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SPHERES， SYM九1ETRICPRODUCTS， AND QUOTIENT 
OF HYPERSP ACES OF CONTINUA 

By 

Enrique CASTANEDA-ALVARADO and lavier SANCHEZ-MARTINEZ 

Abs仕act. A continuum means a nonempty， compact and connected 

metric space. Given a continuum Xぅ thesymbols凡(X)and C
J 
(X) 

denotes the hyperspace of all subsets of X with at most n points and 

the hyperspace of subcontinua of X， respectively. Ifη>1う wecon-

sider the quotient spaces SFt(X) =凡(X)jFj(X)and C](X)jFj(X) 

obtained by shrinking Fj (X) to a point in凡(X)and Cj (X)， re-

spectively. 1n this paper， we study the continua X such that SFt(X) 

is homeomorphic to CJ (X)j F
J 
(X) and we analyze when the spaces 

凡(X)and SFt (X) are homeomorphic to some sphere 

1. Introduction 

A continuum means a nonempty， compact and connected metric space. The 

symbols N and R will denote the set of all natural numbers and real numbers， 

m戸ctively.AJso J will be the unit intervaI [0う 1].Consider the folIowing hypeト

spaces of a continuum X: 

2X = {A c X : A is closed and noner叩 ty}， for nεN 

Cn(X)ニ {Aε2X : A has at mos坑tn c∞ompo悶

凡(X)= {Aε2X 
: A has a剖tmoωst n points} 

These hyperspaces are considered with the Vietoris topology (see [16， Theorem 

0.11， p. 91). The hyperspace 凡(X)is also known as the n /hヘザmmetricproduct 0/ 
X. Symmetric products were introduced by K. Bors比 andS. Ulam in [2]， they 

proved that， if n = 1， 2， 3ラ Fn(1)is homeomOI下hicto r， for n三4，凡(1)is not 
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homeomorphic to a町 subsetof RIl and F2 (S') is homeomorphic to M凸bius

St中， where S 1 is the l-sphere. 1n [14]， R. Molski proved that 九(12)is homeo-

morphic to the 4-cell and for n三 3neither Fn(I2) nor F2(JN) is homeomorphic to 

any subset of R 211. 1n [3]， R. Bott corrected Borsuk's stateme川 (see川)that 

F3(Sl) is homeomorphic to SI X S2 by showing that， actl凶 lyF3(S') is homeo-

morphic to S3， where SIl denotes the n-sphere. 111 this direction， in this paper we 

prove the following theorem: 

THEOREM 4.3. Let X beαωntimllイrnThe follolVing .s仰tenzentsαretrue 

(1) (Triviality)グ刀=1， then Fn(X)ωhorneornorphic ro SI/Iゲ andonlyゲXi.s・

homeomorphic to 5111， 

(2)凡(X)is homeomorphic to SI/I for sOJ}ze rn三nゲand0叫Y ゲeithern = 3 

or n 1， and X = 51 

Furthermor司丸山 1979S. B. Nadlerフ Jr.introducecl the IzJperspace suspensiof1 

ofピ1continuum X as the qωtient space C，(X)jF，(X)， [17]， in that paper the 

author studied the fixed point property of this q uotient spaces. F 01' nL n εN 

with m <刀 anda continllllm X， we consider the qωtie川 spaceFII(X)j ~n(X) 

that we will denote by S日(X)obtained by shrinkingん(X)to a point in Fn(X)， 

with the qωtie川 topology(see [6]). 1t is well known that C， (I)j F， (1) aは SF?(!)

a陀 2-cells(see [13フ 1nproof of Co凶 lary3.10， p. 129] and [6， Example 3.1])ぅ

C，(5')jF!(51
) is homeomorphic to S2 (see [13， In proof of Corollary 3.10ヲ

p. 129])フ butSFI
2(SI) is the Real P問ectivePlane (see [6， Example 3.1]). 1n view 

of thisフ itis easily s凶 pectedthat the spaces X for whi比chC，パ(X)νjF円，(X)iβs hom児e-

omorphic tωo fκ凡~I(X)νjF円1 (X) a出rev叩附e引rγylirη山1

following results: 

THEOREM 3.4. Let X be αβnite-dimensio!1αI andωcwise cοnneCled coか

tinuum. Then Cl (X)j F， (X) is homeornorphic to SF?(X)ゲ正mdonかグ X L~ 

horneomorph比 to[0う 1]

THEOREM 3.6. Jf Y is αn αrOVlse 正onnectedωnU川lum{/nC! η ミミ 3， then 

Cl (Y)j Flパ(Y)iιs 刀仰othomeω0171仰 Oω肝仰rりp!加1ηlι fωo SF円!f川ぺ(X)，う /0ωr eωUσery 月仰刀川iμ山;(付edi占i仰刀川川siゾiわW肌O併仰nαIco刀ル叩

tu刀nμlLμunη1X. 

Since SF?(Sl) is the Real Projective Plane (see [6フ Example3.1])ぅ SF?(凡)is 

homeomorphic to F2 (凡)(see [6ぅ Example3.3]) and SFt (Q) Is homeomorphic to 
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Q for each 11 E N (see 16， ExamJコle3.1])， where Tm is a simple m-od and Q is the 

Hilbert Cube. As a consequence of the results obtained in this paperフ weobtain 
the following 

CORミωOLυLA刈A刈Iミ口げy4.8 σσ、X is α co川仰μωmαnd n 註 2う f的h舵灼M附削enSF円lJfηぺ1刊(X)i臼久

1110rphiたcto 5へjoωr βωαch 2 三云三 mη7 三云ミ lη ? 

Finally， the following questions remain open. 

QUESTION 3.7. Cαη wと omirlheαrc¥Vise cOJ1nectedness hypothesis il1 Theorems 

3.4 and 3.6? 

QUESTION 4.9. Does there existαco川 ;nuumX andηミ2such that Fn(X) is 

homeomorphic fo 5111 .fo}" some 111 :::::: 4? 

QUESTlON 4.10. Doι凸ω).t仇Izσωr刀σσX刀lstα COlη7 f;1刀1μ山lμ)1刀171ηlXσlηld 111.1η1 "注三 2 sμch t的haωf 

S 尺ηη;;引;日(X)is hωomeO/71Oω肝川rりphiυlた fωο SI1l .for s叩削削Oω仰fηne111 ε N つ

2. De長nitionsand PreIiminaries 

Given a continU1ll1l Z and a subset A of Zう clz(A)，intz(A)， Bd(A) denotes 

the closureぅ interiorand boundary of A in Zう respectively.A suocontinuum of a 

space Z is a co山 nuull1contained in Z. The叩 11bolIA 1 denotes the cardinality of 

A and cone(Z) denotes the quotient space Z x [0う l]jZx {1}. Let Z E Z and s be 
a cardinal numberう wesay that :: has ord，σ1・/ωsthan or equal to s in Z， written 

o}"d(z~ Z)云s，provided that for each open subset U c Z sωh that zεU， there 

exists V an open subset of Z such that Z E V c U and IBd( V)I豆F
Anl川 d(11εN and 11と 3)is a continuum X which contains a subcontinuum 

Y such that the complement of Y in λ/ i臼sthe un山1ionof 1η1 noneIηmpty mutual日ly

S臼epコM川正a剖II汀山ra咽1川a叫1比eds臼et臼s(iげfY i日sa s訂ll1咋g凶letona吋 the componel 

t出ha剖tX iβs a s川川喝Yゾη川II川'1η111ψ/ρ')1んσl川 d). A s訂1m川1ple3 叩舟od，will be called a s灼山iか川l刀川11/ψ)!たet川

an町yspace hoωmη1eolη1110ωr司'pbiたctωo 1. A.f斤reσeαωrcin a corη1t山tinuumη.1X is an arcαc X such 1 

t出ha引tint九U川λXバ，(収川α吋)手必¢. 

Given a finite collection‘ Uj，..ぺ UI11J of sllbsets of X， くUI，・・・う U，ρ11' denote 

the following subset 01' 凡(X)

(日1(川CbaMA什山川chiご 1) 
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If each Ui is an open subset of Xフ itis known that the family of all subsets of 

the forrn くU1，・・・ぅ Um)n，is a basis for the topology of Fn(X) called the Vietoris 

topology (see [16， Theorem 0.11， p. 9]) 

Given a continuum X， P，~. n : Fn(X) → SF，~(X) denotes the nat山 11quotient 

function. Al叫 letη(X)denotes the point p，~. )Fm(X)) 

REMARK 2.1. Using an appropriate restriction of P~;.lP it is clear that 

SF，~ (X) ¥ { F，~ (X)} is homeomorphic to 凡(X)¥F，バX).

In this paperフ di附 nsionmeans inductive dimension as defined in [16フ (0.44)， 

p. 21]. The symbol dim wiU be used to denote dimension. If dim(X)εNU{-l，O} 

we will writte dim(X) <∞and dim(X)ニ∞ inother case. By [9， p. 20]， for 

every continuum Xフ dim(X)三1.

The following result is a partic叶arcase of [9フ Corollary1， p. 32] 

THEOREM 2.2. Let X be αcon抑制m 正mdnιN U {O}. Jf Xニ YUZ，Y凸'

closed in X， dim( Y)壬nαnddim(Z)云叱 thendim(X)豆n

COROLLARY 2.3. Jf X isαcontinuum， n E N， Y isα .subcontinuum of X， 

dim(X) = n and dim( Y) <爪 thendim(X¥ Y) = n 

PROOF. 1s clear that dim(X¥ Y)三ηIfdim(X¥ Y) < 刀， then dim(X¥ Y)豆

n -1. By Theorem 2.2， dim(X)壬n 1， this is a contradiction 口

3. SFt(X) Homeomorphic to C1 (X)j Fl (X) 

PROPOSITION 3 .1. ~σrXi臼S α ρρ. 問凶f花e蜘-di.

SF.尺fJぷ;

PROOF. By [8， proof of Lemma 3.1， p. 253]， dim(凡(X))三n. dim(X)， 

thus Fn(X) is a finite-dimensional continuum. On the other hand， since 

dim(凡(X)¥Fm(X))~ dim(凡(X)) and 凡(X)¥Fム(X) is homeomoゅhic to 

S1ヨ (X)\{F~(X)) ， dim(S勾(X)¥{F，;:(X)})壬刀 dim(X). Th民 byCorol1ary 2.3， 

dim(Sr:ぷX))is finite 口

PROPOSITION 3.2. Let X be α l-dimensionα1 continuum and n 2: 2， then 

dim(凡(X))= dim(SFt(X))αnd dim( C1 (X))二 dim(C1 (X)j Fl (X)) 
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PROOF. Notice that dim(FI (X)) = 1. By Corollary 2.3; dim(凡(X))= 
dim(九(λ:)¥FI(X)). We conclude 

di叫SF{l(X) ¥ {F( (X)} )ニ dim(凡(X))

By Theorem 2.2， d出山i口n川1

t山ha剖td出111州CI(X)リ)= dim( CI (X)ν/F円I(X)リ)口

LEヨ:Ml肌、d仙仙4心仏]¥川¥

dimηθω仰1刀1ωsimη7(_αωJυt 17η10Sμ! 2， thと11 X is homeomorphic to either SI 0/・f

PROOF. By [10; Theorem 70.1; p. 337] X does 110t contain simple triods 

Therefore， ord(x， X) ::;; 2 for every xεX becaωe X is 3rC¥νise connected. Thus， 

by [18) Proposition 9.5; p. 142]， X is an arc or X is homeomorphic to SI 

口

TJ-IEOREM 3.4. Let X be {I 斤nite-dimensionalond arcJVise connどctedCO/1-

( in凶 m アhenCI (X)/ FI (X) is homeomorphic to SF?(X)グαndon()l グX is 

ho附 01170

PROOF. Ir X is an arc， both CI (X) and SF?(X) are 2-ce11s. Converse1y) 

suppose that CI(X)jFI(X) is homeomorphic to SF?(X). By Proposition 3.1; 

dim(SFi~ ( x)) く おう thus dim( CI (X)ν/F円1(X)リ)< J勾コ He口I恥 eうdimηm(CI (X)リ)<∞. By 

lい11仁)The∞Oαr児'em2.1け]，wνe have d出ll1川1

2. B酌yLem川1η刊1111η133.3 X i目S3剖3n3rc or X i臼Sh0111ηleomorphic tωo S 1. But， CI (β川Sダlり)/FI (SI) 

is the 2-sphere and SF? (S 1) is homeomorphic to the rea1 projective plane. We 

conclude that X most be an arc. 口

LE淵:Ml七l川¥

CO/η1lαωlυ17S 2-diυ/1η1eιs幻iOlη1αIsuμbse印.'e叫σefsl¥iなilhnonσωωmη1pty interゾio刀rF 

PROOF. Suppose th3t tbere exist a 2-dimensiona1 subset co of Fn(X) with 

nonempty interior. Let 咋=くUI;...，U.ρ/1 be an open subset of Fn(X) sucb that 

u!i c !?Z. By the denseness o[ {Aε凡(X):IAI=吋lI1九(X)(see [7ぅ 1nthe proof 

of Lemma 3.1]) there is A E (~バX)\Fnー 1 (X))口密 Since IAIニ nwe can assume 

that Uj n U
j 
=必 andA n Uj手必 forevery i; jε{1，2，...;n}. Under this con-

ditions we can take CI， C].，・・・う C/I nondegenerate subcontinua of X such that 

C c Uj for each i. N otice tha t くCIぅ・・ ; Cn)/1 is homeomorphic to C] x . . . X Cn. 
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So， qf contains a homeomorphic subset to CI X . . . X Cn. Hence dim(約三 3.This 

is a contradiction. 口

THEOREM 3.6. ~σr 、 Y i九:s唱 α仰nαωrc川'c引じCの.¥川ν川isecoηηMσ正ctσedじC副O仰刀f山iかinηuωtμuυmη Cα仰l川刀df刀1;三三 3フ f仇h仰

CI (Y)/ FIパ(Y) 臼 ηotho附 OωWけm仰7η10ωJpμp
contiヤh叩mμLμaμtnZηi X. 

PROOF. Suppose that there is a finite dimensional continullm Xぅ such

that CI(Y)/FI(Y) is homeomorphic to SF((X). By Proposition 3.1， 

di叫C1( Y) / FI ( Y)) <∞ Th民 dim(CI (Y)) <∞. By [11， Theorem 2.1]フ

dim( Y) ニ l. Let m = di州CI(Y)).By [い10フ Theoαrem 70.1上フ p. 33幻川7]and 凶 n

arc¥羽Wl入νれ!iseconnectedness of Y， this continuum does not contain simple (m + 1 )-ods 

By [12， Theorem 11， p. 179]， Y must co山 iina free arc， which implies that 

CI ( Y) / FI (Y) contains a 2-dimensional subset with nonempty interior， bllt this 

contradicts Lemma 3.5. So， the theorem is true 口

QUESTION 3.7. Can we omit theαrcwise connectedne品 hypothesisin Theorem五

3.4αnd 3.6? 

4. Continua X such that凡(X)and/or SF( (X) a町村pheres

THEOREM 4.1. If X is a continuu爪 thenforωch n三2，neither Fn(X)刀01'

SFt (X) is horneomorphic to S2 

PROOF. Le坑tX be a continuum such t出ha引tF，κ凡f刀z(X)i臼shomeomo印r叩 噂pμhiにctωo S2 fo、'or

S叩omen 三2之.Then民1，五凡I(X)iβs locally connected. By [同8，Le却e白mr

locally connected. S引111凹ce，d出im(伊S‘d勺2り)古 2t出he児len

5.9引]，フ Xcannot contain simple m-ods， for each m三 3.Theぱ oreフ by[18， P1'oposi-

tion 9.5， p. 142]フ Xmust be an arc 01' a simple closed curve. Butぅ F2(1) is a 2-cell 

and乃(SI)is a Mobius Strip， wh凶 contradictsthe assumption Fn(X) home-

omorphic to S2. 

Nov，らtothe case SF((X). Let X be a continullm and suppose that SF((X) 

is homeomorphic to S2. Th民 X is locally connected. Since CI (S 1) / FI (S 1) is 

homoemorphic to S2 (see [13， 1n pro∞of 、of、Coωla山ry3.10， p. 129])， by Theorem 

3.6， we have刀=2. It is clear t出ha引td出nη州I

3.3判]and [何6う Lemma5.9]ぅ Xcannot contain simple m-ods， for each mミ 3.So， by 

[18， Proposition 9.5， p. 142]， X is an arc or a simple closed Cllrve. By [6ぅ Example

3.l]， in both cases SF?(X) is not homeomo削lIcto S2 口
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THEOREM 4.2. Let X he a continuum. 1[ nミ2αndn手3，then neither Fn (X) 

nor SFt (X) is nol homeomorphic to Sぺjorωch 2豆 m 三n

PROOf. The c011c1usion for 11 = 2 follows from Theorem 4.1. 

Let J1 > 3 and suppose that Fn(X) (or SFt(X)) is homeomorphic to S/I1 for 

some 2壬m豆 11.Then， Fn(X) is locally connected. By [8， Lemma 2.2， p. 252] X 

is locally connected. Thus， X is arcwise connected. Let αbe a11 arc in X and 

X， Y E叱 X 手y. So， there is a system of neighborhoods y of {x， y} in凡(X)
(of P，;I ({x; y}) in 5F(I(X)， respectively) such that for every Vεy， V cannot be 

embedded in Rn (see [2]). But， each point in SIIl have a system of neighborhoods， 

each one of which is embedded in RI1
. this is a contradiction. ロ

THEOREM 4.3. Lel X he a continuum. The .following statementsω'e true: 

(1) (Triuiality)グ17ニ 1，then九(X)臼homeomoゅhfcto SIIl グandonlyグXis 

homeolJ1orphic 10 SIII， 

(2)九(X)is homeol110rphic lo SIIl .for so附 m 壬nグαηdonlyグeither11 = 3 

or 11 =ト αndX = 51 

PROOド (1)is true， beca山 eFI (X) is homeomorphic to X. The sufficieωy of 

(2) is true by [3] and (1) 

F or the necessity of (2)， suppose that凡(X)is homeomorphic to SIII for 

some m壬11. By Theorem 4.2， n = 1 or nニ 3.If n = 1， since Fl (X) is home-

Oαmo 

Xi臼shomη1eomη10印q下pbi比C tωo 5 ゲl 口

Since each co山 nuumZ is a compact， metric space， cone(Z) is homeo-

morphic to the so剛cal1edgeometric cone over Z (see [18， Exercise 3.28， p. 47]) 

So， the following remark is easy to be seen. 

REMARK 4.4. lf Z is a continuum and 11三2，cone(Z) can be embedded in 

RI1 if and only if Z can be embedded in R
nー l

LEMMA 4.5. Il T3 is a si仰/ど triod，then F3(T3) and SFI
3
(T3) can not be 

embedded in R.) 

PROOF. Let UI， v]. and V3 the end points of T3. Let 

Z = {Aε乃(T3): A n {VL V2;川手必)
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Since cone(Z) is homeomorphic to F3(TJ) (see [4]). In order to prove that F3(TJ) 

can not be embedded in R J we only need to show Z can not be embeclded in R.e 

Let v be the vertex of T3・ Iseasy to construct a system of neighborhoods i of 

the point {v]ぅv}such that for each V E iぅ γC∞O附 i口na h加h01ω101川n問1

T乃3X 1うbut b耐y[μ4うLい~emma 3.1上う p. 58札]， eacにch0問 of 、 t出hemcan ωt bε eηm巾beα吋dd白edi川n 1 

R 2. 1n a similar methodフ wecan shO¥νthat SF?(T3) can 1川 beembeddecl in R J 

LEMMA 4.6. σ Xi口s守 jωne白ω{じoげ肝開y斤m附7ηlκ正)rりψp〆ヌ)hiた fω010ωr SゲIt的h仰 F乃'](X) i臼、

Jωo SF，Jパ(X)

口

PROOF. First suppose that X is homeomorphic to J. By [2， Theorem 6， 

p. 880]， there exists a homeomorphism k : F3(X)→ D where 

D {(x，yぅz)εR-) +Y2+Z2壬 1} 

and k (FI (X)) is the linear‘ segment that joint the points (0、O.1) and (0，0， 1 ) 

Soフ SFI3(X) is not homeomorphic to 13
う
anclthen F](X) ancl SF，3(X) are not 

homeomorphics， 

Nowぅ ifX homeomorphic to SI) suppose that there is a homeomorphism 

h : SF?(X)→ F3(X). Let p = Iz(F?(X)). By Remark 2.1， S3¥ {p} is homeo-

morphic to F3 (X) ¥ F] (X). On the other h乱吋， 5
j
¥{p} is homeomorphic to R-i 

Moreover by [15フ Theorem2] there is a homeomorphism between h (X) and 53 
sωh that the image of F， (X) is a trefoil knot T in 53. ThL比 R')a吋 53¥Ta印

homeomorphic. But， its first fundame山 tlgroupsπ，(RJ
) anclπ， ( 5 3 ¥ T) a re n 0 t 

isomorphic， which is a contradiction. 口

THEOREM 4.7， If X isαcontinuum， lhen 5F，j (X) is nol /zo問。rJlO

PROOF， Suppose that X is a co山川umand 5F? (X) is homeomorphic to 

S3. So， X is locally connected. By Lemma 4.5ぅ Xcannot contain simple triods， 

because each point in Sj has a system of neighborhoods， y， sLlch that fo1' each 

V E Yぅ Vcan be embedded in R 
3
. So， X must be an arc or a simple closecl curve. 

This contradicts Lemma 4.6. 

By Theorems 4.2 ancl 4.7 we obtain the following corollary. 

COROLLARY 4.8. If X isα continuum and n三2ぅ then 5F( (X) is nol 

homeomorphic to Sぺforeαch 2壬m三 η
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To白nishthis paper， we pose the following questions. 

QUESTlON 4.9. Does lhere exist (l continuUln Xαnd nミ2such lhal F，パX)is 

homeomorphic to sm Ior some m :::::: 4? 

QUESTION 4.10. Does there exist a continuμm X and m. n 2三2such that 

SF:::(X) is homeomorphた 105111 Ior so附 mεN?
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