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Abstract

In this supplement, we give actual data analyses and proofs of the theoretical results in
the main work in Aoshima and Yata [2] together with additional corollaries and proofs of the
corollaries. The equation numbers and the mathematical symbols used in the supplement are
the same as those which are made reference to in the main document.

Appendix A

In this appendix, we discuss the performance of the classifiers given by [2] in actual data analyses.

We first analyzed gene expression data given by Golub et al. [7] in which the data set consists
of 7129 (= p) genes and 72 samples. We had two classes of leukemia subtypes, that is, m1: acute
lymphoblastic leukemia (ALL) (47 samples) and ma: acute myeloid leukemia (AML) (25 samples).
The data set consisted of two sets as 38 training samples (ALL: 27 samples and AML: 11 samples)
and 34 test samples (ALL: 20 samples and AML: 14 samples). If each sample has unit variance,
S1ni(d) = S2ny(@)- Thus, we did not standardize each sample so as to have unit variance.

First, we checked several sparsity conditions. We standardized each sample by @1 /{ 212:1 tr(Sin,)
/(2p)}/? for all i, k, so that tr(S1,,)/2+tr(S2n,)/2 = p. By using all the samples (i.e., 72 samples),
we calculated that

Ay = 2060 (= 0.289p), (A1)

where A(I) is given in Section 4.2. Note that E(A(I)) = ||p12||?>. From this observation, we

concluded that g, is non-sparse. Next, we considered an estimator of |[Zo||% = Y27, tr(X?) —
2tr(3139) by Ay = Z?Zl Win, — 2tr(S1n, S2n,) having W, s defined by (16) in Aoshima and Yata
[1]. Here, Wiy, is an unbiased estimator of tr(2?), so that E(Ax) = ||212|[%. We calculated that

Ay =9.77 x 10° (= 137p). (A.2)

Also, we estimated A;rrry and A¢rppry by Az’(III) = {70 @m —T2jny)*/Sirn, () Sina () Sirmy () —
1+1og(sirn, (j)/ Sini(j)) } and Ay = Z?ﬂ(iljm —Tajny)?/5n(j), where i’ # i and s,,(;)s are defined
in Section 4.3. We calculated that

Apin(rry = min{A; 77, Ag(rp) } = 2037 (= 0.286p),

Amin([[[) = min{Al([H),AQ(IH)} = 16909 (: 2371p) and A(II]’) = 1709 (: 024]3), (A3)

where Ai( s are defined in Section 4.2. From (A.2), we concluded that 312 is non-sparse. In
fact, from (A.3), the difference of diagonal elements between two covariance matrices must be very
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Table 1: Error rates of the classifiers for samples from Golub et al. [7].

Classifier | DBDA GQDA DLDA-bc DQDA-bc FS-DQDA with FS-DQDA with HM-LSVM
v=1/6and 1/3 ~=1/2,2/3 and 5/6

Test samples (ALL: 20 and AML: 14)

Error rate | 1/34 1/34 5/34 2/34 4/34 3/34 1/34
LOOCYV of samples (ALL: 47 and AML: 25)
Error rate | 3/72 6/72 11/72 1/72 0/72 0/72 2/72

large. Thus from Section 3.1, the classification rule by (3) with (III) has consistency (6), so that
the Bayes error rates for this data set are probably close to 0. Also, we calculated

’ ’

(Amax (1), Amax (T2)) = (1223,1457) (= (0.172p, 0.204p)), (A.4)

where /imax(Ei) is an estimate of the largest eigenvalue due to the noise-reduction methodology by
Yata and Aoshima [12]. We concluded that “A(%;) € (0,00) as p — o0” does not hold and X;s
are not sparse because A\pmax(X;)s are very large. Therefore, we do not recommend to apply the
classifier by thresholding (or sparse) estimation of £; ', such as W;({T T (Sin;)}71). See Section
5.2 for the details. Actually, we did not use any classifiers by thresholding estimation of 2;1 in
this section. Also, note that the computational cost for the thresholding estimation of 2;1 is very
high when p is large.

We constructed the classifiers: DBDA, GQDA, DLDA-bc, DQDA-bc and FS-DQDA, by using
the training samples of sizes ny = 27 and n9 = 11, and checked accuracy by using the test samples
from each ;. Throughout this section, we considered

v=1/6, 1/3, 1/2, 2/3, and 5/6 in (23) for FS-DQDA.

We compared the classifiers with the hard-margin linear support vector machine (HM-LSVM). See

Vapnik [11] for the details. Note that the data sets are linearly separable by a hyperplane because
p > n1 + ny. We emphasize that the computational cost of DBDA, GQDA, DLDA-bc, DQDA-bc
or FS-DQDA is as low as HM-LSVM even when p > 10,000. We summarized misclassification
rates in the first block of Table 1. We observed that the error rates of FS-DQDA with v = 1/6
and 1/3 are 4/34, and the ones with v = 1/2, 2/3 and 5/6 are 3/34. We note that ny;, = 11
and n;ﬂln logp = 0.81, so that “n;ﬁln logp = 0(1)” does not hold. That is probably the reason why
DLDA-bc, DQDA-bc and FS-DQDA lose the consistency property. See Sections 4 and 5 for the
details. On the other hand, DBDA and GQDA gave reasonable performances even when n;s are
small and seem to hold the consistency property. We calculated tr(S1p,)/tr(S2n,) = 0.989 and
(Ai( tr(Sim,)/p)/ A( r ~ 1 for i # i'. The difference of the trace of the covariance matrices is
small and this is probably the reason why DBDA gave a preferable performance. See Section 4.2 for
the details. HM-LSVM also gave a preferable performance. See Hall et al. [8] for the consistency
property of HM-LSVM. For this data set, Cai and Liu [5] summarized misclassification rates for
several other classifiers including a sparse linear classifier called LPD. See Table 6 in [5] for the
performance of the other classifiers. Note that LPD has the Bayes error rates asymptotically under
several sparsity conditions. We observed that DBDA and GQDA gave the same accuracy as LPD.
This is probably because the sparsity conditions do not hold for this data set, so that the Bayes
error rates are almost 0. However, the computational cost for DBDA and GQDA is much lower
than LPD.



~ A~

Table 2: Estimates of (k12! 1Z12l1F: Aminrrys Aminrrry, Agrry) by (A(I)v Ax, Anin(rns
Anin(rrry, Aqrry) for Armstrong et al. [3].

Case (a) ALL and MLL (b) ALL and AML (¢) MLL and AML
||ty 12 4076 (= 0.324p) 15050 (= 1.2p) 8546 (= 0.679p)
[1Z12]/% | 1.12 x 10® (= 8863p)  5.49 x 10° (= 436p)  1.16 x 10® (= 9192p)
Apin(r1) 4078 (= 0.324p) 14212 (= 1.13p) 7945 (= 0.631p)

Amin(111) 42848 (= 3.406p) 77701 (= 6.176p) 27316 (= 2.171p)
A 3055 (= 0.243p) 12187 (= 0.969p) 7777 (= 0.618p)

Next, by using all the samples (i.e., 72 samples), we checked accuracy of the classifiers by the
leave-one-out cross-validation (LOOCYV). We summarized misclassification rates in the second block
of Table 1. We note that npn = 24 and n —1 logp = 0.37 or nyi, =25 and n —1 log p = 0.35 in this

min min

case, so that nmlln log p is a little small. We observed that DQDA-bc and FS-DQDA give preferable
performances. For v =1/6, 1/3, 1/2, 2/3 and 5/6, all the error rates of FS-DQDA were 0/72. On
the other hand, DLDA-bc gave a poor performance because it does not draw information about
heteroscedasticity. See (A.3) and Section 4.2. For other classifiers, Tan et al. [10] summarized
results of the LOOCYV for this data set.

Finally, we analyzed gene expression data given by Armstrong et al. [3] in which the data set
consists of 12582 (= p) genes and 72 samples. We had three classes of leukemia subtypes: acute
lymphoblastic leukemia (ALL: 24 samples), mixed-lineage leukemia (MLL: 20 samples), and acute
myeloid leukemia (AML: 28 samples). We considered three cases: (a) ALL and MLL, (b) ALL and
AML, and (¢) MLL and AML. We standardized each sample by wlk/{zl 1 1:1"(.5’1,”)/(?)p)}l/2 for
all 7, k, as before. Then, we calculated (A( ol Ay, Amm( ) Amm( 1) A( r117y) for the three cases.
We summarized (A( s Ay, Amm(H) Amm(HI), A([]I/))S in Table 2. From Table 2, we concluded

that gy, and 215 are non-sparse for (a) to (c). Also, by using Amax(2i), we estimated the largest
eigenvalues as 1896, 3206 and 2101 for ALL, MLL and AML, respectively. From this observa-
tion, we concluded that ;s are non-sparse. We estimated tr(EmaX)/(nminA%ﬂ) and Amax/A(r) b
C1 = max{Win,, Wan, }/(NminA (I)) and Cy = max{Ana(Z1), )\maX(Eg)}/A(I) in (C-1’) and (C-ii").
Then, we had (Cy,C3) as (0.362, 0.787) for (a), (0.001, 0.14) for (b), and (0.082, 0.375) for (c).
Note that liminf, e Apinrn/Ay > 0 and liminf, oo Apinrrry/Ay > 0. See Table 2. From
these observations, it is likely that the classifiers by (I) to (III) satisfy (C-i’) and (C-ii’) especially
for (b) and hold consistency (6) from Proposition 2.

Based on all the samples, we checked accuracy of the classifiers by using the LOOCV for (a)
to (c¢). In addition, we checked accuracy for 3-class classification by the multiclass classification
rule given in Remark 1. In the 3-class classification, we used éj given in Remark 4 for FS-DQDA
and used the one-versus-one approach for HM-LSVM. We summarized misclassification rates in
Table 3. We observed that FS-DQDA gives excellent performances for all vs. HM-LSVM also
gave reasonable performances, however, it does not draw information about the difference of the
covariance matrices. See Section 2.2 in [1] for such an example. As for (b), all the classifiers gave
preferable performances. This is probably because the classifiers by (I) to (III) satisfy (C-i’) and
(C-ii’) for (b). Throughout this section, we observed that FS-DQDA does not heavily depend on ~
located around 1/2. Also, FS-DQDA with v = 1/2 gave preferable performances in the simulation
study of Section 5.3. Thus, for the choice of v € (0,1) in (23), one may apply the cross-validation



Table 3: Error rates of the classifiers for samples from Armstrong et al. [3].

Classifier | DBDA GQDA DLDA-bc DQDA-bc FS-DQDA with FS-DQDA with  HM-LSVM
v=1/6,1/3and 1/2 ~=2/3 and 5/6

LOOCYV of samples from (a) ALL: 24 and MLL: 20

Error rate | 1/44 2/44 6/44 1/44 0/44 0/44 0/44
LOOCYV of samples from (b) ALL: 24 and AML: 28

Error rate | 1/52 1/52 1/52 0/52 0/52 0/52 0/52
LOOCYV of samples from (¢) MLL: 20 and AML: 28

Error rate | 4/48 4/48 1/48 3/48 3/48 3/48 3/48

LOOCYV of samples from ALL: 24, MLL: 20 and AML: 28
Error rate | 5/72 6/72 7/72 4/72 2/72 3/72 3/72

method or simply choose as v = 1/2.

Appendix B

In this appendix, we give proofs of the theoretical results in the main work in [2]. Also, we give
additional corollaries and proofs of the corollaries.

Let w1 = {tr{(ElAl)Q}/ni + tr(ElAQZQAg)/nQ}l/Q. Let ilk = A1/2($1k — Hl) and igk =
AI_I/QAQ(ka — [1,2) for k£ = ]_,...,’I’Li. Let 21 = Ai/2§]1A}/2, 22 = A1_1/2A222A2A1_1/2, Fl =
- - ~ - - - . S
Y11 Y1) = Ai/2I‘1 and Ty = [Ya1, s Yag] = Af /2 A,T,. Note that Var(z;;) = I, =

;’;1 ’yiﬂg; =3;,i=1,2. Let B; = A; — A; for i = 1,2. We consider the eigen-decomposition of
A; by A; = Hi(A)Ai(A)HiT(A) for i = 1,2, where A;(4) =diag(Aii(a), - Aip(a)) having eigenvalues
such as A4y > -+ 2> Ajpay > 0 and Hjay) = [Ry104), -, Ripea)] is an orthogonal matrix of the
corresponding eigenvectors. Let a;(;) be the j-th diagonal element of A; for j =1,...,p (i = 1,2).
Let Toijk = Tijk — Mij for ] = 1, P (Z = 1,2; k= 1, ,nl)

B.1 Lemmas
In this section, in order to prove the theoretical results in [2], we give the following lemmas.
Lemma B.1. Under (A-i), (C-iv) and (C-vi), we have that
(xo — ui)T{Ai(fmi — ;) — Ai'(Ti'ni/ — i)} /wi = N(0,1) asm — o
when xg € m; fori=1,2; i’ #1i.

Proof of Lemma B.1. We consider the case when ¢ = 1 (}’ =2) and ¢y € m. Let &g = A}/Q(cco —
p1). Then, it holds that Var(&o|xo € m1) = Var(Z1;) = X1. Let

Vi = :igi'lk/(nlwl), k= 1, ey N and Uni+k = —igigk/(anl), k= 1, ey N2,

Note that Y311 E(v7) = 1 and Y310 v = (20 — py) " {A1(@ 10y — 1) — A2(Ton, — p12)} /w1
Then, it holds that E(vg|vg_1,...,01) = 0 for k = 2,...,n; + na. Under (A-i), we can write that
&1 = Dy, and &y = Layy. Note that 2wy /6 = 1+ o(1) under (C-vi). Then, in a way similar to
the proof of Theorem 3 in Aoshima and Yata [1], by applying the martingale central limit theorem
given by McLeish [9], we can obtain the result. O



Lemma B.2. Under (A-ii), (C-iv) and (C-vii), we have that
2(xo — Ni)T{Ai(fim — ;) — Ay (fi/ni, — Myt (—1)%12)}/51 = N(0,1)
as m — oo when xy € m; fori=1,2; i’ #1i.

Proof of Lemma B.2. We consider the case when i =1 (' = 2) and xp € m;. Let g — p; = Ty,
and Yo = (Y01, -, Yoq, ) - - Under (A-ii), yos, s =1,...,q1, are independent. Let &, = SRl &/,

=12, p=A, 1/2 Aoy and
Ws = 2y0];5/,{s(i;1n1 — x’2n2 + p’)/dla s = 17 - q1-

Note that ¢1 > p, E(ws) =0, s =1,...,q1, Y- E(w?) =1 and

q1

Zws = 2(;1:0 — /,I,I)T{Al(flnl — IJq) - A2(52n2 — M2 — /"’12>}/61'
s=1

Also, note that E(ws|ws—1,...,w1) = 0 for s = 2,...,q1, under (A-ii). We consider applying the
martingale central limit theorem. Let M, = E(y},,) for all [,s. Note that limsup, ., [M;s] < oo
for all [, s, under (A-ii) because limsup,, ., F (yi) < oo. Then, by using Schwarz’s inequality and
the arithmetic mean-geometric mean inequality, we can evaluate that under (A-ii)

E{(A1 @10, (AT y#1,)?} = {1 + o)A EA1, 71 217 1¢/n7 + O{(A 1,211, /m)?}; and

B 3T Yt = | YA A A0 A M/

u=1
<A{EF i)"Y P{E A i A1)}
= O3, 2031, A S ) AL Bl )
= O 271 {71 ZA 1/ + (i)} ]
= O{{ATZ s /m Y + AL A/} + B, 1=1,2

for all s,t. Then, we have that for all s,t

2
SE(w!) = O Y (AL /m)? + GLw!] and (B.1)
=1
2 2 ~
-4 ( 3 Sifm+ A" ) At (D B+ BT )y
=1 =1
=2 (-1 Z{(&?m)%m% + (AL A A AT My, 03

=1 u=1

2 2
+o| YA AL EA /| + 0| Y G- (B.2)
=1



Here, under (C-iv), we can evaluate that

q1 qi qi
DS AW A AT Mu/nf = A Z A A M /0
s,t=1u=1 u=1

- 1/2 <
= 0[|Ia"%; ||Z\|m 5 B /|

- - = - /
o[l S (S50 2 Y2 ]

u=1
=O0[{a" =1+ tr(f]lf)l)}tr{(f)lf]l)Q}l/Q/nﬂ =o(0}), 1=1,2 (B.3)

from the fact that 3% (34 314,,)% < Zu e 1('7lu21'7lu )2 = tr{(Z1%)?} = o(n?d}) under (C-
iv). Then, by combining (B.1) and (B. 2) with (B.3), under (A-ii), (C-iv) and (C-vii), for any 7 > 0,
we have that as m — oo

$H B _ o Th {35 }gfl SN

— — 0 and
-
s=1
E w2w2 -1 q1
(‘Zw _1‘>T> < Dei=1 (28 i) :O[ZE(w;l)}+o(1)—>O,
T
s=1
so that "% B{w?I(w? > 1)} < E(w})/7 — 0 and Lw? =1+ op(1). Hence, by using

the martingale central limit theorem we obtain that 231:1 ws :> N (0,1) as m — oo under (A-ii),
(C-iv) and (C-vii). We conclude the result when i = 1. For the case when ¢ = 2, we can have the
same arguments. The proof is completed. O

Lemma B.3. Assume that when xg € m; fori=1,2,

tr{{(xo — ;) (o — p;)" — Bi}(B1 — Ba)] = op(k); (B.4)
tr{2;(B1 — Ba)} —log|A1 AT + log | A2 AS Y| = op(k); and (B.5)
{2(z0 — ;) + (=) pyo} Bipryy = op(r) (i # 1) (B.6)

and (p/n}”)||Bil| = op(x), 1=1,2,
where k = Apin 07 K = 0min. Then, (15) holds.
Proof of Lemma B.3. We consider the case when xg € m;. We have that

Wi(A1) — Wi(Ay) — Wa(Az) + Wa(Ay)

= tr[{(zo0 — py)(z0 — 1) — T1}(B1 — Bo)]
+ tr{El(Bl — By)} —log|A1 AT + log | A2 ALY

+ Z H—ltr {2 o — Ky — ($lnl - p’l)/Q)(p’l - ilTLl)T - Slnl/nl}Bl]‘

Note that tx(Si,) = Op(p), [T, — 1> < |[Zin, — pul* + [l — 1> = |l — g |I* + Op(p/m0)
and [lzo — py — @in, — 1) /2|17 < [lwo — g [I? + [[Zm, — mll* + |l — will? = Op(p), 1 = 1,2,



from the facts that E(||zo — p]|?) = tr(21), E{tr(Sim,)} = tr(Z1), E(||Zim, — wl|*) = tr(Z0) /i,
tr(2;) = O(p), i = 1,2, and ||p15]|* = O(p). Then, we have that for [ = 1,2

tr[{2(z0 — gy — @in, — 11)/2) (g — Zi,) " — Siny /ru} By
< 2[ao — oy — (@pmy — 00)/21] - [|@rmy — | - [|Bil] + te(Sim)) || Bill/ru = Op{(p/n) )| Bi|}-

Also, we have that |(®an, — o) Baopiys| = Op{(p/n;/z)HBgH}. Thus it holds that

Mw

Z—Htr {2 Lo — Ky — (xlnl - .UJ1>/2)(/"’1 - Elnl)T - Slnl/nl}Bl]
l:l

= —{2(z0 — 1) + 112} Bapuyy + Op{(p/ny"*)|Bi| + (p/ny'*)|| Bal|}-

Hence, it concludes the result when xy € 7. For the case when xy € my, we can have the same
arguments. The proof is completed. O

B.2 Proofs of the theoretical results

In this section, we give proofs of the theoretical results in the main work in [2].

Proof of Proposition 1. We can write that tr(A_lA ) = g’ 1h A )A hijay/Aijay- Note that
Py L he i) Airhija (A ) and ZJ 1 U () Airhija) = Airja)) SOforanytE{l,...,p}. Then,

) pu—
by noting that Aj;4) > -+ > Ajpa) > 0, we have that

T
Air1(4) +h Ak = A P Avhi

D

Ai1(A) Ai1(A) = Aij(A)

P hiiayAihija)

. Z Airj(a Z hi ayAirhijay = Aija) oy

tr(A; T Ay) =

— Aij(4) = Aia(A) =3 Aij(4)
p A h p

hijia) (B.7)
g Z Aip(A) g

Thus, when tr{X;(Ay — A;)} = tr(A; 1 Ay) — p, it holds that
p
A; =Y i/ Nijea) — L +108(Nija) /Aijay)} = 0
=1

from the fact that ¢ — 1 4+ loge™! > 0 for any positive constant ¢. Note that A1j(a) 7 Azj(a) Or
hT( )A~ hijcay < Aijca) for some j when Ay # As. Since ¢ —1 +logc™! > 0 when ¢ # 1, it holds
that A; > 0 when )‘13(14 # Agj(a) for some j. From (B.7), if hg.(A)Ai/hij(A) < Ayj(a) for some j,
it follows that tr(A; 'A;) > Z]: (Aijca)/Aij(a))s so that A; > 0. When gy # po, it holds that
A; > piy Ay, > 0. Hence, it concludes the results. O



Proof of Theorem 1. We consider the case when ¢ € m. Under (C-i) and (C-ii), it holds that for
i=1,2

Var{(@o — p;)" Ai(@in, — p;)} = tr(2;A;514;) /n; = o(A)
and Var{(@o — pt1 — Ban, + t13)T Aopr1p} = piA2(T1 + Za/n2) Aspyy = o(A}) (B.8)
from the fact that
Pl A Aopiyy < ply AspisAnax (A3 * 22 A3%) < Ajtr{(3242)%}2 = o(naA3)

under (C-i). Note that (Zi,, — ;)T Ai(Tin, — p;) — tr(A;Sin,)/ni = Zz;k,(azlk — )T A (i —
w;)/{ni(n; — 1)}. Then, under (C-i) it follows that for ¢ = 1,2

Var{(Tin, — p;)" Ai(Tin, — 1) — t1(AiSin,) /ni} = Oler{(2:4:)*} /nf] = o(A}). (B.9)
Then, by using Chebyshev’s inequality, from (B.8) and (B.9), we find that
Wa(Ag) — Wi(Ar) = trl{(zo — 1) (o — p1)" — T1}(A2 — A1)] + A1+ op(Ay). (B.10)
Here, under (A-i) and (C-iii), it follows that
Var (tr[{(zo — py) (2o — p1)" = T} (A2 — A1)]) = O(tr[{Z1 (A2 — A1)}’]) = o(A]).  (B.11)

Thus by combining (B.10) with (B.11), under (A-i) and (C-i) to (C-iii), we obtain that {Ws(A2) —
Wi(A1)}/A1 =1+ op(1), so that P{W3(A2) — Wi(A1) > 0} — 1. When xy € 72, we have the
same arguments. The proof is completed. O

Proof of Proposition 2. We note that

Ain <l Ai o dmax (A5 AY%) < Aidmax (AY 25,417 (B.12)
and tr(Z; Ay Sy Ay) < tr{(Z;A:) 2} 20 {(Zy Ap )2}/

When limsup,,_,, Aj14) < 00, @ = 1,2, it holds that

Amax(AY S AY%) < Xt dmax(Air) = At Aii(a) = O(Air) and (B.13)
tr{(ZAr)*} < tr(ZArZ) N ca) < tr(SP)AGa) = O{tr(E7)}

for all [,1’. By combining (B.12) with (B.13), (C-i’) and (C-ii’) imply (C-i) and (C-ii).

Next, for (C-iii), it holds that tr[{X;(A;—A2)}?] < Nitr{(A;—A2)%;(A;—A2)}. When A;s are
diagonal matrices such as A; = diag(a;(1), .-, @j(p)), @ = 1,2, it holds that A; > Z?Zl{ai/(j)/ai(j) —
1-— log(ai/(j)/ai(j))} and tr{(A; — A2)%;(A;1 — A2)} = Z?:l Ui(j)(al(j) — ag(j))2. Note that a;(j) €
(0,00) as p — oo for all 4, j, under A(A;) € (0,00) as p — oo for i = 1,2. By Taylor expansion, we
claim that

al/(])/am) —1- IOg(CLl/(])/CLZ(])) Z al_(JQ) (al(J) — (12(]))2/(2 max{l, CLZQ/(])/CL?(])})

Then, it follows that >%_, oy (a1j) — ag(j))? = O(A;) because oy(;y € (0,00) as p — oo for all 7, j.
Thus we have that tr[{Z;(A; — A2)}?] = O(A;\i1). It concludes the results. O

Proof of Corollary 1. From Theorem 1 and Proposition 2, we can claim Corollary 1 straightfor-
wardly. O



Proof of Proposition 3. We first consider the case when lim infy, o0 335_ [Xij/Airj—1[/p > 0. When
c1j < |Xij/Airj — 1] < cg; for some constants cij (> 0) and cz; (< 00), by Taylor expansion, it holds
that

(Aij/Airj = 1)? S CuilAig/ Ay — 1
~ 2max{l, ”/)\ T 2(eg +1)2

Aij/Airj — 1 —=log(Nij/Aij) =
When \;;/A\ij — 00 as p — oo, it holds that for sufficiently large p

)\ij//\i’j —1- log()\ij/)\i/j) > ‘)\ij/Ai’j — 1|/2.

Thus, when liminf, o 3251 [Aij/Airj — 1|/p > 0, it follows that

hmmfA (vy/p > hmmf Z{)\U/)\” 1 —log(Xij/Aij)}/p >0
7j=1

from (B.7).
Next, we consider the case when liminf,_.o [tr(2;2;')/p — 1| > 0. We note that tr(X,;%; ') >
Z?:l Xij/Avj from (B.7). When tr(ZiZ;/l)/( ?:1 Aij/Airj) — 1 as p — o0, it holds that

p—0o0

p
lim inf ‘ Z()\ij/)\i’j)/p -1>0
j=1

under liminf, |tr(2¢2i_,l)/p— 1| > 0. It follows that lim inf, ..o Ajrvy/p > 0 from the fact that
Z?Zl |Xij /Ay —1|/p > | Z?Zl()\ij/)\i/j)/p — 1]. On the other hand, we note that

hS]

A(Iv)>tr(§]2 ZIOg Z_]/>\’L])>tr22 Z ”/)\13
7=1 Jj=1

because > 5_  {Aij/Aij — 1 —log(Nij/Airj)} > 0. Thus, when >30_; (Aij/Aiwvj)/p —1 — 0 as p — oo
and liminf,, oo {tr(Z;3;1)/( 1 Xij/Airj)} > 1, we have that liminf, .o Ay /p > 0. Hence, it
concludes the results. O

Proof of Theorem 2. Note that tr{(3;A;)?}/n? = 0(6?), i = 1,2. Then, similar to (B.8) to (B.11),
under (A-i) and (C-iv) to (C-vi), we have that as m — oo

Wir(Ay) = Wi(Ay) = Ay = 2(@0 — ;) {Ai(@in, — 1) — Ait(Tirn, — i)} +0p(6:)  (B.14)

when g € m; (i/ # i). Note that 2w;/d; — 1 as m — oo for ¢ = 1,2, under (C-vi). Then, by
combining Lemma B.1 with (B.14), we conclude the results. O

Proof of Theorem 3. Similar to (B.14), under (A-i), (C-iv) and (C-v), we have that as m — oo
Wir(Ay) = Wi Ai) — A =2(z0 — ;)" { Ai(@in, — ;)
— Ay (T, — py + (=1)"p12) } + op (i) (B.15)
when @ € 7; (i’ #i). Then, by combining Lemma B.2 with (B.15), we conclude the results. [

Proof of Corollary 2. From Theorems 2 and 3, we can claim Corollary 2 straightforwardly. O



Proofs of Propositions 4 and 5. We consider thq case when oy € m;. Similar to Proof of Lemma

B.3, we can claim that [{2(z0 — p1) + 1o} Bapys| < [[2(m0 — p1) + pol| - [lperol| - [|Bal| =

Op (/2| - 1Bal]) = Op(pl| Ball) because [[pyo[2 = O(p) and [[2(o — py) + pyal > = Op(p).

Thus, (B.6) holds under (C-viii) or (C-ix). Note that (B.4) and (B.5) naturally hold when A; = As

and A; = As. Hence, from Lemma B.3, it concludes the result of Proposition 5 when xy € 7.
Next, we consider (B.4) and the first term of (B.5). We have that for [ = 1,2

tr(21B))| < tr(Z1)||Bi|| = Op(p||By||) and
tr[{(zo — 1) (o — py)" — Z1}BY| < || — py ||| Bil| + tr(21)||Bil| = Op(p||Bil)).

Finally, we consider log \AZA;1|,Z = 1,2, in (B.5). Let e, be an arbitrary (random) p-vector
such that ||ey|| = 1. Note that ||egA;1/2|| € (0,00) as p — oo under A(4;) € (0,00) as p — oo.
Thus we have that

el A PBIA e, = el AP A4 e, — 1 = Op(|BY]),

s0 that Awin (4, 2414, %) =1 = Op(||Bil]) and Amax(A; 2 2,4,%) =1 = Op(||By|). Hence,
under ||B;|| = op(1), it holds that for [ = 1,2

log| A A = log |A; 24,42 = Op(pl| By

Note that Apin = O(p) and dmin = O(p) under A(A;) € (0,00) as p — oo for i« = 1,2. Then,
under (C-viii), it holds that ||B;|| = op(1) for [ = 1,2. Hence, (C-viii) implies (B.4) and (B.5). It
concludes the result of Proposition 4 when xg € m;. For the case when xy € m, we can have the
same arguments. The proof is completed. ]

Proof of Corollary 3. Under (A-i) we have that Var{tr(S;,.)} = O(tr(2?)/n;), i = 1,2, so that
tr(Sin,) = tr(%;) + Op{(tr(X?)/n;)"/?}. Then, under (C-i’) it holds that tr(S;,,) = tr(%;) +
0p(Amin(rr)) = tr(2;){1 + op(1)} and tr(22)/(nip?) = O(Aiﬁn(n)/pz) = o(1) for i = 1,2, because
Anin(rry = O(p). Thus, we have that under (A-i) and (C-i’)

HBzH = H{p/tr(sini) _p/tr(zi)}IpH - ptzi(s,sz'j;?);r:giZ”

= Op{(6x(2]) /)2 /tx(Sin)} = 0p{ Buiniry /P} = 0p(1), (B.16)

so that pHBZH = 0p(Apin(rn))- Note that Apax(Ai) = Amin(A:) = t1(2;)/p € (0,00) as p — oo.
Thus, from Theorem 1, Propositions 2 and 4, it concludes the result. ]

Proof of Corollary 4. We can write that
Sini(j) = NiSoini(j)/ (i — 1) = ni(Tijn, — pi)?/(ni — 1), (B.17)

n; . 1/2
where 54, (j) = Zkzl(g:ijk—,uij)Q/ni. Note that lim sup,, , E{exp(tij|(:1:Z»jk—,uij)2—o'i(j)|/77i(/j))} <
lim sup,,_, oo [E{exp(tij|zijx — Mij|2/77i1(/j2))} + exp(tijai(j)/n;(/j?)] < oo under (A-iii). Then, under (A-

e 1/2
iii), for any x satisfying x — oo and =z = o(ni/ ) as n; — 00, we have that as n; — oo

1/2 1/2 _ v’
P} s0in, ) = i3 | /ity = @) = exp (= T{1+0(1)}).
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Refer to Chapter 6 in de la Pena et al. [6] for the details of this result. Let 7; = M(ni(j)n;l log p)'/?
for j = 1,...,p, where M > 2/2. Then, under n; 'logp = o(1), it holds that as p — oo

p
S" P(IS0ini(y) — 0u)| = 715) :Z (0" 50im,(5) — T | /Ml = M (log p)'7?)

Jj=1

exp( M{H o(1 )}) ) (B.18)

Il
M@ I

1

<.
I

Next, we consider the second term of (B.17). Let u;; = tij(ai(j)/m(j))lm for j =1,...,p. Then,
we have that for j =1,...;p

E{exp(uij\xoijk]/a.l/z)}
= E{exp(uu|x0mk|/0 ) (|xouk| < 1)} + E{eXp(uwmozgszU ) (|$01]k| > 1)}

< eXp(uZ]/U J)) + E{exp(uw oz]k/al(j )} < eXp(“U/J ) + E{eXp< lsxmgk/n )}7

so that limsup,,_, ., E{exp(uij|xoijk|/ai1(é§)} < oo under (A-iii). Thus, in a way similar to (B.18),
we have that

P P

_ 1
ZP(|xijm — pij| = 725) ZP /2 |Tijn; — Nz]|/UZ(]) (logp)l/z) 0 (B.19)
— ot

for 7 = M(Ui(j)n;l logp)'/2, j = 1,...,p. By combining (B.18) and (B.19) with (B.17), under
n; tlogp = o(1) and (A-iii), we have that

ZP{|51n = nioy(g)/ (ni = D] = ni(mj + 735/ (ni = 1)}

M»s

P(|Soima() — Oi()| + [Tijn, — pig)* > 715 + 73;)

.
Il
MR

M=

p
P(|Soimy(j) — 0| = 715) + Y P(|Tijn, — pisl* = 73;) — 0.
i=1

<.
Il
-

Note that n;o;(;)/(ni — 1) = o5y + o(ni_l/Q) and 722]- = o(r1;) under n; 'logp = o(1). Thus we have
that max;—1__p{|Sin,(j) — 0i(j)|} = Op(max;=1 . p71;) under n; 'logp = o(1) and (A-iii), so that

max {lsin,(i) = oip |} = Orin; ;! logp)'/2}. (B.20)

7=1,..
Then, for : = 1,2, it holds that under ni_l logp = o(1)

e s
1Bill = 185 — Sighll = max {is

FEReY 4

ini() — Tig) |/ (Sini () i) }
= Op{(n; tlogp)/?} = op(1). (B.21)

Then, it follows that (C-i’) holds under (18). From the fact that A,y = O(p), note that
~! Jogp = o(1) under (18). Then, by combining (B.21) with Theorem 1, Propositions 2 and 4,

rnln
we can claim the result of Corollary 4. O
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Proofs of Corollary 5. First, note that s,;y—o;) = Z?Zl(ni—l)(smi(j)—Ui(j))/(z:?zl n;—2). From
(B.20), we can claim that maxj—1 __p{[sn(j) — 0|} = Op{(n_} logp)'/?} under n_i logp = o(1)
and (A-iii). Thus it follows that HSr_L(ld) - E(_dw = Op{(n_1, logp)'/?}. Note that A/l €
(0,00) as p — oo. Then, by combining Theorem 1 with Propositions 2 and 5, we can claim the

result of Corollary 5. 0
Proof of Theorem /. By using (B.19) and (B.20), we claim the result. O
Proof of Corollary 6. By using Theorem 4, we can claim the result straightforwardly. O

Proof of Corollary 7. Let us write that for ¢ = 1,2

Wi(Sia)rs = D_{(wo; = Tign)*/oi(s) = sin(i)/ (Tsyma) +10g o}
jeD

Note that

E{Wi/(z;l(ld))FS} - E{Wi(E;(é))Fs} = Ay (i' # i) when o € ;.
Also note that iminf, o Apin(rrr)/ps > 0 under liminf, . 0; > 0 for all j € D. If Apax(Zix) =
o(p«), (C-i") and (C-ii’) hold for X;., i = 1,2. Here, let us write that 3,4, = diag(oy(;,), - 0i(j,.))
and Sy« = diag(Sin,(j1)s -+ Sini(jp,)) for i = 1,2, where D = {41, ..., jp, }. Then, in a way similar
to (B.21), under n; 'logp = o(1) and (A-iii), it holds that HS;(;)* - 22._(01!)*\\ = Op{(n; *logp)'/?}.
Hence, we have that p*HS;(b)* — E;(ld)*H = op(Anin(zrr)) under liminf, .o 6; > 0 for all j € D.
By combining Corollary 6 with Propositions 2 and 4, we can claim the result. O

B.3 Additional corollaries

In this section, we give two corollaries and proofs of the corollaries.

Corollary B.1. Assume either (A-i) and (C-vi) or (A-ii) and (C-vii). Then, for the classification
rule by (3) with (16), we have (12) under

tr(ERa) {(tr(B1)/tr(D2) — 1)* + 1/nd; }

512nin(ll)

Amax (|| 112]” + Amax)

. 52
nmm(smin(ll)

=o(l) and =o(1), (B.22)

where 6min([1) = min{51(11), 52([1)}'

Proof of Corollary B.1. We consider the case when xy € m;. Note that tr(Sy,,)/tr(%;) = 1+
Op{(tx(27)/n)"?/p} = 1+ op(1), 1 = 1,2, and tr{(zo — p;)(xo — p;)" — B} = Op(tx(Z})'/?)
under (A-i). Also, note that

tr(Z)tr(T7) < Mg \ntr(Z) () = o(nminégnm(n)pQ), 1=1,2
under (B.22). Then, from (B.16), it holds that for [ = 1,2
wrl{(zo — pi)(@o — p))" — i} BY]

— tr(zl) — tr(slm) '
T (S LT ) @0 — ) — i}

= Op{(tx(Z2)tx(22) /)2 /p} = 0p(Smin(rry), and (B.23)
plIBill/n" = Op{te(EHY? ) = 0p(umin(ir)

12



under (A-i) and (B.22). Similarly, from (B.16), under (A-i) and (B.22), we have that for i’ # i
{2(m0 — p)) + (=1) 10} Birpaay
= OP{(NszziHm/ni’)l/Q} + OP{(tr(E?')/nz")l/2|’M12|’2/P}
= Op{(Mallpr2l* /i)' ?} + Op{ i 12l /nin)?} = 0p (Bunin(in))

from the facts that 753,115 < M1 ||pqo]|? and tr(22) = O(Air1p). On the other hand, under (A-i)
and (B.22), from (B.16), we have that for [ = 1,2

log{tr (%) /tr(Sim,)} = (tr(E0)/t(Sin,) — 1) + Op{(t2(1) /tr(Sin,) — 1)%}
(tr(20)/t(Sin,) — 1) + Op{tx(27)/ (up?)}
(tr(%)/tx(Sin,) — 1) + 0P (Smin(rr)/P)
from the facts that tr(X7)/p = O(\;1) and tr(%;)/tr(S),,) = 1 + op(1). Then, under (A-i) and
(B.22), it holds that

tr(2iB;) — log [A; A | = p(tr(2:) /tr(Sin,) — 1) — plog{tr(:) /t(Sin)} = 0P (Sumin(i1))-

Similarly, under (A-i) and (B.22), we have that

tr(%;By) — log| Ay Ayt = p(tr(2s) /tr(Byr) — 1) (¢x(Ber) /tr(Sim,, ) — 1) + 0P (Smin(rr)

= Op([tr(Zi) /tx(Byr) — 1 (tx(B5) /nar)/?) + 0P (Omin(r1)) = 0P (Omin(11))-
(B.24)

Here, by noting that tr(X;)/p € (0,00) as p — oo for [ = 1,2, we have that

tr{(2:X)%} = e{(Z)2 5,222}
< AmaX(Eil/QEzE}/?)tr( ;/22122/2) < )\max(zi))\lldg(][)nl = O()\il/\ll5i2(n)nl); and
112 Z1 < 1ol Amax(Z1) = O(||pia|[PAn) for 1= 1,2,

Thus, (C-iv) holds under (B.22). Also, (C-v) holds under (B.22). Hence, by combining (B.23) to
(B.24) with Lemma B.3, Theorems 2 and 3, we can claim the result. O

Corollary B.2. Let 1(5) = Var(zoirkToisk) for i = 1,2, and r,s =1,..,p (k= 1,...,n;). Assume
(A-i) and (A-iii). Assume also A\(%;) € (0,00) as p — oo and iminf, o nirs) > 0 for all r,s;
i = 1,2. Then, for the classification rule by (3) with (21), we have (6) under the conditions that
p1/2/Amin(IV) =o(1) and p* logp/(nminAfmn(W)) = o(1).

Proofs of Corollary B.2. Let Soin, = > 5t (@ik — ul)( xi, — p;)T /n; and denote its (r,s) element

1/24 1/2
by Soin;(rs) for r,s = 1,. 7p Let u; i(rs) — mln{tzr/n (r)? zs/n / }77 /
have that for r,s =1, ..

for r,s = 1,...,p. Then, we

E{exp(Ui(rs) |ToirkToisk — Ti(rs) |/Uj(£i))}

< Blexp{tirs) (¥5irn /2 + Thisk/2 + Tir >/n3/,,i H

< exP(Ui(r)Ti(rs) /nlfi VElexp{tiraZ, ./ (20 )} exptisaZig./ (20 )]

< exp(Ui(rs) Tirs) Mgy LD (tir 2y /i ) Y E{exp(tisaZign /il ) 12,
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so that limsup,,_, o E{exp(u;(ys)|ToirkToisk — O—i(rs)‘/nil(/ri))} < oo under (A-iii). Note that s;p, (s =
NiSoin(rs)/ (i — 1) = 1i(Tirn, — Hir ) (Tisn; — fis)/(ni — 1), where s, ;) is the (7, 5) element of Siy,.
Also, note that 7,5 € (0,00) as p — oo under (A-iii) and liminf, . 7;(rs) > 0 for all 7, s, from
the fact that 7;¢.¢) < {(Mi() + 01'2(7»))(7%(3) + 02_2(5))}1/2_ In a way similar to (B.18) and (B.19), under
n; logp = o(1), (A-iii) and liminf,_ Ni(rs) > 0 for all r, s, we have that

p
> P{|Siny(rs) — NiGirs) /(i — | = 15(Ta(0s) + Tors))/ (i — 1)}

r,s=1

M"@

< {P(lsoini(rs) - Ui(rs)‘ = 7_1(7”5)) + P(‘fiﬂli - :U'if’Hfisni - :UJZ'S’ 2 TQ(rs))}

1

s

M@

< P(|Zirn, — MWP + [Tisn; — Msr|2 > 7'2(rs))} +o(1) = 0

1

T,8

for 7(ms) = M(ni(rs)nfllogp)l/z and Ty(ps) = MQ{(Ui(,,) + ai(s))nfllogp}, r,s = 1,...,p, where

-----

o(Ti(rs)), SO that

o P{|5im(rs) - Ui(rs)} = OP{(ni_l logp)l/z}' (B.25)

r,s=1,...,

Here, from the equations (A1) and (A2) in Bickel and Levina [4], we have that || M|| < maxs—1,_,
SP_1 Img| for any symmetric matrix M, where mg is the (s,t) element of M. From (B.25), we
have that

1Sin, — Zil| = Op{p(n7 logp)*/?} = 0p(1) (B.26)

under n; 'p?logp = o(1), (A-iii) and liminf, Nirs) > 0 for all r,s. Then, under A\(%;) € (0, 00)
as p — oo, we can claim that A(S;,,) € (0,00) in probability. Thus it holds that HegE;lH €
(0,00) and ||e;‘fS’;11i|| € (0,00) in probability, where e, is an arbitrary (random) p-vector such
that ||ep|| = 1. Then, from (B.26), we have that egEZI(Smi - Zi)S;}iep = 65(2;1 — S;Lli)ep =
Op{p(n;*logp)'/?} under n; 'p?logp = o(1), (A-iii) and liminf, Nirs) > 0 for all r, s, so that
|Bil| = Op{p(n;*logp)'/?} = op(1). Note that (C-i’) and (C-ii’) hold under the conditions of
Corollary B.2. Also, note that tr{(I, — 2;27")2} = O(p) (i’ # i) under \(£;) € (0,00) as p — <.
By combining Theorem 1 with Propositions 2 and 4, we can claim the result. O
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