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Abstract

A new nonparametric density ratio estimator using the beta kernel is proposed. It is shown
that the beta kernel density ratio estimator (KDRE) is free of boundary bias, and the
asymptotic properties of the beta KDRE are derived. Simulation studies are conducted to
illustrate the finite performance of the beta KDRE.
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1. Introduction

Let {Xi,...,X,} and {Y1,...,Y.,} be random samples drawn from distribution functions Fx
and Fy with densities fx and fy, respectively. Cwik and Mielniczuk (1989) suggested, assuming

n = m, a nonparametric estimator of a density ratio g(x) = fx(z)/fy (z);

3@ =1 [ K<ﬁy’n(x>;ﬁy’”(t)>dFXn hZK<FY" hfy,nm))’

where K is two times continuously differentiable kernel function with a support [— A, A] for some

A >0, h = h, satisfies h — 0 and nh?/logn — oo as n — oo, and ﬁxm(x) =n" 'Y Xixi<a)
and F\Y,m(:p) =m! > 721 X{y;<z) are the empirical distribution functions with the indicator
function y. The Cwik-Mielniczuk kernel density ratio estimator (KDRE) /g\,(lK) is motivated by
9(x) = fx(v)/fy(x) = fr,(x)(Fy(z)) and the kernel density estimator (Rosenblatt (1956) and

Parzen (1962)) of fx;

gi(zK)(x) _ fl(?[:zX), (Fy - Z ( FY(X ))

is an (infeasible) estimator of g(z), where unknown Fy is replaced by Fy, in the Cwik—
Mielniczuk KDRE. Chen et al. (2009) discussed the asymptotic properties of the Cwik—Mielniczuk
KDRE, but also an indirect KDRE /}Kh) (a:)//yz) (x).

If the support of fx is finite or semi-infinite interval, then the Rosenblatt—Parzen kernel

e = o e (55

That is,

density estimator ﬂ(Kh) is not consistent near the boundary, since its boundary bias is O(1) (e.g.,
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Wand and Jones (1995; Section 2.11)). Unfortunately, the Cwik—Mielniczuk KDRE inherits the
boundary problem, regardless of the supports of fx and fy, since 0 < Fy,,(X;) < 1. Gijbels and
Mielniczuk (1995) discussed the boundary problem of the Cwik-Mielniczuk KDRE. In order to
avoid the problem, Cwik and Mielniczuk (1993) and Gijbels and Mielniczuk (1995) considered
applying the reflection method which was originally developed for the Rosenblatt—Parzen kernel
density estimator (Schuster (1985)), i.e.,

2K ) = 771h Z: { . (ﬁyvm@:) - ﬁy,m(Xi)> K <ﬁy,m(x) + ﬁy,m(xi)>

h h

+K<ﬁy,m(z) + iy,m(xi) - 2) }

In this paper, we consider a new nonparametric density ratio estimator using the beta kernel

(B) ulle/b+c1(1 _ ul)(l—u2)/b+cz

K =
beses (11 42) B(ug/b+ci+1,(1 —u2)/b+ca+1)

0<wup,up <1, cp,c0>—1,

which was originally used for estimating a density with support [0, 1] by Chen (1999), i.e.,

where B(p,q) = fol uP~(1 — u)9 du is the beta function, b = b,, is a smoothing parameter.
This paper is organized as follows. In Section 2, the (boundary) bias of Cwik-Mielniczuk
KDRE is derived. In Section 3, the beta KDRE is introduced, and its asymptotic properties
are investigated. Simulation studies are conducted to illustrate the finite sample performance
of the beta KDRE in Section 4. Section 5 summarize this paper. The proofs are presented in

Appendix.

2. Boundary bias of Cwik—Mielniczuk KDRE

In this section, the boundary bias of the Cwik-Mielniczuk KDRE is revealed. For this, we

impose following assumptions:

Al {Xy,...,X,} and {Y1,...,Y,,} are random samples from unknown densities fx and fy,

respectively, with support S, where m = m,, satisfies m — oo as n — oo.

A2, g(x) = fx(z)/fy(z) is twice continuously differentiable on S.

Theorem 1 Let m = n. Assume that h = hy,, > 0 is a smoothing parameter satisfying h — 0



and nh?/(logn)? = O(1) as n — oo. The bias of the Cwik-Mielniczuk KDRE is given by

Fy @)/h logn\Y? logn
g(;v) /—AA K(z)du1}+0(h+< - 122 + nh2>’ Fy (z) < Ah,
_ ‘%ﬁﬂw) Az%qzmu+oaﬂy+o<<bi”> +t§;), Ah < Fy(z) <1— Ah,
A logn 1/2 logn
g(x){/(le(x))/h K(z)du — 1} + O<h+ ( - ) +o >, 1 — Ah < Fy(z),
where
) = B @) 3RO @A) + 3@ (R @)~ fx @y @R )

{fy(=)}

Proof The stochastic expansion of the Cwik-Mielniczuk KDRE enables us to see that

Fy(z) — Fy(X,))

3 (@) = g (@) +

nh? 4

1;@%@—@%@—R®+R@mﬁ< -

+ﬁ ;{ﬁxn(f) - F\Y,n(Xi) — Fy(z) + FY(XZ')}Z

Y (ELLCETIE 01 Fyn(2) - ﬁy,n<X¢>})
h
~(K)

=g, (z)+ 2+ J3 (say)
for some # € (0,1). Chen et al. (2009) showed E[J; + J3] = O({(logn)/n}'/? + (logn)/(nh?)).
Furthermore, it is easy to see that

Bl = 7 [ (B

-1/ 1K<W)9<Fyl<u>>du

min{A,Fy (z)/h} min{A,Fy (z)/h}
= g(x) / K(z)du — hvyi(x) / 2K (z)du

—min{A,(1-Fy (x))/h} —min{A,(1-Fy(x))/h}
h2 min{A,Fy (z)/h}
+7x@/' 2K (2)du + o(h?),
2 — min{A,(1—Fy (z))/h}

where

@i (@) - Fx@) R (@)
(=) = RO |

Theorem 1 means that the bias of the Cwik—Mielniczuk KDRE is O(1) near the boundary or
tail of the density ratio (Fy(x) < Ah or 1 — Ah < Fy(z)), even if S = (—00, 00).

O

3. Beta kernel density ratio estimator

Throughout this paper, in order to derive the asymptotic properties of the beta KDRE defined

below, in addition to Assumptions Al and A2, we impose a following assumption:



A2. b =b, > 0is a smoothing parameter satisfying b — 0 and mb?/(logm)? — co as n — oo.

Now, we define the beta KDRE
By _ 1N e(m 5
37@) = = S K(Frn(X), Fym(@)), 2 €8, 1)
i=1

where K(uy,uz) = kP

boe(t1, u2) with ¢ > —1. Also, we use the following subsets of S, in order

to specify the boundary and interior region;

Sir={zeS|0< Fy(x) <1}, Sp={reS| Fy(zx)=0,1},
Sip={r €S| Fy(x)/b—o00,(1 - Fy(x))/b— oo},
Sppy={r eS| Fy(z)/b—=ror (1—-Fy(z))/b— K},

where k > 0 is a constant.

The proofs of all Lemmas and Theorems are postponed to Appendix.

3.1. Asymptotic properties

The stochastic expansion of the beta KDRE (1) enables us to see that

37 ) = SRR (X0 By (0) + 5 > By (X0) = Fy (X (Fy (X0), - (2)
=1 =1

n

noo 1 2 2
S Frn(o) - @B (X0 Ar@) + 2 3 [(1=0) 30 Y Ry
=1 =1 7=1 k=1

- glEB)(m) +hi+Z,+ R (say),

where IC;(u1, uz) = 0K (u1,u2)/0u; and

Rk = {Fym(X:) = Fy (X))} { By () — Fy ()} T2
XK (Fy (X;) + H{ﬁY,m(Xi) — Fy(X;)}, Fy (x) + Q{ﬁy,m(az) ~ Ry(2))),
with ICM(UI’ UQ> B 8lcj(u1’ u2>/6uk' Note that g(EB) (w) is an (infeasible) estimator of g(m) (See

Lemmas 2 (i) and 4 (i) below for the bias and variance of §£B) (x)). Here, it is easy to see that

BT = BIE[Fyn(X1) = Fy (X1) | Xa]Ka (Fy (X1), Fy (2))] = 0,

E[Zo] = E[E[Fym(z) — Fy (2)| X1]Ka (Fy (X1), Fy (2))] = 0.
Therefore, in order to derive the bias of the estimator (1), it is sufficient to derive E[ﬁéB) ()]
and E[R].

Lemma 2 (i). We have
B[g,” (2)] = g(x) + bB(x) + o(b),
where

B(z) = (¢ +1)(1 = 2Fy (z))n(z) + %FY(w)(l — Fy (z))y2(x).

4



(ii). For any constant ¢ > 1, we have

B[R] = 0<1°gm>.

mb

Lemma 2 immediately yields the following theorem.

Theorem 3 For any constant ¢ > 1, the bias of the estimator (1) is given by

Bias[g\” (x)] = bB(x) + o(b) + O <1°7j'°; ;”) .

Theorem 3 means that the estimator (1) is free of boundary bias.

Next, in the spirit of Cwik and Mielniczuk (1989), we rewrite Z; and Zo, as follows;
— [{Frn(s) = B} (Fy (). By () Fca(s) ~ Fx ()
+ 199 = 6 HFrns) = Fr (Dr(Fy (5), By (0)dFy ()
+9() / {Pyan(s) = Fy ()1 (Fy (s), Fy (@))dFy (5)

=T +Zis+7T13 (say),
Ty = {Fym(w) — FY(Q?)}/’C2(FY(S)7FY(x))d{ﬁX,n(S) — Fx(s)}
H{Brn(e) = Fr(@)} [ {o(6) = g0 Hal B (5), i (0)dFy ()
+9(2){Fy,m(z) —FY(ﬂ?)}/’Cz(FY(S)vFY(ﬁ))dFY(S)

=To1 +ZTo2 +Zoz (say),

where
1 m
o = —g(0){ £ 3 K(F (), Fr (0) — EIK(Fr (1), Fr ()]
j=1

1
Tos = g(x){Fym(z) — Fy(z)} /0 Ka(u, Fy (x))du = 0,

since fol Ka(u,t)du = 0 for any t € [0,1]. Note that Z;3 is independent of @'ISB) (). The following

lemma is important for deriving the variance of the estimator (1).

Lemma 4 (i). We have

z)V(x 1
g(n?)l/g){l +o(l)} + O(ﬂ), z € Sy,

Var[ﬁ(B) (z)] = z)v(k
b g(T)Lb(){1+O(1)}+O<’r1L>’ T €SB

where

I'(2k+2c+1)

V(z) = 271{7TFY($)(1 - FY(x))}ilﬂa v(k) = 22“+20+1F2(/<c T e+ 1)'




(ii). We have

(iii). We have

E[Z3] = o<mllb2>, E[Z3)] = 0(%), E[Z3] = o(nwllm), E[Z3,)] = 0<;).

(iv). For any constant ¢ > 1, we have

(log m)* >
O S
B[R] = <m%5/2{F L= Fy (o) 75
T o floemPy s
m2b3 T € OBp-

Lemma 4 yields the following theorem.

Theorem 5 For any constant ¢ > 1, the variance of the estimator (1) is given by

Var(®) ()] = e nig/)2>9($)‘/(w){1+0(1)}+O<:L+;>, e S,
% + gTSjb))g(x)v(ﬁ){l +o(1)} + O<71L + ;), z € Spy

The asymptotic normality of the estimator (1) is derived, using the following lemma.

Lemma 6 We have

(nb/)12GP) () — Blg” ()]} 5 N(0, g(@)V () for fized x € S1,
(nb)/*{g,”) (x) — B3, ()]} 5 N(0.g(x)0(0))  for z € Sp,
(mb2)2T15 4 N (0, 2(2)V (x))  for fived z € Sy,
(mb)!*Z13 5 N(0, g*(x)0(0))  for z € Sp.

Theorem 7 If m = [Cn] for some constant C' > 0, then,

(nb*)2{g,” (2) — E[g,”) (2)]} 5 N(0, (L+ Cg(@))g(@)V (2))  for fized o € 5,
(n)"/2(5,” () — B[g") (2)]} 5 N(0, (1 + C ™ g(2))g()v(0)  for x € Sp.

From Theorems 3 and 5, the mean squared error (MSE) of the estimator (1) is given by

) by 1,1
B - AMSE[g,”/(x)] + o( b” + SYE + mbl/2> for fixed z € Sy,
MSElg, " (z)] = () 1 1
AMSE[g,” (2)] + o b + — + — for x € Sp,
nb ~ mb



where

1 glx
v {B(x)}? + 17 + ml(yl/)2>g($)v($) for fixed z € Sy,

L g

AMSE[/Q\l(,B) (z)] = B+ (& + >g(ﬂ$)v(0) forzeS
nb ~ mb o

It follows that @53)(1’) converges in mean square to g(z), hence, ’g\éB) (z) 2 g(x). Note that

44/5 {B(x)}*5{V(2)g(x)(1 + g(2))}*°n=4> for fixed z € Sy,

min AMSE[G\? (z)] =
i b %{B(aﬁ)v(o)g(@(l +g(2)) /328 for z € S,

which means the MSE of the estimator (1) for x € Sp is slower than that for z € S;. However,
such a different rate phenomenon has a negligible impact of the weighted mean integrated
squared error (MISE); MISEy, g, A(B fs{gbB) (z) — g(x)}2 fy (x)dx, as follows.

Theorem 8 the weighted MISE of the estimator (1) is given by

B B L !
MISEfY [glg )] AMISEfy [915 )] + 0<b2 + nbl/2 + 7nb1/2>’

where

AMISEy, [gv7)] = v / B%(x) fy (z)dx + b~ /2 /
S S

(i N M)wx)fx(a:)dx- 2)

m

The AMISE (2) is minimized by

ie.,

1/5 4/5
min AMISE, [55"”] = 45/5{ / BQ(w)fy(w)dw} { / (i " t"fj)) V<x>fx<x>d:c}

= O(n~4° 4+ m=4%).

The optimal convergence rate O(n~%°4m=%/%) is equal to that of the AMISE of fq\}(lKR) (Cwik
and Mielniczuk (1993)), when m = n.

4. Simulation studies

In this section, by simulation (with 1000 repetitions), the finite sample performance of the
beta KDRE §ISB) with ¢ = 1.001, 2,3 was compared with other KDREs @(L ) and g( ®) Bach
smoothing parameter b (or h) was so selected as to minimize the objective function of the least

squares cross-validation

Z 2 Zn (B
LSCV { b Yl 2 - E 9157—)Xk (Xk)v
k=1



where

B
915 )Xk(x) = n—1

n R R (B 1 n R .
> K(Eyn( X, Fran(@), Gpyy (@) = = > K(Fyn,-vi(X), Frn, v (@)
itk i=1

are leave-one-out estimators with

Fym -y, (@ 7ZX{Y <a}
J#
(For choosing h of /g\,(lK) or /g\,(ZKR’), /g\l()B_)Xk and LZ]\IEBL)Yl are replaced with the corresponding leave-

one-out estimators). The weighted integrated squared error (ISE); [¢{gs(z) — g(2)}* fy (x)dx

was computed for each simulated sample of n = 100, 200, 300 according to three density ratios

9(x) = fx(z)/fy(x):

Xz . 2
A fxle) = <= e{ - (+2°5)}
1 z+0.5)2 1 (x —1)2
fr(z) = 2[ { 5 } + 27 (08)? eXp{_2(0.8)2 H, —00 <z < 00,
1 292 790/(0.5) 3.21?46796/2 1 xefx/(O‘S) 1‘4671/2
B x(@) = 1osrae Tawre W T3 {(0.5)%(2) T () ] 0=z <o,
C. fxl(z) = x (1—:5) fy () = 127(1—2) 4251 —2)12 0<z<l.

" B(8,2) 5 B(8,2) 5 B(7,13) '

Table 1 shows that the average weighted ISEs decreased, as the sample size n increased. In
all cases A—C, the average weighted ISEs of the beta KDRE were smaller, as ¢ was closer to
one, except for the small sample size n in the cases A and C. Hence, we pay attention to the
comparison among the beta KDRE with ¢ = 1.001 and other KDREs. In the case A, the beta
KDRE was worse than g( R) (better than ﬁéK)). However, in the cases B and C, the beta KDRE

outperformed the others when n = 300. Therefore, the beta KDRE was comparable to /g\gKR).

5. Conclusion

The beta KDRE has been proposed and studied. It has been shown that the beta KDRE, differ-
ent from the KDRE proposed by Cwik and Mielniczuk (1989), is free of boundary bias, and that
the (weighted) MISE of the beta KDRE achieves O(n~%/°+m~%/), choosing optimal smoothing
parameter b. Furthermore, through the simulation studies, the finite sample performance of the
beta KDRE has been illustrated.
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Table 1: Average weighted ISEs.

The bold-faced number indicates the smallest average weighted ISE in each row.

5 (@) g @) g, @)
n ¢=1001 ¢c=2 ¢=3

A 100 0.1115  0.1015 0.1050 0.0656  0.1334
200  0.0577  0.0562 0.0582 0.0332  0.0879

300  0.0416  0.0437 0.0444 0.0275 0.0724

B 100  0.2863  0.2937 0.2973 0.2806  0.2967
200 0.2239 0.2321 0.2386  0.2250  0.2492

300 0.1958 0.2020 0.2079  0.2002  0.2255

C 100 0.7868  0.7846 0.7305 0.8792  0.6930
200  0.4529  0.4564 0.4716  0.5603  0.4392

300 0.2905 0.3375 0.3484 0.3115  0.3191

Appendix. Proofs
Let ¢(z) =T'

o Y(z+1)=9(z) +1/z

(2)/T'(2) be the digamma function. Note that

o —1/2 < z{log(z)

k—1) &
® Tk T gkt < (=

et al. (2010) and (¥

—Y(z+1)} <0 for z > 0 (Theorem 3.1 of Anderson et al. (1995)), and

kE—1)!
( o ) for z > 0 and k € N (Lemma 3 of Qi
)kk!/zl’H'l)

DF LR (2 +1) <
Nz +1) =W (2) + (-1

will be repeatedly used in the proofs below. Also, we have

t+bc 1—t+bc
U 1—u

Ki(u,t) = K(u, t)b<
Ko (u, t) = K(u,t)i{log(u) - w(é te+t 1) —log(1 — ) +¢(1;t te+t 1)}

- C 2 C — C
oot K (£ LS b st

Kia(u,t) = 12[<t+bc 1_1t_zbc>{log(u)—w(z+c+l)—log(l—u)—i—w(lb_t—i-c—i—l)}
" 1—u>]

Kaa(u,t) = ;2[{ <b~l—c—|— >—log(1—u)+w<1;t+c+1>}2
{1/1/<b+c+1>+1/1(+c+1>}]

where

1
//Ck,k(u,t)du:() for k =1,2.
0

1 1
/ K(u,t)du = / Kr(u,t)du =0
0 0



Lemma A.1 For any ¢ € [0, 1], we have
t/W—QKWJMu:Mc+D@—2ﬂ+O®%
/(u — )2 K (u, t)du = bt(1 — t) + O(b?),
(/m—waWJMU—(XW)

Proof Use

t k)b} - {t 1)b
[ i = L ek e
© {1+ Q2c+Ek+1)b}--- {1+ (2c+2)b}
for any natural number k. [J
Lemma A.2 (i) and (ii) are slight generalization of Lemma A.3 (i) and (ii) of Igarashi (2016).
Lemma A.2 (i). For any constants ci,ca > 0, we have
sup sup KIEB) (u,t) < sup sup KISB) (u,t)

C1,C2 ,C1,C2
tel0,1] uel0,1] te[—bci,1+bea] ue(0,1]
=b"H1+b(cr +ea+ 1)}

(ii). For anyt € (0,1) and constants c1,co > 0, we have

b= Y2(1 4 bley 4+ o+ 1))(1 4 bley + ¢2))'/?
b,c1,c2

K(B) t) <
e T 4 b

(iii). For any constant ¢ > 0, we have

sup sup |Ki(u,t)| < b 21 4 b(2¢c + 1)}(1 + 2bc).
t€[0,1] u€l0,1]

(iv). For any constant ¢ > 0, we have

1 1+ 2bc
sup sup |Kao(u,t)] < b {1 +b(2c+1 {2(1+>+}.
te[o,uue[o,u' 2(u. ) { ( ) c 2¢(1 + be)

(v). For any constant ¢ > 1, we have

sup sup |Kp1(u,t)] < 2673(1 4 2bc){1 4 b(2¢ + 1) {1 4 b(2¢ — 1)}.
te[0,1] uel0,1]

(vi). For any constant ¢ > 1, we have
sup sup |Ki2(u,t)]
t€[0,1] uel0,1]
14 2bc 1 1
2914+ ——— > (1 + 2b 211+ —— )1+ - J{1+b(2c—-1
{ +26(1+bc)}(+ ¢)+ <+c—1><+c>{+(c )

14 2bc
c(1+ be)

<31+ b(2e+1)}

{1+b@c—1ﬂr

10



(vii). For any constant ¢ > 1, we have

sup sup |Kaz2(u,t)]
t€[0,1] uel0,1]

< b—3{6(1 + i) (1 + i) (1 + (Ci 1)> + jc(;(;rfzcc); +2¢'(c + 1)}{1 +b(2¢+ 1)},

Proof Note that, for any constants ¢y, co > 0,

t + bey
KB (uty=rg® [——TFL 4
uzl[g)n ber ez (Ur ) bere\ 1+ b(er +c2)” )’

pB(p,q) = (p+q)B(p+1,q), and |log(u)| < u+u~! for u > 0. Also, we have

log(u)—w<z—|—c+1> —log(l—u)%—@/}(l;t%—c—l—l)‘

_ '1og{m}+1og<2+c) w(2+c+1> log(lguc) +w<1;t+c+1>‘
w(l—t+be) (1 —u)t+be) b b

S Ui+ Tl —t1be) T2+ T2l —t+be)
u(l—t+bc) (1 —u)(t+be) 1+ 2bc
“(1—w)(t+bc)  u(l—t+bc)  2¢(1+0be)

It is well-known that ¢ (z) is strictly increasing and concave for z > 0 (hence, ¢/(2) is positive

and strictly decreasing).

(i). Theorem 3.2 (2) of Anderson et al. (1995) enables us to see that

sup Klgjfl) o (U )
wel0,1]
Cettreter(1/bt o +e+2)  (t/b+c)/ta (1 — ) /b + cg)1—t)/bFez

(1/b+ c1 + cg)V/bterter et/bra(t/b+ ¢ + 1) ed=D/b+e2D((1 — 1) /b+ g + 1)

is strictly log-convex for t € [—beci, 1 + bea]. Hence,

sup sup KB (u,t) = b1+ b(ey + 2 +1)}.

b’clyCQ
te[—ber,1+bea] ue(0,1]

(ii). Note that R(z) = v/2m2*T1/2e=%/T'(2 +1) < 1 is strictly increasing for z > 0 (see Theorem
3.2 (1) of Anderson et al. (1995)). We have

B
sup Klg,q)m (u,t)
u€(0,1]

b= Y2(1 4 bler 4 co + 1)) (1 4 bler 4+ ) 2R(t/b + ¢1)R((1 — ) /b + ¢2)
{27(t + ber) (1 —t + bea) FH2R(1/b + e1 + ¢2)

0P+ ber +ep + 1)1+ b(er + )

- {27 (t + ber) (1 — ¢+ beg) /2 '

11



(iii). Since
(t/b+c)Bt/b+e,(1—D/b+ct1) (5 .
B(t/b+c+1,(1—t)/b+c+1) = belet®
_((1—t)/b—i—c)B(t/b—i—c—i—l,(l—t)/b—i—c)K(B) .t
B(t/b+c+1,(1—1)/b+c+1) bee—1\t:

B) B
<b +2c+1>{Kb(C Lol t) = K5 (u,t)),

Ki(u,t) =

the result follows from (i).
(iv). Since

1 u(l—t+0bc) (1 —u)(t+be) 1+ 2bc
Kalu. ] SK(u’t)b{(lu)(t+bc) A=t +bo) +2c(1+bc)}

_((=1/b+)B(t/b+c+2,(1—1)/b+c) .(B) .t
T b(t/b+)B(t/b+c+1,(1—t)/b+c+1)  betles 1D
(t/b+c)B(t/b+c,(1—t)/b+c+2) KB
B(I—0)/b+OB{E/b+c+ 1, (1—t)/btcr1) beletlt®

1+ 2be
+2bc(1 + be) K1)
=5 (1 2 ) U2 ) + K2 (000 4 g 2 ),
the result follows from (i).
(v). Since
K11 (u,t)
B (t/b+co)t/b+c—1) (1—-t)/b+c)((1—¢t)/b+c—1)
= /C(u,t){ 2 + (L —u)?
L@/t eo)((L=1)/b+c)
2 u(l—u) }
(/b4 o)(t/b+c—1)Bt/b+c—1,(1—t)/b+c+ 1)K(B) .
- Bt/v+c+1,(1—0)/b+c+1) be=2.e(1)
+((1—t)/b—i—c)((l—t)/b—i—c—1)B(t/b+c+1,(1—t)/b+c—1)K(B) (1)
Bt/bte+1,(1—t)/b+ctl) be,c—21th
2(t/b+c)((1—t)/b+c)B(t/b+c,(1—t)/b+c)K(B) (1)
B(t/b+c+1,(I—t)/b+ct1) be-Te-1\%

—_

< +2c) <b + 2+ 1){11{,,c oo ) + K2ty 2K (w1},
the result follows from (i).
(vi). Since

[K1,2(u,t)]

t/b+c (1—=t)/b+c\[u((l-t)/b+c) (1—u)(t/b+c) 1+ 2bc
< Klu, )b[< u * 1—u >{(1—u)(t/b—|—c)+u((1—t)/b+c) 2c(1+bc)}

12



]
ZK(u,t)th/bJchr (1—t)/b+c}{1+1+2bc}

u L= 2¢(1 + be)

(I—u)(t/b+c)*  u((l—1t)/b+c)? 1
w?((1—1t)/b+c) * (1 —u)2(t/b+c) + u(l — u)]

~ 11 142 (3)
_b<b+2c+1> {1+2c(1—|—bc)}{KbC el ) + Ky ooy (u, 1)}

b b (B)
+< * t+ b(c — 1)> < + 1—t+ bc) b,c—2,c+1 (uv t)

b b (B)
Jr< +t~l—bc)( +1—t+b(c_1)> b,C+17c—2(u’ )

b(1 + 2bc) (B)
K
(t+bc)(1 —t+ be) be1e1(: 1)

< (Ft2e41
=5\ Cc

{14_1(4_21)0)}{&EJE 10( )+Klgc)c 1(“7t)}

1
+<1+c—1>< >{Kb€)26+1(u t)"’_KlgcJ)Ac o(u,t)}

1+2bc _ (B
— t
+C(1 + bC) b,c—Lc—l(u? )] )

the result follows from (i).
(vii). Since

[K2,2(u,t)]

(A=0)/b+0)?  (1—w2(t/b+c)?  (1+2bc)? ,
< Klw,?) [3{( D202 T = )b+ o2 402(1+bc)2}+2¢ (C“)}

1
b2
[ {< >< +t+bc> <1+ 1—t+b(c—1))Kb’C+2’C2(u’t)
b b 2 B)
14— (14— | (14— ) K |
+< +t+b(c—1)>( +1—t+bc>< +1—t+bc> be-2.ct2(th )}

c 2
(it o + 20+ 1 )]

S1712|:3<1+i><1+i><1+(ci1)>{Kbc+2c o(u,t) + K£§)2c+2(“7t)}

L[ 30+ 2bc)*
4¢2(1 + be)?

+2¢'(c + 1)}/C(u, t)] ,
the result follows from (i). OJ

Lemma A.3 Let

tnte = [{u ) Lo} Mlogm 15

m m

for any u € [0,1] and M > 0.

13



(i). We have

2
Pr(|Fym(s) — Fy(s)] > tm(Fy (s))) < {mw/g 0 < Fy(s) <1,
0, FY(S) =0,1.

(ii). We have

2
—~ ——, 0< Fy(X;) < 1,
Pr(| By m(Xi) — By (X:)] > tm(Fy (X)) X2) < 7078 v (&)
0, Fy(X;) =0, 1.
Proof If 0 < Fy(s) < 1, Bennett’s inequality enables us to see that
. mi2, (Fy (s))
Pr(|Fy,m(s) — Fy(s)| > t) < 2exp|— m
(Fyam(s) = Fyr ()| 2 1) < 205D =52 TS Ty (8)) + (B (5))/37
M logm

= 2exp [—

Fy (s)(1—Fy (s)) M(logm)/m
2{Fy( )(1 YFy(s))JrX/[ (logm)/ m+ \/Fy (1-Fy (s +M(logm)/m}

3M
< 2exp <_8 log m)

In the same way,

~ M
PI‘(‘FY’m<XZ') — Fy(XZ)’ 2 t‘XZ) S 26xp<—3810gm>

is derived using Bennett’s inequality with a slight modification. Also, Fy(s) = 0,1 means
Fym(s) — Fy(s) =0. O

Proof of Lemma 2 (i). Using Lemma A.1, we have
Bl @] = [ IRy (61, Py () fx(5)ds
= /01 K(u, Fy (x))h(u)du
= W(F (@) + (@) [ K, Fir () 0 — ()

1
5 @) [ K Fy ) = B s+ Ry ()
= g(z) + bB(x) + Ry (Fy(z)) + O(b?),

where h(u) = g(Fy ' (u)) and

g(
Ri(Fy (x / K (u, Fy (2)) (u—Fy (x /{h” 2)+0(u—Fy (2)))— 1" (Fy (2))} (1—0)d0du.

Noting that h” is continuous on [0, 1], for any € > 0, there exists a § > 0 such that if |Fy (z) +
O(u — Fy(z)) — Fy(z)| < |u — Fy(z)| < 4, then |0/ (Fy(x) + 0(u — Fy(x))) — h"(Fy(2))| < e

14



Ra(Fy(2)) = & /| g 0 P @) = )

SUPU h/l U
+€[O;1()/ K(u, Fy (2))(u — Fy (z))*du
0 lu—Fy (x)|>6

= O(eb+b%).

S={V,.... Yo | |Frm(@) = Fy(@)] < tm(@), [Fyn(Xi) = Fyr(Xi)| < ti(X0)},

where

with some constant M > 16/3. For simplicity, we write A(u) = H{ﬁym(F}jl(u)) — u}. Then,
for any t € [0, 1], we hawv

/01{< >lgm} 1 A, -+ A())du

R R (e I )
XHt+b c+Al) 1—t4be— A()+O<(t+b 1-— t+b> lgm>}

1—wu

(t+ b+A() b(1 — z(e+ Z)2A())+ <<t+b 1— t+b>b\/ﬁ>}

= O
oem 1/2
/1{u(1—u)+1g } Kio(u+ Alu), t + A(t))du
0
1
b2

! logm 1/2 t+bc 1—t+bc logm
s e B} o {so (S )V

X 1og(u)—¢<t+bA(t) +c+1> —log(l—u)—FT/J(l_t;A(t) +c+1)

+0 <u1(1 — m\/@) ‘

m

t+bc+ A(t) 1—1t+bc— Alt) t+bc 1—t+bc\ [logm b
X’ u 1—u +0 2 (1 —u)? m +u(1—u) du
-1

b
N O((t+bc)1/2(1 —t+bc)1/2)’
/1/c 2+ Adw), £+ A(t))du

/icut+A {1+0<(t+b 11“;5)\/%)}
ng() ¢<t+bA(t)+ +1> 1g(1—u)+¢<1_t;A(t)+c+1>

15




—1
—0 b :
(t+bc)(1 —t+ be)
noting that A(t) = O((logm)/m). It follows that

logm
E[|Rx.lxz] =O< s > kl=1,2.

Also, using Lemmas A.2 and A.3, we have
E[|Rpilxg.] = o(m 07", ki=12 0O
Proof of Theorem 3 Lemma 2 immediately yields result.
Proof of Lemma 4 (i) and (ii). We have
~(B) 1
Varlg, ™ ()] = —Var[K(Fy (X1), Fy (2))]

//c%Fy wdu+ O(n™)

z) B(2Fy (x )/b+2c+1 2(1 — Fy(2))/b+2c+1)
n BYFy(2)/b+c+1,(1—Fy(x)/b+c+1)

Var[Z3] = gzn(;v) Var[IC(Fy (Y1), Fy (z))]

+0(n™1),

_ (@) /1 K2 (u, Fy (2))du + O(m™)
m Jo

g% (@) B(2Fy(2)/b+2c+1,2(1 — Fy(2))/b+ 2c + 1)
 m BXFy(2)/b+c+1,(1—Fy(z))/b+c+1)

(iii). Note that

/l(u — 1)K (u, t)du
0
= O(bt(1 —t) +b?),

2
/IC <t+bc 1—t+bc> du
1—wu
b
O((t+bc)(1—t+bc)>’

1 t+bc 1—t+bc\?

- - d
/Ou(l u)lC(u,t)< " - > u
=0(b),

/OIIC(u,t){log(u)—zZ)<z+c+l> —log(l—u)+¢<1;t+c+ 1>}2du
:O(w’<z+c+l>+w< —|—c—|—1>>

b
:O((t+bc)(1—t+bc)>

16
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for any ¢ € [0,1]. We have

n

E[Zh] = E [ [; 2. [{ﬁy,moci) — Fy (Xi) } (Fy (X3), Fy ()

=1

2
BBy (X3) — B (X0) K (Fy (X3), Fy (@)Y .. m” ]

_ %E Var[{ By m(X1) = Fy (X1) 1K1 (Fy (X1), Fy ()| Vi, .. ., Ym]}
< 2B |Bl{ o (X1) ~ B COOPRHEY (X0 By (@) ¥, Yol
_ %E Var By (X1)| X1 K2 (Fy (X0), Fy(x))]

l

= —E[Fy(X1)(1 - Fy (X1))K1(Fy (X1), Fy (z))]

nm

= O((nmb*)™1)  (we used (AB))

2
Bz3) = B|[L (Fron(o) - }Z{f@ (Fy (060, Fy (0) = BIKa(Fy (60, Fy )Y, Yo}

= EVar[ﬁy,m(:E)]Var[ng(Fy(Xl), Fy (2))]
= B0 B @) v,y (1), By ()

= O((nmb*)™1)  (we used (A4)),

2
Bz = H [ 65) — s H v >—Fy<s>}/c1<Fy<s>,Fy<x>>fy<s>ds]
— xr C 2
/ (Bron(s) = B ()R (5), By (o)) (B - L BD 00
<[40 = 9 PRy (o). Py @) £y (5)ds
_ 1 / 2 ! 2
= —0 {uzl[g’)l] h (u)} /0 (u— Fy(2))°K(u, Fy (z))du
: X C — xr C 2
x/ u(l—u)lC(u,Fy(a:))(FY(i_‘_b ! F1Y£3+b ) du
0
=O(m™') (we used (A1) and (A3)),
2
E[Z3,] = Var[Fy,, (z [/{9 T) HCo(Fy (s), Fy (x)) fy (s)ds

Fy (z)(1 — Fy(x)) N 9

= mb? {uzl[lopl]h (U)} /0 (u = Fy (2))"K(u, Fy (z)) fy (s)du

/ K(u, Fy(x {log u) — @ZJ(F}/Z)@:)ch—I—l) —log(l—u)+w<1_}gy(x) +c+ 1)}2du
1) (we used (A1) and (A4)).
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(iv). We can see that

/ol{uu —u) + loim}Q’Cimw Alu) ¢+ At))du

_ ;/Ol{ua—uw lofnm}ZlCQ(u,t+A(t)){1+O
X[{t+bc+A(t> _l-t+be—A() +O<
)

t+bc+1—t+bc logm 2
1—u mb?
}2

u
(t—i—bc 1—t+bc> logm>
+

u 1—u u? (1—u) m
b(t+cb+ A(t)) b(l—t+cb— At t+bc 1—t—|—bc logm \ 1
— — O b du

u? (1 —u)? u? (1—u)? m

O< b2 > A el SN
7 0, =3 — o0,
— (t+bc)/2(L—t+bc)t/2)7 b f
t -1

o), 5 RO

/ol{uu ) B }’%(u + Aw), ¢+ At)du

b o s amfo (5 552 )
x[log(u)—zﬁ(t—i—?(t) +c+1> —1og(1—u)+¢<1—tb—A(’f)+c+l>

+0 <u—1(1 ) logm>

m
A 1- ~A 1- /1 2
xt—i—bc—i— t) t+be (t)+0 t+bc+ t+be ogm | b du
u 1—u u? (1 —u)? m uw(l —u)
o b2 t —t
y 77 y T 7 )
<(t—|—bc)3/2(1—t+bc)3/2> b Ty T

O b~ E—Hﬂorl_t—)/ﬁ
(t+bc)(1—t+bc))’ b b ’

/1 K35 (u+ Au), t + A1) du
0

—bl4/OlKQ(u,t—I—A(t)){l+O<<t+bc+A(t)+1_t+bc_A(t)> 12%;)}

U 1—u

Hlog() ¢<t+A()+ +1> log(l—u)-l—w(l_tl)_A(t)—Fc%—l)

+0( (1—u)" lofnm>} <t+bA()+c+1>—¢’<1_tA(t)+c+1>rdu

o b—5/2 l—t
<(t+bc)5/2 1 —t+be 5/2>’

t

b
O< b= ) E—Hiorl_t—)n
(t +bc)2(1 — t + be)? b b ’

noting that A(t) = O((logm)/m). It follows that

(mbl/2)~1 (logm)?\ t R 1—t R
- oy —— oo
E[RZ, 4] = (t+be)l/2(1—t+be)/2 mb?> )7 b b C k=129
e Of ( b)_l(logm)Q ! — KO 1=t — ’ ’
m me y b K Or b K,
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Also, using Lemmas A.2 and A.3 (with M > 10), we have
E[REixz.] = o(mb*)™"), kl=12 0O

Proof of Theorem 5 We have

2 2
Var[g, P )( )] :Var[ﬁé )( )] + Var[Z;3] +Var{zz jk—kR]
=1 k=

[y

2 2
+2C0V[ +113,222jk +7e}

1 k=1

Here, Lemma 4 yields

Var [i ;Ijk + R} (22: XQ:E ]+ E[R2]>

< 1
m
- 1 <1 1) (A5)
ol — -+ —, r € Spy,
b nm
2 2 2 2 1/2
Cov [ﬁ,EB) (x) + T3, Z Zl'jk + 73} < {Var [NISB) (x) + 1'13] Var Z ZIJ’“ + R] }

j=1 k=1 j

Proof of Lemma 6 Let
Aps(@) = K(Fy (), Fy () — BIK(Fy (5), Fr (@)}, s € S.
It is easy to see that
nbl/QVar[ﬁéB) (x)] = bl/QE[AiXi ()] = g(z)V(x) for fixed z € Sy,
nbVar[gl™ ()] = bE[A? x, (x)] = g(z)v(0) for z € Sp,
mb'/?Var[I,3] = b1/2g2(:c)E[Az7yj (z)] = ¢*(x)V(z) for fixed z € Sy,

mbVar[Z3] = bgg(:c)E[Aiyj (z)] = ¢*(z)v(0) for x € Sg,
sup |Aps(z)| < Ap(),
s€S

where
Ay(z) = 225712V (2){1 + b(2c + 1) }(1 + 2be)/? for fixed z € Sy,
BT AT 4 b(2e + 1)) for z € Sp
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(see Lemma A.2 (i) and (ii)). It follows that

n

Y E

=1

n-t Ab,Xi (.TU)
{Var[gs®) ()]} 1/2

N EAx @)Y
2 {Var[Ay x, (2)]} 72

-0
< Ay ()
~ nO{E[A x, ()]}
B {O((nbl/Z)_‘s/z) for fixed z € Sy,

O((nb)~%/?)  for z € Sg,

E
]Z_; {Var I13]}1/2

2*‘] Ry (0P
= A {Nar[ Ay y, ()]} 2

' (2) Apy; (@)

&y ()
mO/2{E[A} y, (2)]}°/2
_ {O((mbl/Q)‘s/Q) for fixed z € Sy,
T O((mb)~%2)  for x € Sp,

where § > 0 is arbitrary. Consequently, Lyapunov’s central limit theorem enables us to see that

%" @) ~ B @) o o) Ly

d
{Var[géB)(x)]}ug W — N(0,1).

The result follows from Slutsky’s theorem. [

Proof of Theorem 7 Letting m = [Cn]| for C > 0, (A5) yields

1/2 1/2 (logn)? _
nb'/“Var ZZ ik + R b+ —=-" | =0(1) forfixed z € Sy,

nb?
=1 k=1

nbVar {Z Z s R] (b + (losz)2> —o(1) forz € Sg.

7=1 k=1

The Chebyshev inequality enables us to show that

(nb1/2)1/2{§£B) (z) — E[’g\é (2)]} = (nbl/2)1/2{~(3 () + T3 — E[’gvéB) ()]} +o0p(1) for fixed z € S,
(nb)*(3,") (2) — E[g,”) ()]} = (nb) V(G (2) + Tus — B[y (@)]} + 0p(1) for w € Sp,

The results follow from Lemma 6. [J

Proof of Theorem 8 It is easy to see that

‘ / {Bias[g,” ()]} fy (x)dx — b? / B2(x) fy (z)da

_ /S [Bias[g\®) (2)] — bB(x)}{Bias[g.? ()] + bB(x)} fy ()
= o(b?).
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On the other hand, for any 7 € (1/2,1),

‘/SVar[@(,B) (@) fy (x)da — b~/ /3 (i + 97(7f)>v(;g)fx(x)dx
| [ Vel v [ (5 W)”F; o

0 0o \"

[ Lt - o2 (14 2 Fl(t))}dt\

+<( /Obﬁ /ij);ar@é Pl i /“ o (54 L) DYy o)
1 1
=0 W+W )

noting that {Fy.'(¢) [b™ <t <1—b"} C St

<

1 1
Var[@(,B) (x)] = 0( + b>’ uniformly in x € S,

(/ObT+/1ibT><i+W>V(FY ())dt<< Hg”s)(/lf /1b> th_t)dt

/2 /2
oo+ 1) o
m

n
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