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A METHOD FOR FINDING A MINIMAL POINT 

OF THE LATTICE lN CUBIC NUMBER FIELDS 

By 

Kan KANEKO 

Abstract. We give a method for finding a minimal point adjacent 

to I or the reduced lattice in cubic number fields using an isotropic 

r vector o the quadratic「ormand 1wo-d1mens1onal lattice. 

I. Introduction 

Let K be a cubic algebraic number field of negative discriminant. It is known 

しhatto find all the minimal points of a reduced lattice笏 ofK, it is sufficient to 

know how to find a minimal point adjacent to I in any reduced lattice o「K(refer 

to Definition I. I for a rigorous definition). Williams, Cormack and Seah [6] 

utilized the two-dimensional lattice obtained from a reduced lattice茨 tofind a 

minimal point adjacent to I in . 笏(thedefinition of such a two-dimensional lattice 

is forthcoming in Section 2). Moreover, Adam I 1] utilized an isotropic vector of 
the quadratic form obtained from a basis of reduced lattice 2!. (the definition of 

such a quadratic form is「orthcomingin Section 4). Later, Lahlou and Farbane 

[ 5] generalise the Adam's method. 

In this paper, we shall prove six theorems which give candidates of a 

minimal point adjacent to I in a reduced lattice !ll. In each case of the theorems, 

the maximum number of candidates rp E笏 suchthat we must check whether 

F(り） < I or not is at most four. Also, such six theorems contain all the occuring 

cases. 

DEFINITION I. I. (1) Let 1,/J, y EK be independent over Q. We say that 

,q/=(1,/J,)'〉=Z + Z.(J + Z.y is a lattice o「Kwith basis { L(J, y}. 
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的((/.)
(2) For /'J. E 9£we define F(o.) = - = CJ.1/J.11 where N人， denotesthe norm 

(/.)  

of K over Q, and (J.1 and -x" the conjugates or CJ.. 

(3) Let 9£be a lattice of K, and letり(>0) E禽.We say thatりisa minimal 

point of 9£ if for all a in俄 suchthat O < t1. くり wehave F(a) > F(rp). 
(4) Let茨 bea lattice of K and rp, ¢1 E 9£ be a minimal point. We 

say that if; is a minimal point adjacent to rp in笏 ifif;= min{o: E笏，0く <J.,

F(り）> F(o.)}. 
(5) If !74 is a lattice of K in which I is a minimal point, we call ?JI a reduced 

lattice. 

2. Basis of Reduced Lattice (I) 

DEFINITION 2. l、 LetCJ.EK. We define Y, := Reが， Z":= !111 r:J.1, X, := 

CJ. -Y". Let 入EK,fl E K¥Q. We define c釘(i.,p):= -(Z;_/Z砂， w2(i.,p) := 

-Y;_ — 例（え，fl)Y, ・ヽ

REMARK. In [6] Y,, = Im兄乙=Re o.'. 

PROPOSITION 2.2. Let CJ. E K c E Z. Then 

(I) F(o.) = Y'/:2 + Z; 

(2) CJ. ¢Q⇒ Yl, Xx E K -Q, z'I. ¢Q. 
(3) K 3 I,),, /I are independent over Q⇒ 切 (i.. p)¢Q 
(4) K 3 I, J., 11 are independent over Q⇒ I, X;_, X1, are independent over Q. 

闊;e;:悶a;1e:;dependentover Q⇒ det(::: 1:)'# 0. 
(i) -1 < YHc < I⇔ c=[-Y'X] or [-Y'X]+ I, 
(ii) Y1-Y,!+'X < 0, Y1-Y,j+l+'X > 0, 
(iii) I Y[-Y,JHI < 1/2 or I Yt-r,J+1+,,I < 1/2 

PROOF. (3) Let K = Q(0) andえ=ao + a 1 0 + a2が(a;E Q), ti= b。+b10+
b炉 (b,-E Q). Then we have 

I I 
Z;_ = -(えI-・ 入")=-{佑(0'-0") + a2(0'2 -0"り｝
2i 2i 

=~ (0' - 0"){釘十a2(0'+0")} = Zu{釘十(TK;QO)a2-a20} (i2 =ーI)
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Similarly we have Z11 = Zo{b1 + (h;QO)b2 -b20}. Suppose that 

Z;_ 釘+pa2ーa20
例().,μ)= -- = - = re Q (p = Tx;QO). 

Z,1 b, + pb2 -b20 

Then we have 

r(b, + pb2 -b20) =-(a,+ pa2 -a20), rb1 + rpb2 + c. り+pa2 -(1坊 +02)0=0

Hence rb2 + a2 = 0, rb1 +釘=0, so ao + rbo -J. -rμ= 0 
Since I, i., μare independent over Q, we have reached a contradiction. 

Therefore we have <功(;叶1)¢Q.

(5) Since I, i., μare independent over Q, by algebraic number theory 

I i. μ 

det (I i.' μ') ,< 0 Mo,eom, det I I. μ I ;"μ" (: ;: ;:, )~2;(X;Z,、-X,,Z;) 
Therefore we have X;Z1、一杓Z;f. 0. 

Otheres are easily deduced from definitions. D 

DEFINITION 2.3. Let笏 bea reduced lattice of K. For笏 ::ia we define 

知：＝［ー叫 ＋ク． ッ(2):= [-Y,) + I + Cl., e<p) := { 
知） if IY,(1)1 < 1/2 
知） if I Y,(21 I < I /2' 

'Y.(Q) := :(― [7.], where I• .. ] is the greatest integer function. 

Note that [Z』<J3/2⇒ F('Y.p)) < I. 
Let .-:JI.=〈IJJ,;;〉bea reduced lattice of K. Let r: K-. 酎 bethe Q-linear 

map defined byが=(X,, 乙）Note that for (/.1, ct.2 E灸叫＝叫 ⇔there exists 

some c E Z such that勾=c + t;1.1. Let L :=命＝〈附Y'〉.By Propos1t1on 2.2,(5) 

L is a two-dimensional lattice. Moreover, by Propos1t1on 2.2,(3)(4) L has the 

following property (△）： 

(6) Ln({O} xR)=Ln(Rx {0})={(0,0)}. 

Now we prepare two lemmas about the two-dimensional lattice which has 

property (△） from Delone's supplement I m [2]. 

DEFINITION 2.4. Let L(c Rりbea two-dimensional lattice which has 
property (△） (1) For R2 3 S = (S,、：Si:) f, (0, 0) we define C(S) := { (u, v) E R2; 

[ul < [S,、Livi<IふI}Then we say that SE L is a minimal point of L if 
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L n C(S) = { (0, O)}. The system of all the minimal points of L we denote by 

M(L). We put M(Lt0 := {PE M(L); P,、>O} 

(2) Let S(S11 > 0), Q(Q,、>0) E L be a minimal point o「LWe say that Q is 

a minimal point adjacent to S in L if Q,, = min{ P,、;PELふく P,,,IふI>I凡I}.

LEMMA 2.5. Let L(c Rりbea two-dimensioned lattice)llhich has property (△）． 
Let L 3 S, Q (S,、>O,Q,、>0). Then Q is a minimal poifll叫;acenlto S in L if'and 

only if L =〈S,Q〉,s,、<Q、,,ISじI>IQ』,S,Q, < 0 

PROOF. From Theorem Xf,XII,XIII in [2, p. 467-469]. (cf. Theorem 4. l in 

[9]). D 

LEMMA 2.6. Let L(c Rりbea rivo-dimensional lattice which has property (△） 
and let E, C, HE  L We assume that G is a minimal poinl叫iacentto E and tlwt 

H is a minimal point adjacent to C, Then 1ve have H =£ +[-£~JC」 G

PROOF. From supplement I, Section 3, 34 in [2, p. 4701. D 

PROPOSITION 2.7. Let fJli be a reduced lauice of K, and let L :=釘 Then

1here exists a basis { l, ;,, μ} of俄 suchthcll). r is a minimal poinl叫jacent10 JI'in 

L, 0 < X;., F(l(3)) < I, F(Jt(3)) > l. 

PROOF. Let俄＝く1,/J,y〉.For f. > 0, we shall consider a rectangular 

neighbourhood of (0, 0), i.e. W(e, J3/2) = {(u, v) e R2; !ul < e, !vi < J3/2}. By 

Minkowski's convex body theorem there exists,. . > 0 such that L n W(e, 13/2) =1= 

{(0,0)}. We take such a e > 0 and fix it. We put W = W(F., J3/2). Then there 

exists Q = (Q,、,Qv) E L n W such that Q,、=min{P11; PE Ln W,0 <凡}.Note 
that such a Q e Lis uniquely-determined. We have Ln C(Q) = {(0,0)}. Hence 

Q is a minimal point of L. There exists Se L such that Q is a minimal point 

adjacent to S in L. By Lemma 2.5, {S, Q} is a basis of L. Since both {S, Q} 

and {/J',y'} are a basis of L, there exists (P q)EGL2(Z) such that 
,. s 

(Q S) = (/Jr y') (p q) We have Q = p炉+ry' 
,. s = (p{J + ry) . Sunilarly, we 

have S = (q{J + sy)'. We define).,fl EK by (Jcμ) = (fJ y) (~ ~:). Then we have 

俄=(l,A,tt〉,Q=J.', S=1-1'. Since Q=(Q, ヽ，仏）＝が =(X;, Z;.), from IZ;I < 

J3/2, 如 haveF(l(3)) < I. From this, if we put釦:={r.1. E俄；が EM(L)>o, 

F(Cl.(3)) < I}, then f尻1p=I= 0 Let W(F., I):= {(u, v) E R2; [ul < e, lvl < l }. As 
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W(e, J3°/2) c W(e, 1), we have I < I~! n W(e, I)I < ro. Hence there exists 
が e 統~n W(e, I) such that X;_ == min{)I',.; が E?4,~n W(e, I)}. Since F(a.(3)) < I⇒ 
叫 <l,it is easily seen that X;_ =min {X,.;e1.'E~,~n W(e, l)}=min {X五
が E鯨}= m叫X2;(J. E免}.For this. ・ 1., there existsμEa such thatが isa 
m1111mal pornt adJacent top'in L. Moreover, for such aμwe have F(Pp)) > I. 

ロ

REMARK. Such a basis in Proposition 2.7 is easily found by modified version 

of Algorithm (A) in 16, p. 581 ]. 

DEFINITION 2.8. Let ?A be a reduced lattice of K, and let L :=釘.We say 

that i、E@,is a F-point of M(L)>O if i. E釦， X;= min{X石ダ€釦｝

LEMMA 2.9. Let笏 bea reduced la/lice of K. If O < X;, F(i-(3)) < I, then we 

have O < i・(I)・

PROOF. We assume that O < X;., F(i.pi) < I. From O < X;, = X;.<21 = 

i.(2)-y八11,we have ; ・(2)> Y;,m > 0. Hence we have i.(2) > 0. Suppose that 

如<0. We have O < i.p) = i.(JJ + I < I, so -I < 1.(1) < 0. Since~1s a reduced 

lattice of K, we have F(i・p,)> I. Henc,e we have i.p) = i.(l), so F(i,(i)) < I. From 
this, F(-i.(I)) < I. Since笏 isa reduced lattice of K, we have reached a con-

tradiction. Therefore, we have i.、(1)> 0. 口

THEOREM 2.10. Let .fit be a reduぐed/auice of K. Then 1here exists a basis 

{l,i.,11} of笏 suchthat 

(a) O < i. < I, -1/2 < 11, F(JI) > I, 2IY,,I < 1, 0 < X1、<X;,, 0 <例(},,p)< 1, 

(b)四 (i.,p)> 0, 
(c) F(I叩］＋え） < 1 or F(! 叫 +1+え） < I. 

PROOF. By Proposition 2.7, we can take a basis {l,i.,11} of笏 suchthat 

が isa minimal point adjacent top'in L, 0 < X;_, F(),(3)) < I, F(μ(3,) > I, えis

a F-point of M(L)>0. Clearly, -~=< I,i.(oJ,μ(3)〉．
(a) Clearly we have O < i.(Ol < I, F(μ(3)) > I, 2jY1,<1,I < I, 0 < X,,(31 = X,, < 

X;•<o> = X; .. From O < X1、=x, 小） = Jl(3l -Y, 伶）， wehave -1/2 < 1-1,3). From Re-
mark 2.11 bellow, we have O <幼仇μ)< I. Since w1 (; ・(O),Jl(3))= - (Z;•<oJZ1ヽ(,)) = 
-(Z;./21,) = w1 (i.,p), we have O <切i(入(O),Ji(3))< 1. 

(b) Proof of "四（；・(O),l'pi)> O". 
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(i) The case)-(I) = [-Y;.] +え>1. ;・(l) = [-Y;_] + i. = [-Y;101] + }.(0) > I. 

Hence -Y・>  I. From this and from O <切く，、{O) 1 I Y1,131I < 1/2 we have 

四 (,l(O),f.1(3)) = -Y;_<oi―切U(O),f.1(3))y"{J) > 0. 
(ii) The case)-(ll = [ー叫＋人<J. By Lemma 2.9, we have i.(ll > 0 From 

0<伽く I,we have F().(i)) > I because ~ is a reduced lattice of K. There-

fore we have F(i.(2)) < I. Since F(i.(I)) > I, we have Y;.111 < -1/2. Note that 

伽=;・(O)・Hence from Y勺01= Y;・(l) < -1/2 and from O <切く I,I Y,,()) I < I /2 
we have四 ().(O),f.1(3))= -Y;・(O)一切（え(OJ,11(3))Y1,,;, > 0. 

(c) Proof of "F([叫 +).(O))< I or F([四)+ I + i.(Ol) < I". 
(i) The case~ 船 ）< 0. Since w2 -(-Y;10,) = -w1り、い1> 0, we have 

-Y;.,o, く四 From this and l-w1 Y1,(311 < 1/2, we have [叫＝［一Y;_101) or 
[-Y勺01]+ I. Note that [四]= [-Y;(O)] + l⇒ 0 < [-Y;,ro,] + I -(-Y;11,,) < I /2⇒ 
0 < Y;111 = [-Y;_10i] + I + Y;.10i < 1/2. Hence if [四]= (-Y;10,] + I, then we have 
畑=i.(2). Therefore, we have "[叫+i.(Q) = [-Y;_,0,] + i-(0) = i.(I), [叫+I+i.(Ol 
= ;_(2)" or "[叫+iー(0)= [-Y;.10,] + I + i.(Q) = i.p), F(i.(2)) < I" 

(ii) The case ~ 加 ）> 0. Since 四ー(-Y入o,)= 一切Y1,,_,,< 0. we have 

-Y;,101 >四 From this and I —例 Y11rnl < 1/2, we have [⇔ I= 1-Y入。1)or 
[-Y;101] -I. Note that [叫=[-Y;_ioJ -I⇒ 0 < -Y;_:o, -[-Y;_,0,] < 1/2⇒ -1/2 
< yi.(l) = [-Y;・(O) I + Y;,O)く 0. Hence if [四I=[-Yi.,。,)-1, then we have 
畑＝）ー(I)・Thereforewe have "[叫+i.(Q) = [-y憚,I+i・(O) = i.(J), [四]+I十i.(O)
= i.(2)''or "[叫+I +).(o) = i.(l), F(i.(IJ) < l ". 0 

REMARK 2.11. Let~ = < I,/J,'/〉,0 < X;・< X11. Then沢 isa minimal point 

叫 acentto炉 inL⇔ 0く切(/J,y) < I 

3. Basis of Reduced Lattice (II) 

DEFINfTION 3.1. Let fff be a lattice of K, and let {I, 州 M}be a basis of笏．

We say that {I, N, M} is normalized provided that 

0 < X,w < XN, IZM/ > 1/2, /ZNI < 1/2, Zi11・ZN< 0 

We quote Williams [9], Theorem 8.1 as Theorem 3.2 for our 

nience. 
conve-

THEOREM 3.2 (Williams [9], Theorem 8. l). Lei .C/t be a reduced /a/lice with 

the normalized basis { l, N, M}. IJ. 011 = x + yN + zM (x, y, z E Z) is the minimal 
point adjacent to I, Lhen (y,z) E {(l,0),(0, 1),(1, l),(l,-1),(2, !)} 
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In this paper, 011 denotes the minimal point adjacent to I of any reduced 

lattice俄.We shall consider the relationship between F-point and the normalized 
basis. 

THEOREM 3.3. Let P,4, be a reduced lallice wiLh the normalized basis 

{l,N,M}. if .gf=〈1,入μ〉） が isac加centtoμ', i. is a F-poinl of M(Lt0 
(L =命），ihenが mustbe one of N', (N -M)', M'. Moreouer, 

(1) The caseが=(N-M)':N'=(d+l)が+μ',M'=dが+μ',

(2) The caseが=M': N'= dJ! +μ', 

where d = d(入μ)= [!/切(;、μ)].

PROOF. Recall that俄F= {a E灸がEM(L)>0,F(a(3)) < I}, X;_ = min{Xが
<XE釦}• By Lemma 2.5 and Definition 3.1, we have NE釦 .Hence, we have 
X;_ s XN. Since L =〈N¥M'〉=().',μ'〉， thereexists a, b E Z such thatが＝
aN'+ bM'. 

(i) The case a < 0. Since Xぇ>0, we have b > 0. Moreover, since jZ;.) = 
laZN + bZM¥ = lal・jZ,vl + b・IZ叫<I and I /2 < IZ叫 wehave b s I. There-
fore b = I. Hence X;_ = aX,v + bXAィ=aX,v + X,v1 = X,11 -lal・X,v < 0. Therefore 

the case (i) is impossible. 

(ii) The case a= 0. Since X;_ = aX,v + bX,11 = bX,,1, we have b > 0. Since 

jZ;.I = blZAイI,we have b = I. ji.e. (a,b) = (0, I)] 

(iii) The case a :::::: 1少s0. Since IZ;_j = ajZ,vj + lbl・IZi11I < 1, we have 
lbl s I. 
1) The case b = -1. Since X;. = aX,v -XM = (a -l)X,v + (X,v -X砂 if

a ~ 2, then we have X;. > X,v, which is impossible. Therefore, we have a= l. ji.e 

(a,b) = (!,-!)) 
2) The case b = 0. Since X;. = aX,v = (a -l)X,v + X,v, 廿a::::::2, then we 

have X;_ > XN, which is impossible. Therefore, we have a= I. [i.e. (a,b) = 

(I, O)] 
(iv) The case a::::: 1, b;::: l● 枷 加匹兄 =aX,v十bXM> X凡 whにh応血

possible. Therefore, the case (iv) is impossible 

By (i) to (iv) we conclude that).'= a炉 +bM'= M'or (N -M)'or N'. 

(a) The case JZ;.I < 1/2. Since IZ,,I > J3/2 > 1/2, we have が=N', 

μ'= M'. 

(b) The case IZ;.I > 1/2. Sinceが i=N', we have O < X;. < XN. Hence we 

haveが=(N -M)'or M'. 

(b-I) The caseが=(N -M)'. We have 

(1.1) X;. = XN-M < XM < X,v・
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Because if XMく X;_= XN-Mく XN,then from XM < X,v_,w, IZMI < JZN-MI, 

we have Ln C((N -M)') = Ln {(u, v) E R2; Jul < XN-M, lvl < IZN-MI} 3 Mr うと
(0, 0). Sinceが=(N -M)'EL is a minimal point, we have reached a con-

tradiction. Therefore we have X;_ = XN-M < X, し［く XN.By Remark 2.11 we 

. I 
have 0く 例 (N,M) < I. Smee w1(M,N -M) = , we have O < 

如 (N,M) + I 
切 (M,N -M) < I. From this, if XN-M < XM, then M' is adjacent lo 

(N -M)'. Note that俄＝〈l,M,N-M〉.Hence we have 

(1.2) XN-Mく XM⇔ M'is adjacent to (.IV -M)' 

Since M'is a minimal point adjacent to).', and i.'is a minimal point 

adjacent to 1-1', by Lenuna 2.6 we have M'= 1-11 + [-(21,/Z;)]が.We put 

d = [-(Z1,/乙）l = [l/切 (i.,1-1)).We have M1 =炉+d)1.From).r=N'-M', 

we have N'=炉 十(d+ I)が.Therefore we obtain formulas: M'=:: dが+1-1り

炉 =(cl+!)が+p'. 

(b-2) The caseが=,vt' 

Since N'is a minimal point adjacent toが， andi.'is a minimal point 

adjacent toμ', by Lemma 2.6 we have .IV'=炉＋［一(21,/Z;Jjが ＝炉 +dが．

Therefore we obtain formulas: M'=).', N'= dが＋足口

COROLLARY 3.4. Let ,qi[ be a reduced lattice with basis {I, i., tt} such thatが

is adjacent 10 p',)_ is a F-point of M(L)>。(L=卯） リOg= X十万十 ZJI
(x, y, z E Z), then 

the case i,'==N': (y,z)e{(l,O),(!,l),(1,-1),(2,1)}, 

the case}.'= (N-M)': (y,z) E {(1,0),(d, !),(d+ I, !),(2d+ 1,2),(3d+2,3)}, 

the case)/= M': (y,z)E {(1,0),(d, !),(cl+ I, 1),(2d+ 1,2),(d-l, I)}, 

where d = [1/切 (1.,tt)]2:: I. 

PROOF. From Theorem 3.2. 口

REMARK 3.5. Since 1/(d + !) <切<1/d, we have 

[ d切 l= [(d -I)切 l== o; [(d + 1)叫 =I, 

Is [(2d+ I)叫 s2, 2s[(3d+2)叫 s4

THEOREM 3.6. Let flt be a reduced lat1ice with basis {I, i., /.,t} such that 

F(11) > 1, 21 Y1,I < 1, o < x1, < X;_, o <切().,μ) < I, F().(3)) < I 
Thenが mustbe one of N', (N -M)', M・. Moreover, リが=(N -M)'or 

M・, then入isa F-point of M(L)>o (L = flt') 
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PROOF. Al first, we note that刀 isadjacent to炉 AlsoJ. E釦 From

21 Y,、I<I, μ=μ(3)・

(a) The case IZ;,I < I /2. Since F(!t(3)) = F(μ) > I, we have IZ,,I > ✓ 恥＞
1/2. Hence we have i.'= N', 炉=M'.

(b) The case IZ;I > 1/2 Letが bea F-point of M(L)>o・So we have 
X; ・，:;;;X;_. We shall show that i." = i,'. Suppose that J." # i.'. 

(i) The case i.'# M'. We have 

(i-1) X;_・< X1, < X;_ < X,1ィ<XN. 

Since IZ;_・I > I /2, by Theorem 3.3, we have ;、"=M'or (N -M)'. Hence 
だ=(N -M)'. By (11) in the proof of Theorem 3.3, we have X;_・= XN-Mく

X,11. From (i-1), we have X;_・= X,v_,1-1 < X,, <Xi.< XM < X,v. Since M'is 

叫acentto (N-M)' , we have reached a contrad1ct1011. 

(ii) The caseバ=M'. Since /'# i.', by Theorem 3.3, we haveだ＝
(N -M)'. By (I.I) in the proor o「Theorem3.3, we have X;.-= X11□ ¥,f < XM, 

Hence we have X;.-= X11・-.11くX,,< X;_ = X.1-1 < X,v. Since M'is adjacent to 

(N -M)' we have reached a contrad1ct1on. 

By (i)(ii), an assumption i:'#がleadto a contradiction. Thererore we have 
．亨r
I. = I. 
Finally, irが=(N -M)'or M', then we must have only the case (b), soi. 

is a F-point or M(Lt0・ ロ

REMARK. F(i.<3)) < I⇔ 3cEZ; F(c+i.) < I. 

COROLLARY 3.7. Let . 宛 bea reduced la II ice 11・i th basis { I , i., p} such I hat 

F(11) > 1, 21 Y,,I < 1, o < x/1く幻 0く切(i.,11)< 1, F(i・(3))< l. If Og = 
'十y,ヽ`十ご/I(X・）；．こEZ), !hen (_1ヽ：こ）E {(1,0),(l, 1),(1,-1),(2, l),(d, 1),(d+ 1, I), 

(2d + l, 2). (d -I. 1), (3d + 2,3)}, 11:here d = [I/切 (i.,J.1)]~1

4. Preliminaries (I} 

DEFINlTION 4.1. Let茨 bea lattice of K. For a basis {l,i.,/1} of挽，we

define a mapping F; .. 1, : R・3--, R by F; .. p(x, Jぢz)=足+(ic'+ i.")xy + (p'+μ")xz 
+ (i.'p" + i."p')y::. 十 i.'i.11戸+/1'/l''ヨForany (x,y,z) E Z3, we have F; .. 11(x,y,z) 
= F(x + yi. 十zp).

・ ・ uadratic form with real coefficients of rank 2. REMARK. F; __ ,, is a pos111ve q 

（四 I,例） is an 1sotrop1c vector of F; .. 1, ・
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We quote Lahlou and Farhane IS], Lemma 2.2 as Lemma 4.2 for our 

convenience. (cf. (I], Lemma 2.2) 

LEMMA 4.2 (Lahlou and Farhane [5], Lemma 2.2). Let~be a la/lice of K 
and let {I,},, ti} be a basis of~- Then we can write 
(1) F;,,1,(x, y, z) = a(z -w1y)2 + 2b(z -切y)(x-W2Y) + (xー四 y)2

(2) 

1 , I 
F;.,μ(x, y, z) = -(x -w2y)-十一(x-四y+ 2b(zー仙y))2+ (a -2炉）(z一例y)2

2 2 

(3) 

a)  2 + a 2b 2 lb 2 ry 

F; __ p(x, y, z) =うに一切y 2 (z一切y+-;;いーW2Y))+ (1―了）い一匹y)~

with a= F(μ), b = Y1,. 

DEFINITION 4 .3. Let忽 bea reduced lattice with basis {l,i.,p} such that 

11 > -1/2, w2{1.,;1) > 0, 0 < w1 (i. p) < I. Let y E Z. Then we define 

i/11.y = [w2y] -I + yえ十[w,y],ii 妬....= [四y]+ I + yi. + ([例Yl-1)11 

妬,Y=恥y]-I+ yi. + ([w1y] + l)t1 i/18 _ _,. = [叩yj+ 1 + yi. + [切y]t,

妬），＝［四y]+ yi. + ([w,y] -l)p 

如）．＝［四y]+ yi.+ [切y]Ji

恥，y= [四y]+ yi. + ([切y]+ 1)11 

t/J6y = [四y]+ yi. + ([w1 y] + 2)p 

吟,= [co2y] + I + yi + ([切y]+ l)tt 

如10._v= [w2y] + I + y入＋（（切y]+ 2)1-1 

i/111.y =恥yJ+ 2 + y). + I例 Y]J.l

か ..,=[四y]+ 2 + yえ＋（［例y]+ I)μ 

ゅI=1/;4,I = [叫＋）~ り5=妬.I=[四]-I +).+,11 伽=2)、十μ

妬=1/Js.1 = [叫+i. + fl 宛=1Ps, I = [叫+l+入

ゆ3=恥，I=[cv2] + }. ーμ 術=1h.1=[叫 +l+).-11

r/J4 = t/1,」=[四]-l +). 釣=1/;9_ 1 = [w2] + I + }_ + p 

REMARK 4.4. {I) If O < 1-1 < 1, then we have 

加=3). + 2p 
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t{;l,yく妬．．，，＜ぬ・.I; t/;1,_1, < ,JJ3,y <如y; ,JJ4,y <叱，,,< t{;6,1• < t{;9・）•

如,yく叱,yくむ，， <t/19y; 1P4y<妬・V< I凡<t/19,y 

1/19,y < 妬。・し くt/112,y; t/19,y < 1P1 Lr < 恥，

(2) Ifμ> I, then we have 

五 ，<1/11,J、<if14,y・丸＼＜五＜如）; 1/14 __ ,. <妬．，＜叱，，<1/19ー）ヽ

1/14.r < 1/Js,y < I/ls、)< 1/19,; if14.y < fsr < 1/111.y < 1/19疇l

I/Jg" < 1/16 v < 1/110.y; 1/19.y くか.•くif110.y

LEMMA 4.5. Lei P1 be a reduced !au ice with basis { I ,i.,p} such 1ha1 

μ> -1/2, 四 U,JL)> 0 and O <切(i.,μ)<l.Let a>max(l,2尻2lbl),ivhere 
a= F(1-1), b = Y1,. Then 

(I) 0y E {五；y(#O)eZ,I sis 12} 

(2) i.,p > 0⇒ i/t;1Si/J;._. (y~ I). 
(3) (i) b < 0⇒ F(f2.y) > l, F(1/t6.r) > I, F(妬._,,)> l, F(1fr1 i.y) > I. 
(ii) b > 0⇒ F(if11.,,) > I, F(1"3..1) > I, F(i/tioy) > I, F(t/t12y) > I 
(4) F(if;3_ 1) > F(れ.1)-

(5) (0 <)b < 1/2⇒ F(i/111) > F(1/t4_1) 
(6) F(1/15_1) < f(i/;41), 0 < b < I⇒ F(1h.1) > F(t/t4_1)-
(7) b > 1⇒ F(i/11.1) > I 
(8) h>O or -l/2<b<0⇒ F(if, い） > F(1p4_ 1)-
(9) F(i/15」)> F(if,s.1), (0 <)b < I⇒ F(i/J2.1) > F(i/14_1)-
(10) F(i/14 1) > F(八）， b<O⇒c2 == [叫ーW1< -1/2. 
(I I) c1 = [叫ー切<-l/2, b < 0⇒ F(知） > F(i/19_1) 

(I 2) [2a.) = { 
2[C1.] if Os a. -[o:) < 1/2 
2[a.) + I if 1/2 s a. -¥'Y.] 

PROOF. We put c1 = [叫ー処 C2= [四］ーw2.Then -l < c凶<o. 
(1) was proved in Lahlou and Farhane 15], Theorem 2.1. 

(2) obvious 

(3) by Lemma 4.2,(l) 
(4) By Lemma 4.2,(1), F(i/111)-F(i/141)=-2ac,+a-2bc2=-2ac1+ 

a(1ー戸）>0 
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(5) By Lemma 4.2,(1), F(1f!?.1)-f(t/;41)=-2ac1+a+2bc1-2如ー2b+

2c2 + I = (l -2b) (I + c2) + a + c2 -2 (a -b) c 1 > 0 

(6) By Lemma 4.2,(l) since F(i/15.1) < F(1/;4_i), F(i/14_1) -f'(l/15_1) = -2ac1 -

a-2如>0. So -2如>a(l + 2c1). From this and a> 2b, we have -2如＞

2b(l + 2c1), -c2 >I+ 2c1. Hence -2り>I + c2. By this, 

F(i/11.1) -F(i/14 1) = -2ac1 +a+ 2bc1 -2bc2 -2b + 2c2 + I 

= (l -2b) (l + c2) + a + c2ー恥 (a-h) 

> (I -2b) (I + c2) + a + c2 + (I + c2) (a -b) 

= (I -2b) (I + c-2) + a -I + I + c2 + (I + c2) (a -b) 

= (2 -2b)(l + c-2) + a -I + (I + c2)(a -b) > 0. 

(7) If b > l, then we have a> 2 because a> 2lbl. From this and by Lemma 

4.2,(3), we have F(か，1)> I. 
(8) By Lemma 4.2,(l), f(も.1)-F(if;4_1) = -2bc, -2c2 + l > 0. 

(9) Since F(if;51) > F(i/18_1), we have F(t/Js1) -F(~I 8_ 1) = 2ac1 + a + 2bc2 -
2bc1 -2c2 -I > 0. From this, F(i/12_ 1) -F(i/14_ 1) = 2ac1 + a -2bc1 + 2bc2 -2b -

2c2 + 1 = (2ac1 +a+ 2bc2 -2bc1 -2c2 -I) + 2 -2b > 0. 

(10) Since F(if;4,1)-F(if;8_1)>0, we have bc1+c2<-1/2. Ft―om this and 

b < 0, c1 < 0, we have c2 < -1/2. 

(ll) By Lemma 4.2,(1), F(l/!9_1)-F(if;8_1)=2ac1+a+2b(c2+I)= 

a(2c, + 1) + 2b(c2 +I)< 0. 

2.1. 

(12) is easily deduced from the definitions. ロ

Some of Lemma 4.5 were proved in Lahlou and Farhane [5], Theorem 

REMARK. a > I, 2lbl < I⇒ a> max(l,4炉）⇒a> max(l,2/>2,2lbl) 

5. Preliminaries (II) 

In this section, we make the following assumption; 

ASSUMPTION 5.1. Let fJl =〈1,;..,p〉bea reduced lattice of K such that 

(a) 0 く）~< I, -1/2 < Ji, F(p) > l, 21 }". 叶<l,0<X1,<X;.,0<例（え，μ)<I
(b)四 (ii.,11)> 0 (c) F(いく Ior F(ip6) < I 
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By Theorem 2.10, we can take such the basis. So・ Ill next section, we shall 
consider six cases 

(IA)O<pくしゅI>I 

(3A)μ< 0, ゆI>I 

(2A) /t > I , ¢1 > ] 

(IS) 0 <μ<I, ゆI<I, F(先） < I (28) J.I > I, ゆI<I, F(ゆ<,)< 1 

(3B) p < 0 ゅ1く I,F(ゆc,)< I 

We nole that 

(A)ゆI=I叫+i. > I⇔ I切l~ I ⇔ 四 > I, 
(B)¢1 = [w2] + i. < I⇔ lw2J = o⇔ 匹 < I. 

しEMMA5.2. /j・ゆI< I、1he11 

(!) Y;_<-1/2 (2)w2(i., ;1)> 1 /2 —切％

PROOF. (I) From 1/i, = [叫+i. < I, we have [叫=0. By definition /4(i} = 
[-Y;_) + i., i・(2)= [-Y;_) + I + i .. Since ~ is a reduced lattice, fromゅ，<I, 
we have F(い>I. Hence, by Assumpsion 5.1,(c), we have F (~6) < I. From 

F(ゆ6)= F([叫 +J +i.) = F(l +i.) < I, we have I +i-. =i・(IJ or 1.(2)・
(i) The case I+ i = i.1,i-Since -I< Y;_ +I= Y; ・01< 0, we have -2 < Y;_ < 

-1. 

(ii) The case I + i. = i、(2)-We have i. =伽 SinceF(i(2}) < I, we have 
0く ）／；・ci,< 1/2 From this, 0 < Y;_ + I = Y勺21< 1/2, so -1 < Y;_ < -1/2. 

Finally, from (i)(ii), we have Y;_ < -I /2. 

(2) From (1), we have -}り>1/2. Hence, 四（人μ)= -Y; -c山杓 ＞

1/2一切り、 ロ

COROLLARY 5.3. Y,, < 0⇒ 叩 (i.,p)> 1/2 

By Corollary 3.7 ii O!l=x+yi.+こfl(x,)ぢzeZ), then (y,z)e{(l,O), 

(1,1),(1,-1),(2, 1),(d, l).(d+ 1.1).(2d+ l,2),(d-l,l),(3d+2,3)}, where d= 

[I /切 (i., fl)]~ I.
From Remark 3.5 and Corollary 5.3, we make the following tables in which 

we deside whether the possibility that O" = 1/1;._r ( I ~i ~ 10, i = 12) exists. Note 

that y ~I ⇒ /y叫 ~y[叫．
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Table I 

五.= [w2 yj -I + yi. JI> 0 p<O p>O p<O 

(y.z) ＋（例YIJ/ 四 >I 四 >I 四 <I 岱 <I No. 

(l,O) 匝1-l+i <I <I {1-1) 

(I, 1) （叫ー I+i. impossible impossible 11npossiblc impossible 

(I, -1) 恥I-I+ i. impossible impossible impossible impossible 

(2, I) 12四 ]-I+ 2i. + (2叫μ (1-2) 

(d, I) ldwi] -I+ di. 11nposs1ble impossible impossible 11npossible 

(d+ I, 1) l(d + l)wil -I+ (d + 1)1. + 11 (1-3) 

(2d + I 2) l(2d + 1)叫 ーI+(2c/+ l)i. ＞ゆ6 (1-4) 

+ l(2d+ I)切 IP

(d-I, I) l(d -I}w,1-I+ (d-1),. impossible impossible impossible impossible 

(3d+2,3) l(3d + 2)w1I -I + (3d + 2)i. ＞ゆ6 >¢6 (1-5) 

+ [(3d + 2)w祁

Table 2. (JI > 0) 

/I> 0 p>O 
(y, z) り1_,= [wzyl -I + y,. + ([w, yj + 1)11 四 >I 切 <I No 

(I, 0) 匝1-1+;.+p impossible impossible 

(I, I) ［切]-l+i.+;i (2-1) 

(I. -l) 匝]-l +i.+11 impossible 1111possiblc 

(2. I) [2叫ー I+2i. + ((2例I+t)/1 (2-2) 

(d.1) [d匹 ]-l+di.+p (2-3) 

(d+l.l) [(d + 1)四 I-I ・ト(d + l)i. + 2/1 impossible 1111poss1blc 

(2d +I, 2) [(2d + l)w2] -I+ (2d + l)i > </16 (2-4) 
+ ([(2d + l)wiJ + 1)11 

(d-I, I) [(d-1)叫 ーI+(d -l)i. + JI (2-5) 

(3d + 2,3) [(3d + 2)叫ー I+(3d + 2)i. 
+ ([(3d + 2)叫+l)p 

＞炒(， (2-6) 
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Table 3 

あ.,・=[c.v2y) + yi, μ>0 JI< 0 JI> 0 11 < 0 
(y,z) +([切y)-1),, W1 > I 吟 >I W2 < I 四 <I No. 

(l, 0) 徊l+i.-μ impossible impossible impossible impossible 

(l,1) 恥I+i. -μ impossible impossible impossible impossible 

(I, -I) i知 I+i. -11 <I (3-1) 

(2, I) 12匹 l+ 2;. + ([2切]-l)p impossible impossible impossible impossible 

(d I) ldwil + di. -/l impossible impossible impossible 1111poss1ble 

(d+ I,!) l(d+ 1)叫 +(d + l)i_ unpossible impossible impossible 1mposs1ble 

(2d + I 2) l(2d + 1)(:)1] + (2d + I)1. nnpossible impossible impossible 1mposs1ble 
+ (l(2d + 1)叫ー I)11

(d-1.1) l(d-l)w2l + (d-l)i. ーJI 1111possible impossible impossible impossible 

(3d+2.3) l(3d + 2)w1] + (3d + 2)i. >¢,6 >¢6 (3-2) 
+ (j(3d + 2)切I-i),, 

Table~ 

/I> 0 JL<◊ /1>0 fl< 0 
(y,z) 如....= lw,.,・i + _,; + i切.•!" 四 >I 四 >I WJ < 1 四 <I No. 

(1,0) l叩）+ i. く ） <I (4-1) 

{I, I) ［四I+i. impossible impossible impossible impossible 

(1, -1) [(む）+ i. impossible impossible impossible impossible 

(2, I) [2切I+2i. + 12切)fl ＞り6 (4-2) 

(d, 1) [d叩）+di. i111poss1blc impossible unpossible impossible 

(d +I.I) [(d + I)w1] + (d + I)i. + 11 >¢6 (4-3) 

(2d + 1,2) /(2d + I)叫+(2d + l)i. ＞り6 ＞伶6 (4-4) 

+l(2d+ I)叫/I

(d-I, 1) l(d-1)1:12] + (d-1)1. i111poss1ble impossible impossible impossible 

(3d+2,3) 1(3d + 2)叫 +(3d + 2)i. ＞り6 >'P6 (4-5) 

+ l(3d + 2)叫/I
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Table 5 

も．〉，＝徊y]+ yi. p>O p<O p>O 11<0 

(y, z) + ([w1 y] + l)p 匹 >I 四 >I 四 <I いl< I No. 

(1,0) 徊J+;.+p impossible 1111possiblc impossible 11npossible 

(I, I) 屈1+1.+p <I (5-l) 

(1, -1) 徊l+i.+p impossible impossible 1111poss1ble impossible 

(2, I) [2四 1+2え+((2叫 +1)11 ＞釣 (5-2) 

(d, I) ldwz] +di.+ p ＞似d~2) (5-3) 

(d+ I, I) [(d+ I)硲 I+(d+ I)え+211 1mposs1ble impossible impossible impossible 

(2d十し2) [(2d + l)w1l + (2d + l)i. ＞ゆ6 >¢6 (5-4) 

+ (!(2d + I)仙 I+IJ11 

(d -LI} [(d-1)四 I+(d -I)/.+ JI ＞が（は3) (5-5) 

(3d + 2, 3) [(3d + 2)w~I + (3d + 2)i. > <P6 ＞り6 (5-6) 

+ (1(3d + 2)例]+1)11 

Table 6. (11 > 0) 

/I> 0 
(y. z) t/1~.r = I四 y]+ yi. + (I切 y]+ 2)p 匹 ~I No 

(1,0) 匝l+i.+211 impossible 

(I, I) 徊I+I.+ 2J{ impossible 

(1,-1) 1四 I+;_+2p impossible 

(2. 1) 12四 I+2;. + (12切 ]+2)p impossible 

(d, 1) [d叫 +di.+2p impossible 

(d+ I, I} l(d + l)/.!J2) + (d + l)i. + 3p impossible 

(2d +I, 2) [(2d + I)叫+(2d + l)i. + ({(2d + I)叫+2)p impossible 

(d-1, I} [(d-l)四 l+(d-l)i.+2p impossible 

(3d+2,3) [(3d+ 2}叫+(3d + 2)i. + ([(3d + 2)叫+2)p impossible 
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Table 7. (μ>OJ 

/I> 0 
(y, z) 妬．．、 =I四 y]+ I + yi. + ([切y)-l)p w2~l No. 

(1,0) 1四 I+I+ i. -11 impossible 

(I, I) i四 I+I+/. ー/I impossible 

(1.-1) 徊j+l+i.-p (7-1) 

(2. I) l2wz] + I + 2i. + (j2切j-l)JI 11nposs1ble 

(d. I) I"叫+l +di. ー/I impossible 

(d+ I I) l(d+ 1)四 l+I+ (d +I),. impossible 

(2d + 1.2) l(2d + !)叫+I + {2d + I),.+ (1(2d + I)wi) -I)JI 1mposs1ble 

(d-1 I) l(d-I)四i+ I + (d -I)i. -/I 1mposs1ble 

(3d + 2. 3) l(3d + 2.)wi] + I + (3d + 2)i. + (l(3d + 2)wd -I)p >¢6 

Table 8 

/I§; 0 

(l :) 1/1s」 =I知,,]+ I + yi. + ¥w, r)11 W2'§: I No. 

(1.0) 転l+ I +i. (8-1) 

(I 1) 転l+ I +i. nnpossible 

(1.-1) ！四I+I+/. impossible 

(2. I) f2匹)+I+ 2i. + [2叫μ ＞り6

(d. I) !dw2j + I + di. impossible 

(d + 1.1) [(d+ I)叫 +I + (d + I)1. + /I >¢6 

(2d~- I. 2) [(2d + I)四 ）+ I + (2d + I)i. + [(2d + I)叫/I >¢6 

(d-Li) l(d-I)四 I+I + (d -I)i. nnpossible 

(3d+2.3) !()d ;-2)叫+I + (3d + 2)i. + l(3tl + 2)叫/I >¢6 
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Table 9. (JI<〇;

j l , .. (y,z) /I< 0 

吟，・,.= [w1yl +I+ yi. + (I何 y]+ l)p Wz~ I No 

(1,0) 徊]+l+i.+p 1mposs1ble 
I ... 

(1, 1) 1切 ]+l+).+JI (9-1) 

(1, -1} [w2) + I + ,. +μ 1111poss1ble 

(2, i) [2叫+1 + 2i. + ([2叫+l)p >'P6 

(d, i) [dw』+I +di.+p >¢6(d~2) 

(d+l.l) [(d + l)w2! +I+ (d + l)i. + 2p impossible 

(2d + 1,2) [(2d + l)叫 +I + (2d + l Ji.+ (l(2d + I)叫+l)p >¢,6 

(d-I, I) l(d-I)叫+I + (d -I);.+ /I >'P6(d~3) 

(3d+2,3) [(3d + 2)w2J + I + (3d + 2)i. + (l(3d + 2)(u1 j + I)p >¢,6 

Table 10. (11<0] 

p<O 

(y,z) "1w . .,-= (w2yl +I+ yi. + ((幼y]+ 2)11 w1~I No 

(1,0) 徊]+l+i.+2,i impossible 

{I, I) i四 J+I+ i.+2p 1mposs1ble 

(1.-1) ｛四J+I+ i. + 2p impossible 

(2, I) [2w2] + I + 2i. + ([2切 I+2)11 impossible 

(d, 1) (d叫 +I +・di.+ 2Jl impossible 

(d+ I, I) ((d + l}w2] + l + (d + l)i. + 311 impossible 

(2d + 1,2) [(2d + l)叫 +I+(2d + l)i—+([(2d+ 1)叫+2)p impossible 

(d-I,!) [(d-I)叩）+I+ (d -l)i. + 2p impossible 

(3d + 2. 3) [(3d+2)四 I+I + (3d + 2)i. + ([(Jc/+ 2)叫 +2)11 impossible 
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Table IO (con1i11ued) 

/1<0 
(y,z) 恥，=I四 l'l+ 2 + yi. + ([叫y]+l)p 匹 ~I No. 

(1.0} 徊l+2+i.+11 1111poss1blc 

(I. I) 1四I+2 + ;_ +11 >¢6 

(1 -I) 徊J+2+i.+p impossible 

(2, I) [2切）+ 2 + 2i. + ([2切 I+1)/1 >¢c, 

(d.1) idw1j + 2 +di.+ II >¢6 

(r/+ I I) !(d + I)(;),) + 2 + (d + I)i. + 2p impossible 

(2d + 1.2) !(2d + l)w,j + 2 + (2d + 1)え+([(2d + l)wd + 1)11 >i/J1, 

(d-I I} i(d-I)四!+ 2 + (d -I)i. + /I ＞ゆ6(d~2)

(3d+2.3) l(3d + 2)w2) + 2 + (3d + 2)i. + (l(3d + 2)w1 I+ I)JI ＞り6

6. Main Theorems 

THEOREM 6.1 A. Let笏＝〈I,i.,μ 〉bea reduced la/lice Cl(K such thm 

0 < i. < I, 0 < X1, < Xi., 0く切(i.,p)< I, 叩 (i.,μ)>0,a>I,2lbl<し0<JI< 

I, ゆ1> I, 1vhere a= F(JL), b = Y1,. Then 

(1) // F仇）< I: 
(i) if b < 0. /hen 11,e minimal point adjacent 10 1 is ゆI>ゆ3or <pゎ
(ii)リb> O. then the minimal point adjacent to I isゆ1orゆ5

(2) !(F(い>I, F(売） <l 
(i) if b < 0, then the minimal point adjacenr ro I is妬；

(ii) 1/ b > 0, then the minimal point a伽cenrt.o 1 is売。rゆ5

(3) {(F(¢1) > I, F(ゆ2)> 1, F(ゆ6)< I, 

then the minimal poin1 adjacenl to I isゆ6・

PROOF. Sinceり］ ＝仙]+ i. > 1, we have [四I21 
(1) was proved in [5], Theorem 2.1. 

(2) We assume that F(if,4 1) > I, F(1/Js1) < I 

(i) the case b < 0, by Lemma 4.5,(4), we haveあ=if;3_ 1 i= 011. By Lemma 

4.5,(8), we have釦=IPJ. I -f= 0り The others were proved in [ 5], Theorem 2.1; 

(ii) The case b > O. The case were all proved in [ 5], Theorem 2.1. 

(3) We assume that F(if; 4.1) > 1, F(五） > 1, F(i/Js 1) < l. 
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By Lemma 4.5,(I)(2) and Remark 4.4,(I), we have 0!1 E {也，）＇，妬，Y'妬,Y'1/;4,y> 

恥.y,1/;6.y>妬，y>i/Js, I} 
(i) The case b < 0. By Lemma 4.5,(3), we have 011 E { 1/11,J''1/;3,y, if14,y, 1/;s,y, 

I/ls.,}. 
Also by Lemma 4.5,(10) we have c2 = [叫ー四<-1/2 

(a) In the case of 1/;1,y, based on Table I, 

(1-1) from五=i/18,1 -2 and F(i/18,1) < I, we have F叫） > I. 
(1-2) by Lemma 4.5,(12), 恥=[2叫 ー1+2え+11=2[四]+ 2). + 11 or 
2[四]-1 + 2). +μ. Since c2 < -I /2, 1/11.2¥-2[四 ]-1+2え十;1.Hence 1/11.2 = 

2[四 l+2え十JI>I/ls, J・ 
(1-3) d~2 ⇒ 也.d+I> t/18,1. If cl= I, then t/11.,1+1 = 1/11.2 = [2叫 — I +2i,+11. 
This case is just the same as (1-2). 

(b) In the case of if;3_y, based on Table 3, 

(3-I) by Lemma 4.5,(4)ゆ3= t/J3, I f,. O!J. 

(c) In the case of i/14.y, based on Table 4, 

(4-1) by the assumption 1/14_1¥-01,. 

(d) In the case of i/Jsy, based on Table 5, 

(5 I -) by the assumption恥.I'F0!/. 

As a result, if;8_ 1 remains 

(ii) The case b > 0. By Lemma 4.5,(3), we have 011 E {~ 勾．，．，加._v,1VS,)" i/16.y】

妬Y't/Js.I}. 
(a) In the case of if;2 Y'based on Table 2, 

(2-1) by Lemma 4.5,(9), 妬，I=/-0!! 

(2-2) by Lemma 4.5,(12), 1/12_ 2 = !2四I-I+ 2}—+ 11 = 21w2l + 2え十11(>i/ls.1) 
or 2[叫 ーI+2). +μ. 

The case妬，2= 2[四]-1+2え十JI. I 「 ［四]~2, then we have 2[c叫ー I+

2) + Jl > t/18.1-If [叫=I, then 妬，2= l + 2). + /1- We shall show that 
F(I + 2i. + p) > I. Since F(ん） = F(2 +え）< I, we have -I < Y狂;_< I, so 
-3 < Y; く ーI.Suppose that Y;_ > -3/2. Then Y2+i. = 2 +兄>I /2. From this, 

we have 1/4 + Zi+i. < Yf+;. + Zi+i < I. Hence, Iる1-i.¥< ✓ う/2.Since Y; > -3/2 
and Y;_ < -1, we have -I /2 < Yi+i. < 0. Hence, F(I十え） = Yi¥; ・十Zf+i.= 
瓜_+ Zf+; < 1/4 + 3/4 = I. Since F(i/>1) = F(l十え） > I, we have reached a 
contrad1ct1on. Therefore, we have Y;. < -3/2. From this, we have Y1+2叶,,=
1+2的＋％ く1-3十乃、<-3/2. Hence, F(I + 2え+p)> I 
(2-3) d~3 ⇒ i/12,,1 = [dw2] -I + d1c +μ> i/18 

The case d = I, 2 are just the same as (2-1) or (2-2) 

(2-5) Similar to (2-3). 

{b) In the case of I/; 4,Y'based on Table 4, 
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(4-1) by th e assumption, ift4. 1 -:f. Oy. 

(c) In the case of t/15.y, based on Table 5, 

(5-1) by th e assumption i/t s. 1 -:/ 0!/. 

(d) ln the case of i/16,y, based on Table 6, 

no case is included 

(e) In the case of if11.y, based on Table 7, 

(7-1) by Lemma 4.5,(5), 妬.I"F 0g, 

As a result, if1 8_ 1 remains. 口

REMARK. From the proof in [5, Theorem 2.11, (1) and (2) don't re-

quire the assumption O <柘<X、.Moreover, in (1) and (2) (except for the 
part of¢ 心 wecan weaken the condition from a >し 2[b[< 1 to a> 
max(l, 2b2, 2lbl). 

THEOREM 6.2A. Let笏＝〈l,i.,μ 〉bea reduced la/lice of K such thal 

0 < i. < I, 0 < X1, < X;, 0 <① ,(i.,μ) < I, w2(i,,μ) > 0, a> l, 2Jbl < I, μ>I, 
¢1 > I, where a = F(p), b = Y,,. Then 
(I) ff F(rjJ1) < I 
(i) if b < 0, !hen rhe minimal point adjaceni lo I is¢1, 妬 or釦，
(ii) if b > 0, 1hen 1he minimal point adjacent to I is¢1 or妬
(2) (f F(</J1) > I, F(ゆ6)< I: 

(i) if b < 0, then the minimal point adjacent to I is蛉
(ii) if b > 0, then the minimal poinl adjacent to I isゆ5orゆ6

PROOF. Sinceゅ， ＝八＝［叫+i. > l, we have [四l;;::-: I. 
(I) We assume that F(八） < I. 

By Lemma 4.5,(I)(2) and Remark 4.4,(2), we have 0リE{ i/J, J・）i/;3_y, I/; か i/J4,I} 

(i) The case b < 0. By Lemma 4.5,(3), we have 00 E {妬 •-"' t/13.y:I/; 叫・
(a) In the case o「1/Ji._,.,based on Table I, 

(1-1) t/111-

(1-2) 1/112 == [2匹]-I + 2i. + p > 1/1s.1-
(J-3) 1/ltd+I > i/Js.t > 1P4 l・ 

(b) In the case of恥_,., based on Table 3, 

(3-J) 1/;3 I・

As a result, ぬ.1,1/;3_ 1 and也_1remam 
(ii) The case /J > 0. By Lemma 4.5,(3), we have 011 E {i/t1.y,i/t4 i}. 

(a) In the case of妬，.,based on Table 7, 

(7-I) ip7_ I. 
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As a result, ,/;4_ 1 and ,/;7_ 1 remain 

(2) We assume that F(t/1ぃ） > I, f(ifts.1) < 1. 

By Lemma 4.5,(I)(2) and Remark 4.4,(2), we have O!I E { 1/11.r, t/t2.y, i/13.y, れ・-"'

1/11,y, t/ts, 1}・ 
(i) The case b < 0. By Lemma 4.5,(3), we have O!I E { 1/11,-, ぁ.r'如，，t/tsi} 
(a) In the case of t/11.y, based on Table 1, 

(1-1) from t/tぃ=t/ts_1 -2 and F(虹） < 1, we have F(t/t1.1) > I 

(1-2) i/11,2 = [2匹]-I + 2). + JI > 1Ps. 1・

(1-3)叱.d+I> i/Js.1・
(b) ln the case of ift3.y, based on Table 3, 

(3-1) by Lemma 4.5,(4)ゆ3= i/t3.I -f. 011・ 
(c) In the case of if;4 Y'based on Table 4, 

(4-1) by the assumption i/t4_ 1 #-0g. 

As a result, t/t 8_ 1 remarns. 

(ii) The case b > 0. By Lemma 4.5,(3), we have O" E { t/;2 _ _... ,/;4 l''妬、.,ipg I}. 

(a) In the case of妬.y,based on Table 2, 

(2-1) t/12.1 = [叫— I+;_+.u(> t/;4_1)-

(2-2) t/12,2 = [2叫 — I + 2i. + 11 > I/ts. 1・
(2-3) d 2: 3⇒ 妬.d= [d四 ]-l+dえ十fl> 1/is. 1・ 
The cases d = I, 2 are just the same as (2-1) or (2-2). 

(2-5) Similar to (2-3). 

(b) In the case of if;4y, based on Table 4, 

(4-1) by the assumption i/14_ 1 =I島
(c) In the case of 1/JJ Y'based on Table 7, 

(7-1) by Lemma 4.5,(5) i/;7_ 1 =! 0y 

As a result, I/ts. 1 and i/t 2_ 1 remain. 口

THEOREM 6.3A. Let gf = (I, ぇ;μ〉 bea reduced /a/lice oj K such that 

0 < }_ < l, 0 < X" < X;., 0 <例（え，11)< l, 匹（入u)>0, a> I, 2lbl < 1, /t<O, 

ゅ1> I, where a= F(11), b = Y1,. Then 
(1) lj'F(ゆi)< I: 

(1) if [w2]~2, then the minimal point ac, りacent to I i.1ゆぃゆ201・りゎ
(ii-a) if匝l= I, 入+p < 0, then the minimal point acりacentto I isゆ1or 
l+蛉

(ii-b) if [ I 四=I, 1, +μ> 0, then the minimal point acりacentto I i.1ゆI
orあ

(2) If F仇） > I, F(ゆ6)< I, then the minimal point adjacent to I is 約，ゆ6
or釣．
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PROOF. Sinceμ < 0 and O < X1,, we have b < O and -1/2 <μ. 

From Table IO and Lemma 4.5,(3), we have 011 e { l/11.y, もY'l/14,y,Ip研
i/J 8,y, 1P9,y}・ 
(1) We assume that F(八） < I. 

(a) In the case of if,,y, based on Table I, 

(J -J) Ip I'I・

(1-2) by Lemma 4.5,(12) 1い=[2四]-1+2え十μ=2[切]+ 2), +μ(> ifJ 4. I) 
or 2[w2] -1 + 2l十μ.

The caseい=2[叩]-I + 2i. +μ. If [四]z 2, then we have i/11,2 > i/14. 1. If 
I叫=I, l/11.2 =I+ 2え十μ.

(1-3)d?:.2⇒ i/11.d+I ?:. [3叫ー 1+3え十μ>lp4 The case d = I is just the 
same as (1-2). 

(J-4) lpl.2d+I >如,!・

(b) In the case of if,3.y, based on Table 3, 

(3-1) l/13, 1 = [叫＋ え — ll>恥]+入='P4.I・ 
(c) In the case of I/J4y: based on Table 4, 

(4-1) Ip 4, I. 

(4-2) i/14,2 = [2叫+2), +μ> lp4 I・ 

(4-3) if14.d+I > i/14.1・ 

(d) In the case o「l/ls」,,based on Table 5, 

(5-1) Ip 5 I = [叫＋人+μ.
(5-2) Ip 5,2 = [2四 l+ 2え十μ>'P4.I・

(5-3) d ?:. 2⇒ 1知I?:.[2叫+2.i. +μ> i/J 4. I 
The case d = I is just the same as (5-1). 

(5-5) Similar to (5-3). 

(e) In the case of t/ts ,., based on Table 8, 

(8-1) 1/Js. I > i/J 4, I・ 
(f) In the case of t/t9._,., based on Table 9, 

(9-1) 1/19」=[w2] +I+ i.、十II>'P4.I・
As a result, o/4 i, t/ts, 1, 五 andI+ 2え十11remain. Moreover, If I四 I?:.2, 
then we have 0g i= I + 2i, +μ. The case lw2] = l. Since釦=t/tぃ＝［叫ー I+),

＝え<I, we have 00 f, 1/11_ 1. ff 11. +μ< 0, then we haveあ=l+J.+μ<I.If 
え+μ>0, then we have I + 2え+p I-0。,because I + 2.i. +μ= 1十え＋（え+p)> 

］＋｝し＝虹I・
(2) We assume that F仇） > I, F(ゆ6)< I. 
We note that by Lemma 4.5,(10), we have c2 = [叫 ー四<-1/2. So by 

Lemma 4.5,(12), we have 12四 I=2[四 l+ J. 

(a) ln the case of i/Ji.,n based on Table I, 
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(1-1)「romi/11.1 = t/ls. i -2 and F(it/18.1) < I, we have F(t/11.1) > I. 

(1-2) 1/11.2 = [2w2] -l + 2). + J.1 = 2[叫+2i. + J.l. If such a 1/11.2 exist, then by 

[2叫 =I , we have c 1 <ー1/2(⇔ [2叫==I). 

(i) The case [四];::: 2. We have t/11 2 > I/ls 1・
(ii) The case [切l= I. 1/11 2 = 2 + 2え+fl > 2 +). + fl = ip9, I・ 
From Lemma 4.5,(11), we have F(t/19.1) < F(,/Js.1). So we have F(i/19 1) < I. 

Therefore, t/t1.2 = 2 + 2i. + fl ::/= On 

(1-3) (i) The case cl ;::: 2. We have ~ りか1::2:: [3w2] -I + 3i. + p ::2: [2w2l + 

［叫— I+3J. + ,u = 3[四]+3え十f.l> ipg:_ I・ 
(ii) The case d = I. Since d = I⇔ [2叫=I, this case is just the same as 
(1-2). 

(1-4) i/J1.2t1+I ::2:: [3u. 叫ーI+ 3i. + 2p ::2:: [2w2] + [cu2] -I + 3i. + 2p = 3fw2] + 3入

+2p >妬.¥・

(b) In the case or if13_.,, based on Table 3, 

(3-1) by Lemma 4.5,(4)ゆ3=恥.I ::/= 0g. 

(c) In the case ofれ.y,based on Table 4, 

(4-l) F(t/t4, I)> l. 

(4-2) t/t4.2 = [2四]+ 2i. + fl = 2[四 ]+1+2え+fl>t/Js.1 

(4-3) 1P4.d・rl::2:: [2匹]+ 2). + fl > I/ts. 1・
(d) In the case of t/15 ,., based on Table 5, 

(5-1) i/Js,1 = [叫＋；． 十fl.

(5-2) t/15.2 = [2四 J+ 2;. + fl = 2[叫+I + 2i. + JI > 1/J s. 1・

(5-3) d ;::: 2⇒ t/ts.d 2:: [2叫 +2i. + J.l > 1/1s. I・
The case d = I is just the same as (5-I). 

(5-5) Similar to (5-3). 

(e) In the case of if/8.,., based on Table 8, 

(8-1) F(t/Js.1) < l. 

(f) In the case of ijt9 Y'based on Table 9, 

(9-1)恥，I=[叫 +I+え十fl.

As a result, I/ts, 1, ijt 5、1and t/19.1 remain. 口

THEOREM 6.1 B. Let~ == <I,入μ〉 bea reduced la/lice of K such that 

0<).<I, O<X,、<X;_, 0 <例(J..,1-1)< I, 四 (i.,μ)> O,a > I, 2lbl < I, 0 < 1-1 < 

I, t/>1 < I, F(¢6) < I, where a == F(J.t), b == Y1, Then 

(1) lj"F(かく I,then 1he minimal point atりacen1to I is妬．
(2) lj・妬>I, F(約） > I, 1hen 1he minimal point ac(jacent to I is 宛．

(3) Ifゆ2< I: 
(i) if b < 0, then the minimal poim ac加centto I is鈍：
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(11-a) i/ b > 0, 2i. + 11 < I, then /he minimal pomt adjacent LO I is <PG 
orゆ10,

(ii-b) if" b > 0, 2i.+p > l then ti ie m111imaf pomt adjacent 10 isゆ6
01伽．

PROOF. From the assumption¢1 < I, by Lemma 5.2,(l), we have Y;_ < 
-I /2. By Corollary 5.3, i「b< 0, rhen we have l >四>1/2 

(l) We assume that F(五） < I. Since茨 isa reduced lattice, we have 

五 =I四 I+i. + ([叫+I)1-1 = i. + fl > I. 
By Lemma 4ふ(I)(2)and Remark 4.4,(I) we have 00 E { t/11 ,.r, 妬.y,1/13._r: i/14._1•1 

1/17,,,, Ifs. I}. 

(i) The case b < 0. By Lemma 4.5,(3), we !~ave 0りE{i/11y, 1/IJ.y: 1/14,J" 1/l5,1 }. 
(a) In the case of 1/11.p based on Table I, 

(1-2) since l2w2)= 1, we have i/t12=2;、十11> i/1s.1 > 1/ls.1・

(1-3) [(d + l)w2]~2 ⇒ 也.d+I> 1/ls I> 1/Js.1・ [(d + !)四l= I⇒ ルい/+I=
(d + I)i. +μ ⇒ Y,h,,,_, = (d + I) Y;. + Y1, < -1. 
(1-4) ¥(2d + !)w叶 ~2 ⇒ も，2d+I> 1/Js., > if,51. [(2d+ l)w2] =I⇒ 1/lud+I = 
(2d + l)i. + 211 > t/ts.1 >叱.1・

(1-5) from [(3d + 2)叫 ~2, we have tf1ut1+l~ I + (3d + 2)). + 3p >炒8.1> 

i/Js. I・
(b} In the case of t/1、,,., based on Table 3, 

(3-2) t/13.3か-2> 1/ls.1 > if伶 I・

(c) In the case o「t/14!'based on Table 4, 

(4-2) since [2叫=I, we have t/14.2 = I + 2i. +fl> 1/ls. 1 >恥

(4-3)加む1> 1/ls.1 > 1/ls.1 

(4-4) VI 4 2d 1 I > 1/J 8 I > 1/J 5. I・

(4-5) 1/Jut1-12 > t/1s.1 > 1/ls.1 
(ii) The case b > 0. By Lemma 4.5,(3), we have O!I E { 1/12 .. ,., 1/14.y, i/11 .. 1•, 1"5 i}. 

(a) ln the case of t/12 !'based on Table 2, 

(2-1) 1/Ji I = -I + i. + /I < I. 
(2-2) 12叫 =0⇒い＝ーI+2i. + p⇒ Y'/tu =-I+ 2Y;. + Y1, < -1. [2叫 ＝
l⇒ i/12 2 = 2i. + fl >恥.I>if. ら1・
(2-3) [d叩1~2 ⇒ i/12.d > 1/lg」>妬.I・[d叫 =I⇒Smee d~2, い＝
dJ, +μ>し/ls1>i/ls1・[d叫 =0⇒い＝ーI+di, 十μ⇒ Yぃ＝— I + dYi. + Y,, 

< -1. 
(2-4) ((2d + I)叩]~2 ⇒ 1/12.2d+I >八 >1/ls.1・l(2d+l)四]=I⇒ 1/12 2d+I = 
(2d + I)え+2p >~ 代 I>1/'s.1・l(2d+ I)叫 =0⇒i/122ぃ＝ーI+ (2d + I)ic + 2ft 

⇒ yi/t2,2,1ヽ,= -I + (2d + I) Y; + 2 Y,, < -I . 
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(2-5) Similar to (2-3). 

(2-6) [(Jd + 2)w2] ~2 ⇒ t/J2_.3t1+2 > Ip 8. I >叱_1. [(Jd + 2)叫 =I⇒t/12.)t/+2 = 
(3d + 2)え十31t>i/ls.1>t/;5_1. [(3d+2)叫 =0⇒f nt1+2 = -l + (3d + 2)). + 31-i 
⇒ Y,;,2)d+2 = -I +(Jc/+ 2) Y;_ + 3 Y,, < -I 
(b) In the case of t/14,y, based on Table 4, 

(4-2) [2四l= o⇒ !/J4,2 = 2). +μ> 1/ls.1 > i/Js.1・[2叫 =I⇒t/;42= I +2え+μ
>I/is.I>恥，1・

(4-3) Ip 4.d+I > t/Js. I >も.I・

(4-4) !/J4,2d+I > t/Js.1 > Ip 5 I 

(4-5)れ.3d+2> t/Js.1 > !p5_1 
(c) In the case of妬.y,based on Table 7, 

(7-1) by Lemma 4.5,(5) t/17, 1¥-0。
As a result, 恥，1remains. 

{2) We assume that 1/15 1 =).+fl> I, F(五） > I. 

By Lemma 4.5,(I)(2) and Remark 4.4,(I) we have 09 E { t/;1 Y't/;2戸 i位炉1/14,y
Ip 5.y, t/16,y, t/11,y, 1/Js. I}. 

{i) The case b < 0. By Lemma 4.5,(3), we have 011 E { 1/Ji.y, 1/13 _.., 如,Y'1/Js,y

fs,d-
(a) In the case of t/11.y, based on Table I, 

similar to (l). 

(b) In the case of 1/13,y, based on Table 3, 

sunilar to (l). 

(c) In the case of t/J4,y, based on Table 4, 

similar to (I). 

(d) In the case of t/Js.y, based on Table 5, 

(5-1) from th e assumption, F(t/15, 1) > l. 

(5-2) 1/is,2 >ゆ6・(5-3)1/15.d >ゅ6(d~2) .

(5-4) Ip 5,2d+I >り6・(5-5)ifis,d-1 >袖I~3).
As a result, り remains 
(ii) The case b > 0. By Lemma 4.5,(3), we have 0,1 E {t/12.y, 1/14,y, t/;5_y, t/16,y, 

妬y,1/Js.d
(a) In the case of 1/12,y, based on Table 2, 

similar to (1). 

(b) In the case of t/14,y, based on Table 4, 

similar to (I). 

(c) In the case of叱，Y'basedon Table 5, 
(5-1) from th e assumption, F(t/J s, 1) > I. 

(5-2) t/Js,2 >ゆ6・(5-3)t/Js.d >似d ~ 2)
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(5-4) lf5 2tl+l >鈍・(5-5)i/ls.d-1 >似d2 3) 

(d) In the case of 1/;6_.,., based on Table 6, 
no case included 

(e) In the case of rh.,, based on Table 7, 

Sllllllar to (!). 

As a result, if18. 1 rema111s. 

(3) We assume thatも.Iく］．

By Lemma 4.5,(1)(2) and Remark 4.4,(1) we have 00 E {也，"t/J2,.,,,t/;3,!"'f4,!" 
t/; 5,! : r/; 6.y: I/; 7 . .,., i/; 8. I }・ 

(i) The case b < 0. By Lemma 4.5,(3), we have 00 E { f 1 .. , r/JJ炉 れ・!バt/Js. .,,, 

fs. i}. 
(a) In the case of也.y,based on Table I, ・ 

(1-2) 1/;1.2 = 2i, + JI, Y,i,,_, = 2 Y;. + Y1, < -1. 

(l-3) The case d 2 3. 1/;l.ti+l > I +4人+11>ゅ6.The case d = 2. 1/Ji. ぃ＝
[3叫 ーI+ 3i. + JI [3匹 ]=2⇒1/;l.tiョ=I+3i. +μ>ゆ(,・[3叫 =I⇒叫d+I= 
3i. +μ. Y,i,,.,f.,I = 3兄＋り、<-1. 

(l-4) The case d 2 2. i/11.2,1+1 >ゆ6・

The case d = l. fud+I = [3w2] -l + 3i. + 2μ. [3w2] = 2⇒ i/11.2r1+1 = l + 
3i. + 2p >靴 ¥3叫 =I⇒t/J1.2d+l = 3i. + 2μ. Y,i,,.,、,_,= 3兄+2 Y,, < -1. 
(1-5) f 1..1t1. ↓ ・2 >ゆ6
(b) ln the case of if13 . .,., based on Table 3, 

(3-2) 1/;3.3む-2>ゆ6・
(c) ln the case of 1/;4 . .,., based on Table 4, 

(4-2) 1h2 >ゆ6・(4-3)1/14.ti+I >¢6• (4-4) l/;4.2t/+I >ゆ6・(4-5)l/;4.3d+2 >ゅ6
(d) In the case of if, 伶・-"'basedon Table 5, 

- from the assumpllon, 1/;5 1 < I. (5-2)む.2>¢6• (5 I) 

(5-3) 1/;5,,1 >炒6(d2 2). (5-4) if15.2れ・I>必.(5-5) 1/Js.t1-1 >必(d2 3). 

As a result, if18_ 1 rem ams. 

(ii) The case b > 0. by Lemma 4.5,(3), we have 0g E {恥..,., t/; 4.y: t/;'、"t/;6_"' 

IP];•: t/Js, I}. 
(a) In the case of if12 . .,., based on Table 2, 

(2-1)妬.,=-l+J+p<l.

(2-2) [2w2] = 0⇒ r/Ji. 2 = -I + 2i. + J.lくえ<I. [2叫 ＝］⇒い=2) + Jl 
(2-3) The case [d叫 22い>1/ls.1 >む
The case [d叫=I. We have d 2 2⇒ い =dえ+μ.If d 2 3, then we 
have y = dY;. + Y < -1. Hence, only when d = 2, 1t 1s ossible to have 

妬.d 11 
p 

0q = 1/Ji、1= f 2_ 2 = 2i, + Jt. The case [d叫=0. i/lu = -I +di,+μ. Yぃ＝
-1 + d Yi. + Y1, < -I 
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（巧 Thecase [(2d + I )四I~ 2. 妬，2d+I>和 Thecase [(2d + I)叫 =I
妬，Zd+I= (2d + I)).+ 211. If d 2 2, then we have Y,J,1_2,,,1 = (2d + I) Y;. + 2 Y,1 

< -1. Hence, only when d = I, it is possible to have 09 =妬，3= 3}. + 2μ. 

The case [{2d + I)叫=0. 1/12.2<1+1 = -l + (2d + I)).+ 2p. y'P2.1d•I = -l + 

(2d + I) Y;_ + 2 Y1, < -I. 
(2-5) Similar to (2-3). 

(2-6) The case [(3d + 2)吋 ~2. 妬.Jd+2>1/f8_1.The case [(3d+2)叫
= I. t/12. Jd+l = (3d + 2)). + 3p. Y,J,2 ;,1_1 = (3d + 2) Y;_ + 3 Y1、<-1. The case 

[(3d + 2)呵=0. 也.Jd+2=-1+(3d+2)i,+31-1. Y,J,1;,, ふ1= -I + (3d + 2) Y; + 
3 Y1, < -1. 
(b) In the case of 1/14,、,,based on Table 4, 

(4-2) [2叫 =0⇒れ，2= 2}. + Jl. [2叫 =I⇒i/J 4_ 2 = I + 2i. + p > 1/18. 1・
(4-3) The case [(d + I)叫 ~I. 如.d+I> f8_ 1. The case [(d + I)四 l= o. 
t/14,d+I = (d + I)え十μ. If d~2, then we have Y: れ、1・I= (d + I) Y;, + y/1 < -1. 
Hence, only when cl= I, it is possible to have 0g = 1/14.2 = 2え十μ.

(4-4) The case [(2d + I)叫 21.i/14.2t1+1>1/Js.i・The case [(2d+l)叫=0. 

如.ld+I= (2d + I)i. + 2p. If d~2, then we have Y,J,,_1、,_,= (2d + l) Y;. + 2 Y1、<
-1. Hence, only when d = I, it is possible to have 09 = i/1ぃ=3). + 211. 

(4-.9) [(3d + 2)四1~I ⇒1/14.3d+2 > l/ls 1・ [(3d + 2)四l=0⇒ れ.3d+2= (3d + 2)え
+.1sp. Y,t,A)dャ2= (3d + 2) Y;, + 3 Y,, < -1. 
(c) Jn the case of if; s,y, based on Table 5, 
(S-1)― from the assumption, F(恥.I) > (. 

侭2)[2四 )=0⇒あ.2= 2). + jl. [2四 I=I⇒ t/ls.2 = I +2i.+p > 1/ls,1・
(5-3) The case [d四I ~I. い>l/ls.1 
The case [d四 l= o. い=d). + JL. If d~3, then we have Y: ぃ＝
dY:;+ Y1、<-1. Hence, only when d = 2, it is possible to have島＝あ.2= 

2狂 Jl.

(5-4) The case [(2d + I )叫 ~ I. t/ls,2<1+i > 1/ls,i・The case [(2d+ l)四 ]=0
恥，ld+I= (2d + l)). + 2p. If d~2, then we have Y,J,;_1,1_1 = (2d + I) Y;. + 2Y1, < 
-1. Hence, only when cl= I, it is possible to have 09 =恥.3= 3,l + 2μ. 

(5-5) The case [(d -I )叫 ~ I 先，ぃ> i/18.1. The case [(d-I)叫 =0

i/ls,t1-i=(d-l),l+11. If c/~ 4, then we have Y: も．かI= (cl -l) Y;, + y/1 < -I 
Hence, only when d = 3, it is possible to have 0!, = 1/15_2 = 2え+jl. 

(d) In the case of 1/16,Y. based on Table 6, 

no case included 

(e) In the case of妬.y,based on Table 7, 

(7-1) By Lemma 4.5,(5)妬，I'#0y, 

As a result, 2). + Jl, 3). + 211 and tJ;8_ 1 remain. If 2}, + JL < I, then we have 
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2). 十μ#Ou. If 2;, 十p> I, then we have 3i. + 2μ# Og, because 3i. + 2μ= 

(2え+μ)+ i, 十p>l十え=t/ls,1・ D 

THEOREM 6.28. Let忽＝〈I,;丑l〉bea reduced lalfice of K such 1ha1 

0 <), < 1, 0 < X1, < X;_, 0 < uJ1().,μ) < 1, 四 (i,,p)> 0, a> I, 2lbl < I, f.l > I, 
ゅ1< I, F(ゆ6)< I, 1vhere a= F(Jt), b = Y1,. Then the minimal point adjacent to I 
isゅ6・

PROOF. From the assumption ef;1 < 1, by Lemma 5.2,(1), we have Y;_ < 
-1/2. By Corollary 5.3, i「b< 0, then we have w2 > 1/2. 

By Lemma 4.5,(1)(2) and Remark 44,(2) we have Oq E {i/11.y, ijJ氾妬Y't/14,y:

t/11,y, t/ls.1} 

(i) The case b < 0. By Lemma 4.5,(3), we have Og E { t/11,r> i/13.r: i/J4 y, t/18, i} 
(a) In the case of t/11..,, based on Table 1, 

(I-1) from t/11_1 =t/18_1-2 and F(t/18_1) < I, we have F叫 ）> l. 

(J-2) t/112=2i.+Ji>t/18_1. (1-3)也.d+I> 1fr8. J・ 
(1-4) 1/1ud+I > t/18 1. (1-5) if1ut1+2 > t/18_1. 

(b) In the case of恥._nbased on Table 3, 

(3-2) i/J3,3む2> i/Js.1・
(c) In the case of if14.y, based on Table 4, 

(4-2) t/142 > t/1s 1-(4-3) t/lo > i/Js 1・ 

(4-4) t/lod+I > t/ls.1・(4-5) 1/14.",d+2 > 1/18.1 

As a result t/J 8_ 1 remains. 

(ii) The case b > 0. By Lemma 4.5,(3), we have 0q E { 1/12 -''t/14ぃ妬,.r,iifs,d-

(a) ln the case of i/12_,,, based on Table 2, 

(2-1) t/12_ 1 = -I + i, 十fl.Y r/12 1 = -I + Y;_ + Y,、<-1 

(2-2) t/12. 2 = [2叫ー I+2i. +μ. [2四 l= o⇒ t/12.2=-1+2入十fl・ yr/12.2 = 
-I+ 2凡十 Y,、<-1. [2叫 =I⇒い =2え十JI>t/ls 1 
(2-3) [恥l ~ I ⇒ t/12<1=[d叫ー l+dえ十μ>り [d叫 =0⇒t/12,d = 
-I +d入+p.yr/Ju= -1 +d兄＋沈<-1. 

(2-4) 1/Ji. 211+ 1 > t/Js. 1. {2-5) Similar to (2-3) 

(2-6) t/12 3d+2 > t/ls.1 
(b) ln the case of t/14 ,,, based on Table 4, 

(4-2)い>t/ls. I・(4-3)如心I> t/ls.l・
(4-4)如.2む 1> i/18. 1. (4-5) i/14.3t1+2 > I/ls. 1・ 
(c) In the case of妬・-"'basedon Table 7, 

妬,l= I + え— /l< ,i.、<I. 

As a result, t/ls,, remams. D 
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THEOREM 6.38. Let俄=<I,i,,p〉bea reduced !Clltice of K such that 

0 <), < 1, 0 < X1, < X;_, 0 <切().,p)< I, 四 ().,p)> 0, a> I, 2lbl < I, II< 0, 

り1< I, F(rp6) < l, where a= F(p), b = Yp. Then 
(1) lj'F(ゆ8)< 1, then rhe minimal point ac!jacenl to I 1sゆ8・

(2) lj'F(釣） > 1: 

(i) if 2). + JI < 0, then the minimal poi111 acりacenlto I 1sゆ601ゆ6+斡
(ii) if 2). + tt > 0, then the minimal point叫;acentto l isゆ6or I+ゅ，

PROOF. From the assumptionゆ1< I, by Lemma 5.2,(1), we have兄く

-1/2. Since II < 0 and O < XJ,, we have b < 0. By Corollary 5.3, we have 

匹>I /2. From Table IO and Lemma 4.5,(3), we have 0y E { 1/Ji. ,., 1/;3_,., 1/14_、I"if15. ,., 

1/Js.y, 1/19.y}・ 
(a) In the case of 1/11.,v, based on Table I, 

(1-2) i/112 = 2). + JI. yt/,1.1 = 2兄＋杓<-1. 

*(1-3) d 2 5⇒ 1/11.,1日 2[6四 ]-1+6え十1-12 2 + 6). + 1-1 > 1/1s. i・ d = I⇒ 

1/;l.d+I = 2). + !,l. y; 也、1-l = 2 Y;, + Y,, < -I 
Hence, only when 2::;; d::;; 4, it is possible to have 011 = 1/りた1

*(1-4) d 2 3⇒ i/11,2cl+¥ 2 [7叫 — ] + 7 /. + 2p 2 2 + 7 /. + 2p > 1/13, J 

Hence, only when I ::;; d::;; 2, it is possible to have 011 = 1/;1_2,1・r-1

*(1-5) d 2 2⇒ i/lu,1+2 2 [8叫ー 1+8え+)f.l2 3 + 8i. + 3!,t > 1/Js. I 
Hence, only when d = I, it is possible to have島=1/;1.2, ぃ＝也.; 
(b) ln the case of朽.y,based on Table 3, 

(3-1) By Lemma 4.5,(4), り3=妬.I #-Og, 

*(3-2) d 2 2⇒恥.Jt1+2> 1/;8_ 1. Hence, only when d = I, it is possible to have 
Do= i/13_3,1+2 =恥.5・ 
(c) In the case ofぬ.y,based on Table 4, 
*(4-2) i/142 = I + 2i. + p. 

*(4-3) d 2 3 ⇒ l/;4,d・トI:;::,: [4四l+ 4i. + 1-1 2 2 + 4i. + p > if18 1 . 
Hence, only when I ::;; cf ::;; 2, it is possible to have島=1/14.t/+1. 

*(4-4) d 2 2⇒ l/;4_2t/+I :;::,: [5四 l+ 5}. + 2!,I :;:,,: 2 + Si. + 211 > 1/;g_ I. 
Hence, only when d = l, it is possible to have 011 = 1/14.2,1+i 

*(4-5) d22⇒ 1/Jud+2:;::,: [8四 ]+8入+3/t :;:,,: 4 + 8). + 3p > 1/;g I・
Hence, only when d = I , it is possible to have 011 = 1/;4.3,1・ト2

(d) In the case of 1/;;,y, based on Table 5, 

*(5-2) 1/;5 2 = I + 2え+/1. 

*(5-3) d 2 4⇒ 1/Js,d 2 [4四]+ 4i. + 11 :;:,,: 2 + 4i. + p > if18 1. d = I⇒ 1/;5_,1 = 
;'.+μ<I. 

Hence, only when 2::;:; d::;; 3, it is possible to have 0y = 1JJs.t1・ 



A method for find・ mg a minimal point of the lattice 115 

*(5--4) d;?: 2⇒叱，2d+I;?: [5叫 +5Jc + 2μ;?: 2 + 5え+2μ> 1/fs,1 
Hence, only when d= l, it is possible to have 09=1/Js,2d+I・ 

*(5-5) d;?: 5⇒ 1/fs,d-l ;?: [伍]+ 42 +μ ;?: 2 + 42 +μ> 1/Js, 1. d = 2⇒い＝
A+μ<I. 

Hence, only when 3 :s; d :s; 4 ― , 1t 1s possible to have 0g =叱，d-1・

*(5-6) d ;?: 2⇒ 1/15,3d+2 ;?: [8叫+8}. + 3μ;?: 4 + 8), + 3μ > 1/lg, I 
Hence, only when d = l ― , 1t 1s possible to have 0g = i/Js,Jt1+i・ 

(e) In the case of ijJ8 Y'based on Table 8, 

*(8-1) From th e assumption, F(ijJ8」)< I. 

(f) In the case of i/J9,y, based on Table 9, 

*(9-J) 1/19,l = [叫 +l+え+μ.

From described above, we shall select all the elements in each part with 

asterisk (*), using 1 :s; 13四 J:s; 2, 2 :s; 14四 J:s; 3, 2 :s; [5四 ]:s; 4. Then we have the 

following set 

{l +え，I+J. 十μ,I +2入+μ,)+ 3}. 叶 μ(0s J s 2), 

)+3え+2μ(0 s J s 2), J + 4入+μ(Is j s 2),j + 5入+p(lsJs3),

J+5え+2μ(1sJs3),J+5え十3μ(Is J s 4)} = r. 

Here, we eliminate elements I/; E :E such that i/; >¢6 or Y,i, < -I. Then we 

have 

r'= { I + i,, I +え十μ,I +2え十μ,I + 3ic +μ, I + 32 + 2μ, 2 + 5え十3μ}.

(!) We assume that F(かくI.Since俄 isa reduced lattice, we haveゅs=
的,I=I十え十μ>I. Hence, we have }. +μ > 0. From this, we have I + 2 +μ 

< I + 2i, +μ, I + 3.J. +μ, I + 3え+2μ, 2 + 5え十3μ.Therefore we conclude that 

Oy =釣=I+え十μbecause釣<¢6=I+え．
(2) We assume that F伯） > I. We note that d(J..,μ) = I⇔ I /2 < w1. Hence, 

if d = I, then by Lemma 4.5,(1 I), we have F(必）< I. Therefore we have d ~ 2. 

So we have 09 =I-I + 3i. + 2μ, 2 + Si. 十 3μ.

(i) The case 22 +μ< 0. We have 09 = I十えorI+ 3入+μ.

(ii) The case 2入+μ >0. We have 0g = I + J.. or l + 2}. +μ. 口

7. Examples 

Voronoi-algorithm: 

Let K be a cubic algebraic number field of negative discriminant and let俄

be a reduced lattice of K. We define the increasing chain of the minimal points 
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of俄 by:

o。=I, 0k+I = min{y E~ 息<y, F(0k) > F(y)} if k;;:: 0. 

Then 0k+I is the minimal point adjacent to 0k in俄

Let敬 bethe ring of integers in K and f,£= f2K-By Voronoi we know that 

the previous chain is of purely periodic form 

I = Do, 01, ... , 0← I, €, 吼， , E0t-l, ・ ・ ・, 

where t denotes the period length and c(> I) is the fundamental unit of (!)K・ To 
calculate such a sequence, it is sufficient to know how to find the minimal point 

adjacent to I in a lattice PA. 
II) Indeed, let e, b 
II 
e the m11111nal pornt adJacent to I in灸 ＝的＝〈I,/J, y〉and

01 = 0(I) 

(i)uWe choose an appropriate point ofi'l so that {1, 0~1>, 0},'l} is a basis of免

I 
(ii) Let 8£2 =一 灸， then142 is a reduced lattice. 0ドisthe minimal point 

0tt) I 
adjacent to I in俄2=一灸 ＝〈1,1 / ot 1 >, 0},'> / oり〉．

0(1) , ts equivalent to 02 = 0101~2) 

= o(t>。(2) II 
y g being the minimal pomt adJacent to 01 in 141 

This process can be continued by induction. 

a cubic number field defined by 

03 -70 -12 = 0 (0 = 3.2669). Then 鉛＝〈 1 , -2 + ~0 +~ 。2,2+~。」が＝
〈I,).,/I〉.

6 6 3 3〉
It is easily seen that O <え <l,0<11<1.

Since集 isa reduced lattice, we have a= F(1-1) > I. 

EXAMPLE 7.1 Let K = Q(0) be 

I I 
Yo =-(h;Q0-0) = --0 
2 2' 

I 3 
Xo = -(30-h;Q0) = -0, 
2 2 

I I 
Y。2=-(TK;Q02-び）＝ー(14-0り
2 2 

I I 
X。l= -(302 -TK;Q02) = -(302 -14) 
2 2 

X =X  
2 I 7 l 

JI 2+(2/3)0-(J /3)0-, =- --3 
x。 x。2 = —+0--02 > 0 
3 3 2 

7 3 3 2 
Xぇー柘＝一―--0+-0>0. 

2 4 4 

2 I I 
Y,, = y2+(2/3)0-(l/3)(12 = 2十ぅYo-3}';。l= 6 (-2 -20 + 0り， l

-
2
 

＜
 
Yμ ＜
 ゜
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I 
Y; = -(-IO -0 -0り 0-1 
) 2 ．例(}.,μ)= -

2(0 + 2)' 
0<切く ］

I 0-1 I 
叫，μ)=―豆(-10-0-0り―-x-(-2-20+0り

2(0 + 2) 6 

I 
= -(02 -3), [四l= i. 
4 

l 
刈叫+i.) = F(l +え）=I+ー (0-3) > I. 

2 

50 
F(! 四 l+J. 十μ)= F(I + i. +μ) = 2 -50 +が＋ー＞］

. 0 

叫]+ I + i.) = F(2 +え） = FG0+~02) =合(12+0-0り<I

Therefore, by Theorem 6.1 A,(3), we have 00 = [w2] + I + i, = 2 +ん

EXAMPしE 7.2 Let K = Q(O) be a cubic number field defined by 

が — 20-111 = 0 (0 = 4.9445). Then 

島＝〈1,(-71+ 150+が）/98, (-61 -230 + 50り/196〉=〈l,iサ I〉.

It is easily seen that O < i. < 1, μ< 0. 

Since島 isa reduced lattice, we have a = F(μ) > I 

3 I 
Xo = -0, ~。2 = -(302 -4) 
2 2 

x1, =_!_(I 502 -690-20) = 0.0141 > o (c = 196) 
2c 

I 
X;. -X1, = -(-902 + 1590+ 12) = 1.4748 > 0 

2c 

I 1 
y/1 = -(-5炉+230-102) = -0.2819, 0 < I Y1,I < -
2c 2 

I I 
y. = - -02 -150-138) = -(-02ー 150-I 38) = -1.2072 
2 X 98 
（ 

C 

-20+ 30 
（山(i.,μ)= = 0.4214, 0 <切く I.

50+ 23 

叫 i.,μ)==―凡ー W1Y1, = 1.2072 -0.4214 X -0.2819, [呵 =I
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(!) NKjQ(x+y0+祈）＝炒+2x2足z-2x炉ー3x l I lxyz + 22正 +I l ly3 
-2 x l lly丑+1112丑

(a) By (1), 

氾） = F([叫 ＋ん）=F(嘉(27+ 150 + 0り）
I 
F(27 + 150 + 0り

I NK/Q(27 + 150+が）
＝ ＝  
982 982 27 + 150 + 02 

I 259308 
＝ 932 2 

= 0.2149 < I. 
27 + 150 + 0 

I I 
(b)入+/l = -(702 + 70-203) = -X 2.7480 > 0. 

(c) By (1), 
C C 

I 
鳴） = F([四 1+). + Jl) = F(c (-7 + 70 + 70り）

I , I NK/Q(-7+70+7が）
=-F(-7 + 70+ 7か） =)  
c2 c- -7 + 70 + 70' 

I 4302592 
＝ 2 = 0.5635 < I c2 -7 + 70+ 70 

Therefore, by Theorem 6.3A,(I),(ii-b), we have 0g =妬

EXAMPLE 7.3. Let K = Q(0) be a cubic number field defined by 03 -770 -

513=0 (0= 11.1002). Th~n 

釦＝〈I,(-674 -280 + 90り/613,(1205+1210-17炉）/613〉=(I, 入μ〉

It is easily seen that O < i, < I, 0 < p < I. 
Since俄39is a reduced lattice, we have a= F(!1) > I. 

3 l 
Xo=-0, X:。l= -(302 -154). 
2 2 

I I 
ふ＝一(-5102+ 3630 + 2618) =― X 363.436[ > 0 (c = 613). 
2c 2c 

I I 
X;_ -X1, =ー(7802-4570 -4004) = - X 533.9349 > 0 

2c 2c 

I 
YI、=-(1702ー 1210-208) = 0.4433, 0くり、<-.

I 

2c 2 
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1 
Y;_ = -(-902 + 280 + 38) = -0.6200. 
2c 

90+ 28 
w,(i,,μ)=・ =0.4129 

170+ 12" 

119 

0<例く l 四 (Ji,μ)=-Yi. 一切ル=0.6200 -04129 X 0.4433, I四l== o. 

I 
(a)外＝狂μ=-(-8が+930 + 521) = 0 9259 < I 

I C 
(b) 2J. +μ= -(0汀 650-143) = 1.1447 > I 

C 

(1) Nx1Q(x + y0 + z02) =対+2 X 77足z-77xy2 -3 x 513xyz + 772記＋
5)3y3 -77 X 5]3yz2 + 5)3ゲ ．

(c) By (1), 

I 
叩 =F([叫 +l+え）= F(;;(-61 -280 + 90り）
I 
=-F(-61 -280+90-) =2  

1 I NxJQ(-61-280+90り
c2 C -61 -280 + 90-

I 225837169 
＝一
c2 -61 -280 + 90・ 

=0.8153<] 

(d) By (1), 

I 
F(2,l + 11) = -F(02 + 650-143) =一

I Nx;Q面+650-143) 
c2 c2 02 + 650 -I 43 

I 198781801 
= - = 0.7538 < I. 
c2 02 + 650 -143 

Therefore, by Theorem 6.1 B,(3),(ii-b), we have 09 = 2え+μ

EXAMPLE 7.4 (Williams and Dueck /8, p. 6901). Let K = Q(0) be a cubic 

number field defined by 03 -68781 = 0 (0 = 40.97221992). Then 

Pl2301 =〈1,心／！〉

=〈I,(-72036 + 18090 + 20り/126539,(117574 -26680 + 670り/126539〉

=〈］，ゆ，t/1-1〉＝〈I, (-72036 + I 8090 + 20り/126539,

(-8965 -26680 + 670り/126539〉

=〈I)し,μ〉 〇＜え<I, p < 0. 0 < x,、<X;,、
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Since俄23o7is a reduced lattice, we have a= F(p) > I 

-20 + 1809 I 
例 ().,11)= Y・= --(202 + 18090 + 144072) (c = 126539) 

670 + 2668・'・2c 

I 
Yll = --(6702 -26680 + 17930). 
2c 

仰=0.3190489 I. Y、=-0.87541450. 0, = -0.08333592. 

四=0.90200274. 

Hence [四I=o, <P1 = I叫＋え=i.<I. 
(1) NKJQ(x+ y0+zが） = x3 -3 x 68781 xyz + 6878 ly'+ 687812丑
(a) By (!), 

I 
暉） = F([叫 +I+i.) = F(l + i.) = F(z(54503 + 18090+ 20り）

I 
＝可(54503+ 18090 + 20り=,

I NK/Q(54503+ 18090+20り
c- c- 54503 + 18090 + 202 

I 528431935430042 
＝一 ） 

= 0.25005464 < I. 
c2 54503 + 18090 + 20-

(b), By (1), 

F(l + 2え+μ)= F (-26498 + :.500 + 7102) 

I 
= -F(-26498 + 9500 + 710り=,

I NK/Q(-26498+9500+7l0り
c2 c- -26498 + 9500 + 7102 

l 2102375149688779 
= - = 0.99760062 < I 
c2 -26498 + 9500 + 7102 

(c) By (1), 

F(釣）= F(I + i, +μ) = F (45538 -8:90 + 6902) 

I 
= -F(45538 -8590 + 690り＝一

I NKJQ(45538-8590+690り
c2 c2 45538 -8590 + 6902 

I 2161892194231336 
＝一っ = 1.07007239 > I 
c-45538 -8590 + 6902 
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(d) Since -153037 + 9500 + 7102 > O, 2i. +μ= -153037 + 9500 + 7102 
C > 0 

-8 l 00 I -8590 + 6902 
(e) Since i. + 1-1 = c < 0, we have l + 2i. + p < I + i .. 

Therefore, by Theorem 6.38,(2),i(ii), we have 011 = l + 2i. + JJ. 
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