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ON THE WAVELET四 GALERKIN九1ETHODWITH 

DESLA URIERS-D UBUC INTERPOLA TIN G SCALIN G 

FUNCTIONS 

By 

Naohiro FUKUDA 

Abstract. Compactly supported orthonormal wavelets are often 

used in numerical analysis. However， since these functions have not 

an explicit formuJa in the time domain; the difficuJty of integrations 

often occurs. 1n this paper; we introduce the GaJerkin method with 

Deslauriers-Dubuc interpolating scaling functionsコ andwe llse the 

biorthogonality of the wavelets to overcome the di伍cuJtiesof in・

tegration. We present numericaJ resuJts that show the efficiency and 

accuracy of this method. 

1 Introduction 

The GaJel・kinmethod is a powerful tooJ for calculating numericaJ solutions of 

di汀erentiaJequations. 1n particuJar， lower咽 degreepolynomials are often used for 

the basis and test functions since the resulting coefficient matrices of the Galerkin 

equations have simpJer strllctures. This method is called the自niteelernent method 

(FEM). Let us consider the foJlowing problem as an example: 
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A weak formula that corresponds to the problem is given by 

。(uぅu)ニくf)V)[2 for all vEHdゅう 1) (2) 

with a bilinear form 
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Here we denote the Sobolev space H 1 (0，1) = {με L2(0， 1) Iμfε L2(0ぅ l)} and 

H01(0， 1)ニ {uEH1(0，1)1μ(0)ニ μ(1)口 O}is its Sl郎 pace.A solution of (2) is 

called a weak solution. 

The Galerkin method constructs an approximate solution as the weak solu-

tion. Let九 c H O be an n-dimensional subspa民 andlet伊1，川1 be a basis of 

VI!' By substituting Un E Vn for u and Vn E Vn for V we obtain 

α(Un， Vn) =くj，山)[2 [01' all 1ノnεVn (3) 

We consider・ theapproximate solution UJ E VJ of the form 

叫z(X)=ヱ刷(X)

Taking Vn主的 (jニ 1，2，・ス)in (3) we obtain a Galerkin equation: 

MU=F， 

where M {α(伊l'吟))ITj=17fl is a coe伍cientmatrixフ F= I{(j，ψj)}j=:I，...JI is a 

vector generated by the inne1' products of j and the test functionsフ andU is a 

unknown vector Uニ t{ U11 • . • 1 Un}. The coefncie山(匂}jare thus obtained as 

the solution of the equation U = M-1 F. 

Classical FEM employees the hat function B2 (x)ニ max{1 -jxl， O} as the 

basis and test functions. If we put {ψJx} Vi(X)ニム(xjh-i)}目IcHO(O，I)ヲ

then we can easily see that the components of the stifti1ess and mass matrices are 

glvenう respectively)by 
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Thus the coe百icientmatrix M is a tridiagonal matrixフ andits components are 

given by Mi，i = 2j h + 2hj3， Mi， i土l二一ljh+ hj6， and Mi，j = 0 otherwise. The 

sparsity of this matrix results in decreased computing costs. 

Wavelet theory has been developing rapidly in several fields since its incep-

tion in the 1980'民 andmany wavelets has been introcluced. The application of 
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wavelets to the Galerkin method is an interesting topic， and the fiexibility of 

wavelet functions provides many options for approximation spaces. Especially， 

compactly supported orthogonal wavelets or scaling functions give sparse ma悶

trices， including the sti百I1essmatrix， because of their locality and orthogonality. 

Among the丸山eDal脱 chiesscaling function [5]， which is well known as a 

compactly supported orthogonal function， is commonly used for numerical 

analysis. But the Daubechies wavelets and scaling functions do not have explicit 

expressions in the time domainう soif we try to compute the inner product 

on a waveletくfiや>u or a scaling functionく/ぅψ>L2 with high-dimensional 
accuracy， lt IS computationally expensive. Thereforeう in some cases inner 

products with scaling functions are simply approximated by its samp1ing， i.e.， 

く/九う2シj/ρ2ψ(ρ2.1 一k)>Lυ2~ f(ρ2一づ情叫k)，but the accuracy of these approx計imation

depends on the smη100t出hnessof fう andgetting highωpreClsIOn analysis results 

requires evaluation of the integrals. To overcome this di伍cultywith integratiol1s， 

many methods 問時 waveletsand scaling functio山 i

8フ 16]

When we use the orthogonal functions as basis and test functions， resulting 

mass matrix becomes a diagonal matrixフ butin almost all casesコ thehighest 

derivative of the original equation is a leading term. Thus， in the above case， 

the structu印 ofthe sti汀nessmatrix plays an importa川 role.F山吋aet a1. [12] 

introduced a uniform approach that generates Riesz bases such that the asso-

ciated sti汀nessmatrices become tridiagonal. This method is highly accurateう but

the difficulty with the integral remains unsolved. In this paperう wefurther develop 

the method of [12] and 附 thepropeties of the biorthogonality of the wavelets to 

overcome the difficulty with the integrals of the test functions. The Deslauriers-

Dubuc in川川t印;芯er叩po叶la抗山士孔出tin時gsca叶叫山liI口I昭 f孔u山I口i似 ions [円9，10] are used as basis f印u山un口n山削1冗則ction

Sectωt討J山on2 cωontainη1S t出hedefi白1n巾1廿i社tionsand pr印ope白r噌t古tiesof the Deslau江出r司le白I子町FγDubuc

i口n坑te引r司.polat廿ingf1元UlηJCtionsand the biorthogonal B-spline wavelets that will be to be 

needed in later sections. In Section 3う weconstruct a Galerkin equation with our 

method and explains how to appJy the results derived in [12] to the i川e叩olatin

functiol1s. 111 the last sectioJ1， we present some numerical results which prove the 

e伍ciencyand accuracy of this method. 

2 Interpolating Schemes 

2.1 Deslauriers-Dubuc Interpolating Wavelet 

Deωsla剖川川u山町I日汀r巾.

sch児悶e剖n問1
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functions obtained from the initial value {dk，o}kEZ are called the fllndame山 II

functions. We denote the Deslallriers-Dubuc fundamental functions of order D 

2L + 1 (L = 0， 1，・・.)by FD・F D satisfies the refinement relation 

FD(X) = Lん(k/2)ん(2x-k) 
kEN 

and supp FD = [-D， D]. The smoothness of Fρincreases as D inα'eases [9] 

FD is known as a scaling functions of the interpolating wavelet function. 1n 

generalう aninterpolating scaling function伊 hassome useful properties. Firstフ

伊(k)= dk，o for kεZ， which is useful in terms of the approximation. Seco叫 the

two scale equation is given byψ(x) LkEZ伊(k/2)ψ(2x-k)う whichmeans that 

the五ltercoe伍cle山 {hk}k are equal to the half values伊(k/2).Moreover， the 

associate wavelet function is simply tjJ(x)土伊(2x-1) 

In the case of Deslauriers-Dubuc scaling functions， the filter coe伍cients

{hk} k are easily calculated from the Lagrange polynomIe止 If

川 )=HzzJ7k
l口 -N山レ

N十 1，...，N + 1‘ (4) 

then 

h2kごみ
J0， 

hjhl = f L-dl/2)ぅ k=-N-l，
2k+l = ~ハ

l 0， otherwise. 

‘N‘ 
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when Dニ 1，and 

{h_3， h-2， h-l， ho， h1 1 h21 h3}ェ{-占0ぅ;11ti-占)
when D = 3. 

2.2 Average Interpolation 

Donoho [11] and Harten [13] generalized the De山 uriers-Dubuc interpola舗

tion scheme and also introduced a scheme called average interpolation. The 

fundamental functions of the average interpolation scheme AD of order D = 2L 
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Figure 1: Deslauriers-Dubuc fundamental functions 

(L = 1) 2). ..) still have compact supports supp AD c [-D， D十 1]a吋 satisfythe 

two scale equation 

AD(X) = 2二CkAD(2.x-k) 

For example; 

when D = 2‘ 

‘ (  3 3 11 11 .マ 11 11 3 3 1 
{C-3， C-2: C-J: Co: CJ: C2: C3: C4} = i i28: -128: -64:函:1，1:函 3一司-128)百五f

when D二 4.
The fundamental functions AJ] and FJ] have a strong relationship. If we set 

伊二 AD and rt = FD+J， then it holds that 

(5) ダ(x)=伊(χ+1)-ψ(X) 
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Figure 2: Fundamental functions of the average interpolation scheme 

(5) is equivalent to 

ゆニ伊 *NJ7 (6) 

where fV(x)工 f(-x) and NII1 is the m-th order B叩 line，i.eフ N1= X[O， 1) and 

Nm = Nm-Iキ N1 (mど2).For the construction of Riesz basesフ thismeans that 

o is an elevation of ψwith elevator N1 ([ 12]). 1n terms of the low四 pass五lters

mDD(c)ニ εkhfDe-ikC， and mA(c) =乞khte-ikC" it is denoted as mDDェ mAm，

where m(c)ェ(1十 c勺/2う orsimplyフ {hDD}= {hA}本 {1/2，1/2}.

REMARK 1. Deslauriers-Dubuc fundamental functions also have a special 

印 latior凶 ip to Dal耐 chies scaling functions [5J. Let φ .B be a Daubechi江出leωS 

scali時 fu肌I

equatlOn: 

lyf(判 (x-y)← F2N-1 (y) (7) 

Therefore F2NートIis called the autoω叫 ltionf山 山nof φZ 

Orthogonal wavelets lose several properties due to strong restrictions， but we 

can construct many wavelets by discarding the orthogonality. Cohen， Daubechies 

and Feaゆeau(7) constructed bio巾 ogonalspline wavelets， whose primal and 

dual functions both have compact support. 

Generally， the biorthogonal B-spline wa velets are specified with two 

parameters. Let伊p and九戸 bethe primal and dual scaling functions of the 

biorthogonal B-spline wavelet， then the associated low-pass filters mo and mo are 
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/白¥ (p+戸)/2-1 11__ -¥ ''"'0 " 7'¥ 1"，¥ 

泊o(c) = e -id，/2 cosjJ ( ~ìγ ((pサ)/2 -1 +勺 sin2k(~ì ， 
い/ 旬 ¥ k ) ---- ¥2ノヲ

where p十戸 isan even integer，ε= 0 when p is even， and ε= 1 when p is odd. 

For p = 1， we note that mo(c) = eーだ/2COs( c /2) is just the low-pass fi]ter of 

the Haar wavelet. Thl民 inthis case，伊1= N1 (x). Moreover， Donoho [11] showed 

that the dual scaling functions are equal to the. fundamental functions: more 

precisely， for D = 2う4，・・リ it holds that 

争l.DキI=AD. (8) 

:r I 
0.8 0.6 
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ト」トし
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(a)ψ1 (b) (h，3 

Figure 3: Biorthogonal B-spline fUl1ctions 

3 Wavelet-Galerkin Method with Biorthogonal Functions 

]n this section‘ we introduce a way to construct approximate solutions for 

certain differential equations by using Deslauriers-Dubuc fundamental functions. 

As mentioned aboveフ thesefunctions have compact support， are symmetric， and 

satばYFJ)(k) = ak.O; the Daubechies 印刷ionsdo not have these prop戸閃e白rtle白S‘

Withψ = F3， h = 1/ (n + J) and n三 5，we seek a J1umerical solution 

叫Jx)=乞Uk(/J(xjhー k) (9) 
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for the Dirich1et boundary value prob1em (1). The standard Galerkin method 

leads to 

α(Un，伊tJェ <f，ψk)Ll， k = 3，4)...)n -2 、ljノ
ハ
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From this， we obtain the Galerkin equation 

MU=F， 、、3，
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whe同 M=(JMMcJX十 fR伊lめdx}i，j is a coefficie川 matrix; F = 
l{くf;伊)-)Ll }j=l， ..，n; and U is a unknown vector Uェ l{U1; ・ )UII}. This equation 

can be solved to obtain the coefficients Uk. 

1n this case， the sti百I1essmatrix is a heptadiagonal matrixう whichis relatively 

full compared with the one f01・c1assicalFEM. Moreover， as in the case of the 

Daubechies functionう Deslauriers-Dubucfundamental function仇 doesnot have 

an explicit formula; the difficu1ty of the integral on the right-hand side of (10) 

thus remains. 

To dea1 with this problem) we replace the ψk by the hat functions Vkニ

B2(-/h k) and consider 

α(Un， Vk)ニくf，Uk)l)， k = 3，4， 刀 _.2 

This leads to a new Ga1erkin equation: 

MU=F、 ( 12) 

with j均二 {fR ({J;v;批十fR伊i巧dx}lJJ=f{くf)Vj)μ}j=l.. .11' and U = 1 {U1， 
仏}.Equation (12) is more convenient and manageab1e than (11) for the foト

lowing reasons: 

(i) 80th F3 and B2 are elevated functions of pair of bio出 ogonalfunctions 

with e1evator Nじthusthe resulting stiffness matrix is a tridiagonal 

matrix， which is sparse compared with the one of (11) 

(ii) Both F3 and B2 are refinement functions; therefore we can explicitly 

calculate the mass matrix. 

(iii) Compared to (10)， the integ凶 son the right-hand side of (12) are 

simpler， and they can be processed more quにklyby computer. Thus our 

scheme quickly obtains the solution U once f has been set. 

Let us more fully consider the advantages stated in (i)， above. F此 udaet al 

[12] proved that ifψis orthogonal， i.e.，くψ?伊(--k))L2=O、k.O，then the sti町ness

matrix generated by its elevated function φここ伊本 N1is a tridiagonal matrix， i.e.フ

くφf7φ'(--k))L2 = 2J5k，o -d[k[， 1・Wecan easily see that this is a1so true for a pair 
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of biorthogonal functionsうJ.eぅ ifくψ1)伊2(--k))u = dl(， O， then 

くりlキ N})') (町本 NJ)'(--k))L2=20k，O-olkl，J 、1
1ノ

「
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d
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Since F3 and B2 are elevated functions of the pair of biorthogonal functions 

A2=弱J，3and NJ =伊1with elevator N( (see (5) and (8))ぅ theres山 i時 sti汀ness

matrix is a tridiagonal matrix. 

REMARK 2. One may expect that there exists an elevator rff such that the 

sti汀'nessmatrix become a diagonal matrix， i.e.，くψ*g)伊牢 g(--k)) = dk，O with 

an orthogonal function伊・ But this means that g is the sign function) and the 

resulting elevated function is thus non compactly supported. We therefore can not 

use this function [or the Galerkin自niteelement method. 

Now let us consider (ii)， above. Let.f and 9 be compactly supported refinable 

functions. Then， h = JR .f(x)q(χ-k)dx=.f牢 gV(k). Here we remark that 

pV(x) = p( -x) is also refinable when p is refinable. Since the convolution of 

refinable functions is凶 nable[2]， it can be given as a solution of an eigenvalue 

problem. 

1n the case f = Fl and q = B2， the above is summarized as follows: 

Then Set Mk =く行，B2(--k))L2 仰 dSk = <F{， B~(- -k))L2・THEOREM 3. 

we obtaiれ

(14 ) 

ifkニ 0)

ザk=士1) 

!f k = :t2， 
if k二土3)

otherwise司

131/180 

37/240 

-11/600 

1/3600 

0 

.Mk = 

( 15) 
グkェ 0，

{f kニ土1，

othenvise. 
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PROOF. Equation (15) is easily seen from (13)， so let us prove (14). Set .f = 

乃木β;二円 本B
2・

Thenf is a refinable function with日ltercoefficients 

叫 -4ニH-占oili03-占ト(トI，U
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From the two-scale equatlOn， we get Mk f(k) 5二mhmf(2k m)エ

Lml h2k-mf(m) = :2二nh2k-m̂ 

of 

M-3 h-3 h-4 。。。。。 M-3 

M-2 h-3 h-4 。。。 Mーヲ

M-l ho h_1 h-3 h-4 。 M_
1 

Mo h3 h1 h-2 h-3 Mo ( 16) 

M1 
。h4 h3 hフ h1 ho h-l M1 

Mっ 。。。h4 h3 h2 !vlヲ

M3 。。。。。h4 h3 M3 

under the normalization 2:k Mkニ1. 口

REMARK 4. In [12] and [17]， with ①f and elevator N1， a Riesz basis ψf= 

φf本 N1was constructed. Since <Tf is 0凶 ogonal，く付1，rpf' (. -k)) corresponds 

to Sk in Theorem 1. Moreoverフく伊F7付(.-k)) also corresponds to Mk in the 

theorem‘ Although this may seem strangeう itis justified by the autocorrelation 

prope町 (7);from F3 = g;[φf*φfV] = I①f123we have 

くF3，B2(- k))u = d:-r F3(C)E2(c)eikc dc 
2πJR 

4 Numerical Results 

')~ f Iφf(ご)12N1(c)可c)e
ikc

dc 
ムμ.JR

ごく伊f7ψf(--k))L2 

In this section we present some numerical results to showing the efficacy of 

our method. Let us illustrate some numerical examples. All computations were 

carried out with a Mac OS X， Intel Core i7， 3.4GHz， and by using Mathematica 

ver. 8.0.1.0. 

We consider the following Dirichlet boundary value problem: 

(-j/十日 O<xく 1，
μ(0) = u( 1) = 0 

In classical FEM， the hat function B2 is used to represent an approximate 

solution， and in [12]， an elevated Daubechies scaling functionψf:φf本 N]was 
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used. To compare these two， we caJculated the approximate solutions using the 
Galerkin method: 

長(x)ニ乞unB2(山 -k)ぅ

u(x)ニ芝川f(2ix-k)， 

長(χ)=乞 u1IF3(2Jx-k); 

with test functions B2 (2Jx -k) (kニ 1;...;2J-l); ψ子(2Jχ-k) (k=O，l，・

2J 
- 4); and B2(2Jχ- k) (k = 3; 3， • • • ) 2i -3)， respectively. The error was esti-

mated by the relative t2-error: 

_ Jε乙。(u(k/2i)-u(kβi))2 

り一 IIuIIL2 ( 17) 

The results with various choices of μare presented as follows: 

Table 1: The case of lI(X) =ジ(1-x)コ

B1・B守 ψ{λψF F}-B2 

つ/ CJ 匂ー1/匂 Cj 匂ーI/ej ej 

6 1.50 X 10-4 2.87 X 10-4 3.65 X 10-4 

7 5.30xl0-) 2.83 4.66 X 10-) 6.16 1.76 X 10-5 20.7 

8 1.88xI0-5 2.83 9.49 X 10-6 4.91 8.13 X lO-7 21.7 

9 6.63 X 10-6 2.83 3.33 x 10-6 2.85 3.68 X 10-8 22.1 

10 2.35 X 10-6 2.83 3.15 x 10-6 1.06 1.20 X 10-9 30.7 

Table 2: The case 01 u(x) = Ns(5x) 

B、-B、 !(lF-¥干1i〉 FγB2 

)J ej 在'j-I/巴j Cj ej_1 jej 。J

6 1.51 x 10-4 4.31 X 10-4 6.18 X 10-4 

7 5.33xIO-) 2.83 6.76 X 10-5 6.38 5.50 x 10-) 11.2 

8 J.88xl0一方 2.83 1.28 x 10→ 5.29 4.88 X 10-6 11.3 

9 6.66 x 10-6 2.83 3.80 X 10-6 3.36 4.32 X 10-7 11.3 

10 2.36 X 10-6 2.83 3.14 X 10-6 1.21 3.77 X 10-8 11.4 
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Table 3: The cωe of u(x) = N3(3x) 

βづ伊Bヲ 伊ヲρ-(Pゥρ FγB; 

フj
とj ej ej_11 ej とj 

6 1.51 X 10-4 3.64 X 10-2 7.50 X 10-2 

7 5.22 x 10ーコ 2.90 1.31 X 10-2 2.78 2.67 X 10-2 2.81 

8 1.87 X 10-) 2.79 4.66 X 10-3 2.81 9.46 X 10-3 2.82 

9 6.57 X 10-6 2.85 1.65 X 10-3 2.82 3.35 X 10-3 2.82 

10 2.33 X 10-6 2.82 5.84 X 10-4 2.83 1.19 X 10-3 2.83 

Table 4: The case of u(x) = N3 (10λゾ3-1/6) (supp u [1/20，19/20]) 

Bフ-Bヲ Fュoーミrp? FγB2 

フj
ej ej ej 

6 1.51 X 10-4 8.24 X 10-4 2.01 X 10-6 

7 5.21 x 10ーコ 2.9[ 2.13 X 10-4 3.87 7.80 X 10-7 2.55 

8 1.86 x 10→ 2.80 5.17 x 10コ 4.[2 6.39 X 10-8 12.4 

9 6.63 X 10-6 2.81 1.36xI0-) 3.79 2.61 X 10-8 2.45 

10 2.34 X 10-6 2.84 4.47 X 10-6 3.05 2.57 X 10-9 10.1 

Table 5: The case of u(x)ニ sin2(2πλ-)

Bフ-Bフ rpf-ψフD FγB2 

フノ ej ej ej_11 ~ ej りー11り

6 1.53 X 10-4 8.24 X 10-4 2.01 x 10-6 

7 5.41 x [0ーコ 2.82 2.13 X 10-4 3.87 7.80 X 10-7 2.55 

8 1.91 X 10-) 2.83 5.17 x 10コ 4.12 6.39 X 10-8 12.4 
9 6.77 X 10-6 2.83 l.36 x 10ーコ 3.79 2.61 X 10-8 2.45 
10 2.39 X 10-6 2.83 4.47 X 10-6 3.05 2.57 X 10-9 10.1 

Figures 4-7 shows the CPU time required to calculate the integrals of Fフl.e.フ

the inner products of f and the test functions versus the error (17). 
From these results， we can conclude that our method obtain smoother 

approximate solutions within the time required to perform classical FEM. In 

particular， we note that when an exact solution rapidly decays to zero near the 

boundaries of the domainラ ourmethod is more e汀ective.When the decay is not 

rapidう thereis a slight loss of accuracyフ whichis presumably due to the shape of 

the basis F3・ SinceF3 is nearly zero at the endpoints of its support， non zero 

values of the exact solution cannot be represented well in this region. However， 

this weakness can be easily eliminated. Recall that our pr唱oposedmethod denotes 
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CPUtim巴

Figure 4: cas巴 1;u(x) = x5(1 -x)5 

50 100 500 

CPU time 

Figure 5: case 2; u(x) = N5(5x) 

an approximation soIution using F3 as 

長(χ)= 2二叫IF3(2Jx-n) ( 18) 

To capture the behavior of u near the boundary of the domain， we denote the 

approximate solution using F3 and B2 as 



334 Naohiro FUKUDA 

。‘1t-品

。01ト¥魚

i
 

nu 
nu 

nu 

』

O
」
』

U

10-4 

10-) 

ハUl
 

50 100 500 

CPU time 

Figure 6: case 3; lI(x) = N3(3x) 
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Figure 7: case 4; u(x) = N3(10x/3 -1/6) (supp u = [1/20， 19/20]) 

長(x)=乞unF3(2Jx-n)十乞 unB2(2Jx n). (19) 

Figure 8 ill凶 ratesthe basis and test functions of (18) and (19). This modificatIon 

increases the size of the coefficient matrIx from 2J - 5 to 2./ 1， but the form of 

the stiffness matrix does not change. In Figure 9 we show that the computational 
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cost of the modification is comparable to the unmodified fom1 and that the 

e伍ciencyof the modification. 

Appendix. Cases of Higher嗣 OrderEquations 

1n the previous sections， we considered only second-order differentIal equa-

tions， but higher-order di汀erentialequations， such as the beam equation， are also 

important. 1n the Galerkin equation， a 2m-th order di汀erentialappears in the 

coe侃cientmatrix form as くがm)ψ(m)(--k)>L2・ For an orthogonal function φ3 

Fukuda et al. [12] proved using the formula of inverse matrix of Vandermonde 

type [4] that 

( -1) 02m Cm if k = 0ぅ

( -1) 1 2m Cm-l if kニ::t1 ， 

く伊(m)，(/J川 -k) > L2ニ<: (20) 

(-1)m2mCm_m if k =土111，

o otherwise， 

whereψ=φ *八1叶 Applyingthis approach to the biorthogonal function， we 

obtain a pair of basis and test functions伊=F3 * NI71-1 and弱ニ Nm十1・ Thereis 

no difficulty with the integral of the test function Nm+1， since Nm is a piecewise 

polynomial that has an explicit expression in the time-domain， similarly to the 

previous case of m = 1. Moreover，伊 ISa re白nementfunction， so if we consider 

the di汀erentialequation u(2川 +u = J， we can obtain an explicit coefficient 

matrix. However‘ the basis function F3牢 Nmー 1is no longer an interpolation， so it 

needs a little adjustment. From the Parseval theorem we get 

くF3* Nm-1， NI11ト1>L2 =土くF3Nm-j，N，叶 j>U
2π 

士会くF3，N円1十1芯ゴ>L2 
Lπ 

ニιムく(Fιι3，λん凡札九1け川川yηI

4ぷ乙π

ニιくAιうN的21刀m/7門7

ぷぷ乙π

=くF3ぅN2m('+刈>L2 

This means that by using F3 and N2m we can construct an e百ectivescheme for 

numerical computatlons. 
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(a) basis functions F3 for (18) (b) test functions B2 for (18) 
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( c) basis functionsれ，B2 for (19) (d) test functions B2 for (19) 
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Figure 8: basis and test functions for (18) and (19) 
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Figure 9: case 3;μ(x) N3(3x) 
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