < ¢ < d(m), form an orthonor-
mal basis in the Hilbert space L?(X,,_1), it follows that

d(m) d(m)

m(z')do(a) = m (') Yo (2') do (2! )
[ S aE e =3 [ Yl Vi as) 050
=d(m).

Therefore, by combining formula (4.55) and formula (4.56) we have
proved that

4, = m),
Wn,
The proof of Lemma 4.25 is complete. O

Now we can prove the desired bounds on the spherical harmonics Yp,,:
Theorem 4.26. (i) For all 2’ € X,,_1, we have the estimate
[Yim (z')] < Cy m=2/2, (4.57)

where Cy is a positive constant depending only on the dimension n.
(i) More generally, we have, for any multi-index a,

o\*“ , B la
‘Qg<m%m@ﬂ3@m“W”WW”, (4.58)

where Cy is a positive constant depending only on |a| and n.

Proof. (i) By Lemma 4.25 and assertion (d) of Remark 4.4, it follows
that we have, for some positive constant C' depending only on n,
2 w 2 d(m) 2
Vi (2') < Z Y, (') = <Cm"™? fora’ € X, 4.
=1

wn
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Hence, the desire estimate (4.57) follows by taking the square root of
this inequality.

(i) First, we remark that estimate (4.58) for |a| = 0 is reduced to
estimate (4.57).

Secondly, we consider the case where |a| = 1. To do this, we let

P(x) = [x|™ Yem (2'),

and estimate the first partial derivatives OP/0x;.
Since we have the assertion

Pes,,

and so

oP 0
Al — AP in R™
(arj) axj (AP) = AR

it follows that
oP
— e S
3xj < 1

Hence, by applying Lemma 4.25 to the functions 0P/dz; and by using
Schwarz’s inequality (Theorem 3.14 with p = ¢ := 2) we obtain that

2

d(m—1)
8P
be Yo —
2| =X
d(m—1) d(m—1)

Z be Z Ye%nfl(x/)
=1

A

where the Fourier coefficients b, are given by the formulas

oP
b@ = (ax] }/Zm 1)

:/E §Z<mm () doly), 1< < dm—1),

and A is a positive constant given by the formula

d(m—1)

b2:/

oP

1 a—xj(x’) do(z").
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Therefore, we have the estimate

2 2

oP d(m—l)/ aP
- < - 7 — d 4.
Oz, = s 025 % (459
d(m —1
< L/ |graLdP|2 do, '€ X, 1.
Wn Yn1

However, since grad P is homogeneous of degree m — 1, by letting
r:= |z| and by using polar coordinates we obtain that

1
/ lgrad P|* dz = (/ p2mtn=3 dr) / lgrad P|* do
lz]<1 0 by

n—1
1 2
2m+n—2 /Enl lgrad PI" do,

so that

/ lgrad P|* do = (2m +n — 2)/ |grad P|* dz. (4.60)
Yn—1 [z[<1

Moreover, since P(z) is harmonic in R”, it follows that
div (P grad P) = |grad P|> + P AP = |grad P|*.

Hence, we have, by the divergence theorem (see Theorem 5.2 in Chapter
5),

/ lgrad P|? dz = / div (P grad P) dx (4.61)
|lz|<1 |lz|<1

= / P(grad P) - vdo.
X1

However, since P(x) is homogeneous of degree m, we have, by Euler’s
formula for homogeneous functions,

(grad P) - v = m P(2").

Hence it follows that
/ P(grad P) - vdo (4.62)
2"71
= m/ P(z")?*do(z") = m/ Yo ()2 do(z") = m.
Xn_1 -1
By combining formulas (4.60), (4.61) and (4.62), we obtain that

/ lgrad P|* do = m(2m + n — 2).
Xna
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Therefore, by carrying this formula into estimate (4.59) we obtain from
assertion (d) with m :=m — 1 of Remark 4.4 that

opP

or 2 < d(m —1)
alﬂj -

<Clm—-1)""2m@2m+n—2)
<C'm"™ foralla' e X, 1,

()

m(2m+n — 2)

where C and C’ are positive constants depending on n. Moreover, since
OP/0x; is homogeneous of degree m — 1, we have, for some positive
constant C” depending on n,

opP

a—x](x) <C"m™?|z|™ 1, zeRM

This proves the desired estimate (4.58) for |a| = 1.

Repeating this argument, we obtain the desired estimate (4.58) for
the general case.

The proof of Theorem 4.26 is complete. O

By part (ii) of Theorem 4.22, we know that any function f € L?(X,_1)
can be expanded by the Fourier series

oo d(m)
F@) =" am Yim(2'), (4.63)

m=0 ¢=1

where the Fourier coefficients ay,, are given by the formulas

o = / @) Yo (y) do(y). (4.64)
Yn—1

and satisfy the Parseval identity

S Jaml? = /2 @) do(a’).

Remark 4.6. Any continuous function f(z’) on the unit sphere X,,_; has
a continuous extension f(z) := f(z/|x]) to the space R™ \ {0} which is
homogeneous of degree zero. Conversely, any function g(z) € C(R™ \
{0}) which is homogeneous of degree zero is of the form g(z) = flz)
where f(x) is its restriction to the unit sphere X,,_;. In the following,
we shall not distinguish between f(2') and f(z), and if we write f(z') €
C*°(X,_1), then we mean that f(z) € C°(R™\ {0}).
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If f(z') € C°(X,_1), then it is well known that the Fourier series
(4.63) converges absolutely and uniformly to f(2’) in the unit sphere
Yn—1. In fact, we shall prove (Theorem 4.30) that a necessary and
sufficient condition for a sequence

{aém} m=0,1,...,
£=1,2,...,d(m)

to be the harmonic Fourier coefficients of some function
f(a?/) S COO(Enfl)

is that the sequence {ag,,} be rapidly decreasing. This result is a conse-
quence of the formula (4.71) analogous to formula (4.64), which we shall
prove in Theorem 4.29 below.
First, we introduce a second-order differential operator £, which pre-
serves the degree of homogeneity of a function, given by the formula
Lf :=|z|* Af.
We remark that Lf = Af on the unit sphere X,,_;. Then we have the

following lemma:

Lemma 4.27. For any function Yo, (2") and any integer r > 1, we have
the formula

LY (2") = (—m)"(m +n—2)" Y, (2')  foraz' € X,_1. (4.65)

Proof. First, we prove formula (4.65) for r = 1.
If P(x) := |x|™Yem(2') is the corresponding solid harmonic, then it
follows that

LYy (2)) = [2|* A, = [2]2A (J2|7™ P(2)) . (4.66)
However, we remark the following elementary formulas:
A(fg) = f Ag + 2(grad f) - (grad g) + g Af,
grad (|a:|k) = klz|F 2z,
A (2l*) = k(k +n — 2) |2,
x - (grad P) = m P(x).
Hence, by the harmonicity of P(z) it follows that
A (|lz|~™ P(a))
=2 (grad|z|™™) - (grad P) + (—m)(—m + n — 2) |z| "> P(z)
= 2(=m)[e| ™2z - (grad P) + (—m)(—m +n — 2) [z~ P(z)
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= 2(=m?)|z[7" 72 P(z) + (—=m)(=m +n — 2)|z[ 7" 7* P(x)
= (—m)(m+n—2)|z|7"7% P(x).

Therefore, by substituting this formula into formula (4.66) we obtain
that

LY (2') = (=m)(m +n = 2) |z]7™ A (2|7 P(x))
(—m)(m +n — 2)Yen(2').

This proves the desired formula (4.65) for r = 1.
The desired formula (4.65) for any integer r > 2 follows by iteration.
The proof of lemma 4.27 is complete. O

Lemma 4.28. If f, g € C?"(R"™\ {0}) are homogeneous of degree zero,
then we have the formula

/En1 [-Llgdo = /z g-L"fdo. (4.67)

n—1

Proof. Using polar coordinates, we obtain that, for some constant C' # 0,
[ @) Ag(w) - gle) - Af()) da (4.68)
1<|z[<2
=0 [ (@) Ag(e) - gla')- Af@) dote').
Yno1

However, we have, by Green’s formula (see Theorem 5.3 in Chapter
5),

/1 V) 29w gl A7) e (4.69)

= [, (600 5 - 00 G ) ot

. / @ no_ / g / /
[ (16 g2 = o) S @) dotw)
=0.
Indeed, it suffices to note that
0 0

ov Ol

is the radical derivative and that f(z) and g(z) are constant along radii.
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Therefore, by combining formula (4.68) and formula (4.69) we obtain
that

/2 (f-Ag—g-Af)do=0. (4.70)

Since we have Lf = Af and Lg = Ag on X,,_1, it follows from formula
(4.70) that

/ f-/lgdo:/ g-Lfdo.
Xna P
Moreover, by replacing g by Lg in this formula we obtain that
/ f.Ldia:/ £g~£fda:/ g-L%f do.
Yn-1 Zn-1 Zn-1

Hence, the desired formula (4.67) follows by repeating this process.
The proof of lemma 4.28 is complete. O

Theorem 4.29. If f € C*°(X,_1) and if {aem} are its Fourier coeffi-
cients with respect to the spherical harmonics {Yem}, then we have, for
any integer r > 0,

g = (—m)""(m+n—-2)"" /2 Yirm - L7 f do. (4.71)

Proof. By combining Lemma 4.27 and Lemma 4.28, we obtain that

aZm:/
X

fYy,do= (fm)*r(m+n72)*r/ f- LYo do

n—1 Zn-1
= (—m)_T(m+n—2)_T/ Yo - L7 f do.
-1
This proves the desired formula (4.71). O

Theorem 4.30. (i) If f € C°(X,—1) and if {aem} are its Fourier
coefficients with respect to the spherical harmonics {Yom }, then we have,
for any integer r > 0,

oo d(m)
Z Z m" |agm| < co. (4.72)
m=0 (=1
(i) Conversely, given any family {aem} m=o0.1,.., of constants which

(=1,2,...,d(m)
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satisfies condition (4.72) for any integer r > 0, we can construct a func-

tion f € C*°(X,_1) such that

oo d(m)

F@) =YY" am Yom(a').

m=0 (=1

Proof. (i) We have only to prove estimate (4.72) for all r sufficiently
large. By formula (4.71), it follows that

|agm| =m~"(m+n—2)"" .

/ Yem (y) L7 f(y) do(y)
Y1

Hence, by using Schwarz’s inequality (Theorem 3.14 with p = ¢ := 2)
and the normality of Yy, we obtain that

laem| (4.73)

12 1/2
<m7 (/E IYem(y)I2da(y)> (/Z L7 f (y)I? dU(?J))
1/2
=m (/ L7 f ()l da(y)>
-1

=C(rym™?",

where C(r) is a positive constant defined by the formula

1/2
o) = ( /E £ f ()2 da<y>> .

Since we have, by assertion (d) of Remark 4.4,
d(m) < Cm"?

for some positive constant C, it follows from inequality (4.73) that we
have, for all integers r > n — 1,

>

m=0 (=

d(m) o) 00
m’ |agm| < C(r) Z dim)m™" < CC(r) Z mnTAT

m=1 m=1

—

< 00.

This proves part (i).
(ii) Conversely, we assume that the constants {a, } satisfy condition
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(4.72) for all integers > 0. Then it follows from an application of
Theorem 4.26 that we have the estimate

[Yim (2))| < Cm"=2/2 forall 2’ € X,,_1,

with a positive constant C' independent of m. This proves that

oo d(m) oo d(m)
Z Z lagm Yom(2')| < C Z Z || m=D/2 for all &’ € X,_;.
m=0 (=1 m=0 (=1

Therefore, we obtain from condition (4.72) that the series
Z Aym nm(l‘/)
lm

converges absolutely and uniformly to some continuous function f(z')
in the unit sphere X, 1.

By repeating this argument and by using estimate (4.58) of Theorem
4.26, we obtain that the series >, asm, (0/0x)* Yy, (x) is absolutely
and uniformly convergent to the continuous function (8/dx)® f(z') in the
unit sphere X, _;. Summing up, we have proved that f € C*°(X,_1).

The proof of Theorem 4.30 is complete. O

By combining Theorem 4.22, Theorem 4.26 and Theorem 4.30, we
have proved the following fundamental results for spherical harmonics:

Theorem 4.31. (i) The space H,, of n-dimensional spherical harmon-
ics of degree m has dimension

d(m) = g(m) — g(m — 2),

where

f+n—1 {+n—1)!
w0 = (01 = T 2o

g(=1) =g(=2) =0.
Moreover, we have the estimate
d(m) < e(n)m™2, (4.74)

with a positive constant c(n) depending on n.
(ii) The Hilbert space L?(X,_1) can be decomposed into the infinite
direct sum in the sense of Hilbert space theory:
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More precisely, any function f € L?(X,_1) has the development
2) =Y Vula'), Yo € Hum,

where the convergence is in the L?(X,,_1) norm, and we have the formula

/EM| (") do(a’ Z/ )2 do(a!).

(i) If Y (2') is any n-dimensional spherical harmonic of degree m,
then its partial derivatives (0%Yy,/0x™) (") satisfy the estimates
0°Yn,
Spa &)

sup < emlal+n=2)/2, (4.75)

z'€Xn_1

with a positive constant ¢ = c(n,|a|) depending on the multi-indices a
and n.

(iv) The spherical harmonics {Yiem} m=o01,..., form a complete or-

k=1,2,...,d(m)
thonormal system in the Hilbert space L*(X,_1). If f € C®(%,_1) has

the Fourier series expansion with respect to {Ykm}

co d(m)

= Z Z Afm Ykm(l./)v

m=0 k=1
A /E 1) Vi) do(y),

then the Fourier coefficients apy, satisfy, for any integer r > 1, the
estimate

|| < () m ™, (4.76)

with a positive constant c(r) depending on r.

4.8 Notes and Comments

For more thorough treatments of real analytic tools, the reader might be
referred to Duoandikoetxea [23], Garcia-Cuerva—Rubio de Francia [31],
Garnett [32], Maly—Ziemer [45], Neri [51], Stein [68], [70] and Torchinsky
[91].
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5

Harmonic Functions and Poisson Integrals

The purpose of this chapter is to study harmonic functions in the half-
space RT‘l in terms of Poisson integrals of functions in various LP spaces
(Theorems 5.8, 5.9 and 5.10). In particular, we establish fundamental
relationships between means of derivatives of Poisson integrals u(z,y)
taken with respect to the normal variable y and those taken with respect
to the tangential variables x; (Theorems 5.14 and 5.19). More precisely,
Theorem 5.14 (resp. Theorem 5.19) establishes fundamental relation-
ships between means of the first (resp. second) derivatives of u(z,y)
taken with respect to y and those taken with respect to x;.

5.1 Lipschitz Domains and Green’s Formulas

An open set Q in R"™ is called a Lipschitz hypograph if its boundary
0f) can be represented as the graph of a Lipschitz continuous function.
Namely, there exists a Lipschitz continuous function ¢: R*~' — R such
that (see Figure 5.1)

Q={z=(",2,) ER" 1z, <((2), 2’ eR"'}. (5.1)

Sometimes, a different smoothness condition will be needed, so we
broaden the above terminology as follows (see [98, Section 2]): For any
non-negative integer k and any 0 < € < 1, we say that the domain €2
defined by formula (5.1) is a C* hypograph if the function ¢ is of class
C*9 that is, if ¢ is of class C* and its k-th order partial derivatives are
Holder continuous with exponent 6.

The next definition requires that, roughly speaking, the boundary
of €2 can be represented locally as the graph of a Lipschitz continuous
function, by using different systems of Cartesian coordinates for different
parts of the boundary:

169
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T

Q= {xn < 4(33/)}

Fig. 5.1. The Lipschitz hypograph Q = {z,, < {(z')}

Definition 5.1. Let © be a bounded domain in Euclidean space R”™
with boundary 0Q). We say that ) is a Lipschitz domain if there exist
finite families {U;}/_, and {Q;};_, having the following three properties
(i), (ii) and (iii) (see Figure 5.2):

(i) The family {U;}7_, is a finite open covering of 9.
(ii) Each Q; can be transformed to a Lipschitz hypograph by a rigid
motion, that is, by a rotation plus a translation.
(iii) The set Q satisfies the conditions

UnQ=U0;nQ;, 1<j<.J.

Fig. 5.2. The families {U;} and {Q;} of the Lipschitz domain

In the obvious way, we define a C*? domain by substituting “C*¢”
for “Lipschitz” throughout Definition 5.1. It should be emphasized that
a Lipschitz domain is the same thing as a C%! domain.
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If Q is a Lipschitz hypograph defined by formula (5.1), then we remark
that its boundary

00 = {z = (2/,¢(z') : 2’ e R" !}

is an (n — 1)-dimensional, C%! submanifold of R™. Hence we find that
0N has a surface measure do and an outward unit normal v which exists
do-almost everywhere in R"~!, if we apply the following Rademacher’s
theorem (see [45, Chapter 1, Corollary 1.73], [69, Theorem)]):

Theorem 5.1 (Rademacher). We have the assertion
0071(Rn) _ Wlpo(Rn)
In other words, any Lipschitz continuous function on R™ admits L™

first partial derivatives almost everywhere in R™.

Indeed, it follows from an application of Rademacher’s theorem that
the function ((z’) is Fréchet differentiable almost everywhere in R™~1
with

19 e n-sy < C: (52)

where C' is any Lipschitz constant for the function ((z). Then we have
the following formulas for do and v (see Figure 5.3):

do =+/1+|V((2')|>da’,
(Ve).1)
V1+[|VE()?

Here it should be noticed that we have, by inequality (5.2),

1< VIFVC@)P < VIt C?,

so that the surface measure do is equivalent locally to the Lebesgue
measure dx’.

We consider the case where €2 is a bounded Lipschitz domain. By using
the notation of Definition 5.1, we choose a partition of unity {qu}j:l
subordinate to the open covering {U; }3]:1 of 0N (see Figure 5.4), that
is,

¢; € C5°(Uj),
0 S qu(.’);‘) S 1 in Uj7

J
Z(bj(x) =1 on 9Q.
j=1
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yn

CRN — D
@«———\J

Fig. 5.3. The unit outward normal m = —v to the boundary 0 =

{zn =)}

Fig. 5.4. The partition of unity {¢;} subordinate to the open covering {U;}
of 002

Then, upon using local coordinate systems flattening out the bound-
ary 012, together with a partition of unity, we can prove the following
divergence theorem for Lipschitz domains:

Theorem 5.2 (the divergence theorem). Let Q be a bounded, Lipschitz
domain of R™ with boundary Q. If F = (f1, fa,---, fa), is a C* vector
field, then we have the formula

/Q y gi dr = /(mifwz do, f; € CH(Q), (5.3)

i=1

or equivalently,

/didex:/ (F,v)do,
Q 19}
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where v = (v1,Va,...,Vy) is the unit outward normal to OQ and do is
the surface measure of OS).

5.2 Harmonic Functions
We start with the following elementary result:
Let I = (a,b) be an open interval of R. If u € C?(I) and d?u/dz? =
0 in I, then u(x) is a linear function. In particular, we have, for all
sufficiently small r > 0,

1
u(z) = §[u(ac +7)+u(x —r)] (the mean value property),

L I

u(:c):—/ u(x—l—z)dz:f/ u(z + ry) dy.
27' —_r 2 -1

In this section, we extend these results to the n-dimensional case by
replacing the operator d?/dx? by the usual Laplacian

0? 0? 0?

To do this, we need the following Green formulas for Lipschitz domains:

Theorem 5.3 (Green’s formula). Let Q) be a bounded, Lipschitz domain
of R™ with boundary 0Q. For u, v € C?(), we have the formulas

/ (vAu+ Vv - Vu)dz = / va—u do. (5.4a)
Q oo OV
ou Ov
vAu — uAv)dr = / (v — u) do. 5.4b
/Q( ) a0 ov v ( )

Proof. (i) Formula (5.4a) follows by applying the divergence theorem
(Theorem 5.2) with

Ju Ou Ju
f—’UvU— <U8$17Uam2,...,’l/axn) .

(i) Formula (5.4b) follows by interchanging w and v in formula (5.4a)
and then by subtracting this formula from formula (5.4a).
The proof of Theorem 5.3 is complete. O

A function u(x) defined in Q is said to be harmonic if it is twice
continuously differentiable in {2 and satisfies the Laplace equation
u  O%u 0%u

Auy=—+—5+...+— =0 in .
“ 0z? +8m§+ +(“)x% -



174 Harmonic Functions and Poisson Integrals

Corollary 5.4. If a function u(x) € C?(Q) is harmonic in Q, then we
have, for any Lipschitz subdomain Q' of §,

/ @ do = 0.
o0 aU

Proof. Tt suffices to take v := 1 in formula (5.4a). O

Theorem 5.5 (the mean value theorem). Assume that u(z) € C*(Q)
is harmonic in Q. If x € Q and r > 0 is small enough so that

B(z,r) C Q,
then we have the formulas
1
u(r) = —— u(y) do 5.5a
@) = g [, u)dow) (5.50)
1
= —/ u(z +rz)do(z). (5.5b)
Wn J5(0,1)
Here
27.(.n/2
n = | X1 = =——
= Bl = r

is the surface area of the unit sphere X, _1 = S(0,1) in R™.

Proof. For any 0 < € < r, we consider the annular domain (see Figure
5.5)

I, ={yeQ:ie<|y—z| <r}=DB(z,r)\ B(z,e).

Fig. 5.5. The open balls B(x,r), B(z,¢) and the annular domain I,
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(i) The proof of the first formula (5.5a): We let

1 .
v(y): Te—y["—2 lf”23a
—log|lz —y| ifn=2.

Then, since we have the formula

J=1

é 2?21(5%’ - yj)

it follows that

5 =

on S(x,r),

o _ {(2—n)r,}_1

ov —(2-n)=t on S(z,e).

Furthermore, it is easy to see that

Av(y) =0 forally € Q\ {z}.

0 _ 1y (yj—xj)a%j on S(z,r)={reQ:|y—z|=r},
jaiyj on S(z,e) ={x € Q:|y—z| =},
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Thus, by applying Green’s formula (5.4b) with € := I, we obtain that

(9u a’U au 81}
V= /S(a:,r) (Uav B 811“) do + /S(x,s) <”3,, - a,,“) do  (5.6)

1 1
:/ j%dcr—/ (2—n)——udo
S(z,r) "2 v S(z,r) "

1 9 1
_|_/ ﬂ7uda—|—/ (2 —n)——udo.
S(z,e) €2 OV S(z.e) €

However, by Corollary 5.4 it follows that

Hence we have, by formula (5.6),

Now we need the following:

Claim 5.1. We have, as ¢ | 0,

1
Enfl

/ u(z)do(z) — wp u(x).
S(z,e)

: / : /
u(y) do(y) = u(z) do(z).
o [ ) = o [ we)dt)

(5.7)
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Proof. Indeed, by the continuity of u(x) it follows that

1
o /S(xﬁ) uw(z) do(z) — u(x)
1
= o |, ) @) o)
1
< ot L 1) — @] do)
< sup |u(z) —u(r)] — 0 aselO.
z€B(x,e)
This proves Claim 5.1. O

Therefore, by letting € | 0 in formula (5.7) we obtain from Claim 5.1
that

1
- do(y).
T /S(m u(y) do(y)

(ii) The proof of the second formula (5.5b): We make the change of
variables

u(z) =

y=xz+rz, z¢€S5(0,1).
Then, since we have the formula
do(y) =" 1do(z2),

it follows from formula (5.5a) that

1 1
u(z) = — / u(y) do(y) = _7/ u(z +rz)r" " tdo(z)
" lon Js(a,r) " twn Js0,1)
1
= — u(z +rz)do(z).
Wn JS(0,1)
The proof of Theorem 5.5 is complete. O

Corollary 5.6. Assume that u(x) is harmonic in Q. Then we have the
formulas

n

uw) = = [ )y (5.8)

"W,

- u(x +rz)dz. (5.8b)

Wn JB(0,1)
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Remark 5.1. The volume V,, of the unit ball B(0,1) is given by the
formula
n/2

1 1
w T
Vn:/ / r"_ldo(y)dr:wn/ i = = ——
0o Js0,1) 0 n  [(n/2+1)

Hence we can rewrite formula (5.8b) as follows:
1
u(z) = —
Vi B(0,1)
Proof. (i) The proof of the first formula (5.8a): By formula (5.5b), it
follows that, for 0 < p < 1,

1
u(z) = — u(z + pry) do(y).
Wn J5(0,1)

u(z +rz)dz. (5.9)

Therefore, integrating both sides from 0 to 1 with respect to p"~'dp we
obtain that

1 1
)= [ [ uwt i) dpdaty
Wn Jo Js(0,1)

1 [ A\t at
= */ / u(z + ty) () —do(y)
Wn Jo Js(0,1) r r

11 /7

:——// u(x + ty) t" "t do(y) dt
wn ™™ Jo Js(0,1)
1

= u(y) dy.
rwn /B(z,r)

This proves formula (5.8a).
(ii) The proof of the second equality (5.8b): We make the change of
variables

y=xz+rz, z¢€ B(0,1).
Then, since we have the formula
dy =r"dz,

it follows from formula (5.8a) that

u(z) = nn / u(y) dy = nn / u(z +rz)r'dz
"Wn JB(z,r) "Wn JB(0,1)
= u(x +rz)dz.
Wn JB(0,1)

The proof of Corollary 5.6 is complete. O
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5.3 Poisson Kernels

To motivate the definition of Poisson kernels, we begin with some heuris-
tic remarks on the Dirichlet boundary value problem

52 52 52 52 B ] _—
(Tac%‘JraTng"'Jrax% +w>ﬂ(x,y)—0 in R},

5.10
u(z,0) = f(z) on R" (5.10)

in the half-space R = {(z,y): € R",y > 0}. If we consider the
partial Fourier transform u(&,y) of a solution u(x,y) of problem (5.10),
then we have the following initial value problem
2 ~

(% - \§|2> ug,y) =0, y>0,

u(§,0) = f(8)-
Hence it follows that the partial Fourier transform u(&,y) is given by
the formula

W& y) = f©e v, y>o.

Therefore, by the partial Fourier inversion formula we obtain that the so-
lution u(x,y) of problem (5.10) may be “formally” expressed as follows:

) = g [ e fie)de

- L —|€ly i(z—z)

_(QW)"/,Le 3 (/ne 5f(z)dz)di
_ 1 i(a—2)€ ,—I€ly

—/Rn ((Qﬂ_)n/ne £emlE d§> f(z)dz
= [ Pz s

where
Play) = G [ eevag y >0 (5.11)

The function P(z,y) is called the Poisson kernel for the half-space Ri“.
However, we can calculate explicitly the Poisson kernel P(z,y). Indeed,
we have the following;:

Claim 5.2. The Poisson kernel P(z,y) is given by the formula

1 Yy
a (Jz|2 4 y2)(r+D/2”

P(xz,y) = zeR", y>0, (5.12a)
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where ¢, is a positive constant given by the formula

F(nt1)/2 Wit

Sl vy R (5.12b)

Here
27T(n+1)/2

I'((n+1)/2)

is the surface area of the unit sphere X, in R*t1.

Wit = || = (n+1D)Voqr =

Proof. First, we recall the following two well-known formulas (5.13) and
(5.14):

0o _—u 2
7 = ﬁ/ 6\/6 ~da s v > 0. (513)
0

1 . 1 |2
(2 )n / ezwﬁefaKP dx = (4 )ﬂ ef% for a > 0. (514)
™ n a2

Therefore, by using Fubini’s theorem (Theorem 3.10) we obtain from
formula (5.13) with v := [¢|y and formula (5.14) with o := y?/(4u) that

1

i€ o—lEly d¢

izt o lE22/(4u) du) dg
<f/ 7
—u 1 . 2,2
e it 4~ €125/ (4u)
/ Vi ((%)n f e dg) d“
u /2 2 2
/ T (mm) e

1 / (n=1)/2 —(1+|z|?/y®)
= u\" e T dy
(n+1)/2 o

_ D((n+ 1)/2) y
T gpnt1)/2 (‘x|2+y2)(n+l)/2

= P(z,y).

The proof of Claim 5.2 is complete. O

Now we prove fundamental properties of the Poisson kernel P(x,y):

Lemma 5.7. The Poisson kernel P(x,y) enjoys the following properties:

/ P(z,y)de =1 forallx € R™. (5.15a)
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1 |z|? — ny?
a (|I|2+y2)(n+3)/2

1
|Py(z,y)] < iP(x,y) for all z € R™.
Yy

Py(xay) =

for all z € R™. (5.15b)

1 —(n+ Dy
cn (|22 + y2) (0 +3)/2

1
| Py, (z,y)] < %P(m,y) forallz e R” and 1 <i < n.

P, (z,y) = for allz € R", (5.15¢)

Here Py(x,y) and Py, (x,y) indicate the partial derivative of P(x,y) in
the direction of the element subscripted, that is,

oP oP

Py(x,y)za—y, Pm('rvy):az

Proof. Tt is easy to verify assertions (5.15b) and (5.15¢). Moreover,
assertions (5.15a) follow from a direct calculation. Indeed, we have, by
formula (5.12a),

Y 1

1 z
Plz,y) = — CEEICE i (y 1) for all y > 0,

and also

/ ) P(z,1)dz

_ F((n+ 1)/2) / (1 + |Z|2)—(n+1)/2 dz

m(nt+l)/2
(n+1)/2) n+1)/2,n—1
= 7T(n+1)/2 / / (14 72~/ drdo
F<n+1)/2 271-”/2 n+1)/2 n 1
GRSV ( T(n/2) >/ / )T dr do
_ 2 I((n+1)/2) g t1)/2(g _ yn-n/2_ L 5
Fotem ) (=S = ¢
_ 1 I((n+1)/2) N\
-t L (-3) !
_ 1 I'((n+1)/2) — ) =2/25-1/2 gy
N CYE) / (t=a) !
_ 1 I((n+1)/2) B(1/2,n/2) = 1 I((n+1)/2) I(1/2)I'(n/2)
VT T(n/2) v T(n/2)  T((n+1)/2))
=1.
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Therefore, we obtain that

/nP(a:,y)d:c/nylnP<z,1> dﬂf:/nP(Z,l)dz:L

The proof of Lemma 5.7 is complete. O

5.4 Poisson Integrals

If f(z) € LP(R™) with 1 < p < oo, then the Poisson integral of f(x) is
defined as the convolution of f(x) with the Poisson kernel P(z,y):

u(z,y) = P(z,y) * f(z) (5.16)
1
= /Rn TEE fy2)(n+1)/2f(z) dz for all y > 0.

Then we have the following assertions for the Poisson integral u(z,y):
Theorem 5.8. (i) Let f € LP(R™) with 1 < p < co. Then the function
u(z,y) = P(e,y) * f(2)

s well defined in the half-space Ri“, and satisfies the inequality
luC o), <Ifll,  for ally > 0.

Furthermore, the function u(z,y) is harmonic in R}
(ii) If 1 < p < oo, we have, as y | 0,

u(-,y) — f in LP(R™). (5.17)

If, in addition, f(x) is bounded and continuous on R™, then the func-
tion u(x,y) is continuous on R} = {(z,y) : x € R",y > 0}, and sat-
isfies the Dirichlet condition

u(z,0) = f(z) for every x € R™. (5.18)

Proof. The proof is divided into three steps.
Step 1: Since we have, for all y > 0,

P(.y) € (| LP(RY),

p:
it follows that the function w(z,y) = P(x,y) * f(z) is well defined on
Rn-&-l.
+
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Furthermore, we can differentiate formula (5.16) under the integral
sign to obtain the following formulas (5.19) and (5.20):

(x’y) (5.19)
n(n+1)y® —3(n + ylz — 2|
[ (lx — 224+ y )(n+1)/2+1 f(z)dz,
( v) (5.20)
1 n+1 n+3) Z‘—zi2_n+1 t2+.’1,‘—22
T R [( . (|:r,(— 2|2 +)y2)(£+1)/21(2 | 5 f(z)dz.

It should be noticed that the integrals converge absolutely on compact
subsets of RIH. Indeed, it suffices to note that the terms in the bracket
[] in formulas (5.19) and (5.20) are bounded by a function in L*' (R")
uniformly in (z,y) of a compact subset of RT‘I, where p’ =p/(p—1) is
the exponent conjugate to p.

Summing up, we find that

u(z,y) € C*(RTHY),
and that

"L92 92 o
SO 2 e =0 mrgn,

that is, the function u(x,y) is harmonic in the half-space R’} ™.
Step 2: We recall that

P(z,1)dx =1,
R’n,
and further that

yn
Therefore, the desired assertion (5.17) follows from an application of
Theorem 3.25 with

iP (x’ 1> = P(z,y) forally > 0.
Y

p(x) == P(z,1), e:=y.

Step 3: To prove assertion (5.18), we assume that f(z) is bounded
and continuous on R™. Then we have, for all y > 0,

Pz, y) * f(x) - f(z) = / Pl —zyfz) - fl@)]dz (521)
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= Jen P(z,y)[f(z — 2) — f(z)] dz

= | PEDf(z—yE) - flz)]dE.

R

However, we remark that

and that

/n P(¢,1)de = 1.

Therefore, by applying the Lebesgue dominated convergence theorem
(Theorem 3.9) we obtain from formula (5.21) that

liJl%l P(z,y) * f(x) = f(z) for every x € R™.
y

The proof of Theorem 5.8 is complete. O
Assertions (5.17) and (5.18) may be made precise. To do this, we
recall some important results in the theory of differentiation of integrals

of functions defined on R™ (Theorem 4.8 and Corollary 4.6).
First, Corollary 4.6 may be restated as follows:

Claim 5.3. If f(t) is a locally integrable function on R™, then we have,
for almost every z € R",

lim — A&|<r (flx—t)— f(z))dt =0. (5.22)

In particular, this is true for functions f € LP(R™) with 1 < p < oo.
Indeed, it suffices to note that

1

— x—t)— f(x))dt

5 a0 = 1@

1 1
=l [ vw—sena| < [ i) - el
=2 G [, 1) = F@ldy
<o [ ()~ fla)ldy.

|Q($, ’I’)| Q(z,r)

Therefore, the desired assertion (5.22) follows from assertion (4.15).
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We let
D(f) = the set of all points z € R™ for which condition (5.22) holds.

The set D(f) is called the set of points where the integral of f is differ-
entiable. There is a smaller but closely related set which is also naturally
associated with each locally integrable function.

We let
L(f) =the set of all Lebesgue points x € R™ for f, i.e.,
1
Jim 7/ f(z—t) — fx)|dt =0, (5.23)
O T it <r

The set L(f) is called the Lebesgue set of f (see Definition 4.1).
Secondly, Theorem 4.8 may be restated as follows:

Claim 5.4. If f(z) is a locally integrable function on R", then the com-
plement of the Lebesgue set L(f) has measure zero.

Now we can generalize assertions (5.17) and (5.18) as follows:

Theorem 5.9. Let f € LP(R") with 1 < p < co. Then we have the
formula

lim P(xz,¢) % f(x) = lim Pz —t,e)f(t)dt = f(x), (5.24)
el0 el0 Rn"
whenever x belongs to the Lebesque set L(f) of f. In particular, the
convergence (5.24) holds true for almost all z € R™.

Proof. If x is a point of the Lebesgue set L(f), then it follows from con-
dition (5.23) that, for each ¢ > 0, there exists a constant n = n(z, ) > 0
such that

1

o Y |f(zx—1t) — f(x)|dt <6 foralld<r<mn. (5.25)
<r
We let
1 1
t)=Pt1)=—————__ tcR",
90() (7 ) Cn (|t|2+1)(n+1)/2
1 €

pelt) = P(t:2) = - i ayyn LERT >0

Then we have the inequality

Py« S0~ 1) =| [ P 0a- )| G0
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-| [ -0 royea

< x—1t)— f(x)|p:(t)dt

Amf( )= £(@)le-(t)

r—1t)— f(x)|p:(t) dt
+Aqf( )= F(2)let)
=11 (2, 1) + I (2, ).

We estimate the two integrals Ifg)(:c,n) and 12(6) (,7m) on the right of
inequality (5.26).
(i) The estimate of 11(5) (x,m): We let

Xn(z) = the characteristic function of the set {¢t € R™ : [t| > n}.

Then we have, by Holder’s inequality (Theorem 3.14),

Ifs)x, = x—1)— f(z)| pe(t)d
@= [ 1= @l d
= [ 10— @O0 d
< [ 1= 0hu®p0de+ [ 1f@]aoed

n

< £l Denspell,y + 1 @) Ixneell; -

However, it follows that, as € | 0,

1 [t
Hxn%Hl:/ n<ﬂ( ) dtz/ o(z)dz —» 0,
|t|>n € € |z|>2

and further that

1/p
|M%M:</ wwww)
[t|>n

) </  Can®:(®) Can®ee(®)"” dt> "

1 1/p’
< xn@ell Ixne 7 — 0,

since we have the formula

9
IXn$ell o = ﬁ};%'“"f“)' = o (P4 2D

Hence we find that, as ¢ | 0,

19 (@) < £l Ixoell, + £ @) Ixaeell, — . (5.27)
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(ii) The estimate of Iés)(x, n): We let
o) = [ 1fera) - f(@)] do
Zn—1

where X, is the unit sphere in R™. Then we find that condition (5.25)
is equivalent to the following condition: For each d > 0, there exists a
constant n = n(z,d) > 0 such that

Glr) = /0 " 1g(s) ds = /f|< fx—t)— f@)|dt (5.2
<dr™ forall0<r <n.

Moreover, we introduce a function ¥(r) (associated with the function
©(z)) by the formula

1 1
Y(r) = ; —(r2 Y CERyEE r > 0.

By integration by parts, it follows that

Hams [ 1w - sl
/ / flx —ro) f(x)|5_"w(£) r"~dr do
:/O mgtrye o (L) dr
- {G(T)g_n¢(£>]o_/0 G(r) (5_”1// (g))s_l dr

n/e

=G(n)e v (g) [ Ges) e (s) ds

0

Hence we have, by condition (5.25'),
n n/e
19 (@) < one o (1) - 5/ (es)"e" 0/ (s)ds < A5, (5.28)
0
where A is a positive constant defined by the formula
1 rm" * snL
A= o (igfo’ { (r2 + 1)(n+D/2 } + n/o (s2 + 1)(n+D/2 ds) :

Therefore, by combining inequalities (5.26), (5.27) and (5.28) we ob-
tain that

limsup |P(z,¢) * f(z) — f(x)| < limsup {Il(s)(x,n) + I;) (x,n)} < Aé.
el0 el0
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This proves the desired assertion (5.24), since 4 is arbitrary.
The proof of Theorem 5.9 is complete. O

5.5 Manipulations of Harmonic Functions

Theorem 5.8 has a converse:

Theorem 5.10. Assume that a function u(x,y) is harmonic in the half-
space R’ffl and that there exist constants ¢ > 0 and 1 < p < co such
that

luCy)ll, <c forally > 0. (5.29)
Then we have the following two assertions (a) and (b):
(a) If 1 < p < oo, there exists a function f(x) € LP(R™) such that
u(z,y) = Pz,y) * f(2).

(b) If p =1, there exists a finite Borel measure p on R™ such that
u(ey) = [ Pla=ty)duto).

Furthermore, if {u(-,y)} is a Cauchy sequence in L*(R™) asy | 0, then
there exists a function f(z) € L*(R™) such that u(z,y) = P(z,y)* f(z).

The proof of Theorem 5.10 is divided into two steps.
Step 1: In order to prove Theorem 5.10, we need some lemmas:

Lemma 5.11. Assume that a function u(x,y) is harmonic in the half-
space R1+1 and satisfies condition (5.29). Then we have the inequality

2n+1 1/p
[u(, )l < cy™™P  for all y > 0,
Vn+1
where Vi, 11 is the volume of the unit ball in R" 1
27r(n+1)/2
(n+1DT((n+1)/2)°

In particular, the function u(x,y) is bounded in each proper sub-half
space of Rfﬁl,

Vn+1 =

Proof. By applying the mean value theorem for harmonic functions
(Theorem 5.5) with

Q=R =Y
) r 2
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we obtain that

n+1 v/2 n
u(w,y) = (31/2)7”1/0 u(z,y)r" dr

n2n+t v/
= (n+nj)L1 / ( / u((x,y) +ro) da) r™dr
) 0 Zn

Wn+1
gn+1 1 /
LA e
Vi " Ji<y 2

Here X, is the unit sphere in R"*! and

o (nt1)/2
T((n+1)/2)

is its surface area. Therefore, we have, by Holder’s inequality (Theorem
3.14) and inequality (5.29),

Wt = |Zn] = (n+ 1)Vpqa =

2 1 / (€, m)]
— u(§,n)| ddn
Va1 Y Ji@ ) —em)<y/2

it (/ 1/p
- [u(&,m)|” d€ dn
Va1 " \ i) —em)i<u/2

1-1/p
y n+1
X<Vn+1 (5) )
1/p
on+1 1/p B 3y/2
<(3) (U atenras) an
n+tl y/2 "
on+1 1/p 3y/2 1/p
S(V > y—(n+1)/p/ & dn
n+l y/2

gn+1 1/p
(22
n+1

The proof of Lemma 5.11 is complete. O

luz,y)| <

IN

The next lemma is a special case of the Schwarz reflection principle
for hyperplanes (see [6, Chapter 4, Theorem 4.12]):

Lemma 5.12. Ifu(z,y) is harmonic in the half-space Riﬂ, everywhere

continuous and bounded on the closure RZ‘F‘H = RT‘l UR™ and is equal
to zero on the boundary R™, then it follows that u(xz,y) =0 on Ri‘H.

Proof. The proof is divided into two steps.
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(1) We let

’ —u(z,—y) ify<O.

Then it follows that
Au* =0 in R},
Au* =0 in R"™,
and further that
uw* =0 on R™
Hence we have the assertion
ut e C(R"™)NC* (R NC? (RM).

Now we show that u* is harmonic near R™ in R"*!. To do so, let (x,0)
be an arbitary point of R™ and let

B, := B ((0,0),7) C R"*!

be an arbitrary small open ball of radius r about (xg,0) (see Figure 5.6).

y
R B,
T Bt =B, nR}™
® “: Rn
0 (20,0)  /
/By =B, nR"™
R T

Fig. 5.6. The open ball B, of radius r about (zo, 0)

Then we have the formula

/6 @) do(ey)
:/am u(x,y)da(m,y)—/ u(z, —y) do(z,y)

OB,



190 Harmonic Functions and Poisson Integrals

— [ uydotey) - [ ulny)date)
dB;F OB+
=0.
Hence there exists a constant ¢ > 0 such that

/ u (x,y)do(x,y) =0 forall0<r<e.
OB,

Therefore, by using Green’s identity (5.4a) with Q := B, and v :=1 we
obtain that

d 1
= — * d
0 dr (T" Wn41 /aBru (z,9) U(x,y))

a1 )
_ 4 <wn+1 /sm)u ((20,0) + 1) do(z))

1
= / z - Vu* ((20,0) +rz) do(z)
Wn+1 J5(0,1)
1
= / L. Vu* ((z9,0) + w) r~"do(w)
Wn+1 Jso,r) T
1
= — / 2w ((20,0) + w) do(w)
T Wn+1 Js,r) T
1 ou*
= 0, 0) + w) do(w
it oo G (0.0 4wy dotw)
1

= / Au*(z,y)drdy forall 0 <r <e,
™ Wnt1 JB,

where
S50,r)={weR"™ : |Ju[=r}.

Since the integral of Au* over any ball near the point (xg,0) vanishes,
it follows that

Au*(z,y) =0 in a neighborhood of each point (xg,0) of R™.

Summing up, we have proved that v*(z,y) is harmonic in the whole
space R"H1,

(2) By Lemma 5.11, it follows that the function u*(z,y) is harmonic
and bounded on the whole space R™t!. Hence, by applying Liouville’s
theorem for harmonic functions ([6, Chapter 2, Theorem 2.1]) we obtain
that
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so that
u(z,y) =0 on R}
The proof of Lemma 5.12 is complete. O

Lemma 5.13. Assume that a function u(x,y) is harmonic in the half-
space Rﬁ“ and bounded in a proper sub-half space {(x,y) € Ri“ Ty >
yo} of Rﬁ“, for each yo > 0. Then we have the formula

u(z,y1 +y2) = ul(x,y1) * P(x,y2) for all y1, y2 > 0.
Proof. For each y; > 0, we let
wy(z,y) == u(z,y1 +y) forally >0,
and

wo(x,y) :=u(z,y1) * P(z,y) = P(x —t,y)u(t,y1)dt forall y > 0.
R’Vl

Then it suffices to show that

wi(z,y) = wa(z,y) for all (v,y) € R}
We find that the functions wi(z,y) and wy(z,y) are both harmonic in
Rﬁ“, everywhere continuous and bounded on Rﬁ“, and further take
the same boundary values u(z,y;) on R™. Hence, by applying Lemma
5.12 to the function

h($7y) = w1($7y) - w2(x7y)a
we obtain that
h(z,y) =0 on R},

that is,

wi(z,y) = wa(z,y) for all (v,y) € R

The proof of Lemma 5.13 is complete. O

Step 2: Now, the proof of Theorem 5.10 may be carried out as follows.
Step 2-a: The case 1 < p < co. Assume that

[u(,y)ll, <c forally>0.

Then, by the weak compactness of the space LP(R") (see Theorem 2.30)
we can find a sequence {yx}, yx | 0, and a function f € LP(R™) such
that

u(-,yp) — f  weakly in LP(R™) as k — oo,
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that is,

/ u(t, yx)g(t) dt — f(t)g(t)dt for all g € LP (R™) as k — oc.
n R’!L

However, we remark that

1 Yy

Cn (|12 + y2)(nt1)/2 € LP (R") for each y > 0.

P(vy) =

Hence we have the assertion
[ Pty (5.30)

— Pz —t,y)f(t)dt forally> 0.
RTI,

Thus it remains to show the following:
Claim 5.5. u(x,y) = [gn P(x—t,y) f(t)dt = P(x,y)* f(x) for all y > 0.

Proof. By Lemma 5.13, it follows that

(@, y+ ) :/ Pla — t, ) ult, yy) dt. (5.31)

n

Hence, by letting £ — oo in formula (5.31) we obtain from assertion
(5.30) that

lim Pz —t,y) u(t,yx) dt

o k—oc0 Rn

u(w,y) = lim u(z,y +yx)

= / Pz —t,y)f(t)dt.
The proof of Claim 5.5 is complete. O
Step 2-b: The case p = 1. Assume that
lu(-,y)|l; <c forall y>0.

Then, by the compactness of measures (Theorem 2.35) we can find a
sequence {yx}, yx 4 0, and a finite Borel measure p on R™ such that

/ u(t,yr) g(t)dt — [ g(t)du(t) for all g € Co(R™),
n Rn
where

Co(R™)

= the space of continuous functions on R™ vanishing at infinity.
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However, we find that

1 Yy
e (-2 +92) 0/

P(,y) = € Ch(R™) forally > 0.

Hence we have the assertion
Pz —t,y) u(t,yg) dt (5.32)
R‘IL

— Pz —t,y)du(t) for all y > 0.
R’!L

By arguing just as in the proof of Claim 5.5, we obtain that
u(z,y) = / P(x —t,y)du(t) for all y > 0.

Furthermore, if {u(-,y)} is a Cauchy sequence in L' (R") as y | 0, then
there exists a function f € L'(R™) such that u(-,y) — f in L'(R") as
y | 0. Hence it follows that

/n u(t,yg) g(t) dt — - f(®)g(t)dt for all g € L>*(R™).

However, we remark that

1 Y
P()y) - a (| . |2 +y2)(n+1)/2

€ L*°(R") forally > 0.

Thus we have the assertion

/ Pz —t,y)u(t,yx) dt — Pz —t,y)f(t)dt forall y >0,
n Rn

and so, by assertion (5.32),

u(z,y) = / ) Pz —t,y) f(t)dt forally > 0.

The proof of Theorem 5.10 is now complete. O
The next theorem establishes some fundamental relationships between
means of the first derivatives of Poisson integrals

ueg) = [ Pty fo)

taken with respect to the variable y and those taken with respect to the
variables x;:
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Theorem 5.14. Assume that a function u(x,y) is harmonic in the half-
space errl and bounded in a proper sub-half space {(x,y) € Riﬂ Dy >
Yo} of Ri‘H, for each yo > 0. Then we have, for a >0, 1 < p, q < o0,

sup ||yau$1(7 .)Hpq S M(X ”yauy(v )|Hpq : (a)

1<i<n

Yy (- ')Hpq < Mo sup 1y ua, (-, ')Hpq' (b)
1<i<n

Here uy(z,y) and ug,(x,y) indicate the partial derivative of u(z,y) in
the direction of the element subscripted, that is,

ou ou
uy(xay) = 873]7 uml(xvy) = 8.73"

and the mized norm ||-||,,, is defined by the formula

0/ o dy e
. e ey, 2) " ri<g <o,
||y U(', .)Hpq = o i
supyso {7 JuCp)ll,} - ifa= oo
The proof of Theorem 5.14 is divided into two steps.
Step 1: In order to prove Theorem 5.14, we need several lemmas.

Lemma 5.15. Let 1 < p < oco. Then we have the inequality

1 1/Pl ,
||P(~,y)||p < <c> y VP for ally >0, (5.33)
where p' is the exponent conjugate to p:
4
p = pi— 1
Proof. We remark that, by formulas (5.12a) and (5.15a),
1PC,y)ll =1,

1
Pyl = —y " forally>0.
Cn

Hence the desired inequality (5.33) follows from the logarithmic con-
vexity of the LP norm as a function of 1/p, since we have the formula

L, 1,11, 1
p P p)1 p oo

The proof of Lemma 5.15 is complete. O
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Lemma 5.16. If f(z) € LP(R™) with 1 < p < oo and if u(x,y) =
P(xz,y) * f(x) is its Poisson integral, then we have the inequality

[[u-y)

1 1/P
oos<c) VAL, 5™ for all y > 0.

n

Proof. By Young’s inequality (Theorem 3.23), it follows that

[uC9)lloe < IPC 9 A1,

1 1/p
< <C> y "7 ||fll, for ally > 0.

n

The proof of Lemma 5.16 is complete. O

Lemma 5.17. Assume that a function u(x,y) is harmonic in the half-
space RT’l and that, for each yo > 0, there exists a constant A =
A(yo) > 0 such that

lu( ), <A for ally > yo, (5.34)

with 1 < p < oo. Then we have the following inequalities:
Huy('vy)Hp <2(n+1)y " [u(,y/2)|l, for ally > 0. (a)
e, o), < (n+ 1)y lul,y/2)ll,  for ally > 0. (b)

Proof. By condition (5.34), we can apply Theorem 5.10 to obtain that
there exists a function h(x) € LP(R™) such that

u(xz,y +yo) = P(x,y) * h(z) forall y > 0.
Hence it follows from an application of Lemma 5.15 that
luCy + yollloo < IPC ) Al < /P Rl y~™/7 for all y > 0.
This proves that the function u(z,y + yo) is bounded in each proper
sub-half space of erfl. Hence we have, by Lemma 5.13,

w(@,y1 +y2 +y0) = P, y2) xu(z,y1 +yo) for all y1, y2 >0,
or equivalently,
u(xz,y + z) = P(z,y) xu(z,z) forall y, z > 0.

If we differentiate the both sides with respect to y (resp. z;), we find
that

uy(z,y + 2) = Py(z,y) xu(x,z) forall y, z> 0,
Ug, (2, y + 2) = Py, (z,y) xu(x,z) forally, z >0,
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since the integrals defining the convolutions converge absolutely.
Therefore, part (a) follows from part (b) of Lemma 5.7. Indeed, we
have the inequality

luy G0, = 1By (5 9/2) + e y/2)N, < 1By Coy/2) [lul w/2)]1,
<2(n+1)y* Ju(-,y/2)[l, forally > 0.

Similarly, part (b) follows from part (c) of Lemma 5.7.
The proof of Lemma 5.17 is complete. O]

Lemma 5.18. Assume that a function u(x,y) is harmonic in the half-
space errl and bounded in a proper sub-half space {(x,y) € Riﬂ Dy >
Yo} of R”‘H, for each yo > 0. Then we have, for a >0, 1 < p, q < o0,

o™y ], < 2 1) gl - (a)
[y e, ), < 2%+ D Iy ul ),y 1<i<n.  (b)
If, in addition, u(z,y) — 0 as y — oo, then we have the inequality
1
ST Z |yt .
Iyl < = 0™y )] (©

Proof. We recall that
u(z,y + z) = P(z,y) *u(x,z) forall y, z> 0.

Hence, if we differentiate the both sides with respect to y (resp. x;), we
obtain that

uy(z,y + z) = Py(x,y) xu(x,z) forally, z>0,
Uy, (T, y + 2) = Py, (x,y) xu(z,z) forall y, z > 0.
In particular, it follows that
uy(z,y) = Py(z,y/2) * u(z,y/2) forally >0,
Uy, (2,y) = Py, (z,y/2) x u(z,y/2) for all y > 0.
Therefore, we have, by part (b)
[y (), = 1By (5 9/2) *ul(,y/2)], (5.35)
)

< By /2y a5 u/2)1,
<2(n+1)y* [u(-,y/2)][, forally > 0.

of Lemma 5.17,

Similarly, we have the inequality

lu, (), < (n+ Dy~ lul,y/2)]l,  for all y > 0. (5.36)
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(a-1) The case 1 < ¢ < oo: By inequality (5.35), it follows that

[y )], = (/OOO (ya“ Huy(-,y)HP>q dyy>1/q
- </ooo (v 200+ Dy~ uCy/2)l,.)" C;y>/

o adz\ "1
_ gatl 1 / ( Ly (-, ) az
) ([ (o)
=2 0+ 1)y ul, )
(a-2) The case ¢ = co: We have, by inequality (5.36),
™y ()] oo = 502 {5y C9)1,
y>0
< 2(n+1) sup {y” ul /2, }
y>0
= 2% (0 + 1) sup {2 [lu(-, )], }
z>0

=2 (n+1) [ly*u(-, )|

poo *
This completes the proof of part (a).
(b) Similarly, we have the inequality
||ya+1uzi(.’ )Hpq S 2a(n + ]') Hyau(? )”pq ) 1 S q S 0.

(¢) If u(z,y) — 0 as y — oo, it follows that
(o)
u(z,y) = —/ us(z,8)ds for all y > 0.
y

Hence, by applying Minkowski’s inequality for integrals (Theorem 3.18)
we obtain that

||U('ay)Hp < / s (-, S)Hp ds for all y > 0.
y

(c-1) The case 1 < g < oo: By Hardy’s inequality (Theorem 3.20), it
follows that

Il = ([0 Tl ) e

< (/Ooo (y“ /yoo s (-, 8)]1, ds)qdyy)”q
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1 e a dy La
< a+1 . i
<2 ([ hton,) )

=l ),
(c-2) The case ¢ = oo: We let
= Hya‘*‘l (.,.)Hpoo.
Then we have the inequality
[y ()l < Cay™@™" forally >0,
so that

()l < / lus( )], ds < Caaly=® for all y > 0.
Yy

p =
This proves that
1
e _ « a+1
ly*u(:, ')”pq = ?S}i% {y lu(- )l } a H uy (-, ')Hpoo-
The proof of Lemma 5.18 is complete. O

Step 2: First, we remark that, for each yo > 0, there exists a constant
Ay, > 0 such that

[u(, 9o < Ay, for all y > yo.

Hence, by virtue of Lemma 5.17 it follows that

ol < 2 a2 (5.37)
< Wyl)Ay" for all y > 2yq,
and that
) < 5 /2l (5.38)
< myl)Ay“ for all y > 2yq.

Step 2-a: Since the function u,(z,y) is harmonic in RTFI and sat-
isfies the inequality (5.37), it follows from an application of part (b) of
Lemma 5.18 that

™y ),y <2 D Iy - (5:30)
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Moreover, we remark by inequality (5.38) that u., (z,y) — 0 as y — oo.
Hence, by applying part (c) of Lemma 5.18 to the function u,, (x,y) we
obtain that

a+lu93iy('? ')Hpq . (540)

Therefore, it follows from inequalities (5.39) and (5.40) that

1
"z, )l < = [l

(o3 2a (6%
5%z, (5 Mg < — 0+ 1) lyTuy ()l g

This proves the desired part (a) of Theorem 5.14.

Step 2-b: Since the function u,, (z,y) is harmonic in RT’l and sat-
isfies the inequality (5.38), it follows from an application of part (b) of
Lemma 5.18 that

19 ey (), < 2704 D g, (M- (541)
However, we remark that
Uyy(2,Y) Zum z,y).
Hence we have, by inequality (5.41),
[y gy ), < Z 1y e, ()] (5.42)

n

<27+ 1)) [y U ()l
i=1

<2%(n+1) sup [y uq, ()|

1<i<n pa

Moreover, we remark by inequality (5.37) that u,(z,y) — 0 as y — oo.
Hence, by applying part (c) of Lemma 5.18 to the function w,(z,y) we
obtain that
gy () - (5.43)

Therefore, it follows from inequalities (5.42) and (5.43) that

1
Ity ()l < — [l

2¢
Y%y (s )l < -l +1) sup [y u, ()l -
1<i<n

This proves the desired part (b) of Theorem 5.14.
The proof of Theorem 5.14 is now complete. O
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The next theorem establishes some fundamental relationships between
means of the second derivatives of Poisson integrals

w(z,y) = [ Plz—ty)f(t)dt
R

taken with respect to the variable y and those taken with respect to the
variables z;:

Theorem 5.19. Assume that a function u(x,y) is harmonic in the half-
space Rf_“ and bounded in a proper sub-half space {(x,y) € R’_f_“ Ty >
Yot of Ri“, for each yo > 0. Then we have, for a >0, 1 <p, q < o0,

« .. «a -
1§Si1,l]p§n||y Uasay (3 )|y < Mo Yty ()L, - (a)
{7 (0%
It (1 Mg < Mo | 590 [l5" i, () (b)

Proof. Part (b) follows from the equation

n
“yy(xa y) - Z Uz, (:L', y)
i=1

On the other hand, part (a) follows by applying part (a) of Theorem
5.14 twice.
The proof of Theorem 5.19 is complete. O

5.6 Notes and Comments

The results of this chapter are adapted from Taibleson [72] and Folland
[28] (see also [6, Chapter 1]).
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Besov Spaces via Poisson Integrals

In this chapter we develop the theory of Besov spaces on the Euclidean
space R", paying particular attention to Poisson integrals. Besov spaces
are function spaces defined in terms of the LP modulus of continuity,
and enter naturally in connection with boundary value problems in the
framework of Sobolev spaces of LP type. We prove a variety of equivalent
norms for the Besov spaces on R"™ via Poisson integrals (Theorems 6.3,
6.5 and 6.6).

6.1 Definition of Besov Spaces

Let a>0and 1 <p, ¢ < o0. We let

By ,(R") =the space of functions f € LP(R") for which (6.1)
W g = 11+ [l 0)
Pq
[eN] _ . qdy 1/q
= + a—e @ > > < 00.
i+ ([ (e e 2

Here @ is the smallest integer greater than « and u(z,y) = P(z,y)* f(z)
is the Poisson integral of f(x)

u(z,y) = Pz, y) = f(x) (5.16)
1 y
= /Rn (|x—z\2+y2)("+1)/2f(z>dz for all y > 0,

where ¢, is a positive constant given by the formula

(nt1)/2

“ T Tt 1)/2)

201
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Moreover, we recall that the mixed norm || - || 54 is defined by the formula

0/ 4 qdy ta
. U ) ) i< g <o,
||y u(.7 .)”pq - o .
supyso {7 JuCop)l, ) ifa=oc,
First, we prove the completeness of By (R"):
Theorem 6.1. The space Bg‘,q(R") 1s a Banach space.
Proof. We only consider the case:

O<a<l a=1.

Let {f*} be an arbitrary Cauchy sequence in Bg, (R"), that is, we
have, as k, { — oo,

17 = S g = 15 = £+l () =y )

— 0,

(6.2)

@;p,q Pq

where
u*(z,y) = P(x,y) * f*(x).

Then, since LP(R™) is complete, there exists a function f € LP(R")
such that

||fk—f||p—>0 as k — oo.
We let
u(z,y) = P(z,y) * f(z).
Then we obtain the following claim:

Claim 6.1. ||y*= (uk(-,) = uy(-,-))

Y —> 0 as k — oco.

Proof. Since we have the formulas
ué(x,y) = Py(xay) * fz(x)a
it follows that we have, by Lemma 5.7,
g y) = uy Gl < IR Colly 1 = £,
<(n+1)y ! Hff - pr for all y > 0.

This implies that we have, for each y > 0,

o= ) = o), — o= () = ),
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as £ — oo.

Hence, by applying Fatou’s lemma (Theorem 3.7) we obtain from asser-
tion (6.2) that

"= () =y )l

— /Ooo <y1,a Hulyc(,y) — uy(.’y)Hp)q d—yy
= /Ooo lim (ylfa Hu’;(7y) _ ué("y)Hp)q dy

£—00 Yy
N 7 dy
<timint [ (4= ) — ], )
< g l-a LTSN W o a
_;lzlley (uy () = uy (),

Ssup”fk—fZHq, — 0 ask — oo
>k xpa

The proof of Claim 6.1 is complete. O

Therefore, we find from Claim 6.1 that

f € B, (R"),
f¥—f inBg, R,

since we have the assertion

Hyliauy('f)upq
< ||y170‘ (Uy(, ) - u]gj(a )) ||pq + Hyliauy(', ')Hpq < 09,
and also
175 = Fllapg = 175 = F1L, + ot () = uy ),
— 0 ask — oo.
This proves the completeness of the Besov space By (R").
The proof of Theorem 6.1 is complete. O

Proposition 6.2. Let f € LP(R™) with 1 < p < oo, and u(z,y) =
P(xz,y) * f(x) its Poisson integral. Then, for any integer k > «, the
norm

k—a, (k
11, + [ eu, )

rq

is equivalent to the norm | fll,,., .-
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Proof. 1t suffices to show that the ratio
o, (K
v

yeuy? ()

ya

is bounded above and below by positive constants independent of f.
However, this follows from a repeated application of part (a) and part
(c) of Lemma 5.18.

The proof of Proposition 6.2 is complete. O

rq

6.2 Various Norms of Besov Spaces
The next theorem gives a variety of equivalent norms for the Besov space
By (R"):

Theorem 6.3. Let f be a function in LP(R™) with 1 < p, ¢ < oo, and
let u(z,y) = P(z,y) x f(z) be its Poisson integral. We define the eight
norms A through H as follows:

.A:’f(~+h)—f(~)

L,
_ / <||f(-+h)—f(-)p>q an \'"
. g me) o
0<a<l
. H F(+h) = 20() +2f(-— h)
| e .
(] <||f('+h)—2f(-)+f('—h)llp)qdh e
n |h|0‘ |h|n ’
O0<a<?2.
- q 1/q
e | [T [ werm-soa| | T
0<a<?
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oo B d 1/q .
o 5= ([T ) = 0,
O<a<?2
oo th 1/q
. = ( / (t a~0<s|121|o§t||f<-+h>—f<->||p> t) ,
O<ax<l1
0 th 1/q
. G ( / (w- sup ||f(-+h)—2f(')+f(-—h)||p> t) ,
0 0<|h|<t
O<a<?2
00 . dy 1/q
et ([T (et - s01,) )

Here X,,_1 is the unit sphere in R"™, do is its surface element and wy, is

its surface area
27Tn/2
wy = |Xn_1| = do = ———.
n | n 1| L I‘(n/?)

n—1

Then the norms A, B, C, D, E, F, G and H are equivalent for
0 < a < 1, while the norms B, C, E and G are equivalent for 0 < o < 2.

Proof. The proof is divided into ten steps.
Step 1: E<2>%(n+1)Dand D <1/(1 —«a)E for 0 < a < 1.
Assume that

u(e,y) = P(e,y) + f(z) for [ € LP(R™),
Then we have, by part (i) of Theorem 5.8,
[l )M, = 1PCy) = fll, < |IFll, forally>0.
Hence, by Lemma 5.11 it follows that

2n+1 1/p _n
sl < () Wl w7 forail >0,

where V,,;1 is the volume of the unit ball in R"*1

Wni1 a(n+1)/2
n+l T(n+1)/2+1)

Vn+1 —
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By applying Lemma 5.17 with p := oo, we obtain that, for each yy > 0,
luy (o)l < 2(n+1) Ay y™" for all y > 2yo, (6.3)

2n+1 1/1) _
A= (5= ) Il w5

Therefore, it follows from an application of part (a) of Lemma 5.18 with
a:=1— « that

with

B = [ly* ™ “uyy (- Hpq<22 (n+1) ||yt uy ()|
:22_0‘(n+1)D, 0<a<l.

pq

On the other hand, we find from inequality (6.3) that u,(z,y) — 0
as y — oo. Hence, by applying part (¢) of Lemma 5.18 with u(z,y) :=
uy(z,y) and o := 1 — o we obtain that

D = ||y17auy(‘v‘)“
1
“1_a

auyy('a')Hpq

<
g — 1 —
—F, O0<ac<l.
Step 2: C < (2wy/?)"!B.

Step 2-a: The case ¢ = co. By Minkowski’s inequality for integrals
(Theorem 3.16), it follows that

1
—sup t™ @
Wn t>0

= 7—sup
2 wp t>0 {

C

/ (F(-+to) — £()) do
Yna

p

(f(+to) =2f() + f(- —to))do

Zn-1

p
s [f(-+to) =2f() + f(- = to)]l, dU}
2wn t>0 e
11 (Su [f(-+h)=2f()+ (-h)llp)da
—2wn oy \nemn A
:%B, 0<a<l.

Step 2-b: The case 1 < ¢ < oo. By applying Hdélder’s inequality
(Theorem 3.14) with ¢’ = ¢/(¢ — 1), we obtain that

c
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q 1/q
1 /Oo —a dt
= — t _—
W, ( 0 » t

1/q
11 /°° T
2w, \ Jo t1+oq

P

/ (F(- +to) — £()) do
Yn-1

/2 (- +t0) = 2/() + (- — to)) do

. q d 1/q
< ;;ﬂ(/@ </E_ IF(+ta) = 2f() + f(- — to)], dU) W;)
o , d 1/q
< ;wln(/o A ) (- +to) = 2f(-) + f(- — to)||% dowd/? thQq)
1/q
d
g% / / 1f(-+to) =2f() + f(- = to)|} do t1+taq>

_ 11 I£C+h) =2fC)+ FC =M, \* dh
200 </R ( [l ) Ihl”>

Step 3: B < 2A. We remark that

1fCH+R)=2FC)+ FC =D, < IFC+R) = FOl, +I1FC) = FC =R,
<2[fC+h) = O, -

Hence we have the inequality

B= </R (||f(~+h)2i};(2+f(. h)”p)q $>1/q
- ( / n <2|f(-+z|)a_ f(.)”p)q |Zh>/

=24, O0<a<l.

Step 4: A < w}/ ?F. This is obvious. Indeed, we have the inequality

A= (/n (||f('+h}3|; f(.)”p)q |Zﬁ1>1/q
_ (/“’/E £+ 10) = FOI} o )

1/q



208 Besov Spaces via Poisson Integrals

q 1/q
va [ [T 4o CER) - f( dt
gw(/o (t LT f<>p) t)

=wl/iF, 0<a<l.
Step 5: F' < M,D. We recall (see Theorem 5.9) that
limu(z,y) = f(x),
imu(z, ) = 7(2)
whenever x belongs to the Lebesgue set L(f) of f. We let
L={(z,h) eR"xR":z+heL(f)}.

By Fubini’s theorem (Theorem 3.10), we find that the complement of £
has measure zero.
Now we assume that

(x,0),(z,h) € £L with 0 < |h| <.
Then we have, for h=s0,0<s<tand o € X, 1,

fl@+h) = f(z)
=(f(x+h)—ulz+ht)+ (u(x+ h,t) —u(z,t) + (u(z,t) — f(x))

t s t
:—/ uy(:chsa,y)der/ ur(a:+r0,t)dr+/ uy(x,y) dy.
0 0

0

Hence it follows from an application of Minkowski’s inequality for inte-
grals (Theorem 3.16) that

t S
1FC+B) = FOlL, < / oty + 50, 9)l, dy + / lun + 7o, 0), dr
+ [l dy
t
<2 / ety ), dy -+t e, )]

t n
<2 / ety o)l dy 43l (5B
=1

since we have the formula

up(x +ro,t) = Z g;; (z+r0o,t)o;.
i=1 "

Step 5-a: The case ¢ = co. Since we have the inequality

luy (9, < Dy*~! forall y >0,
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it follows from part (a) of Theorem 5.14 that

S, ()l < My (), € MDY for all y > 0.
<i<n

Thus we obtain that
A8 = Ol =2 [Tl dy 03 o 0, (6
< 2D/ Yy tdy + M. Dntt?
0

2
= ( —|—nM(;> Dt* forall 0 < |h| <t.
e
This proves that

s 6w - 0], < (24

0<|h|<t
so that
F =sup (t‘o“ sup (- +h) = f()l ) < MoD,
t>0 0<|h|<t
with

2
M,:==+nM,, 0<a<l.
(0%

Step 5-b: The case 1 < g < oo. In view of inequality (6.4), we have,
for some positive constant M,

- q 1/q
F:< / (ta‘O<S|121|9<t||f('+h)—f(')||p> Cff) (6:5)
q 1/q
oo og t . n y . ﬁ
< (/ t (2/ )l dy+ ¢ zi<,t>||p> t)

< M, K/Ooo (t_‘”‘ /Ot lay (- 9)I, dy)q (it>1/q
+Z(/°° (1= s, 0 )““)“q].

However, we have, by Hardy’s inequality (Theorem 3.18),

(e [ g, ) & " (6.6)
0 0 t
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<[ (et dj)/

1
= -D.
«

210

Furthermore, we have, by part (a) of Theorem 5.14,

([ (0 o) ) (6.7)
>, | )
<M} ( / (5 ) jy)/

= M!D.
Therefore, by combining inequalities (6.5), (6.6) and (6.7) we find that
F < M,D,

with
1

MO[::Mq<—|—M&>7 0<a<l.
«

Step 6: B < w}/ ?G. This is obvious. Indeed, we have the inequality

B

_ / <||f<~+h>2f<->+f<~h>|p>qdh e
. ] DR

o 1/q
- ( L w200 s datl‘iq>

o q 1/q
<wlfs ( / (t“- sup ||f<-+h>—2f<~>+f<-—h>||p> Cf)

0<|h|<t
=w1G, 0<a<2.
Step 7: G < M E. We have, for h = so, 0 < s <t,o € X, _1 and
e >0,
u(x + h,e) = {[tuy(x + h,t) — cuy(z £ h,e)]
— [u(z £ h,t) — u(z + h,e)]}
— [tuy(z £ h,t) — cuy(x £ h,e)] + u(xz + h,t)

¢
= / YUyy(x £ h,y) dy — tuy(z £ h,t) + u(z £ h,t)
>4
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+ euy(z £ h,e),

and
¢
u(z,e) = / Yuyy (T, y) dy — tuy (z,t) + u(x, t) + euy(x, €).

Hence it follows that

u(z + h,e) — 2u(z,e) + u(x — h,¢e)

:/ yuyy(x—i—h,y)dy—i—/ yuyy(x—h,y)dy—2/ Yuyy(z,y) dy
_t[uy(x"_hvt)_uy(x’t)]_t[uy(x_hvt)_uy(xvt)]
+ [u(z + h,t) — 2u(z, t) + u(x — h,t)]
+efuy(z+ h,e) — 2uy(x,e) + uy(z — h,e)).

Thus, by applying Minkowski’s inequality for integrals (Theorem 3.16)
we obtain that

(- + hye) — 2u(€) + u(- — hye)l], (6.8)

t t
< / gy -+ Bl dy + / gy (- — by 9)l, dy
£ £

t
2 [l (o)l dy
g ) =y )+ g = ) =y (1)
+ ”u( + hvt) - 2”('7t) + u(' - h7t)||p
Felluy(-+h,e) = 2uy(,€) +uy (- =y g)],

p

t
<4 [yl Gl dy+ 2ty + b8) =, (0
S

+ ||’LL( + hvt) - 2”('7t) + u(' - h7t)||p +4e ||uy(,5)||p

t n s
<t [yl ol dy+20 3 [ g+ 1ot dr
€ i=1 70

n s T
+Z/O /0 Humizj(—i—vo,t)Hp dv dr

i,5=1

n s T
+ Z/o /0 Huzﬂj(-—va,t)Hp dvdr+45||uy(-,5)||p

i,5=1

t n
<4 [yl )l dy+ 2623 [y, ()
S

i=1
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+ 023 |ttaa, (0], + 42y (2],

i,j=1
Step 7-1: Here we need the following lemma:
Lemma 6.4. Assume that u(x,y) is harmonic in the half-space RT'I

and bounded in each proper subhalf space of RT'I, and that we are given
a >0, an integer k > a, D > 0 and yo > 0 such that

JueuPe | <o, (6.9)
[ 9)ll, <D for ally > yo. (6.10)

Then it follows that the function u(x,y) is the Poisson integral of some
function f € By (R"). Moreover, we have the following two assertions

(a) and (b):
luy ()l = o(y™") asylo. (a)
Hf”a;p,q S M‘Lk;yOD' (b>

Proof. The proof of Lemma 6.4 is divided into two steps.
Step (I): First, we prove assertion (a).
(a-1) The case 0 < o < 1: We remark that

u(z,y) = O(1) asy — oo,
uniformly in x € R™. However, we have, by the mean value theorem,
u(z,y) = u(z,yo0) + uy(z, 2)(y —yo) for some z € (yo,y).
Hence it follows that
uy(z,y) = o(1) asy — oo,

uniformly in x € R™.
Now, by a repeated application of part (c¢) of Lemma 5.18 we find
from inequality (6.9) that

Uy(,y)H < Ma Hy2fauyy(.,y)|’pq (611)

pqg —

l1—a

ly
< Mg g Hy’“‘“u(k)(-,y)
Prq

< My D forally>0.

However, it is easy to see that the function [luy (-, y)||, is non-increasing

of y. Indeed, since u,(x,y) is harmonic in R:L_H, it follows that

ey oy + ), = 1P Gyl
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< PGyl My 5 y2)ll,
= [luy(-,y2)[l,, for all y1 and y > 0.

Thus we have, by inequality (6.11),

el = ([ (0 ) %)
< ([ )“
< ([ (0 gt >||) "

= Hyl_auy("')Hpq
<MyrD forally>0.
This proves that
ylluy( ), < Mg (1—a)g) /"Dy forally>0.  (6.12)

(a-2) The case a > 1: We remark that, by inequality (6.9),

(/02y° <yk1/2‘ H) ) (6.13)
_ (/jy Ji@=1/2) (yk—a W) p) Cf5]>1/q

< (2y0) @2 D.
On the other hand, it follows from inequality (6.10) that, for all y > 2y,
[P = | C w2 =tz

< [P Tl < S a2,

< (MyD)y™*

Thus we have the inequality

[e%} 3 q d 1/q
(/ <yk 1/2“u§/k)("y) > y) (6.14)
2yo P Yy
o0 q d 1/q
< M,D (/ (v 22" y)
2y0 Yy

_ 2M,D

(2y0) 92,
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Therefore, by combining inequalities (6.13) and (6.14) we obtain that

) 3 qdy 1/(1
([ (efoen],) )
2y0 q d
_ 12|y, )| ) dy
(/0 (y o () )
) qdy 1/q
[ G lenl ) )
/ (y B ) 4

S Ma,k,yo D7
where M, 1 4, is a positive constant given by the formula

oM,

Me i yo = (Qyo)(aflﬂ) + (Qyo)w/%

Hence it follows from a repeated application of part (c) of Lemma 5.18

that
s3] 1/q
12 qfl@/)
Y Uyl Y
([ (2 o)
[e'e] q 1/‘1
< My (/ (y’“_l/QHuy)(wy) > dy)

0 p Yy

< Mk:Ma,k,yoD-

This proves that

s1/2 ||Uy(',3)||p _ (%>1/q </OS (y1/2 ||uy(-,s)||p)q dyy)

< MMy gy, D for all s > 0,

1/q

or equivalently,
Y lluy (- y)ll, < M;€M047;C’7J(JD3J1/2 for all y > 0. (6.15)

Summing up, we obtain from inequalities (6.12) and (6.15) that we
have, for some 8 € (0, 1),

[y (5 9)I,, < (M, g D)y" 1 for all y > 0, (6.16)
In particular, it follows that
luy (o 9)ll, = o(y™") asy 0.

This proves the desired assertion (a).
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Step (II): Secondly, we prove assertion (b). To do this, we show that
there exists a function f € By (R™) such that
u(z,y) = P(z,y) * f(x).
We remark that

Yo
u(z,y) = u(z,yo) —|—/ us(x,s)ds forall 0 <y < yp.
y
Hence we have, by inequality (6.16),

a9, < w0l + / " (), ds (6.17)

Yo yﬁ
§D+MQMD/‘ﬁ”@§D1+M@m%
Y
I M/l
T o

ey D forall 0 <y <y,

where M}, - is a positive constant given by the formula

v

ko = 1F Mé,k,yogv

a,k,yo 0<p<l.

By a similar argument, it follows that we have, for some positive

constant M’
Y1
[ st ds

a,k,yo’
a,k,yo
Y2

(1) = uly2)ll, < <M . Dlys — 7.
P

This implies that {u(-,y)} is a Cauchy sequence in LP(R") as y | 0.
Thus, by arguing as in the proof of Theorem 5.10 we find that the
function u(z,y) is the Poisson integral of a function f € LP(R"):

u(z,y) = P(x,y) * f(z).
Furthermore, by letting y | 0 in inequality (6.17) we obtain that

1£1l, = lim flu, y)ll, < Mgy D- (6.18)
30

Therefore, in view of Proposition 6.2, it follows from inequalities (6.9)
and (6.18) that

1l = |02 C)| 4171, < (14 MEgy,) D
This proves the desired assertion (b), with

o "
Ma,k,yo =1+ Ma,kyyo'
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The proof of Lemma 6.4 is complete. O]
Step 7-2: Now we recall that
E = [ly* " uyy (-]

and that

pq’

1/p
lu(s )lloe < NPC W £, < (Cln) / y P Ifl,  forally > 0.
Hence, by applying Lemma 6.4 to our situation we find that
€ lluy(-,e)ll, — 0 aselo.
Furthermore, we remark that
u(- + h,e) — 2u(-,e) + u(- — h,e)

=PCe)x (fC+h) =2f()+ f(—h) — f(+h) =2f()+ f( =)
in LP(R™) as € | 0.

Therefore, by letting € | 0 in inequality (6.8) we obtain that

1fC+h)=2FC)+ f( =R, (6.19)
t n n
<4 [l 263 g (0 3 e )
However, we have, by Theorems 5.14 and 5.19,
2 Ny, (5 DI, < Mt? [y, (-, 8)[|,,  for all £ >0, (6.20)
t? Huwixj(-,t)np < Mt* |uyy (-, t)]|,,  for all ¢ > 0. (6.21)

Therefore, by combining inequalities (6.19), (6.20) and (6.21) we ob-
tain that

1fC+h)=2FC)+ f( =R, (6.22)
t
<4 [yl o)l dy+ 2ME g, (1)1,
0
Step 7-2a: The case ¢ = co. Since we have the inequality

gy (W), < y* 2 E forall y >0,

it follows from inequality (6.22) that

t
FC+h) = 2f() + F(- = B, < 4E / Yoty + ME®
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< M, Et* forall 0 < |h| =s<t.

This proves that

t>0 0<|h|<t

G =sup (t‘“- sup |f(-+h)—2f(~)+f(-—h)llp>
<MLE, 0<a<?2.

Step 7-2b: The case 1 < ¢ < oo. By applying Hardy’s inequality
(Theorem 3.18), we obtain from inequality (6.22) that

q 1/q
0 d
G:(/O (t““-Ojlipdlf(~+h)—2f(')+f('—h)p> ;)
o t v g\
A ! gy d 2M 2 yy\ " ) e
s(/ t (/Oynw o)l dy+2ME Juy, (D), t)
[e'e] t th l/q
i/ ( L (e [ v, a) t)
1-1 > 2 th 1/q
Loty ( | ) t) ]
93-3/4 00 dt\"*
< (B i) (7 uteon,) %)

< (8 +2M) E.
«

This proves that

<

G < M,E,
with
Ma::§+2M7 0<a<2
Step 8: £ < M,C. We remark that
|Pyy(z,y)| < e +J;42?)J(n+3)/2 for all y > 0,
and that
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Hence we have the formula

w(2,) = [ (@ =2) = F@)] Poylzi0) d

and so
gy ()l (6.23)
< [ 1562 = Ol o
> y e
= [t 1Ol e 0
= y e
:M%Ammpw+fwﬁwtlﬁ
Here
(bt(l'):i/ (f(x +to) — f(z))do.
wn Jx, .

Step 8-a: The case ¢ = co. Since we have, by Minkowski’s inequality
for integrals (Theorem 3.16),

I, < wi 1F(+t0) — F()], < Ot for all £ >0,

n n

it follows from inequality (6.23) that

o0
Y adtn—
mw«mmgﬂﬂmhA ( patn=1 gy

2 4 y2)(”+3)/2

Y Y- ya—i-n—l o0 y et
ax+n—
<MC%(/n%ﬁ+/ st “)
0 Y Yy

Yy o0
= MCuw, (/ ya*?’ dt + / yt"‘*4 dt>
0 Yy

4 —
zic’[MwnC'ya*2 for all y > 0.
3—a

This proves that

B =sup {y*~ uy, (-9, } < MaC,
y>0
with

4 —

M, = aMwn, 0<a<?2.
33—«
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Step 8-b: The case 1 < ¢ < oo. By applying Hardy’s inequality
(Theorem 3.18), we obtain that

= ([T ) )
1/
([ n— “ 1a
e (7 (100 ) )
<arw, ([T (s [T, @) dyy)/
T A Uil A O dt)qd;)”q
e A G 1||¢y<>||,,)qdy)”q
Mwn ( Py oy () )q dy)l/q

) ([ ey )

+
Mwn(lJr 1 )C.
+ 3—«

This proves that

E < M,C,

with
1 . 1
n+a 33—«

Ma::Mwn< ), O0<a<?2

Step 9: H < (1/a)D. If z is a point of the Lebesgue set of f €
LP(R™), it follows that

u(zy) — f() = /O (2,5 ds.

Hence, by applying Minkowski’s inequality for integrals (Theorem 3.16)
we obtain that

[u(y) = FOl, < /OU [[uy (- $)l, ds. (6.24)
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Step 9-a: The case ¢ = co. Since we have the inequality
si=o [uy (-, )], <D forall s >0,

it follows from inequality (6.24) that

Y D
lu(-,y / [uy (-, ), ds < D/ s ds = —y*.
0 [0

This proves that

# =sup {y= ut9) ~ FO)l, } <

y>0

Step 9-b: The case 1 < ¢ < co. In view of inequality (6.24), it follows
from an application of Hardy’s inequality (Theorem 3.18) that

#= ([ (et - r01,)’ dyy)/
oy (.’S)Hp ds)qczl)l/q
<2 ([ (e tutmn,)" )Uq

=-D, O0<a<l.
«

IN
7/~
:Ng
/N

Qd\

Q
S—
=

<

Step 10: D < M,H (0 < o < 1). We recall that
uy (2, y) = u(z,y/2) * Py(x,y/2),
and that
|Py(z,y/2)| < nT—HP(x,yﬂ) for all y > 0.

Hence we have, by Young’s inequality (Theorem 3.23),

lluy ), < Nuly/ 2, (1P ¢ u/2) 1y

< 2L 0PCu/2)l, w2,
=2y, = ”—‘y” 1PCLy/2) £O,
< s If]l, for all y > 0.

This proves that, as N — oo,

(-,2Ny)Hp — 0 for each y > 0.
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Hence we have the assertion
_ N
gl = Jim g (9) — (2|, or each y > 0. (6.25)

On the other hand, we have the following claim:

Claim 6.2. There exists a positive constant M, such that we have, for

any integer N > 1,

Hylia(uy('ay) - Uy('72Ny))||pq SMoH, O<a<l (6.26)
Proof. By Minkowski’s inequality (Theorem 3.15), we obtain that
gl ||uy ) — (22|, (6.27)
yi=e Z oy (- (-, 281y y(.’gky)”p
k=1
N
=y SO [FO) —ul 2]« By (26 )|
k=1
N
<y Y O = 25 )| 1P (2 )
k=1
N
<yt IR ) — u( 2 )
=1 Y
N
0 3 ) 2 ),
k=1

However, we have, for 1 < k < N,

([ (e s)”
B </O°° (ZW () = u(.7z)|‘p>q d;)l/q.

Hence it follows from inequalities (6.27) and (6.28) that

'~ (uy (- y) = uy (2% )]|,

- (/ooo (yl_a [|luy () — u(.’QNy)pr C;y>1/q

<(n+1)

N q 1/q
</oo<z2alkl2kl a“f ) — u(-, 25 1y) H) dy)
0 k=1 Y
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q 1/q
* al a—1\k—1 -« 7dz
= ([ (X ) o —uea,) S
k=1
N
— (n+1) (Z(W)’“) ly=(r() = uC )],
k=1
e} 1 k—1
<(n+1) <Z(21a> )H 0<a<l.
k=1
This proves the desired inequality (6.26), with
n+1
Ma = W, O<a<l.
The proof of Claim 6.2 is complete. O

Therefore, by applying Fatou’s lemma (Theorem 3.7) we obtain from
formula (6.25) and inequality (6.26) that

0o ad
D = u ol = [ (0 lwl,)

= /0oo lim <y1*04 1wy (- y) — uy("2Ny)Hp)q dy

N—o0 Yy

<tint [ (577 uy ) = w29, )
= liminf ||y~ (uy () —uy (. 2¥)[},
< (Mo H)".
This proves that
D<M,H, 0<a<l.
The proof of Theorem 6.3 is now complete. O

Theorem 6.5. Let o >0, 1 <p, ¢ < o0 and let k be a positive integer
less than . Then the norm

”pr + Z ||D;f||a7k;p7q
|s|=k
is equivalent to the norm || f| ., .-
Proof. The proof of Theorem 6.5 is divided into two steps.
Step (I): We assume that

||fHa;p,q = ||f|\p + Hyafaul(la)(-,y)Hpq < 00,
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where
u(z,y) = P(z,y) * f(2).
Then we have the following three assertions (a), (b) and (c):

(a) The function Diu(w,y) is harmonic in the half-space R and
bounded in each proper sub-half space of RT‘l.

(b) 1DZul )M, = IDZP(y) * fOl, < Mo (1 f]l,, v > 1.

(c¢) It follows from a repeated application of Lemma 5.18 that

‘ ya’“ﬂ?(n@/)”

< M || £l
Hence, by applying Lemma 6.4 to our situation we obtain that there

exists a function g € ng_k(R”) such that

yaf(“’k)Di(ug(,a)(ny))Hpq < M,

pq

a;p,q°

Diu(z,y) = P(z,y) *g(z), |s| =k,
and that
HgHa—k;p,q <M ||f|

However, it is easy to see that

g=D.f.

a;p,q °

Indeed, we have the formulas
P(z,y) * g(x) = Diu(z,y) = D; (P(z,y) * f(z)) = P(z,y) * D} f(x).
Therefore, we obtain that

193 Flla-tipg = ID5 £, + ||y™ 0 DF(D3u(-, )

Pq
= llgl, + [s*~ = DF(PCw) * 90|
< HgHafk;p,q
<M |l

We are done with the proof in one direction:

||pr + Z HD;foafk:;p,q S (M + 1) Hf”oc;p,q .
[s|=k

Step (IT): Conversely, we assume that
fe LP(RY),
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and that

Z HD;fHa—k;m < 0.

|s|=k
Then we have, for all |s| = k,
Diu(z,y) = D3 (P(x,y) = f(x)) = Plx,y) = D; f(z).
By applying Proposition 6.2 with f(z) := DS f(x), we obtain that

|y D™ ()

= |yremPogee ) « D2r)

S HD;fHa—k;p,q :

(6.29)

pq

Moreover, we have, by a repeated application of part (b) of Theorem
5.19,

Hyma—au;ma)(.,y))H < M, Z HymafaD;(ul(/E)(.’y))H . (6.30)

pq Is|=k raq

Hence, in view of Proposition 6.2, it follows from inequalities (6.29) and
(6.30) that

|y =u@ || < g [y )| (6.31)
Pq Pq
< MM Y gD )|
5=k Pq
< Mlchk Z HD‘;:f”afk;p,q '
|s|=k
Therefore, we obtain from inequality (6.31) that
1 llapg = 171, + ™ )
Pq
< (L4 MEMR) | IF 1, + D D3 flla— kg
|s|=k
This completes the proof in the other direction.
The proof of Theorem 6.5 is complete. O

By combining Theorems 6.5 and 6.3, we obtain the following:
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Theorem 6.6. Let a > 0, 1 < p, g < oo and let k be a non-negative
integer such that k < a < k+ 1. Then the norm

1D f(- 4+ h) = 2D* () + D3 f(- = )12\
I, + 3 ( I8 e dh>

|s|=Fk

is equivalent to the norm || f||a:p.q defined by formula (6.1):

Hf||a;p7q = Hf||p + </0°° <yk+1a k+1) H > )

6.3 Notes and Comments

The results discussed in this chapter are adapted from Taibleson [72]
and Stein [68].
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Sobolev and Besov Spaces

This chapter is devoted to the precise definitions and statements of func-
tion spaces of LP type with some detailed proofs. The function spaces
we shall treat are the following:

(i) The generalized Sobolev spaces W*P(2) and H*P(2). When 2
is a Lipschitz domain, these spaces coincide with each other.

(ii) The Besov spaces B*P(0f) on the boundary 02 of a Lipschitz
domain € are function spaces defined in terms of the LP modulus
of continuity, and enter naturally in connection with boundary
value problems in the framework of LP Sobolev spaces.

In fact, we need to make sense of the restriction u|sq to the boundary
0N as an element of a Besov space on 02 when u belongs to a Sobolev
space on the domain (). In particular, we formulate an important trace
theorem (Theorem 7.5) that will be used in the study of boundary value
problems in Parts IIT and IV.

In the last Section 7.4 we prove part (iv) of Examples 4.1 (Proposition
7.7):

Wwon/P(R") € VMO  for 0 < 6 < 1.

7.1 Sobolev Spaces

In this section we present a brief description of the basic concepts and
results of LP Sobolev spaces which will be used in subsequent chapters.
Many problems in partial differential equations may be formulated in
terms of abstract operators acting between suitable Sobolev spaces, and
these operators are then analyzed by the methods of functional analysis.

226
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7.1.1 First Definition of Sobolev Spaces

Let 2 be an open subset of R". If 1 < p < co and if s is a non-negative
integer, then the Sobolev space W*P(Q) is defined to be the space of
those functions v € LP(§2) such that D*u € LP(Q) for |a| < s, and the
norm ||u|/ys»(q) is defined by the formula

1/p

llerer = | 2 [ 1wt | (r.1)

|| <s

If 1 < p<ooandif s=m+ 60 with a non-negative integer m and
0 < 6 < 1, then the Sobolev space W*P(Q) is defined to be the space
of those functions u 6 W™P(Q) such that, for |a| = m, the integral
(Slobodeckil seminorm)

« « D
// | Dulw) = Dufy) dx dy (7.2)
QxQ |$ — y[ntp?

is finite. The norm ||[ulys.»(q) of W*P(Q) is defined by the formula

il = (X [ 0utoas (73)

o] <m

| Du( “u(y)[P )”f’
+ dx d .
2 // |:c—y|n+p9 Y

lee|=

7.1.2 Second Definition of Sobolev Spaces

Next, we introduce a second family of Sobolev spaces, by using the
Fourier transform.

Let S(R™) be the Schwartz space or space of C*° functions on R"™
rapidly decreasing at infinity. We recall that the (direct) Fourier trans-
form F and the inverse Fourier transform F* are isomorphisms of S(R™)
onto itself. The dual space §'(R™) of S(R™) are called the space of tem-
pered distributions on R™. Roughly speaking, the tempered distributions
are those distributions which grow at most polynomially at infinity, since
the functions in S(R™) die out faster than any power of = at infinity.
The importance of tempered distributions lies in the fact that they have
Fourier transforms. More precisely, if u € S'(R"™), we define its (direct)
Fourier transform Fu by the formula

(Fu,p) = {u, Fp) for all p € S(R"),
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where (-, -} is the pairing of S’(R") and S(R"). Similarly, if v € §'(R"),
we define its inverse Fourier transform F*v by the formula

(Fru, ) = (v, F*¢) for all ¥ € S(R™).

It should be emphasized that the Fourier transforms F and F* are iso-
morphisms of §'(R"™) onto itself.
If s € R, we define a linear map

G =(I—-A)/?:8(R") — S'(R")
by the formula
Gou = F* ((1 + |£|2)_S/2]-'u) for u € S'(R™). (7.4)

The operator G*: S'(R™) — S’(R™) can be visualized as follows:

weS'(RY L S'(R") 3 G*u

| -

FueSR") —— SR") > (1+¢)*)"/*Fu
(1+]g12)==/2

Fig. 7.1. The operator G° defined by formula (7.4)

Then it is easy to see that the map G*® is an isomorphism of S’'(R™)
onto itself, and its inverse is the map G—°. The function G*u is called
the Bessel potential of order s of u.

We can calculate the convolution kernel G(x) of the Bessel potential
G®u for all s > 0. More precisely, we have the following:

Theorem 7.1. Let s > 0. (i) The inverse Fourier transform

F(a+igm =)

s equal to the function
1 1 > 2 dd
Gy(r)= ——— —7l2]*/8 =8/ (4m) s(s—n)/2 22 75
O = G ), 5 19
In other words, we have, by the Fourier inversion formula,

—s/2

F(G:)(€) = (1+ %) (7.6)
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Moreover, we have the formula
Gs(z)dx =1,
Rn

and so
Gs € L*(R™).

(i) Let 1 < p < oco. The Bessel potential G° can be expressed as
follows:

G'u(zr) = Gy xu(x) = / Gs(z —y)u(y)dy forue LP(R™). (7.7)

n

Furthermore, the Bessel potential G* is bounded from LP(R™) into itself.
More precisely, we have the inequality

1G°ull Lo mny < Nullpo(gny  for u € LP(R™). (7.8)

One of the most important facts concerning Bessel potentials is that
they can be used to define the generalized Sobolev spaces H*?(R"™) in
the following way: If s € R and 1 < p < oo, we let

H*P(R™) = the image of LP(R"™) under the mapping G*
={G°v:ve LP(R")}.

We equip H*P(R™) with the norm
lull ron (mny = Hg_suHLp(Rn) for u € H>P(R™). (7.9)

The space H*P(R™) is called the Bessel-potential space of order s or the
generalized Sobolev space of order s.
We list some basic topological properties of H*P(R"):

(1) The Schwartz space S(R"™) is dense in each H*P(R").

(2) The space H=? (R") is the dual space of H*?(R"), where p’ =
p/(p — 1) is the exponent conjugate to p.

(3) If s > t, then we have the inclusions

S(R") C H*P(R") C H"?(R") C §'(R"),

with continuous injections.

(4) If s is a non-negative integer, then the space H*P(R™) is iso-
morphic to the Sobolev space W#P(R™), and the norm (7.9) is
equivalent to the norm (7.1).
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7.1.3 Definition of General Sobolev Spaces

Now we define the generalized Sobolev spaces H*P () for general do-
mains 2.
For each s € R and 1 < p < o0, we let

H?P(Q) = the space of restrictions to Q of functions in H*?(R").

We equip the space H*P () with the norm

[ull o0y = 0 ([U | oo gy »

where the infimum is taken over all U € H*P(R"™) which equal u in Q.

The space H*P() is a Banach space with respect to the norm || - || p.
It should be noticed that
HOP(Q) = LP(Q); [l oy = IMll ooy -

Then we have the following relationships between the spaces H*P(£2)
and W*P(Q) (see [2, Theorem 5.24]):

Theorem 7.2. If Q is a bounded, Lipschitz domain, then we have, for
all s >0 and 1 < p < oo,

H™P(Q) = WP (Q).

7.1.4 Sobolev Imbedding Theorems

In Chapter 13, we shall need Sobolev’s imbedding theorems (see [2,
Theorem 4.12, Part I and Part II]; [80, Chapter 4]).

Definition 7.1. An open subset ) of R" satisfies the cone condition if
there exists a finite cone C' such that each point x € () is the vertex of
a finite cone C, contained in 2 and congruent to C.

We remark that the cone C, need not be obtained from C' by parallel
translation, but simply by rigid motion.

Example 7.1. Any Lipschitz domain satisfies the cone condition (see
[2, Paragraph 4.11]).
Theorem 7.3 (Sobolev). Let 7 > 0 and m > 1 be integers, and let
1<p<oo.

Part I: Assume that  is an open subset of R™ which satisfies the

cone condition. Then we have the imbeddings

Werj,P(Q)
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W3a(Q)  for allp < q<np/(n—mp) if 1 <p<n/m,
CAWH(Q) forallp <q<ooifp=n/m,
CLQ)  ifn/m <p < occ.
Here
CL(Q) = the space of those functions u € CI(Q)
for which D*u is bounded for 0 < |a| < j,
with norm given by the formula

u|| ~i max sup |D%u(x
Jull e @ = mase_sup |D%u(a)].

Part II: Assume that Q) is a bounded, Lipschitz domain in R™. Then
we have the imbeddings

W 0)
CITANQ)  for all0 < X <m—n/pif (m—1)p <n < mp,
CQCITMQ) forall0 <A< 1ifn=(m—1)p,

CiItY Q) ifn=(m—1) andp=1.

7.1.5 The Rellich—-Kondrachov Theorem
In Chapter 15 we shall need the following Rellich—-Kondrachov theorem
(see [2, Theorem 6.3, Parts I and 11}, [33, Section 7.12, Theorem 7.26]):

Theorem 7.4 (Rellich-Kondrachov). Let 2 be a bounded, open subset
of R™ that satisfies the cone condition. Then the imbedding

WJ'H,p(Q) N ijq(Q)
is compact for any integer j > 0 if eithern > p and 1 < g < np/(n—p)
orl<n<pandl<qg<oo.

The Rellich—-Kondrachov theorem is an LP Sobolev space version of the
Bolzano—Weierstrass theorem and the Ascoli-Arzela theorem in calculus:

7.2 Besov Spaces on the Boundary

In studying boundary value problems, we shall need to make sense of
the restriction u|sq as an element of a function space on the boundary
092 when u belongs to an LP Sobolev space on the Lipschitz domain Q.
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Subjects Sequences Compactness theorems
Theory of Sequences of The Bolzano—Weierstrass
real numbers real numbers theorem
Calculus Sequences of The Ascoli-Arzera
continuous functions theorem
Theory of Sequences of The Rellich—-Kondrachov
distributions distributions theorem

Table 7.1. A bird’s-eye view of three compactness theorems in calculus

In this way, the Besov spaces B*P?(92) on the boundary 9 enter nat-
urally in connection with boundary value problems. The Besov spaces
B*P(09Q) are defined to be locally the Besov spaces B*?(R"~1) on R" 1,
upon using local coordinate systems flattening out 92, together with a
partition of unity.

An open set  in R™ is called a Lipschitz hypograph if its boundary
0f) can be represented as the graph of a Lipschitz continuous function.
Namely, there exists a Lipschitz continuous function ¢ : R*~! — R such
that (see Figure 5.1)

Q={z=(2",2,) ER" 12, <((2'), 2’ €eR"'}. (5.1)

We define Besov spaces B*?(9) on the boundary 9 of a Lipschitz
domain €2, upon using local coordinate systems flattening out 02, to-
gether with a partition of unity, in the following way.

Step 1: If Q is a Lipschitz hypograph defined by formula (5.1), then
we remark that its boundary

00 ={z=(2/,((a')): 2’ eR" '}

is an (n — 1)-dimensional, C%! submanifold of R™. Hence we find that
0% has a surface measure do and a unit outward normal v which ex-
ists do-almost everywhere in R"~!. Indeed, by Rademacher’s theorem
(Theorem 5.1) it follows that the function ((z') is Fréchet differentiable
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almost everywhere in R"~! with
||V<HLoo(Rn—1) <C,

where C' is any Lipschitz constant for the function ((z). Then we have
the following formulas for do and v

o = 1+ V(@) da,
(V@)D
T+ VC(@)P

Step 1-1: Now we can define the Besov spaces B*P(9Q2) for 0 < s < 1
in the following way: For any function ¢ € LP(09Q) = LP(0€),do), we
define a function

pc(a') = p(a,((a), 2’ e R,
and let, for 0 < s < 1,
B*P(09Q) = {p € LP(09) : ¢ € B¥*(R"")}.

We equip this space with the norm (see the norm A in Theorem 6.3 with
n:=n—1a:=s p=q)

|g0 Bs:»(Rn—1) (710)

lpc (@) — e (y)IP e
= pd dx’ d .
(/Rn 1 |<P( ‘ T //Rn 1y Rn—1 |$ -y |(" 1)+ps z

For s =1, we let

Bs:?(89) = |¢¢

BY?(9Q) = the space of (equivalence classes of) functions
p € LP(0Q,do) for which the integral

/] [ocla’ + 1) ~ 2oc(a”) + gela’ —HOP
Rr—1xRn?—1 |h/|("_1)+p

is finite.

The space B1?(99) is a Banach space with respect to the norm (see the
norm B in Theorem 6.3 with n:=n—1, a:=1,p=q)

llBrra0) = loc|Bre@n—1) (7.11)

_ ( [ lectwiras
Rn—l

N lpe(a’ + 1) = 20c(') + ol M) 0 N
Rr-1xRn-1 |R/|(n=D)+p ‘
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Step 1-2: If () is a Lipschitz hypograph for some rigid motion & :
R™ — R™, then we can define the Besov spaces B*?(9Q) for 0 < s <1
in the same way except that

oc(@) = (k'(2,{(2")) fora’ € R*L.

Step 2: We consider the general case where € is a bounded Lipschitz
domain. By using the notation of Definition 5.1, we choose a partition
of unity {¢;}7_, subordinate to the open covering {U;}7_, of dQ (see
Figure 5.4). Then we define the Besov spaces B*P(9Q2) for 0 < s < 1 as
follows:

B*P(00) = {p € LP(9Q) : ¢pjp € B*P(0;), 1 < j < J},
where the norm [p|gs.r(q) is defined by the formula

J

loperon) = Y _ |50

j=1

BS'p(BQj)'

It should be emphasized that the Besov spaces B (9f) are independent
of the open covering {U;} and the partition of unity {¢;} used.

Step 3: Furthermore, we shall require Besov spaces B*P(9)) for
1 < s < 2 defined on a bounded C''! domain .

Step 3-1: If Q is a C*! hypograph defined by formula (5.1) for some
function ¢ € CH1(R™1), then we define the Besov spaces B*P(99) for
s=1+6 with 0 < 6 <1 in the same way by replacing the norm (7.10)
by the norm

|‘P|BSvP(6Q) = |<P4

(X [ precera
laj<1 R

Da / _Da /\|p 1/;0
Rn-1xRn-1 2" —y/|(nm D

lal=1

Bs:p(Rn—1)

Step 3-2: If Q is a bounded C'! domain, then the Besov spaces
B#P(0Q) for 1 < s < 2 are defined to be locally the Besov spaces
B*P(08;), 1 < j < J, just as in Step 3. Here it should be emphasized
that the boundary 9 is an (n — 1)-dimensional, C*! submanifold of
R™.

The norm of B*?(0Q) for 0 < s < 2 will be denoted by | - |5 -
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7.3 Trace Theorems

In this section we prove an important trace theorem which will be used
in the study of boundary value problems in the framework of LP Sobolev
spaces (ct. [2], [7], [67], [72], [92]):

Theorem 7.5. Let 1 < p < co. For every function f € H*P(R™) with
s> 1/p, the restriction

g:=Rf = flrn—

is well defined almost everywhere in R*~', and g € B*~Y/PP(R"1).
Furthermore, the restriction mapping R so defined is continuous, that
is, there exists a positive constant C such that

IRl gs=rro0mn—1y < Cfllgen@mny forall f € H*P(R").

An elementary proof of Theorem 7.5 is given in [79, Theorem 6.6].

Under certain hypotheses on the domain €2, functions in Sobolev
spaces H*P(Q) may be extended as functions in H*?(R™). In this way,
the trace theorem remains valid for H*?(Q) and B*~1/7P(98). More
precisely, we have the following (see [2, Remarks 7.45]):

Theorem 7.6 (the trace theorem). Let Q be a bounded, C*' domain
of R*. If 1 < p < o0, then the trace map

7= (70.7) 1W2’p(Q) — Bzfl/p’p(aQ) @ Blfl/p,p(ag)

ou
u+— <Uana A >
o |90

s continuous and surjective. Here v = —n is the unit outward normal
to the boundary O$ (see Figure 7.2).

Indeed, it suffices to note that we have, by Theorem 7.2,
H*?(Q) = W2P(Q).

7.4 VMO Functions Revisited

In this last section we prove part (iv) of Examples 4.1. Namely, we prove
the following:

Proposition 7.7. We have, for 0 <0 <1,
won/%(R™) c VMO.
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o0

Fig. 7.2. The unit outward normal v = —n to the boundary 92

Proof. The proof of Proposition 7.7 is divided into two steps.

Step (1): First, we consider the case § = 1. The proof is based on
the following Poincaré inequality (see [33, Chapter 7, formula (7.45)],
[45, Chapter 1, Theorem 1.51]):

Lemma 7.8 (Poincaré). Let B be an open ball with diameter d. Let
1 < p < oo. Then we have, for all u € W1P(R"),

u—ugll, §2"_1dHVqu, (7.12)
where
5 [
ug = — [ wu(z)dz
1Bl /s
is the integral average of u over B.
By using Poincaré’s inequality (7.12) with p := n, we obtain that
/ lu(z) —up|" dx < (2”71d)n/ |Vu(x)|" dz.
B B

Hence it follows from an application of Holder’s inequality p := n and
q:=n/(n —1) (Theorem 3.14) that

/B|u(x) ~ up|dz
< (/B lu(z) — up|” dx)l/n </B dx)l_l/n
_ (/B lu(z) — up|” dx)l/n B|t1/n



7.4 VMO Functions Revisited 237

1/n n 1/n
_ n 2"nI(n/2)
<onlg. \Y% d _— B
< ( J 1vut@) w) ( e ) 1Bl
so that

lél/Bm(z) —uplde < % (5t (g))”" (/B Vu(z)" da:)l/n.

However, we find that the integral

/ |Vu(z)|" do
B
is absolutely continuous.

Therefore, we have proved that u € VMO if u € WL (R?).

Step (2): Secondly, we consider the case where 0 < 6 < 1. By
applying Holder’s inequality for p :=n/6 and ¢ := n/(n — 6), we obtain
that

/B\u(:c) —up|dr < (/B u(z) — ug|"? dx)e/n (/B dx>1e/n

6/n
— (/ |u(x)—uBn/6dx> |B|* "
B

1 1 n/e f/m
®/3|u(m)—u3\dm§ (W/BW(QC) —up| da:) .

Moreover, we have, by Fubini’s theorem (Theorem 3.10),
1 1 y 0/n
— u(z) —ugldr < —/ u(z) —u nedac) 7.13
5 )~ uslar < (7 [ 1ute) - un (713)
1 1 nfo N\ 0"
== — u(x) — u(y dyD dx
|B| </B Bl /B( ()~ ulw)
1 n/o 0/n
< | ——— u(z) —u(y)| d dx
< (BM/Q/B[/; (@)~ u()a] )
0/n
7 (e - o)
< | —— u(x) — u(y dy
(|B|1+n/9 ([ 1wte) - utw)
1-6/nqn/0 0/n
(fow) )
B
1 0/n
= [ [ o) =t e )
|B|” JBJB

so that
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However, it is easy to see that we have, for the open ball B with diameter
d,
|z —y[*" < e(n) |B]* forallz,y e B,
where
ot (3)°
T '

c(n) =

Hence, by combining this inequality with inequality (7.13) we obtain
that

0/n
1 K
|B|/B|u( —upgldx < (B| //| Ndydx)
n 0/n
// u(y)| Mdmdy .
BxB |x—y\

However, by formula (7.2) with p := n/0 we find that the integral

n/0
// u(z) — u(y)| [u@) =™, 4,
BxB Ixf y>"

is absolutely continuous.

Therefore, we have proved that « € VMO if u € Wo"/?(R") for
0<0<1.

The proof of Proposition 7.7 is complete. O

7.5 Notes and Comments

For more thorough treatments of the subject in this chapter, the reader
might be referred to Adams—Fournier [2], Aronszajn—Smith [5], Bergh—
Lofstrom [7], Stein [68], Taibleson [72] and Triebel [92].
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Maximum Principles in Sobolev spaces

In this chapter we prove various maximum principles for second-order,
elliptic differential operators with discontinuous coefficients such as the
weak and strong maximum principles (Theorems 8.5 and 8.9) and Hopf’s
boundary point lemma (Lemma 8.8) in the framework of LP Sobolev
spaces that will play an important role in the proof of uniqueness theo-
rems for the Dirichlet problem in Part IV.

Let Q be a bounded domain in Euclidean space R™, n > 2, with
boundary 02 of class C''>'. We consider a second-order, elliptic Walden-
fels integro-differential operator W with real discontinuous coefficients
of the form

Wu(z) = Au(x) + Su(xz) for x € £, (8.1)
where
= 0u " du
Au(r) = 37 aii() gt () + 3 bile) o () + ela)u(a)
ij=1 bt i=1 ’
and

sutw) = [ oy L1 Zz] (@) | K (.2 ().

More precisely, we assume that the coefficients a™ (), b*(z) and c(z) of
the differential operator A satisfy the following three conditions (1), (2)
and (3):

(1) a¥(z) € L®(Q), a¥(z) = a/(z) for all 1 < i,j < n and for

almost all z € Q and there exist a constant A > 0 such that

SlEl < Y a0 < Mgl (32)

,j=1

239
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for almost all z € Q2 and all £ € R™.

(2) bi(z) € L>=(Q) for all 1 <i < n.
(3) ¢(x) € L™(Q2) and c¢(x) < 0 for almost all z € Q.

Moreover, we assume that the integral kernel K(z,z) and the measure
u(-) of the integro-differential operator S satisfy the following two con-
ditions (4) and (5):

(4) K € L>*(R"™ x R™) with K(x,y) > 0 almost everywhere in R™ x
R, and satisfies the condition

K(r,2)=0 ifreQandz+2¢ Q. (8.3)

Probabilistically, the condition (8.3) implies that all jumps from
are within Q. Analytically, the condition (8.3) guarantees that the
operator S can be interpreted as a mapping acting on functions
w which are defined in Q.

(5) u(dz) is a Radon measure on R™ \ {0} which has a density with
respect to the Lebesgue measure dz on R™ and satisfies the mo-
ment condition

/ 2| p(dz) + / 2| p(dz) < oo. (8.4)
0<|z|<1 |z]>1

The moment condition (8.4) implies that the measure p(-) admits a
singularity of order 2 at the origin, and this singularity at the origin
is produced by the accumulation of small jumps of Markovian particles,
while the measure u(-) admits a singularity of order 1 at infinity, and this
singularity at infinity is produced by the accumulation of large jumps of
Markovian particles.

Example 8.1. A typical example of the Radon measure p(dz) which
satisfies the moment condition (8.4) is given by the formula

1
Hﬁdz fOrO<|Z|§17
z|m e
p(dz) =
Wdz for |Z‘ > 17

where € > 0.

The operator W is called a second-order, Waldenfels integro-differen-
tial operator (cf. [96], [11], [79]). The differential operator A is called a
diffusion operator which describes analytically a strong Markov process
with continuous paths (diffusion process) in the interior Q. In fact,
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we remark that the differential operator A is local, that is, the value

0 ¢ Q is determined by the values of u

Au(z%) at an interior point x
in an arbitrary small neighborhood of z°. Moreover, it is known from
Peetre’s theorem ([56]) that a linear operator is local if and only if it
is a differential operator. The operator S is called a second-order, Lévy
integro-differential operator which is supposed to correspond to the jump
phenomenon in the interior 2; a Markovian particle moves by jumps to a
random point, chosen with kernel K (z,y), in the interior Q. Therefore,
the Waldenfels integro-differential operator W is supposed to correspond
to such a diffusion phenomenon that a Markovian particle moves both
by jumps and continuously in the state space (2.

8.1 Mapping properties of Lévy operators

In this section, we consider the Lévy integro-differential operator

n 6u
sum) = [ ot 2) =) = 3 ()| Koz )

in the framework of LP Sobolev spaces. The essential point in the proof
is how to estimate the Lévy integral operator Su in terms of Sobolev
norms (Theorem 8.1). We show that the operator W = (W, vy) may
be considered as a perturbation of a compact operator to the operator
A = (A, ) in the framework of Sobolev spaces (Theorem 8.3).

8.1.1 Boundedness of Lévy operators defined on R"

Our main result in this subsection is stated as follows:

Theorem 8.1. Assume that the moment condition (8.4) is satisfied.
Then the Lévy operator

S: W*P(R") — LP(R™)

is bounded for all 1 < p < co. More recisely, there exists a constant
C > 0 such that we have the inequality

HSU’”LP(R") (8.5)

<Ol ( [ a@ s [ ﬂ(d2)> T
2121 0<z/<1
for all w € W2P(R™).
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Proof. In order to prove the LP-boundedness, we write the integral term
Su(x) in the form

Su(z) = Sju(x) + Sou(x).

Here:

Syu(x) :/|>1 u(:chZ)—u(x)szj%(x) K(z,2) p(dz),

Sou(x) := /<| - u(z + z) —u(x) — zj 5% K(z

First, we need the the following well-known lemma (see Ziemer [100,
p. 45-46)):

Lemma 8.2. Let 0 <y <1and1<p<oo. If we let

Tn(f)(z) = f(z +h) = f(x) forh cR",

then there exists a constant C > 0 such that

10 ()l v < CIR I 10 (8.6)
for all f € H*7P(R").
(1) First, we estimate the norm [|Syul|p, gay: If we let
nle)i= [ fule+2) (o) (d2)
[z[>1
and

g2(z) =

d
6% \/ 55| ldz)

then we have the inequality

1S1u(z)] < [|K]| (91(2) + g2(2)) - (8.7)

However, it follows from an application of Minkowskii’s inequality for
integrals and inequality (8.6) with ~ := 0 that

lovsoim < [ ( | a2~ @)y dx)l/p wd) (58

<c ( / B u(d2)> [ I—
[z|>1
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Here and in the following the letter C' denotes a generic positive constant
independent of u € W2P(R").
Moreover, we have the inequality

3 / 1l () (8.9)

Lr(Rm) \ j=1 72|21

<c ( / 1 u(d2)> T
|21>1

By combining inequalities (8.7), (8.8) and (8.9), we obtain that

l92ll Lo oy <
Lr(R") 895]

1810l ey < 1K Lo (91110 ) + 1920 2 e ) (8.10)

S COlK] o (/ - 2| M(d2)> lull o meny -

(2) In order to estimate the norm ||Szul[,, by using Taylor’s formula
we obtain that

u(e +2) — ulz) - sz(f;;@)

zn:z/ <axJ ertz)aa;j;(x)) n

Jj=1
Hence we have the inequality

|Szu(z)]

ou

< K], / [ S +12) = S (@) () .
Z 0<|z|<1 Iz
By Minkowskii’s inequality for integrals, it follows that

HS2U||Lp R") (8.11)
n ou p 1/p

< C|K| / / (/ m+t) —(x) d:c)

0<|z|<1 Zl O
x u(dz) dt.

However, by applying inequality (8.6) with v := 0 we obtain that

n

S ([, o

7j=1

61‘] Z
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< Ct|z|i
j=1

< Ctlz| [lully2pgny forall0<t<1.

o
81‘]'

Wl,p(Rn)

Therefore, we have, by inequality (8.11),
||52u||LP(R") (8.12)

1
2
SC’HKHOOHuHWz,p(Rn)/O /0 | |<1t|z\ p(dz)dt
<|z|<

1
=5 CIK]. ( / Fi u(d2)> [
0<|z|<1

The desired inequality (8.5) follows by combining inequalities (8.10)
and (8.12):
||SUHLP(R”)

< ||Slu||LP(R") + ||S2u||Lp(Rn)

<Kl (/ o] utds) + | |Z|2u(d2)> I
2121 0<|z|<1

The proof of Theorem 8.1 is complete. O

8.1.2 The case of a bounded domain
In this subsection, we prove the following version of Theorem 8.1 with

respect to the bounded domain :

Theorem 8.3. Assume that the moment condition (8.4) is satisfied.
Then the operator

S W2P(Q) — LP(Q)

is bounded for all 1 < p < oco. Moreover, if n < p < oo, then the
operator

S W2P(Q) — LP(Q)
1§ compact.

Proof. The proof of Theorem 8.3 is divided into two steps.
Step 1: By restriction arguments, we find from inequality (8.5) that
the operator

S WEP(Q) — W2P(R™) -2 LP(R") — LP(Q)
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is bounded.
Step 2: In order to prove the compactness, we make use of Bony—
Cowrrege—Priouret [11, Théoreme XXI]. We show that the operator
S WP(Q) — LP(Q)

is compact for n < p < oco.
We recall that K(z,2) = 0 if z + 2 ¢ Q. Hence there exists a compact
set M C R"™ such that

Su(x) = /M u(z + z) —ul(x) — Z zjg;(x) K(z,2) p(dz)

j=1

may be interpreted as a mapping acting on functions v defined Q. In-
deed, we may take

M=U,g{Q—z}
First, we take a smooth function x in C§°(R) such that
1if |t <1,
t) = B
x() {o if [¢] > 2.

For every 0 < e < 1, we let

-1 ().

0 if 2] <e,
(I)a(z):{ ||_

1 if |z] > 2e.

We remark that

Moreover, by Dini’s theorem it follows that the sequence ®.(x, z) con-
verges uniformly to 1 for z # 0, as ¢ | 0.

Now we introduce a family of truncation operators given by the for-
mula

n

So, u(x) = /M u(z + z) —u(z) — Z zjaa;;(m) K(x,2)0.(z) p(dz).

Then it is easy to see that the operator
Sp. : CH(Q) — L™(Q)
is bounded. Indeed, we have, by the mean value theorem,

S, u(z)|
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- ou
< [ Jute+2) = ute) = 3 @) 1K (w2 @22 n(a2)

j=1 /

< /zeM,zzs lu(z + z) — u(x)| | K (x, 2)| p(dz)

ou
%j(x)

EM,|z|>e

< ClK| o (/ . || u(d2)> luller @)
zeM,|z|>e

1
< C|IK]., ( [ ruan s [ u(d2)> lellen
e<|z[<1 |z[>1

for all z € Q.

+ 2] [ K (2, 2)| p(dz)
2 ”

Since the embedding W?2?(Q2) — C'(Q) is compact for n < p < o0
and since the embedding L (§2) < LP(2) is continuous, we obtain that
the operator

Sp. : WHP(Q) — LP(Q)

is compact. The situation can be visualized as follows:

Se. : W2P(Q) e CHQ) 225 L(Q) —s LP(Q).
compactly

On the other hand, we obtain from inequality (8.5) that
1So.ull o) < Cllullyzn) forallue W2P(Q) and all 0 < e < 1.

Furthermore, it follows from an application of Lebesgue’s dominated
convergence theorem that

Se, — S asel0 (8.13)

with respect to the operator norm in the space £ (W?%?(Q), LP(f)) of
bounded linear operators on W2P?(2) into LP(£2). Indeed, just as in the
proof of inequality (8.5) we obtain that

[Su — S‘i’su”Lp(Q)

<oKL, ( Lo (B [ () u(d2)>

X ||U||W2,p(g) for all u € W2P(Q).
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However, by condition (8.4) it follows from the Lebesgue dominated
convergence theorem that

lim </z|21 2] x (|€Z|> p(dz) + /0<|Z|§1 |2 x ('2') u(d2)> =0.

Summing up, we obtain from assertion (8.13) that the operator
S W2P(Q) — LP(Q)

is compact for n < p < oo.
The proof of Theorem 8.3 is complete. O

Furthermore, we can obtain an L*°-version of Theorem 8.1 as follows:

Lemma 8.4. For every € > 0, there exists a constant C(e) > 0 such
that we have, for all u € C%(Q),

[ Sull () (8.14)
1
< 50(5) 1Kl ||v2u||L°°(Q) +C@) 1K ||VUHL°°(Q) )
Here

o) = | L )

Proof. For each € > 0, we decompose the integral term Su(x) into the
two terms Sél)u and S§2)u as follows:

Su(z) = SWu(z) + SPu(x).

Here:

SMy(z) := /0<| - u(r + 2) —u(x) — szaa;(x) K(xz,z) p(dz)

1
= / (I—t)dt / 2 V2u(z +t2)z K(z, 2) p(dz)
0 0<|z|<e
and

SPy(z) = / N (u(z + 2) —u(x) — z- Vu) pu(dz).

(1) First, we have the inequality

1 5 )
<5 I dz) | ||V 8.15
‘ Lr(Q) ~ 2 15 o <~/0<z§s |27 Z)> H uHLoo(Q) ( )

Sgl)u‘
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1
5
By condition (8.4), it follows from an application of Lebesgue’s domi-
nated convergence theorem that

) 1K lloo [V o -

Llﬁ)lo’(&) =0. (8.16)

(2) Secondly, we rewrite the term SéQ)u in the form

) = [ w2 e +2) - ) i)
D SR (@) )
:= A(x) + B(z).

Then, by using condition (8.4) we can estimate the term B(z) as
follows:

n

|B(z)] < K(z,z)|z| - )

|z|>e

Jj=1

<Kl </|| |Z|M(dz)> IVull Lo (@)
z|>e

= 6(2) | Kl IVl ooy for all 2 € 2,

where
1) = zZ| W dz).
(6) L>5 | | ( )

However, the term () can be estimated as follows:

5(e) = /| BECCE / 2] pu(d)

e<|z|<1

1
<[ Fu D [ P
|z[>1 € Je<lzI<1

1
<[ lu s [P
|z|>1 € Jo<|z|<1

C
202_’_71.
e

Hence we obtain the inequality

C
Blimm < (24 ) WKL Vulime. (81)
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On the other hand, by Morrey’s imbedding theorem (see [2, Lemma
4.28], [33, Theorem 7.17], [80, Lemma 4.7]) we can find a constant C' > 0
such that

lu(z + 2) —u(x)] < C |Z|lin/p IVull 1o (q) -

Hence it follows that
|A(z)| < . K(z,z) (u(z + 2) — u(x)) p(dz)
z|>e€
<C|K].. /| R ) [Vl
z|>¢e
1
=C| K| s |2] - W p(dz) ||vu||LP(Q)
z [

ClIElL,
< == | [ Flu) )19l
ClK|

= 5(e) T b |,
< )C” oo [Vull o) forall z € Q.
This proves that
C C
Al < (S +02) D jvuty e sa9

= C: 1Kl IV ull Lo e
< O ||K | o C3 19207 [V o g +

Ce: ¢ <a+02>

5”/1)

where

and |Q?| is the volume of the domain €.
By combining estimates (8.17) and (8.18), we obtain that

with some constant C'(g) > 0 depending on e.
(3) The desired estimate (8.14) follows by combining estimates (8.15)
and (8.19):

(2)
S uHLoo(Q) < M Allpo @) + 1Bl () (8.19)

< C@) Koo IVl oo (@

1Sl o) < 1S ul| oo () + ISP U] £ (@)
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1
< 50(e) 1Kl IV2ul| e ) + CE) 1K |0 1Vl e )

The proof of Lemma 8.4 is complete. O

8.2 Weak Maximum Principle

The purpose of this section is to prove a variant of the weak maximum
principle in the framework of LP Sobolev spaces, essentially due to Bony
[9] (cf. [9, Théoreme 2], [33, Section 9.1, Theorem 9.1], [93, Chapter 3,
Lemma 3.25]):

Theorem 8.5 (the weak maximum principle). Assume that a function
u € W2P(Q), with n < p < oo, satisfies the condition

Wu(x) >0 for almost all x € Q. (8.20)
Then we have the inequality

maxu < max u+,
Q o0
where
ut(x) = max{u(z),0} forx € Q.

Here it should be noticed that we have, by Sobolev’s imbedding the-
orem (see Theorem 7.3),

wr(Q) ¢ C1(Q),

since 2 —n/p>1forn < p < 0.
The proof of Theorem 8.5 is divided into Step (I) and Step (II).
Step (I): The next lemma, due to Bony [9, Théoreme 1], plays an
essential role in the proof of Theorem 8.5 (cf. [93, Chapter 3, Lemma
3.24]):

Proposition 8.6 (Bony). If a function u € W2P(Q), with n < p < oo,
attains a local mazimum at a point xg € ), then we have the assertion

. . - i 82114
limessinf,_,,, Z a'(x) (x)

Py 8$28$J
n B aQu
i sinf ij
[}ﬁ)l €SSINI B(zg,p) ”zz:l a” () 0x;0x; (@)

<0

)
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where B(xg, p) denote the open ball of radius p about xo. More precisely,
for every neighborhood U(xo) of xo there exists a subset M of U(xy), with
positive Lebesgue measure, such that

z”: a' () O () <0 forallz e M
“ 61‘2833] - '
2,7=1
Proof. The proof of Proposition 8.6 is divided into four steps.

Step 1: First, we may assume that u € W2P(Q) attains a strict local

maximum at a point xg € €. Indeed, if we consider the function

u(z) == u(z) — p(x) = u(z) — |x — zo|* forz € Q,
then it is easy to verify that & € W2?(Q) attains a strict local maximum
at a point xg and further that
n ~
. 0%u
li inf t
imessinf, ., Z a(x) 007, (x)
i,5=1
n
” 0?u
— lim ess inf i
imessinf, ., Z a'(x) D007, (x),

ij=1

since we have the assertion

n B 82()0
limessinf, ., Z a’ ()

ij=1

Step 2: Now we assume that u € W?2P(Q) attains a strict local
maximum at the point z in an open neighborhood U(zg in Q. We
define the upper contact set W of u by the formula

w (8.21)
={x € U(xo) : u(y) <ulx) + (Vu(zr),y —x) forallyc Q}.

Then we can find a constant r > 0 such that we have, for each n € R"
satisfying |n| < r,

u(x) < ul(xg) + (n,x —x0) forall x € Q. (8.22)

If we let
o(x,n) =u(x) — (z,n) forz e,

then inequality (8.22) can be rewritten in the form

o(xz,n) < o(xg,n) for all z € Q.
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This implies that the function ¢(z, n) takes its maximum in the interior
Q. Hence there exists a point z € §2, depending on 7, such that

e(y,n) < ¢(x,n) forally e,
or equivalently, we have, for each n € R" satisfying |n| < r,
u(y) <u(@)+ (n,y —x) forallyeQ. (8.23)
In other words, we may translate vertically the plane
z=u(z)+ (ny—x)
to the highest such position z, that is, the surface
z=u(y) foryeQ,

lies below the plane.
More precisely, we have the following claim (see [9, Lemme 2]):

Claim 8.1. n = Vu().
Proof. If we let

O(y) = u(@) —uly) + (n,y —7) fory e,
then it follows from inequality (8.23) that
d(y) >0 forallyeQ,
o(z) =0.
This implies that V,®(Z) = 0, so that n = Vu(Z).
The proof of Claim 8.1 is complete. O
By Claim 8.1, we can rewrite inequality (8.23) as follows:
w(y) < u(@) + (Vu(z),y —x) forallye Q.

This proves that z € W.

Summing up, we have proved the following claim:
Claim 8.2. Let W be the upper contact set of u defined by formula (8.21).
Then we have, for some constant r,

B(0,r) C {Vu(®): 7 € W).

Step 3: We prove that the Lebesgue measure of |W)| is positive. To
do this, we introduce a mapping

F:U(zg) — R"
x — Vu(z),
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where u € W2P(Q) with n < p < co. Then we have, by Claim 8.2,
B(0,r) C F(W).

This proves that |F(W)| > 0, since the set F'(W) contains the open ball
B(0,r).

Furthermore, the next lemma, due to Bony [9, Lemme 1], proves that
[W| > 0:

Lemma 8.7 (Bony). Let F = (f1, fa, ..., fn) be a WYP mapping of an
open subset 1 of R™ into R™, where n < p < co. If S is a subset of
zero Lebesgue measure, then the Lebesque measure of the image F(S) is
equal to zero, that is,

S| =0 = |F(S)| =0.
Proof. (1) If v > 0, we let (see Figure 8.1)

C, :=a compact cube with sides parallel to the axes

and non-empty interior, with side length ~,

and we estimate the Lebesgue measure p(F(C,)) of the image F(C,):
F(C"/) = {(f1($)7f2($)7 ct fn($) HEARS C’Y}

Fig. 8.1. The compact cube C, with sides parallel to the axes and the image
F(C,)

To do this, we make use of a special case of Morrey’s theorem (see [2,
Lemma 4.28], [33, Theorem 7.17]; [80, Lemma 4.7]):

Claim 8.3 (Morrey). Let © be a cube in R™ and n < p < oco. Then

there exists a positive constant C' = C(p,n) such that we have, for all
u € WhHP(Q),

lu(z) — u(y)|

su < ClIVull;rpon - 8.24
m,g;éé%) ‘m_y|1_n/p = || ||L Q) ( )
Y
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Proof. By a density argument, it suffices to show that we have, for all
u e CHQ),

() = uly)| < C[Vull ooy lr =y =7 forz,y e (3.24)

Furthermore, by a non-singular linear transformation we may assume
that € is a cube having unit side length.

For 0 < t < 1, we denote by @Q; a subset of 2 which is a closed cube
having side length ¢ and faces parallel to those to Q. If z, y € Q and

o:=|r—y| <1,

we can find a cube @, such that =, y € @Q,. Then we have, for all
z € Qo,

1
u(z) —u(z) = —/ iu(a: +t(z—x))dt
1 n
0
= —/ Z(z] —xj)- —u(a: +t(z —x))dt,
0 4 D
and so, by Schwarz’s inequality (Theorem 3.14 with p = ¢ := 2),

lu(z) —u(z)] < \/ﬁa/o [Vu(z +t(z — x))| dt.

Hence it follows from an application of Hélder’s inequality (Theorem
3.14) with ¢ := p/(p — 1) that

(8.25)

_ Uin/ (u(x) — u(z)) d=
< [ Ju@) - uz)dz
7" JQ,
< U\ﬁ /QG dz/o V(e + (= — 2)| dt

:JT\/E 01 (/ |Vu(a:+t(z—x))|dz) dt

o

v .
- (/Q wﬂ”)xwmdc)t ar

2 |Vu<z>|ﬂdz)1/p [ 7 0@+ 1 el

IN
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vn (/Q|Vu(z)|pdz>1/p/01t_"((to)")l/q dt

= O-n—l

= Kol™n/P IVull o) »

with
Vnp
p—n’

1
K :=K(n,p) = \/ﬁ/ Pt =
0

Similarly, we have, with y in place of = in inequality (8.25),

u(y) — i/ u(z)dz

O—n

< Ko'=m/? HVUHLP(Q) : (8:26)

o

Therefore, by combining inequalities (8.25) and (8.26) we obtain that

u(x)—in/ u(z)dz| + in/ u(z) dz—u(y)‘

ju(a) ~ uly)] < - -

o o

< 2K || V|| oy ot P
= 2K ||Vl 1p(q) |z — y[*="/P for all x, y € Q.

This proves the desired inequality (8.24") with C' := 2K.
The proof of Claim 8.3 is complete. O

By applying Claim 8.3 with
n=n, Q:=0, wu:=fiforl<i<n,
we obtain that, for some positive constant K = K (p, n),

osc fi = sup |fi(x) = fiw)] < KV (V fill oo,y (8:27)

z,y€Cy
1< <n.

Since the Lebesgue measure p(F(C,)) is estimated by osc f1 x osc fo
-+ X 0sC fp, it follows from an application of inequality (8.27) that

[F(Cy)] (8.28)
< Kraynon/e) IVFillzeeyy % - X IV Falle e, -
(2) Now we assume that
|S| = 0.

Then, for any € > 0 we can find a family of non-overlapping cubes C,
with side length ~,, @ € A, such that

Sc | Ca,

aEA
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Sopee
acA

By the subadditivity of the Lebesgue measure, it follows from inequality
(8.28) that

[F(S)] (8.29)
<Y IF(Ca)
acA
< K™Y ARV e X - X IV allzeen)
aEN
n/p
< K" 3t (195w + -+ IV allne)
acl

However, by applying a discrete version of Holder’s inequality (Theorem
3.14) to the last term of inequality (8.29) we obtain that

. n/p
S0 (19 Fallony + -+ IV Fallonicy) (8.30)
a€A
1-n/p n/p
< (Z 72) (Z (HVfIHLP(C +.oF ||an||1£p(ca)>>
a€cA aEN

1-n/p
n/p
S (Z 73) (”vfl”ip(uagj\ca) +...F va"”ip(UaeACa))

aEA
n/p
e IV S gy + -+ IVl

Therefore, we have, by inequalities (8.29) and (8.30),
|F(S)]

< K" Z m’;(l‘"/p) (valan(CQ) XX vanHLP(C,y))

aEA

n/p

n/
<K (3 (Il + o+ IV Fallnien))

acA

<K (Ve + o+ IVl o))

n
= K" IV o)

n/p

This implies that |F(S)| = 0, since € > 0 is arbitrary.
The proof of Lemma 8.7 is complete. O
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By applying Lemma 8.7 to our situation, we obtain that |W| > 0. In
other words, for every neighborhood U(xg) of z( there exists a subset
W of U(xp), with positive Lebesgue measure, such that

u(y) < wu(z) + (Vu(x),y—z) forallz € Wandallye Q. (8.31)

Step 4: Moreover, we need the following claim (see [16, Theorem 12],
[45, Theorem 1.72]):

Claim 8.4 (Calderén—Zygmund). If u € W2P(Q) with n < p < oo, then
it is almost everywhere two times differentiable in the usual sense.

By Claim 8.4, we may assume that u(x) is two times differentiable
almost everywhere in W.

Now we take an arbitrary vector £ in the unit sphere X,,_; in R", and
let

o(t) :=u(z +t&) for x € M and |t| < dist (z, dU ().

By the change of variables, we may assume that, at almost all x €
W each first partial derivative du/0z;, 1 < i < n, has a directional
derivative with respect to £ in the usual sense. Then we have, by Taylor’s
formula,

t2 9%¢

2
(0)+§ﬁ(0)+0(t) ast—>07

99

8(t) = 6(0) +t 5

that is,

2 <~ 0%u 9
u(z +t§) = u(z) + (Vu(z),y —z) + 5 Z 8,7( )&i&5 + o (t7)

ast — 0.

By inequality (8.31) with y := = + t£, we have, for any given vector
5 6 E’n—lv

Z az a% x)& & <0 for almost all z € W. (8.32)

1,5=1

Let {¢™} be a countable dense subset of X,,_;. By assertion (8.32),
for every neighborhood U(zg) of xo we can find a subset M of U(xo),
with |M| > 0, such that

Z g(") g(”) <0 forallz € M and all €™ € 5,,_;.
2 83016303
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By passing to the limit in this inequality, we obtain that

n
0%u

8'12-8%-

(£)6:6, <0 forallz e M and all € € X, ;.

Summing up, we have proved ([9, Proposition 1]) that, for every neigh-
borhood U(xg) of xy there exists a subset M of U(xzg), with |M| > 0,
such that the Hessian matrix

(352'251;;' (x))

is negative semi-definite for all x € M.

On the other hand, condition (8.2) implies that the matrix (a%(z)) is
positive definite for almost all z € Q.

Therefore, for every neighborhood U(zg) of zg we can find a subset
M of U(xg), with |[M] > 0, such that

" 0%u
i < for all M.
jz::la (z) 203, (x) <0 forallx e

The proof of Lemma 8.7 is complete. O
Step (II) (End of Proof of Theorem 8.5): We divide the proof of

Theorem 8.5 into Case II-1 and Case II-2.
Case II-1: First, we consider the case where

I 0%u "L Ou
— E ij vw § : i
Aou: a”(z) 02,0z * P b (x)ﬁmi’

i,j=1

Wou := Agu + Su.

(1) We assume that a function u € WP (1), with n < p < oo, satisfies
the condition

Wou(x) = (Ao + S)u(z) >0 for almost all z € Q, (8.33)

and takes a local maximum at an interior point zg € £2. Then we have,
by Proposition 8.6,

LA 0%u
limessinf, .4, Z a’(x) (z) <O0. (8.34)
ij=1 81;1-63:]»

However, it should be noticed that

bi(z) € L®(Q),
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ou
8l‘i

(z9) =0, 1<i<nm.

Therefore, we obtain from assertion (8.34) that
limessinf, ., Aou(z) <0. (8.35)
On the other hand, it follows from inequality (8.31) that

Su(x) (8.36)

- ou
= w(x + z) —u(x) — zi— () | K(x,z) u(dz
Jorey [+ 2) =@ =305 ) | K2yt

<0 forallxeW.
(2) We choose a positive constant v so large that

7> Aot (8.37)

||L°O(Q)’

and let, for any ¢ > 0,
Ue(x) = u(x) + 7L,

Then, by conditions (8.2), inequalities (8.33), (8.36) and (8.37) we can
find a constant n = n(e) > 0 such that

Agu.(z) = Agu(z) + ¢ [a" (z)7? + b (z)y] ™
> —Su(z) + ¢ [a' (z)7* + b (z)7] ™

A2

T

RESE

> [au(x)fyz + bl(ﬂf)’Y] e >e ||b1HL°°(Q) Tl €

>n(e) >0 for almost all z € Q.

In view of inequality (8.35), this proves that the function wu.(x) does
not take a maximum at any interior point of 2. Hence we have the
inequality

Ue(x) = u(x) + e’ < max (u(y)) +ee’') forallz € Q. (8.38)
ye

Therefore, by letting € | 0 in inequality (8.38) we obtain that

< for all Q.
u(z) < max u(y) forall z €

This proves that

max 4 = max . (8.39)
Q o
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Here it should be emphasized that we do not make any regularity as-
sumption on the boundary 0.
Case II-2: Secondly, we consider the general case where

A= Z aij( 33: ox; Zbl 83: (z).
i i

ij=1 i—1

Here we recall that c¢(z) € L (Q2) and ¢(x) < 0 for almost all z € Q.
We assume that a function v € W2P(Q), with n < p < oo, satisfies
the condition

Wu(z) = (A+ S)u(z) >0 for almost all z € Q. (8.20)

(1) If u(x) <0 in £, then it follows that

maxu < 0 < maxut.
Q o0

Q
(2) We consider the case where the subdomain
T ={zecQ:ulx) >0}
is not empty. If we define a differential operator

n n ; 8
Ag=A—cl@ Z 8x8xj+zb(x)8xi’

then it follows from condition (8.20) that

(Ao + S) u(x) = Wu(z) — c(z)u(z) > —c(z)u(z)
>( for almost all x € Q7.

Hence, by applying assertion (8.39) to our situation we obtain (see Figure
8.2 below) that

maxu = maxu = maxu = maxu+

Q ot o0+ 0N
Summing up, we have proved the desired inequality

maxu < max ut.
o9

Q

Now the proof of Theorem 8.5 is complete. O
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Fig. 8.2. The subdomain Q" = {u > 0} of Q

8.3 Hopf’s Boundary Point Lemma
In this section, we study the inward normal derivative du/On(xj) at
a boundary point z{;, where the function u(z) takes its non-negative
maximum.
The Hopf boundary point lemma reads as follows (cf. Hopf [34],
Oleinik [54]):

Lemma 8.8 (Hopf). Assume that a function u € WP(Q), with n <
p < 00, satisfies the condition

Wu(x) >0  for almost all x € . (8.20)

If u(z) attains a non-negative, strict local maxzimum at a point xjy of 0,
then we have the inequality

ou
8—11(3:3) <0, (8.40)
where n = (ny,na,...,ny) is the unit inward normal to the boundary

0 (see Figure 8.8 below).

Proof. By Theorem 8.5, it suffices to consider the case

{u(a:f)) =m = max, g u(z) >0,

8.41
u(y) < u(zy) for all y € Q. (8.41)

The proof of inequality (8.40) is divided into three steps.
Step 1: By condition (8.41), we can find an open ball B(y,r) con-
tained in the domain 2, centered at y, such that (see Figure 8.4)
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oN

Fig. 8.3. The unit inward normal n to the boundary 99 at x|,

(a) The point z{, is on the boundary S(y,r) = {z € Q: |z —y| =1}
of B(y,r);
(b) n = s(y — ) for some s > 0.

Fig. 8.4. The open ball B(y,r) contained in the domain 2 centered at y

Step 2: Near the boundary point z(,, we introduce local coordinate
systems (2, z,) such that 2’ = (z1,22,...,2,—1) give local coordinates
for the boundary 99 and that (see Figure 8.5 below)

Q={(a,z,):z, >0},
00 ={(2',2,) : x, = 0},
xy = (0,...,0,0),
y=(0,...,0,7),

lzg —y| =7

Now we introduce a function v(x) by the formula

v(r) =v(a',zn) = exp [f'y|1' — y|2] — exp [—’sz} , (8.42)
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Tn
T B(y7 T)
Q= {xn > 0} / ™
{ Te '
oN=A{z,=0
{ } ~ —_’,r x/ — (xl’ .. ’ljn_l)
0

Fig. 8.5. The local coordinate systems (x’,z,) such that Q = {z, > 0} and
o0 = {z, =0}

1
0<R< oL
where 7 is a positive constant to be chosen later on. Then it is easy to
see that

n

0= 32 o010 + Tt

ij=1 i=1

+c(x)v(z) (8.43)

n

= exp [*’Y|$ - y|2] X [4’72 Z aij(z)(zi - yi)(xj - yj)

2 (Z (a” (@) + b () (zi — yz))) + c(z)v(x).
i=1

However, we have, by formula (8.42) and condition (8.2),

v(z) <exp[—ylz—yl’] forallzeQ,

and

n

Z a(z)(z; — yi) (x5 —yj) > \x —y|? for almost all z € Q.

ij=1
Hence, it follows from formula (8.43) that
Av(z) (8.44)
> exp [—|z — yf’]

X lllfbs —y2 =2y (Z (a”(z) + 0" (z) (2 — yi)]) + c(x)|>]

i=1

for almost all xz € Q.
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Moreover, for any p > 0, we can choose a constant v = ~(p) so large
that we have, for p < |z —y| < R,

4 2 n .. .
—le -yl -2y (Z (a'* (@) + b/ (2) (= wi)]) + |c<x>|> (8.45)
=1
0% - i i
> DUt 2y Z (Ha HLOO(Q) + | Hb HLW(Q) R) + HC||L°°(Q)
i=1

>0 for almost all z € Q.

Therefore, by combining inequalities (8.44) and (8.45) we obtain that,
for any p > 0 there exists a positive constant v = (p) such that (see
Figure 8.6)

Av(z) >0 (8.46)
for almost all z € Ty :={z € Q: p < |z —y| < R}

Fig. 8.6. The annular domain I',r = B(y, R) \ B(y, p)

On the other hand, by combining inequality (8.14) with assertion
(8.16) we can find that, for every small n > 0 there exists a constant
Cy, > 0 such that

|Sv(@)| < (172 + Cyy) exp [—y]z — ] (8.47)
for almost all z € T, :={2€ Q:p< |z —y| <r}.
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Therefore, by taking

_ 2
=5

A
7>ﬁ(C+C’n),

we obtain from inequalities (8.46) and (8.47) that
Wo(z) = Av(z) + Sv(z)

(x) = |Sv(@)|

p?

> Ay
< 7= (C+Cy) >eXp[7|xyl2}

2p? AMC+Cy)
== (W SRy 1 > exp [z =yl

265

(8.48)

>0 foralmostallzel,, :={z€Q:p<|z—y|<r}

Step 3: Without loss of generality, we may assume that, for 0 < R <

1/2 sufficiently small,
u(z) <u(xzo) in B(y, R).
If e > 0, we let
w(z) = u(z) — u(zg) + ev(z).
(a) First, we have, by condition (8.49),

(8.49)

w(x) = u(x) —u(zo) +ev(z) <0 on Sy, p) ={z€Q: [z -yl =p},

if € > 0 is chosen sufficiently small.
(b) Secondly, it follows that

w(z) = u(z) — u(zg) + ev(x)

<0 onS(y,r)={z€Q:|lz—y|=r},

since v(z) = 0 on S(y,r).
Hence we have, by assertions (a) and (b),

w(z) <0 ondl',, =S(y,p)US(y,r).

On the other hand, by conditions (8.20) and (8.48) it follows that

Wuw(z) = Wu(z) + eWo(z) —u(ze) (W1) (z) > eWo(z) —

> —c(z)u(xp)

>0 for almost all z € 'y, = B(y,r) \ B(y, p).

c(x)u(zo)
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Therefore, by applying Theorem 8.5 with Q :=1I",, we obtain that

(¢) On the other hand, we have, by formula (8.38),

w(zg) = ev(zg) = 0. (8.51)
Therefore, it follows from assertions (8.50) and (8.51) that
ow ou v
87n(x6> = 871%) +5%($6) <0. (8.52)
However, we have, by formula (8.42),
8v a2
a—n( 0) =2yre™ " > 0. (8.53)
Summing up, we obtain from inequalities (8.52) and (8.53) that
ou , , ov, , 2
< e () = —2 7’ .
n (x5) < ©3n (xp) eyre <0
Now the proof of Lemma 8.8 is complete. O

8.4 Strong Maximum Principle

Finally, we can prove the following strong maximum principle for the
operator A ([9, Théoreme 2]):

Theorem 8.9 (the strong maximum principle). Assume that a function
u € W2P(Q), with n < p < oo, satisfies the condition

Wu(z) >0 for almost all x € Q. (8.20)

If u(x) attains a non-negative maximum at an interior point of Q, then
it is a (non-negative) constant function.

Proof. Our proof is based on a reduction to absurdity. We let
m := maxu(z) > 0,
zeQ
S :={z € Q:ulx) =m},
and assume, to the contrary, that
S

Since S is closed in €2, we can find a point xy of S and an open ball
B(y, R) contained in the set 2\ S, centered at y, such that (see Figure
8.7)
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(a) B(y, R) C Q\S;
(b) z is on the boundary S(y, R) = {z € Q: |z — y| = R} of B(y, R).

S={zxeQ:u(zx)=M}
Fig. 8.7. The open ball B(y, R) contained in the set Q\ S, centered at y

By applying Hopf’s boundary point lemma (Lemma 8.8) with Q :=

B(y, R), we obtain that
n
Ou
;i — .54
.Zyl o, (z0) <0, (8.54)
i=1
where
Y=o
v= .
ly — ol

However, since u(xg) = m for some interior point zy € €, it follows that

ou
3:@-

(z0) =0, 1<i<n.

Hence we have the assertion

" ou

This contradicts inequality (8.54).
The proof of Theorem 8.9 is complete.

8.5 Notes and Comments

The results of this chapter are adapted from Bony [9], Bony—Courrége—
Priouret [11], Troianiello [93] and also Taira [73], [79], [81] and [82].








