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A CHARACTERIZATION OF ISOPARAMETRIC
HYPERSURFACES IN A SPHERE WITH ¢g <3

By

Setsuo NAGAI

Abstract. Ki and Nakagawa [Tohoku Math. J., 39, 27-40 (1987)]
characterized the minimal isoparametric hypersurfaces in a sphere
that have three distinct constant principal curvatures from the stand
point of the Ricci tensor. In this paper we generalize their results
and characterize the isoparametric hypersurfaces, again in a sphere
and with three distinct constant principal curvatures, that are either
minimal or parallel to a minimal hypersurface.

1. Introduction

Let S"*!(1) be a unit sphere in an (n+ 2)-dimensional Euclidean space
E"™2. We consider the induced Riemannian metric on S"*'(1). Then S"*!(1)
comes to be a connected, complete and simply connected Riemannian manifold
with constant sectional curvature 1. We call an n-dimensional Riemannian
manifold M" a hypersurface of S"*!(1) when M" is isometrically immersed into
S"™1(1). A hypersurface M" of S""!(1) is said to be an isoparametric hyper-
surface if M” is locally defined by the level hypersurface of an isoparametric
function on S"*(1) ([3]).

E. Cartan [3] proved that a hypersurface M" is isoparametric if and only if
it is a hypersurface with constant principal curvatures.

Let M" be an isoparametric hypersurface of S"*!(1) and let 4i,...,4, be
all of the distinct constant principal curvatures with multiplicities my, ..., m,,
respectively. E. Cartan [4] classified the isoparametric hypersurfaces with g <3
and showed that all of them are homogeneous. Here we call M” homogeneous if
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M" is obtained as the orbit space of an analytic subgroup of the isometry group
of §™1(1). Later, Miinzner [11] proved by a topological argument that the
number of distinct principal curvatures g must be one of g =1,2,3,4 or 6. For
g = 6, Abresch [1] showed that the multiplicity of each principal curvature is the
same number m where m is either 1 or 2. Dorfmeister and Neher [6] proved the
homogeneity of such hypersurfaces with g = 6 and m = 1. Recently, R. Miyaoka
[12] finally proved that isoparametric hypersurfaces with g =6 and m =2 are
also homogeneous. So, we know that isoparametric hypersurfaces in S"*!(1) are
homogeneous for g =1,2,3 or 6.

We are interested in geometric characterizations of homogeneous isopara-
metric hypersurfaces in a sphere. More precisely, we consider characterization of
such hypersurfaces from the standpoint of the Ricci tensor. The Ricci tensor S
of M" is said to be cyclic parallel if the following equation holds for all vector
fields X, Y and Z on M™:

{(Vx8)Y,Z) +{(VyS)Z,X) +{(V28)X,Y) =0.

Here, {-,-> denotes the Riemannian metric and V the Levi-Civita connection
of M™".

A Riemannian manifold is said to be a D’Atri space if its local geodesic
symmetries are volume-preserving up to sign. Such spaces were first studied by
J. E. D’Atri and H. K. Nickerson ([5]). An analytic Riemannian manifold is
knowen to be a D’Atri space if and only if it satisfies an infinite sequence of
equations for the curvature tensor and its covariant derivatives ([2], [9]). The
cyclic-parallel condition of the Ricci tensor is the first equation in the infinite
sequence.

In this paper, we consider the cases where g < 3. Isoparametric hypersurfaces
of S"™1(1) with g =3 will be called Cartan hypersurfaces. Ki and Nakagawa
[8] gave a characterization of minimal Cartan hypersurfaces and obtained the
following theorem.

TueoreM 1.1 (Ki and Nakagawa [8]). Let M" be a closed hypersurface
in S"Y(1) with constant mean curvature. If the Ricci tensor S of M is cyclic-
parallel but not parallel, then M" is congruent to one of the minimal Cartan
hypersurfaces.

In this paper, we generalize this result. More precisely, we characterize all
Cartan hypersurfaces in S”*!(1). This includes both minimal hypersurface and
hypersurfaces parallel to them. We obtain the following theorem.
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THEOREM 1.2. Let M" be a closed hypersurface in S"'(1) with constant
mean curvature. If the covariant derivative of the Ricci tensor S of M" satisfies

(x) Sx.v.z{(VxS)Y,Z)
=L(VxS) Y, Z) + {(VyS)Z, X)) +{(Vz8)X, Y)

= 3(1 - i) h(VyA)Y,Z>

for all vector fields X, Y and Z over M", then M" is congruent to one of the
isoparametric hypersurfaces with g < 3. Here A and h denote the shape operator
and the mean curvature of M", respectively. Further, if VS #0, then M" is
congruent to the Cartan hypersurface.

The corresponding local theorem also holds, which is reflected by the fol-
lowing theorem.

THEOREM 1.3. Let M" be a connected hypersurface isometrically immersed
in S (1) with constant mean curvature. If the covariant derivative of the Ricci
tensor S of M™" satisfies the equation (%) in Theorem 1.2, then M" is an open
submanifold of one of the compact isoparametric hypersurfaces with g < 3. Further,
if VS #0, then M" is an open submanifold of the Cartan hypersurface.

In this paper we assume that all manifolds are of class C* and connected
unless otherwise stated.

The author would like to express his sincere gratitude to the referee for his
valuable suggestions and comments.

2. Preliminaries

In this section, we present some preliminary results of hypersurfaces in a unit
sphere.

Let S"*1(1) be an (n + 1)-dimensional unit sphere in an (n + 2)-dimensional
Euclidean space E"*? and consider the induced metric on S"*!(1), under which
S"+1(1) becomes a real space form of constant sectional curvature 1. Further, let
M" be a connected submanifold of S”*!(1) with codimension 1. Below, we
refer to this type of manifold as a hypersurface of S"*!(1). We will begin by
establishing the structure equations of M".

Let é1,...,é,11 be a local orthonormal frame field of S”*!(1) such that the
restrictions of the first n vectors to M” are tangent to M”". Let @', ... ,&""!
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be the corresponding coframe of S"*!(1). The first and the second structure
equations of S"*!(1) are the following:

d@’:—ijA@/, B! + @] =0, (2.1)
J
dcT);:—ZcT),’(/\cT);‘—i—w’/\w’, Ljk=1,....,n+1 (2.2)
3
Let o' and o/, respectively, be the restrictions of @' and @/ (where i,/ =1,...,n)

to M". Then, from (2.1) and (2.2) we have the following first and second
structure equations of M":

do' = —Zw;/\wj, a)]’ +w! =0, (2.3)
J
dw;:—zk:a);;/\a)ijrQ;,
;1 ik / i i o
Q;:Ekz;Rjk/w no', Ri, 4R, =0, ijk/=1..n (24

Here, Q} denotes the curvature form of M" and R;'k/ the coefficient of the
curvature tensor of M".
The second Bianchi identity is given by

R+ Ry + Ry =0, i jkl,m=1,...n. (2.5)

Here, R;)dm are the coefficients of the covariant derivative of the curvature
tensor Rj, defined by

i m __ i ipt tpi
E :Rjk/mw =dRy, + E Ry, — E :ijtk/
m t t
-y 'R, - o!R;
k=Yt Nkt
t t
However, o”t!, the restriction of @"*! to M”, vanishes. This gives
0=do"" =— E o Ao
i

n+1

Hence, from Cartan’s lemma, /" can be expressed b
) > 1

wl.'l+1 = Zhija)-/7 hl/ = }lj,‘, l,] = 1, Loy n. (26)
J
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The tensor field 4 on M" defined by

A= Zh,’jwi ®e; (2.7)

i J

is said to be the second fundamental form of M” in S"+!(1).
From (2.2), (2.4) and (2.6), we deduce the following Gauss equation:

Ry = 0wdjr — 0igdp + hixhjs — hichyi. (2.8)

Covariantly differentiating both sides of (2.6), and making use of (2.2) and (2.3),
we obtain

Zh,-jkwj Aok =0, (2.9)
Jik
where the coefficients A are defined by

> hot = dhy =" hyo! = ho!. (2.10)
k 2 2

Comparing these coefficients to the coefficients of w/ A ¥ in (2.9), we obtain the
following Codazzi equation:

hijk:hikj» i,j,kzl,...,n. (211)

Using the Gauss equation (2.8), the coefficients R; =), R](;( of the Ricci tensor

1

S of M" are given by
Ry = (n—1)d; + (hh!-, - Zhikhk/‘), (2.12)
k

where /i denotes the mean curvature of M”, defined by i =", h;.
Furthermore, the scalar curvature p = ;R; of M" satisfies the following
equation:

p=nln—1)+h =Y hjhy. (2.13)
i,J

Covariantly differentiating both sides of (2.10) and using the structure equations
(2.3) and (2.4), we obtain that

1 1
Zh,-jk/wk N — 3 Z hijlf}z/wk Ao’ + 3 Z h,-,nR_/"Z/wk A, (2.14)
k.l k,/,m k,/,m



212 Setsuo NAGAI

where the coefficients A, are defined by

4 14 4 4
Z hi/»k/cu = d/’lijk - Z h/_/,-kwl- - Z hi/k@/ — Z h,»j/a)k.
14 4 4 4

Comparing these coefficients to the coefficients of w* A’ in (2.14), we deduce
the following Ricci formula for /y:

higr = hijoe = > hg Rl + > hin Ry, (2.15)

m

From (2.12), our condition (x) in §1 is equivalent to the following equation:

3
~hhij = > (hihyix + hichyix + hyichyy). (2.16)

r

For the sake of brevity, we will write (h;)" and o, for a tensor and function,
respectively, on M”" for any integer m to mean:

(hy)™ = Z hiiyhiiy - i, (2.17)

yeeey b1

o= (ha)", m=1,2,.... (2.18)

i

In particular, o coincides with the mean curvature 7 and o, is related to the
scalar curvature p by

p=n(n—1)+h>—oa,.

3. Cartan Hypersurfaces

E. Cartan [4] classified all isoparametric hypersurfaces in S"*!(1) that have at
most three distinct constant principal curvatures. They are homogeneous hyper-
surfaces and orbits under the isotropy representations of symmetric spaces of
rank 2 ([7], [16]). In this paper isoparametric hypersurfaces in S"!'(1) are
called Cartan hypersurfaces if they have just three distinct constant principal
curvatures.

ReMARK 3.1. In [8], the name Cartan hypersurface refers to minimal iso-
parametric hypersurfaces in S”*!(1) with three distinct constant principal curva-
tures, but we use this term for both minimal one and all its parallel hypersurfaces.
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R. Takagi and T. Takahashi [16] determined the principal curvatures and
their multiplicities for all homogeneous hypersurfaces in S"*'(1). We know the
following for general isoparametric hypersurfaces.

THeEOREM 3.2 ([3], [4], [11]). Let M" be an isoparametric hypersurface in
S™Y(1) and let Ay,..., 5 with 2y > ---> 2, be the distinct constant principal
curvatures with multiplicities my, ... ,m, Then the following properties hold.

(1) g is either 1, 2, 3, 4 or 6.

(2) If g=3, then my =my =m3 =2" (for r=0,1,2,3).

(3) There is an angle 0 € (0,%) such that 7; = cot{(i — 1)%—1—0}, i=1,...,9.

We now consider the case g =3. Let M" be the Cartan hypersurface of
S"™1(1) and (u,f) be the corresponding effective orthogonal symmetric Lie
algebra of compact type and rank 2. Further, let m; (i=1,2,3) be the mul-
tiplicities of the principal curvatures of M”". Then we have the following table 1

([16]).

Table 1: Cartan hypersurfaces

1 f n m; (i=1,2,3)

su(3)+su(3) | su3) | 6 | m=2 (i=1,2,3)

su(3) s0(3) | 3 | m=1 (i=1,2,3)
su(6) sp(3) | 12 | m;=4 (i=1,2,3)
Es Fi |24 | m=8(i=123)

We can now demonstrate the following proposition:

ProposITiON 3.3. Let M" be an n-dimensional Cartan hypersurface in
S™(1). Then the Ricci tensor S with components Ry of M" satisfies the fol-
lowing equation:

2
() SRy =3 (1 - n> hhij,

where Ry are the components of the covariant derivative VS of S and &; j i Ry
is defined by

Sij iRy = Rijk + Rii + Ry
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ProoOF. Because the second fundamental form /; of M" is diagonalizable,

a local field {e;} of the orthonormal frames on M" can be chosen in such a

way that h; = 0;; namely,

hgy =cot 00y, a,b=1,...,m,

Ry :cot<g+ﬁ>6rs, rs=m+1,...,2m,

2
hyy COt(;+9)5xy, x,y=2m+1,...,n,

hj =0 for other i and ;.

This gives us

0=dhy = Z hubkw + (e — ) Z habkw
0= dhrs - Z hmkwk + (/lr - /L\)w; - Z hrskwka
k k

0 = dh,, —Zhvykw +( Zhwkw

It follows that
habk:hrsk:hxyk:o, k:1,...7}’l

and

Z(hirhrjk + Mirhvi + hyichy) = (A + 25 + 2ac) hijie.

r

From (3.1), (3.2) and (3.3), we coclude that

2
SR =3 (1 - Z) hhii.

This completes the proof.

For hypersurfaces with at most two distinct principal curvatures Lawson [10]

proved the following theorem.

THEOREM 3.4 (H. B. Lawson, Jr. [10], Theorem 5). Let M" be a Riemannian

manifold over which the Ricci tensor is covariant constant.

L if MM s
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isometrically immersed into S"'(1) with constant mean curvature, it must be an
open submanifold of S* x S" % k=0,..., [%} which is canonically imbedded in
S"+1(1).

REMARK 3.5. The submanifolds S¥ x "% (k=0,...,[4]) of Theorem 3.4
are characterized by the hypersurfaces with parallel second fundamental form in
S"+1(1). Lawson [10] has also classified hypersurfaces in a space form with non-
positive constant sectional curvature whose Ricci tensors are parallel and whose
mean curvatures are constant.

P. J. Ryan [14] generalized Lawson’s results and gave the following theorem:

Tueorem 3.6 (P. J. Ryan [14]). Let M" be a hypersurface in S"'(1) with
n>2 If M" is not of constant curvature 1 and if the Ricci tensor of M" is
covariant constant, then M" is an open subset of S¥ x S" % k=0,..., [%} and is
canonically imbedded in S"*'(1).

4. Proof of Theorem

In this section we shall prove our main theorem. We consider an n-
dimensional hypersurface M" in a unit sphere S"*'(1) with constant mean
curvature satisfying the condition (%) in §1. Our condition (x) is equivalent to
the following equations:

3
“hhge =S (hoho + byl + hohys), 0, jk=1,...n. 4.1
i > (hihyi + hichyix + hchyi), i, n (4.1)

r

By the rigidity of the Cartan hypersurfaces ([13], [15]), it suffices to show that
M™" has at most three distinct constant principal curvatures.
First, we prove the following lemma.

LemMMA 4.1. Under the same conditions of Theorem 1.3, the functions o,
(m=1,2,...) are constant.

Proor. We prove this lemma by induction on m. The function oy =h =
const is an assumption, so the lemma holds for m = 1.
By using the Gauss equation (2.8), we have

0 =nn—1)+al —p. (4.2)
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By contracting indices j and k in the equation (4.1), we deduce
pi+2d Ry =0, (4.3)
J

where p; is defined by dp = 3, p;»". Contracting the second Bianchi identity (2.5)
with respect to the indices j and /, we arrive at

> Ry =0.
J
Combining this with (4.2) and (4.3), we have

o, = const.

Differentiating both sides of (2.18), we obtain

doy =my ()" dhy  (m = 2). (4.4)
i.j
Substituting (2.10) to the right-hand side of (4.4), we have
dOCm =m Zh[/‘k(/’l!‘/)m_lwk. (45)

ik

Now multiplying (h,-j)m_] to both sides of (4.1) and contracting indices i and j
in the resulting equation, we have

2 by (hy) " + 37 i ()" 0% = 3 ()" by
i,j,k i,j,k.r i,j,k

From (4.5) and the last equation, we obtain

2 1 B
- — = — > 2). .
o doty 1 + p” kgr hir doy (e - doy, (m=>2) (4.6)

By (4.6) and the induction hypothesis do,, =0, we have du,; = 0. Hence we
conclude that o, = const (m > 1). This gives the desired lemma. [ |

Because o, (m >1) are fundamental symmetric functions of the principal
curvatures of M", we can deduce the following proposition.
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PropOSITION 4.2. Under the same conditions of Theorem 1.3, M" is an
isoparametric hypersurface in S"(1).

Next, we demonstrate the following lemma.

Lemma 4.3.  Under the same conditions of Theorem 1.3, we have

S ) =0 (m=1). (4.7)

k

PrOOF. We prove this lemma by induction on m. For m = 1, the Codazzi
equation (2.11) gives us

Zhikk = thki = (u1); = 0.
k k

For m > 2, by using the induction hypotheses Zk(hik),f’fl =0, Lemma 4.1 and
the equation (4.5), we can deduce

m m—1 1
Z(hik)k = ;hi‘vk(hsk) = (om); = 0.

k

This completes the proof. |
We now demonstrate the following proposition.

PrOPOSITION 4.4.  Under the same conditions of Theorem 1.3, the following
equations are satisfied:

Z hirkhjrk = %h Z (Z hmkRmijk + himij> -2 Z hirhrmij
rk k r,m

m

- Z hkrhrmRm[jk - Z hjrhmkRmrik- (48)

k,m,r k,m,r
Proor. Covariantly differentiating both sides of (4.1), we have

3
—hhir =Y _(hinthji + hiechyic + el

r

+ Z(hirhrjk/ + hjchyiks + huchyiie). (4.9)
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Taking the skew-symmetric part with respect to the indices i and / and making
use of the Ricci formula (2.15) in the last equation, we obtain

3
Zh zm:(hmkijif + hijmki/’)

= Z hirhrmRmkj/ + Z hjrhrmRmki/ + Z hirhr/kj

m,r r

- Z h/’rh;j/‘ki + Z hirhn1kRm;j// + Z hkrhrmiji/-

Summing this equation with respect to k and /, and interchanging indices i and j,
we get

3
ik = — — m Rmi' imRm i
;hkh " nh;(h i Ronijic + Piom Rt )

+ Z hjrhrmRmkik + Z hil‘hrmRmkjk

k,m,r k,m,r
+ Z hjrhmkRmrik + Z hkrhrmRmijk- (410)
k,m,r k,m,r

Summing the equation (4.9) with respect to k& and /, we arrive at

3
- h Z hijre = 2 Z hivichyjic + Z(hz’rhjrkk + il + Pechyiie).-
k k,r k,r

From the Ricci formula applied to the last equation, we deduce

3
Z h Z(hmkRmijk + himRmkjk> =2 Z hirkhjrk

k,m k,r

+ Z hir(hmklejk + hrmRmkjk)

k,m,r

+ Z hjr(hmkRmrik + hrmRmkik)

k,m,r

+ Z hrk (hrikj + hmiRmijk + hrmRmijk)- (41 1)

k,m,r

By combining (4.10) with (4.11), we have
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S il =2 (z o R+ h,mRm,)
k,r m k
- Z hirhrmij - Z hjrhrmRmi

— Z hrkhrmRmijk — Z hjrhlnkRmrik'

k,m,r k,m,r

219

Additionally, the equations >, Ryl = >, haRy; are satisfied, so we have the

desired conclusion.

Next, we establish the following lemma.

Lemma 4.5. Under the same conditions of Theorem 1.3, the following two

equations hold.

3
(hy)e = i — Z hijehy,

3
(hlj)lz - (hik)j3 = ZhZ(hjrhrki - hkrhrji)-

Proor. From the definition of (hgj)z, we have

(hip)i = Y (hikchyg + hichye).

r

By making use of (4.1), we get

3
> (i + hivhe) =~ e — Z hichyiy

r

This gives (4.12) again. Further, we have

m

(hy)i = {Z(h,»m)zhm,}
k

m

= Z (%hhimk — Z h[mrhrk> T + Z<hir>2hzy'k-

(4.12)

(4.13)

(4.14)
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Accordingly, we can deduce
3
(hij)/i - (hik); = Eh Z(hjrhrki — hihyig).
This proves the lemma. u
From the Gauss equation (2.8) and (4.8), we have the following.

LEMMA 4.6. Under the same conditions of Theorem 1.3, we obtain
3, 3
Zhirkhjrk =0 ——a 54'/' + | doy + o3 — —aq00n hg/‘
= n n

3
+ (o 208 = 20) 1) = 20" (415
This leads to the following proposition.

PropoSITION 4.7.  Under the same conditions of Theorem 1.3, any principal
curvature . of M" satisfies the following equation:

3 9 6
4oy 2 +4<n otlz))LS + <2o¢13 + —aqgop — 30z — 120{1>/12
n n n
15 6 9
+ (—oclz + —oqo3 — oy — 30p ——zoclzom)l
n n n
6 9 4
+Zac1cx2—oc3—ﬁocl =0. (4.16)

ProoF. By using (4.14), we have

Alhy)® = (hy)i

k

= Z(hir)fhrjs + Z(hir)zAhrj

3
+ Z h Z{ (Ahir)hrj + XS: hisrhjsr}

- Z hkr(hisrkhsj + hisrhjsk)7 (4 17)

k,r,s

where A denotes the Laplacian.
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By means of (4.13), we obtain
3 3 3
A(hy)® — Zk:(h,k)jk =~ Z By Ay, + zszhmh,sj - Z:h,;,-mhm . (4.18)

Further, making use of the Ricci formula (2.15) and Lemma 4.3, we can see
that

Z(hik)j}/c = Z hmk mt/k + Z lm mkjk- (419)

k k,m k,m

Combining (4.18) with (4.19), we are led to

3
h /) } = ; h Z <hjrAhir + ; hisrhjxr - ; h;’jrshm>
+ > i)’ R + Y (him)”* R (4.20)

k,m k,m

From (4.17) and (4.20), we deduce

Zhllhnxh]m + Z ir Ahlj - Z hrkhmkhy

ros,t k,r,s

+= hZhrvh,,,v > (k) R = > (i) Ry = 0. (4.21)

k,m m

In addition, using the Codazzi equation (2.11) and the Ricci formula (2.15), we
can reduce:

Z hrshijrs = Z hrShi'.’fS
= Z hrshrsif + Z(hsm)szijS + Z himhrsRmrjs.

This gives
0= (062)1-]-
= >0}

=2 Z(hrsi/hsr + hrsihr.y/ )
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So we have that
Z hrsijhsr = - Z hrsihrsj'
r,s r,s

We can then deduce

Z hrshijrs = - Z hisrhjsr + Z(hsm)2lejs + Z h[mhrsRmrjs-
TS s m,s

mr,s

Substituting (4.22) into (4.21), we have

Z hlthlrsh/rf + Z ll‘ 2Ah}/

r,s,t

- Z { htmrh\mr hrn1)2Rmisr + Z himhtrRmt.\‘r }hsj
t

m,r,s

+ - h Z{ hzw hj\r + Rrijs + Z himherm)js}
- Z(hrs):%Rrijs - Z(hi)‘)3Rrj =0.

r

(4.22)

(4.23)

By virtue of the Gauss equation (2.8), the Codazzi equation (2.11) and the Ricci

formula (2.15), we obtain

Ahy; = Z Dk
k
= ik
k
= Z Pk Ripitc + Z Iy Ry

m, k m
= —o10y + (0 — o)y + o (hy)*.

Finally, from (4.17), (4.23) and (4.24), we arrive at

6 9 9 6 15
(ag—;oqocz—i— oc1>(5,,—|—(oc4+3a2+ ococz——oclocg——ocf)hi/

(4.24)

6 9 3
+ (30{3 + 120 f;oclocz fof) (h,-j)2 +4<Za12 - n> (h,-j)3 - 40(1(/1,7)4 =0.

This proves the proposition.
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As a result of Proposition 4.7, we have the following corollary.

COROLLARY 4.8. Under the same conditions of Theorem 1.3, M" is an
isoparametric hypersurface of S"t'(1) that has at most four distinct constant
principal curvatures.

As the final part of this section, we shall give a proof of our main theorem.
We assert that M" has, in fact, at most three distinct constant principal curvatures.
We use reductio ad absurdum to prove this.

Assume that M" has four distinct constant principal curvatures 4;
(i=1,2,3,4), Theorem 3.2 implies

l[:cot{(i—l)g—f—@}, 0<9<§.

So, we have
MArA3hg = 1,

S idihi ==+ Ao+ da A+ a).

I<i<j<k<4

Since 4; (i =1,2,3,4) are all distinct solutions of the algebraic equation (4.16),
the relationship between the solutions and the coefficients gives

9 6
a3+ o (4—!—;0{12 —;@) =0, (4.25)
oc4—§oc1cx3+<3+%oc12>cx2—§ocf—4n:0. (4.26)
n n n
On the other hand, taking the trace of (4.16) yields
docgoy —|—4(n —Eocf) o3 + (%uf —i—éoqocz — 303 — 12a1>oc2
n n n
15 6 9
+ (ocl2 + —oo3 — oy — 300 —2oclzoc2)oc1
n n n
6 9 ,
—l—n(zoqotz—og—ﬁocl):& (4.27)

Substituting (4.26) into (4.27), we deduce
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12 2
(—oclz — 30 + 3n>oc3 + <§oc2 ——Zalz — 18>ocloc2
n n n

15
+ Txf + 12n0y = 0. (4.28)

Further, summing the equation (4.15) with respect to i and j, we get

Zhirkh,-,.k = —noy + ocf + oc% — 0 03. (4.29)
ik,r

Substituting (4.25) into (4.28), we obtain

5 9 6 1
o1 (az - 5“12 - Eaf + ﬁoclzaz — Z“§> =0. (4.30)

Finally, substituting (4.25) into the right-hand side of (4.29), we have

5 9 6 1
Zhirkhirk =-n (OQ - ;oclz — ol +—afuy — %oé). (4.31)

3 2
i,k,r n n

Combining (4.30) and (4.31), we conclude that

o |VA|| = 0.

Furthermore, by our assumption, the mean curvature o; # 0. This implies VA = 0.

But,

according to Theorem 3.4 (also see Remark 3.5), all parallel hypersurfaces in

S"+1(1) have at most two distinct constant principal curvatures. This contradicts

our

assumption that there are four distinct constant principal curvatures. By

contradiction, there must be at most three distinct constant principal curvatures.

This concludes the proof of the theorem.
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