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GOLDIE EXTENDING MODULES AND GENERALIZATIONS 
OF QUASI圃CONTINUOUSMODULES 

By 

Y osuke KURA TOMI 

Abstract. A moduJe M is said to be quasi-continuous if it is 

extendi月 withthe condition (C3) (cf. [7]， [10]). 1n this paper， by 

uSll1g the notion of aタ-extendingmodule which is de自nedby 

E. Akalan， G. F. Birkenmeier and A. Tercan [1]， we introduce 

a generalizatIon of quasi-continuous "a GQC(generalized quasi幽

continuous)-module" and investigate some properties of GQC-

modules. Initially we give some properties of a relative ejectivity 

which is useful in analyzing the structure of ~-extending modules 

and GQC-modules (cf. []]). And we app]y them to the study of direct 

sums of GQC-modules. We also prove that any direct summand of 

a GQC時modulewith the finite internal exchange property is GQC. 

Moreover， we show that a module Aグ Is~-extending modules w江h

(C3) if and only If it is GQC-module with the日niteinternal exchange 

property 

1 Preliminaries 

Throughout this paper R is a ring with identity and all modules considered 

are unitary right R-modules. A submodule X of a moduleλ1 is said to be 

esseηrial in M or an esseηrial submodule of 1¥グ， if xn y手ofor any non-zero 
submodule Y of M and we write X Ce M in this case. X <8) lv1 means that X 

is a direct summand of M. Let M = A ED B and let cp: A→ B be a homo-
morphism. ThenくA乙B)ニ {α-ψ(σ)IσεA} is a submodule of M. Note that 
M=AEDBニくA~ B) ED B. 
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Let {Mi I iεI} be a family of modules. The direct sum decomposition 
M = EBiEI Mi is said to be αchangeable if， for any direct summand X of Mフ

there exists 沼~ c Mi (i E 1) such that M ェ XEB (⑦iεI瓦).A module M i芯ssaid 

tωo 1 

decomposition M = M1 EB... EB M切吃叱fιιf月1 lS eはxchang伊eaめble.
A module lVf is said to be αtending i仁forany submodule X of Mフ there

exists a direct summand A of M such that X is essential in A. A module M is 

said to be タィxtendingor Goldie extending i仁forany submodule X of M， there 

exist an essentiaI submodule X' of X and a direct summand A of M such that 

X' is essential in A. A module M is said to be ヲ十-extendingif any direct 

summand of M isヲ-extendi勾 (c仁 [1]).From [6]， ~-extending modules with 

FIEP areタ十-extending.Now we consider the following condition: 

(C3) If A and B are direct summands of M such that A n B二 0，then A EB B 
is a direct summand ofん{

A mod凶 M is said to be quαsIィonlInuousif M is extending with (C3) (cf. [7]， 

[10]). We obtain that M is a quasi即continuousmodule if and only i仁forevery 

submodules Xl and X2 of M with X1 n X2 = 0フ thereexists a decomposition 
M = Al EB A2 such that Xi c Ai (i = 1，2) (c仁 [15フ pp.367-368]). Motivated by 
this resultコ weintroduce a generalization of a quasi-continuous module as 

folIows: 

A module M is said to be GQC (generalized quωi-continωω) i仁forevery 

submodules X1 and X2 with X1 n X2 = 0， there exist an essential submodule 
X/ Ce  Xi and a decomposition M = A 1 EB A2 such that X/ is a submodule of Ai 
(i二 1，2).Note that any GQC-module isヲ-extendi昭 (cf.Proposition 2.3). 
Let Mz = Zj2Z EB Zj8Z. Zj2Z and Zj8Z are GQC-modulesラ butM is not 

GQC (cf. Proposition 2.6). Hence a direct sum of GQC-modules need not be 

GQC. Moreoverフitis unknown to the author whether or not the property GQC 

is inherited by direct summands. 

In this paper， our main purpose is to show the following: 

(1) Let M， and M2 be GQC-modules with FIEP and put M 二 jVfI EB j1;h. 
Then M Is a GQC-module with FIEP if and only if Mi is Mr可ective(i -# j) and 

the decomposition M 二 M1EB M2 is exchangeable. 

(II) If M is a GQC-module with FIEPフ thenA is GQC for any direct 

summand A of M. 

(III) A module M isタ-extendingwith (C3) if and only if it is GQC with 

FIEP. 

For l 
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Many of the following lemmas can be found in the cited literature， but we list 

them here for easy reference. 

LEMMA 1.1. Let M be αmodule with a decompositionλグ=A ED B and let X 

be a sωmodule 0/ M. 7r A n X三eA， then X 2e (A n X) ED (B n X) 

PROOF. By [11， Lemma 2.2] 口

LEMMA 1.2. Letλダ=A (f) B， C s; A and let / : C→ B be a homomorphism. 
rl 

1/ X S; e く C~B)フ then there exists C' S;e C such that X = く C' 年~ B) 

PROOF. Evident. 口

LEMMA 1.3. Jf M = A ED Bニ XED Y (f) B， then t，here exists a， homomorphism 
IX:XEDY→ B such rhat A =くXED Y ~ B) =くX~ B) EDくY23 B〉

PROOF. Let jJl : M ニ XEDYEDB→XED Y and P2 : M = X ED Y ED B→ B 
be the projections. Defineα: jJI (A)→ P2(A) by α(Pl (α)) = P2(α)， where aεA 

Then A = くXEDY二B) = くX~ B) EDくYどは B). 口

LEMMA 1.4 (cf. [4]， [9， Proposition 2.5)). Let M = A EB B. Then M has F1EP 
if and o11ly !f A and B hαve F1EPαnd lhεdecomposilion M = A ED B is ex-
chαngeαble 

Let A and B be modules. A is said to be essentially B-injective if， for any 

submoduJe X of B and any homomorphism / : X→ A with ker / S;e X， there 

exists a homoI11orphism g : B→ A such that glx = / 

LEMMA 1.5. Lel A and B be l11odules. Jf A is essentially B-injective， then A' 

臼 essentiallyB'-injeclive /0/・anyA' <ED A and any B' s; B 

PROOF. By 13， 2.15]. 口

2 Ejective Modules and GQC-modules 

Firstly， we recall a generalization of relative injectivity which is introduced by 

E. Akalan， G. F. Birkenmeier and A. Tercan [1] 
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DEFINITION. Let A and B be modules. A is said to be B-りectIvei仁forany 

submodule X of B and any homomorphism f : X→ Aフ thereexist an essnetial 
submodule X' of X and a hOI11omorphism 9 : B→ A such that glX' = flx' 

Now we cOllsider some properties of relative ejectivities. 

PROPOSITION 2.l. Let A， B， Ai and Bi (i二 1，2)be modulω 

(1) Jf A is B-ejeclive， lhen A'臼 B'-伊CIIvefor αny A' <ED Aω1d B' ~ B 

(2) If A is B，匂eClive(i = 1，2)， lhen A is B! ffi B2・伊ctive
(3) If Ai 口B-伊ctive(iニ 1，2)，then A! ⑦ A2 is B-伊 ctwe

PROOF. (1) is clear 

(2) Put B = B! ffi B2， let X be a submodule of B and let f : X→ A be a 

homomorphism. Let Y be a complement of X in B. Define f* : X ffi Y→ A by 

j本(x+ y) = f(x)， where xιX and y E Y. By X ffi Y ~ e B， (X ffi Y) n Bi ~e Bi 
( iニ 1，2).Since A is Bi勺ective(i = 1，2)， there exist an essential submodule B; of 

(X ffi Y)ハBiand a homomorphism gi : Bi→ A SLich that giiB;=f1Bt'(iニ 1，2)

By B; ⑦ B~ ~e X ffi Y， we see (B~ ffi B~) n X ~e X. Put C} = gl十の :B-→A.Let 
x ニ b( 十円 ε (B~ ffi B~) 円 Xフ where b;εB; (i = 1， 2). Then 

f(x) = j本(x)= f本(bD+ j 事 (b~) ニ gl (b;) 十の (b~ ) = g(b~ 十 b~) = g(x) 

Thus A is B-ejective. 

(3) Put A = A 1 ffi A2， let X be a submodule of B and let f: X→ A be 

a homomorphism. Let Pi: A→ Ai be the project問 1 (i= 1，2). Since Ai is 

B-ejective， for Pif: X →Ai， there exist an essential submodule Xi of X and 

a homomorphism gi: B→ Ai such that C}ilx; = pJIx， (i = 1，2). By Xi ~ e X 

(i=1，2)フ X1n X2 ~e X. Put 9 = gl十g2: B→ A. Then， for any xεX1 nx2， 

f(x) = p[f(x) + p2f(x) = gl (x) + g2(X) = g(x) 

Thus A is B-ejective. 口

Let A and B be modules. A is said to be mono-B憎injectiveif， for any 

submodule X of B and any monomorphism f: X→ A， there exists a homo-

morphim C}: B→ A such that glx = f (cf. [5]). The following is a connection 

between relative mono-injectivities and relative ejectivities. 

PROPOSITION 2.2. Let A be a moduleαnd let B be a ~~-extending module. If 

A is mono-B-injective， then A is B-ejective. 
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PROOF. Let X be a submodule of B and let f : X→ A be a homomorphism. 
As B 日夕ωextending，there exist an essential submodule K of ker f and a de-
composition Bニ BIEB B2 such that K S;::e BI' By Lemma 1.1うX2eK EB (B2日X).

Then flβ川， is a monomorphism. Since A is mono-Brinjective， there exists 
a homomorphism 9:ん→ A with 9113川x flβ川x. Define h: B→ A by 
h(bl十 b2)= 9(b2)， where bi E Bi (i二上2). Let k + hε K EB (B2円X)，where 
k E K and b2 E B2円X.Then h(k十b2)ニ g(62)ニ f(62)ニ f(k十62)， Hence A is 

B勺ective. 口

Now we show that any GQC-module isヲ-extending.

PROPOSITION 2.3. If M isαGQC-moduleぅ thenit isヲ-extending.

PROOF. Let M be a GQC-module and let X be a submodule ofん1.Let Y 

be a complement of X in M. By X円y 0， there exists essential submodules 

X1 of X and yl of Y and a decomposition M = A EB B such that X1 s;:: A and 

yl s;:: B. Then X1 (X1 EB yl)口AS;::eMηA = A. Thus M isヲ引tendi時口

PROPOSlTION 2.4. If M is a cg-extending module with (C3)， then it is 

GQC 

PROOF. Obvious. 口

By [1， Example 3.20]う}¥グzニ QEB ZjpZ is a cg-extending module with (C3) 

but not quasi-continuous， vvhere p is a prime number. 

Now we give a characterlization for any direct summand of a GQC-module 

to be GQC. 

PROPOSITION 2.5. I[ M 臼αGQC-modulewith FIEP， then A臼 GQCfor any 

direct swnmand A o[ M. 

PROOF. Let A be a direct summand of λ1 and let X and Y be submodules 

of A with Xηy = O. As ;¥1 is GQCう thereexist essential submodules X1 of 

X and yl of Y and a decompositionλ1=λ11 EBλh such that X1 s;::λ11 and 

yl S二M2・ SinceM satisfies FIEP， there exists a direct summandλ1( of Mi 
(i=I，2) such that M AEBM{EBM;. P凶 Miご M(EB A1/， (i = 1， 2) . B y 
Lemma 1.3， there exists a homomorphisl11 α: M;r EB M;I→M{ EB M; such 
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ClIM" 
that A =くM{'~ ivf{ ⑦ M~) EB く !vf~' M{ EB lvf~). ，By X' s; A什MI，X' s; 

くM{'~ A1{ ⑦ M~). Similarly， we obtain y'三くMjf

GQC. 

M(EBル1;).Thus A is 

ロ

Let M be a finitely generated torsion-ー.freeabelian group with rankと2.Then 

/¥1 is (ヲー)extendingbut not satisfy FIEP (cf. [3， p. 56]). Forヲーextendi時 modules

with FIEPフwecan give a characterization of GQC叩modulein a term of a relative 

ejectivity as follows: 

PROPOSITION 2.6. Let M be aヲィJピtendingrnodu/e with FJEP. Then M is 

GQCグandonlyグAIs B-りとctiveforαηy decomposition M = A EB B 

PROOF. (キ)Let M ニ AEB B， let X be a submodule of B and let f : X→ A 
be a homomorphism. As B isヲーextending，there exist an essent1al submodule X' 

of X and a decomposition B = BI EB B2 such that X' S;c BI・ ByProposition 2.5フ
A EB BI is GQC and so we may assume that X S;c B. 
ByくXL A)パAニ Oぅ tl町 eexist essential submodules T ofくxLA〉and
L of A and a decomposition !vfェ M1EB /¥12 such that T s; iVfl and L s; M2・
ByくX A) EB A士 XEB A S;e Mぅ wesee T S;c iVfl and L S;e M2・SinceM 
satisfies FIEP， there exists M( s; j¥1f (iニ 1)2) such that M A EB lvf{ EB M;. By 
L s;e j¥12什A，we get M~ = 0 and so A1ニ A⑦ M(.By A EB M1 S;c M， we obtain 
M = A EB A1.j. By Lemma 1.3， there exists a homomorphism 9 : B→ A such that 
M1ここくB A). 

As T s;eくxL A)， by Lemma 1.2， there exists an essential submodule X' 
，flx' A'¥ 'l"'L __~ /1/' /1，¥'/ 

of X such that T (X'::'_:_:→A). ThusくX'::___:_:_→A)ニ TS;cMt =くB斗 A).Then， 

for any x' E X'， there exists bεB such that )(' -f(〆)ニ b-g(b). By x' b and 

f(ど)= g(b)， we obtain g(x') = f(x'). Therefore A is B-ejective 

(や二)Let X and Y be submodules of lv! with X円Y= O. As M is ター

extending， there exist an essential submodule X' of X and a decompositionん1ニ

A⑦ βsuch that X' S;c A. Let PA : !v[ = A EB B→ AandpB:M=AEBB→ B 
be the projections. By Y n A = 0， we can define a homomorphism f : P B( Y)一十
PA( Y) by f(PB(Y))ニ PA(Y)，where Y E Y. Since A is B-句ective，there exist an 

essential Sl山noduleB' of Pβ(Y) and a homomorphism g:β一→ A sωh that 

glB' = fIB，. Then we see 

118， A¥. __ ('{_，r¥ j' {Y7'¥¥. '{/ 1 /nl j']n' 
くB'→ A)S;eくPβ(Y)→P A ( Y)) = Y and くB'::_~→ A) 三くB 斗 A).

Thus M is GQC 口
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LEMMA 2.9 ([1， Theorem 3.1]). Let Aαnd B beヲ“extending附 d凶 sand put 

M = A ED B. If A is B-ejective， then M isタ-extending.In generafフ theconverse is 
not true. 

The 1'ollowing is an immediate consequence 01' Proposition 2.2 and Lemma 

2.9. 

COROLLARY 2.10. Let A and B be ~~ィxtending modufes and put M = A ED B. 
If A is mono-B幽inj・ective，tlzen M isヲ-extendiηg

By Proposition 2.6 and Lemma 2.9， we obtain the following result. 

THEOREM 2.11. Let M1 αnd fIth be GQC-modufω with FIEP ωld put 
M = M1 ED lvh. Then M isαGQC-mo似た Wl・thFIEP if仰 donlyグMiis Mン
tヅ釘tive(i:f= j) αnd the decomposition lvJ = M1 ED M2 is exchangeどめた

PROOF. (キ)By Proposition 2.6. 

(ゃ)By Lemmas 1.4 and 2.9， M isタ-extendingwith FiEP. By Proposition 

2.6， we may prove that A is B-ejective for any decomposition lvJ = A ED B. Let 
M = A ED B. Since the decomposition M = M1 ED Ah is exchangeable， there exists 
Mj s:; Mi (i = 1，2) such that M = A ED M( ⑦ M~ . Put Miニ MjED Mj' (i = 1，2) 
Then 

A竺 M('ED 1¥1;' and B竺 M(ED M; 

As Mi is GQC-module with FIEP， by Proposition 2.6，λ1/， 1凶Sλ4ぐlf/仁-可ectlve

(1=1;2わ).B助yP卯 Oω51川tio∞n2幻1，we 5ee t出ha剖tM判"yf町f打i'ED M:列jf/ iおSM { @ Mj 吋叩C∞ω叫cαωtive.H而刷fお知C引n
Aiβ5β-e伊j戸ecωtiv児e.T刊hu山sM iβs a GQC-mo仁d仇iu巾Iewith FIEP. 口

By results above， we can easily prove the following result which is well 

known: 

COROLLARY 2.12 ([7， Theorem 2.13]). Let M1 and M2 be quasi-continωus 

modules and put Aグ=ん11EDんの Then M is quasi-continuous if and only if Mi 
is Mri叩
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PROOF. (=>) By Theorem 2.11 and [4， Proposition 1.4 and Theorem 2.1]， 

Mi is Mrejective and essentially Mンi吋ective(i =F j). Thus Mi is Mンi町ective
(iチj)by [6， Proposition 2.2]. 

(ゃ)By [4， Proposition 1.4， Theorems 2.1 and 2.15]， we see that M is 

extending with FIEP and A is essentially B-injective for any decomposition 

λ1 = A EB B. Thus， by Proposition 2.7 and Theorem 2.11，λグisquasi-continuous. 

口

3 タ-extendi時 Moduleswith (C3) 

Firstly we recall the condition (C11) from [12]， which can be considered as a 

generalization ofヲ-extending.

DEFINITION (cf. [12]). Let M be a module. M is said to be a (C11 )-module 

if any submodule X of λグ hasa complement which is a direct summand of 

M 

From 113， Example 4]， there exists a (C1j)ωmodule which has a direct sumrη1man 

t山ha引tdoes nω川O引tsatisfy (C11け).However， any direct s叩u山uml
(C3) sa凶a剖tisI1e白s(C11) 

PROPOSITION 3.1. Le! M be a (C11 )-module wIrh (C3) and lel A beσdireCl 

SUl111ηαnd of M. Then A is a (C11 )-n似 iule)νIlh (C3) 

PROOF. Let 1¥1 be a (C11 )-module with (C3) and let M = A EB B. From 
[7， Proposition 2.7]う wemay show that A satisfies (C11). Let X be a submodule 

of A. Since M sa tis自白 (C11)う there exists a direct summand N of M such that 

(X EB B) EB N S:;e M. By (Cj)， B EB N is a direct summand of M. Put M = 
T EB N EB B. By Lemma 1.3， there exists a homomorphismα: TEBN→ B such 

(t!T 

that A =くT~ B) EBくN~ B). Put AI =くT~ B) and A2 = (N EB B) n A. Then 
we see M = A 1 EB N EB B and A = A 1⑪A2・
Now we prove that X EB A2 S:;e A. Given 0手aE A and express a in 

A = AI EB A2 as a = al + {/2 (aiεAi). If{/I =0う then0手α=a2ζ A2・Letal i= O. 
By X EB B EB N S:;e Aグ，there exists r E R such that 0 =Fσl'・二 x+ b + 11 [or some 
xε X， bεB and 11ε N. So 11 + b =ビ71，・-xε(NEBB)nA=A2.Thus 0手ar= 
α1"十 {/2'・ニ x+ (b十 11十のr)E X EB A2. Hence X EB A2 S:;(' A 
Therefore A2 is a complement of X in A 口
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Now we consider the following conditions for a modl巾 M (cf. [1]ぅ[14]): 

(キ)For a町 decompositionM = A ED Bフ Ais B-ejective. 

(SIP) For a町 directsummands A and B of M， A n B is a direct summan 

PROPOSITION 3.2σ !vf is rnod山 withthe conditions (*) and (SIP)フ thenM 

satisfiむ(C3) 

PROOF. Let A and B be direct summands ofん1with A円B O. Put 

M=A⑦ C. Let PA:]vf→ A and pc: M→ C be the projections. Define 

f: pc(B)一→ PA(B)by f(pc(b))二 PA(b)フ wherebεB. Since A is C事ejectiveフ

there exist an essntial submod凶 C'of pc( B) and a homomorphism 9 : C→ A 

such that gl C' = fl C" Then 

(ic' _， ， ~g 
くC'一二→ A)c二くC→ A) and くC' A) <;::('くPC(B).:!_"PA(B))二 B.

Sおowe see くCムA)ηβ 豆('B. By (S幻IP門)う くCよ斗今 A)門Biβsa d山lr印'ects刊u山l日mr
and hence くC ムA)nB エ ββ. As B ♀ くc ムA)， t山he1'eexi凶st日sa d出11'印ec口ts札叩umma剖n
T 0ぱfM s印ucぬht出ha引tくCムA)ごz士 BED T. TηhllS M 土〆AEDBEDT 口

Next we show that a町 (C11)刊 Odl巾 with(本)is ~9'-extendin 

PROPOSITION 3.3. Let M be a mod山 with(本).Then !vf 口弘印刷dingグ

α刀d0刀Iyif M satisfiむ

PROOF. (斗)is clear. 

(ゃ)Let X be a submodule of M. Then there exists a direct summand A of 

M such that A is a complement of X in M. Put M = A ED B. By the similar proof 

of Proposition 3.2フ thereexist an essential submoduleβ， of B and homo-
morphisms f : B'→ A， g:B→ A such that 

くB'.:!..→ A) <;::eくBムA)くEDM and くB'ムA)<;::e X. 

ThllS M is ~-extending. 口

Now we show that a ~-extending module with (C3) is just GQC with 

FIEP. 
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THEOREM 3.4. Lel M be a module. Then 

(1) lf M is タィχtendingwith (C3)， then αny direct s叩1μ，ln刀仰?
eχtending. 

(2) M is (j-extending with (C3)ザandonly tf it is GQC川 thFIEP 
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PROOF. (1) Let M ニ AEB B and let X be a submodule of A. Since M is 

(j-extending， there exist an essential submodule X' of X and a direct summand 

xホ ofM such that X' C;;e X*. As X* n B = 0， X史 EBBくEDM. So there exists a 
direct summand K of M such that M = X支 EDK ED B. ByLemma 1.3， there exists 
a homomorphism α: X* ED K→ B such that A = <X * 日斗 B) ⑦くK~ζ B). By 
X' c;; A円X掠 c;; kerα and X' C;;e X不 ヲ we see 

X' C;;eくX*:lとよ B)

Thus A isヲ-extending.

(2) (キ)From [8， Proposition ] 6] (cf. [4， Theorem 2.15])， we may show that 

any decomposition M = Mj ED M2 is exchangeable. Let M = Mj ED M2 and let X 
be a direct summand of M. By (1)， Mi isヲーextendi昭 andhence there exist an 

essential submodule X/ of Mi門Xand a decomposition Mi = Ai ED Bi such that 

X/ c;;('Ai (i = 1，2). By Lemma 1.]， X 2eX;⑦ X; ED (B] ED B2)内X.As BI ED B2 
IS ヲーextendingう thereexist an essential submodule Y of (B1 ED B2) n X and a 
direct summand T of BI⑦B2 with Y c;;(' T. By BI n X = 0， we see BI n T = O. 
Thus BI ED T is a direct summand of BI ED B2・ PutBI ED B2士 LED T ED BI 
By Lemma 1.3， there exists a homomorphismα: LEB T→ Bl such that B2 = 

くL B1) EDく712Bl〉-P111 Bj= くL~ B1)・ Then BI ED B2二 TED BI EB B~ 
Thus we see 

X 2e X( ED X{ ED Y and A] ED A2 EB T 2e X/ ED X; ED Y 

So we see (B] ED B~) n X = O. By (C3)， X ED B] ED B~ is a direct summand of M 
As X ED B] ED B~ C;;e j¥1， we obtainλグ=X ED BI ED B~ 
Therefore M satisfies FIEP. 

(宇)Let A and B be direct summands of M with A内Bニ O.As M is GQC， 

there exist essential submodules A'早eA and B' C;;c B and a decomposition M = 
M]⑦ M2 such that A' C;;e M] and B' c;; M2・ AsM2 is ~-extendingう we may 

assume that M = M1 ED !lh ED M3 with A' C;;e M] and B' C;;e j¥12・AsM satisfies 
FIEP， there exists M: c;; Mi (i = 1う2，3) with M = A ED M{ ED M~ ED M~ . By 

M] 2eA' C;;eA， M=AEÐM~EBM~ . By M3n(AEDA1nニ 0，M = A ED Al~ ED M3・
As M 削 isfiesFIEPう thereexist A c;; A， M ~三 M~ and A1]♀ M3 with M = 
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B80A80 沼~ffi 万;-. By tvh 21:' B' cl:'B， M = Bffi A ffi M3' As A n (Bffi M3) = 0， 
we see A = A. Thus A ffi B is a direct sllmmand of !vf. 口

Finally， we touch on the relations of modules which are generalizations of 

quasi-continuous modules. 

quasr-co山口uous→ extendingwith FIEP→ extending→ (C11 )“module 

"'" 
¥ / 

ヲ-extendingwith (C3)→タ-extendi時 with fIEP → ~-extendin 

ノ

GQC-module with FIEP → GQC-module 
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