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The purpose of my talk is to study 

Vishik-Wentzell Boundary Value Problems 
for second-order, elliptic differential 
operators in the framework of Sobolev 
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Vishik-Wentzell Boundary Value Problem

 

 

2 2 2
2 2

2 2 4

in 1 ,

0 on 1

u u

u f r

u
u

r
u

r

  
     

   

 
  








   
 

 
 

( ') 1x 



Commutators (1)

 

  2

,

spa

,

n , ,[ , ]

Y

X

X

X Y X

X Y YX

Y

Y











  









 R



Commutators (2)

 

 

  

2

2span , ,[ ,

,

,

, ,

,],

2

,

2

X

X Y X Y

X Y

Y

XY YX

X X Y

X X Y










 



  





 


 






 

 



R





Bounded Domain

2,n n R







Laplace Operator

2

2
1

n

i i

u

x


 


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Order of the Vishik Boundary Condition
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Reflection Phenomenon
(Neumann Condition)
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Diffusion Phenomenon along the Boundary
(degenerate diffusion process on the boundary)
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Existence and Uniqueness Theorem
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Eigenvalue Distribution
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Typical Example (n=3)
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Vishik-Wentzell Eigenvalue Problem
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Asymptotic Eigenvalue Distribution
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Two Crucial Points

(1)How to define the Vishik-Wentzell 
Boundary Conditions in the framework 
of Sobolev spaces.

(2) How to study the Fredholm boundary 
pseudo-differential operator, by using 
the theory of pseudo-differential 
operators.
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Definition of the boundary condition (1)
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Regularity of the Resolvent

1 2

0

( )

(

on

)

s

s

H

u f

u f

u

H 

  


  




  2A

 of 2-derivatives from  fE lliptic gain



Conclusions (Agmon’s theory)

 

2

1

2

j(1) The spectrum of is  and the eigenvalues  of have

finite multiplicities.

(2) All rays different from the  are rays of minimal growth

of the resolvent 

(3) The nega

 

.

t

I





discrete

negative axis

　 2A A

A

jive axis is a of eigenvalues 

of .

direction of condensation 

2A







,

on .

in

0u

u f  
  





 

 (

)

')

( '

D

T x P

x f

Q

G

   



 


 






n

n



 1 ) o( ' nD DGu P ffG x  
 

 
 
 




 
n

T

Reduction to the Boundary

( ') 0 onx  





Fredholm Boundary Operator

21 1

, 1 1

( ')

( ')

( ') ( ') ( ')
n n

ij j

i j ji j j

Q

x x x
x x

T x

x

x



 







 







 

 



 
 

 






 


 



Symbol of a Pseudo-Differential Operator (1)

1

1

1

,

1 ( ')( ') ( ')

( ') '

n
ij

i j
i j

n
j

j
j

xx x

x

 



  



 

 



  

1

,

( ') ( ') 0 on ( )
n

ij
i j

i j

x x T   






  

( ') 0(H)  on x  



(1) Garding's Inequality

  2 21/

2

0 ( )

0 1

2

1 ( )
Re ( '

0,

)

 0 such th t

,

a

LH

c c

c cx    


  

   



( ') 0(H)  on x  



Lars Garding

Lars Garding (1919-2014)
Swedish Mathematician



(2) Real Part of the Symbol

1

,

Re

( '

The sy

) ( ')

on ( )

mbol of

1
div ( ')

2

 
n

ij
i j

i j

Q

xxx

T

  








 







(3) The Fefferman-Phong Inequality

  2

2

2

2

( )
Re

0 suc at

,

h th

L
Q c

c

  




 



1

,

( ') ( ') 0 on ( )
N

ij
i j

i j

x x T   






  



References

• Fefferman, C. and Phong, D.H.

On positivity of pseudo-differential operators, 

Proc. Nat. Acad. Sci. 75 (1978), 4673-4674.



(4) The Energy Estimate
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We make use of Agmon's technique of 
treating a spectral parameter as a second-
order elliptic differential operator of an extra 
variable on the unit circle and relating the 
old problem to a new one with the additional 
variable.

The Idea of Approach



References

• S. Agmon: Lectures on elliptic boundary 
value problems. Van Nostrand, Princeton, 
New Jersey, 1965.



Product Domain

1S 



2

2
1

 in
n

i i

I
u

u
x

I 



    



2 ir e 



 


  

Differential Operator with a 
Complex Parameter



Augmented Strongly Uniform Elliptic 
Differential Operator


2

2
1( )  iniA u

u
e

y
S 


   



( ) :  EllipticA 

  

  



Augmented Boundary Condition

    ( ) : ( ') 0 on
S

u
u x Qu S 




    

n



( ') 0(H)  on x  

Fundamental Hypothesis





    
     


2 2
2

2
2

2 2

2

We define a operator

( ) : ( ) ( )

as follows:

(a) ( ( )) ( ) : ( )

(b) ( ) ( ) ,  ( ( ))

Then ( ) is 

0

a .

 

L S L S

D u H S

u A u u D

u on S



 

  



  

   



 

 



densely defi

Fre

n

d

de

ho

d

lm operato

, 

r

closed

A

A

A A
A

Augmented Closed Realization



(1) A priori estimate

     
 

2 2 2( ) ( ) ( )

2

( )

( )

(

(

)

)

H S L S L S
Au C u u

u D






  

 

  A

    



(2) Peetre’s Criterion


2( ) indA

     
 

2 2 2( ) ( ) ( )

2

( )

( )

(

(

)

)

H S L S L S
Au C u u

u D






  

 

  A



Index Formula (1981)

 2 0,I    ind CA


2( ) indA



 

2 2
2

2
2

2 2

2

W e define a  operator

: ( ) ( )

as follows:

(a) ( ) ( ) :

(b) ,  ( )

Then  is a 

with for

0

 .

on

L L

D u H

u

I

u

u u D




  

  

   

  


 

densely defined, 

Fredholm operator

 index zer

clos

o C

ed

A

A

A A
A

Closed Realization





Resolvent Estimates (1)

     
 

2 2 2( ) ( ) ( )

2

( )

( )

(

(

)

)

H S L S L S
Au C u u

u D






  

 

  A

  2 2( ) ( )
'( )

L L
uCu  

 
 



(1) ( ) ( )

5
(2) supp ,

3 3

3
(3) ( ) 1, ,

2 2

y C S

y y


 

 



    
      

Localization function



Product function


2( , ) ( ( ))v x y D  A

   

2

2

( , ) ( ) ( )

( ) 0

(

( , ) ( )

( , )) ( ) 0

i y

i y

v x y u x y e

v x y H S

v x y y

u D

u x e













 



 



  

   







A



A priori estimates

  2 2 2( ) ( ) ( )
( ) ( )

H S L S L S
v C v v   

  
    


2( , ) ( ) ( ) ( ( ))i yv x y u x y e D

     A



Norm estimates (1)

22

2 2

( )( )

( ) ( )

( ) ( ) i y

L SL S

L L S

v u x y e

u


 






 









Norm estimates (2)

  

 

 
 

2

2

2

2 2

2 2

2 2 2

2

2( )
( )

( )

( ) ( )

2

2

( ) ( )

( ) ( ) ( )

( ) ( )

( )

2 '( ) ''( )

2 ' ''

i i y

L S
L S

i y

L S

i y i y

L S L S

L S L

i

L S L

i

S L

v A e u y e
y

A u y e

u y e u y

A

u

e

e

ue





 




 





 



  



  

 
 

 

   





 
     

  

   

 

 





2 ie  



Norm estimates (3)

 

 

22

2 2

( )( )

2

,
2

23 / 2

,/ 2
2

3 / 2 2

/ 2
2

( ) ( )

( ) ( )

( )

( )

i y

H SH S

i y
x yS

i y
x y

k

k

v u x y e

D u x y e dxdy

dx D u x e dy

dx D u x dy




 



  




 



















 

 

 

 



 

  

  





Norm estimates (4)



22

2 2

( )( )

3 / 2 2

/ 2
2

2 22

2 1

24

( ) ( )

( )

( ) ( )

( )

i y

H SH S

k

k

v u x y e

dx D u x dy

D u x dx D u x dx

u x dx




 




 

 





 






 

 
 



 




 





  

  







Norm estimates (5)

   
  

2

22

2 2

2 1 ( )

2

( )( )

2 1 ( )

2

( )

2 2

( )

'( ) i

L

i

LL

L L

u u u

C A e u u

u u u C eA u











 

 







 

 

  



   

2 ie  



Resolvent estimates

  2 2( ) )1 (2
'( )

L L
u u Cu A u   

 
   

2 ie  

  2 2 2( ) ( ) ( )
( ) ( )

H S L S L S
v C v v   

  
    



2

The 

holds true for the closed operator

,  I   

Fredholm alternat  

C

ive

A

Fredholm Alternative



 


2
2 ( )( )

2

1

2

'( )

( )

LL

C
f f

f L

I








 





A

Resolvent Estimates (2)

 2 0,I    ind CA

  2 2( ) ( )
'( )

L L
uCu  

 
 



Asymptotic eigenvalue 
distribution

for Vishik-Wentzell 
Boundary Value Problems





1

2

22

(1) The  case:

We   to 

characterize the 

(2) We shift our attention to 

the  inst

ca

ead of

nnot use

 .

.  ,



 

Green's formula

adjoint oper

degenerate

reso

ator

lvent

A

AA

Essential Points





Louis Boutet de Monvel

Louis Boutet de Monvel (1941-2014)
French Mathematician



References

• Boutet de Monvel: Boundary problems for 
pseudo-differential operators. Acta 
Matematica, 126 (1971), 11-51.



Boutet de Monvel Calculus (General form)

A G K

T Q

 
  
 





 
in ,

( ') 0 on
u

u x Q u

Au f





    



 




Consider the 

Boundary Value 

Vishik - Wentz

pr

e

e

l

m

l

obl

n

Reduction to the Boundary (1)



 2

(

0 on .

),

: ! s

s

D

v

v G

Av f H

f H 

   

  

   

Solve the 

W

Dirichl

e le

et 

t

problem

Reduction to the Boundary (2)



Let

: Dw u v u G f   

Reduction to the Boundary (3)
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Poisson Kernel in the Half-Space (1)
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Poisson Kernel in the Half-Space (2)
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Reduction to the boundary (2)
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Reduction to the boundary (3)
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Dirichlet-to-Neumann Operator
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Unique Solvability of Dirichlet Problem
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Green Operator for the Dirichlet Problem

  2 2 0 2

(1 ) in ,

0 o n

Dv G f

r G f P r G

v f

v

f 



   












Boutet de Monvel Calculus (1)
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Symbolic Calculus (1)
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Boutet de Monvel Calculus (2)
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Boutet de Monvel Calculus (3)
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Symbolic Calculus (2)
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Boutet de Monvel Calculus (4)
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Boutet de Monvel Calculus (5)
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Symbolic Calculus (3)

 

 1
2

1

'

( ')

'

DG
i

x
T

i


 

 
 



   
 
  



1

2

( ')
1/2

1
2

3/22

( )( )

( ( ))

D
s

D

s

x G
s

s

P

H

T

H H

H

G

 






 

 











Mapping Property (1)

  1
122 ( ')D DG G P x GT   



Regularity of the Resolvent
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Regularity of the Adjoint of the 
Resolvent
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