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1 Statement of main results

Let {2 be a bounded domain of Euclidean space R", n > 2, with smooth
boundary 942; its closure {2 = 2 U 942 is an n-dimensional, compact smooth
manifold with boundary.

First, we consider a second-order, uniformly elliptic integro-differential op-
erator W with real coefficients such that

Wu(z) = Au(z) + Su(xz) for z € £2, (1.1)

where A is a second-order, differential operator given by the formula

n

Au(z) = ), () 83: axj Z

ij=1

x) + c(x)u(x) (1.2)

’L

and S is a second-order, integro-differential operator given by the formula

Su(m):/Rn\{o}( (e + 2) — anzk o > (,2) u(dz).  (13)

Here:
(1) a¥ € C*°(2) and a¥(z) = a’*(z) for all z € 2 and 1 < 4,5 < n, and there
exists a constant ag > 0 such that
> a(2)&&; > ao ¢ for all (z,€) € 2 x R™.
i,j=1
(2) bt e C"o@) foralll < <n.
(3) ce C*>(£2), and ¢(z) <0 in 2, but ¢(z) £ 0 in 2.
(4) K € L>*(R™ x R™) with K(z,y) > 0 almost everywhere in R™ x R", and
satisfies the growth condition

dh
H(6y) := sup / K(x+h,z)— K(x,z I o 14
)= swp [ KGR o) (1.4)
for some 0 < 0y < 1
and the support condition
K(z,2)=0 ifreRandz+z¢ 0. (1.5)

The support condition (1.5) implies that all jumps from §2 are within £2.
The function K(z, z) is called the jump density (see [12, Chapter 2]).

(5) wp(dz) is a Radon measure on R™ \ {0} which has a density with respect to
the Lebesgue measure dz on R", and satisfies the moment condition ([19])

/ 2| p(dz) +/ 2| p(dz) < oc. (1.6)
{o<lz|<1} {I121>1}
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The moment condition (1.6) implies that the measure p(-) admits a singu-
larity of order 2 at the origin, and this singularity at the origin is produced
by the accumulation of small jumps of Markovian particles, while the mea-
sure u(-) admits a singularity of order 1 at infinity, and this singularity
at infinity is produced by the accumulation of large jumps of Markovian
particles. The Radon measure K (x, z) u(dz) is called the Lévy kernel.

Ezample 1.1 A typical example of the Radon measure p(dz) which satisfies
the moment condition (1.6) is given by the formula

1
WCZZ fOI'O<|Z|§1,
p(dz) =
Wdz for ‘Z| > 1,

where € > 0.

Note that condition (1.5) guarantees that the operator S can be interpreted
as a mapping acting on functions u which are defined in {2. In this sense, the
condition H(6p) < oo should be considered as a condition with respect to the
closure £2.

The operator W is called a second-order, Waldenfels integro-differential
operator (cf. [40], [7]). The operator A is called a diffusion operator which
describes analytically a strong Markov process with continuous paths (diffu-
sion process) in the interior 2 ([32]). In fact, we remark that the differential
operator A is local, that is, the value Au(z%) at an interior point 2° € 2 is
determined by the values of  in an arbitrary small neighborhood of z°. More-
over, it is known from Peetre’s theorem ([21]) that a linear operator is local
if and only if it is a differential operator. The operator S is called a second-
order, Lévy integro-differential operator which is supposed to correspond to the
jump phenomenon in the interior {2; a Markovian particle moves by jumps to
a random point, chosen with kernel K (z, z), in the interior £2 ([18], [29], [25],
[17]). Therefore, the Waldenfels integro-differential operator W is supposed to
correspond to such a diffusion phenomenon that a Markovian particle moves
both by jumps and continuously in the state space (2.

Secondly, we consider a first-order, boundary operator L with real coeffi-
cients such that

Lu(z') = Au(z") + yo(Tu)(z") for 2’ € 012, (1.7)
where Au is a first-order boundary condition given by the formula
Aula’) = pla) S ) 4 pula),
and yo(T'u) is a first-order, integral operator defined by the formula
Yo(Tu)(2') = Tu(z') = / (w(@ +z) —u(z")) J(@', z)v(dz).  (1.8)
R™\{0}
Here:
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(1) pe C>®(02) and p(z’) > 0 on 992.

(2) v € C>(012) and y(z') <0 on 912.

(3) n=(n1,ne,...,n,) is the unit inward normal to the boundary 0(2.

(4) J € L*(R"™ x R"™) with J(x,y) > 0 almost everywhere in R"™ x R", and
satisfies the support condition

J(x,2)=0 ifzeRandz+2¢ . (1.9)

In view of formula (1.8), the support condition (1.9) implies that all jumps
from 0f2 are within {2. Moreover, the function J(z, z) satisfies the Lipschitz
condition with respect to the variable x for some C; > 0

|J(x + h,z) — J(z,2)] < Cy |h (1.10)
for all , h € R™ and almost all z € R",

and its weak partial derivatives 9J/0z; € L (R™ xR"), 1 < i < n, satisfy
the growth condition

G(6,) := sup / |VxJ(x+h,z)—VxJ(x,z)|2| <oo (1.11)

z,z€R" h‘n+291

for some 0 < 607 < 1.

(5) v(dz) is a Radon measure on R™\ {0} which has a density with respect to
the Lebesgue measure dz on R"™, and satisfies the moment condition

/ |z| v(dz) + / v(dz) < oo. (1.12)
{o<|z|<1} t=1>1}

The moment condition (1.12) implies that the measure v(-) admits a singular-
ity of order 1 at the origin, and this singularity at the origin is produced by
the accumulation of small jumps of Markovian particles.

Ezample 1.2 A typical example of the Radon measure v(dz) which satisfies
the moment condition (1.12) is given by the formula

1

Wdz f0r0<|Z|§1,

v(dz) =

FE= dz for |z| > 1,

where € > 0.

Remark 1.1 Tt follows from Rademacher’s theorem (see [20, Chapter 1, Corol-
lary 1.73], [44, Theorem 2.2.1]) that any Lipschitz continuous function on R”
admits L°° first partial derivatives almost everywhere in R™. Hence we may
assume that

C1 = Vadll
in condition (1.10).
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The boundary operator A is called a first-order, Vigik—Ventcel’ boundary
condition ([39], [41]) and the boundary operator yo7 is called a first-order,
Lévy—Ventcel” boundary condition ([7]). The boundary operator L = A + ~T
is called a first-order, Ventcel” boundary condition (see [41], [7]). The three
terms of L

W)t A, Tl

are supposed to correspond to the reflection and absorption phenomena at the
boundary and the inward jump phenomenon from the boundary, respectively
(132)).

In this paper we impose the following hypothesis on the boundary condition
A:

u(a') = y(@') = p(a') + () > 0 on 92, (113)

The intuitive meaning of the hypothesis (1.13) is that either the reflection phe-
nomenon or the absorption phenomenon occurs at every point of the boundary
09.

It should be emphasized that the boundary condition A is degenerate from
the viewpoint of elliptic boundary value problems. This is due to the fact that
the so-called Lopatinski—Shapiro ellipticity condition is violated at each point
a2’ of the set 0029 = {2’ € 92 : p(a’) = 0} (see [42, Section 11], [33, Section
6.6]). More precisely, the boundary condition A is non-degenerate (or coercive)
if and only if either u(z’) > 0 on 02 (the regular Robin case) or u(z’) =0
and y(z’) < 0 on 012 (the Dirichlet case).

We give a simple example of the functions p(z’) and y(z') in condition
(1.13) in Euclidean plane R?:

Example 1.3 Let
2= {(wl,xg) S R?: x?—i—x% < 1}

be the unit disk with the boundary
00 = {(z1,22) e R* 12} + 23 = 1}.

For a local coordinate system 1 = cosf, zo = siné with 6 € [0,27] on the
unit circle 92, we define two functions p(x1,x2) and y(x1,z2) as follows:

2 1
ex =@ (1—6”+972'> for 6 € [0, %],
w(z1,22) = p(cosh,sinf) = 12 . for 0 € [5, 7],
*toTE= 21 3
e 2 (1—ew 94) for 6 € [77,7],
0 for 6 € [37”727T],

and

Y(x1,x2) := p(x1,22) — 1 on 2.
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1.1 The case where T' =0

The first purpose of this paper is to prove an existence and uniqueness theorem
for the non-homogeneous boundary value problem

{Wu =A+Su=f in 2, (1.14)

Au = ,u(z:’)g—z + (@ )u=¢ ondf

under condition (1.13) in the framework of Sobolev spaces H2™(£2) and Besov

spaces B;;oil/p((?()) which will be introduced in Section 2.

The crucial point is how to define a version of Besov spaces in which prob-
lem (1.14) is uniquely solvable. In this subsection, following [30] and [33] we
introduce a suitable subspace of the classical Besov space B;;G(&Q) which
corresponds to our boundary condition A under condition (1.13).

If condition (1.13) is satisfied, then we can define a modified Besov space
corresponding to A by the formula ([30], [33])

Byb VP (002) = p(a’) BLETVP(002) + Iy ()| B2 THP(092)

= {p = u@)pr = 1(@)p2 s o1 € BYLTVN02), 02 € BT (00)) .
The space B;j,?{l/ P(82) is a Banach space with respect to the norm
1el5y30:277 00
= inf {”%HB;LB—UP(BQ) + ”@2”3,%;9*1/1’(89) to = p(a)pr — 7($/)902} ‘

The boundary space B;;?{l/ P(812) can be understood as an “interpolation

space” between the usual Besov spaces Bg;"*l/”(arz) and B},;“F”p(ag).
More precisely, we have the inclusions

_ 1+6-1 _
B2H0-1r(90) ¢ ByLYTVP(092) € BLOVP(902)
and the relations
0— — _
By bl P (092) = (') BEYYTP(002) + [y (o) BELTHP(092)
_ B;%,—;g_l/p(@ﬁ) if u(z’) = 0 on 912 (the Dirichlet case),
B B}l};}@q/p(aﬁ) if u(x') > 0 on 812 (the regular Robin case)

under condition (1.13).
Now we are in position to state our existence and uniqueness result for the
boundary value problem (1.14):

Theorem 1.1 Let n < p < co. Assume that conditions (1.4) through (1.6)
and condition (1.13) are satisfied. Then the mapping

(W, A) - HZO(2) — HE(2) @ B,hi /7 (002) (1.15)
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is an algebraic and topological isomorphism for all 0 < 6 < 8y. In particular,
there exists a unique solution u € Hg“’(!)) of the non-homogeneous problem

(1.14) for any f € HS(£2) and any ¢ € B;j,f’;””(an).

The proof of Theorem 1.1 will be carried out in several steps. First, in
Section 3 we prove some mapping properties of Lévy integro-differential oper-
ators defined on R™ (Theorem 3.1) and on {2 (Theorem 3.2), respectively. In
the second part of Theorem 3.2, we derive a compactness result for the Lévy
operator S. More precisely, we prove that the integral operator

. 17246 0
S Hp+ (£2) — H,(92)
is compact for all 0 < 6 <y, if n < p < oco. Consequently, the mapping
(W, 4) = (A+5,4) = (A,4) + (5,0)

is a compact perturbation of the operator (A, A). Thus we are reduced to the
study of the case where S = 0. However, by virtue of [30, Theorem 1] and [33,
Theorem 1.1] we can prove that the mapping

(A, A): H20(2) — HO(2) ® By % /P (092)

is an algebraic and topological isomorphism for all 0 < 6 < 6y (Theorem 4.1)
in Section 4. Hence, by using a fundamental result of the index theory we
obtain that

ind (W, A) = ind (4, A) = 0.

Indeed, it is known (see [15, Theorem 2.6], [26, Theorem 5.10]) that the in-
dex is stable under compact perturbations. By using the maximum principles
(Theorem 6.2 and Lemma 6.1) proved in the last Section 6, we find that (W, A)
is injective (Theorem 4.2). In this way, we can prove that the mapping (W, A)
is bijective. Finally, the continuity of the inverse of the mapping (W, A) follows
immediately from an application of Banach’s closed graph theorem ([26, The-
orem 3.10], [43, Chapter II, Section 6, Theorem 1]), since the mapping (W, A)
is continuous.

Remark 1.2 Some remarks are in order.

1° Problem (1.14) with non-degenerate boundary conditions was studied ex-
tensively by Bony—Courrége—Priouret ([7, Théoréeme XVII]) in the frame-
work of Hélder spaces C?19(£2), 0 < 6 < 6. In this case, instead of our
hypothesis H(0y) < oo, they consider the following Holder continuity con-

dition:
<K(x+h,z) K(m,z)|> < 00

A(GO) = sup |h‘00

h,z,zeR"™

(1.16)

These results were extended by Bony [5] to the usual Sobolev spaces
W2P(§2) for n < p < oo.
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2° In the previous works of Taira [30], [31] and [33], we studied problem (1.14)
with degenerate boundary conditions under the condition A(6p) < oco. It
should be emphasized that A(fy) < oo implies H () < oo for all 0 < 6 < 6y,
while H(y) < oo implies A(fy) < oo (Lemma 2.5) in Section 2.

3° Theorem 1.1 is proved by Runst—Youssfi [24, Theorem 1.1], assuming the
Hopf boundary point lemma for second-order, elliptic Waldenfels integro-
differential operators with discontinuous coefficients. The present paper is
the first time to prove precisely the existence and uniqueness theorem for
the boundary value problem (1.14).

1.2 The general case

The second purpose of this paper is to prove an existence and uniqueness
theorem for the non-homogeneous Ventcel” boundary value problem

{Wu—(A+S) =f inf, 117

u
Lu=(A+v%T)u=¢ ondf?

in the framework of Sobolev spaces H2?(£2) and Besov spaces B;;efl/p(&(?).
Here ¢ T is a first-order, Lévy—Ventcel’ boundary operator defined by formula
(1.8). We study the Ventcel’ boundary value problem (1.17) under a strong
condition (compared with condition (1.13))

wu(z") >0 on 992 (1.18)
It should be emphasized that
Bobt VP (092) = BLYP(00) if p(a’) > 0 on O92.

Now we can state our existence and uniqueness result for the Ventcel’
boundary value problem (1.17):

Theorem 1.2 Let 0 < 0y < 1 and n < p < co. Assume that conditions (1.4)
through (1.6), conditions (1.9) through (1.12) and condition (1.18) are satisfied.
Then the mapping

(W, L) : HX*?(2) — HE(2) & BL1I~1/7(002) (1.19)

is an algebraic and topological isomorphism for all 0 < 6 < min{6y,0,}. In
particular, there exists a unique solution u € H§+9(Q) of the Ventcel’ boundary

value problem (1.17) for any f € Hg(()) and any @ € B;,j;e‘l/”(a(z),

The proof of Theorem 1.2 goes through just as in Section 4. In fact, in
Section 5 we prove that the Lévy—Ventcel’ boundary operator

YT+ HX?(02) — BLHI=1P(002)



Ventcel’ boundary value problems for elliptic Waldenfels operators 9

is compact for all 0 < 6 < min{6p, 0} if n < p < oo (Theorem 5.2). Namely,
we find that the mapping

(W, L) = (W, 4) + (0,%7T) : Hyt*(2) — Hy(2) ® B, ~/P(002)

is a compact perturbation of the operator (W, A) under condition (1.18).
Therefore, we have the index formula

ind (W, L) = ind (W, A) =0,

since the index is stable under compact perturbations. In this way, we are
reduced to the study of the mapping (W, A) (Theorem 1.1). By using the Hopf
boundary point lemma (Lemma 6.1). we prove that the mapping (W, L) is
injective and hence bijective (Theorem 5.3).

Remark 1.3 Some remarks are in order.

1° It should be noticed that Theorem 1.2 is a generalization of Bony—Cou-
rréege—Priouret [7, Théoreme XVII|, Taira [30, Theorem 1] and Runst—
Youssfi [24, Theorem 1.1] to a class of first-order Ventcel’ boundary value
problems for elliptic Waldenfels operators.

2° The Visik—Ventcel’ boundary value problem (1.17) was studied by Ander-
son [2], [3], Cattiaux [9] and Takanobu—Watanabe [35] from the viewpoint
of stochastic analysis (see also Ikeda—Watanabe [16, Chapter IV, Section

7).

Finally, we give an overview of existence and uniqueness theorems for the
problem (1.17) proved by Bony—Courrége—Priouret [7] and by Taira [30] in the
framework of Holder spaces and by Runst—Youssfi [24] in the framework of
Sobolev and Besov spaces of L type (see Table 1.1).

2 Functions spaces

In this section, all functions and distributions are defined on Euclidean space
R"™. As usual, S(R™) denotes the Schwartz space of rapidly decreasing func-
tions and its dual space S'(R™) is the space of tempered distributions on R™.
For a distribution f € §'(R"), ]?denotes the Fourier transform of f.

In Subsection 2.1 we characterize LP functions by their Littlewood—Paley
series (formula (2.3)). In Subsection 2.2 we give Peetre’s equivalent definition
of Besov spaces and generalized Sobolev spaces (Theorem 2.1). In Subsection
2.3 we characterize generalized Sobolev spaces H, in terms of Strichartz’s
norms (Lemma 2.3). Moreover, we prove important relationships between the
conditions H(6p) and A(6y) (Lemma 2.5).
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Table 1.1 An overview of existence and uniqueness theorems for problem (1.17)

W=A+S

L=A+T

studied by

KeC(2 xR")
A(@o) < o0

u>0on 02
T is of order 1

Bony-Courrége—Priouret [7]

(Théoréme XVII)

KeC(2 xR")
A(bp) < o0

pw—~>0onof
T=0

Taira [30]
(Theorem 1)

K € L®°(R" x R")
H(Qo) < oo

p—>0onof
T=0

the present paper
(Theorem 1.1)

K e L>*R" xR")
H(0p) < oo

u>0on 0f2
T is of order 1
J e L®R" x R")
G(61) < o0

the present paper
(Theorem 1.2)

2.1 The Littlewood—Paley series of tempered distributions

In this subsection we characterize L? functions by their Littlewood—Paley se-
ries. We begin with the following elementary lemma (cf. [4, Lemma 6.1.7]):

Lemma 2.1 For a given constant a > 1, there exists a function p(§) €
C§°(R™) such that

supp ¢ = {5 e R™:

Spa e =1 forall€#0.

1
a

<)l < a}7

Furthermore, if we define a function v (§) by the formula

Yo(§) =

0

j=—oc0

> elaE), (eRY,

then it follows from properties (2.1a) and (2.1b) that

Yo € C5°(R™),
supp ¢ = {{ € R" : [{| < a},

Po(§) =1— Zgo(a_j €) forall £ #0.
=1

(2.1a)

(2.1b)

(2.2¢)
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Now, by using the Fourier transform we can introduce a family of linear
convolution operators

Ag: S'(R™) — S'(R™),
A SR — S'(RY), j=1,2...,

by the formulas

Aof () = wo(©)F€).
AFE) =e@Of©). j=1.2....
Then, by properties (2.1) and (2.2) it is easy to see that

F=Y_A;f for feS R (2.3)

§=0
Indeed, it suffices to note that, for all £ #£ 0,
> E516) = Bt + 3 &1 = (X vla 9) fie) = o)
j=0 Jj=1 JjeZ

The series (2.3) is called the Littlewood—Paley series of f.

2.2 Peetre’s definition of Besov and generalized Sobolev spaces

In this subsection, following Bergh-Lofstrom [4] we give Peetre’s equivalent
definition of Besov spaces and generalized Sobolev spaces.

To do this, we choose a = 2 in Lemma 2.1. Namely, ¢(£) is a function in
C§°(R™) which satisfies the conditions

Suppw={§€R”:;§|€S2}7 (2.4a)
> p@Fe) =1 forall &#0. (2.4b)
keZ

Then we can define functions ¢y (), ¥(x) € S(R™) by the formulas
Pe(&) =p(27"¢), kel
Y(E) =vo(&) =1-_ (277 ¢).
j=1
It should be noticed that

supp g = {£ e R™: 2" L < ¢ <281} ke Z,
supp{b\z{EER”:mgQ}.
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If s € R, we define the Bessel potential J° by the formula (see [28])
J*=(I—A)*: S (R") — S'(R").
More precisely, we let
If=F (Q+1E?) " F©) for f e SR,

Then we have the following basic properties of the objects just defined (see
[4, Lemma 6.2.1]):

Lemma 2.2 (i) Assume that o distribution f € S'(R™) satisfies the condition
opx f € LP(R"), keZ,
with 1 < p < oco. Then we have, for all s € R,
17 (on = f)llLr@ny < C2°F |low * flloomny, k=1, 2,...,

with a constant C > 0 independent of p and k.
(i) If a distribution f € S'(R"™) satisfies the condition

Y f e LP(R"),
with 1 < p < oo, then we have, for all s € R,
175 * f)llLr@ny < C" 1Y * fllzo@n),
with a constant C' > 0 independent of p and k.

Now, by virtue of Lemma 2.2 we can make the following definition 2.1 of
the Besov and generalized Sobolev spaces (see [4, Definition 6.2.2]):

Definition 2.1 Let se R, and 1 < p, ¢ < oco. If f € S'(R"), we let

/]

Bs (R
s a .
_ 19 * flloerny + (220:1 (2 ok * fHLP(R"))q) Tif1< q < 00,
19 % fllLe@e) + supgsy (25 ok * fllLe@n)) if ¢ = oo,

and
[l s ny = 17° fll o).

Then the Besov space B, ,(R") and the generalized Sobolev space H;(R™) are
defined respectively as follows:
B;}q(Rn) — {f c 8/(R”) : Hf| Bs ,(R™) < OO},

HyR") = {1 € S®"): If gy < o0}
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Remark 2.1 Tt is known (see Bergh-Lofstrom [4], Triebel [36, Chapter 2]) that
the Sobolev space H*P(R") and the usual Besov space B*P(R"™!) are re-
spectively equivalent to the following:

H*P(R") = Hy(R") foralls€ Rand1<p< oo,
BSP(R"!) = B;’p(R"_l) for all s € R and 1 <p < o0.

It should be noticed that
0 ny __ n
Hy(R™) = LP(R™) forall 1 <p< oo.

Furthermore, it is easy to verify the following two assertions (I) and (II) ([36,
Chapter 2]):

(I) The function spaces B; ,(R") and H;(R") are Banach spaces with the
norms | - || s (rn) and || | #23(R), respectwely

(IT) The Bessel potentlal J? maps B, ,(R") isomorphically onto B; 77 (R") for
each o € R, and it maps H, S(R”) isomorphically onto Hp~ "(R”) for each
o € R, respectively.

The next theorem characterizes the spaces By ,(R") and H;(R") in terms
of the Littlewood-Paley series (see [4, Theorem 6.4.3]):

Theorem 2.1 We have the following characterizations of the spaces B, ,(R™)
and Hy(R™):

(i) Let s € R and 1 < p < co. Then we have, for any f € S'(R"),

/2

feH R (2225] A f|2> € LP(R"™).
(ii) Let s € R and 1 < p, ¢ < oo. Then we have, for any f € S'(R™),

f By (R") <Y 27 [|A;f|p; , mn) < 00
j=0
We remark that
Hy(R") C By (R")
and that /
B, (R") C Hy(R") ifs<s

Now let {2 be a bounded domain in R™ with smooth boundary 0f2. In

order to define function spaces on {2, we make use of restriction arguments

(see [36, Chapter 3]).
Let D'(£2) be the space of distributions on (2. Then we let

={feD(2): f =gl for some g € H5(R")}
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with the norm

1123 = 10 {9l ey = 9l = f for g € H(R™) |
Similarly, we define the Besov space

B, (2) = {f eD'(2): f=g|p for some g € B;’q(R")}

with the norm

Hf| B: (R™) : g\g = f for g < B;,q(Rn)}

B: () = inf{||9|

(see, for example, [37] and [23]).

2.3 Generalized Sobolev spaces and Strichartz’s norms
For the proof of Theorem 1.1, we make use of the following characterization
of generalized Sobolev spaces Hj in terms of Strichartz’s norms, which may
be found, for example in [37, p. 194, Theorem 3.5.3].
Lemma 2.3 Let 0 < s <1 and 1 < p < co. Then the quantity
Ny(9) = HgHLP(R") + HLS(Q)HLP(R”)

defines an equivalent norm on the Sobolev space H;(R”), where

Ly(g)(x) (2.5)

2 an \1/2 '
(S la@ + 1) = g(@)* 8 ) ifp>2,

9 1/2
(fo (Joeinicny loa + th) — g(x)| dn) tflf) ifl<p<2.

Moreover, we need the following lemma:

Lemma 2.4 Let 1 <p<oo and 0 <y < 1. If we let

Tu(f)(x) := f(z +h) = (=),

then there ezists a constant C > 0, depending on vy, such that

170 Ly < C 1L D g (2.6)

for all f € HP(R™) (see Figure 2.1).
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1 n Th n
H,(R") ——— LP(R")

| |

HIYY(RY) — s HY(R™)

| |

HERY)  —— H}(R")

Fig. 2.1 The mapping properties of T}, for 1 < p < oco and 0 <y <1 in Lemma 2.4

Proof The proof of Lemma 2.4 is divided into three steps.
Step (1): The case where v = 0 (cf. Ziemer [44, Theorem 2.1.6]). We have
only to show that

1FC+h) = FOllp@ny S PVl oy forall fe CRR"),  (2.7)

since the space C§°(R™) is dense in H}(R™) = WHP(R™).
To do so, we make use of the formula for A # 0

P |h| / il (o)) (28)

|| h
Vf (z+t) — dt.
|h| 0 ya

Therefore, by applying Minkowskii’s inequality for integrals (see [11, p. 194,
Theorem 6.19]) to formula (2.8) we obtain that

1fC+R) = FOll Lo rmy

||
|| L 1 || 19/
< — Vf(—f—t) t:—/ Vf ny dt
Al B[ ) oy TRL o Lr(R™)
= ||Vf||Lp(Rn) :

This proves the desired inequality (2.7).
Step (2): The case where v = 1. We remark that

Ty < (Z
<o(x

Jj=1

OTw(f

e T i) (29)

Lr(R")

(@)

n |Th<f>||m(m>).

Lr(Rn)
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However, it follows from Step (1) that
+ I Th ()l o men (2.10)
‘ (8%) LP(R™) Lr(®m)
<o (|25 il ).
8.’Ej H;(R") Lr(R"™)

Therefore, by combining inequalities (2.9) and (2.10) we obtain the desired
inequality for v =1

10 (Dl 3 eny < C 1R Iz gy -

Step (3): The case where 0 < v < 1. From Steps (1) and (2), we ob-
tain that the operator T} is bounded on H}(R") = W"P(R") into LP(R™)
and on HZ(R") = W*P(R") into H}(R"), respectively. Then, by using an
interpolation argument of linear operators we obtain that

Ty: Hy7'(R") — H)(R")
is bounded for all 0 < v < 1, with the inequality
ITh(A) iy < C I g oy for all £ € HE (R,
The proof of Lemma 2.4 is complete. g

The next lemma describes important relationships between the conditions
H(6y) and A(6y) (see [36], [23]):

Lemma 2.5 Let 0 < 0y < 1. Then we have the following relationships between
conditions H(0p) and A(6y):

(i) There exists a constant C1(0y) > 0 such that

ap (192 o))

z,heRn |h|%

dh 1/2
2
< ¢y (00) (i“é’n( [ oG+ 1) - g() W) T goo>

for all g € L=*(R™).

(ii) Conversely, for every 0 < 6 < 6y < 1 there exists a constant Co(6) > 0
such that

dh 1/2
su x4+ h)—g(z 2>
(ot 1) -9

h) —
SCQ(G)( sup lg(z + )0 g
z,h€R" ||

i) or g < ()

(ii) If K € L (R™ x R™), then we have the following two assertions:
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(a) H(6y) < oo implies that A(By) < oo.
(b) A(6p) < oo implies that H(0) < oo for all 0 < 6 < 6.

Proof Indeed, we have, for 0 < s < 1,

h _
lolpe = lglo+ sup 9@ =)
o0, o0 z,heR"™ |h|

and

. dh 1/2
s = o T sup (/ z+h)—glx H) .
lglls:, , = llgl s l9(z + h) — g(z)| NGk

Therefore, the lemma follows from the embeddings (see [36, Section 2.7])
B ,(R") C B (R™) C BL, 5(R") for 0<6 < f.

The proof of Lemma 2.5 is complete. O

3 Mapping properties of Lévy operators

In this section we prove some mapping properties of Lévy integro-differential
operators defined on R"™ (Theorem 3.1) in Subsection 3.1 and on 2 (Theorem
3.2) in Subsection 3.2, respectively.

3.1 Boundedness of Lévy operators defined on R™

In this subsection, we consider the Lévy integro-differential operator

n

Su(z) = /R o (u(m +2) —ulz) ; zjgxi(x)) K(z, 2) u(d=),

and prove that the Lévy operator
. 042 n 6 n
S: H, ™ (R") — H,(R")

is bounded for all 1 < p < 0.
Our main result in this section is stated as follows:

Theorem 3.1 Let 1 < p < oo and 0 < 6y < 1. Assume that the growth
condition (1.4) and the moment condition (1.6) are satisfied. Then the Lévy
operator

S: H2Y'(R™) — HY(R™)
is bounded for all 0 < 6 < 0y. Namely, there exists a constant C' > 0, depending
on p and 0, such that

”Su”Hg(R") <C ||u||H§+9(R") for all u € Hg*a(R”), (3.1)
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Remark 3.1 By part (iii) of Lemma 2.5, we find that H(6) < oo for all 0 <
6 < 0.

Theorem 3.1 is proved by Taira [30, Lemmas 1.6 and 1.7] in the framework
of Holder spaces under the condition A(fy) < oo. In this paper we give a
simpler proof by using real analysis techniques.

First, we shall show that the mapping S can be considered as a bounded
operator from H*?(R") to LP(R") (the case § = 0). More precisely, we shall
prove the inequality

”SUHLP(R") (32)
<lfl ([ lut+ [ ) el
{IzI>1} {o<]z|<1}
for all u € H2(R™).
Secondly, we shall show the inequality
1 Zo(Sw) oy (3.3)

ORI+ a0 ([ uta)+ [

{lz[>1} {o<|z|<1}
for all u € H§+9(R”),

|z|2u<dz>) ol e

where

~ Sulz)? 1/2
Lo(Su)(z) = (/n |S“<x4|’h72+295 (@)l dh> . 0<0< 0,

By virtue of Lemma 2.3, the desired inequality (3.1) follows from inequal-
ities (3.2) and (3.3).

8.1.1 The estimate of ||Sul|»gny for 6 =0

In order to prove the LP—boundedness, we write Su(z) in the form
Su(x) = Syu(x) + Sau(x).

Here:

Syu(z) = /{m} (u(a: +2)—uz) -y zjaxj(x)>K(x, 2) nldz),

" ou
Su:c:z/ (ux+z—uz— zz)Kx,zudz.
)= [ () ) - Y@ K2
(1) First, we estimate the norm [|Syul|, gay: If we let

() = /{ ) @)
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and
n

g2(z) = Z

Jj=1

2| pu(dz),
3373 '/{ 1y

then we have the inequality

[Siu(a)] < [|K]| (91(2) + ga2(2)) - (3-4)

However, it follows from an application of Minkowskii’s inequality for integrals
(see [11, p. 194, Theorem 6.19]) and inequality (2.6) with 7 := 0 that

1/p
91l Lo (m) < / (/ lu(z + 2) — u(z)|? d;z;) u(dz) (3.5)
{1z1>1) \JR»
<o lelntan) lulyme
{1211}

Moreover, we have the inequality

n

sl <3 (Z / IZjlu(dZ)> (3.6)
) LP(R"™) {lz|>1}

<c(/ | el @) Il gy
{l=]>

By combining inequalities (3.4), (3 5) and (3.6), we obtain that

8:5]

110l gy < 1o (nglan(Rn) n ||92||LP(RR)> (3.7)

< C|K| </ £ M(d2)> l[ull g1y -
{lz1>1} i

(2) In order to estimate the norm ||Szul|,gxy, by using Taylor’s formula
we obtain that

u(x—l—z)—u(a:)—z,zk%(x):z:zk/ (aaxuk(ac—i—t) ((fxuk(x))dt

Hence we have the inequality

ou
Sou(z)] < || K // z x+tz) — x)| p(dz)dt.
[Sou(z)] < (1K1 Z 0<|\<1}H k( T @] 1
By Minkowskii’s inequality for integrals, it follows that

||S2U’HLP(R") (3.8)

< CIK oo
1 n p
0 0 1/p
X || / — (v +tz) = =—(x)| dx) p(dz)dt.
/0 -/{0<|z|§1} ;< re | 0Tk Oxy, )
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However, by applying inequality (2.6) with « := 0 we obtain tha6

i(/R U (@t tz) - u(m)pdx)l/

dxy, oz,
h—1 k k

< Ct|#| ||uHH§(R,L) forall 0 <6 <1

axk

HI(R™)

Therefore, we have, by inequality (3.8),

1S2ull Lo (mny < ClIK oo llull 2R / / tl2|? p(dz) dt (3.9)

{o<|z[<1}

<CIRN([ P ) fulgime

{o<|z|<1}

The desired inequality (3.2) follows by combining inequalities (3.7) and
(3.9):

||SUHLZD(RW) < ”Slu”Lp(Rn) + ||S2u||Lp(Rn)

<OIRl ([ Flut@+ [ )l
{lz[>1} {0<|2|<1}

3.1.2 The estimate of || Lo(Su)|1ngny for 0 <6 < 6o

In the following, it suffices to consider the case where p > 2. In fact, the case
where 1 < p < 2 can be handled by duality as follows:

p=——7—, 2<¢g<oc
qg—1
(A): The estimate of Ly(Siu): First, we prove the inequality

1Lo(S10) | ooy < C (1K | + H (D)) /{ oy @) gy - (3:10)
z|>

To do this, we write the difference
Syu(x + h) — Syu(zx)
in the following form:
Syu(x + h) — Sju(x)

- /{l [>1} (u(z +h+2) —u(x+2) +u(r) —u(z+h) K+ h,2) p(dz)

[ (et )~ ul) (Kot he2) — K(,2) ulde)
{I [>1}

+ Z <8xk 88;;( + h)) /{2>1} 2K (x + h, 2) p(dz)
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n 6u
—(x 2 (K(z,2) — K(z+ h,2)) dt) u(dz
S <>/{Z>1}k<< )= K (o +h,2)) d) p(dz)
:Al(x,h)+A2($,h)+A3($,h)+A4(.’£,h)

Then we have the inequality

1/2
|S1u(z 4+ h) — Sou(z)|?
o(Siu)(z) = ( . TR dh (3.11)
| A1 (x, h)| | As (2, B)[”
<o f, il [ M0l

1/2
N iy :
n |h‘n+29 n |h|’n+29
1/2 9 1/2
Ay (z, h)[° / |Az(z, h)|
<C / Liiath Sk A2 B + =2 dh
1/2 1/2
A 2 A 2
+</ ||Z(|f7£gl dh) +</ ||2(f’£3| dh) ) '

(1) The estimate of Aj(x,h): We have, by Taylor’s formula,

Al(ﬂl‘,h)

', Ou ou
:/{z|>1}</o Z(axk(x—’—h—i_tz)_aixk( +t2))2kdt)K($+h,z)u(dz).

k=1

Since p > 2, it follows from definition (2.1) and Minkowskii’s inequality for
integrals that

1/p

(/ i (/nlAlu,h)FW‘fﬁ%)p/g dx) (3.12)
Le <88;k> LP(R™) </{|z|>1} |z|u(dz)> '

(2) The estimate of As(x,h): In this case, we have the inequality

dh 1/2
Ao, h )
(/Rn| 2(, 1)l B[+

+z) —u(x x+h,z)— :czzih v z
</{|z|>1} |u(z + z) ( )|</H|K( h,z) — K(z,z)| e 29) u(dz)
< H(6 u(z + z) —u(x)| pu(dz).

( )/{|2|>1}| ( ) ()] p(dz)
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Hence, by applying Minkowskii’s inequality for integrals and inequality (2.6)
with v := 0 we obtain that

1/p

p/2
dh
/n (/ . |Ag(z, h)|? |h|"+29> dz (3.13)

< CH(O) l|ull 1o (g ( / 1 Mdz)) -

{lz[>1}

(3) The estimate of Ag(z,h): Since p > 2, it follows from definition (2.1)
that

([ |A3<x,h>|2m‘ffigg)l/2 < ||K||m§Le () ( /{ - AA(d2))

Hence we have, by Minkowskii’s inequality for integrals,

</n</n IAg(az,h)IQhri]i%)p/2 dx)l/p (3.14)
o (32 . ([ Flutas).

SIS
(4) The estimate of A4(x,h): In the last case we obtain that

j=1
dh /2 1/p

(/ (/ Aae B Ihl”“") dx) (3.15)

" || u

< H(6) (/{|z|>1} |2 u(dZ)) > oz,

j=1

o)

By applying Minkowskii’s inequality for integrals to inequality (3.11), we
obtain from inequalities (3.12) through (3.15) that

”L@(Slu)”Lp(Rn) (3.16)

ou " || Ou
Lo (G|, F O < OS5 )

([ o)
{lz[>1}

< O(HKHOO
Lr(R™) j=1

o

x ||U||LP(R") + oz,

<.
i M:
I,

ou
() )
Ox; LP(R™)

L?P(R™) ‘
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X<A}>u'”“wd>'

However, we have, for 0 < 0 < 1,

n

>

j=1

ou

0z

< llul sy gy < C lll oy
LP(R™)

and, by Lemma 2.3,

ou
Lo (a)

Therefore, it follows from inequality (3.16) that

n

<C

Lr(R™) j=1

ou

8a:j

§ CHU||H1+9 R
) 2@

zm&wummscwmu+ﬂ@wwﬁﬂmwé|vauw
z|>

This proves the desired inequality (3.10).
(B) The estimate of Lg(Szu): Secondly, we prove the inequality

I1Lo(S2u)ll Lo (mny (3.17)

< C(H(0) + HKHoo)/ |2? (dz) - [lull g2+0 (o y-
{0<|z|<1}

To do this, we write the difference
Sou(z + h) — Sou(x)
in the following form:
Sou(x + h) — Ssu(z) := By(x, h) — Ba(x, h),

where

Bi(z,h) = /{0<| - (u(a: +z4+h)—u(z+z) —ulx + h) + u(x)

_ izj (gxu](x_i-h) - ({i}i(m)))[((m—i—h,z)u(dz)

and

BQ(Z‘, h)

= ou
= w(r +2) —u(x) — zim— () |(K(z+ h,z) — K(z, 2 dz).
/{0<z§1}( ( + ) ( ) Z &’Ej( )>( ( + ) ( ))M( )
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Then we have the inequality

) 1/2
Lo(Syu)() = ( P dh) (3.18)

|Ba (. ) |Ba (. h)?
<o [ Blila [ Pl ),

; ou ou
fil(w) = g (w+12) = S (x),

First, if we let

then it follows that

n 1
k ok
LIRS /{ o / 2| £ (e + B) — £ (@) dt ().

Hence we have the inequality

1/2
|B1(x,h)|2 i 1 .
T K L dt p(dz).
(/n |h‘n+29 ) < ” HOO,;/{0<|Z|<1}|Z|/O 9(ftz)(x) t,u( Z)

However, by applying inequality (2.6) with -y := 6 we obtain that

forall 0 <t <1.
H PP (Rm)

HLa(ftjz)

ftz

< Ctz]

L”(R”) R™)

83:]

Therefore, we have the inequality

1/p

P/2
|Bi(z, h)|*
<CIK. [ p(d2)
{0<\Z\S1} ;

< CIK o lul 210 e / 2P u(dz)
{0<|z|<1}

8l‘7 H1+9(R")

On the other hand, we have the inequality

|Ba(x, h)| < / / |z
Z {0<]z|<1}

X |K(x+ h,z) — K(x,2)| u(dz) dt.

ou
8% (x—i—t )= O oz, @)

By the growth condition (1.4), it follows that

1/2
B )
n |h|77,+29
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0) / z
; {0<|z/<1}

By applying Minkowskii’s inequality for integrals, we obtain from inequality
(2.6) with v := 0 that

ou
) — 87]-(@

w(dz) dt.

p/2 p
| Ba(, h)|*
<CH(0 / 2" u(d2)
kz H1 (Rn) v {0<|z|<1}

<CHO Il [ 1ol w(d2).

{o<|z|<1}

8a:k

By applying Minkowskii’s inequality for integrals to inequality (3.18), we
obtain from inequalities (3.19) and (3.20) that

1Zo(S2w) | o o

< € (IK o Nlzoo oy + HO) Il ) [ o )
! Y {0<|z|<1}

< C(HO) +]K].) / 22 (d2) -l g2+0 gy -
{o<|z(<1}
This proves the desired inequality (3.17).

Now the proof of inequality (3.3) (and hence that of Theorem 3.1) is com-
plete. a

3.2 The case of a bounded domain

We study the non-homogeneous boundary value problem (1.14) in the frame-
work of generalized Sobolev spaces H2H9?(£2) for 1 < p < oo and 0 < 6 < 6.
To do so, we prove the following version of Theorem 3.1 with respect to the
bounded domain {2:

Theorem 3.2 Assume that the integral kernel K(x,z) satisfies conditions
(1.4), (1.5) and (1.6). Then the Lévy operator

. 0 0
S: H2P0(02) — H)(R2)

is bounded for all 1 < p < oo and 0 < 0 < Oy (see Figure 3.1). Moreover, if
n < p < oo, then the Lévy operator

S: H2H0(02) — HY(R2)

is compact for all 0 < 6 < 6.
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H2(2) —2 IP(Q)

[ |

HE(0) —2— HY(Q)

| I

Hy (0) —— H,°(9)

Fig. 3.1 The mapping properties of S for 1 < p < oo and 0 < 0 < 0y in Theorem 3.2

Proof The proof of Theorem 3.2 is divided into four steps.
Step 1: By virtue of condition (1.5), the boundedness follows from Theorem
3.1 by restriction arguments:

. 72+ E 2460 S 0 0
S: H'(2) = HP(R™) = HJ(R") — H,)(12),

where
. r72+6 246 n
E: HPJr () — Hp (R™)

is Seeley’s extension operator (see [27], [1, Theorems 5.21 and 5.22]).
Step 2: In order to prove the compactness, we make use of an idea of
Bony—Courrége—Priouret [7, Théoréeme XXI]. We show that the Lévy operator

S: H2(2) — LP(£2)

is compact for n < p < oo. -
We recall that K(x,2z) = 0 if z 4+ z ¢ £2. Hence, we can express Su(x) as
follows:

Su(x) = /M <u(w +2) —u(r) — z”: zjaaaz(x))K(x, 2) p(dz),

where _
M = Uweﬁ {Q B Jf}
First, we take a smooth function x in C§°(R) such that
1 if |t <1,
o — <
x(®) {o if |t > 2.

For every 0 < e < 1, we let

=1 (1)

i <
.(2) = {0 if |z <e,

1 if |z| > 2e.

We remark that
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Moreover, by Dini’s theorem it follows that the sequence ®.(x,z) converges
uniformly to 1 for z £ 0, as € | 0.
Now we introduce a family of truncation operators given by the formula

S u(z)

n

ou
= [ (w9 ate) = Y- 2 @) ) K el )
j=1
- Ju
= u(r + 2) —u(x) — Z zj=—(x) | K(x,2)P:(2) p(dz).
Mn{|z|>e} =1 axj
By part (a) of Lemma 2.5, we can find a constant Cp > 0 such that
|K(z,2) = K(y,2)| < Colz — y\eo for all z, y € M and almost all z € R".
Then it is easy to see that the Lévy operator
Sp.: C1(2) — C(N)

is bounded. Indeed, we have, by the mean value theorem,

K(z,2)| @ (2) p(dz)

[M]=
&K
¥ g
S

1S u(2)] < /M u(z +2) - ulz) -

< u(x + z) —u(x)| | K(x, z dz
—/mﬂng}' (2 + 2) — u(@)||K (z, 2)| p(de)

Pl ) | )

N{lz]>¢}
< CO[K| (/ |z u(d2)> ullcr )
Mn{|z|>¢}
1
<C|IKl, ( | Pu@ s [ e u(d2>> fullos oy
{e<|z|<1} {lz[>1}
for all z € 0.

This proves that Sg_u € C(£2) for all u € C1(£2), since the function
02352+ K(z,2)

is continuous for almost all z € R".
Since the embedding -
H2(12) == C' ()

is compact for n < p < oo (see the Rellich—Kondrachov theorem [1, Theorem
6.3 and Paragraph 7.32]) and since the embedding

C(2) — LP ()
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is continuous, we obtain that the Lévy operator
Se.: H2(2) — LP(£2) (3.21)

is compact. The situation can be visualized as follows:

So.: HA(RQ) e CY ) 25 0(0) — LP().
compactly

On the other hand, we obtain from inequality (3.2) that

1S@. o)

<OlKl, ( o () wans [ () u(dz))

X ||“HH3(Q) for all w € H2(2) and 0 <& < 1.

Furthermore, it follows from an application of Lebesgue’s dominated conver-
gence theorem that
Se, — S asel0 (3.22)

with respect to the operator norm in the space £ (HZ(12), LP(£2)) of bounded
linear operators on H2(§2) into LP(£2). Indeed, just as in the proof of inequality
(3.2) we obtain that

[Su — S‘PEUHL:D(_Q)

< Ol /{ o (&) utaz)+ /{ e (&) utan)

X |lullmz() for all u € H2(12).

However, by the moment condition (1.6) it follows from Lebesgue’s dominated
convergence theorem that

lfifg (/{|z|>1} I (lz|> wldz) + /{0<|z|51} |Z|2X (|z|) M(dZ)) -

Therefore, by applying [43, p. 278, Theorem] (or [26, Theorem 4.11]) we
obtain from assertions (3.21) and (3.22) that the Lévy operator

S: HX(2) — LP(£2)

is compact for n < p < oo.
Step 3: Theorem 3.1 tells us that the Lévy operator

S: H(2) — H)(R2)

is bounded for all 1 < p < oo and 0 < 0 < #y. Moreover, we obtain from Step
2 that the Lévy operator

S: HY(02) — LP(£2)
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is compact for n < p < co.

Step 4: Finally, in order to prove Theorem 3.2 we make use of the following
result concerning the complex interpolation of compact linear operators, due
to Cwikel-Kalton [10, Theorem 10]):

Theorem 3.3 (Cwikel-Kalton) Let (Xo, X1) be a Banach couple such that
Xy is reflexive and is given by the formula

Xo = [X1, W],

for some 0 < a < 1 and some Banach space W which forms a Banach couple
with X1. Here [W, X1],, is Calderdn’s complex method (see [§]). Assume that
the operator

T: X; — Y

is bounded for j =0, 1, and further that the operator
T: Xog—Y)
is compact. Then the operator
T: Xy =[Xo, Xa], — Y, = [Yo, V1],

is compact for each 0 <y <1 (see Figure 3.2).

X()LYO

I I

X, — v,

| I

X1—>Y1
T

Fig. 3.2 The mapping properties of T for 0 < v < 1 in Theorem 3.3

First, it is known (see [1, Chapter 3, Theorem 3.6] and [1, p. 250]) that
H?P?($2) is reflexive and further (see [36, p. 88, Theorem] and [37, p. 44, The-
orem]|) that

2
2 2+6
Hp(Q) = [Hp+ (Q)u LP(Q)]a y = m
Therefore, by applying Theorem 3.3 with
Xy = H2t(2), W= L1P(R),
2

Xo = H2(2) = [HZT%(£2), L7 ()]
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Yo :=LP(£2), Yi:=H} (%),
we obtain that the Lévy operator
. 17240 0
S: H™7(2) — Hy(£2)

is compact for all 0 < 0 < 6y and n < p < .
Now the proof of Theorem 3.2 is complete. O

4 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The proof is divided into
two Subsections 4.1 and 4.2, due to its length.

4.1 The differential operator case

First, we consider the case where S = 0 and T' = 0. Namely, we consider the
boundary value problem

Au=f in §2,
4.1
Auzu(x’)g—z—&—’y(x’)u:(p on 92 (4.1)

in the framework of Sobolev spaces H3+9(Q) and Besov spaces B;;?*_l/p(ﬁﬂ).

The next theorem is proved in Taira [30, Theorem 1] and [33, Theorem 1.1].
A more general result in the framework of spaces of Besov—Triebel-Lizorkin
type F;, and By  is given by Runst [22].

Theorem 4.1 Let 1 < p < oo. If condition (1.13) is satisfied, then the map-
ping
(A, A): H20(2) — HO(2) ® By 1% /P(092)

is an algebraic and topological isomorphism for all 0 < 0 < 0y. In particular,
there exists a unique solution u € HX™(§2) of the problem (4.1) for any f €

Hg(()) and any ¢ € B,l,j,i_l/p(a(?),

4.2 End of Proof of Theorem 1.1

First, we have the formula
(W, A) = (A+ S, A) = (4, 4) + (5,0).
However, by Theorem 4.1 it follows that

ind (4, A) = 0. (4.2)
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Moreover, by using Theorem 3.2 we obtain that the Lévy operator
. g2+ 0
S H7(02) — Hy(2)
is compact for all 0 < 0 < 6. Namely, the operator
(W, 4) = (A+5,4) = (A, 4) + (5,0

is a compact perturbation of the operator (A, A).
Hence we have, by assertion (4.2),

ind (W, 4) = ind (4, A) = 0, (4.3)

since the index is stable under compact perturbations (see [15, Theorem 2.6],
[26, Theorem 5.10]).

Therefore, the proof of Theorem 1.1 is complete if we prove that the oper-
ator

(W, A) - HZO(02) — HE(2) @ Byhi /7 (02)

is injective for all 0 < 0 < 6.
In this way, Theorem 1.1 follows by combining assertion (4.3) and the
following uniqueness theorem:

Theorem 4.2 (the uniqueness theorem) Let 0 < 0 <1 and n < p < co.
Assume that c¢(x) < 0 in £2, but ¢(x) # 0 in 2 and further that condition
(1.13) is satisfied. If u € Hg”(ﬂ) is a solution of the homogeneous boundary
value problem

Wu=0 1in {2,
Au=0 on 012,
then it follows that
u=0 on (.

Proof (i) First, we consider the case where u is a constant M in (2. Then we
have the formula

0 =Wu(z) = Au(z) + Su(z) = M c(z) in £2.

This proves that M = 0, since c¢(x) # 0 in (2.

(ii) Secondly, we consider the case where v is not a constant in 2. Our
proof is based on a reduction to absurdity. If (necessarily replacing u(z) by
—u(z)), we may assume that there exists a point z of the closure {2 such that

u(zo) = maxu(z) > 0.
e
If z¢ is an interior point, then it follows from an application of the strong
maximum principle (Theorem 6.2) that u(z) is a constant in 2. This is a
contradiction.
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Now we assume that there exists a boundary point zy such that
u(wo) = max, .5 u(x) > 0,
u(y) < u(xg) for all y € 2.

Then, by applying the Hopf boundary point lemma (Lemma 6.1) we obtain
that

Hence we have the formula

0= Au(zo) = (o) oo (o) + (o )u(ro). (1.4)

However, since we have the assertions

it follows from condition (1.13) that

() g o) + 2 o Juo) < 0.

This contradicts formula (4.4).
The proof of Theorem 4.2 is complete. a

5 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. The proof is divided into
two Subsections 5.1 and 5.2, due to its length.

5.1 Mapping properties of Lévy—Ventcel’ operators
In this subsection, we study the Lévy—Ventcel’ boundary operator

Tu(x') = vo(Tu) = /R"\{O} (w(@ + z) —u(z")) J(2', z) v(dz) (1.8)
for 2’ € 912,

where g is the trace operator.
Our main result of this subsection is stated as follows:

Theorem 5.1 Assume that conditions (1.9) through (1.12) are satisfied. Then
the Lévy—Ventcel’ boundary operator

. 240 n 14+6—1 n—1
T HFP(R") — BJFO-1/P(R)

is bounded for all 1 < p < oo and 0 <6 < 6.
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Proof We remark that trace operator
Yo: H;+9(Rn) _ FZ}EG(RTL) N F;’—;O—l/p(Rn—l) — B;:;O—l/p(Rn—l)

is continuous for all 1 < p < co. Here the space F; (R") are called Triebel-
Lizorkin spaces (see [37, Theorem 4.4.2]). Hence we are reduced to the study
of the integro-differential operator

Tu(z) = / (u(z+ 2) —u(x)) J(z,2)v(dz) for x € R™
R™\{0}

under the moment condition (1.12).
The proof of Theorem 5.1 is divided into two steps.
Step (i): First, we find that the integro-differential operator

. 1+6 n 0 n
T: HYY(R™) — HY(R")

is bounded for all 0 < 0 < 1, just as in the proof of Theorem 3.1. In fact, we
can obtain the following inequalities (see the inequalities (3.2) and (3.3)):

”TUHLP(R") (5.1)

< [ @) [l 2 [ 000 Bl |
{o<|z|<1} {l=1>1}

<ol ([ @ [ ) I
{o<|z|<1} {lz[>1} g

and (see Remark 1.1)
[ Lo(Tu)ll Lo (mry (5.2)
<CQ 19T ([ s+ [ () g
{o<]z|<1} {lz>1}
forall0 <6< 1.
Step (ii): Secondly, we show that the integro-differential operator
. 2460 n 1+06 n
T: H,"(R") — H,""(R")

is bounded for all 0 < 0 < 6.
To do so, we make use of the formulas

0 ou ou
oz, (Tu(x)) = /Rn\{o} <5$i (x+2) — oz, (z)) J(z, z)v(dz) (5.3)

o0J
+ /R gy 02 ) 2 via)

= A;(z) + Bi(x) forl1<i<n.
Hence, it suffices to show that we have, for 1 <1i < n,

Ai7 B; € Lp(Rn), (54&)
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Lo (Ai), Lo (B;) € LP(R"). (5.4b)

First, we can prove the following inequalities (see the inequality (5.1)):

b HAi”Lp(Rn) (5.5a)
<Ol ([ @ [ vla) IVl
{o<|z|<1} {l=1>1} g
b HBiHLp(Rn) (5.5b)

<OVl ([ [ vt Bl
{0<|z|<1} {Iz>1} !

Therefore, by using inequalities (5.5) we obtain from formula (5.3) that

||TUHH;(R") (5.6)

<O 19710 ([ e+ [ vl )l
{o<|z|<1} {l=1>1} i

Moreover, we can prove the following inequalities for all 0 < 6 < 6 (see
the inequality (5.2)):

Lo (Ai)HLP(R") (5.7)

<Cll. ( / 2| w(dz) + / ) Va3 ey
{o<s1<1} sty

<Ol ( [ v+ / ) -~
{o<lsl<1} Ge>1)

for 1 <i<n,
and (see Remark 1.1)

1L (Bi)ll Lo (mry (5.8)

<COVaTl+ GO) ([ @ [ ) Il
{o<|z|<1} {1z1>1}

Therefore, the desired assertions (5.4b) follow from inequalities (5.7) and (5.8).
The proof of Theorem 5.1 is complete. O

By combining Theorem 5.1 with the Rellich—Kondrachov theorem ([1, The-
orem 6.3 and Paragraph 7.32]) and the trace theorem ([37, Theorem 4.4.2]),
we can obtain the following:

Theorem 5.2 Assume that conditions (1.9) through (1.12) are satisfied. Then
the Lévy—Ventcel’ boundary operator

YT: H2Y(02) — By 71/P(002)

is compact for alln < p < oo and 0 <0 < 6.
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Proof The proof of Theorem 5.2 is divided into four steps.
Step 1: Just as in the proof of Theorem 3.2, we introduce a family of
truncation operators given by the formula

Tp. u(x) = / (u(z + 2) — u(z)) J(z, 2)P.(2) v(dz) (5.9)
R™\{0}
B /{ o, (2~ ul@) T, 22 (z) vlde).

Then it is easy to see that the operator
TQSE : Cl(ﬁ) — Cl(ﬁ)

is bounded. Indeed, we have the inequality

o) <21 biley ([ v+ [ wia) 6a0)
{e<|z|<1} {lz]>1}
1
<2l (2 [ e+ [ i) lule,
€ J{e<lzl<1} {l=|>1}

for all z € 0.

Hence, by virtue of inequality (5.10) it follows from an application of the
Lebesgue dominated convergence theorem that

Tp,u € C(2) for all ue C(92),

since the function
N3z J(z,2)

is continuous for almost all z € R".
Moreover, we have the formulas

0 Ju ou
e T = [ (G40 = 5L T 0 vl G511

aJ
i /{zzs} (ule +2) —ulz)) g, (2. 2)P(z) v(d2)

= Cy(x) + Di(x) for1<i<n.
However, we have the inequalities (see the inequality (5.1))

1
(@) < 2071l ( / elvta) + [ u(dz>) IVl (5.12)
€ J{e<|z|<1} {lz|>1}

for all z € 0,

and

1
D<AV (2 [ lta+ [ i) ol 613
€ Jle<lzI<1y {lz[>1}
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for all z € 2.

Therefore, by using inequalities (5.12) and (5.13) we obtain from formula (5.11)
that

0
e T < (G0 + i) (5.14
1
<241V (5 [ ltan+ [ na) el
{e<|z|<1} {lz[>1}
for all z € 0.

By virtue of inequality (5.14), it follows from an application of Lebesgue’s
dominated convergence theorem that Ty u € C*(£2) for all u € C1(£2), since
the functions

25z J(x,2)

and

J
8mi(xaz)7 ISZSTL,

are all continuous for almost all z € R™ (see part (a) of Lemma 2.5).
Step 2: Summing up, we find that the operator

25z2+—

Tp,: H}(2) — H)(£2)

is compact for n < p < co. More precisely, the situation can be visualized as
follows:

H2(2): < CY(R) 25 0N Q) — HA(9).
compactly

Step 3: Furthermore, it follows from an application of Lebesgue’s domi-
nated convergence theorem that

T, — T asel0 (5.15)
with respect to the operator norm in the space £ (H72(£2), H}(£2)) of bounded
linear operators on H2({2) into H)(12).

Indeed, just as in the proof of inequality (5.1) we obtain that

1Tu = To ull 1o (5.16)
||
= u(x +2) —u(x)) J(z, 2 v(dz
’/Wo}u +9) =) S () o

V4 z
<ol ([ (Huaa+ [ (B v iy,
{0<z|<1} € {lz|>1} €

Moreover, we have, by formulas (5.11) for 1 < < n,

IV (Tu = To u)| 1o () (5.17)
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|Z> / ||

SC’JOO/ zx< v(dz) + X v(dz) ) ||u|| g2 mn

([ () e [ (v il
||

reIvatl(f (e [ (vt g

However, by the moment condition (1.12) it follows from Lebesgue’s dominated
convergence theorem that

o0 (2 (£

Therefore, the desired assertion (5.15) follows by combining inequalities
(5.16) and (5.17).

By using [43, p. 278, Theorem]| (or [26, Theorem 4.11]), we find that the
operator

T: H}(£2) — Hy (1)
is compact for n < p < oco.
Step 4: Finally, by applying Theorem 3.3 with
Xy =H"(2), W:=LFQ),
2
2+ 64 ’

Xo:=Hp(2) = [H"(2),LP(2)] , a=
Yo = HM)R), Yi:=H (),
we obtain that the operator
T: H?(02) — HM(02)

is compact for all 0 < 6 < 0 and n < p < oo (see Figure 5.1 below).
Now the proof of Theorem 5.2 is complete. ad

H2(Q) —F— HLQ)

I I

HE(2) —F— HiT(0)

| |

Hpt1(2) ——— H"(2)

Fig. 5.1 The mapping properties of T" for 0 < 8 < 1 and n < p < oo in Theorem 5.2
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5.2 End of Proof of Theorem 1.2
First, we remark that the index of the mapping
(W, A) : H2Y0(2) — HI(2) & BLH /P (002)
is equal to zero:
ind (W, A) =0 (4.3)

under the condition
wu(z") >0 on 9. (1.18)

However, by using Theorem 5.2 we obtain that the Lévy—Ventcel’ boundary
operator

T Hyt?(2) — By /=17 (002)

is compact for all 1 < p < oo and 0 < # < #,. Namely, the operator
(W, L) = (W, A+ 7T) = (W, A4) +(0,7%T)

is a compact perturbation of the operator (W, A).
Hence we have, by the assertion (4.3),

ind (W, L) = ind (W, A) =0, (5.18)

since the index is stable under compact perturbations (see [15, Theorem 2.6],
[26, Theorem 5.10]).

Therefore, the proof of Theorem 1.2 is complete if we prove that the oper-
ator

. 0 6 60—
(W,L): HX () — HI(Q) @ BL10~1/7(00)

is injective for 0 < 6 < min{6y, 61 }.
In this way, Theorem 1.2 follows by combining assertion (5.18) and the
following uniqueness theorem:

Theorem 5.3 (the uniqueness theorem) Let n < p < co. Assume that
the following transversality condition is satisfied:

(") —vy(z") —l—/{ o J(x',2)v(dz) >0 on 092 (5.19)

Ifu e Hg*e(ﬁ) is a solution of the homogeneous boundary value problem

Wu=(A+Su=0 in {2,
Lu=(A+~vT)u=0 ondf2,

then it follows that
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Proof Just as in the proof of Theorem 4.2, we have only to consider the case
where u is not a constant in {2. Our proof is based on a reduction to absurdity.

We may assume, to the contrary, that there exists a boundary point x|
such that

{u(xg) — max, 5 u(z) >0, (5.20)

u(zg + z) < wu(zy) for all zy + z € £2.
Then, by applying the Hopf boundary point lemma (Lemma 6.1) we obtain
that

ou , ,
5o (@) < 0. (5.21)

Moreover, since we have the assertions

u(zg +2) —u(xy) <0 forall zf + 2 € 2,
J(z,z) >0 almost everywhere in R"™ x R",

it follows that
0 = Lu(xy) = Au(zg) + Tu(zg) (5.22)

— (o) g )+ ayutat) + [ (uleh+ )~ ulah) T(ah,2) vid),
On {z)+2€02}

However, by condition (5.18) we obtain from assertions (5.20) and (5.21) that

Lu(z))
ou
— (ah) gotat) +2(epuleh) + [ (uleh+ )~ ulah) Jlap ) v(d2)
{ep+2€02}
< 0.
This contradicts formula (5.22).
The proof of Theorem 5.3 is complete. g

Remark 5.1 Intuitively, the transversality condition (5.19) implies that one of
the reflection and absorption phenomena and the inward jump phenomenon
from the boundary occurs at every point =’ € 912 (see [32]).

6 The maximum principle for elliptic Waldenfels operators in
Sobolev spaces

In the last section, we prove various maximum principles for second-order,
elliptic Waldenfels integro-differential operators with discontinuous coefficients
such as the weak and strong maximum principles (Theorems 6.1 and 6.2) and
the Hopf boundary point lemma (Lemma 6.1) in the framework of LP Sobolev
spaces which play an essential role throughout the paper. The results here
are adapted from Bony [5], [6], Bony—Courrege—Priouret [7], Garroni-Menaldi
[12], Troianiello [38] and also Taira [32] and [34].
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Let 2 be a bounded domain in Euclidean space R™, n > 2, with bound-
ary 0f2 of class C1''. We consider a second-order, elliptic Waldenfels integro-
differential operator W with real L coefficients such that

Wu(z) = Au(z) + Su(z), =€ £, (1.1)

where

n

Au(z) = Z a”(x) 81:18339 sz 8@% Tele)ul(z)

i,j=1 i=1

and

ému>z;“m(wx+@uu»ﬁfqgguﬁkwa@uw@.

Jj=1

More precisely, we assume that the coefficients a(z), b*(x) and c(z) of the
differential operator A satisfy the following three conditions (1), (2) and (3):
(1) a¥(z) € L>=(R2), a¥(z) = a’*(z) for all 1 < 4,5 < n and for almost all
x € (2 and there exist a constant A > 0 such that
1 <
Tl < D a¥@)eg < AP (6.1)
ij=1
for almost all z € 2 and all £ € R".

(2) bi(x) € L>=(N2) for all 1 <i < n.

(3) e(x) € L™(£2) and ¢(x) < 0 for almost all z € £2.

(4) K € L>®(R™ x R™) with K(z,y) > 0 almost everywhere in R" x R"™, and
it satisfies the growth condition (1.4) for some 0 < 6y < 1 and condition
(1.5).

(5) u(dz) is a Radon measure on R™ \ {0} that has a density with respect
to the Lebesgue measure dz on R", and it satisfies the moment condition
(1.6).

6.1 The weak maximum principle

The purpose of this subsection is to formulate a variant of the weak maximum
principle in the framework of LP Sobolev spaces, essentially due to Bony (cf.
[5, Théoreme 2], [13, Section 9.1, Theorem 9.1], [38, Chapter 3, Lemma 3.25]):

Theorem 6.1 (the weak maximum principle) Assume that a function u
in the Sobolev space WP (§2) with n < p < oo satisfies the condition

Wu(x) >0  for almost all x € (2. (6.2)
Then we have the inequality

maxu < maxu’,
o 7]
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where
ut(z) = max{u(x),0} forx e 0.

A detailed proof of Theorem 6.1 is given in Taira [34, Theorem 8.1].

6.2 Hopf’s boundary point lemma

In this subsection, we study the inward normal derivative du/dn(z() at a
boundary point x{, where the function u(x) takes its non-negative maximum.

The Hopf boundary point lemma reads as follows (cf. [7, Théoreme VIII],
[12, Theorem 3.1.5]):

Lemma 6.1 (Hopf) Assume that a function u € W2P(£2), withn < p < oo,
satisfies the condition

Wu(xz) >0 for almost all x € 2. (6.2)

If u(z) attains a non-negative, strict local mazimum at a point xj, of 012, then
we have the inequality

ou
S (ah) <0, (6.3)
where n = (n1,na,...,ny,) is the unit inward normal to the boundary 052.

Proof By Theorem 6.1 [34, Theorem 8.1]), it suffices to consider the case

xy) = m = max, 5 u(x) >0,

(or
“( (6.4
u(y) < u(zy) for all y € £2. ’

The proof of inequality (6.3) is divided into three steps.
Step 1: By condition (6.4), we can find an open ball B(y,r) contained in
the domain {2, centered at y, such that

(a) The point x; is on the boundary S(y,r) = {z € 2: |z —y| = r} of B(y,r);
(b) n = s(y — x{) for some s > 0.

Step 2: Near the boundary point x{, we introduce local coordinate sys-
tems (a’,x,) such that ' = (x1,22,...,2,—1) give local coordinates for the
boundary 942 and that

Q=A{(@"2n) 12, >0}, 002={(2/,2,): 2z =0},
$6:(0,,0,0)€69, y:(O,,O,r)GQ, |x6—y|:r

Substep 2-1: Now we introduce a function v(z) by the formula

v(z) =v(a',x,) = exp [f’y|x — y|2] — exp [f'yrz] , (6.5)

where v is a positive constant to be chosen later on. Then it is easy to see that

Av(z) = Z a(x )89518% sz (9951 )+ c(z)v(z) (6.6)
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— exp [z — yl?] x [4%(% )i =)o~ ) )

ij=1
n » )
— 2y (Z (a"(x) + ' (2) (2 — yz)>>:| + c(z)v(z).
i=1
However, we have, by formula (6.5) and condition (6.1),

v(z) <exp[—7y|z —y|?] forallz e £,

and
- ij 1 2
Z a’(z)(x; —yi)(x; —yj) > X|1’ —y|* for almost all z € £2.
i,j=1

Hence, it follows from formula (6.6) that

Av(w) > exp [z — yf?] (6.7)

n

[t - o - 203 (0 + @l o -l ) + o))

i=1
for almost all z € £2.

Moreover, for any p > 0, we can choose a constant v = y(p) > 0 so large that

we have, for p < |z —y| <,

n

Doy -2 (Y (a0)+ Wllos—ul) + e ) (69

i=1

42
Z% 2707;

where

C= 2<Z(Ha“”m€(9) +r HbiHLOO(_Q)) + ||C||L°°(!2)>=

i=1

r=lag —yl.

Therefore, by combining inequalities (6.7) and (6.8) we obtain that, for any
p > 0 there exists a constant v = y(p) > 0 such that
4* 2
Av(w) > ( ==9" = O ) exp [z = yf’] (6.9)
for almost all z € I, :={z€ 2:p<|z—y|<r}

Substep 2-2: On the other hand, we can obtain an L°°-version of Theorem
3.2 as follows:
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Lemma 6.2 For every € > 0, there exists a constant C(e) > 0 such that we
have, for all u € C%(£2),

1
1Sull e (2) < 50 E) 1K oo [Vl o ) + C) 1K lg [Vl o - (6:10)

Here
o) = [ Pl
{0<]z[<e}

Proof For each € > 0, we decompose the integral term Su(x) into the two

terms Sél)u and Séz)u as follows:
Su(z) = SWu(z) + SPu(z).

Here:
SMy(z) = /{0<z§s} ( (x +2) 27: i ) x, z) p(dz)

= / (1—1t)dt / 2 Vu(x +t2)z K(z, 2) p(dz)
0 {0<|z|<e}

and

SPy(x) = /{| - (u(z + 2) —u(z) — 2z - Vu) p(dz).

(1) First, we have the inequality

1
S(l)u’ SIK (/ 2, > V2|, 6.11
sl 0 < 3 180w (Vo000 ) 1920 ey (611
1

= 50@) 1K ||V

uHLoo(n)'

By condition (1.6), it follows from an application of Lebesgue’s dominated

convergence theorem that
limo(e) = 0. (6.12)
el0

(2) Secondly, we rewrite the term Séz)u in the form

SPu(x) = /{ > }K(m) (u + 2) — u(®)) p(d)

; Z / 22 (fj () u(d2)

{l= \>€}
= A(x) + B(x).
Then, by using condition (1.6) we can estimate the term B(x) as follows:

|B(x)] < /{ ERCEEDY

Jj=1

ou

()| p

oz, (d=z)




44

K. Taira

where

<Kl ( / |z|u<dz>) 190l
{lz|>€}

=0(e) |1 Kl VUl oo () for all z € £2,

5(e) = /{m} 12](d=).

However, the term d(g) can be estimated as follows:

i(e) = 2l u(dz zl u(dz
(©) /{|z|>1}' L >+/{E<Z<1}| | (dz)

1
<[ @[ sPad)
{lz|>1} € J{e<|z|<1}

1
<[ el e
{lz[>1} € J{o<|z|<1}

C
:CQ—F*I
3

Hence we obtain the inequality

C
1By < (£ +02) 1L V0l o

(6.13)

(6.14)

On the other hand, by Morrey’s imbedding theorem (see [13, Theorem
7.17]) we can find a constant C' > 0 such that

|u(z + 2) —u(z)] < C Mlin/p IVullpe ) -

Hence, it follows from inequality (6.13) that

[A(z)] < /{I N }K(%Z) (u(z + 2) — u(z)) p(dz)

<CIKlL [ ' () [Vl
{lz|>¢}

1
—O|IK]l, / 2] - p(dz) |Vl
{|z|>¢} ‘Z|n/p L2(e2)

ClK| </
<— = |2 p(dz) | [Vull s
e/? \Jqlzl>e) L)

=4(e)

C K| Cllx|

=C: [|[K|loo VUl ooy forall z € 2,

where

o0 G %o
L ey < (2 + €)= 19l
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Thus we have the estimate

C C|K
Aoy < (2 €2 ) 72 9l (6.15)
=Ce HKHOO ||quLp(Q)

<CL K| Cs |Q|1/p [Vull oo (o) for some constant C3 > 0,

where |{2] is the volume of the domain f2.
Therefore, we obtain from estimates (6.14) and (6.15) that

|52, o) < 14lLia) + 1Bl () < CE IR IVt oy, (6:16)

o= (2 v ) (1 S8 ap).

(3) The desired estimate (6.10) follows by combining estimates (6.11) and
(6.16):

where

|Su|| 1o (2

IN

1Sl poo () + ISP ul| L ()

1
50 1K [V e ) + CO K L V0] e )

IN

The proof of Lemma 6.2 is complete. O

By combining inequality (6.10) (for the function v defined by formula (6.5))
with assertion (6.12), we can find that, for every small > 0 there exists a
constant C, > 0 such that

[Sv(@)] < (m* + Cyy) exp [—7]a — y/?] (6.17)
for almost all z € I, :={2 € 2:p<|z—y| <r}.

Therefore, by taking
2p?

A 9

A
ﬁ(cn"‘cﬁ

v >
we obtain from inequalities (6.9) and (6.17) that
Wo(x) = Av(z) 4+ Sv(z) > Av(z) — |Sv(z)] (6.18)
(2)7272 —(C+Cy) 7) exp [z — y|?]

2p? AMCH+Cy) 9
= )\’7(7 - Tn exp [—’7|33 - y\ ]

>0 foralmostallz eI, :={z€R:p<|z—y|<r}

v
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Step 3: Without loss of generality, we may assume that
u(z) <u(xg) in B(y,r). (6.19)

If e > 0, we let
w(z) = u(z) — u(zg) + e v(x).

(a) First, we have, by condition (6.19),
w(z) = u(x) —u(ze) +ev(r) <0 on S(y,p) ={z € 2:[z—y[=p},

if € > 0 is chosen sufficiently small.
(b) Secondly, it follows that

w(z) = u(z) —u(xg) +ev(x) <0 on S(y,r)={z€ R:|z—y|=r}

since v(z) = 0 on S(y, ).
Hence we have, by assertions (a) and (b),

w(z) <0 on dl,, =S(y,p)US(y,r).
On the other hand, by inequalities (6.2) and (6.18) it follows that

Wuw(z) = Wu(x) + eWo(z) — u(zo) (W1) (z) > eWo(z) — c(z)u(zg)
> —c(x)u(xo)
>0 for almost all z € I',, = B(y,r) \ B(y, p)-

Therefore, by applying the weak maximum principle (Theorem 6.1) with
2 :=I',, we obtain that

w(z) <0 in I, = B(y,r)\ By, p). (6.20)
(c) On the other hand, we have the formula
w(zg) = ev(xo) = 0. (6.21)
Therefore, it follows from assertions (6.20) and (6.21) that
ow, , ou , , ov, ,
— = — — <0. .22
However, we have, by formula (6.5),
0
a—z( 0) = 2’yr(377r2 > 0. (6.23)

Summing up, we obtain from inequalities (6.22) and (6.23) that

S—Z(xé) < —5%(%) = —2eyre ™ < 0.

Now the proof of Lemma 6.1 is complete. a
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6.3 The strong maximum principle

Finally, we can prove the following strong maximum principle for the operator
A (cf. [5, Théoréme 2], [7, Théoreme VII], [12, Theorem 3.1.15]):

Theorem 6.2 (the strong maximum principle) Assume that a function
u € W2P(£2), with n < p < oo, satisfies the condition

Wu(x) >0 for almost all x € (2. (6.2)

If u(x) attains a non-negative mazimum at an interior point of {2, then it is
a (non-negative) constant function.

Proof Our proof is based on a reduction to absurdity. We let

m = maxu(z) > 0,
€S

S:={z € 2:ulx) =m},
and assume, to the contrary, that
SGn.

Since S is closed in {2, we can find a point 2y of S and an open ball B(y, R)
contained in the set 2\ S, centered at y, such that

(a) B(y, R) C 2\ S;
(b) z¢ is on the boundary S(y, R) = {z € £2: |z — y| = R} of B(y, R).

By applying the Hopf boundary point lemma (Lemma 6.1) with 2 :=
B(y, R), we obtain that

2 ou
i3 <0, 6.24
;" axi(%) (6.24)
where
n=(ny,ng,...,n,) = Yy~ %o .
ly — o]

However, since u(xo) = m for some interior point z¢ € £2, it follows that

ou
8%‘2‘

(zg) =0, 1<i<nmn.

Hence we have the assertion

K2

= Ju

This contradicts inequality (6.24).
The proof of Theorem 6.2 is complete. a
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