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Malthus

€ Thomas Robert Malthus (1766-1834)
English Economist

An Essay on the Principle of Population
(1798)




Idea Credited to Malthus

B A population will grow exponentially
until limited by lack of available
resources.
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Malthus Model

(dx
—=cXx(f
1= (7)

x(0) =x, (Initial Condition)

x(t) : Population Density

g Intrinsic Growth Rate




Example

dx

— = 2x(t
S dt ©)
x(0)=5

(Solution : x(7) = 5¢™")
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Runge-Kutta Method

DEF F(x, y)=2*y

SET WINDOW -0.1,3,-0.1,60
DRAW axes

LET x=0

LET y=5

LET h=0.01

LET N=10

FORi=0TO NSTEP 0.01
LET k1="F(x,y)
LET k2=F(x+h/2,y+h*kl/2)
LET k3=F(x+h/2,y+h*k2/2)
LET k4 =F(x+ h, y+h * k3)

~ e~~~

LET x=x+h
LET y=y+h*(kl+2*k2+2*k3+k4)/6
PLOT LINES: x,y;
SET LINE COLOR "red"
WAIT DELAY 0.01
NEXT i
END



Runge-Kutta Method

A population will grow exponentially.




Verhulst

@ Pierre Francois Verhulst (1804-1849)
Belgian Mathematical Biologist
Notice sur la loi que la population
poursuit dans son accroissement (1838)




ldea Credited to Verhulst

& The growth rate of a population will
depend on the effect of crowding within
the population.
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Logistic Model (1)

(@ = x(2)(¢ — Ax(?))

Sdr
x(0)=x, (Initial Condition)

x(?) : Population Density
¢ . Intrinsic Growth Rate

A : Coefficient of Intraspecific Competition




Logistic Model (2)

< dt K
x(0) =x, (Initial Condition)
x(?) : Population Density

dx _ gx(t)(l X )j

K = % : Carrying Capacity




Logistic Model (3)

(

? - ax()(A-x(1)
q dt

x(0)=x, (Initial Condition)
x(¢) : Population Density

a= £ : Growth Rate
K

A=K :Carrying Capacity of the Environment




Logistic Model (1)

(% =a (A — x(t))x(t)

\X(O) = X




Logistic Model (2)

x,A
X(t) — O —aAt
Xg +(A4—x,)e
> Xo 4 =A (t—> +wo)
Xo

A: Carrying Capacity of the Environment
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Example (Large Initial Condition)

ra’x 1
| 10(30 x(t))x(t)

x(0) =100 > 30

azL, A=30, x,=100
10




Runge-Kutta Method

DEF F(t,x) =(3-0.1 *x) *x
SET WINDOW 0,10,0,40
DRAW axes

LET t=0
LET x=100

LET h=0.01
LET N=10

FORi=0TO N STEP 0.01
LET k1 = F(t, x)
LET k2=F(t+h/2,x+h*k1/2)
LET k3=F(t+h/2,x+h*k2/2)
LET k4 =F(t+h, x + h * k3)

LET t=t+h
LET x=x+h*(k1+2*k2+2*k3+k4)/6
PLOT LINES: t,x;
SET LINE COLOR 4
WAIT DELAY 0.01
NEXT i
END



Runge-Kutta Method

x(0) =100

A =30




Example (Small Initial Condition)

(dx ]
| 10(30 x(t))x(t)

x(0) =15<30

azi, A=30, x,=15
10




Runge-Kutta Method

A =30

-

x(0)=15
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Asymptotic Stability

(Credit to Verhulst)
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K. Taira: The Yamabe problem and
nonlinear boundary value problems,
Journal of Differential Equations, 122
(1995), 316372




Advl

K. Taira and K. Umezu: Bifurcation for
nonlinear elliptic boundary value
problems 111, Advances in Differential

Equations, 1 (1996), 709-727




Taiwanl

K. Taira: Introduction to semilinear
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Taiwanese Journal of Mathematics,
2 (1998), 127-172




Adv3

K. Taira: Diffusive logistic equations in

population dynamics, Advances in
Differential Equations, 7 (2002), 237-256




KJCAM

K. Taira: Introduction to diffusive logistic
equations in population dynamics, Korean
Journal of Computational and Applied
Mathematics, 9 (2002), 289-347




SMMI1

K. Taira: Semigroups, boundary value
problems and Markov processes, 1%
Edition, Springer-Verlag, Springer
Monographs in Mathematics (2004)




SMM?2

K. Taira: Semigroups, boundary value
problems and Markov processes, 2"d
Edition, Springer-Verlag, Springer
Monographs in Mathematics (2014)




Med1

B K. Taira: Diffusive Logistic Equations
with Degenerate Boundary Conditions,

Mediterranean Journal of
Mathematics, 1 (2004), 315-365







HERA KD %8

SNk~

Feller F# D IE R
HERSIERAZFEDOER
Sobolev ZZfH IR DI KRIED [RIE
8% {F= Banach ZEfE] D i

HENTHY TR E
B M E FH{EH S D JFr 7 I8 B 5




ANB A=k B9 5E

o o O M =

Hille-5 EH#4E
Calderon—-Zygmund

Aleksandrov—Bakel’ mann—Bony

Krein—Rutman

YIS SES

Crandall-Rabinowitz




JEREBIREAD
—RMET77O0—F



FEFR MR RE D ERFZ 1L 1Ll

JEHR 7 B SR AT

J (%) #0 DF (x,) =B

B v = f(x) 1. & x, EMEEAERX y=F(x)IZ.
DELTIE, B Rx DELTIE.BEAEX
y=f0)+ ) x—x,) | Y= E(x)+ DE(xg)(x = x,)
TiaflEh s, TEEEh S,




JEERZFEIRE D fF % (1)

FEFR ] 8

R l

B BA#E D &

E

3 B 2 e 1

T

ff‘iﬁé'ﬂﬁ [ 2 7 HY—

= Al i Y




JEERZ BB D fiF % (2)

JEfRTCREIRE | |IEEHBABDEE

& f Ao DEF

P i .

R EREREDEHRIEA V2| ZEl




HREOCERE.

N

O XM EEE =EHFZHD R
oMM ERE =—MRILEFZR D XRT
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Perron-Frobenius

D EH



R HEERITH] (Markov 1EEH)
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Frobenius & (2)

= Im

11—>0

Al’l

1

i (Spectral Radius)




The Perron-Frobenius Theorem

T=(), |t >0}

y

Then :

1/

7' > o0. (spectral radius)

@) = lim
r is aunique eigenvalue of 7'
having positive eigenvector.
r is algebraically simple.

(1) » is an algebraically simple eigenvalue

of 7" =(¢,) with a positive eigenvector.
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Strong Positivity (1)

Ku(x) = [ k(x, y)u(y)dy
k(x,y)>0

o

u(x)>20 = Ku(x)>0 strongly positive




Strong Positivity (2)




Krein-Rutman
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SCER

e Krein and Rutman: Linear operators
leaving invariant a cone in a Banach
space, Amer. Math. Soc. Transl. 10
(1962), 199-325







BTSN IVZER]

V' is an ordered vector space

def
=

(1) (V,<) is an ordered set.
(11) V' is areal vector space.

(111) The ordering < is linear :

Q) x,yelV,x<y=>x+z=y+z,Vzel.

b)x,yelV,x<y=ax<ay,Va =0.




& {+= Banach ZE[H]

E is an ordered Banach space

def
Ne—

(1) £ is a Banach space.

(11) (E,<) is an ordered vector space.

(iii) P = {x € E: x > 0}, positive cone, is closed.
(A x,yeP=>ax+pyeP,Va,[>0.

(b) PN (—P) = {O}




Example (1)

Y = C(Q),

def -
u<ve u(x)<vix), Vx e Q

>

Pyz{ueC(a):uZO on 5},

Int(P,) = {u S C(ﬁ):u >0 on 5}




Example (2)

ue
p u eInt(F)
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Strong Positivity

Ku(x) = | k(x,y)u(y)dy
k(x,y)>0

N

u(x)>0 = Ku(x)>0 strongly positive

K(P\{0})cInt(P)
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The Krein-Rutman Theorem (1)

Let (E,P) be an ordered Banach space

with non - empty interior, and assume that

K . E — Eis strongly positive and compact.

K (P\{0})cInt(P)




The Krein-Rutman Theorem (2)

1/n

(i) r = lim [K"|" > 0, (spectralradius)

n— o

r isaunique eigenvalue of K

having a positive eigenfunction.

r is algebraically sim ple.

(11) » is also an algebraically simple
eigenvalue of the adjoint K" : F* —» E’

with a positive eigenfunction.




The Perron-Frobenius Theorem

T=(,), t,>0.
Then:
(1) r = lim‘ )" > 0. (spectral radius)

r is aunique eigenvalue of 7
having positive eigenvector.
r is algebraically simple.

(1) 7 is an algebraically simple eigenvalue

of 7" = (¢,,) with a positive eigenvector.
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Bird’s-Eye View

Riesz-Markov-DynKin

p,(x,dy) = T, =é"
Laplace :U: 1]: Hille - Yosida
—1

Ga ()C, dy) Rieszi(f/lzrkov ( a] B A)




Riesz-Markov-Dynkin Representation
Theorem

T,/ (x)= 3! p,(x.dv) f(»), ¥f € C(K)

N
0<p(x,e)<1, VE20,VxeK




Riesz-Markov Representation Theorem

(@l -A)" f)=]

G, (x,dy) f(¥)




Hille-Yosida
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Carl Einar Hille

& Carl Einar Hille
(1894-1980) American Mathematician




Kosaku Yosida

& Kosaku Yosida
(1909-1990) Japanese Mathematician




XL Green B

T.f(x)=e" f(x)= | p,(x.dy) [ ()

1

BB DB l Laplace Zift
G g=(al-A)'g = jooe_“temg dt

0




Transition Probability and Green kernel

p.(x,dy)
i Laplace Transform !

G, (x,dy)=| e p,(x,dy)dt




Riesz-Markov-Dynkin Theorem

' f@)= | pxdn) ()

T =e" :Semigroup

T

{

l Riesz-Markov-Dynkin

p,(x,dy): Transition probability




Riesz-Markov Representation Theorem

(al = A)" f(0)=| 3G, (x.dv)f(»)

(] — A)"' :Resolvent (Green operator)

Riesz-Markov

L]

3

G_ (x,dy):Green kernel




Laplace Transform (Hille-Yosida)

1 A+100

p(x,dy)=—| "G, (x,dy)da
2771 ¥ a—ioo

G (x,dy)= Io e “p (x,dy)dt

p,(x,dy):Transition probability

G _(x,dy):Green kernel




Hille-Yosida Theory (1)

4
I, =e

l Laplace Transform




Hille-Yosida Theory (2)

tA
€

1

272'1 a—1o0

(al —A)"' = IOOO “e dt

[ e (al-4)" da

I

4

“:Semigroup

(al — A4)"'

: Resolvent (Green operator)







William Feller

William Feller (1906-19°70)
Croatian—American Mathematician
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C(f_l) = space of real - valued, continuous functions
on the closure Q= QU
with the maximum norm

o = max o),
xeQ)




Riesz-Markov-Dynkin Representation
Theorem

T,/ (x)= 3! p,(x.dv) f(»), ¥f € C(K)

N
0<p(x,e)<1, VE20,VxeK




Feller 8 (— iR DIH5E)

A family of bounded linear operators

5 10
is called a Feller semigroup if it satisfies

the following three conditions :

()T, =TT, Vt,s>0.

) lim|7,., f=T.f]|=0, ¥/ € C().

B)VfeC(Q),0< f<lonQ=0<T f<1onQ.




1Ll

Hille- S HD A KTEE

The operator
A :C(Q)— C(Q)
generates a Feller semigroup if it satisfies

the following four conditions :

(a) D(A) isdensein C(ﬁ).
(b) 3w € D(A) such that (« —Ayu = f, Vf e C(Q).
() VfeCQ), f>00nQ = (a—A)"' f>00nQ.

(d)|(@—-A)"| < L vaso
a




Green fE®

u=G'f=(@-Ay'f




Strong Positivity

G f(x) = G, (62 f(y)dy
G,(x,y)>0

=
f(x)=20 = G'f(x)>0 strongly positive




The Hille-Yosida-Ray Theorem

Theoperator
A :C(Q)—> C(Q)
generates a Feller semigroup if it satisfies

the following three conditions :

(a) D(A)isdensein C(Q).

(b)3u € D(A) such that (a —A)u = f, Vf € C(Q).

(c) If u € D(A) attains its positive maximum

at apoint x, € Q, then Au(x,)<0.










| K ai
RY, N >3

1.1
class C







et R

2

Au = Z a”’ (x)

i,j=1

xox, + Z; b’ (x)—+ c(x)u
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YRERRI O XTI Dirichlet [t 78

% +dLw=m(x)w—h(x)w" in Qx(0,),

w=0 on 0Qx(0,00),

w|_,=u, in Q.




BBUCET HFH

(1) d >0 (parameter)
(2) m(x) € C(ﬁ) may change sign.
(3) h(x) e C(Q), h(x)>0on Q.







VBRI D A — L Z ifh

i,j=I

dL = —dZ a’ (x)

2

Ox, ﬁx

AREBIIZ[LBrown 1

2 B FDILENE

Nt




m(x) -

(> 0
=0

\<O

(TR & 78 1)
(FR 3L %R %)
(B EMRE)




EAHEBDFZDERR

m(x) >0
(BEEE) mx) <

. |




HFrEF (HARAEX)

h(x)-

>0 (EEHFFY)

=0 (EEHEEL)







ldea Credited to Darwin
(On the Origin of Species)

On the Origin of Species by Means of Natural Selection, or
the Preservation of Favoured Races in the Struggle for Life,
published on 24 November 1859, is a work of scientific
literature by Charles Darwin which is considered to be the
foundation of evolutionary biology.

Darwin's book introduced the scientific theory that
populations evolve over the course of generations through a
process of natural selection.




Charles Robert Darwin

@ Charles Robert Darwin

(1809-1882) English Naturalist, Geologist
and Biologist
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YRERRI O X744 Dirichlet [

%+de=m(X)W—h(x)W2 in €2x(0,),

w=0 on 0Qx(0,0),

w|_,=u, in Q.
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Lu=A(m(x)u—h(xu®) in,
u=0 on 0Q.
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h(x)>0 on Q







Dirichlet Eigenvalue Problem

If m(x) is positive somewherein €2,
then the Dirichlet eigenvalue problem
Lu=/Am(x)u in Q,
u=0 on o2

admits a unique eigenvalue A (m) > 0

having a positive eigenfunction ¢ (x).




m(x) is positive somewhere in €2
—

L = A, (m)m(x)@, in Q,

<@ >0 in Q,

¢, =0 on 0Q




Bifurcation of Positive Solutions
(Dirichlet case)

If m(x) is positive somewherein €2,

then thereis an arc € of positive solutions
(A,u) of the logistic Dirichlet problem

Lu = Z(m(x)u — h(x)uz) in O,
u=0 onoQ

emanating from (4, (m),0).




Bifurcation Diagram
(Credit to Verhulst)

max— m

min- /2

0 | A(m)
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O X T4y Dirichlet 5 RE

Z_Vt‘f +dLw=m(x)w=h(x)w’ in Qx(0,00),

w=0 on 0€2x(0,0),

wl|_,=u, in Q.




Persistence for a Population

(%Lju =m(x)u—h(x)u" inQ,

u>0 1InQ,
u=0 on o




Asymptotic Stability

(Credit to Verhulst)
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h(x)>0 on Q




Ih-

FFRRFEDERIE
(i"ﬁl(iB’*O

Q,(h)={x € Q| h(x)=0]
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RS ED R RS (1)

Lu = /I(m(x)u — h(x)uz) in (),
u>0 inQ),
u=0 on 0Q.




RSt ED RIS (2)

h(x)=0in Q (h)

—

rLuz/lm(x)u in Q| (h),
du >0 in Qj(h),

u=0 on 0Q(h)




LiYx

= FERF R BREETHEE

m(x) is positive somewhere in (/)




Dirichlet [& & {E [ &

Lo=Am(x)p inQ(h),
@>0 inQ,(h),

=0 on 0 (h)

—

A= (€, (h)) >0

N

1, (Qg (h)) = the first eigenvalue of
the Dirichlet problem




fm ST 1B

p(h) = min{ g, (Q (), 1, (R () -4, (24 () )}

@ Dirichlet FIEDE 1B FEIL. FEED
RESITREHIT S,

& —BKRIGERKTIZHITS Dirichlet [
REDE1EFEE—HT S,
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RSt ED F RSB (3)

Lu = A(m(x)u—h(x)u*) inQ,
u>0 inQ,
u=0 on 0Q.

o |A< u(h)




RSt ED F RS (4)

A ERSE

!

<t min (0.2 () (0L )




fRRMETERELEWVESEF

[ZREZAE I
£ T. BBRE
#iBZ CIE{EfE
MNEETHE
2785,

0 A(m) A

lim
AT AT

u(2)

L2<Q>




R ETIEIERET D

u

¢
01 A(m) A
i (D)2 ) = +o0




ST E D ¥

B (1)

Lu = l(m(x)u — h(x)uz) in (),

u >0

in Q.

u=0 on o0Q.

lim
ATA

u(A)

Q)




f ST E D ¥ AT 1T (2)

(1) = u(A)
u(A) L (Q)
hm Jlu( )]z o, =




f ST B D ¥ AT 1T (3)

Hw(lﬂzzgg*w(ﬁ)

U

N

(Lol )=2"m(x)o(A") in Q' (h),
w(A7)>0 in Q) (h),

ka)(/i*) =0 on 0Q 7 (h)
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f ST B D ¥ AT 1T (4)

A7 = 3#1(Qi)(h))

v

A = pu(h)

-in] g (O40) 4 (50014 (2 )




fm ST B D ¥ AT 1T (5)

v

A= pu(h)
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e s 1R &

Z a” (x) axax +Zb (x)

i,j=1 i=1

(1) a’(x)e VM O n L” (R "),
a’(x)=a’(x) for a.a.x e Q and

" < Z aij(x)é:ié:j < ao‘g‘z'

i,j=1

(2)b'(x)e L*(Q).




Yoo ou .. ou
Au= "> ad’(x EY b(x)—+ca(x)u
DY DY Crulll

—_—>
A>—L




YLEL 53 1E B3 (VMO hR)

& 0°u £ ou
Au = ) a](x)axﬁx + > b (x)@

i, j=1 i =1

+ c(x)u

xi
Here:
(1) aij(x)e VM O N LOO(RN),

a’(x)=a’(x)fora.a.x e Q and
1 by y
7‘§ ‘2 = igzlal](x)fiéf < 4 ‘5 ‘2°

(2)bi(x)e L” (R V).
(3) c(x)e L (R")andc(x)< O0Ofora.a.x e Q.
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a’ (x) e VMO




SCHER

BJohn and Nirenberg: On functions of
bounded mean oscillation, Comm. Pure
and Appl. Math. 14 (1961), 175-188

BSarason: Functions of vanishing mean
oscillation, Trans. Amer. Math. Soc. 207
(1975), 391-405




BMO B4k

A function

feL,(R")
is said to be of bounded mean oscillation
(BMO) if it satisfies the condition

|7

1
=S | 1 ()= fydx < o0

f, istheaverageof f over theball B.




VMO BE%K

A function

feL,(R")
is said to have vanishing mean oscillation
(VMO) if it satisfies the conditions

1 (r)=sup

p<r

B‘j /(%)= f

lri?o”?(r) =0




B{RH (1)

(1) L (R") = BMO

(2) BMO N UC = VMO
3 W (R")= VMO, 0<6<I




B{xH1(2)

(1) log‘x‘ e BMO, log‘x‘ ¢ VMO

(2) log[log|x|le VMO
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class C




VMO BE%K

VMO functions are invariant

under C"'-diffeomorphisms.







Feller # D HFETCHE
(Dirichlet §4)



BE & ZE (Dirichlet §&44)

C,(Q)={ueC(Q):u=0 on 6Q}
with the maximum norm

ul, = max|u)]
* =9




Feller 2% (Dirichlet 5544)

A family of bounded linear operators

{Tt}tzo
is called a Feller semigroup if it satisfies

the following three conditions :

()T, =TT, Vi,s>0.

@Um|T,.,f =T,/ =0, Vf € C,(D).

B)VfeC,(Q),0< f<lonQ=0<Tf<1onQ.




¥ E I (Dirichlet 5&14&)

Let N < p <. Wedefine a linear operator
A4:C,(Q) - C,(Q)
as follows :
(a) The domain D(A) is the set

D(A) = {ueW**(Q)NC,(Q): Au e C,(Q)}.
(b) Au = Au, Yu e D(A).

Then A generates a Feller semigroup.







REMESMERARICEDAE
(FEHRBRBDEZR)



He i 53 1F % (VMO ki)

l . 0 °u N ou
Au = a’ (x + b'(x + c(x)u
Y @' () gt B b n) g ()

Here:
(1) a’(x) e VMO n L”(R"Y),

a’(x)=a’(x)fora.a.x e Q and
—le| < 2, a’(x)6g, <Al
i,j=

(2)b'(x)e L* (RY).
(3)c(x)e L (RY")andc(x)< O0fora.a.x e Q.

‘2
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Dirichlet [BlRED) — & A 2T B E
(VMO hfx)

Let N < p<ow. Ifa>0,then
the Dirichletproblem

(A-a)u=f inQ,
‘u =@ on 02
hasasolution3!'u e W *7(Q)for

Vel (Q), Voe B ""7(0Q).

3




Dirichlet [EIRE?) Green {EFAAE

(a—Au=f inQ
u=0 on o€










Dirichlet [ElEE D 2D —ETEE I (VMO hfn)

If afunction
ueW?>»(Q), N< p<owo,
is a solution of the homogeneous problem
((A-—a)u=0 in Q,
‘u=0 onoQ,
then it follows that
u =0in Q.

<
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SCER

MJ.-M. Bony: Principe du maximum dans les
espaces de Sobolev, C. R. Acad. Sc. Paris 265
(1967), 333-336




FERANEDRHE

(Aleksandrov-Bakel’man)

Assume that :

ueC(Q)NI." (Q),

(A—a)u (x) >0 fora.a.x e Q.
Then:

supu(x) < sup max{u(x'),0}.
xell x'eoCd




e
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Assume that

(

ue C(Q) N (Q),
(A-a)u(x)=0 fora.a.x eQ,

m =supu = 0.
\_ Q

Then:
dx, € Q such that u(x,) =m = u(x) =m, Vx e Q.

N




Hopf’s Boundary Point Lemma

Assume that

e C' Q)N 2V (Q),

loc

(4 -a)u (x)Z 0 fora.a.x e Q.

<

JEIx(') e 0Q such that u(x,) =supu =m >0,
Q

u(y)<m, Vye Q.
Then :
ou

—— (x.)<0.
o (x,)
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77)A ) E =
(VMO ki)

<3C (| 4u

+ u

WP (Q) I’ (Q) ) ’

Yu e W>?(Q)nW,?(Q).

s r@

Au = Zaf(x)ax o +Zb (x)—+c(x)u
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SCER

Chiarenza, Frasca and Longo: jpséklvability
of the Dirichlet problem for nondivergence
elliptic equations with VMO coefficients,
Trans. Amer. Math. Soc. 336 (1993), 841-
853.




Calderéon-Zygmund Kernel

A function
k(x):R" \{O}—) R
is called a Calderon-Zygmund kernel

if it satisfies the following three conditions:

(1) k(x)e CT”(R"\{0}).

(2) k(x)ishomogeneousof degree —n.

3) | k(x)do=0.
{xj=1}




Example

h(x)e C” (R"\{0}).

h(fx) = t'"" h(x), Vt>0.
Then :

%(x) are Calderon-Zygmund kernels.

ox,




Laplace fEAHZRXT T HEKRAE (1)
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1 X
N (x)=— ,
l(x) O)N ‘X‘N
[ )
1 1 X
Nii(x):_ - N —
< oy |x[" X[
N X.Xx.
N (x)=-— MV B
z](x) C()N ‘X‘N—2 I # ]
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Calderon-Zygmund Operator (1)

Kf =k« f=3lm|  k(x-»)f()dvel/R)




Calderon-Zygmund Operator (2)

VpeL (R'):
o, f1=0Kf —K(of)=plk* [)—k*(@f)
=3lim|  k(x—y)e(x)—p(»)]f (v)dy

&30 ‘x— y‘>5

in I”(R")




Calderon-Zygmund Operator (1)
-global version-

Assume that a function

k(x,z): R" x (R” \{O}) — R
satisfies the following two conditions :
(1) k(x,o)isaCalderon-Zygmund kernel

fora.a.xe R".

(2) max |07 k(x,z)

‘a‘SZn

< dM < oo,

L® (R"x3)




Calderon-Zygmund Operator (2)

Vpel’(R'):
Kf =3lim|  k(x,x—y)f(»)dy in I"(R").

&0 x—y >&

U f1=3lm)  Keex =)0 =@ p)Lf (n)dy
in [ (R")




Calderon-Zygmund Operator (3)
- local version -

Assume that a function
k(x,2):Qx(R"\{0})> R
satisfies the following two conditions :

(1) k(x,o)isaCalderon-Zygmund kernel

fora.a.x e Q.

(2) max |07 k(x,z)

|05|S2n

< dM < .

L” (QOx3)




Calderon-Zygmund Operator (4)

VpeL (R'):

Kf =dhm

&40 x—y

k(x,x—y)f (y)dy in L7 (£).

Up fl=3lm) KX =y ) =g )]f (v)dy

&0

n Lp (Q)
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ueW,/ > (B), 1< p< o,

N 2
Au = Z a’(x) 0 u

= 0x,0x

a’ (x) e VMO

RY, N>3




77 A FHii =
(R FiThiv)

3p, >0: YueW>"(B,), 0<Vr<p,
—

0’u
Ox,0x ;

<3C ||4,u

Lp(BI") )




FEBISHT DERAE (1)

['(x,?)

1 (2-N)/2
(Z A, (x)tt, ) .

T (N -2)o, \/det(a’(x))
Here:
(Al.j (x)) =theinverse matrix of (aij(x))

272_]\//2

Q) —
Y TI(N/2)

(surfacearea)




F RIS T 2ERHAE (2)

[ (x, t)—g—r(x t)

1

1 -N/2 N
A [.l. A. [ ..
Oy Jdet(a’f(x)) (Z /o j Z o

The functions
82
0t.0

are Calderon - Zygmund kernels in 7.

L(x,t) = (x 1)




IR T HEDRILAI(2)

52
OX, 8x

(x) =

V.p.jB L(x,x—y)

k

M=

=
||

(ahk<y>—ahk<x>)

1

+Ayu(x) j| Lo do

OX, 8x

= (y)+ Aou(y)

a" (x) e VMO
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S
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52
OX, 8x

(x) =

vp.[ T;(xx=) i (" (y)-a" (x))

+Ayu(x) j‘ Lo do

OX, 8x

= (y)+ Aou(y)
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Ca,f1=vp T, (. x—y)(a(y)—a(x)) f()
=lim| T, (ux-y)(a(y)-a) f()
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BAgmon, Douglis and Nirenberg : Estimates
near the boundary for solutions of elliptic
partial differential equations satisfying
general boundary conditios I, Comm. Pure
Appl. Math. 12 (1959), 623-727
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Assume that
a(x)eC“(R"), O<a<l.
Then:
Ve >0, dp, = p,(&,a) >0 such that
0<Vr<p,
It 1y, <l ¥ € 22B)
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O’u
ox,0x

(x) =

M=

vp.[ Ty(6x=p)| D (a" () -d" ()

k

+Ayu(x) j| o do

=
||

1

O°u

Ox,0x

(1) + 4u(y)

a"(x)eC*(R"), O0<a<l
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3p, >0: YueW>"(B,), 0<Vr<p,
—

0’u
Ox,0x ;

<3C ||4,u

Lp(BI") )
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» Chiarenza, Frasca and Longo: W *>” solvability

of the Dirichlet problem for nondivergence
elliptic equations with VMO coefficients, Trans.

Amer. Math. Soc. 336 (1993), 841-853.
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Ca,f1=vp T, (. x—y)(a(y)—a(x)) f()
=lim| T, (ux-y)(a(y)-a) f()
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Assume that
a(x) e VMONL"(R").
Then:
Ve >0, dp, = p,(&,a) >0 such that
0<Vr<p,
(. Ty ) <M s, 9 2B




REFDIRIFRINTES

O’u
ox,0x

(x) =

V.p.jB L(x,x—y)

M=

k

=
||

1

(" (»)—d" ()

+Ayu(x) j| o do

O°u

Ox,0x

(1) + 4u(y)

a" (x) e VMO
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Ap, >0: YueW,/?(B,), 0<Vr< p,

<dC HAOu

L?(B,)

L7 (B,)
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Localization Argument

Bx,r)




VMO BE%K

VMO functions are invariant

under C"'-diffeomorphisms.




AR~ FEX

s

WP (Q)

- dC(¢) H“
g

< ‘v’gHu ()

Yu e W (Q).

LF(Q)°




77)A ) H =

(REAR)
Hu WP (Q) < HC(HAM I (Q) —I—Hu Lp(Q))’
Yu e W>?(Q) W, 7 (Q).
Au = Za’(x) O +Zb (x)—+c(x)u

ox,0x; o

i,j=1




HREINETT)FYFHER
(RRhR)



WMBESN=77)A )X
(VMO k)

<3dC, ||(A —Q)u

war(Q) T T
Yu e W= (Q)nW,"? (Q)

C > 0:Structure Constant

”u r(Q)”’
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VMOZRHB DILF{ERFRDFIE

0°u
Ox,0x

N
dA4u = Z a’(x)
i,j=1

Here:
(1) a/(x)e VMO n L”(R"Y),

(2)a’(x)=a’(x)fora.a.x € Q.

(3) e[ = X atgg, < alel




JFEHEAEDFHE

IweW>?(Q), N < p <o,

is a solution of the homogeneous problem
(4, —a)w=0 in O,

w=0 onoQ,

1.

/\.

W —
kH WP (Q)

»

fEO—EMEEIZRT S




Dirichlet IRED 2D —E. 14 F E (VMO ifv)

If afunction
ueW?>»(Q), N < p< o,
is a solution of the homogeneous problem
((A-—a)u=0 in Q,
‘u=0 on 0,
then it follows that
u =0in Q.

4
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jim]m

Dirichlet BAIREDEED FIEEE
(VMO ki)

Let N < p<ow.Then the Dirichlet

problem
(A—-—a)u = f in Q,
u =0 on 0

has a (unique)solution
JueW > Q)n W, " (Q)
for Vf e L"(Q).




VMOZRE D I 51Em 2
(Friedrichs XL fEA =)

ForVae VMO,
da, =ax*p, € Cw(RN)m VMO
such that

ag—aH*—>O as ¢ v 0




FRIEILEER R

A Za” (x) Zbl (x)7+c(x),

= 8x8x =

a'(x)=a" * p, (x)e C* "VMO




a5 VF == (— BRaEBthiR)

0%u

x,0x

Bu:Z a’(x) +Z,B (x)—+ 7 (x)u

Here :
(1) a’(x)e C (5) a’(x)=a’(x),Yxe Qand

1 2 - i 2
s 3 s, < Gl

(2) B'(x)e L (R™).
(3) y(x)e L (RY)and y(x)< O0Ofora.a.x e Q.
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Dirichlet [IRED — &, Al 214 T E
(—HREHTRR)

Let N < p<w. Ifa>0,then
the Dirichletproblem

(B-a)u = f in Q,
‘u=¢ on o0
hasasolution 3'u e W > (Q)for

VfelL’(Q),Vope B """(0Q).

<




|

LRIEILBIERRISH T 5B DFR

Vfel’(Q),Iu, e W (Q)nW, " (Q)
such that

(A —a)u, = f InQ,
u_ =0 on 0Q.
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BB ENT=7 T A

i,

(VMO ki)
WP (Q) < EICa ‘(Am — a)um e
— HCC{ ‘f LP(Q) 9

Vu, € W3 (Q) AW (Q)

C_ :Structure Constant
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Eberlein-Shmulyan Theorem

® A Banach space X is reflexive if and only
if every strongly bounded sequence
contains a subsequence which converges
weakly to an element of X.

X:=w*"(Q), N<p<w




Rellich-Kondrachov Theorem

The injection
WP (Q) > W (Q)

IS compact.




3T 4L 4% 0D 53 LR 2R %

Ny —Y 53 e WP (Q)N W, (Q)

and

(A—a)u=f in Q,
u=0 on 0Q.

+Zb’

x@x =

A= Z a’ (x)

i,j=l1

a’ (x) e VMO
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Fredholm D3 X EE

The index of the operator
(A—a,y,) WP (Q) = L' (Q)x B>""? (6QY)

is equal to zero.

HO—EY < #BOFE




FRO—EMHIXEIZKIIT S

(A-—a)u=0 in Q,
7ou =0 onoL

= u=01n .




Dirichlet [E]RE D — & B f# 14 7 3 (VMO ki)
MEILT S

Let N < p<ow. Ifa >20,then
the Dirichletproblem

((Ad-a)u=f inQ,
‘u=¢ onJdQ
hasasolution 3'u e W > (Q)for

VfelL’(Q), Ve B> """(0Q).

3







FTEE

(Dirichlet §&44)

Let N < p <oco. Wedefine a linear operator
A:C(Q) > C,(Q)
as follows :
(a) The domain D(A) is the set

D(A):={ueW**(Q)NC,(Q): Au € C,(Q)}.
(b) Au:= Au, Yu € D(A).

Then A generates a Feller semigroup.




Green BH %I
(Dirichlet k%)



Green fEAH®

Dirichlet [ =8

(a —A)v=f in Q,
v=0 on 0Q
ZBATC,.—BEHNETHET

vi=Glf =(a—4)"f
E5<,

3




(Dirichlet i)

Hille- S HD EE

The operator
4 :Cy(Q) - C,(Q)

generates a Feller semigroup if it satisfies

the following four conditions :

(a) D(A)isdensein C, (5).
(b)Au e D(A)s.t.(a— ADu = [, Vf € C,(Q).
()VfeC,(Q), f200nQ= (a—A4)" f>00nQ.

@DW&—AYWSL,Va>Q
a




Green fEFHEDIEE

The Green operators
G’:C, (Q)> Cy(Q), Ya>0

arenon - negative.

v/ eC\(Q), f>200nQ= G’ >00nQ.




Non-Negativity




X KIEDRE

(Bony)

Assume that
ueW™(Q), N<p<om,
(A-a)u (x) >0 a.a. xe(

—

u(x)may takeits positive maximum only on o€2.




Z A I8 =E (Bony)

Assume that

ueW?>»(Q), N< p< oo,

dx, € Q such thatu(xo):supu =m > 0,
Q

N

u(x)<m, VxeQ.

Then:

VYV (x,), IM <V (x,) with |[M|>0:
(u;.(x))é 0, Vxe M.




Green {fERAZE D fE/ME

The Green operators
G°:C,(Q)> C,(Q), Ya >0

are contractive.

”Gg <—, Va>0.

1
o




T ORE

Thedomain D(A4) is dense in Co(ﬁ):
aG u—u”- , Yuce Co(ﬁ)

lim

a —> +o

Gou=(a- A)_1 ueD(A)
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e s 1R &

Z a’ (x) x@x +lz;b (x)

i,j=1

Here:
(1) a?(x)e VM O n L* (R "),
a’(x)=a’(x) for a.a.x e Q and

ay 5] < Y a6, < a5

i,j=1

(2)bi(x)e L*(Q).




O X744 Dirichlet (5] &2

Ga_vtv +dLw=m(x)w—h(x)w’ in Qx(0,0),

w=0 on 0Qx(0,00),

w|_,=u, in Q.




BBUCET HFH

(1) d >0 (parameter)
(2) m(x) e C(ﬁ) may change sign.
(3) h(x) e C(Q), h(x)>0on Q.
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O X744 Dirichlet 51 RE
(7 & 1KEE)

Lu=A(m(x)u—h(x)u*) inQ,
u=0 on 0Q.




BBUCET HFH

(1) A>0
(2) m(x) e C(f_l) may change sign.
(3) h(x) e C1(Q), h(x)>0on




Verhulstd)
AN EEm



NBLIATERRENAIHE

h(x) >0 on O







Dirichlet Eigenvalue Problem

If m(x)is positive somewherein ),
then the Dirichlet eigenvalue problem
Lu=Am(x)u in Q,
u=0 on o)

admits a unique eigenvalue A (m) > 0

having a positive eigenfunctiong (x).







Bifurcation of Positive Solutions
(Dirichlet case)

If m(x)is positive somewhere in Q,

then thereis an arc € of positive solutions
(A,u) of the logistic Dirichlet problem

Lu = l(m(x)u — h(x)uz) in (2,
u=0 on 0Q

emanating from (4, (m),0).




Bifurcation Diagram
(Credit to Verhulst)

max— m

min- /2

0 | A4(m)
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Crandall-Rabinowitz

& 0D 53 5 B2 5



SCER

 Crandall and Rabinowitz: Bifurcation
from simple eigenvalues, J. Functional
Analysis 8 (1971), 321-340.

- Hess and Kato: On some linear and
nonlinear eigenvalue problems with an
indefinite weight function, Comm.
Partial differential Equations S (1980),
999-1030
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Crandall-Rabinowitz Theorem (1)

Let X,Y be Banach spaces

V' aneighborhoodof O in X
F:(-LL)xV — Y anonlinear map
Assume that :

(i) F(¢,0)=0, |t|<1

(1) dF,, F_, F,_ are continuous.
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Crandall-Rabinowitz Theorem (2)

(iii) dim N(F.(0,0))=codim R(F.(0,0))=1
(iv) N(F,(0,0)) =span | x, | = F, (0,0)x, & R(F,(0,0))
(algebraical simplicity)




Crandall-Rabinowitz Theorem (3)

Fz{(t,x) e RxX :F(t,x) =O}

N

1 = {(t,())},

I
I, ={(p(a),ax, +ay(a))}, p(0) =0,y (0)=0




BOBRARFAT I 5L

X

[, (JEE

B #% )

I, (BEA#E)

Fz{(t,x)eRxX:F(t,x) =O} =1 Ul
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Lu = i(m(x)u — h(x)uz) in (2,
u=0 on 0Q.




Dirichlet Eigenvalue Problem

If m(x) is positive somewhere in €2,
then the Dirichlet eigenvalue problem
Lu=/Am(x)u in 2,
u=0 on 0Q

admits a unique eigenvalue A (m) > 0

having a positive eigenfunction ¢ (x).
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Function Space
(Dirichlet case)

C(Q)=fueC():u=0 on &Y
with the maximum norm

], = maxu ()]
* xe




Positive Cones (1)
(Dirichlet case)

Yzco(ﬁ)z{ueC(ﬁ):uzo onaQ},

Pyz{ueCO(ﬁ):MZO inQ}




Positive Cones (2)
(Dirichlet case)

X=C(Q)={ueC'(Q):u=0 ondQ),

PX:{ueC(l)(S_)):MZO inQ}




Positive Cones (3)
(Dirichlet case)

X:C;(ﬁ)z{uecl(ﬁ):uzo onagz},

Int(PX):<ueC(1)(5):u>O inQ,g—u>00n8§2
n

\.

\

J
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Example

u € Int(P,)
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Main Theorem (Dirichlet case)

Let N < p <. Wedefine a linear operator
L:C,(Q) > C,(Q)
as follows :
(a) The domain D(L) is the set

D(L):={ueW*"(Q)NC,(Q): Lu € C,(Q)}.
(b) Lu:=Lu, Yue D(L).

Then L generates a Feller semigroup.




Unique Solvability Theorem (Dirichlet
case)

Let p > N. We can define a densely defined,

closed linear operator
L:Cy(Q) > Cy(Q)
as follows :
() D(L) = {u e W>"(Q) "I, " (Q): Lu € C,(Q)].
(b) Lu=Lu, Yu e D(L).
Then L:D(L) > C, (5) is isomorphic.




Operator Equation (1)

Lu = Z(m(x)u — h(x)uz) in
u=0 on 0Q

N
Lu=AF(u),
Fu)=m(x)u—h(x)u’




Operator Equation (2)

Lu = Z(m(x)u — h(x)uz) in (2,
u=0 on 0Q)

N
Lu=AFu), ueD(L)

N

u=AL"F(u), ueC\(Q)
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Yzco(ﬁ)z{ueC(ﬁ):uzo onagz},

PY:{ueCo(ﬁ):MZO inQ}

X =Cl(Q) = {u e C'(Q):u=0 on aQ},

Int(PX):{u e Cé(ﬁ):u >0 in Q,g—u>00n 02
n

|




Resolvent Operators
(Dirichlet case)

Theresolvent
L':'Y > X

is strongly positive.

L (P, \{0})c Int (P, )
X = Cy(Q)
Y = C,(Q)




Strong Positivity




Hopf Boundary Point Lemma

Assume that

(e CH Q)N (Q),
<

loc

(L +¢&)u (x)S 0 fora.a.x e Q.

(Elx(') e 0Q such that u(x,) =supu =m >0,
Q

u(y)<m, Vye Q.
Then :
ou

— (x.) < 0.
o (x)




Operator Equation (3)

Lu = A(m(x)u—h(x)u*) inQ,
u=0 on 0Q

N

u=AL"F(u), ueC, (ﬁ)
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Multiplication Operators
(Dirichlet Case)

Theoperator

LM :C,(Q)

is compact.

M=m(x)e !

- Cy(Q) > C(Q)

(Ascoli- Arzela theorem)

Cl(Q) ={u e C'(Q):u=0 on aQ}
C,(Q) ={u cC(Q):u=0 on aQ}
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Tosio Kato

& Tosio Kato
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Analytic Perturbation Theory (1)

m”(x)=max {m(x),0}




Analytic Perturbation Theory (2)

L (m(x)—1t)u = pu, —oo< Vit <1

1

,UZT




¢t = max m*(x)
xe)

L' (m(x)—t)u=puu, —o<Vt <t




Analytic Perturbation Theory (3)

(1) g,(m —t) isrealfor ¢z = 0.
(2) Thereal eigenvalue must have

the largest real part.




Analytic Perturbation Theory (4)

4y (m— 1) =g, (m) + (1)’

r : the algebraic multiplicity of s (m)
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(1) r (X1EZ0TEELY,
(2) r [& 3 LLEDIFELTARLN,

J

r =1




Simplicity of Eigenvalues (1)

1

1, (m—1) =g, (m)+ (+1)" +---

>

,(m—t)isreal for ¢ # 0
—

7 1S not even




Simplicity of Eigenvalues (2)

risodd >3
i

1
u(m—1t)=pu(m)+t"+---, t<0




Simplicity of Eigenvalues (3)

risodd >3
i

1

t(m— 1) =4, (m) + (1) +-, 150




Simplicity of Eigenvalues (4)

The real eigenvalue must have
the largest real part
—

=1

>

4 (m =1) =g, (m) £ 1+




Simplicity of Eigenvalues

(1) Theoperator
L'M :C,(Q)—> C,(Q)
has aunique positive eigenvalue
1
A (m)

with a positive eigenfunction.

p,(m) =

(11) ,(m) is an algebraically sim ple

eigenvalue of L 'M .




max— m

min- /2

Bifurcation Diagram

(Dirichlet Case)

A (m)

1 1

< <
A A (m)







