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We present our result for the K — 7z decay amplitudes for both the A7 = 1/2 and 3/2 processes with
the improved Wilson fermion action. In order to realize the physical kinematics, where the pions in the final
state have finite momenta, we consider the decay process K(p) — z(p) + #(0) in the nonzero momentum
frame with momentum p = (0,0, 27/L) on the lattice. Our calculations are carried out with N, =2 + 1
gauge configurations generated with the Iwasaki gauge action and nonperturbatively O(a)-improved
Wilson fermion action at @ = 0.091 fm (1/a = 2.176 GeV), m, = 260 MeV, and mg = 570 MeV on a
483 x 64 (La = 4.4 fm) lattice. For these parameters the energy of the K meson is set at that of two-pion in
the final state. We obtain ReA, = 2.431(19) x 1078 GeV, ReA, = 51(28) x 1078 GeV, and ¢'/e =
1.9(5.7) x 1073 for a matching scale ¢* = 1/a where the errors are statistical. The dependence on the

matching scale ¢* of these values is weak. The systematic error arising from the renormalization factors is
expected to be around 1.3% for ReA, and 11% for ReA. Prospects toward calculations with the physical

quark mass are discussed.

DOI: 10.1103/PhysRevD.98.114512

I. INTRODUCTION

Calculation of the K — zz decay amplitudes is very
important to quantitatively understand the Al = 1/2 rule of
the K meson decay and to theoretically predict the direct
CP violation parameter (¢'/¢) from the standard model.
A direct lattice QCD calculation of the decay amplitudes
for the AI =3/2 process has been attempted for a long
time. The RBC-UKQCD Collaboration presented the
results at the physical quark mass in Ref. [1], and those
in the continuum limit in Ref. [2], which shows good
agreement with experiment.

A direct calculation of the decay amplitudes for the Al =
1/2 process has been unsuccessful for a long time, due to
large statistical fluctuations coming from the disconnected
diagrams. A first direct calculation was reported by the
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RBC-UKQCD Collaboration in Ref. [3] at the pion mass
m, = 422 MeV. They also presented a result at a smaller
quark mass (m, = 330 MeV) at Lattice 2011 [4]. They
used the domain wall fermion action in their calculations
which preserves the chiral symmetry on the lattice.
Expanding on the earlier works by Bernard et al. [5] and
by Donini et al. [6], we showed in Ref. [7] that mixings
with four-fermion operators with wrong chirality are absent
even for the Wilson fermion action for the parity odd
process in both the A7 = 3/2 and 1/2 channels due to CPS
symmetry. Therefore, after subtraction of an effect from
the lower dimensional operator, a direct calculation of the
decay amplitudes with the Wilson fermion action is
possible without complications from operators with wrong
chirality, as for the case with chirally symmetric lattice
actions. A potential advantage with the Wilson fermion
action over chirally symmetric lattice actions such as the
domain wall action is that the computational cost is
generally smaller. Hence, with the same amount of com-
putational resources, a statistical improvement may be
expected with the lattice calculation of the decay ampli-
tudes, albeit this point has to be verified by actual
calculations. We reported a first result with the Wilson
fermion action at the pion mass m, = 280 MeV in Ref. [7].
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In both the RBC-UKQCD and our calculations of the
Al = 1/2 process referred above, the kinematics was a K
meson at rest decaying to two zero momentum pions at
an unphysical quark mass satisfying mg ~ 2m,. The RBC-
UKQCD Collaboration reported a first direct calculation in
the physical kinematics, where the pions in the final state
have finite momenta, at the physical quark mass in Ref. [8].
They utilized the G-parity boundary condition in the
spacial directions, to extract the decay amplitude from
the K — zx time correlation function for the ground state
of the two-pion in the physical kinematics.

In the present work, we consider the K meson decay in
the physical kinematics by the nonzero momentum frame
imposing the periodic boundary condition in the spacial
directions. We calculate the decay amplitudes for the decay
process K(p) = z(p) + #(0) with momentum p =
(0,0,2z/L) on the lattice. We set the light quark mass
so that the energy of the initial K meson equals to that of
the final two-pion state. An advantage of using nonzero
momentum in the periodic boundary condition over the
G-parity boundary conditions is that gauge configurations,
generated previously with the normal boundary condition
for the other study and published on some databases, can
be used.

Our calculations have been carried out on the HA-PACS
and the COMA at University of Tsukuba, the K computer
at the RIKEN Advanced Institute for Computational
Science, and the Oakforest-PACS at the Joint Center for
Advanced High Performance Computing. This paper is
organized as follows. In Sec. II we describe the method
of calculation used in the present work. The simulation
parameters are also given. We present our results in Sec. III.
In Sec. IV conclusions of the present work are given and
prospects toward calculations with the physical quark mass
are discussed.

II. METHOD
A. AS =1 weak operators

In this section the renormalization of the weak operators
for the Wilson fermion action is reviewed. The details have
been shown in Ref. [7]. The effective Hamiltonian of the
K — 7z decay can be written as [9]

10
H= %msvud) Z (zi(k) + 79 (1) Qi (), (1)

with 7= _(V;ksvtd)/(vzktsvud)’ and Zi(ﬂ) and yl(/’l)
(i=1,2,...10) are the coefficient functions at renormal-
ization scale u. Here we consider the case u < m,,
where three light quarks, up, down, and strange, are the
active quarks in the theory. The ten operators Q;(u)
(i=1,2,...10) denote the AS = 1 four-fermion operators
renormalized at u. The K — 7z decay amplitude is obtained

by A; = (K|H|nm;I) for the two-pion state with the
isospin /.

The K — 7z matrix elements (K|Q;|zx; I) calculated on
the lattice are converted to those in the continuum by the
renormalization factor for the operators Q;. In the Wilson
fermion action, the chiral symmetry is broken explicitly.
Hence mixings among different chiral multiplets are in
general allowed, and new operators arise through radiative
corrections. However, such a problem is absent for the
parity odd part of the operators of Q; due to the CPS
symmetry.

The mixing to lower dimensional operators is allowed.
From the CPS symmetry and the equation of motion of the
quark, there is only one operator with the dimension less
than 6, which is

Qp = (mg—my) - 5ysd. (2)

This operator also appears in the continuum, but does not
yield nonvanishing contributions to the physical decay
amplitudes, since it is a total derivative operator. However,
this is not valid for the Wilson fermion action due to chiral
symmetry breaking, and the operator (2) does give non-
zero unphysical contributions to the amplitudes. This
contribution should be subtracted nonperturbatively,
because the mixing coefficient includes a power diver-
gence due to the lattice cutoff growing as 1/a”>. We can
subtract it as

Qi = Qi —f:iQp. (3)

by imposing the following condition [10,11],
(0|Q:|K) = (0]Q; = p: - QplK) =0, (4)

for each operator ;. The matrix of the renormalization
factor of the subtracted operators Q; has the same structure
as in the case in which chiral symmetry is preserved.

B. Simulation parameters

Our calculations are carried out with Ny = 2 + 1 gauge
configurations generated with the Iwasaki gauge action
and nonperturbatively O(a)-improved Wilson fermion
action on a 483 x 64 at # = 1.9. The hopping parameters
are k,; = 0.137712 for the up and the down quark, and
ks = 0.136400 for the strange quark. We use the same
algorithm for a generation of the gauge configurations, and
the same value of # and the improved factor Cgy, = 1.7150
as in Ref. [12].

We measure hadron Green’s functions and the K meson
decay amplitudes at every 10 trajectories. The total length
of the run is 9800 trajectories and the total number of
gauge configurations employed for the measurement is 980.
We estimate statistical errors by the jackknife method with
bins of 20 configurations (200 trajectory). The parameters
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determined from the spectrum analysis are a = 0.091 fm

(1/a =2.176 GeV) for lattice spacing, La = 4.37 fm for

spatial lattice size, and
m, = 0.11794(33)
myg = 0.26275(20)

(256.63(72) MeV),
(571.74(43) MeV), (5)

for the pion and the K meson mass.

In the present work, we consider the K — zz decay in
the physical kinematics, where the pions in the final state
have finite momenta. In order to realize this, we calculate
the decay amplitudes for the decay process K(p) —
z(p) +x(0) in the nonzero momentum frame with
momentum p = (0,0,27/L) on the lattice. We set the
light quark mass so that the energy difference between the
initial K meson and the final two-pion state vanishes. On
our gauge configurations the energy difference is AE =
Ex — EL, = —4.7(1.4) MeV for I =2 and 9.8(7.8) MeV
for I = 0 as shown in the following section. In the present
work, we assume that these mismatches of the energy give
only small effects to the decay amplitudes.

C. Time correlation function for K — nx

We extract the matrix element (K|Q;|zx;1) from the
time correlation function for the K — zz process,

1

-1
G t t17t2 - Z O|WK0 tK+5)Q,<t+(S)W
5

X (t, + 6,1, + 6)|0), (6)

where Q,(1) is the subtracted weak operator at the time slice
t defined by

0i(r) = ZQ_i(Xv 1), (7)

with the subtracted operator Q;(x,t) at the space-time
position (x, ¢) defined in (3).

The operator W () in (6) is the wall source for the K°
meson with the momentum p = (0,0,—p) (p = 2x/L) at
the time slice 7,

Wgo(t) = =[Wy(=p. 1)ysW,(0.1)
+ Wy(0.1)ysW(=p.1)]/2, (8)

where the wall source for the quark ¢ = u, d, s with the
momentum k = (0,0, k) is given by

= Y glx. e, (9)

=Y q(x. r)e~k. (10)

W, (k1)

We adopt K = —dyss as the neutral K meson operator, so
our correlation function has an extra minus from the usual
convention.

The operator W._(t,,1,) in (6) is the wall source for
the two-pion state with the isospin / with the momentum

p=(0,0,p) (p =2x/L),

(WL (ky ko, 11, 12) + (t; < 1) + (k) < k)
+ (1 < .k < ky)]/4, (11)

ng(tlv t2) =

with k&, = p = 2x/L and k, = 0, where

Wiz (ky ko, 11, 13) = (W (ky, 1) W o (ka, 1)
+ W (ky 1) W (ka. 1)) /V/3,
(12)
Wi (ki ka 11.12) = (=W (ki 1) W (k. 12)/V2
+V2W, (ky )W (ka. 1))/ V3.
(13)

The operator Wi (k, t) is the wall source for z' meson with
the momentum k = (0,0, k) at the time slice 7,

Wik, t) = [Wa(ki ko t) + (ki < ky)]/2, (14)
with k; = k and k, = 0, where
Wi (ky, ko, 1) = =Wo(ky, 1)ys W, (ka, 1), (15)

Woo(ky, ka, t) = (W, (ky, 0)ys W, (ka, 1)
— Walky, 0)ysWalko 1)) /V2,  (16)

Wﬂ'(kth’ 1) = W, (ki 0)ysWa(ks, 1). (17)

The periodic boundary condition is imposed in all
directions. The summation over 6, where T = 64 denotes
the temporal size of the lattice, is taken in (6) to improve the
statistics. The time slice of the K meson is set at tx = 29.
The wall source of each pion is separated by four lattice
unit according to t; =0 and #, =4 in (6) to improve the
statistics following the suggestion by Ref. [8]. The gauge
configurations are fixed to the Coulomb gauge at the time
slice of the wall source tx + 6, t; + 6 and t, + & for each 6.

The mixing coefficient of the lower dimensional oper-
ator, f; in (3), is obtained from the following ratio of the
time correlation function K — 0,
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T-1

pi= Z<0|W0 (1 +61)Qi(r +6)[0)

/5o

in the large tx — 1 region, where W9,(7) is the wall source

for the K° meson with the zero momentum given from (8)
by setting p =0, and Q;(7) = > ,0,(x, 1) and Qp(t) =
> «0p(x,1t), with the operator Q;(x,t) and Qp(x,1)
defined in (2) at the space-time position (X, 7).

The quark contractions of the K — zz time correlation
function G!(t,1,,1,) in (6) are given by (57), (58) and (59)
in Ref. [7]. A subtraction of the contributions of the vacuum
diagram, (0|Wo(tx + 8)Q;(t + 8)[0)(0|WL (¢, + 8,1, +
5)|0), is not necessary in the present case of the nonzero
momentum frame. Those of the K — 0 time correlation
function in (18) are given by (60), (61), and (62) in Ref. [7].

The quark loop at the weak operator, the quark propa-
gator starting from the position of the weak operator and
ending at the same position, appears in the quark contrac-
tions for the K — znzx and the K — O processes. We
calculate them by the same method as the previous work
in Ref. [7], where the stochastic methods with the hopping
parameter expansion technique (HPE) and the truncated
solver method (TSM) proposed in Ref. [13] are used. As
found in the previous work, we find that the first term of
TSM in (77) in Ref. [7] is negligible for all time correlation
functions also in the present work, when the stopping
condition is set at R < 1.2 x 107, Thus we adopt N = 0
and N = 10 with this stopping condition in the calculation
of the quark loop.

o(tx +8,)Qp(t+5,)[0),  (18)

D. Time correlation function for 77w — nx

We calculate two types of time correlation functions for
the #zw — zz process to obtain the normalization factors
which are needed to extract the matrix elements (K |Q;|zx; I)
from the time correlation function G!(1, 1, #,) in (6). These
are point-wall and wall-wall time correlation functions,
which are defined by

1T 1
Ghy(t.11,1) = Z 0|(zx) (14 8)WL (1, +68.1,+8)|0),
5:0
(19)
1 T-1
! _ 4 1
GWW(t’ tl’t2) - ?;<O|Wﬂﬂ(l‘—|— 5’ I+ [t2 - tl} + 5)er
x (t; + 6,1, + 8)|0), (20)

The operator (zz)!(¢) is the operator for the two-pion
with the isospin I with the momentum p = (0,0, —p)

(p =2x/L),

(o) (1) = [(en) (kv ko) + (k1 o k)| 2. @1)

with k; = —p and k, = 0, where
(am)! = (k1 Ky, 1) = (2°(ky, )70 (koo 1) + 7 (y, D)7
x (ka, 1))/ V3, (22)

(am) = (ky ey 1) = (=20 (ky, 1)2° (ko 1)/ V2
+ V21t (k. )7 (kyo 1)) /V/3. (23)

The operator 7' (k, ) is the operator for z' meson with the
momentum k = (0, 0, k), defined by

= —Z d(x, t)ysu(x, t) - ek, (24)

70(k,t) = Z(ﬁ(x,t)}’su(x,t) —d(x,0)ysd(x,1))/V/2- ek,

X

(25)

a (k1) =Y i(x, t)ysd(x, 1) - ¥k (26)

X

The operator WL (t,,1,) (I =0, 2) is defined by (12)
and (13). In the present work, we fix 1, =0 and r, =4 in
(19) and (20) as in the K — 7z process.

The quark contractions for the zz — zz time correlation
function are given by (89) and (90) in Ref. [7]. Subtractions
of the contributions of the vacuum diagrams, (0|(zx)’
(1+8)[0)(0|WL (2, + 5,1, + 5)|0) and (O|WL, (r+ 6,1+
[ty — 1] + 8)|0)(O|WL, (¢, + 8,1, + 5)|0), are not neces-
sary in the present case of the nonzero momentum frame.

II1. RESULTS
A. Energy of two-pion state

The time correlation functions for the zz — zz process
GLy(t, 1), 1;) in (19) and Gy (2,1, ;) in (20) behave in
the large time region as

GLy(t,t,t) = Al - f(t, 1., EL) + CL- f(t,1,,S,),  (27)

:Afl'ﬂ 'f(t’ tﬂ’ Eé’ﬂ) +D1 .f<t7 tﬂ" Sﬂ)’
(28)

Giyw(t. 11, 12)

with 7, = (t; + t,)/2, where
[ty m) = emli=tel 4 gmm(T=li=t:]) (29)

E!_ is the energy of the two-pion state with the isospin I,

S, =/m%+ p*—m,, Al is a constant whose form is
irrelevant, and
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ALz = OIWi (A, =A)zm; 1)? [ mm; 1| am: 1), (30)
with A = (#, — t;)/2. The terms with the constant C! and
the D! in (27) and (28) arise from the process in which
either of the two pions propagates in the opposite time

|

f(t+41 Iz Szz) : GJIDW(I"— 11,0

direction to the other pion (i.e., around-the-world effect for
the two-pion operator).

The effective energy of the point-wall time correlation
function GL,, (1) is plotted in Fig. 1, where the effective
energy E.; at f is obtained by

(t+ 1, Iz, Sﬂ') i G;W(Z +4, I, [2)

)-f
f(t+31tﬂ’S7r) 'Gi’W(t 111[2) _f
:f(t—|—4,t,[,S,,)-f(t—|-1 t/rvEeff

(t tﬂ.”Sﬂ) : G;’W(t +3, Iy, t2)

fle+1,1,,8,) f(t+4,t,, Ex)

f(t+3,12,8z) -

with determined value of S, = \/m2 + p?> — m, from the
correlation function of the pion. In the present work we set
the source operator for the two-pion at (¢, #,) = (0,4) as
mentioned in the previous subsection.

We find plateaus in the time region ¢ > 13 for both
I = 0 and 2. The value in the noninteracting two-pion case
obtained by adding the effective energy of the pion with the
momentum p = (0,0, 2z/L) and that for the zero momen-
tum, which corresponds to Ege = \/m2 + p> + m,, is
plotted for comparison. We find that the two-pion energy
for I = 2 is larger than Ejy,., signifying repulsive interaction
of the two-pion system, whereas that for / = 0 is smaller
showing attractive interaction.

In the extraction of the matrix elements (K|Q;|zx; 1)
from the time correlation function G(t,1,,1,) in (6), the
values of EL_ and AL are needed. Since the statistical error
of the point-wall correlation function Gy, (1, 11, 1, ) is smaller
than that for the wall-wall function Gy, (¢, ;,1,), we first
extract the energy EL, from Ghy,(1,1,,1,) with the deter-
mined value of S, = \/m2 + p? — m, from the correlation
function of the pion. We then extract the amplitude AL, from
Gy (1. 11, 1) by fitting to (28) with the determined value of
E!. and S,, and regarding Al and D’ as unknown
parameters. The results for EL_ and AL are

EZ2 =029519(62),  AL:2 = 1.0734(67) x 102!,

(32)

Er" =02885(36),  Ar” =1.034(39) x 107!, (33)

in the lattice unit, where we adopt the fitting range ¢ =
[14,26] for I =2 and t = [14,20] for I = 0. The energy
difference between the initial K meson and the final two-pion

state AE! = Ex — EL_ (Ex = /mg + p?, p =2x/L) are
AE'=2 = —0.00216(62) (~4.7(1.4) MeV), (34)

AE'=0 = 0.0045(36) (9.8(7.8) MeV).  (35)

(t tzr’ Eeff

(t tﬂ’Szr)'f(t+3’tmEeff) 7 (31)

I

In the present work, we assume that these violations of
energy conservation yield only small effects to the results for
the K — zz decay amplitudes.

B. K — 7z matrix elements

In order to extract the K — zzx matrix element, we
consider an effective matrix element M!(t), which behaves
as M!(t) = M! = (K|Q;(x,0)|zx;1) in the time region
(t), 1)) <t <tg. It can be constructed from the time
correlation function G!(z,,,1,) in (6) by

1
M{([) — M . FI . eEx(ix—

— DFE(i=tx) % (=1),  (36)
K3 nn

where 1, = (¢; + t,)/2. Here, the energy of the K meson
E, and the energy of the two-pion state EZ are fixed at the

0-32"'1"'|""""'|""| .
@ I=2 ‘ ]
| @®@7I=0 |
e ]
0.30 free |
L ¢4 |
.... ‘o.o.{.{.o 'o‘....o‘t.o'p‘n‘ttnﬁib
L . + ]
I Tt |

° L]
0.28 - a
- . i
L * |
L]

ool Lo vl b e b s

0 4 8 12 16 20 24 28 32
t
FIG. 1. Effective energy of the time correlation function

GLy(t,1;,1;) for the zzw — zx with the isospin /=0 and
I =2. The source operator for the two-pion is located at
(t;,1,) = (0,4). A value in the noninteraction case given by
adding the effective energy of the pion with the momentum p =

(0,0,27/L) and that for the zero momentum, which corresponds
t0 Egee = \/m2 + p* + m,, is plotted by blue symbol for a

comparison.
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TABLE I. Lellouch-Liischer factor F! in (37).
For I =2 For I =0
Pe 0.05993(25) 0.0512(50)
130.42(54)MeV 111(11)MeV
pe- (08 (p.)/Ope) —0.0429(78) 0.24(16)
F! 51.41(27) 63.9(8.6)
F'/Fliee 0.9701(53) 1.21(16)

values obtained from the time correlation function of the K
meson and the zz — zz. The factor (—1) comes from our
convention of the K° operator in (8). The constant Ay =
(0|Wk|K)?/(K|K) is estimated from the wall-wall propa-
gator of the K meson, with the value Ax = 2.3544(48) x
109 in the lattice unit. The constant AL is defined by (30)
and its value is given by (32) or (33).

The constant F’ in (36) is the Lellouch-Liischer factor
[14] in the nonzero momentum frame with the momentum
Ip| = p given in Refs. [15,16],

(F')? = (K|K) - (mm;|nm; 1)/ V?

() )

(37)

where V is the lattice volume V = L3, §'(p,) is the two-
pion scattering phase shift for the isospin / at the scattering
momentum p2 = ((EL,)? — p?)/4 — m2, and the function
¢(q.) at g. = p.-L/(2x) is defined in Refs. [15,16].
In the noninteracting two-pion case, the factor takes the
form (F')?* = (Flgee)? = (m, + E,)?EgV, where E, =
Vm2+ p? and Ex = \/m% + p* (p =2x/L). For the
interacting case, we need the value of the first derivative
of the phase shift &/(p.) with the momentum p. to
calculate the factor. However, the phase at only one
momentum is calculated in the present work and the
derivative cannot be evaluated. In the present work, we
estimate the factor with an approximation,

98 (p.)
ap,

' (pe) = pe +0(pd). (38)
neglecting the cubic term, leaving a precise estimation of
the factor to study in the future. The calculated values of the
Lellouch-Liischer factors are tabulated in Table 1. We find
that the main contribution to the factor comes from the term
q. - (0¢(q.)/0q.) while the term with the derivative of the
phase shift is small (2% for the I = 2 and 12% for the I = 0
case). We consider from this that our approximation for the
phase shift in (38) does not make a large systematic error.

Our results for the effective matrix elements for the Al =
3/2 process are plotted in Fig. 2 and Fig. 3. We do not find
plateaus. Rather they show a large and systematic time

2.8x10° T
¢

—_———
Q1

2.6x10°

2.4x10°

2.2x10°

2.0x10°

LI R L ) B B B BN B

4 8 12 16 20 24 28 32
t

1.8x10°

o

FIG. 2. Effective matrix element of M!=2(¢) in (36) for the
operator Q; in the lattice unit. The operator for the two-pion is
located at (#;,7,) = (0,4) and the K meson at tx =29. The
operator Q;(f) runs over the whole time extent. The result of the
fitting to (43) in the time range ¢ = [13, 18] is plotted by a curved
line and the result of the K — zz matrix element is shown by a
straight line with one sigma band.

dependence in the time region (f; =0,1, =4) <t <K
(tx = 29). This time dependence can be explained by
the effect of the two pions propagating in the opposite time
directions (i.e., around-the-world effect for the two-pion
operator) as follows.

Including the process in which either of the two pions
propagates in the opposite direction to the other pion, the
time dependence of the correlation function is given by

G(1.11.1p) = Fy(1) + Fa(t) + F5(1), (39)
Fi(1) = (0|Wk(tx)|K(p)) - (K(p)|Q(1)|(z7) (p))
X<( )( )|W7m(t17t2)‘ >
= A . e Exltk—1)e— Efx(1—1 ) (40)

Fy(t) = (x(0)|Wi (tx)|K (p)x(0)) - (K(p)=(0)|Q(1) |=(p))

X <ﬂ(p)|W7m(tlz [2)|7T(0)> X e—m”T
= B. etk(—EK)et,,(E,[—m,,)et(—Eﬂ+mﬂ+EK)e_m”T, (41)

F3(1) = (z(=p) Wk (tx)|K (p)=(=p))
-(K(p)a(=p)|Q(1)|=(0))
X (m(0)|Wan (11, 1) |m(=p)) x 75"
S

C etl( EK) zr( zz+mn)e (En_mzr‘l'EK)e_EnT’ (42)

with t, = (#; + 1,)/2, where the label of the isospin I and
i for the operator Q; are omitted. States K (k) and z(k) are
the K meson and the pion with the momentum k =

(0.0.k) (k= p.0.~p, (p=21/L)), Ex = \/mg + p’.
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and E, = \/m2 + p?. The second and third terms in (39),
F,(t) and F5(t), are the contributions from the around-
the-world effect for the two-pion operator. The constant A’
corresponds to the K — 7z matrix element, and B’ and C’
to the Kz — n. The around-the-world effects for the K
meson, which are suppressed by exp(—FExT), are
neglected in these equations. From (40), (41), and (42),
the time dependence of the effective matrix element M(¢)
in (36) can be written as

M(t)=A+B-e5 + C-e'5x, (43)

with S, = E,, — E, + m,, where the constant A is the
K — nz matrix element, M! = (K|Q;(x,0)|zx;1). The
other constants B and C correspond to unphysical matrix
elements for the Kz — 7z process, including exponential
factors for 7, and 7.

We try to extract the K — zz matrix elements by fitting
the effective matrix elements M’ (z) to the fitting function
(43) with the determined value of S, from the correlation
function of the pion, regarding A, B, and C as unknown
parameters. Results of the fitting are plotted in Fig. 2 and

3.4x10"

— T T
L Qs
3.2x10"'
3.0x10" ¢

2.8x10"'~

2.6x10"'

-
Coeo b b e

v b b b b e P b by g

0 4 8 12 16 20 24 28 32
t

2.4x10"

Effective matrix elements of M!=2(¢) in (36) for the operators Q- g, following the same convention as in Fig. 2.

Fig. 3 by curved lines, and the extracted values of the
matrix elements A = M! are shown by straight lines with
one sigma band. We adopt the fitting range 7 = [13, 18].
The chi-squares of the fitting take very small values,

y2/n.o0.d=9.6x1072, 3.0x107% 4.6x10™* for the

M'Z%. Therefore the time dependence of the effective
matrix element is explained well by the around-the-world
effect for the two-pion operator and a value m,T = 7.55 in
the present work is not large enough to neglect this effect.
We also find that the K — zz matrix element can be safely
extracted by the fitting with (43). The results of the M!
are also tabulated in Table II, where the relations among
the matrix elements, M!=>=M1=2=2/3-M=>=2/3-M!;?
due to the Fierz identity, are used.

We should consider this effect also for the Al = 1/2
process as for the Al = 3/2 process. In Fig. 4 the effective
matrix elements M1=0(z) for the LL-type four-fermion

-----

G174(1 =75)q2437,(1 = 75)q4, are plotted. We do not
observe clear time dependence within the statistical error.

In Fig. 5 the matrix elements M!=°(z) for the LR-type four-
fermion operators Qs¢7¢ Which have the spin structure

TABLE II. Decay amplitude for the Al = 3/2 process at m, = 260 MeV, mg = 570 MeV, La = 4.4 fm, and a = 0.091 fm.
The second column gives the bare matrix elements M!=2 for Q; in the lattice unit. The other columns are their contribution to A, (A, (i)
in (44)) for ¢* = 1/a and n/a.

=1/a g =r/a
i M! ReA,(GeV) ImA,(GeV) ReA,(GeV) ImA,(GeV)
1 2.266(18) x 1073 —1.890(15) x 1079 0 —1.455(11) x 10798 0
2 = Mi=2 4.335(34) x 10798 0 3.926(31) x 107 0
7 8.454(48) x 1072 9.182(52) x 1071 2.602(15) x 10713 2.708(15) x 10710 1.970(11) x 10713
8 2.805(16) x 107! —2.444(14) x 10710 —1.5518(87) x 10712 -3.614(20) x 10710 —1.0736(60) x 10712
9 =3/2-M=2 —1.281(10) x 10712 4.058(32) x 10713 3.593(28) x 10712 3.678(29) x 10713
10 =3/2- M2 3.940(31) x 10712 —-1.896(15) x 10713 4.432(35) x 10712 —1.522(12) x 10713
Total 2.431(19) x 1078 —1.0754(64) x 1072 2.463(19) x 10798 —6.611(42) x 10713
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as in Fig. 2.

q17,(1 =75)q2437,(1 + 75)q4, are plotted. We see large
time dependence for these cases.

Ideally one should extract the matrix elements by the
three parameter fit with (43) regarding A, B, and C as
unknown constants as was done for the AI = 3/2 process,
to control the around-the-world effect for the two-pion
operator. But the statistics in the present work is not
sufficient and the time range for the fitting cannot be taken
large to obtain reliable results of the matrix elements. In the
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present work, we therefore extract the matrix elements by a
constant fit for the LL-type four-fermion operators
for these operators are small, given that the results in
Fig. 4 do not show clear time dependence. For the LR-type
four-fermion operators Qs ¢ 73, for which we find a large
time dependence, we use a three parameter fit with (43). We
adopt the fitting range ¢ = [13, 18]. The fits are carried out
well and the chi-squares of the fitting are small for all cases.
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in Fig. 2.

Results of the fitting are shown in Fig. 4 and Fig. 5, and
tabulated in Table III.

C. K — nx decay amplitudes

The decay amplitudes can be written in terms of the bare
matrix element M/ obtained on the lattice by

ZMf

A; = (K|H|nm; I)

A(0),

*Mo

(A;(i) = M[C)). (44)
with the effective Hamiltonian H in (1), where
. 10
C = Z Zij(q*a)Ujk(q*7ﬂ)Ck</‘)’ (45)
k=1
G
Ci(u) =% (46)

\/E(anvud)< ( )+Ty1( ))

with 7 = —(V5V,4)/ (Vi V,a). The functions C;(u) are the
coefficient functions at the renormalization scale y and the
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Effective matrix element of M!=(¢) in (36) for the LR-type four-fermion operators Qs ¢ 75, following the same convention as

functions U;;(q*, i) are the running factor of the operators
O, from the scale ¢g* to u, which have been given in
Ref. [9]. In the present work we set u = m, = 1.275 GeV
and adopt the standard model parameters tabulated in
Table IV in estimations of these functions. The factors
Z;i(g*a) in (45) are renormalization factors which have
been calculated by perturbation theory in one-loop order in
Ref. [17]. A nonperturbative determination is not yet
available. For the renormalization in the continuum theory,
we adopt the modified minimal subtraction scheme (MS)
with naive dimensional regularization scheme (NDR). We
choose two values ¢g* = 1/a and 7/ a as the matching scale
from the lattice to the continuum theory in order to estimate
the systematic error coming from higher orders of perturba-
tion theory.

Our final results of the decay amplitudes at m, =
260 MeV, mg =570 MeV, La=44fm, and a=
0.091 fm are tabulated with the experimental values in
Table V. Here, the direct CP violation parameter ¢'/e is
obtained by

Re(€e'/e) =

w <1mA2 @)

ImA0>
\/§|€| ReA,

B ReAO
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TABLE IIl. Decay amplitude for the Al = 1/2 process at m, = 260 MeV, myx = 570 MeV, La = 4.4 fm, and
a = 0.091 fm, following the same convention as in Table II.

g =1/a q-=n/a
i M! ReA((GeV) ImA,(GeV) ReA((GeV) ImA,(GeV)
1 -2.2(1.1) x 1072 1.85(89) x 107 0 1.42(68) x 1077 0
2 2.06(88) x 10792 3 9(1.7) x 10777 0 3 6(1.5) x 1077 0
3 -3.0(2.7) x 1072 5.3(4.8) x 107 1.0) x 10711 7.0(6.4) x 107%  9.5(8.6) x 10712
4 1.2(24) x 1072 0.6(1.2) x 10798 1.6) x 10711 0.7(1.4) x 107%  0.7(1.5) x 107!
5 -3.2(1.9) x 1079 4.5(2.6) x 10798 32) x 107! 5.6(3.3) x 10°%  5.7(3.4) x 107!
6 -2.8(2.7) x 10700 —1. 2(1 2) x 10777 6(1.6) x 10710 —1 1(1 1) x 1077 —1 3(1 3) x 10710
7 195(45) x 1070 2.12(49) x 10710 6.0(1.4) x 10713 6.3(1.5) x 10710 4.6(1.1) x 10713
8 5.8(1.2) x 107! —5 0(1.0) x 10710 (64) x 10712 -7, 4(1 S5)x 10710 -2, 21(45) x 10712
9 -2. 01(86) 102 7.6(3.2) x 10712 24 1.0) x 10712 2. 13(91) x 10711 —2.18(93) x 10712
10 23(1.0) x 1072 2.6(1.2) x 107" =1.27(56) x 10712 3.0(1.3) x 10~""  —1.02(45) x 102
Total 5.1(2.8) x 1077 —0.9(1.4) x 10717 4.6(2.4) x 1077 —=0.6(1.1) x 10710

TABLE IV. Standard model parameters used to evaluate the
decay amplitudes in the present work (from Ref. [18]). 7 =
—(ViV.)/ (Vi V,q) and A% is the lambda QCD for N, =5
theory. The standard representation of the CKM matrix of
Ref. [18] is adopted, where the CP violation enters entirely
through a complex phase of V,,, thus 7.

my 91.1876 GeV
My 80.379 GeV
m, 173.0 GeV
m, 4.18 GeV
m, 1.275 GeV

5
A% 231.4 MeV
a (at u = my) 1/129
sin? Oy, 0.230
Gy 1.166 x 1075 GeV—2
Vi 0.97446
V, 0.22452
Re(7) 0.0015999
Im(z) —0.0006469

with @ = ReA,/ReA, where the experimental value of the
indirect CP violation parameter |e| = 2.228 x 1073 [18] is
used in the estimation. In the table the experimental value

of Re(€'/e) is the average value of KTeV, NA48, and
E731 measurements [18]. From Table V we learn that
the dependence on g* is negligible for most of the decay
amplitudes, but it is very large for ImA,. A nonpertur-
bative determination of the renormalization factor is
necessary to obtain a reliable result for this value. We
find a large enhancement of the Al = 1/2 process over
that for the Al = 3/2 at our quark mass m, = 260 MeV.
The RBC-UKQCD Collaboration found a numerical
mechanism for the enhancement in Ref. [19]. We
confirm this numerical mechanism also in our case.
Our result for A, particularly for the imaginary part, still
has a large statistical error so that we do not obtain a
nonzero result for Re(¢’/e) over the error. Improving
statistics by devising a more efficient operator for the
two-pion state is an important work reserved for the
future.

The contributions of the bare matrix element M! to the
decay amplitude A; (A;(i) in (44)) are tabulated in Table II
for the Al = 3/2 and in Table III for the Al = 1/2 process.
We find that the main contribution to ReA, comes from the
operator Q; and Q,, and that to ImA, from Qg. The main
contribution to ReA, comes from the operator 0, and that
to ImA, from Q.

TABLE V. Results of the K — zz decay amplitudes at m, = 260 MeV, myg = 570 MeV, La = 4.4 fm,

and @ = 0.091 fm, and the experimental values [18].

=1/a q-=r/a Experiment
ReA,(x1078 GeV) 2.431 +£0.019 2.463 £0.019 1.479 £+ 0.004
ReAy(x107% GeV) 51.3+275 459 +£24.1 33.24+0.2
ReA(/ReA, 21.1+£11.3 18.6 £9.8 22.45 £+ 0.06
ImA,(x10712 GeV) —1.0754 + 0.0064 —0.6611 + 0.0042
ImAy(x10712 GeV) —89.1 £135.5 —-64.9+112.4
Re(€e'/e)(x1073) 1.94+5.72 1.95+5.77 1.66 +0.23
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IV. CONCLUSIONS AND PROSPECTS

We have reported on a calculation of the K — zz decay
amplitudes with Wilson fermion action. In order to realize
the physical kinematics, where the pions in the final state
have finite momenta, we consider the decay process
K(p) = #(p) + #(0) in the nonzero momentum frame
with momentum p = (0,0, 27z/L) on the lattice.

We have been able to show a large enhancement of the
AI = 1/2 process over that for the Al = 3/2 at our quark
mass (m, = 260 Mev). However, our result for A, par-
ticularly for the imaginary part, still has a large statistical
error so that we have not obtained a nonzero result for
Re(€’/€) over the error. Improving statistics by devising
a more efficient operator for the / =0 two-pion state
is necessary for a precise determination of the decay
amplitudes.

Our calculation is carried out away from the physical
quark mass. For calculations near or on the physical quark
mass, the following extension of the present work is
necessary. The scattering momentum of the two-pion state
p = +/m%/4—m? at the physical quark mass takes a
larger value than that in our heavier quark mass case. Thus,
excited states of the two-pion system should be considered
to match the energy with mg. On our lattice (@ = 0.091 fm
and La = 4.4 fm) at the physical quark mass, the invariant

mass of the two-pion state in the moving frame with the
total momentum P = (1, 1, 0) in units of lattice momentum
is 400 MeV for the ground state (corresponding to the
two-pion state |z(1,1,0),7(0,0,0)) in the noninteracting
two-pion case), and 490 MeV for the first excited state
(|=(1,0,0),7(0, 1,0))). Therefore we have to calculate the
decay amplitude for the first excited state. Calculation of
such amplitudes is not trivial, because the ground and
excited state are mixed by the two-pion interaction. The
decay amplitude for the excited state can be calculated
by the diagonalization method proposed in Ref. [20], but it
has not been applied to the K meson decay. Therefore, an
exploratory study of the method for the K meson decay is
the next step in the direction of determining the decay
amplitude at physical quark mass.
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