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Purpose

The purpose of my talk is to study

Vishik-Wentzell Boundary Value Problems
for second-order, elliptic differential
operators in the framework of Sobolev
spaces.
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Concrete Example



Concrete Example (n=3)

Q={x*+y’ +2* <1} ={r <1} (unit ball)
= {x2 +y° +z° = 1} ={r =1} (unit sphere)

-

X=rcos@cosw

o

y =rcosésinw

z=rsind
( 0<r<1l )
/250 x/2
. 0<wo<i2z )




Unit Ball

0=0
(Equator)




Vishik-Wentzell Boundary Value Problem

Au=f inQ:{r<1},

(A2 2 2
AMZ—%-F cu cu -2 |u
or \89 oW’ 4

=0 onI'={r=1

pH(x) =1




Commutators (1)

x_.O0 y_gl
00 0w

| X,Y|=XY-YX S

ow

—

span {X,Y,[X,Y]} =R~




Commutators (2)

X:i, y=0>2
00 oW

| X,Y|=XY -YX = 202
0w

0
XX, Y]|=2—
0w

—

span | X,Y,[X,Y1[ X,[X,Y]]} =R’




Formulation
of

the Problem



Bounded Domain

R*, n>2




Laplace Operator




Vishik-Wentzell Boundary Condition

Au(x") = ,u(x')g—u+Qu =0onT.
n

(1) w(xeC”(T)and w(x")=0onT.

@)| 0u=S o (x)-2“ +nZﬂ"(x')%+7(x')u

i, j=1 O, 0X i =l

B3)Ol(x)=y(x"Y<0onT.




Normal Derivative

0 ~ O
on <5 ' ox

n=(n,n,, -, n )1s the unit interior normal.




I

0C)

Normal Derivative




Order of the Vishik Boundary Condition

n 2
Auzzau

2
i=1 5)(:1-

The order of A =2

Au(x') = ,u(x')g—u+Qu =0onTI.
n

The orderof O >1=2-1




Probabilistic Meaning
of
Three Terms



Reflection Phenomenon
(Neumann Condition)

.\ ou
p(x') o




Diffusion Phenomenon along the Boundary
(degenerate diffusion process on the boundary)

Qu(x’)




Absorption Phenomenon

(Dirichlet Condition)

y (x )u




Main Results



Fundamental Hypothesis

Au(x") = u(x") gu FOu=0onT.
n

()| u(x)>00nT
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p
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Existence and Uniqueness Theorem

The linear homogeneous problem
(Au=f inQ,
Au=0 onl

has a unique solutionu € H*"*(Q)
forany f € H (QQ).
Here Vs > 0.

The elliptic gain of 2-derivatives

just as in the Neumann case




Hille-Yosida Theory
of

Semigroups



Closed Realization

We define a linear operator
A, : LF(Q) > L2 (Q)
as follows:
(a) The domain D(%L,) 1s the set

DRA)={ueH*(Q):|[Au=00onT|.
(b) Au=Au, Yue D(,).
—

2, 1s a densely defined, closed operator




Sharp Resolvent Estimates

.
||(9L2—M) Mo .

C
<t/
z

Vf e L’ (Q)




Generation Theorem of an Analytic Semigroup

We define a densely defined, closed operator
A, L2 (Q) > L (Q)

as follows:

(a)D(Q(2):{ueH2(Q): Au:OonF}
(b) A, u=Au, Vue D(2,)

Then 2, generates an analytic semigroup

e™2 on L (Q)




\/ Xp(e)
\w = 1y (€)?

hY )

2 i
A =r-e - c A
—mT+e< 0 < 7T —-¢

IN
N\




Eigenvalue Distribution

Let

N(t) = I| (the counting function)

ReﬂjZ—t

where each A, is repeated according to its multiplicity.

Then the asymptotic eigenvalue distribution formula
|
2"7"*T(n/2+1)

n/?2 n/?2

N(@) = 4" 4 o(t"?) ast —> +oo

holds true.



Concrete Example



Typical Example (n=3)

Q={x*+y’ +2* <1} ={r <1} (unit ball)
= {x2 +y° +z° = 1} ={r =1} (unit sphere)

-

X=rcos@cosw

o

y =rcosésinw

z=rsind
( 0<r<1l )
/250 x/2
. 0<wo<i2z )




Vishik-Wentzell Eigenvalue Problem

Au=Au inQ={r<l1i,

Au——%+ ou +ex _— °
o \og | @
=0 onI={r=1

pH(x') =1




Asymptotic Eigenvalue Distribution

Let
N(t) = Z 1,

Rel;=2—t¢
where each A, is repeated according to its multiplicity.

Then the asymptotic eigenvalue distribution formula

2
N@) =— ¢ + o(t’?) ast— +o
97




Crucial Points



Two Crucial Points

(1) How to define the Vishik-Wentzell
Boundary Conditions in the framework
of Sobolev spaces.

(2) How to study the Fredholm boundary
pseudo-differential operator, by using
the theory of pseudo-differential
operators.




Definition
of
Vishik-Wentzell Boundary Conditions



A Modern Version
of
the Classical Potential Theory
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Maximal Domain

We define the maximal dom ain
H,(Q)={ueLl’(Q):Aue L’(Q)}

with the graph norm

v = Il

iZ(Q) T HAM

2
L*(Q)

Ju




Definition of the boundary condition (1)

A = pu(x) 2”‘

. | Q(u‘r)eH_S/z(F)
Vue H,(Q)




Definition of the boundary condition (2)

v=31G, f € H*(Q) such that
Av= f1in Q,
v=0 onl

(Dirichlet problem )

3




Definition of the boundary condition (3)

1) G,:H' (Q)> H ™ (Q)
() A(G,f)= u(:)2=(Gp f)+0(G, )

— ()= (G, £)+0(0)

= W) =Gy f) € D)

gain of (1/2-(-1/2) =) one derivative




Definition of the boundary condition (4)

w=u-v=u—-G,felL(Q)
Aw =0 1n Q

N

w=Py, JweH ")

(Poisson kernel)




Definition of the boundary condition (3)

ue H,(Q)

-

u=G, (Au)+Pw,
w € H"*(T)




Definition of the boundary condition (6)

ue H,(Q)
N

Au=A(G,(Au))+A(Py)e H ()

A(G, (Au))= y(x')a%(GD (Au))e HV*(I)

A(Py) =0y + u(x )—(Pw)

=Qy +u(x)ly e H (')




Fredholm
Boundary Operator



Erik Ivar Fredholm

Erik Ivar Fredholm (1866-1927)
Swedish Mathematician




Fredholm Boundary Operator

Ty = (AP)y =Qvy + u(x )—(Pw)

n—1 2

=2 a’(x)) Zﬁ (X)

e ox, 8x =

+7(x "W + pu(x )—(Pw)




Dirichlet-to-Neumann Operator

0 o
[My=—(Py) , YyeC"(I)
On -
h = (A e L)

A'= Laplace - Beltrami operator on I




Fredholm Alfernative



Fundamental Hypothesis

(H) #(x")>0o0n I




Index Formula

We define a densely defined, closed operator
A, L (Q) —> L*(Q)

as follows:

(a) [D(2,) = {u e H°(Q):Au =0 on F}

(b) A, u=Au, Vue D(2,)
Then A, — A7 1s a Fredholm operator

with index zero for VA € C.




Fredholm Alternative

2 injective < 2L, surjective




Regularity
T heorem




Sobolev Regularity Theorem

Then we have, foralls >0,

e I (Q).
<Au=feHS(Q),
Au =90

.

:>ueHS+2(Q).

The elliptic gain of 2-derivatives

as 1n the Neumann case




Regularity Theorem (1)

(ueLz(Q),
ueHA(Q)<:><AueL2(Q),
Au =0

= ue H(Q)




Regularity Theorem (2)

(ueLz(Q),
s Au =0,
Au =20

\

:ueCw(Q)







Uniqueness Theorem

If a function
uel (Q)
1s a solution of the homogeneous problem
(Au =0 in Q,
Au=0 onl,
then 1t follows that
u =01n Q.

9




Sobolev Regularity Theorem

_I_

Classical Maximum Principle

—

Uniqueness Theorem




Maximum Principle
(Soholev Space Version)



Maximum Principle
(Aleksandrov-Bakel’man)

Assume that:

ue C(Q)NW>"(Q),

loc

Au(x)<0 fora.a.xeQ
Then:

supu(x) < supmax{u(x'),0}.
xe) x'el’




Strong Maximum Principle

Assume that

ue C(Q)NW2"(Q),

loc

Au(x)<0 fora.a.xeQ,

m=supu = 0.
Q

Then:
dx, e Qs.t.u(x,) =m = u(x)=m, Vx el




Hopf Boundary Point .emma

Assume that
ueC'(Q) NI (Q),
kAu (x)S 0 fora.a.x e Q.

I

dx, € I such that u(x,) =supu=m >0
Q

u(y)<m, Vy e

Then :
ou

on

(x,)> 0.




Fredholm Alternative

2 injective < 2L, surjective




Existence and Uniqueness
T'heorem



Existence and Uniqueness Theorem

The linear homogenous problem
(Au=f inQ,
Au=0 onl

has a unique solutionu € H ' (Q)
forany f € H (Q).

The elliptic gain of 2-derivatives

as 1n the Neumann case




Uniqueness Theorem

_I_

Fredholm Alternative

—

Existence Theorem




Spectral Analysis



Regularity of the Resolvent

Au =f e H (QQ)
Au=0 onI

.

—
u=A"7eH"(Q)

Elliptic gain of 2-derivatives from f




Conclusions (Agmon’s theory)

(1) The spectrumof 21, 1s discrete and the eigenvalues A4 of 21, have
fimite multiphcities.
(2) All rays different from the negative axis are rays of mmimmal growth

of the resolvent (21, —A7) .
(3) The negative axis 1s a direction of condensation of eigenvalues /4

of 2 .

2







Special Reduction
to the Boundary




<

‘Au = f in Q,

kAu =0 onl.

I

Iy

=QW+#UD£#PW)

=—¢4xog%(GDf)




Reduction to the Boundary

w(x")>0 onI”

v

U= GDf+P(EIT1 (,u(x')ai(GDf)D on [
n




Energy
Estimates




Fredholm Boundary Operator

I'y = pu(x)HIly + Qy
= u(x )y

+ a’(x
,;1 ( )ax Ox

2

+Zﬂ (X)

j=1

J

Ly ()




Symbol of a Pseudo-Differential Operator (1)

—Za (xNEE, —-1 me)f +(x")

l]—

(H) u(x"y>0onT

S o/ (¢)EE —p(x') = 0on T"(T)

I,]j=




(1) Garding's Inequality

(H) ©(x")>0onT

g

dc, >0, Jc, >0 such that

129”2(r) —G H(P(

2
)

—Re(,u(x Mg, ¢) 2 G, qu(
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(2) Real Part of the Symbol

The symbol of —Re(

= Z_loﬂ (X5, _%diVﬁ(x )= y(x)

l,]=

on 7" (I




(3) The Fefferman-Phong Inequality

> o (¢)EE, ~y(x) 2 0on T*(I)

l,]j=

dc, > 0 such that

2
L*(T)

-Re(00,90)2—c, |p
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(4) The Energy Estimate

—Re(T¢,p)=—Re(u(x"\1p,p)—Re(Op,¢)

=Gy HCD iﬂ/%r) —(¢ +¢,) ng

2
()

I'' = p(x)HI + 0




Hypoellipticity (Hormander)

—Re(Tgo,(o) - —Re(u(x')H(D,(D) B RG(Q¢’¢)

i]l/z(r) —(¢+¢)|le

2 Co ng iz(r)

l

w e D), Ty e H'*(I)

—

W e Hs+3/2(r)

(lossof (3/2=1+1/2) one derivative)




References

 Hormander: A Class of Hypoelliptic
Pseudodifferential operators with Double
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Regularity
T heorem




Sobolev Regularity Theorem

-

uel”(Q)

f =Aue H (Q)

—
u=G,f+PyeH Q)

The elliptic gain of 2-derivatives

as 1n the Neumann case




Construction
of
Green Operator
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The Idea of Approach

We make use of Agmon's technique of
treating a spectral parameter as a second-
order elliptic differential operator of an extra
variable on the unit circle and relating the

old problem to a new one with the additional
variable.




References
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Product Domain

\4‘5’
-‘ / / ’ !i L
-~ f'?_’h
~y 4—)_ A 4
¥ - b et
‘-\— ‘(&"\ ! J Pt
' ‘ - > -4
= —




Differential Operator with a
Complex Parameter




Augmented Strongly Uniform Elliptic

Differential Operator
~ i6 0'u . 1
A(@)=Au+e - mQxS§
0y

A(0): Elliptic
e
—T<0<r




Augmented Boundary Condition

~/

A= u(x ')2—’1“‘1+(Q&

I'xS

):O onl'xS




Fundamental Hypothesis

(H) #(x")>0o0n I




Augmented Closed Realization

We define a densely definded, closed operator
Ar(0): (A% S) > L(QxS)

as follows:

() D(A»(0)) = {Zt c H*(QxS): | A@)i =0 on xS

(b) A2(Ou = A(Q)u, Yu € D(A1(H))
Then 5(2(6’) is a Fredholm operator.




(1) A priori estimate

~

u

< 5(9)(”2(6’); Lz(QxS))

l?(QxS)-+

a
H?(QxS)

Vu e D(A2(0))

— T <O <r




(2) Peetre’s Criterion

~

+ (U

L* (QxS)

< 5(9)(”2(‘9)& Lz(QXS))

a
H?(QxS)

Yue DA, (0))

"%
ind 2, (6) <




Index Formula (1981)

ind 20(0) < o

N

ind(A,-A7)=0, VAeC




Closed Realization

We define a densely defined, closed operator
A, L (Q) - L*(Q)

as follows:

(a)D(le):{ueHz(Q): AMZOOHF}
(b) A,u=Au, Yue D(2,)

Then A, — A7 1s a Fredholm operator

with index zero for VA € C.




Resolvent Estmate



Resolvent Estimates (1)

~7

+ |[U

L* (QxS)

< 5(9)(”2(6’)& L2(Q><S))

]
H?(QxS)

Vue D(2A,(0))

A

<C©O)(a-2)u]

2 lu

L*(Q) 12 (Q)




L.ocalization function

(1) ¢(y)e C(S)

(2) supp ¢ C

(3) ¢ (¥) =1,

T St

9

3 3

T

Vy e




Product function

vy (X, ) = u(x)® ¢ (p)e™
ue DA,)| [ =20

—
;n(x,y)eHz(QxS)

A(va(x,9)) = (Au(x)® & (p)e™ =0

vy (x,y) € D(2A2(0))




A priori estimates

Vn

7 Lz(QxS))

< ’é(@)(”’&(&);n

+ v
H?2(QxS) L* (QxS)

LJ

vy (x, ) =u(x)® £ (¥)e™ € D(A2(0))




Norm estimates (1)

~

2

= |[u(x) ® &' (y)e™
ﬁ(Q)’Hg

12 (QxS) L* (QxS)




Norm estimates (2)

HK(&)GU

L (QxS8)

w 0°
(A +e” ayzj(“@? £ (y)e)
< H(A —n%e” )u® ¢ (y)e™
. | | L (QxS8)
1l ® s e L g e ® ¢ e
= ”é/ LZ(S).H(A —n‘e” )u
L*(Q)

+ (2
m ”é/ '”Lz(S) = ”4 "||L2(S) )”u ||L2(Q)

L (QxS)

L (QxS)

ﬂ, _ 77281'«9




Norm estimates (3)

~ 12
Vn

s, = () ® C(»)e™ | .

=2 HMD“, (u(x)® £ ()e™ )|
2 Z j dxjﬂ/z
> ol

H?(QxS)

dxdy

Df,y (u(x)@ e’”)

dy

' D u(x)[ dy

k+|p




Norm estimates (4)

~ 12
Vn

s, = ()@ C(n)e™ | .

> > Jax[

k||

>”(ZI ‘Dﬁu(x)‘ dx +n° Zj ‘Dﬂu(x)‘ dx

H*(QxS)

kDﬁu(x)‘ dy

+7 I u(x)‘ dx)




Norm estimates (5)

ul, +7ju| +7° Hu

L’ (Q)
<CO[( - )., +1lbl.io)
—
ul, +mfuf, + 77" | Py = 6'(‘9)” A 772619) 2(©)

A=n’e




Resolvent estimates

v
7 Lz(QxS))

< 5(@)(”7((9);,7

¥

_|_

Vn

H2(QxS) L* (QxS)

ul, + WAl + 4[] o, < €@ [(4 = 2 )],

i

A=n’e




Fredholm Alternative

The Fredholm alternative

holds true for the closed operator

AN, —Al, VA eC




Resolvent Estimates (2)

Al 0, < € @)(A = 2)u

L* (Q) 2 (Q)

ind(2,-11)=0, VieC

&

_C©O
2(Q) W

Vf e L’ (QY)

|

(2, -21)" f

L’ (Q)




Asymptotic eigenvalue
distribution
for Vishik-Wentzell

Boundary Value Problems



Main Idea
via
the Resolvent



Essential Points

(1) The degenerate case:

We cannot use Green's formula to

characterize the adjoint operator 2.
(2) We shift our attention to

the resolvent 2, ', instead of 2.




Boutet de Monvel
Calculus
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Boutet de Monvel Calculus (General form)

(A+G K
. I 0,

A =




Representation Formula
of the Resolvent



Reduction to the Boundary (1)

Consider the Vishik - Wentzell

Boundary Value problem
(Au = f in Q,

0
\Au = y(x')@—Z+Q(u‘r): 0 onTI




Reduction to the Boundary (2)

Solve the Dirichlet problem
(Av=fe H(Q),
v=0onl.
We let

v:=31G, f e H " (Q)

\




Reduction to the Boundary (3)

Let

w=u-v=u—-G,f




Reduction to the Boundary (4)

Av:A(GDf)
N,
nIQ(V\F)=ﬂ(X)@—;

= u(x")y, (G, f)e H""*(T)

V

— p(x)




Reduction to the Boundary (5)

Then
(Au = f in Q,
Au =0 onT

<
Au — Av =0 1n Q,

—Av =—-pu(xYy, (GDf)On I

Aw
Aw




Reduction to the Boundary (6)

Aw=Au—Av

=—p(x)y, (G, f)e H W (T)
(gain of one derivative)




Reduction to the Boundary (7)

Aw =0 1n Q
&

w = Py (Poisson operator)




Reduction to the Boundary (8)

(Au = f in Q,
Au=0 onl

—
(AP)W = Bw
=—u(x"y,(G,/)onT




Fredholm Boundary Operator

(AP)y =) (Py)| +O

ov .

= p(x) 1y

+Za’](x)

i,j=1 ]




Differential Operators

o 0%*u  0’u 0%u
Au = = 4+ oo+
“i= 2, ox’  ox ox
/52 52 A
A=(1-A)u=u- L;: o 7/2!
\le 8xn/




Bessel Potential of order 2 (1)

G, * f(x)
= [ G, (x=y)f()dy




Bessel Potential of order 2 (2)

1 o —t-
G.(x) =], e

G2 (&) = [, e™G, (x)dx =




Zero Extension Operator

e f(x)=fy(x)
f(x) VxeQ,
0 VxgQ

= <

.




(Gz * fo )(x)
= [ G, (x=y)f(»)dy




Transmission property
of Bessel Potential
(Boutet de Monvel)

(’/+G2)f = (Gz *fo)‘gz

r'G, H(Q)—> H™(Q)




Right Inverse Operator

(1-A)(r"G,f)=f in Q

(I—A)u:u—

[ 0%u o 0’u
\8x12 | |8x2

n




Reduction to the boundary (1)

(1 - A)u = f 1n Q,

u =0 on I

—

(1-A)(r'G,f—u)=f=f=0 inQ




Poisson Kernel (1)

(I—A)(Pzgp):O in Q)
Pzgp‘r = ¢ onl




Poisson Kernel (2)

P :H " (T) > H' (Q)

P2
1
<.§'>+ v’

E= (&), (&)= \i+e

Potential Symbol:




Poisson Kernel in the Half-Space (1)

})2<D('xg xn) —

1

(27z)"

zx f
Rn—l

T AENde’

—dv=e

-

—5,(&)




Poisson Kernel in the Half-Space (2)

Bo(x',x,)

1 . 1 "
- ¢ VdE'dv
(272_)11 R" <é:v>_|_l-v (D(é:) é:

— 1 ix'g' i v ] A '
_(272')”_1 .[R”‘le £272L08 <§'>+ivdvj¢(§)d§

) (273)"1 Jr @0 AN dE




Reduction to the boundary (2)

r G, f —u= Py
y = (r'G,f —u)l




Reduction to the boundary (3)

r'G,f + Py
0

u

u

—
4

:(u—r+G2f) on I’




Dirichlet-to-Neumann Operator

0

IT.yw=—I|(P
YW 8n( 2W)

| VWECOO(F)

L1, € Llcl(r)




Unique Solvability of Dirichlet Problem

(I—A)u:f in Q
u=¢ onl

N

u=r'G,f+P(p-(r'G,f)|)




Green Operator for the Dirichlet Problem

(1-—A)v = f in Q,

v =0 on I
&
v=G,f

=I”+G2f—P2(7/O(I”+G2f))




Boutet de Monvel Calculus (1)




Symbolic Calculus (1)
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Boutet de Monvel Calculus (2)

¢:

HQ) H™O)
® —> @
Hs+1/ 2 (F) By+1/ 2 (F)




Mapping Property (1)
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Boutet de Monvel Calculus (3)
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Symbolic Calculus (2)




Boutet de Monvel Calculus (4)
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Mapping Property (2)
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Representation of the Resolvent
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Boutet de Monvel Calculus (5)
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Symbolic Calculus (3)
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Mapping Property (1)
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Regularity of the Resolvent
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Mapping Property (2)

H (£

G,

Hs+2 (Q)

-5
—>

e %
/U(X')(%GD)

HS—I—I/ 2 (F)

Hr')

HS-|—3/ 2 (F)

G" =G, _:U(x')(ylGD )* (Tz_l)* Py




Regularity of the Adjoint of the
Resolvent
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