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NON圃 FIBERPRESERVll判G ACTIONS 
ON PRISM MANIFOLDS 

By 

J ohn KALLIONGIS and Ryo OHASHI 

Abstract. ln this paper we classify the finite groups of isometries 

which act on a prism manifolds M(b; d) and do not preserve any 

自bering.We construct nine distinct白nitegroups of isometries which 

act on M(1;2)， and do not preserve any fibering. We then show that 

if a finite group of isometries G acts on M (b， d) and does not 

preserve any日bering，then M(b， d) = M(l， 2) and G is conjugate to 

one of these nine groups which are: Z3 x T， T， 0， S3 X 0， Z3 0 0， 

S3 X T， Z3 X 0， Z3 X J， and S3 x J， where T， 0， J and S3 are the 

tetrahedral， octahedral， icosahedral， and symmetric groups respec-

tively. 

O. Introduction 

ln [1]， W. D. Dunbar investigated which finite subgroups of SO(4) acting on 

the three sphere S3 preserve no fibration of S3 by circles. He identified 21 

conjugacy classes of isometries acting on S3 which preserve no自brationof S3 by 

circles， and he computed the quotient type of each such action. Each quotient 

type is a spherical orbifold， whose underlying space is S.); and contains an 

embedded trivalent graph for its exceptional set. These spherical orbifolds 

obviously cannot be自bered.F or a very nice discussion of Seifert fibered spaces 

and distinct白beringsof 3-manifolds， see the work of W. Jaco [2] and K 

Morimoto [6] which is written in Japanese. 

This paper investigates which prism manifolds admit白nitegroups of iso-

metries which do not preserve any fiberingう andclassifies these groups up to 

conjugacy. A prism manifold admits only two distinct non-isotopic fiberings， the 
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meridian fibering and the longitudinal fibering. (See [2] or [5].) Let M(b， d) be a 

prism manifold and let G be a finite group of isometrIes acting on M(b， d). We 

註m 九i that if lvf(b， d)手lvf(1，2)， then G preserves either the meridian or 10∞n升1干.舗
g仰i江tu凶di出na叫11自be凶C白I山 g. 1汀fG i臼sa fi白fin山11山t印C g引ro噌ou叩p0ぱfiso叩則OαI町1

does not p戸reserveany 0叶f、t山hetwo 品be口r打山屯t甘叩i日ings，we show that G is conjugate to one of 

the following groups: Z3 x T， T， 0ぅ 53X 0う Z300
フ 5]x T， Z3 X 0ぅ Z3X 1ぅ and

53 X 1， where Tフ。ラ 1and 53 are the tetrahedralう octahedralう icosahedral，and 

symmetric groups respectively. In additionぅ wegive explicit descriptions of the 

gene凶 orsof these groupsぅ whichare projections of isometries of S3 to M( 1，2) 

日le now define a prism manifold. Let T = 51 X 51 be a torus where 

51 = {zεC : Izl = l} is viewed as the則 ofcomplex n川umbe訂ersof no口nn1 and 

1 =立二 [0う 1]. The冗etれtw川以W山，Vせiβst民ed1ト司b孔川un

T x 1/(れ仏Lグv，tけ)公 (一μ仏，V， 1 一fけ).Let D? be a uni日tdisk wi江th3D!. 二 51 and let 

V士 5I X D!. be a solid torus. Then the boundary of both V and W is a tOfUS 

51 X 51. For relatively prime integers b and d， there exist integersαand b such 

that ad bc = -1. We consider the manifold obtained by glueing 3 V and 3 W by 

the homeomorphism lj; : 3 V→ 3 W defined by lj;(凡 v)ニ (L/'Vわ，L/'Vd)for (uJ v)ε 

3Vニ 51X 5 1. Then， since (1， v) 1叩 resents the me耐 ianloop of V and !j;( 1， u) 

(ub， vd)， the manifold V U 1/1 W is determined by the pair (b， d) and is called the 

p山川山lt1ifoldM(b， d). Using Van Kampe山 Theoremthe fundamental group 

π1 (.M(b， d))士くCo，Cl I CICOC，I = C0
1
)イbd=l〉

An embedded Klein bottle K in M(b， d) is cal1e吋de乱lHσeey仰α“ω正αl

for any regular neighbo出oodN(K) of K， N(K) is a twisted トbundleover K and 

the closure of .Mゅうd)-N(K) is a solid torus. Any G-action which leaves a 

Heegaard Klein bottle invaria川 issaid to split. In [4] the aL山 orsclassifyう叩 to

conJugacyぅ thefinite group actions on a prism manifold which split. lt follows 

from this classification that if an actIon splitsフ thenit preserves both the lon-

gitudinal and meridian fiberings. Thus the non制 fiberpreserving actions described 

on M(l，2) do ∞t leave any Heegaard Klein bottle invariant. We note that 

M( 1，2) is the Seifert fibered space over the 2-sphere which has three exceptional 

fibers with the S仇制e白ifl白er口tin口1叩 'la川l旧印a剖I山 ; 3 ; 〉 ;いいand0ぬbs山tr印川'uωiκi

iβs (;叫iリls叩othe Se白ifiたer引'tspace ove引r‘ the projective plane which has no exceptional白良be白r噌

with obs川 ctl∞class-2. Thus we have M(I，2) ~ S?(-I;LL~) 二 P?(-2;-)
The standard el日山lipticstr噌'uctureon the 3 叩-sphe引reS3 is associated wi社ththe 

or巾 ogonalgrol 

g忠rω‘oupof i臼IS0ωome抗tr吋巾iesof S3 a吋 50(件刊4引)as the 0巾山ltionpreservi時 subgro叩 A 

3-orbifold (or 3-manifolcl) M has an elliptic structu印 ifthere exists a finite group 

of isometries r豆 0(4)SL凶 thatthere is an orbifold (or 3-manifold) covering 
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S3 →s3/r M. An isometry of M is a homeomorphism of M which lifts to an 

isometry of Sコ

1. Group Jsomorphisms of FundamentaI Groups of Prism Manifolds 

in S3 X S3 

ln this section， ¥ve will view the fundamental group of a prism manifold 

だ(11ぅ川 = くCo~ CI 1 CICoCjl = c0
1; Cf/1COl 二 1) as a subgroup of S3 x S3， where we 

view S3 = {u +ザ|μうじ ξ 仁 and lul
2
十 |υ1

2= 1} 
Let DZ

Ill
ニくλ:，yl = ymニ(xy)2)and ZIl =くr1 rll = 1) be a subgroups of 

S3 where x = i y = eni/Ill， and t = e2πi/Il 

PROPOSITION 1. 打、 11 is oddぅ thenD:
1ll 
x Zn is isol11orphic toπ(71;111) 

PROOF. We日rstnote tha t (λ三1)4= (1) t4). Since II is oddぅ [4gen era tes ZIl' 

Fu 川lermore (X; r) 11 = (Xll; 1)， which equals either (x; 1) or (x 一斗iう !り)since χ =j 

The凶〕児lel引I陀 Co印γ民崎eに (X;1け)and CυJノ lη) g伊伊e白l附

(いXχりり:yxγ一-1 ， 1) (υp 一-1.1り)= (y丸)ヘ;1り)一-1う a 凶 (れ¥'，う， 1)戸2竹J
Consequ悶entリlyう there is an isomorphism Crom D~lIl x ZI1 to π(11ぅ川 by sendi時 (x; t) 

to cl and (y. 1) to Co 口

Denne groups β2 k..i" くに yl巧;x-1 y-lぅxl.̂ 'j = 1 ~ y(/ 1) and Zm" = 
くr11m" J). lt Collows that the order oC the group IB2k'3{/1 = 2/，;-，3α 

PROPOSlTION 2. Jfααnd 111/1 どlre!Jorh oddぅ [hど11B2k-.ia X ZIll" is isomorphic [0 
(')/，;+1 ，""11 ~\ π¥L"-'Jl1 .{ll 

PROOF. We will nrst show that くcjうけn" 〉ェ π(2/.:-13mll
ぅ(l).Since 

and /1111 are rela tively prime， t山he引rでeexist i山nt臼egerss and [ such t出ha引t 村5
S一十ト fη111η1

1υ勺/汁t= 1 

The加〕冗悶C引rぱ ‘

odd. Hence (ヤC6小;わ)
-/ 

(ヤCパイ;?1l
fH
ツ')
-(2♂止ト川川司」勺2リ)

ニ Co
-♂2ν~/Cd;/九川→+什一-1ご=士 C匂o.Note tl川 (ヤ止ト→1γf刀}J" 立 i上う (ヤC寸jわrニ ] 

ぅ

and C;
Jl" C(}Cjm" since mll is odd. Thus， we can define an isomorphism from 

B2k-3{j 
X ZIll" 

toπ(2k+1刀?ぺ α)by sendi時 (x，J) to C;n
ff

， (yぅ J)to C6' a吋(1ぅr)to 
i k'-3 

Ci 口

Let H be the subgroup of S3 x S3 generated by X = (.;ぅ♂ぅ Y

(ど2ni/
ぺJ)ぅ andT (1; e2πi/Ill" 

) 

PROPOSITION 3. The qroup H is isol11orphic {o B2k，3
(J 

X Zmff 
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PROOF. Observe that X and Y both commute with Tぅ X2KL12(j2kぺ1)= 

( 1， 1)フ andyaニ (e2πijピ1，1) {/二 (1，1). Fu巾 ermoreフ XYX-I= (j， eπ )(e2nij(l， 1) 

(jぅenij2k72)-¥ = (je2ni/り 1， 1)ェ(e-2ni/ぺ1)ニ Y-1. Thus， there exists a surjection 

() from B2k.'..3αX  ZII1" to G by sending x to X， Y to Y， and t to T. Now，くY)竺 Za

is a normal subgro叩 ofG， and H /くY)::::: Z2k-.3 X Z/II"' Hence IHI = 2
kト3αm"二

IB2k+3(1 X 乙川， and therefore () is an isomorphism. 口

Let σ: S3 X S3→ SO(4) be the homomoτphism defined by σ(q¥， q2)(q)ニ

qlqq2 1
• Now σis onto with kernel Z2 く( 1， -1)) 

PROPOSITION 4. Supposeαぅ fηぺc山 Inαre odd. The ele附 nt(-1， -1) Is not 

an element 0/ H or D;m x ZIIう [/ndhencσσJ・estrIcled10 either of these groups is 

one伽 lO-o刀E

PROOF. S叩 pose(-1 ， -1 )ε H. Then for some integers [1， v， and w， we have 

XII yVT1¥' = (j， ト 2)1I(e2ni/{/，lr(l，e2ni/!IIII)¥¥ ( 1， 1). We obtai山nthe e刊qu凶lじ凶a卜-

tions /1 e2t'ni/μピμlニ 1and eピ117叩T

jμ = 1 or 一 1.Suppose 五白r‘ち計s引ttha日tjIl ニ !上) and hence σ2l'mjμ(/ 二 一 1. Becasuse a 

is oddフ thisis impossible since e2nija generates a cyclic group of odd order. 

Thereforeう wemust have /1 I and uニ 2(2x十 1)for some integer x. For 

the second equation， we have 1 )ni/2k~2 e2w7Ii/l1l" = 1) and simplifying we get 

e(2什 1)πi/2kl dH1tl/fYlffz-LBy raising both sides of this CCILlation to the mにth

power and using the fact that m" is oddぅ weobtain elJl
"(2x+ 1)π1.  Since 

2x十 1and rnl! are both oddフ weagain get a contradiction by raising both sides 

to the 2kト1power. 

Suppose that (-1， 1)ε D;m x Zn. This implies that there exist integers L人 U

and Hぅsuch that (xllyl'， tll') = 1: 一1). Since 1 ニ e2ni/1I and n is odd フ e2¥¥阿.勺州π

i臼slmpo凶ss訂ible，g♂lV札inga contr‘ad出ictiωon. 口

2. Fiber Preserving Actions on Prism 恥1anifolds

In this section we indicate the el1iptic structure and the two distInct fiberings 

on a prism manifold. We show that any finite group of isometries acting on a 

pnsm ma出、'oldM(b， d) when !vf(b， d)手 M(1，2) is flber preserving 

Let σS3 X S3→ SO( 4) be the homomorphism defined by σ((/1，の)(q)ニ

Q1CJC12
1
. Now σis onto with kernel Z2 =く(ーし一1)). For a more complete 

diβsc凶 SIわon，see [同3司1a吋[川7可].Defi白nea mapκ: S3→ SO(ρ3) by κ川(Qω)(ωωp刈)ご QpQ一1for 
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any p E S2 and q E S3. By Dunbar [1 L there exists a map p : SO( 4)→ SO(3) x 

SO(3) such that p 0σ二 I(X 1(， Let Pl : SO(3) X SO(3)→ SO( 3) be the projection 

onto the自rstcoordinate， and let /)2 : SO(3) X SO(3)→ SO(3) be the projection 

onto the second coordinate. 

For the subgroup SI二 <eiO1 ()εR) of S3， let F， =くpS1 )pES3 and F，. = 

くSlp)PES3be the left and right Hopf fibrations of S3 respectively. View S2 = 

CU {∞} where C is the complex plane. Defir児島:S3→ S2 and H，. : S3→ S2 by 

H，(μ+ uj) =υ/u and H，.(υ十り)ニ μ/vrespectively. See [5] for a good reference 

Let D~I/I ニ くに )i 1 x2ニザnニ(xy)2)and ZI1二 くt1/11 = 1) be subgroups of S3 

where xニム y=♂i/lI1，and tニe2iii/l1.We will assume that n is odd and relatively 

prime to 117. Since the group generated by x2 = -1 is a normal subgroup of D4/IP 
let D2mニ D4111/くジ〉 エくx，y 11 = x2 = yll1 ニ (χy)ヨ).The subscripts indicate the 

order of these groups. 

Let G(2"川 la，m")be the subgroup of S3 X S3 generated by X = (jぅ♂1/2k"'2)) 

Y = (e2
7T.1/(Jう 1)，and T = (1， e2i1i/m") where αand 11111 are both odd and k言。

PROPOSITJON 5， Lel 111 二三 2 and 11 be relatively prime posirive il1fegers )¥Iith n 

odd The group σ(D~'III X Zn) actsfreefy 011 S.1 αnd preser似s'both lhe !e斤αM内ht

HOjグ月b，σtfons.7恥 !11ani!oldS3/σ(D ;'111 X Zn) is the prisrn l11anffold M (刀，111い1iith

indllced !祈 αndriqht Hopfjiかa!Wl1sゲ17，: M(n，l11)→ B， じmdh，.: M(n，m)→ BI 

αre rhと mψ¥'l¥ihich ident(fy fibers !o points i17 the induced lej! (lnd riqht月bratio刀5

respectiuelyぅ Ihen B， 二二 S2(2，2，川 and BI 二 p2(n) 

PROOF. 1t is not hard to see that each of the actions σ(j， 1)，σ(♂i/lI1， 1)， and 

σ(1， e2i1i/lI) 011 S3 prese門 esboth the Ieft and right Hopf fibrations. We obtain the 

following commutative diagram where H is either H， or H，.， h is either h， or hl 

respectively， 3nd the verticaI maps are covering maps where B is S2 modulo the 

induced action on S2 

S3 一一一一H一一一→ ;ハ「つ

M(叩 71) _"  --'， B 

Consider 白rst the left Hopf fibration F，ニくpSI)pεS3 on S3. Let pニ

u+りεS3.Thenσ(jぅ1)(peiO) = j(ueiO + ve-iり)= ue-iOj + üei~j2 = -ueiO + ue-iり-
Therefore H，σ(j， 1 )(peiO) = Ht( -uei() + ue-iOj) = -veiO /ue-iO = -u/u. For the 

induced actiol1 a(jぅ1)on S2， we have a(j)I)(u/v)=-v/μ. Therefore for any 
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zεS2う itfollows that ei(j， 1)(z) =ー 1/ご andthe f-ixed points are i and -i. We 

also have σ(いe♂♂π幻lψ/μ1/η1，1) (ρ戸elバωoつjう)=e♂π川i/川η川ぺ1(いμMσlω{υj十 じ凶σ一lゲ/)切!

1 Hjρσ叫(♂ i/川1/川J川11り)(ωpσ lωη0り)=μuel削(似O千十河吋ト同川π吋/川川川n川川1け)ソ/v凶elべ(一i川 /μ川川川刀川川J川lけ)=υMCd2以1πT山 lソ/川u. For the ind仇山llced e川 iωon 

σ♂♂，1バ川7π幻州てυi/μ川川円川11，1) on S2王う i江tfoω、b凶O叶!日lowsthat ei(e♂，1バfπ叫r

pOl山n川山t臼sa似re 0 and ∞ Now σ (υ1， σπ 川(/ρ')elμωηJρり
j
う) (u + L!りj)片σdμeiOμωiυOe乍 πlψ/ρf μMσ l削(似υ一-2nπ吋ψ/μ川f刀川1)十

veごlベ( ρ トリ2π吋ψ/μ11勺り， a 吋 t出hu凶sHjρσ (1， e2ρ2nπ叫州lν前h川/μ川11つlつ)(/ρJ川t
f， “ 、'or印噌芯ethe ind出ωucedmap けl，σ加π幻lυ/μつ1)on S2 i日st山heiほdel日lt川tity.It now follows that the 

orbifold S2/くei(j， 1)， ei(♂i/III， 1)) = S 2 (2， 2， Jrl ) 

Consider now the right Hopf fibering F，.:ニくSlp)PES1 on S3. We see 

thatσ(j， 1)(eiOp) = j(eiOu + ei勺;)十e-i() ujフ andthus H，σ(j， 1)(eiop) = 

-e-iOu / e-iOu = βF  or the induced action ei(j、1)on S2ぅ weget ei(j， 1) 

-1 for any Z E S2. Furthermoreぅ (f(j， 1) is nxecl point free. We see 

that σ(♂i/III，I)(eiOp) eni/lII(eiOu十 eiOuj) ei(O+n/lII) 1I トピ似河川1)り ancl thus 

H，.u( ♂ i/III，I)(eiOp) u/ じ Th児m町e引訂rぱ .

identity. Now， σ (け1うe2nπ l伯/μ川fηつ引lつ)(μe
iO
りら切/ρ川Jオ)二 (いeバ川lμO[うu十 elω(lvじりj)片σ2nπ lψ/μ11 二 Cピi(O一2nπ吋ψ/μ川川1川川lけ)川Lμi十 σei(似0ト口2π幻川川/μ川f刀lけ)りフ

and therefore H，〆ρfσ叫7ベ巾(けlしう と加川π幻叫州山lνψμ川/μ川11つlつ)(μeピi(}ヤ川ρ刈)= e(川lげρ/ρj一2nπ川/μ11)川川lμ吋Jυ/ei(似tρJ-fば2nπ叫ψ/μ川F川II)V

i臼sthe induced aω似山川ctionon S2ベフ then ei(け1，σ2ni川π幻叫lげ伯/μJ川引l

o a叩I口lcl∞ar陀ethe fむlxeα吋dpoint臼s.Since n is ocldフ thisis a cyclic action of order n. 

Thus S2/くδ(j， 1)ぅ5(i?CMl/fl)〉=P2(11) 口

PROPOSITION 6. Lσet tけmη1ド"αη町正dα bσ rel正αωiυfμiv印σIypriJ刀げnlη1陀eposllwe σ odd i刀fσθσers.The 

β 叩 e q伊roωL叩ψ σ叫(G(2γk トl ど仏 nη1ピ1"刀引/

r昨i旬(ヤVがμq〆μj戸沖山h加1げ1 Hopj 戸μb初)刀1川Cαaiof口 The m αωf吋old正dS-' / σ ( G(2k トl 
仏 n/')) is the prism m α n グofd

/l;J (2kートIrnぺα)¥Vilh induced leji and riqht Hopffi山工l{l仰 5 σhj: /l;J(2k十lryzぺa)→

Bj 仰 d h，. : M(2k ト1m ぺα ) → B， αωr印'e[的heけrn仰 &五S' W川川hiιω正chid此Jたσ仰η川fグ砂y戸戸:bers川r口円'stωo pμoints in 刀

lf.陀 i町1

P2(2kト1m"

PROOF. The proof is similar to that of Proposition 5. It is easy to verify 

that σ(f♂i/2川)フ σ 仰， 1)，and σ(1， e2ni/III") on S3 preserve both the left e 

r吋吋igh加1刊tHopf fi仙b凶削tions.For the first generator ぅ we have σ (j， e π i/2k'2)((U + り)eiO) 

(uj + り2)e i (O π/2k~") = -uei(Oーπ/2b2
)+ uei(-O十π/2， .2) Applying Hj， we see that 

Hρ(j， e叩ト2)((U十り)eiO)= _π/2
k

一川/2k.")工 μ The inducecl 

map ei(j， eπi/2ト 2)on S2 sends Z to -1 FOl σ(σ271l/fljL wc have σ( e2ni/ぺ1) 

(( u十り)eiO) uei(Oト2π/α)十vei(-Oは π/α)j. Applying Hj， we get Hjσ( e2ni/ぺ1) 

( (u十り)eiO)= uei(O山 /α)/vei(-O十2π/α)ヱ ue4ni/ビI/U.The induced action ei(e2ni/{/，I) 

on SL sends z to ze4πi/αIt is not hard to check thatσ( 1 ， e2ni/III") induces the 

identity on S2， and hence S2/くei(j， )ぅei(e2ni/ぺ1))ニ S2(2ぅ2ぅα)
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Nextう wecompute 

σ(I eπi/2い)(σi() (u十り))= j(eiOu 十 eiOvj) σ 一πi/2k~2 こい-iOり + e-iOu/)e-πi/2k-2 

一，i(-{}--π/2ト 2)ょ四 J(-(}-fπ/2"2) i = -ve 十 uι /

65 

The陀 fore，Hro(j， eni/2k.2)(eiO(u十 vj))ニ 一-{}-π/2M)/GGI(-0+π/ユト2)ニ -[jeπり2'"'/ 

U. The induced map うとたi/2
ko2

)on S2 sends z to (-1/三)σ-in/2k"I Although 

δ(jぅ♂i/2''2) is :fixed point free， (jうとπij2"2)sends z to ト l品Xl1η19boω侃ωth] 

0 どa訂II吋 ニ3∞fにむ:J. F了orthe mapコσ(け]うと πl巾/ρJ刀1ηj川["μ")， 

(いσ~十 とlωυ九じりj)汁σ一2nπlげ/nz"工 uel叩(い仰fυj一-2nπ可/円川1l1"州["川"つ')+じ印σi削(似O十+2π可/円川川M川1γf川fμつ')りj.Th児en凡う H，ρσ(けiうσ 万lψ/ρJ日川Jηj川川1γf勺")(いGげ川什)(μ 十 り)リ) 
ニ M 一4n万TI伯/ρm"/1 

丘:fixi山ngbコOω叫ωth0 and 乙コ∞fくcこ:J. S針1m巾1廿il加a剖rl片yone can che冗eckt山ha叫tσ叫(と加π幻i/aμμどaう lり)indu山ce口st出hei凶dentity

011 S2. Therefore， S2/く(j(I♂i/2川)ぅ (j(1) e2ni/II1") >ニ P2(2k+1l11"). 口

PROPOSITION 7. PI 0 (1( Xκ)(D~m X Zn)ニ D2mαndP2 0 (1( Xκ)(D;m X Zn) = 

Zn 

PROOF. Since the kernel of 1( isく 1)¥vhich is a subgroup D;m' we see 

tl1at 1((D4IJ = D4111/く 1>ニ D2111'Furthermore since 11 is odd，く 1>孟 Zn.Tl1us 

l((Zn)ニ Zn・口

PRミねOPOαωω)~苅削S幻町き況肝I汀川T刊I旧ON 8 ρ川I0 (1(ぐ XK)(G(ρ2k→什l
ど仏1，う111η旬 ニ D2訂勾どαJ 仰 d ]J2 0 (1κぐX 1( 

( G(ρ2k れ
1-laピαlう111 "ワ)リ) Z2ν止ト守斗2勺川l川川1η1"/ 

PROOF. Since ker(lぐ)土く-1>and a is odd， we obtain K(く!:e2ni/a >)ニ D2a.

Notice tl1at as m" is odd， 1((♂i/2
k
'
2
) and 1((戸i/川)genera te cyclic s凶 groups

of order 2k+2 and ，η" respectively. Tl1erefore K(く>)generates tl1e 

cyclic subgroup Zュト 1，11" 口

THEOREM 9. Let M (11ぅ111) be (/ prisl11 mal1(foldσnd let G be a .finite group 

0/ isol11etries acring 011 Mゅうどi).1/ Mゅうd)手 M(l，2)ぅ rhと11G preserves either the 

meridiピm or IOI1(jitudinαI.fiben'nq 

PROOF. Let G be a :finite group action 011 Mゅうd)，and suppose that G is 

110t :fiber preserving. Lift G to a自11itegroup of isometries G 011 Sコand110te tl1at 

G ::;; SO(4) 
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We SllppOSe first that S3/ σ (DJ/II x ZIi) = !Vf(n， m)， a削川l日川n川ndt山h児m町e引訂r凶.

i凶sa normal s乱刊u巾bg♂ro叩 of G. By 0仇unba凶〉又M川a剖lr[1川L(Pi 0 ρ )( G) for I = 1，2 is neither 

cyclic or dihedral. Now the only subgroups of 50(3) are cyclic， dihedral， the 

tetrahedral group T， the octahedral group 0フ 01' the icosadedral group J. The 

only nontrivial normal sllbgroup of T is D4・ Theoctahedral group 0 has two 

normal subgroups， D4 and T. The icosadedral group J is a simple group. N ow 

Pl 0ρoσ(D:/II x ZIi) = /)1 0 (Jピ× 八ー)(D;/II x ZIi) = D2けIis a normal subgro叩 of 

(/)1 0 p)( G)， and hence D2m 二 D4and川二 2.We also ha刊の oρoσ(D;/II x ZII) 

二 /)20 (K Xκ)(DふIX ZIi) = ZIi bei時 anormal sllbgroup of (ρ20p)(G)， which 

implies that ZIi is the trivial group. ThllS DんX ZIi = D;' x {l}， an 

SJ /μσ(Ds x {い1}り)= .M(け1.2わ) 

Next we suppose S3/ σ ( G(ρ2k → lυI{Iαl 、f刀川?η1"引 /

1目sthe subg♂mup of S3 x S3 genera川t印edby X = (j ・cnij2k.e)， Y 二 (μc
2nπ幻ij川tμI1り)，ar叩iげ川nd

T 工 (い1.e2 π iげψi/IIρμ刀川yl /Nf ) はW川/ぺhe印 α a山andI刀}η}/'ド"are bot山h0 仁d也ωld.As abフove， we have !ρ川y川10ρ O σ (G)= 

ρ川10 (1κ( X け(G)= D2公2(/αIbe凶e引i咋 a110α町∞1γ口'1即1

D4. This implies {[ = 2， which is impossible since {I is odd. 口

3. Non-fiber Prεserving Actions on the Prism Ma凶 '01d !V[ ( [ ， 2) 

1 n this sectれionwe will const1'、uctr山1札menon-イfibe引rp戸r‘eservI山nggroups of i凶som冗etr唱1冗lぽes

acti匂 onthe p 

metri児eswhiにchdoes not preserve a fi白ibe引r‘1f口川ngI目SCOI吋1リjugateto one of these. The 

fundame山 dgroup of M(I，2) isπ(L 2) =く正().CI I正ICOLJ1 ==t d l ‘ C~CJ = 1). These 

actions will o1'iginate in Sラ X SJ. Form the semidirect product r = (Sj x Sj) 0 Z4 

in which Z4 is generated by ψa吋 ψ(ql，(2)ψ1 = (の jql;--I). Note that if 

qニ 1I十 uj， then j( u十り)j-l= U + U. Define an epimorphism ff: r→ O( 4) by 

ff( ql ，の)(q)= ql CfC/:;_ 1 forqlぅq2，qεSo'，and ff(ψ) (1I十じj)=じ十 uj.The kernel of 

ff is an order four cyclic subgro叩 whichis generated by (I j)rp2 and coincides 

with the center of r. Then σニ ffls.iX
S3:S3 X S3→ 50( 4) is an eplmo中hism

whose kernel is Z2 =く(-1.-1))

The quaternion subgro叩くi:.J)of S-' is isomoゅhictoπ(1，2) by sendi時 l

to Co 21nd .J to ("1. Since the group generated byくi，j) xく1)and 1，ー 1)is 

(i司 j)xく-1)，it fol10ws that σ(くI:.J)xく 1)) is a free action on S3 with 

SJ /σ(くI，.J)xくー1))= M( 1，2). We note that S-' /σ(く-1)xくI，.J))is also a prism 

manifold which is homeomorphic to t¥1( 1，2). This fol1ows by observ-

ing th21t ψ(くム j)xく_I))co-l=く-1)xくム j)，and therefore ff(ψ) conj ugates 

σ(くム j)x (-1)) to σ(く-1)xく人 j)). Thus σ(くi，.J)xく-1)) and σ((-I)x 

く人 j))are conjugate in 0(4) b川 110t in SO(4) 
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Z3 X Tω acrion 071 M (1う2).

Let T*こくX，y I y3 = (.xy)3) be a subgroup of S3 where x = i and 
)i=方(σ州十♂i/4j).Note出atQ* =くx，y刀 -1) is a 附 -malSl向 roupof T*， 

and TソQ*~ Z3・ A computation shows that y.xy-lここ仏 and therefore Qキ=

くI，i) which is isomorphic toπ(1，2). 

By Dunbar [1]，σ(T坦 xT*) is a nor叶 ber preservi時 action on S3， 

and therefore the orbifold S3/σ(T末 xTづcannotbe fibered. Note that Qホ×く1)

is a normal subgroup of T止xTメ and(-1， -1)手Q*xく1).Thusσ(Q努×く1)) 

is a normal subgroup of σ(T持 xT*) isomorphic to Q*. Observe that 

くQ止×く1)ぅ (-1， 1))二 Q吟×く-1)，and σ(Q場×く-1))is a normal subgroup of 

σ(T; x T"') isomorphic to Qぺ
Note thatく(-1，-1))ヨ Q*xく l)-<lTメ×ア勺 andit follows that 

σ(T虫 xTホ)/σ(Q大×く一1)) 

ど [(T"x T斗)/く(一1， 1))l/[(Q* xく 1))/く(し -1))]

By the Third Isomorphism Theorem [( T向 xT*)/く(ーし -l))l/[(Q不×く-1))/ 

く L-1 ))]と (Tホ xT')/(Q' xく一1)). Now (Tキ xT*)/(Q* xく 1) )竺 T大/

Q存 x(Tソく-1))~ Z3 x T， where T くx，yl1二二ぷ =y3 = (xy)3). Therefore 

σ(T大 xT*)/σ(Q* xく 1))~Z3 X T. 

Le引tp: Sコ→ S九γ/片σ(但Qσメ×く 1))= M(け1，2わ)be the univ刊ver引rsalc∞ov刊ver口nng0ぱft出he

p刊r吋m‘'iおsm ma出叩nifo削O叶ld M(けL2わ). Now σ(げT史 x T  拠ワ*)/ν/σ(ωQ 次 × く一斗1)) 竺 Z3 X T acts on 

111 (い!う2幻)， and the quotient orbifold is M(lぅ2)/(Z3X T) ~S3/σ(T* x了メ)which is 

not fibered. Thus Z3 x T acts 011 111(1，2) and does not preserve any五bering.

53 x O-acfIon 011 M(I，2). 

We 110W cOl1sider the binary octahedral group 0米ニくx，y I x2 = y3ニ (xy)4)，

which can be viewed as a s向 rou叩p0ぱfSゲ3b旬yletting x戸ニ方(いi十 /ρ)削 y=

方(いσ♂川π

S3， and therefore the orbifold S3/σ(0* x 0つcannotbe自bered.

Consider the subgroup Hメェく(xy)2，X(.xy)2X-1
). A computation shows that 

(xy)2ニ i and X(xy)2 ェー/ぅ andthus H不:くiぅj).It can be shown that H本

is a normal subgroup of 0本 whichis isomorphic toπ( 1， 2). 0 bser児 that

0* /く(η)2ぅX(xy)2χ一1)=くx，y I x2 = y3ニ lぅ(xy)2= 1) 

ニく爪 yI x2ニ y3= 1， xy y2 x). 

This is the symmetric group on three letters which we denote by 53. 
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Now H* xく1)is a normal subgroup of 0キ x0*， and since (一1，-1)手

H* xく1)フ σ(H文×く1))is a normal subgroup ofσ(0本xOキ)isomorphic to H* 

Observe that くH不×く1)， 1，ー1))= H不×く-1)，and σ(H本×くー1))is a nor-

mal subgro叩 ofσ(0* x 0つisomorphicto H木

Note thatく(-1，-1))ヨ H本×く-1)::;)0ネ xO勺 andit follows that 

σ(0ネ x0*)/σ(H* xく-1)) 

~ [(0* x 0つ/く(-1，ーl))l/[(H*xく-1))/((一1，-1)>1 

明reapply the Third Isomorphism Theorem to obtain 

[(0* x 0*)/く(-1，ーI)>l/[(H*xく 1>)/く(-1， -1))1

竺(0本xOワ/(H米×く-1))竺 (0手 xO')/(H. xく-1)) 

コ 0*/ H* x (0* /く… 1))~S3xO，

where 0ニくx，yll= x2 = y3 = (xy)4). Theぱ oreσ(0廼 xO不 )/σ(H"xく 1)) 

竺 S3X O. 

Let p: S3→ S3/σ(H“× く-1))ニ N!(I，2)be the universa1 covering of the 

prism manifold M( 1，2). Note thatσ(0占 x0*)/σ(H戸×く-1))竺S3X 0 acts 

on .M(1，2)， and the quotient orbifold is M(1 ， 2) /( S3 x O)~S3 /σ(0 虫 x O づ
which is not fibered. Thus the S3 x O-action does not preserve any fibering on 

.M(1，2). 

ふxT aηd Z3 X 0・actionson M(I，2) 

It follows by Dunbar [1] that the two non-equivalent (in SO( 4)) group 

actionsσ(T本 xOづandσ(0*x TつonS3 do not preserve any fibering. We note 

that these actions are equivalent in 0(4). Recall that H* and Q字 arenormal 

subgroups of 0￥ and T* respectively which are isomorphic toπ(1，2) 

As above we 1 

Q*x く一!り〉 三ヨヨ T求 xO本へ. App判ly戸111屯g the Third 1s叩omoαr‘下phi目sm Theorem we ha引l口ve

[( 0* x T均つ*)jν/く(一l上3一lり))川lν/八[(H*海 × く一1>)/く(-1上3 一 lり))河l~と (0* x T*ワ)νj(H永 × く一1))， 

1仇W川山ν川山I}仇州hi廿i比chis isomorphic to 0γH平 xTソく-1);Slml廿ilar向 [(T本x 0*つ)ν/く((一l上う 一iり))礼lν/ 
[(Q本× く一1))/く(一l上?一lり)>1 こ=ど (T不xO託す)/(Q衣 × く一1))，which is isomorphic to 

TγQ本xOソく-1).Since 0ソH*x Tソ(-1)and TソQ*x 0γく-1)are iso-

morphic to S3 x T and Z3 x 0 respectively， we obtain as above S3 x T and 

Z3 x O-actions on M( 1 J 2) which do not preserve a町 fibering.
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Z3 X 1 -actiol1 011 M(l) 2) 

Lいetけ/ホ t くX爪川))川 χ 2 = y3= (xκ砂yげv

where x = ./ and yニ hiゾ1-2 cos(守)i十 cos(3).f. By Dunbar [1]， the two non-

equivale川 (inSO( 4)) group actions σ(ア牢xr) and σ(!女 xl'え)do not preserve 

fiberings of SJ， although the two actions are equivalent in 0(4). As above 

we haveく(-1:-1)) <J Qホ×く-1)ヨ 1'*x r， and using the Third Isomorphism 

Theorem we obtain a non-fiber preserving Z3 x I-action on 1¥1(1) 2) where 1 is 

the icosahedral groupくx，ylJこ x2= y3ニ (.xy)5)

S3xI-action 011 M(J，2) 

By Dunbar [1]， the two non-equivalent (in SO( 4)) group actionsσ(0掠 x1*) 

and σ(J次x0*) do not preserve any fibering of S3. These actions are equivalent 

in 0(4). We haveく(-J，-J))ヨ H*xくー1)ヨ O*xI*，a吋 asabove we obtain 

a non-自berpreseJ・Vl時 S3X 1 -action on A1 (1う2)

T-act問 1 011 M (1: 2) 

Using Dunba九 notation[1 L let T平 Xc;T本 bethe subgroup of T大 xT* 

generated by (x， 1)う (1:x)， and (Y: y). Note that Q* xく-1)is a normal subgroup 

of Tホ xC3T本 ByDunbar [1]， σ(1'; Xc TつISa non-白berpreserving action on 

S3) and therefore the orbifold S3/σ(T" XC3 T*) cannot be自bered

Nowく(ーし -1))ヨ Q"xく-J)ヨ T>x c T*; and it follows that 

σ(7サ XC
i
Tヰ)/σ(Q火× く-1)) 

~ [(T本xc，T泊)/く(-1:-1))l/[(Q* xく-1))/く(ーし -1))] 

By the Third 1somorphism Theorem [(T* XC3 T*)/く(-I，-I))l/[(Q*xく 1))/ 

く (-I )- J) )l~( ア * xC
1 
T*)/(Q" xく-1)).The group (T" Xc Tつ/(Q本×く-1))= 

く(x)1 )(Qヰ×く-1))，(I)x)(Q対×く-J))，(y:y)(Q*xく-1)))=く(l)x)(Q*xく 1))) 

(y， y)(Q* xく-1))). 1t is convenient at this point to use di百erent letters 

for a tetrahedral group T = くιb11 ここ {l2 = 1/' = (ab):J). Define a function 

(] : T→ (T* xc) T*)j(Q* xく一1))by sending (l to (l，x)(Q" xく-1))and b to 

(yぅy)(Q*xく一1)).One ca11 check that (] is an isomorphism. 

Note that σ(T木 XcT*)/σ(Q" xく一J))ど T acts on the prism manifold 

M(1，2)ェダ/σ(Q*xく-1))ぅ a吋 the quotient orbifold M (1) 2) / T竺

S3jσ(T本 Xc3 T*) is 110t fibered. No fibering is preserved when the tetrahedral 

group T acts 011 M (Jう2)
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Z3 0 O-action 0刀 M(1，2)

The binary tetrahedral group T本 canbe viewed as a normal subgroup of 0ド

where T誕ニく(xy)2，y)フ andrecall H本=く(xy)27X(xy)2x-i〉 Let O支で仁20
不

be

the subgroup of 0* X 0ネ gene凶 edby (x，x)， (1， y)， (y，l)ぅ((xy)ヘ1)ぅ a叩L日md

(付lう(いdλxy)2う).By Du凶ar[い川1]凡Lσ(0刈 ×ζc
2
0*つ)is a ∞川i治berp刊res‘es印悶C引I川時 act甘ionon S_) 

Now J 二 H*本 × く 1) Is a nor令1ηI口山I

た(けlう2).The quotient group 0ホ XC2O*/J =く(入¥工)J，(1， y)J， ()ヘ I)I(l， (λア)旬)J)

Since 1 ιH*， we ha児 ((.x， x)J( 1， y)J)2 ニ (入ユ (xy)2)J = (-1， (xy)~)J 
(1，(xy)2)J. Thus 0出 XC20*/Jニニく(xλγ，(1， y)J， (y， I)J) 

As above we haveく1，ー1))ヨ H*Xく-1)-<:]0本 XC20ヘand

σ(0* Xむ 0ワ/σ(H*Xく-1)) 

ご[(0* XC2 0づ/く(-l，-l))]/[(H'Xく 1))/く(-1;-1))] 

which is isomorphic to (0" Xζ ヲ O')/(H*Xく 1)) 

Let Z3ニ <t1 (j 1)， and L1si時 di汀erentletters 1'01' the octahedral group 

let 0 =くa，b 11ニ α2:b]=(clb)4〉.Formthe semiωdirect product Z) 0 0 by 

lettingαω-1 =t-I， and btb-I二 t.Defme a function 0: Z] 0 0→ 0' XC2 O"/J 

as follows: tJ( a) (λ:， x)Jぅ O(b)ニ (1，y)J，and O(l) = (y.l)I Now ((x.x)J)2士

ぅx2)J= 1，y3)J=(1， y3)J=((Ly)J)3， and ((x 入ー)J(1. )')J)4 = ((λ， <¥刈J)4

= (x4ぅ(xy)4)Jニ(l， (xy)4)J = (1， y3)1. A comp山 ltionshowsλ(人J')勺-1= (yx)2ラ

and using = (xy) 4 it can be verified that 1 1 (Y~"() -2. We t出he引r印.efol印I児 ha小l日v

(x， x)J(y， 1り)J(以(x，x)μ川J乃)一i ご土ご (xy〆x一1 ， 1) J = (y -1 (y X r 2; 1) J ニ 1; 1)J((yx)-2， I)J 

= (y-l， 1 )J. This proves that e is an isomo中hism

Thereforeσ(0* XC2 0*)/σ(H* xく 1))~ Z3 0 0 acts on the prism manト

fold M(1，2) = S3/σ(H* xく 1))，and the quotient orbifold !V!(I，2)/Z3o 0三

S3/σ(0* X C2 0*) is not fibered. Thus Z3 0 0 acts on !vf (L 2) and does not 

preserve any fibering. 

O-action 0ηM(1，2) 

The binary dihedral group D:;_ニく(xy)2， x(xy) 2 x-I) is a normaI subgroup 

of 0不 and0* / D:;_ is the dihedral group D3. Let 0不 XD，O‘ bethe subg伊r印'ou

of 0 択 X 0* g伊伊e印ne削 ed by Cιピ) フ (y，y片)， (け1， (いxy)2う)う a剖and(引(xy)2，1り).By Dunbar [川1]， ]， ? 

σ叫(0*Xρ仏}0*つ)is a non-fibe訂rpreserving action on S3. Now J工 H不×く一lり)iおS 

a normal subgroup of 0ネ XD向30* andσ(J) is isomorphic toπ(1，2). 1t foト
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lows that グ×ρ30*jJ = く (x ~ x)J ， ( 川)J ~ ( 1ぅ(xy)2)J).Since ((に χ)J(y~ y)J)2と

((xy)ぺ(り)ι).1= ((xy)ヘ1).1 ( 1 ~ (xy) L ) Jニ(1~ (り)2)J，it follows that 0不 Xl)-.， OγJ
ニ く (x ~ x).I) (yぅ y).I)， which is isomorphic to 0 

As above we obtain σ(0* X J)， 0つ/σ(H"X (-1)) ~ 0 acting on the prism 

manifold ;¥1(1，2) =ゲ/σ(H*X く-1))，and the quotient orbifold M(I ， 2) /0~ 
S3/σ(0ヰ×向。地)is not fibered. 

The following proposition wiIl be useful in classifying tbe日l1ltegroup act10ns 

on M(1，2) which do not preserve a fibering 

PROPOSITION 10. The qualernion group く人J)contaIned in T* αnd 0* is 

Ul1lque. 

PROOF. We give a br冗fout]ine of the proof. Now Z2 =く 1)is a 110rmal 

subgroup ofく人J)，T* al1d 0;， andくi，j)/く-1)is the Klein four-g了oupZ2 X Z2 

Using the 4-th lsomorphism Theorem giving the lattice correspondence， and the 

f向acはtt出ha抗tthe Kえleinfoαωuげr-引'oupIS U 

p戸rove凶stけheresult 口

We now have the following theorem where T， 0， J， and 53 are the tet崎

rahedral， octahednll， icosahedral， and symmetric groups respectively 

THEOREM 1 J. The .folIOl川 qgroups (!Cr 011 M(J，2)正mddo nol preserue any 

βbering: Z3 X T， T， 0， Si X 0， Z3 0 0， 5:; X T， Z:; X 0う ZjX 1，αnd 5:; X 1. 1n 

addir;Ol1 ，グG is・G川戸川eqrouj) aCfing 011 ;¥1 (1 ~ 2) l¥:hich does l10t preserueαηy 

fiberingう rhenG is COlザuga!efO 011と 0/!hσCjrGUps Iisfed above 

PROOF. Let G be a 白川tegroup action 011 M (1う2)ェ S.J/σ(くi，j) Xく1))= 

S3/σ(くlぅJ)Xく-1))v.川chdoes 110t preserve any fibering. Lift G to a finite group 

G acting 011 S3， and observe that G does 110t preserve any fibering of S') 

By Dunbar [1] G is cOl1juga te in 50(4) to exacl1y one of 21 groups in SO( 4) 

There is an epimorphisl11ρ: 50(4)→ 50(3) X 50(3)ぅ andthese groups are either 

contained in or equal to ぅ the p戸コ汎r噌子引e-山刊'イ引1111η11a

SO(ρ3). Fu山rt山h冗ermη1わ川Oαret出he加1冗1el引I陀 lS an ep戸仰i口1110叩101印l叩hi川叩i目山S幻IIIη1l(ぐ:S う → SO(σ3勾)ニ S"/ く一1) defined 

by l((p)(りニρψ一-1 Sl凶 t山l1a叫Iρ Oσ=l(Xκ

Suppose (q引1)qのω2汁)εS3X S3 so tl1atσ(q引11‘q仇ω2汁)Gσ(ωωq引1，q引ω2け)γ一→I Y戸iel凶dsone of these 21 

groups. Obs臼悶e引r、'vethat σ( (i人，j)X く一1))i目sa ∞rma計1s乱u巾bg釘1'0仇∞upof G 目isomorphicto 

the quaternion groupくI，j);and (ql，q2)(くi，j) X く-1))(ql;q2)-1ニ ql(i， J)qjl X 

く-1).We consider each of these 21 gl・oupsseparately 
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S叩 posetha t G is co叩19ateto one of‘the lifts in Dunbar [11 (T XT T) 1 ~三
ρ-1 (T X T T)， (0 X 0 0) 1 :壬 ρ-1(0Xo 0)， or (0 Xo 0)"'豆ρ一I(OXOO). Since 

these groups are isomorphic to Tぅ oand 0 respectivelyフ andthe quaterI1lon 

group is not a subgroup of T or 0， these groups are excluded. 

Suppose e; is conjL明記 toT XT T =ρ一1(T X T T) or 0 X 0 0ェ ρ-I(OXOO)，

which are equal toσ(くT不 X7・ 7ぺ(-1:1))) a吋 σ(くOネ X()・0民 1，1)))respec-

tively. Since (/1くi，))C{il>くく-1) is not contained in the groups くT'XT' T*う

(-1) 1)) orくO*Xo・0ヘ1， 1))ぅ thesecases are also excluded 

We now suppose that e; is conjugate to T X T =ρ1 (T X T)フ whicheq uals 

σ(T烈 XT'). Thus ((/1くム))(/1-1)Xく-1)ヨ 7吋 XT' and (/1くl‘j)q]1is a normal 

subgroup of T本 isomorphicto the quaternion group. Since by Proposition 10 the 

quaternion group is unique in T*， we must have (/1くi.))ピ}ilこ二くi‘.1)= Q*. Now 

σ(Tネ XT*) =σ((/1) (/2)δσ(ql，の)-1 _andσ((/1‘(/2)σ(くi..1) Xく-1))σ((/1.(/2)一1

σ(Q米×く 1))ヨ σ(T*X T*). As indicated in the above cases， we obtain a 

Z3 X T -action on M (1，2). Furthermoreσ((/1・(/2)induces a homeomol‘phism of 

Nf(I，2) which conjugates G to Z3 X T. If G is COIリugateto eithel‘ OxOう。 XT， 

TxOう TX 1， or 0 X 1， which eq ualsσ(0不 X0')，σ(0' X T*)，σ(1" X 0ワフ

σ(T* X 1つorσ(0*X 1*) respectively， then a sirnilar proof can be ωed to ShOW 

G is conjugate to either S3 X 0う S3X T， Z] X 0う Z3X /， or S] x / respectively. 

Note that if e; is conjugate to 1 x T =σ(!￥ x T*)ぅ then (/1くムj)(/ilwould be 

a normal subgroup of r isomorphic to the quaternion groupフ butthis is im-

possible. S出imila剖訂r匂 we may exμωcl川udethe冗eg♂roup戸s1 x 0， 1 x 1， 1 x I 1， (1 x 1 1) 1， 

(i×fI)!?and I×iFI 

Assume that G is co町ugateto T xC3 T =ρ1 (T XC3 T)ェ σ(T“XC
3 
T*). As 

above we have (/1くム.1)(/]1>くく-l)::;Tポ× ζ3T* and (/1くよ /)ql-1=くi，j) in T* 

In this case we obtain a Tωaction on A1( 1，2)フ andG is conjugate to this T -action 

The cases 0 x C2 0 and 0 x D3 0 are similarフ andwe obtaIn Z] 0 0 and O-actions 

on M( 1，2) respectively. 口

By combining theorerns 9 and 11， together with theo代 ms10 and 11 in [41， we 

obtain the following theorem. 

τHEOREM 12. Let M(b， d) be a prism mantfo!d and !とtGbとa戸nilegroup ql 

isomet巾 sαctingon M(b， d) which doec)' not preserueω1y fiberin{}. Then M (b， d) = 

M( 1) 2) and G is conjugate to 0れeof the Iollowinq qroup q/ iSOlnetries: Z3 x T、τ、
0， S3 X 0， Z3 0 0， S3 X Tぅ Z3X 0， Z3 X /， and S3 x 1. Furlherrnore theseαctions 
doれot!とaveαれyHeegaαrd K!ein botl!e inuariant. 
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