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ON THE RANGE OF SELF醐INTERACTINGRANDOM 

WALKS ON AN lNTEGER INTERVAL 

By 

Kazuki OKAMURA 

Abstract. We consider the range of a one-parameter family of self-

interacting walks on the integers Up to the time of exit from an 

interval. We derive the weak convergence of an appropriately scaled 

range. We show that the distribution functions of the Iimits of the 

scaled range satisfy a certain class of de Rhanγs functional equa-

tions. We examine the regularity of the Iimits. 

1 Introduction 

The range of random walk has been studied for a long time. ExamInIng the 

range at the time the random walk leaves an interval is a simple and naturaI 

concern. Recentlyう Athreya，Sethuraman and Toth [1] considered questions of this 

kind. They studied the range) local times and periodicity or "parity刊 statistics

of some nearest同neighborMarkov random walks up to the time of exit from an 

interval of N sites. They derived several associated scaling 1imits as N→∞ and 
related the limits to various notions such as the entropy of an exit distribution， 

generalized Ray-Knight constructionsう andBesseI and Ornstein-Uhlenbeck square 

processes. 

Inspired by [1 L we consider the 川
r崎司淵a出ndomwalks up to the t切imeof exit fromη1 an intβ:er引r、'va計1. The study of self-
interacting walks originated from the modeling of polymer chains in chemical 

physics. There are various models il1 this study. We cOl1sider the model defined 

by De出eral1d Hattori [2]， Hamblyう Hattoriand Hattori [4]う Hattoriand Hattori 

[5]， [6]. They const印 cteda nat山 11one-parameter family of self-repelling and self-

attracting walks 011 Z and the in日nitepre-Sierpiuski gasket. It interpolates 
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continuously between self-avoiding walk and simple random walk in the sense of 

exponents. 

1n general， most of the studies of self-interacting walks are difficult due to 

the lack of Markov propertyう evenif they are one-dimensional. 1n the studies of 

Markov walks， we can use techniques in analysis， especially， potential theory. 

However， in the case of non-Markov walksフwecannot use most of the techniques 

used in the studies of Markov walks. Most of the arguments in [1] depend heavily 

on the Ma1'kov prope1'ty. The1'efo1'e， we have to use alternative methods fo1' ou1' 

study. We apply a 1'ecent 1'es山 bythe autho1' [7] which considers a certain class 

of de Rhanγs functional equations. 

Now we state ou1' settings and 1'esults briefiy. Let紗に bcthe path space of 

the nearestι-寸I悶 ghborwalk s引ta剖I巾

f加a剖mil匂y0ぱfp伊1'0めba油bi出l日lit江tymeasu1'es on玖c defined by [ロ2斗!川and引[伊6列].We w州illはgi閃V刊ethe 
p戸rec口1S臼edef白白i江m甘itionsof them in Section 2. pO de 自nes the self時a voiding walk on Z 

and pl de白nesthe standard simple random walk. If u手 1，pu defines a non-

Markov random walk on Z. 

DEFINITION 1. 1. Let刀 EN={1)2γ・.}and ωζWχ. Let Rn(ω) be the range 

of ωup to the time of exit from {-2ぺ・ ) 2r1}， that isフ

RIl(ω) = (the number of points which ωvisits before it hits the points {士21l})

Note that 2t1手 Rn:::;;211十1_1

Then， we have the followi時間山swhich are analogo山 to[1]う Proposition

2.1 

THEOREM 1 ユ. (1) Let u 三三 O. The人 the random variαbles {(Rn/2勺-1}， 
converges weakly toαdistributioη1imctioη 1;1 on rO，11、汽一→∞

(2) Let u > な Then 1;1 s α tis兵es α cert α in class of d白εRh如加1託wαωiけ1m
e叩q伊Lωtio刀ns[3]: 

f(x) {!φ ( ん O叫山;
φ(Au.I;f(2x-1)) 1/2云 x三 i上7 
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(3) Let pll be the probc出litymeasuぽ on [0， 1] such that its dislri古川on

fimclion is f日1lu = 1， pu is absolutely continuous with reゆeclto the Lebesgue 
附 ωure011- [0う1].fl u手1，pll is suψ 

We rema比 thattOニ月=c5 {O}， where c5 denotes a point mass 
Let us denote t出he日a山 dor汀 dime悶 onof K c [0; 1川]by d出1m叫JH(K).Let u 
defi白nethe Hゴausdoαr百di封lme凶 onof a probability measureμon [0; 1] by dimHμ= 

inf {dimH (K) : Kεタ([0，1])，f1(K) = l}. Let s(p) = -p log p -(1 -p) 10g(1 -p) 

for jJε[0; 1] 

If 0 < uく 〉守，(AII，o;AII I) satisfies the conditions (Al)-(A3) in [7]: so we can 
apply the 印sultsin [7] to this case and obtain the following results. We refer the 

reader to [7) for details 

THEOREM 1.3. (1) 1l u手1and 0 < u < J3ぅ thendimH tll < 1 
(2) Jf 0 <μ< 1) then dimH pu豆s(x，J/log2. Moぽover;pu (K) = 0 .for any 
Borel sel K lIiith dim/-{(K) < s(2xll/ (1十九))/log2 

We also examine whether P" has a toms. 

THEOREM 1.4. (1) Lelバゾ3.Thenぅ戸11 has刀oaloms 
(2) Ler u >ゾ3.Thenうか({x})> O.for any X E D n (0; 1]. Here D is the set o.f 
dyadic rariol1G山 011 [0，1] 

111 Section 2、 wewill describe the settings. 1n Section 3う wewiIl show 

Theorem 1.2 and Theorem 1.4. 
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2 PreIiminaries 

Webτiefty state our settings by following [2] and [5]. See the references for 

details. 

For each n E N U {O}， let 

W(n) = {(ω(0) )ω(1 ) ω(n) )εZ川 :ω(0)ニ Oぅ

|ω(i) -ω(i + 1)1ェ 1;0ζiぎ η-l} 



we define Forωε Wへ
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Let W* = U二oW(n). Let L(ω) = n forωε W(刀)
T/'v! (ω)， iぅMεNU{O}フ byTO

M (ω)ニ Oう

Ttf (ω) =山川jJ〉 T!?l(ω)

126 

iミ l

Let T/1 (ω) = +∞ if the above mll1lmUm does not exist 
We define a decimation map QM: W減→ W*，M εNう by (QMω) (i) 

ω(T
i町ω))for i such that T/'vf (ω) < +∞ Let Qo be the identity map on Wド
Let (2 -M QMW) (i) 2一円ο(Tt!(ω)). Then， QMωι W * a n d L (2 -l'vf Q M Cο)= 

k， where k = max{i: Ti川ω)<∞}. Let WN.+(JωJ!ー)ヱ {ωεW不:L(ω) = Tt(ω) ) 

ω(Tt(ω)) = +(resp.-)2N} and W，N = WN.+ U WN.-
For ωE W!へfト11.+' let w' 2ーへIι凶 For 1豆j三L(ω')，we 
(0，ω(再ど1(ω) + 1) -ω(Tj・5l(ω))，.. • ，ω(再刊ω))-ω(J711(ω)))ε WN， 
sign(ω(1)八r(ω))ω(111(ω)))ω'JE WN 十
Now we will de自nea probability measure P~i ぃ μ ミ 0 ， 011 W，N‘土 byinduc

四

tion on N in the followir弔問nner.We recall that XlI ニ 2/(1+ Vl + 8u2). Let 

pl
ト
({ω})ニ μL(ω)2Xlf(ω)-1ωε W]. ， where we adopt the conventions 00 1 

and 011 士 Oヲ η 二三 1. For ωε W八人ト1. ， let 

ω
~叫

let 

and， 

ω(j)ε2MZ¥{ω(Tlf!(ω))} }， 

(2.1 ) P:~-ト I.+({ω}) ニ P;I+({ω'})江町 -f-( {川)

be P1 Let We define P:~. _ ({ω}) = P;~ 十 ω}) forωε WN.-， NεN 

probability measure on WN given by P:~ = (P:~ 十十円一 )/2

We denote the set of the paths of in色nitelength by 

ω(0) = 0， 1ω(i)ω(i十 1)1=1.iとO}

Let the u-algebra on this set be the family of subsets which is generated by 

cylinder sets. By [2]， Proposition 2.5， there exists a probability measure plI on V九
such that 

)εZNU{O} 抗乙={(ω(0) ，ω(1) ， 

ω(j)=φ(川三j壬L(φ)} )二jpf(f十(rcspー)( {φ} P引ωε 玖c

for anyφεW八f‘ト(r巴sp.-)ぅ Nと1.

Range of Random Walk on the 1附 rvalト2"，2つandits Scaling Limit 

Here and henceforthフ weassume that u > O. 
First we will show Theorem 1.2. The main ingredient of the proof is to show 

that 9μ(k/2つ:ニPfト(Rnざ2t1十k-1) satisfies (1.1) on the dyadic rationals. This 

3 
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depends heavi1y on the definition of P::十 inSection 2. Then， we wiII see that the 
right continuoωmodification of gu satisfies (1.1) on [0， 1]. Nextぅ wewill show 

that the distribution of R凡11/ρ211一 1c∞onver培ge郎stωo 9ιu weak1y as n→∞ and exa削a剖m1
the regularity of gu. 

We remark that PぺRI1 ニ 2F1+k):PJ十(Rη=ア +k)，05ok壬2ぺnとl.

LEMMA 3.1. 

( R N 1 _ k ¥ ~，，( Rn . k ¥ 
PN4iEX7-1と引 :PLiu i三五)， 

月')rany Nと民 O云k手211and n三1.

PROOF. Let N >凡 Then.

川Fl→) pし({ω川-1_ωhitsthe point {_2N-l1k}}) 
=pηη;Lf→(付{ω:Q八N人-一J一→f

ニ P;/ → (げ{ω :2一(伊八N一→→η叫l)Q仏/八N一fη1ω hi廿it臼sthe point {-k}}) 

ニ P::.+({(εWn十 :( hits the point {-k}}) 

p::や-]とか
where in the fOl川hequality we have used [2] Proposition 2.2 口

DEI刊 ITION3_2. (1) Let 91/ be a fu附 ionon D given by 911((k + 1)/ア)ニ

PJ ート(Rn云211 十k)， -15ok50211-1. By Lemma 3.1， this is well-defined. We 
immediate1y see that 911(X) is increasing and 911(0) = 0，ゐ(1)= 1. 

(2) Let gu be a fu 附:ionon [0 ぅ1] given by gιιμバdパ(令χχ吋) limηl)'E ρ ;)ρ>X. V → ¥" 9仏b似11パJベ心(.υりωy片)J吋Jウ)
5 0 豆 χ < 1 and gι11 ( 1 ) 口 1. Thi白si臼sr吋時ightc∞O 叩nuou凶

The following is a key proposition. 

PROPOSITION 3.3. Theんl1ctiOI19u satisfies (1.1) on Dぅ thatisぅ

P~+l 十 (Rn+l 50 2川十k)
(仰1/.0;P:1

1

十(Rρl州一150 k 50 2
11 

φ(Au.l; P~十 (Rn 豆 k)) 211-1三k壬211十I_ l. 
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PROOF. 1汀fk =一l上う we 1 

=0 二 P;;ムL:い十l 十(Rn 十什1云2γf刀叶1十什i十 k). If k = 21l 1， we have that φ (A μ ， o ; P;: 十(Rn 壬
21l+k))=φ(Au，o; 1) =φ(AlI， 1; 0)ェ φ(A仏 1;P::，+(RIl壬k)).Ther叱1，フ i江tis su伍Clen

tωo show this assertion i出nt出hefollowing two cases， For any ωE WIl十i
‘ トコ define 

(ωヘφ1，，， .，φL(ω')) as in Section 2. 

Case l. 0三;k三;2n - l. We have 

P::+1十(Rn+l壬2
11十1+k) =玄PJ十lト({ω :L(ω') 2m，RIl十1(ω)三2tl十i十 k}) 

Since 0 三三 k 三三 2 tl -1， we see tha t ω/ ε Wl，十 does not hit -1 for any ω ε Wn-ト1，ート

with R川 (ω)壬211+1十k.Then we see that 

(ω: L(ω')ニ 2mぅRIl十1(ω) :s::; 211十i十k}

={ω:ω， = (0， 1，0， 1， ' . ， ，0， 1，2)ぅL(ω')= 2m， 

Rtl(φ2i-l) :s::; 2
tl + k， 1云i云m}

By (2，1)， we see that 

pf十1，十({ω:L(ω') = 2m，Rtl十1(ω)云2川十k}) 

ニ P;t7ト({(:( (0，1，0，1，・・ ，0， l，2)，L(() = 2m})， P::，+(Rn 豆2
1l
十k)tn

=li2fF12xrllp;;+(Rn三211十k)l/I.

τhen， 

〈わ

PIト1，十(丸一トi壬2tl+1+ k) = '2ン2m九 yyl-iptA

=φ(Au:o; P::，+(Rn三2tl十k))， 
which is the desired result 

Case 2. 2n 三k 三2nート1_ 1 

Since L(ω') = 2m， we can write ω/二 (0，ε1，0，匂，.，.，0，ら1_1，0，1，2)ぅ

εi E {土1}) 1 :S::; i壬m 1. Then we see that 

{ω: L(ω') = 2m， Rn十1(ω)云2叶 1+ k} 

= u {ω: p(j :ち =-l)=i，L(ω')ェ 2m，R川

We remark that the union in the above is disjoint. 
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For 1 壬i三二 m L 

{ω: t(j :ち 2 …1)= i， L(ω') 2m，R叶 1(ω)豆211+1十k}

u {ω: {j :町立 -l}={nl<的<••• <刀i}ぅ
l三111く11}くくl1i::;m-l

L(ω') = 2mぅR叫 J(ω)豆 211+1+ k} 

We remark that the union in the above is disjoint. 

By (2.1)う

P; 

L(ω/ワ)ニ 2仇 RI1十1(ω)三2叶 i十k}) 

Pi:+l十({ω:{j・ち = l}={nl<刀2<... <叶う

L(ω') 2mぅRn(φ211j)豆kぅ]豆 j豆i}) 

=P;J+((ω， : {j :ち 1 }ニ{刀J< 112く く刀i}う

L(ω') = 2叫)P:i十(Rn壬kf

1 (Pi:十(Rn豆k)f

Since the number of choices {刀1<刀2< . . . < lli} C {lううm l}isequalto 

(m~ 1)ぅ… a

PJJ十l十({ω:t(j :ちニ 1 )ェムL(ω')二 2m，RI1+J (ω) :::;; 211十l十k}) 

乞 Piz'-t-lィ({ω :{j :ぃ -1}= {刀J<刀2<... <刀i}ぅ
i三111く112くくl1i:5:II1-1

L(ω') = 2m，RII十1(ω) :::;; 2川

= (m ~ I)U2m叩川→(RI1 :::;; k)fぅ 1壬i壬m1 

This is also true for i = O. 
Therefore， by summing up over 人wesee that 

P::+l. + ({ω: L(ω') = 2m， Rn+l (ω)壬2叶 l十k}) 

u2m-2 1 (1 + P:
1
' (Rn:::;; k))m-l 
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By summing up over 1叱 wesee that 

P:
J
'+I. + (Rn+ 1豆211+1十k)=玄u2m九 ;m-i(l+PJ十(Rn~ k))

け1-1

争(Au，1; P:i十(Rn:::; k)) 

This completes the proof. 口

Next， we will show that 011フwhichis the right continuous modification of {}1I' 
satisfies (1.1) on [0，1]， not only on D. We define some notation. Let X，z(x) = 

l2nxJ -2l211-1XJ and (n(X) = I:f:=l 2-kXk(x)， X E [0， 1)， n註 1.Then，ふ(X)壬X<
μX) + 2-n， Xε[0， 1)ぅ刀三1.Let YII = 1/争(AII，o;1). Let Pu，o(z) (z十 1)/ (z十YlI)
and PlI， 1 (z) = 1 PlI.o(z) for z > -YlI・Let

いい)仏1.11川 4

"1[ バX) 51[バX)) 
-/1U，X1(x) Au.xんXζ丸F刀Jベιμμ(.いい，λX

ψφ

PROPOSITION 3.4. (1) {}U((III(X))士①(Au.xl(x)... Auん(x);0) and 

{}1I ((1/1 (x)十2-1/1)争(Au.XJ(x) . . . Auんい);1)， Xε[0ぅ1)ぅ m三 i

(2) 01/ = {}u on D 
(3) Oll 川 ti功目白"the eqωtioη (1.1) on [0，1] 

PROOF. (1) Usi時(1.1)ぅ wecan show the (.凶e凶onby indl以 lon10 n 

(2) By noti時 thedefinition of {}l/ and Ollフ wehave thatι(1) = 1 = {}u(l) 
Let XεDn [0ぅ1).Then， there exists N such tha t Xn (x) 0ぅ刀 >N
Thenフ byusing the assertion (1)， 

，
lim {}1/(x + 2-/)ェ lim{}u((/(x) + 2-/) 
/ーVf) /-7父 1

二土1φ(AII，XI(X)... Au，xv(νが

S立lceφ(AII，o;')is a co附 actionmap on [0， 1]， liml/l∞ φ(A::lo;i)ェ O.Then， by 
using the assertion (1)， 

J!竺c申(AII，X1 (x) . . . Au ムr(x);φ(A::.
1

0;1)) =争(Au，xl(x)，.. A川 .v(x);0)寸 μ(X)

Thus we obtain the assertion (2). 
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(3) Since ゐ(1)=1a吋 φ(AII.1;1)土 1，(1.1) holds for x = 1. 
Let xε[0，1/2). Then there exists a sequence {xふ1C D n [0， 1/2) such that 

Xn 1 x. By using Proposition 3.3 and the assertion (2)， {ju(xll) =φ(Au，o;孔(2xn))，

nミ1.Since φ(Au，o;') is continuous and {ju is right continuous， we have that 

{ju(x) =φ(Au，o;孔(2x))

In the same mannerう wesee that {ju(x)ニ φ(Au，I;{ju(2x-l))for xε[1/2，1) 
Thus we obtain the assertion (3) 口

PROOF OF Tほ OREM 1.2. First， we show the assertion (1). Let P，z: = 
pu 0 ((Rn/211) 1) -1. Let pu be the probability measure on [0，1] whose distrI-

bution function is {ju and satisfying PU( {O}) = O. .In other words， we will show 

that the function fu in the statement in Theorem 1.2 is equal to 911" 1t suffices 
to show that Pf~ converges weakly to pu， that isう forany continuous function f 
on [0，1)， 

叫。ljf(x肉体)=joljf(x川 (3.1 ) 

Let ε> O. Then， maxl三k:s;2'" 1.f(k/2'つ-f((k-l)/2'引くεforsome 111. We 
have that 
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where we have used ρ:({1}) = P吋Rn=2M)zPf+(R1112n+i)ニ ofor the first 
inequality， and，戸II({O}) = 0 for the second 
Let n > m. Then， by using Lemma 3.1， we see that for 1豆k~三 2へ
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By usi時 Proposition3.4(2)， we see that for 1 s k壬2/11

p，，( (午斗])= 9" (去)-9，，(早)= gu(去)-g，，(引
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Therefore， we see that 

む(去)T;; ([与斗))= t/(;:，，)T"( (平 '2~"])
Recalli時 (3.2)and (3.3)， we see that for any n >爪

l.ro lJ f(洲市)-JiO. iJ j仲介(十
Thus we see (3.1) and the proof of (1) completes 

The assertion (2) immediately follows from the definition of pl/ an 

Proposition 3.4(3) 

Finally， we show the assertion (3). Let u = 1. Then， the absol山 continllityof 

P 1 follows from [7]， Theorem 1.2( 1) 
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PROOF. We assume that there exists a point Xε[0; 11¥D sllch that 91/ is 
di民rentiableat X and g:l(x)ε(0，十∞)
Since Yu is strictly increasing and x ~ D， we have that 

dJ(x)=JLR171(dlt(CJI(x)+2-fl)-ι(乙z(X)))二 fh2WA(x)+2-fl)-gu(C11(x)))

Since g;Jx)ε(0，十∞)， 

1:.__ 9u((n+I(X)十2ーやl十1))-911((11+1 (x)) 1 
-

t→ゐ 9u((II(X)+ 2-11) -9μ(心(X)) 2 

Then， by llsi時 Proposition3.4(1)， 

Pt ffthFl(x)}-b((11+1 (x)十2一川)-911((11ト1(x)) 
t ん I(X)¥5川

and， lim/l_'('j) Pパ ，，"1(x) (rll，/1(x) / Su:n(X))ニ 1/2.Since Pu.1 = 1 -PII.Oぅ

lim!弘i(ru.l1(x)/su.l1(x))= 1/2 for iニ 0，1

Now we see t出ha引tlim叫11←一v∞ ru.rηパlベ(X刈)/μS官'1μt刀パ(χ刈)= Y九JII一 2. Since X 手D， t出he凶1児悶e引reexists infi-
山nit臼凶elymany natu 

ruμ H叫川+刊iパ(μωX刈)/sんμ川 (いωx刈)= φ (ドtAυH川川+1ι(.λ1がr九u叩川i，い3〆川/1バIベ(いωx刈)/SU:Il(X))，we see tl川 φ CAII，i; Y1I - 2) = 
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YII -2 for each i = 0， 1. This is true if and only if u = 1. But this contradicts the 

assumptIon. 口

Let uチ1.Then， by noting Lemma 3.5 and the Lebesgue di汀erentiation

theo日m，we see that &;/ = 0 a.e. and pll is si時山r.These complete the proof 
of (3) 口

PROOF 01士THEOREM1.4. 1n this proof， we writeφ11. ニ φ(Aμ1:三)， i = 0うl
We白rstexplain the m削 l時 ofthe value μvI  By explicit ωculatiol1， we see 

that if u < vI the九 0<φ;!(z)<]ぅ日 [0，1]う na日 Iy，φ1/.1(-) is a contraction 

map on [0， 1 L and de Rhanγs theory [3] is applicable to (AII 0， AI/. 1) in the foωrm '1η1ηm 1η ] 
Oぱflけ7]川IIη1C∞O山噌1川刈aω削叫S引民t，う t帥hisおsp伊戸prop戸閃e白町r町.
φ (h 庁1 (ωZ斗)ニ斗1imηmp凶内州i片刷y戸i町n時gz = 1. 1f μ > ゾ/3， tl出批加he凶1冗悶e引1陀 exists Zo ニ刈u)E (0 ぅ1) sllch tha t 
φ:/.1 (z)く 1for三 <zo， andφ:/.I(Z) > 1 for Z > Zo 
We now turn to the proof of the theorem. We denote .flll+lこ fO.flll) 111と 1，
for .f : [0う1]-→ [0う1]
(1) 1fO<μ<孔 thenう (A1/.o，AI/.]) satisfies the co凶itions(A 1 )-(A3) in [7] 
and hence pll has no atoms. 

Let u = V3. Let hi =φJ3. i' i = 0， 1. Then we have the following results by 
computatJons. 

LEMMA 3.6. (1) Izo(z) < h] (z) .for z E [0， 1] 
(ρ2) h叫jうiニ Oうl上う αωr陀.β stμrバ，γゴiω.

(σ3) h[)州iμ(い三)三3h; (いωZ寸).foγ Z ε (ゆOうlη ) 
(4) hb(z) ::; h;(z) .foj' z三h?(0) 

Now it is sufficient to show the following. 

Jillm(印刷一川(引い (3.4 ) 

Let 111と3and 1豆k::; 21ll. Let Xiニ Xi( (k 1 ) /2 Ill) ， 1三i壬mτhen，
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壬十Jルhκ凡川仰い;Lυげ川rlj川川(ゲ伊h
壬寸十1:ル;〉h川川川川h川州叩州帆(日川川川(似例川(h;n-l引幻;?F
土 9サ4ψ十十1:ルレト;;〉h(似例川h引;

where we have used Proposition 3.4 (1) for the first eql凶ity，Lemma 3.6 (1) 

and (2) for the fourth ineq凶 lity，and， Lemma 3.6 (3) and (4) for the fifth. Since 

hi(O) = nj(刀十 1)，n三 1，we see that 1imn→∞hnO) = 1. Thus we see (3.4) and the 

proof of the assertion (1) comp1etes 

(2) Let xεD n (0，1). Let Xi = Xi(x)， i三 1.Then， there exists a unique 
m三 1 such that XIII = 1 and Xi = 0， i三m+ 1. Let rt =φ11..¥1 0‘・・ oφ1I， .¥m-10φU.O・
Let n > m and Yi = Xi (λ~-( l j2n )). Then， we have that Yi=Xi， 1:豆i三m-l，

Ym=O， Yi=l， m+l壬i三κand，Yiニ 0，i > n. By noting Proposition 3.4 (1) 

and φu.o(l)=φu， ¥ (0)， we have that 

州日(1)，時 (3.5) 

Note thatφu. ¥ is increasi時 andstrictly convex，φ1I ¥ (0) > 0，φ11， ¥ (1) = 1， 

and，φ:，. ¥ (1) > 1. Therefo凡 thereexists Z¥ E (0， 1) such that 

φμ¥(Z¥)=Z¥: φυ ¥(z)>Z， ZE(O，Zl)， φ1I，¥(Z)<Z， zE(z¥，l) 

Then， Z引l ニ lim叫1もn-> cααr:ご φ l~. ¥ (仰0)and φ;l(仰0)豆Z引¥< 1， nと l
We have that fo1'刀 >m，
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=ゆ(1)-rt(φ;71(0)) 

とゆ(1)ーゆ(ZI)う

where we have 山 edPropo山 on3.4 (2) fo1' the白rsteqω1ity， and， (3.5) for the 

second. Letting n→∞， we have that PU({x})ミポ(l)-rt(z¥)>O

We can show that PU( {l}) > 0 in the same manner. These complete the 

proof of the assertion (2). 口
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