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We investigate the Coulomb effect on the dynamics of atoms in a strong elliptical laser field by
solving the three-dimensional time-dependent Schrödinger equation with and without the photo-
electron core Coulomb interactions and find that the Coulomb effect plays an important role for the
excitation and ionization processes while it is less important for the high-order harmonic generation.
Our calculation results can serve as a benchmark for other approximative methods. Looking at the
photoelectron momentum distribution, we find that the Coulomb effect is important for the mo-
mentum distribution in the polarization plane and less important for the momentum distributions
along the normal direction perpendicular to the polarization plane. Similar to the photoabsorption
in a weak field, we demonstrate that the excitation and ionization can be treated in a unified way,
which implies the low energy photoelectron distributions can be connected with the populations of
highly excited states.

I. INTRODUCTION

The interaction of light with atoms is of a great scien-
tific interest in understanding the response of matter to
an external electromagnetic field. Ionization and excita-
tion are essential parts of photoabsorption. For a weak
field, the electron external interaction can be treated per-
turbatively and atomic structures play an important role.
It is well-known that the discrete absorption spectrum of
an atom has intimate relations with the photo-ionization
spectrum in the continuum energy region, which is deter-
mined in essence by the long-range Coulomb interaction
[1]. Such understanding greatly simplified the theoret-
ical description of the weak electromagnetic interaction
with atoms and is the foundation of the multi-channel
quantum defect theory [2–4], in which the excitation and
ionization can be treated in a unified way.

In contrast, when the external electromagnetic field
becomes strong, perturbative theory fails. Many unique
aspects of intense light-matter interaction at atomic and
molecular levels have been discovered over the last few
decades, including the above-threshold ionization (ATI)
[5, 6], high-order harmonic generation (HHG) [7–9], and
so on. These phenomena are later found to be very im-
portant to many technological breakthroughs and attract
many research interests. For example, ATI process can be
used to image the atomic or molecular structures [10–12],
and the HHG process is crucial for converting an infrared
(IR) laser into a soft x-ray laser [13] or attosecond pulse
[14, 15].

In view of these activities, the development and ap-
plication of different complementary theoretical meth-
ods for the analysis of laser-driven nonlinear processes
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in atoms and molecules is of a great interest. It has
been generally accepted that most of the physical pro-
cesses for atoms in a strong field can be understood by
the three-step model [16] or explained by the strong field
approximation (SFA) [17–20], in which the photoelectron
parent core Coulomb interaction is ignored. Some more
quantitative approaches include, among others, approxi-
mative but powerful multi-photon and tunneling ioniza-
tion formulas (ADK theory with its variants) [21–26],
non-perturbative Floquet methods [27, 28], semiclassical
approximation methods [29], classical-trajectory Monte
Carlo simulations [30, 31], as well as ab initio numerical
methods to solve the time-dependent Schrödinger equa-
tion (TDSE) [32–39]. The TDSE method should be the
most accurate one for the description of strong field in-
teraction with atoms. However, even for the simplest
one-electron hydrogen atom which can be studied ana-
lytically for the ground and excited states without an ex-
ternal field, its interaction with a strong laser field, espe-
cially with an elliptical laser field, cannot be treated eas-
ily even with a modern computer. Because the electron
moving over a large distance can still be driven back to
the parent core by the laser field, we have to describe the
electron motion in a large space numerically. For an atom
in a linearly polarized laser field, due to the cylindrical
symmetry, it is a two-dimensional (2D) time-dependent
problem while for atoms in an elliptical field, it is a three
dimensional (3D) time-dependent problem. This makes
the numerical simulation more difficult. Thus, many pre-
vious TDSE studies were mainly focused on solving 2D-
TDSE [32–37], which limits our knowledge of the strong
field atom interactions. Recently, combined with a sec-
ond order-split-operator method [40], we extended our
2D generalized pseudo-spectral time-dependent method
[37] to a 3D time-propagator [39]. With this generalized
3D time-propagator, in principle, we can study most dy-
namical processes of atoms in any kind of time-dependent
[41] or time-independent external fields [42, 43].
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We note that in most of the above mentioned qualita-
tive and approximated quantitative theories, the photo-
electron parent core Coulomb interaction is completely
ignored. Recently, more detailed measurements [44–
46] showed that the ignored Coulomb interaction plays
an important role for the low energy ATI spectra [47–
50]. Then it is natural to raise the question on whether
the long-range Coulomb interaction in the strong field
physics would play a similar role as that in the weak field
case. As the 3D-TDSE calculations can serve as a bench-
mark for other approximative methods, it is interesting to
make a comparative study on the role played by the long-
range Coulomb potential in the non-perturbative light–
atom interactions. In this work, we will make a com-
prehensive study on the interaction between a hydrogen
atom and a strong elliptical laser field. We will mainly
focus on the Coulomb effect and the relations between
the photoexcitation and ionization of atoms in a strong
field.

II. THEORETICAL METHOD

The dynamic properties of hydrogen atoms in an exter-
nal field can be obtained by solving the time-dependent
Schrödinger equation in three dimensions (TDSE3D).
Based on the second order-split-operator method [40] and
the generalized pseudo-spectral (GPS) method [37], we
have developed a three-dimensional time-propagator for
solving the TDSE3D [39]. This method takes the advan-
tage of the split-operator method and GPS method to
greatly reduce the mesh points in 3D while capturing all
the physical details. The theoretical approach and com-
putational procedure have been published elsewhere [39],
only the essentials are presented here to facilitate later
discussions (atomic units ~ = me = e = 1 are used unless
hereafter specified otherwise).

The TDSE3D can be expressed as,

i
∂

∂t
Ψ(r, t) = [H0 + Vext(r, t)] Ψ(r, t) (1)

with H0 = −∇2/2 + V0(r), the external field-free Hamil-
tonian of an atom, Vext(r, t) = −r ·E(t) the electron ex-
ternal field interaction in length gauge under the dipole
approximation and r the electron coordinate. V0(r) is the
atomic potential with the single active electron approx-
imation and it can be calculated with the density func-
tional theory using a local density approximation with
a self-interaction correction [51]. For hydrogen atoms,
V0(r) = −1/r. E(t) is the electric field of an elliptical
laser, which is generally expressed as,

E(t) =
f(t)E0√

1 + ε2
(x̂ cosω0t+ ŷε sinω0t) (2)

with x̂ the unit vector along the x-direction (major axis),
ŷ the unit vector along the y-direction (minor axis),
f(t) the pulse envelop function, E0 the laser peak field

strength, ω0 the laser center frequency and ε the elliptic-
ity. We chose the xy-plane as the polarization plane. The
time-dependent wavefunction Ψ(r, t) can be expanded in
the partial wave basis as,

Ψ(r, t) =
∑
i,l,m

Ci,l,m(t)Ril(r)Ylm(θ, ϕ) (3)

where Ril(r)Ylm(θ, ϕ) is the eigen state of the field free
atomic Hamiltonian H0 in a finite box with Ril(r) the
radial eigen wavefunction obtained with the GPS grids
[37] and Ylm(θ, ϕ) the spherical harmonic function. Since
the numerical simulations are carried out in a finite box,
both the physical bound and continuum states can be
represented by Ril(r)Ylm(θ, ϕ) basis.

For the ATI calculations, we separate the finite box
into an inner and outer region to avoid the unphysical
reflection from the boundary. When the time-dependent
wave-function moves into the outer region, we project the
wave-function onto momentum space (atomic Coulomb
Volkov state) to extract the ionization information and
then remove it from the wave-function in real space as
discussed in [52]. The numerical convergence was checked
by changing the box size, time steps, the number of par-
tial waves and so on. For the highest laser intensities 2I0
with I0 = 1014 W/cm

2
of 800 nm wave length and 20 fs

full pulse duration used in the present study, we chose
the maximum radial size of the box 600 a.u., a time-
step of 0.1 a.u. and 256 partial waves. With Ψ(r, t), all
the physical observables, such as the photoelectron mo-
mentum spectra, photoexcitation distribution, and HHG
spectra, can be calculated. Note that although the box
size is comparable with the laser wavelength, since the
photoelectron moves mainly the plane perpendicular to
the laser propagation direction, the dipole approximation
is still valid here.

For photoionization process, we obtain the momentum
distribution

d3P (p)

dpxdpydpz
(4)

as discussed in [52]. The ATI spectra can then be calcu-
lated as,

dP (E)

dE
=

∫
d3P (p)

dpxdpydpz
δ

(
p2

2
− E

)
d3p, (5)

with E the photoelectron energy. The transition proba-
bility to a given bound excited state (n, l) can be directly
obtained as

Pn,l =

l∑
m=−l

|Cn,l,m(t→∞)|2 (6)

at the end of the laser pulse. Note that we define the
bound states (n, l) here for their field free eigen energy in
the finite box En,l < 0, as conventions, eg [38]. The total
excitation probability for bound states can be obtained
as

Pe =
∑
n,l

Pn,l, (7)
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and the total ionization probability is

Pi =

∫
dP

dE
dE. (8)

The HHG power spectra can be calculated from the
Fourier transform of the time-dependent induced dipole
moment as discussed in Ref. [37].

In the SFA [17–20], the interaction between the pho-
toelectron and the laser field is fully taken into account,
but the Coulomb interaction between the photoelectron
and ion core is ignored. This approximation can be repre-
sented by a TDSE3D calculation with a model potential
without the long-range Coulomb intertaction. Therefore,
to mimic the SFA numerically and identify the role of the
long-range Coulomb potential, we also investigate the dy-
namics with a model potential as

V0(t) =


− 1
r for r ≤ Rc

− 1
r e
−α(r−Rc)

2

for r > Rc.
(9)

The criteria to choose the model potential or the parame-
ters is to remove the long-range Coulomb potential with-
out affecting the ground state wavefunction. We call this
set of simulation results “without Coulomb interaction”,
which can represent the SFA results under the same con-
dition. In the present simulation, we used α = 1, Rc = 10
a.u., where only the bound states up to n = 3 can be de-
scribed reliably.

III. RESULTS AND DISCUSSION

Based on the above method, we investigated the dy-
namical processes of hydrogen atoms in an elliptical
strong laser field. We chose laser parameters with the
center wavelength 800 nm, full pulse duration of 20 fs.

Figure 1 shows the total excitation and ionization
probabilities. In Fig. 1(a), the excitation probabilities
increase with the increasing laser intensities at a given
ellipticity. For a given laser intensity, the probabilities
decrease dramatically by at least four orders of magni-
tude from linearly (ε = 0) to circularly (ε = 1) polarized
cases. This can be understood from the differences in
the selection rule of optical transitions for different ellip-
ticities. For a linearly polarized light, the electron can
be excited to Rydberg states (n, l) with various angular
momentum (in favor of relatively low angular momen-
tum states), whereas for a circularly polarized light, the
electron can only go to a circular state |m| = l with
much higher angular momentum l. As is well known that
there are only very limited number of bound states for a
short-range interaction potential, the results without the
Coulomb interaction are orders of magnitude lower [the
green curve vs the red one in Fig. 1(a)].

Figure 1(b) shows the results of total ionization prob-
ability. Compared with the excitation probability, the
total ionization probability decreases much slower with
the increasing ellipticities, and the influence of long-range
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FIG. 1. (Color online) Total excitation (a) and ionization
(b) probabilities of hydrogen atoms in strong elliptical laser
fields as a function of the ellipticity for three laser intensities
0.5I0 (black, upper), I0, (red, middle) and 2I0 (blue, lower),
respectively. The normalized ionization probabilities to ε = 0
is replotted in (c). The dashed (green) ones stand for the
results without Coulomb interaction for I0. Other laser pa-
rameters are 800 nm of center wavelength, 20 fs of the full
laser pulse duration.

Coulomb interaction is also smaller. The decrease of the
ionization probabilities with the increasing ellipticity can
be attributed to the decrease of the peak field strength
as shown in Eq. (2), since the tunneling ionization is sen-
sitive to the peak field strength.

Our full TDSE3D calculation results can also serve as
a benchmark for other approximated theories, such as
the widely used ADK [23] and PPT [22] models. It’s
worth comparing our results with these models. For
strong field ionization processes, one usually uses the
Keldysh parameter [21] to characterize different ioniza-
tion mechanisms. Here the Keldysh parameter is defined
as γ = ω0

√
2Ip/E0, where ω0 is the angular frequency

of the laser field, Ip is the ionization potential of the
atom and E0 is the laser peak field strength. When
γ < 1 the static tunneling process is dominant, where
the adiabatic approximation in the ADK theory [23] is
valid. In this tunneling ionization region, we can fur-
ther define a critical field Eb = (2Ip)

2/16Zc with Zc the
charge of the parent core. Above this critical field, we
enter the barrier-suppression region and the tunneling
ionization rate based on the perturbative ADK theory
would overestimate the exact ionization rate [26]. When
γ > 1 the multiphoton process is dominant, where the
non-adiabatic effect [53] is important. The PPT theory
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FIG. 2. (Color online) ATI and excitation spectra of H atoms
in elliptical laser fields as a function of the ellipticity with (a)
and without (b) the Coulomb interaction for laser intensity
of I0. The insertion exhibits the smooth connection of the
excitation and ionization spectra (i.e., the oscillator strength
density) near the ionization threshold for ε = 0.25. Other
laser parameters are the same as the ones in Fig. 1.

[22] can be viewed as an extension to the ADK theory to
take into account the non-adiabatic effect, which can also
maintain the form of the ADK theory in the tunneling re-
gion. For the present laser intensities of 0.5I0, I0 and 2I0,
the corresponding Keldysh parameters are 1.509, 1.067,
0.754, with the E0/Eb about 0.6, 0.85 and 1.2, respec-
tively, which in fact covers all typical regions of strong
field ionization processes. The modified ADK theory [26]
which remedies the error in the barrier-suppression re-
gion, and the modified PPT theory with an updated
Coulomb correction [54] are chosen for the comparisons.
As can be seen in Fig. 1(b), the TDSE3D results are
all larger than those of the modified ADK theory [26].
With a higher laser intensity, the differences between the
two results become smaller, which agree with the increas-
ing validity of the adiabatic approximation. On the other
hand, there is a great improvement for the 0.5I0 in the re-
sult of the modified PPT theory [54], which demonstrates
the importance of the non-adiabatic effects in this multi
photon region. For the I0 case, it is interesting to note
that the result of the modified PPT theory is in better
agreement with our TDSE3D result including the long-
range Coulomb interactions, which demonstrates the cor-
rectness of the new Coulomb correction used in the mod-
ified PPT theory [54]. However, for the 2I0 case, the
result from the modified PPT theory is overestimated
compared to our results and the modified ADK theory
[26], which indicates the barrier suppression effect is im-
portant for this case. Therefore, a further improvement

of the modified PPT theory can be made by incorporat-
ing the barrier-suppression correction used in the modi-
fied ADK theory [26]. To see the details, we also plot the
relative ionization probability with respect to that of the
linear polarization in Fig. 1(c). We found that although
the modified PPT results [54] are in closer agreement
with the TDSE3D results, both the modified ADK re-
sults [26] and the modified PPT results [54], as well as
the TDSE3D results without the Coulomb interaction are
smaller than the corresponding TDSE3D results for large
ellipticities.

Let’s return to discuss the spectra of photon absorp-
tion processes in the strong field. In a weak field limit,
the photon absorption is dominated by a single photon
process, where the optical selection rule applies. The
final excited or continuum states with the same angu-
lar momentum l form a channel. The photoionization
probability is proportional to the oscillator strength den-
sity df l/dE. Below the ionization threshold, the photo-
excitation probability is proportional to the oscillator
strength f l. The relation between the two physical quan-
tities is [1],

df l

dE
= f l

dnl

dE
(10)

where dnl/dE is the density of state for a given channel l
and a given state. This relation is a natural consequence
of the properties of the wavefunctions in a long-range
Coulomb potential [2]. Therefore, the photo-excitation
and photoionization can be treated in a unified way. In
experiments, the energy resolution is finite, so the mea-
sured oscillator strength is actually the oscillator strength
density near the threshold, which is smoothly connected
to the photoionization spectra [1, 55]. In the numerical
calculation of the oscillator strength density df l/dE us-
ing a basis set, we have shown that it can be calculated
by two equivalent methods [55]. One is to calculate the
density of state directly by finite difference (including the
pseudo states) and using Eq. (10) to obtain df l/dE. The
other is to convolute the calculated f l with a finite line
width. Since the second one is more straightforward for
calculations, especially in complex cases, we use it in the
present study.

For strong laser field cases, the photoabsorption pro-
cesses are highly nonlinear, in which many photons can
be absorbed and the optical selection rule does not ex-
ist. The final state contains many angular momentums.
However, we still can extend Eq. (10) to relate the exci-
tation probability and ATI probability as,

dP

dE
=
∑
n,l

Pn,l
dnl

dE
, (11)

where dP/dE, Pn,l are the ionization and excitation prob-
abilities, respectively.

Figure 2(a) displays our calculated dP/dE both below
and above the ionization threshold. We see clearly that
dP/dE in the discrete energy region is smoothly con-
nected with the one in the continuum energy region for
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FIG. 3. (Color online) Normalized electron momentum distribution in the direction perpendicular to the polarization plane for
H atoms in elliptical laser fields as a function of the ellipticity with (a) and without (b) Coulomb interaction for laser intensity
of I0. (c)-(e) are the comparisons of three intensities, 0.5I0 (dashed black), I0 (solid red), and 2I0 (dash dotted blue) for a
given ellipticity, respectively. The spectra without including Coulomb interaction at I0 is also plotted (solid green). Other laser
parameters are the same as the ones in Fig. 1

all ellipticities, which can be viewed as a continuation of
the ATI spectra. As indicated in Fig. 1(a), the excita-
tion probabilities decrease by serval orders of magnitude
from the linear to circular polarizations. But for each
ellipticity, dP/dE is found to connect with the ATI spec-
tra smoothly as shown in Fig. 2(a). We show a zoom-in
spectra near the ionization threshold in the insertion of
Fig. 2(a) for a typical case with ε = 0.25. As a com-
parison, we also show the results without the Coulomb
interaction in Fig. 2(b). In this case, the dP/dE is not
a continuum function at the ionization threshold, which
demonstrates that the long-range Coulomb interaction is
the cause of the continuation property shown in Fig. 2(a).
Considering the ATI process, the electron moving over
a large distance can still be driven back to the parent
core by the laser field, these differences indicate the im-
portance of the long-range atomic Coulomb interaction
during electron motions. The present study shows that
there is still an intimate relation between the strong field
excitation and ionization in the presence of the atomic
long-range Coulomb interaction, which allows us to treat
the low energy ATI process and the excitation process in
a unified way.

There are some recent interests in the vertical pho-
toelectron momentum distribution of atoms in a strong
laser field [53, 56–61]. According to the tunneling ioniza-
tion ADK theory [62], the vertical photoelectron momen-
tum distribution is substantially influenced by the inten-
sity of the laser. More specifically, the drifted electron
momentum in the polarization plane would increase with
the field amplitude, and the widths of the vertical mo-
mentum distributions both in and perpendicular to the
polarization plane would increase with the square root
of the field amplitude. It was reported [56–58] that one
can calibrate the peak intensity of the circularly polar-
ized laser by comparing the ADK predicted momentum
distribution with the measured one in the polarization
plane, where the statistical error bar can be a few per-
cents [58]. Please note such small statistical error bar
indicates the method is very precise, but may not be
“accurate” due to the possible systematic errors caused
by the non-adiabatic effects [63]. Arissian et al [57] also
demonstrated experimentally the possibility to use the
widths of the vertical momentum distributions in the di-
rection perpendicular to the polarization plane for cali-
brating the laser peak intensity. However, there is a sys-
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tematic difference therein between the measurement and
the ADK theory. Hofmann et al [53] carried out further
numerical TDSE studies and demonstrated that while
the width of the vertical momentum distribution on the
polarization plane from the ADK theory was in agree-
ment with the TDSE calculation, the drifted momentum
used in [57] for intensity calibration was not. Although
they showed that by considering the non-adiabatic ef-
fect the difference will be substantially reduced, there re-
mains a quantitative difference. We note that the studies
of the transverse momentum distribution in the direction
perpendicular to the polarization plane are still limited.
Ivanov et al [59–61] have studied the evolution of such
distribution with varying ellipticity under a single laser
pulse intensity. Thus, we will carry out a more system-
atical investigation on the 1D momentum distribution in
the direction perpendicular to the polarization plane de-
fined as

dP (pz)

dpz
=

∫
d3P (p)

dpxdpydpz
dpxdpy. (12)

The normalized (to pz = 0) 1D momentum distribu-
tions are shown in Fig. 3. The 1D momentum distribu-
tion shows an interesting variation with the increasing
ellipticity [39], which is opposite with the expectation
of the tunneling ionization model [62]. As can be seen,
the long-range Coulomb interaction has a significant in-
fluence on the 1D distribution, especially for the linear
polarization. This should originate from the Coulomb
focusing effect, which makes the final lateral distribution
at the asymptotic region narrower than the one at the
tunneling exit point [39, 60, 64]. We see that this distri-
bution is not sensitive to laser intensities, which is differ-
ent from the one on the polarization plane, and is also
opposite with the expectation of the tunneling ionization
model [62].

Finally, we study the HHG process. Fig. 4 shows our
results for the radiation process of HHG. Through the
comparison between the results without the Coulomb in-
teraction, we found the HHG process is insensitive to the
Coulomb interaction, which is very different from the ATI
process. Since the radiation of dipole moment happens
near the ion core, the Coulomb interaction in the outer
region is not important. As expected, the HHG for the
circularly polarized laser is highly suppressed.

IV. CONCLUSION

We performed a comprehensive study on the interac-
tion between a hydrogen atom and a strong elliptical laser
field by solving the TDSE3D, and mainly focused on the
above-threshold ionization and high-order harmonic gen-
eration. Based on our TDSE3D results, we suggested
a further improvement of the modified PPT theory [54]

for the total ionization probability by incorporating the
barrier-suppression correction used in the modified ADK
theory [26]. Similar to the case of the weak field [1, 2], an

FIG. 4. (Color online) HHG spectra of hydrogen atoms in
elliptical laser fields as a function of the ellipticity with (a) and
without (b) the Coulomb interaction. The laser parameters
are the same as those in Fig. 2.

intimate relation between bound state excitation proba-
bilities and the ionization probabilities still exists in the
strong laser field, and the relation does not depend on
the ellipticity. The comparison between TDSE3D calcu-
lations with and without the long-range Coulomb inter-
action could check the validity of the SFA [17–20]. The
long-range Coulomb interaction is found to have crucial
influence on the ATI process, but have negligible influ-
ence on the HHG process. Furthermore, we investigated
the 1D momentum distribution along the direction per-
pendicular to the polarization plane and concluded that
the interesting variations with the increasing ellipticity
of the 1D momentum distribution is due to the Coulomb
focusing effect [64]. The distribution is also found to be
not sensitive to the laser intensities.
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