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TIME DECAY ESTIMATES OF SOLUTIONS TO THE MIXED 
PROBLEM FOR HEAT EQUATIONS IN A HALF SPACE 

By 

Akio BABA and Kunihiko KAJITANJ 

1 Introduction 

The Cauchy problem for the heat equation . 

{ a,u―△ u=O, t>O,xeR", 

ul,=o = uo(x), x ER", 

has a solution 

I 
u(1,x) =― -I e―lx-vド/41

平
,, uo(Y) dy 

R" 

which has the following three estimates for 1 > 0 

llu(t)ll1."'s崎lluullぃ

IMl)IIぃsc"μlluollu, I s /J s⑳ 

and 
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(1.2) 
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llu(t)IIぃ三戸年号可lluollぃ： I sq< p s co, (1.5) 

where 

!lullぃ =(L, iu(xW dx)'IP 

(1.3) and (l .4) follow immediately from (1.2). We can derive (l.5) from (1.3) and 

(I .4) by use of interpolation (see Proposition 2.1 below). 

Dirichlet and Neumann problem in a half space R~. = { x = (x , Xn , 
I)  x'ERn-1, 

x11 > O} has a solution respectively as 

叫 l,X)=二 I[e―(Ix'-y'l2-(x,+.1ぶ）/41 _ e―(lx'-y'l2-(ヽ.-yぷ）14']u0(y) dy (1.6) 
平 II R" 
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and 

叫 l,X)=喜L:[eー(I-ヽ'-yf-(x,, 十）＇ぶ） /4r + e―(Iヽ'-.rf-(.,・.―}ぷ）l41Ju0(y) dy. (I 7) 

So we can see thatゅ (t,x)and uN(t,x) also satisfy (1.3), (1.4) and (1.5). 

In this article we shall investigate the boundary conditions which are gen-

eralizations of Dirichlet and Neumann conditions and with which the solution 

of heat equation in a half space R~satisfies (1.3), (1.4) and (1.5) 
Let us consider 

如—△LI= 0, / > 0, XE  R'.~, 

Bu:= (⑫、．十芦凡+d) ul.,,,=0 = 0 1>0.x'ER11-1 (1.8) 

uL=o = uo(x), x ER:, 

where c, 幻andd are complex constants. 

Our aim is to give the integral expressions of the solutions to the mixed 

problem (1.8) and to derive by use of these expression the time decay estimates 

(1.3)-(1.5) of the solutions of (1.8) under the strong Lopatinski condition (below) 

The above problem (1.8) is well posed in L2( R'.~) if the boundary operator B 

satisfies 

11-I 

B(一喜五戸，ど） ＝ ーC石~+心b/j+ d ,t. 0 
j=I 

(1.9) 

for). EC such that即>c, (3c1 E R) and forどER'卜・1,which is called a 

Lopatinski condition, where we choose the branch of /口］汗 suchthat 

叫□石>0 for即 +Iこ'12> 0. Then the solution of (1.8) satisfies 

llu(t)llu(R~):::; C(t)lluollqu:J, t > 0, 3C(t) > 0. (1.10) 

However in order to get the estimate (1.3), (I 4) and (1.5) we need a stronger 

condition than (1.9), that is, there is c:0 > 0 such that 

B(-J2+ jど'12.ど） #-0, 況}.:2: ーcolど1¥ ど'ER"-1¥0. (I.I I) 

We call our condition (I. 11) the strong Lopatinski condition. for simplicity we 

denote b = (b1, ... ,b11-1), bど=I:/;;/ b灼 and(。 ＝亨 When ~m #-0 and 
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c =f 0, there isどER"ー1such that瞑o=節｛亨}> 0. Then we can find),o EC 

satisfying for suchど

11-I 

B(一五~,()=一c五言戸+i L bj(j + d = 0 
j=I 

(I. I 2) 

For入。 ECsatisfying (1.12) then we have 

B(ー ニ ぶ）＝ ―c(A -J. しo)

五+~・

えEC, (1.13) 

from which i.。isdetermined uniquely. On the other hand we note that if 

叙o=沢｛亨}< 0 holds, then th ere is no solution of (LI 2). 

Now we can see that the strong Lopatinski condition (1.11) implies the 

following theorem. 

THEOREM I. I. Assume that the strong Lopatinski condition (1.11) is valid. 

(0) When c = 0, the condition (1.11) implies that d #-0 is valid and that 

b = 0 or (f b -f,. 0 the 1wo real vec/ors 8'(り） and叫） are parallel. In this case 

the boundary condition is equivalent to Dirichlet condition. 

(1) Let c -f,. 0. Then the condition (1.11) implies that Iどドー (8<(竿））2+ 

偉（与））2~Co怜'12 , 釦 o:e::; -colc;'l2 Jbr all c;'ER"ー1and (~(~))2 -(R(~))2~0 

hold 

Then the .followiny three cases occur. 

(i) When (~ 懇））2 -(沢(~))2 > 0 is valid, rhere is c1 > 0 such that応。三

-c1(l + I切り .forどERn-I_ 

(ii) When (~(~)ド ＝ （況 (~))2 * 0 isじa/id,況(~)~(均+S<(1)3r(竿）=0, 人o=

孤+2i(祝(1)-8'(竿）） ((~(~) +況（岸）） and (o = r(麟+i) (8<(~) +沢（号））
hold. Moreover if祝d< 0, then人。三 ーCJ(!+ I汀） holds .for 叙0~0.

(iii) If (~(~)) 2 = (沢(~))2 = 0, that is, d = 0, then (o = 1写holds

(2) Let c -f,. 0. /1 holds that (0 = ibど+d salisfies 

況（碕）ーltl2:-::'. -colど,2 どER"-1 

The proof of this theorem will be given in the section 2. 

Since we consider the equation (1.8) in the half space R"-1, it is natural to 

use the Fourier trans「onnwith respect to the tangential variable x'. We follows 

the notation used in Ukai [6]. Let /(x',x,,) be a function defined on R~. Then 

its Fourier transform in x'is defined by 

凧 、ふ）= f e_;, 町(x',ノx,,)訟
Rn-I 
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and Fourier inverse transform by 

I 
/(ぷ，知） = (2n:r-1 L,,_, /tヴ(x',叫 d、x-'

In the sequel we shall drop the hat in J, if there is no confusion. Thus we shall 

use the same symbol / for / and its Fourier transform J. 
We can give the expression of the solution of the mixed problem (l .8) as 

follows. 

THEOREM 1.2. Assume that the strong Lopatinski condition (I.I l) is Daild. Let 

(o =竺 andc > max{蹴0,0}.Then we have the Fourier image u(1,t, 入・11)with 

respect to x'of the solution of (1.8) if c = 0 

u(t, 〈',x,,)=ゅ(t,(,x,,) (1.14) 

whereゅ (t'ど，x,.)is the Fourier transform ofゅ(t,x)given by (1.6) and if 
C =/; 0 

u(l, ど，x,,)== t位 (l,ど，x,,)+ゅ(l,ど',x,,),

where 

叩 (t,(,x,,)=「k(t,ど，x,,十 y,,)uo((,y,,) dy,, 

゜
and k(1, どぶ）＝噂応(l,ど，x,,)and応(Iぷ，x,,)is given by, 

K1(tぷ t,,)=五ll . e((2-ltl2)1-.、・.(
d( 

戚=<: (一(。

Moreover we can also express 

u(t, どふ）＝一しも（｛）ど1,x11)+叫l,ど，X11)

where 

co 1 e炉ーIfド）｛ー(x,,・ト）•.)(
心(t,<;',x11)= J 。戸しC=c2(o r _ r d(uo(ぐY11)dy,, 

_, 
and uN(t, i; ）ふ） is the Fourier transform oj・ttN(l,x) yiven by (1.7) 

The proof of this theorem will be given in the section 3 

(I. 15) 

(1.16) 

(I. 17) 

(I. 18) 

(1.19) 
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It is trivial that u叫 x)and uN(t,x) satisfy (1.3) and (1.4) clearly. So in 
Th eorems below 1t suffices to prove that uM or u゚M sa t1sfies (1.3) and (I .4) in the 
case of c =fa 0. 

Now we can mention the following main theorems. 

THEOREM 1.3. let k be a non negative integer. Assume that the strong 

Lopatinski condition (I.I!) is valid. When (8-(~))2 = (聾））2 =/c O occurs moreover ， 
we assume 況(~) < 0. Then the solwion of (1.8) satisfies 

IIVや(t)llucR'.'J::;Ckt-ln+k)J2lluollい(R:), l > 0. (J.20) 

Moreover we assume 1he space dimension n~3. Then 

ll'V仰(i)II い(Rり ~ Ckt―k/2Jluollo(R~.), t > 0, I :,; p:,; oo, (1.21) 

and 

ll'Vku( t)IIい(R;) ~Ci―k/2-(n/2)(q ー ' -p ー ' >lluo llい(R~)> t > 0, I ~q~p:,; 00, (1.22) 

are satisfied, where'Vk u = {釘u;!al= k} 

The proof of (1.20) and (1.21) of this theorem will be given in the section 4. 

We can derive (1.22)「rom(1.20) and (1.21) evidently by use of the interpolation 

theorem. 

When (~(~))2 = (況(~))2-# 0 occurs, In order that (1.20) with k = 0 in 

Theorem 1.3 holds the condition沢(1)< 0 is necessary in the sense of the 

following theorem. 

THEOREM 1.4. Assume that the strong Lopalinski condition (1.11) is valid 

and that (S・(1.))2 = (~(1))2 * 0 and~(~)> 0 hold. Then there is a initial datum 

u0 E L1 (R~.) such 1hat the solu1ion of (1.8) does no1 satisfy (1.20) with k = 0. 

We shall prove this theorem in the section 5. 

When I< p < 迄 wecan prove (1.21) in Theorem 1.3 without the aditional 

condition lR(1) < 0 in the case of (~(~))2 = (a?.(~)) 2 ヲ~0. In fact, we can prove 

the following theorem, applying the U'boundedness of singular integral oper-

ators of Calder6n-Zugmund [I] to the expression (1.19) (also see (6.7)) of solution 

of the equation (1.8). However it is noted that Calder6n-Zugmund theorem is not 

applicable to the case of p = I, oo 
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THEOREM 1.5. Let 1 < p < oo. Assume that the srrong Lopatinski conditions 

(1.11) is valid. Then the solution of (1.8) satisfies 

C 
IIV_ぐ:u(t)llu::s; --r lluoll1,P, I> 0, k = 0, I..... (1.23) 

Jt 

We shall prove Theorem 1.5 in the section 6. 

It should be remarked that there are any works about the mixed problem Ill 

R: and in the exterior domain of heat equation with which boundary conditions 

are Dirichlet, Neumann and Bobin. We refer, for example, S. Jimbo and S. 

Sakaguchi !3], K. Ishige [2] and their references. 

Forthcoming paper we shall derive the time decay estimates of solutions to 

the mixed problem for Stokes equation in a half space by use of the expression of 

solutions to the mixed problem for the heat equation and the Ukai's formula [61 

of solutions for the Stokes equation in a half space. 

2 Proof of Theorem 1. I and Preliminaries 

We begin to prove Theorem 1.1. When c = 0, B(-u.(i., (), () = ibど+d

Therefore the condition (I. 11) implies that d # 0, d(I + 1号） =d(I -~(芹）＋
i(畔）） ,fa O for anyど(afi0)ER11―1and consequently we get our conclution that 

d afi O and闘 isparallel to睛 Hencewe get Dirichlet condition u(ぐ0)= 0 

from the boundary condition Bui_,.,』=0= (Iーが与+i記手）u(ど,0)= 0. 

Next we investigate the case (l). We may assume c = I without loss 

of generality. Let 的 ＝箋 be;'+節d2:: 0. Then B(- . 

［一
~,n= 

- ;_o + Iどド＋岐+d = 0 is equivalent to -沢~-~bど＋節d = 0 and 

—叫凸□戸＋扮bど +~d = 0, that is, 

叫二=¥I µ。 +I四 + ✓(J.l。 +I汀）2 +aJ 
') =細— ~bど (2.1)

and 

叫二訂＝士¥I―μ。_ド12+ ✓ (Jt。+Itド）2噂
っ ＝細ど +~d, (2.2) 

where Ao= tt。+ia。and土 meansthe sign of a。-:/-0. When ao = 0, we have 

叫乙砂叫石戸=0. We note that there exists (tt。,ao) satisfying (2 I) 

and (2、2),only if麟＝沢d-S'bど ~0. Then we get「rom(2. l) and (2.2) 
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μ。==-Iど12+ (狩d-~bど）2 -(沢bど +~d)2,

vo == 2(恥d-斑bど）（祝bど+G'd). 

The assumption (J .11) implies 

μ。=-Iと'12+ (況d-Qbど）2 -(祝bど砂d)2

= -{1¢'12(1 -(令bw')2+ (1Rbw')2) + 2l(i(lRdG'bw'+ G'dRebw') 

277 

(2.3) 

＋（園）2 -国）2} ::;; -colぐ'12'(2.4)

for¢ER"ー1¥{0}with 瞑o= 節d-G認 ~0, where屈 =~ . Howeverμ。1Sa 
I(I 

funcion of (瞑o)2. Therefore (2.4) is valid for蹴o< 0, that is, for allどERn-I_ 

So we can see from (2.4) that (~d)2 -(沢d)2~0 and Iどドー（ミ>'bど）2 + (lRbど）2

~coltl2 for allどER"ー1

(1)-(i). Let (8'd)2 -(狩d)2> 0. Since I -(8'bw')2 + (狩bw'J2~co > 0 holds 

for lw'I = I. We can write 

・, y/ 節d割b屈＋淑d祝b屈
2 

μ。 =-(I -(¥sbw')2 + (狩bw')"){lc;I+ 
l -(寧）2 + (麟）2} 

ぼdS'b屈+S'd況b屈）2
＋ 

I -(G'bw')2 + (lRb邸）2
-((~d)2 -(祝d)り::;;-colと‘ド (2.5)

for all (. We can prove 

り＝（諏）2_国）2
（狩d'J<麗 +8'暉 麗 ）2

-sup > 0. (2.6) 
i1u'回 I-(CJ麗）2 + (狩b邸）7

ln fact, assume for some似

圏~L訓+~謀麗）2
d。＝＝侭d)2-国）2 > 0. 

I -(~ 麗）2 + (狩属）2

Taking l~I = - ,10諏凶't¥:/d珈' in the equality in (2.5) we get 
1-(¥sbw') +(箕恥が）

l 

ぼd'J'b似 +S'd羽bw1)2
0 = - -((D'd)2 -(沢d)り

I -(S'b邸）2 + (\J~b似） 2

s -co 

2 
恥d~b似+ G'd~b似

1-(暉（が）2 + (況b屈）2
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2 
況dS'bw'+S)d祝bw'

l -(S)bw')2 + (麟）21 
= o. 

This contradicts to d,。ヂ0.It follows from (2.5) and (2.6) that we have 

µ。三― ½(co lどド+Ct)-
(I)-(ii). Let (S)d)2 = (扮d)2 ,'= 0. Then it follows from (2.4) that旅dS)bw'+

S:Sd~b砂= 0 must hold for屈 =.f. Hence we obtain如d割b+叡d沢b=OI~I 
and consequently J..。=-1(12 + 2暉 d- ~bど）（況bど +~d) from (2.4) and (0 = 

（褐+i)(国）＋況（昭）） hold. If況d< 0 and瞑o= -S'bど＋況d> 0, then IどI?:: 
c2 > 0 (c2 > 0) must be valid. Hence we have 釦0~ —~(lc!'l2 + ci)-

(l)-(iii) is trivial. 

(2). If瞑02:: 0, we have J.o satisfying~ 訂=(。 which implies 

= ―. Hence we get from the strong Lopatinsk1 condition況((0)2-) lo+ Iどド ((o)' 

汀 ＝麟三 ーcolど12,for瞑0?:: 0. On the other hand鯛）2 -Iど'12is a func-

tion of (~(0) 2 and so況(Col2-Iど12:5: -colど'12holds also for 3'紀0::;;0. Thus 

we have proved (2) and consequently we have complete the proof of Theorem 

l.1. Q.E.D. 

In oder to prove Theorem 1.3-1.5 we need the lemmas below 

LEMMA 2.1. let (EC and p ER. Then 

上］。こ dt= { e―(PH(p), 瞑＞〇）

2冗i_00 _l - i( -e―(p H(-p), 瞑く 0
(2.7) 

Here H is the Heaviside jimction such that H(p) = I }or p > 0 and = O }or 

p < 0. 

PROOF. Let瞑 >0. Then Fourier transform of c'" H(p) is given by 

roo e―ip1[e―(p H(p)] dp = J。~e(一i1-()p dp 

I 
＝ 

i(t -i()" 

（） Hence we get 2.7 taking the inverse Fourier transform of石与.We can show 

similarly (2.7) for況(<0. Q.E.D. 
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LEMMA 2.2. Let (0 E C, c E R, t > 0 and y~O. Then 

ec21-q o ―-J eー((o-c)zー(y-2ct-z)2/4t
2nふ面 dz, c-Re(。>0

-a:, 

(=ニ-『 e―{oz-(y-z)2/41 
2冗平ーの

dz), 
_!_ fこ成＝
2冗i.Rc(=c (一(。 eさ1-cy er., 

-2惰五l。e―((o-c)z-(y-2ctーが141dz, c -Re(。<0

（＝ ーニ―fe―(01-(y-,)2/41 dz) 
2冗平 。

PROOF. Let c —叙·o > 0. Then we can see 

□ こ成2ni. Re(=c (-(。

I ,:, がiO+c)21-y(iO+c) 

=-f 加． —,:, W+c-(。id0 

I ,'Y)  

＝ 戸＇←ヽ＼・・し[e―,o' (。-i(! -(o)) ]e―i(y-2c:1Jo dB 

1 e,.',-rr oc 

=~ 下―L,:,(e―'112)"(y -2ct -z)し-i(!-(o)r (z) dz 

(2.8) 

(2.9) 

where /" means Fourier transform of / and we used (jq)" =点J* g. On the 

other hand it follows from (2.7) that for沢(c-(o) > 0 

l ::tJ l 戸し。ーi(c-(o)e―izOd0 = e(r-(o)z H(-z) 

Besides, notmg 

「e-r,i e―i(r-2n-:)O d0 =~e-(!'-2crーが/41
-o::; 平

we get the part or Cー叙。>O in (2.8) of Lemma 2.2 from (2.9). We can show 

Lemma 2.2 similarly in the case of cー瞑0< 0. The relation 

(y -2clーが (y-z)2 
=-―-c(y-z)+cり

41 41 
(2.J 0) 

yields the equality in the brackets of (2.8). Q.E.D 
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Let j be a nongegative integer. It follows from Lemma 2.2 that we can see 

easily 

五l
I (-()ieぐぺ）＇

d( 
Re(=c (-(。

•9 

z
 

•• z
 

ー

d
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c -Re(o > 0 

(2.11) 

c-Re(。<0

We remark that for c1く恥<c2 Cauchy formula gives 

吋 こ 収=e'かー(o)二jこ成
2冗l 紋 =c2(一く。 2冗iR年 c,(— ~o 

(2.12) 

To get our Theorem 1.5, we need the boundedness in U'(Rりofsingular integral 

operators of which proof is in Calderon and Zygmund ! I j. 

LEMMA 2.3. Let I < p < co. Assume that屈）E c :x.(R~\{O}) satisfies 

lo屈（こ）I:; C店,-Ill, <; :;6 0, (2.13) 

如 anymu/ti-index y E N1 (denotes the set of mulri-index y = (y1, ... , y1) with 

Yi 2 0) with IYI s; [~) + I. Put 

.Ru(x) = v.p J R(x -y)u(y) dy, 
R' 

where R(x) means the Fourier inverse tran.'ijorm of k Then there is C > O such 

that 

IIRullu::;:; C max 
IYI !, [11/21・ ト1

Cyllullぃ

for any u E LP. 

LEMMA 2.4. Let a(ど） = L;'.k=I Cljkら<;kbe a polynomial sa114ying節収）：：：：：
col訊 (co>0). Then for any e > 0 and for a e N" there is C, > O such that 

応畷）11~Cai幻e-( l-,;)~la(~),, I> 0, ~E R". (2.14) 
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PROOF. Put Q"(もt)= e"({)1祝eー11({)1, . We shall prove by induction of a. 

lo%Q衣 t)le―沿a({)ts; c ,~r. ,Jr. 加 Iii,)'EN' (2.l 5) 

for I > 0, (E N" -When io:I = l, we have a; = O(; for some j and so we get 

Q"=こk(ajk十％）弘 Hencewe get 8麿他t)== 0 for IY] 2: 2 and consequent1y 
(2. l 5) with 10'.I = l is trivial for IYI~ 2. While 

1a窪 (o:,!)le-, 珈(~lr ::5: C;・xにII-l,l1e―r.col(l2r ::5: C氾 ,Jt'+IYI

for lo:1 = l, IYI ::5: I which implies (2.14) with lal = l. We assume that (2.15) is 

valid for lo:I ~ 1. Noting that Q叶屯't)= Q"(c;, t)な（ふt)+競Q喝 1)for lei = I, 
we obtain 

1烈Q"➔喰 t)le-、：岬）'s;c, L 1a戸Qele-"日）1/2同Q?!le―E珈 ({)1/2
/5, 

+I亭 Q'!e―I珈((),

s; { L C;-Cぐc,-/Hc/2)+ C(, 十e)な},jil;l+l>l+l' 
？＇ 

which implies (2.15) with fJ. + e. Q.E.D. 

We remark that if a(ど） satisfies (2.14), then 

靡（虚“｛ぐ）/)I :s; Cか,,、切ーIlle―(J-,:)珈 Ct!¥ I> 0, (2.16) 

for any homogenuous polynomial b(,;) of order 111 and that if a(,;) satisfies 

況a(ど） ~co( I + l.;12), (co> 0), we can prove analogously to (2.14) 

肉(b(c;)eーa(c)I)I ::; C,mr. Ji 1•1-m 
e -{1-r.)珈 (cJ, (2.17) 

for any polynomial b(~) of order 111. 

Applying Holder inequality we can prove easily the following lemma. 

LEMMA 2.5. Let I :s; p :s; w and O be an open domain in Rt and H(x, y) be 

a mesurable .fimc1ion defined in n x n. Assume thal H(x, y) sati浜es

L IH(x, y)I dx :s; C, f旧(x,y)I dy :s; c. 
, Q 
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Define Hu(x) = f O H(x, y)u(y) dy. Then we have 

IIHulfu(n) :S: Cflullい（枷

for any U E U(Q). 

To prove Theorem 1.5 we need the following lemma of which proof is given 

by Yuzawa [7]. 

LEMMA 2.6. Let Q be a domain in C. Assume tat f(z) is holomorphic June-

lion n, y is a closed curve in Q and {).,, な．）ね}is a subset of points in the 

inLerior of y. Then 

上J f().) d,1, 

211.i y 11; い().ーカ）

= J ... J約尻01... 0t}f"-1l(q().1 > h ... >).tf; 0)) d01d02 ... d0,1-1, (2.18) 
0 0 

where 

q(},1, 入2,... l A.ti; 0) = 0, 02 ... Ot1-I A1 + (I -01)02 ... Ottー11.z

+ (l -02)03 ... Ot1-1},3 + ... + (l -0t1-2)0t1-Iぇti-I

+ (I -0t1-1)).t1 

We remark that applying the above lemma of the case of d = 2, we can 

see easily that if f satisfies sup I 2 
咋1, ~c, J (μ+ iA)I = o(IAI), IA! → co, we get for 

C¥ >祝ふ こ脱｝屯>C2 

I . 

元l J(え）
dえ

箕i.=c,(え— AJ)(え — 心）

I /(え）=J『(01.2+ (I -0)ふ） d0+ .. 。 元］即=ci . . . . . d), 

which will be applied to the proof of Theorem l .5 in the section 6. 

PROPOSITION 2.1 (Riesz-Thorin interpolation theorem). Let T be a linear 

mapping ji-om L "'to L"1 satisfying II Tf llP』 ~ Mdl/llq、) i = 0, I. Then for each 

jEL四 nU1, and for each t E (0, I), Tf EU• and IIT/11,,、5:MJー1M{llfllq, hold, 

where J_ = 止+.L and 1-=旦+.L
f), /!O Pl q、 'lo q, ・ 
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The proof of this proposition can 

(Theorem JX.17). 

Using the above proposition we can derive (1.5) from (1.3) and (1.4). In fact, 

we denote by T a linear operator defined as Tu0 = u(t) where u(t) is the solution 

of the mixed problem (1.8). Then it follows from (1.3) and (J .4) that T satisfies 

be seen in M Reed and B
 

Simon [4] 

IITuoll。sCtー"12lluoll1

and 

IITuoll, s Cl[uo[I,. 

Take Po = co, qo = l and p, = r, qi = r. Then it follows from Proposition 2.1 

that 

IITuoll,,, s Ct―("t2H1-,i 11 uo 11",, 

where¼,= い ;); = l -1 +;. Here we choose l -t = i -~, p1 = p and q, = q, that 

is, we choose I, r such that t = I -i +~and r = (1 _ l +りp.Then the last 
q p 

estimate means (1.5). 

3
 

Solution Formulas for Mixed Problem to Heat Equation in Half Space 

First we shall show that the fundamental solutions E(t) of the mixed problem 

(1.8) are given as follows; 

E(t)uo(t,x11) =「£(1ぶ X11,Y11)uo(¢', Yn) dy加

.o 
(3.1) 

where 

.A 
d
 

、ー，ーーy
 

）
 

ーーx
 

，
 

ー

Zr ．， 
.
A
 

（
 

E
 

ー人

e
 r

 
＝
 

•A 
p
`
 

R
 

｀

、
l-lni 

――
 ー`、n

 
y
 

.，
 

n
 

x
 

．．
 

., ンJ‘
．，
 

ー（
 

E
 

(3.2) 

Here we take a complex variableえ=p + ia and the symbol E(J,,f,x11, y,,) is 

given by 

eー（ヽ，，"Yn)ぷ
E(J. り ~',x,, 、);11) = -

2 ~ 

e-(x,.-,1ゎ）[ 
+、 H(x,,ー）,,,) 

2
 

e(x,.-.1•,』）[
+ H(y,. -x, ふ

2ニ (3.3) 
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if c = 0, and 

e-(x,,+y,,)~ e-(.、,,+)、，)汀詞
£(}., ど，X11,Y11)= 

B(—喜~) ど） - 2~ 戸

e-(,,・nー）'n).fi.詞
+ H(x,, -y,, 

2~ 

） 

e(,,・n-y,,)~ 

+ H(y"―、'"))
2-~ 

(3.4) 

if c # 0, where we denote by H Heaviside function such that H(z) = I for z > 0 

and = 0 for z < 0. 
We shall derive the formula (3.1)-(3.4). Let u(,, x) be a solution of (1.8) and 

denote by u(1, ど，知） Fourier transform of u with respect toぷ Denoteby U 

Laplace transform of u, that is, 

c,:; 

U()., (, x,,) = f e―; I u(/, ど、r,,)d1, 

゜which satisfies from (1.8) 

(J.+1ど12-f)uu,ど，知） = uo((, X11), (3.5) 

and the boundary condition, 

BU・=賛+1認 +d)U(パ',O)= 0. (3.6) 

Denote fl=沢え， a=匂 anda.=~- We can choose a bounded solution 

of (3.5) as follows, 

U(Aりど，X11)= e-ダ(;,,t)ヽ・.U(,l, ど，0)-e―ク（ぶ），ヽ'"「e―,:,U,()y
2a.(ん，ど） .o 

＂し10(.;,Y11) dy,. 

e"(i., t)x. 00 

＋戸己，，e―,:,(i.ぷ'Jy,uo(ど，Y11)dy" 

e―a(;., ど）Xn X,, 

＋戸l。e"(パ')Y・uo((,y,,) dy11 (3.7) 



When 

have 
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C = 0, BU= 0 implies U(J. りと',O)= 0 It follows from 

e-,(i .. ど）x,, Cl; 

叫 ぐx,,)=-- Ie-(/.(ぺ')J
2C1.(i,,¢')。 '•uo(¢', 凡） dy,, 

十二［の e―~(i.. ぐ')y
2a.(J., c;)'x. 

"uo(とy,,)dy" 

e―7(i..()x,, 、,,』

+ I e~(i.,t;')y .. 
2et.(J., ど）。 uo(¢', Yn) dyn. 

(3.7) 

285 

that we 

(3.8) 

When c = l (we may assume c = I without loss of generarity), by operating B 

to (3.7) we see that the boundary condition BU= 0 yields 

゜U(i:, ぐO)= -a(i., t)~ ib· ど+dJ。e―2(1.• .;')y,,uo(どy,,)dy,, (3.9) 

Therefore inserting U(i., ご0)given by (3.9) into (3.7), we obtain 

U(i., 召x,,)= { -c1.(i., ;~)~~:~ □'+d 

... 
e -1(1 .. ~ ).,·. 

-2a(i.,n } J。~e―ダ(i., (')_v,,uo((,y,,) dy,, 
e - ~(i..()x,, Xn 

十二万l。e1<i.ny,, uo((, y,,) dy,, 

e 叫 .(')x,, r,:, 

＋ ＾ 2a(1., i; 
"') J e—~(i.,(')y"uo((, y,,) dy11 

ー、:.

(3.10) 

Since 

1 
u(t,x) = -f U(J. り<;',x,,)dえ

2冗i~?i.=,・, >0 

we get (3.l)-(3.4)「rom(3.8) and (3. l 0). 

LEMMA 3.1. Assume B(-01汀2,ど） ＝ 一｛〗：汀＋認+ d
the strong Lopatinski condition (11 l). Let t > 0, Y > 0, c1 > 0, 

瞑。 <c. Then we have 

satisfies 

c2 > 0 and 
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， 
I e).i-yぷ祓'1-

元し）.=c1 B(一戸砂，ど）
- dJc 

==~ f ご'12+ぐ）Iー(y
2冗i瞑=<'(一(。 cl(

-I e (-・J<'II記）Iー(y I =-I 2(o- d(--e -1<;'111-y2/41 

2n:i記(=c (-(o ぷ

~1 eえ1-yfi三心 =~e-ltl□/41 

2ni応 =c戸ど12 紅

(3.11) 

(3.12) 

(3.13) 

PROOF. First we shall prove (3.11). Put「={).EC;脱｛二］汗=c}. It 

suffices to prove 

月 ei.1-y心 j2 d). =上Iei.1ーy~ d).
2冗i . 

犯 =c,B(一石~'ど） 2ni「B(ーニ,() (3.14) 

In fact, by the change of variable (= J7. 五l2we can get (3.11) from (3.14). 

Let A≫I. Denote r, (A) = {). e C; 即 =c,;l~J.lsA}, 応(A)={えeC;-1ぴ＋
ぎ—贔 s 即 SC国= A}, [3(A) ={).EC; -1(12 + c2 -贔 s即 s;c図 ＝

-A} and 「い）＝｛えEf;-A sミ0.s A}. Then si nee there is no zero of 

B(-~ 万，ど） in the interior domain enclosed by boundaries Ui4=, り(A),

Cauchy formula gives 

~tJ ei.1-y~d),= 0 

k=l 「;(A)B(—五~,<;')
(3.15) 

Therefore in order to prove (3.14) it suffices to show that when A→ oo, 

and 

l 二r-y~ dJ.. → 0 

応(A)8(-/i言予，ど）

J e;.,-yJi+id d},、→ 0. 

叩） B(-v~,t) 

(3.16) 

(3.17) 
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Let us show (3.16). Putμ(A)= -Iぴ+c2 -* . Since 叩 =A>0 and 

IB(-~,t)I ~ 汀ー C(りforA E応(A)we have 

J ei.1-y亨 （ 以 <『' eが

応(A)B(ーニ） -0') Vii — C(~) 
dμ 

::; I 竺→
/A-C(と）［

。)(A→ co) 

Thus we can obtain (3.16). Analogously we can show (3.17). Put (0 = ibど+d

Changing the variale (=喜五厄 wehave 

I ei.,-yJ:-詞 e ((l-l<:'12),-y( 

元I「 B(-~) dJ.=叫 c (o -( 2(d( 

＝ゴ［エ灯）fべ d(
2ni取=i!

2(。 ((2-ltll)-y(

宝］
e 

d(. 
応i;=c Co -C 

On the other hand, changing the variable (= c + i0 again, we can get 

昌l(=ciい・(d(=iJ二e(和 0)11-y(和 O)id0 

e<'21ー）,c a;; , 

=~ しe―/}・1+i(2年 v)Od0 

(3. I 8) 

eざ,-ye I I =-—e—(2ct-y)1/4t = ―eー）,l/41. (3.]9) 
2紅 ✓, ./4nr 

Here we used the equality 

「e-o如 (2i't-y)IIdO =近e―(2年））2/41 

.-cc Ji 
(3.20) 

Thus we can get (3.12) from (3.18). Next we shall prove (3.13). Analogously to 

(3.1 I) we have 

I e 
i.,-"~ I ei.1-y~ 

—f ——- dii.=- - <以
2,; 知,•. ,~ デ 加t~
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Taking the change of variable (=~ 汗， wecan see from (3. l 9) 

I e;., 一yぷ言 I e応 lfl2)1-y( I 
d). =―- 2(d(=一 e , 

-11::'12ー炉/41

叫「ご汗 2,J'"'~'( Jii 

which means (3.13). Thus we have proved Lemma 3. l. 

PROOF OF THEOREM 1.2. When c = 0, it follows from (3. !) and (3.3) that we 

get by use of (3.13) 

u(l〈'ぷ）＝月吋e-"U,<;'Jx,』「e―ダU,,;')y,.uo(ど
2冗i即=c 2a(入，ど）。

: y,.) dy,. 

e―クc;.,n、Cn .¥',』

2a(え，g
"') J eク(i.<;')y,.uo(f,y,.) dy,. 

゜e"(i,<;')xn <.C 

2C((ふど）
- I e―"U.(Jy,,uo(ど.y,.)dy11} di、

Xn 

oo l 
=Io{拿 (e―1(1'1-(x,.+yぷ/41_パ'!11-(x,.ー）ぷ14')}uo(r,¢', Yn) dy,. 

＝ゅ (I'ど，心）． (3.2 I) 

This means (1.14). When c = I, it「ollowsfrom (3.1), (3.4) and (3.11) in Lemma 

3.1 that we can see 

u(t, ど，叫

I e-oc(;.,n: ヽ:n e→（べ').、:. cc 

＝五l犯=/;_,{ (-a()._ど） +ibど＋（！― 2."J.(1.,n)J。e―,i(iど）Y• uo(ど ， y,.) dy,. 

+ e(l<;_-ど）Ynuo(ど，y,.)dy,. 
e-11.(入()xn『”
2o.(え，ど） .o 

e"'(と，ど）x,, co 

十~f e―(l(;.,()y, 『uo(ど，Y11)dy"} d).、
ふ，

・CO -J e炉ーR'i1J1-(x,,+y,,)( 

= lo {元J!Jl,=c2((一Co d( 

+ *' (e-ltl21-(x,」-y,,)2/41-e―1(121-(x,, ・ト）ぷ/41)} uo(t, ぐ，y,,) dy,, , 

which means (I. 15) and moreover we get (1.18) from (3.12) and (3.22). 

(3.22) 

Q.E.D. 
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Proof of Theorem 1.3 

We shall prove Theorem 

erality. 
1.3. We may assume c = I without loss of gen-

PROOF OF (1.20) or THEOREM J .3. 

we can express uM as 
It follows from (1.16) in Theorem 1.2 that 

”四(t,x)== f 8_以 K(t,x'-y',x,, + y11)u0(y) dy, 
. R'. 

where (1.17) gives 

況礼K(r,x',ふ） = 1 J か'f
(2冗）＂ーJ w,-, 

(iど）況k(t,どx,,)dど

and 

a,{.J(r, ど．心）（
I 8 J+l 2e炉—1(!2)t-x,.(

＝瓦江） l寂=r (一(。 d(

289 

(4.1) 

(4.2) 

(4.3) 

In order to prove that o謁，,t位 (t,x)given in (4.1) satisfies (1.20), it suffices to 

show that 

釘，礼K(t, x', x,,) I~ J l(it)祝，,K(t,¢',xn)Idど ~Ct―(11+/ガ十））/2 
. R" 

(4.4) 

for l > 0, x ER:. 

First we consider the case of扮(o< 0. In this case we can apply the first 

equality of (2.8) with c = 0 in Lemma 2.2 to (4.3) and so we get 

忍，/(1ど 、＼，，）＝五rxe―(。=(f}十 e―(xn―.Ji/41 dz (4.5) 

Taking account that Lemma 2.4 implies □ （責）j-1-1 e―(x,, ーr)2/41 dz S Cl―j/2, 

we can estimate easily 

{ > 0, (4.6) 

に。j(it)況i<(r,名x,,)Idど::;Ct-(j+l)/2 J炉 IIと 'I 叫—itl2t dど

~ei-(u+I沿j)/2. (4.7) 
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Next we consider the case of 瞑0~O. In this case we can use (2.12) with c2 = c, 
c1 = 0 and the second equality of (2.8) and we get 

aげ（（，ど，X,,)= 2(-(o)j+l ei,o/-(oXn +~ (五）i+ I t,=o 2 eH~/~';:1-(,. d( 

e -1~'11 I 00 

= 2(-(o/+'e)-01-(。,'•--rI e―(。z (~y+l e―(x、，ーが/41 dz 
冗 4冗to ax/I 

(4.8) 

In the case (i) of (I) in Theorem I.I, taking account that釦。三 一(co+eol(「） IS 

valid, by use of (4.6) we have from (4.8) 

Ioげ(t,(, x,,)I~C{ ( l + ,wj・i-le―(co+r-01(ド）I+ {-(j+l)/2e―1.:'111} 

:::;; Ct―(j+l)/2e-,ol<'Iり， (4.9) 

for瞑0> 0, which implies 

し。I(疋）raげ (I,ど，x,.)Idど ~CL .. -1 1¢'11rl,-(J+J)/2eー1:01(12,dど

::; Ct-(11+fyl+ J)/2. (4.10) 

Next we consider the case (ii). Namely (国）2 = (沢d)2¥-0 and the assumption 

祝d< 0 are valid. Then there is co > 0 such that~ く。<0 for 1¢'1 $ eo, which 

case is considered already in (4.7). If瞑o> 0, then IどI;;:: co must hold and 

consequently即。＄ ーc1(l+ 1¢'「） holds. Hence by use of (4.8) we can show (4.4) 

in this case similarly to (4.9). Next we consider the csae (iii), that is, d = 0, 
(o = ibど.So l(ol $ C1¢'1 holds. When瞑o> 0, ffU.o $ -eel¢'ドholds.Hence we 

have by use of (4.8) 

18げ(t'ど',x、,）I ::s; C(IどJi+le―coltl21+ l―U+t)f2e-ltl1,) 

which implies 

JI(疋）寛，,k(t,(,ぶ)IdどsCJ (IどIH1e―colt!21+ l―(j+l)f2e―w,2,)IどIIYIdど
w,-1 

s Ct-(11+lyl+ il/2 

Thus we have completed the proof of (1.20) of Theorem 1.3. 

PROOF OF (1.21) OF THEOREM 1.3. We shall begin to state the following 

proposition which is inspired by the idea of Theorem 3.2 in Shibata and 
Shimizu [7]. 
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p ROPOSITION 4. J. K1 (t, ど',y) given by (1.17) satisfies 

詞 +ibyt{(ど）Yi)閲(1,Cy)}I 

SC町kVti"l-k-lyJ (e-(叫y2)/1+ e疇 'IY)e―f-Oit¥2八

l > 0, y > 0, どER"-1¥0, 

for IX,yENn-i, k=0,1,2, ... and some t::o>O. 

(4.11) 

Let K1 (t, x'ふ） be the Fourier inverse transfom1 inどoff<心どぶ）• It follows 

from Proposition 4.1 that we can prove the following proposition. 

PROPOSITION 4.2. Assume n~3 and let k be a non negative integer. Then 

K(tぷぶ） = 2&. 約（い',x") sa li.ifies 

l閃K(tぷ，X11)Idx'dふ1_.,; 今.I> 0, 
R~Jt 

k where we denote ?、,={尻礼；let.l+J=k}. 

(4. I 2) 

This proposition and Lemma 2.5 imply (1.23) of Theorem 1.5. Because the 

solution of (1.8) is given by 

叩 (t,x)= J対K(t,x'-y'ぶ+y,,)uo(x) dy'dy,, 十▽向（い）
N~ 

庇oorOF PROPOSITJON 4.2. We shall prove that (4.11) implies (4.12). fn fact, 

noting that 

(-ix'+ ib.: 邸）冗乾K(t,x',x,,)

= 111-1 J e'心＇（令+ ibx,,)刊(iど）況吠 (t,(, Xn)}認
(2n) 

holds, we get by use of (4.11) 

1 8、~.a.~,,K(い:',x11) I :::;三Cx'~~x,,lf1 

X J (e―f,0.、・,;/1+ e-咄 'lx")e―eol<:'121dど (4.13)
. R"ー1
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for any a EN"—1. Therefore using (4.13) with !al = 0 and with lal = n and taking 

account that the assumption n _ > 3 and Fubini's Theorem imply 

「l
cc 

(e-吋;,+ e嘴 'l-"")e―col(l2,d(dx":;;; CJi2-11 f (パ+,-"-3) dr 
0 Rnー1 ゜2-11 :;;; cJi , 

we get 

J r lo詞しK(1,x',x11)Idx化Ix"
w•-1 o 

= J r lo,~,o-~" K(1, x'・心）I c/;、:'dx,.
Ix'嘩 bx,,J5,ji 0 

+J r 1尻礼K(t,、:.:',ヽ).",,)Idx'dx,, 
Ix'ー紐bxni.:Jt 。
C 

II 

" Jt":r."_, { I,_,., • ✓, が'+』、.、,,r,信）dx'} ,c; 戸1

which means (4.12)、 Q.E.D 

PROOF OF PROPOSITION 4.1. It follows from the strong Lopatinski condition 

and the assumption節d< 0 in the case (国）2 = (恥d)2,t:. 0 that it suffices to 

consider the three cases below. 

(a)瞑os; r.lど|
(b) 3'辺。 ~r.lど I and V: 以。 s;-c,(l + lfl2), (c1 > 0) 

(c) 瞑o~el(I anct Kol s; Cltl 
Here r. > 0 is determined later. 

In fact, Since蹴0s; elf I means (a), it suffices to consider only the case of 

~,。 ~t:1¢' 1 . In the case (i) of (I) in Theorem I. I !R;。s;-co(!+ I(ド） is valid. 

Hence this case means (b). In the case of (ii) of (I) in Theorem 1.1 we assume 

釦<0. If 瞑o~el訓 then 1(1~e0 > 0 must hold. Hence we have c1 > 0 

such that !R入。 s;-c1(l+I叶）， because即。三ーcolが holdsfrom the strong 

Lopatinski condition. Hence this case is contained in the case (b). 1n the case 

(iii) of (I) of Theorem 1.1 we have (0 = ibどandso Kol s; lbl Ii!'¥. This means 

the case (c), if祝（。こと:Iど1- Q.E.D 
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We shall begin to prove (4.11). First we consider the case (a), that is, 

瞑o:s; elど1-Then it follows from the first term with c = O in (2.8) that we can 
express 

e-ltlり。
k1(1,¢',y):::: ―-J e-(oce―(y一,J2/41 dz. 

2冗 平 ーの

(4.14) 

Applying (2.16) to 競（（ど）'e―:t12,) and to ly-zllxl的e-(yーが/4,we obtain 

叩（ど')'eー：tll')I s C灼1:Vlla-l,le-(l-e)l,;'I' (4.15) 

and 

IY-z11,11a;e―(y-;)l /41 I $; C切 k.ji¥1.¥-k e-(1-,)((y-z)l /41) (4.16) 

and using the relation !.L:. 戸＝苔L-c(y -z) + c2t, we can estimate by use 
of (4.15) and (4.16) 

詞+iby)'(ど）13閲(I,どy)I

=l {27C~」:x:e―(o咽 (y-7.) +冒（（が）r,,-it¥2,)砂eー(y一z)l/41dz} I 

<号｛互i亭‘（ぼ）げ,,2,)I・［□jy-zil,.'le―寂0=1a;e―(y-1)2 /41 I dz 

e-(1-c)Iど1切。
::; Ca1k J eー訳0:-(l-,f2)(y-z)1 /41 d:z 

沢―lal➔·l,l+k+I) ーの

e{I -r.)((c2-ltド）1-cy) 0 

$; Cr,yk ✓(-1•1+1,l+k+ 1) 
, I女 e{( l-r.)c—叙0)r-{ l -c)(y-2ry-z)2/41 e-(c/2)(y叫）/41 dz 

~ 
C~yk 

e -cil<'i21-r.iy 沢-Iが l;・l+k) '
(4.17) 

which implies (4.1 I) in the case (a), where we choose e > 0, 釘>0, e2 > 0, 
匂>0 and c = eilどIsuch that (1 -e)cー瞑。 2(I -e)c -elど10,(1-e)釘＝匂

and (I -e)(c2 -I四）＝ー叫汀 (F-2> 0) 
Next we consider the case of (b) It follows from (2.12) and the second term 

of (2.8) with c = 0 that we have 

e-1叶 I :,:> 

k,(1,(,y) = ei-01-{oヽ,_― -I e-(o•e—(y-1)1 /41 dz 
2n年 。

(4.18) 
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Hence noting (ot + iby)"'e―{oY = e―(oYo;、 and (約+iby)"'e-{oz = e―(。'(叱＋
ib(y -z))" we can see 

(at+ ibyt((ど）喝邸ぶy))

砂 e―ltlり の
＝（危+;by)" { (()'は,;,Ho,- 2冗亭 l。戸疇,-,,忍'"d,} 
=e―“喝（（ど）？碕臼）

＋区C匹'

珀（どre-1<'111) 00 

心" 2心 J。
戸 (ib(y-z))ダーク＇吟 eー(y-,)1/41dz. (4.19) 

We can prove by use of (4.15) and (4.16) that the second term above satisfies 

(4.11). In fact, taking account again that the relation 
(y-2ry-z) 

41 
＝位二L_

41 
c(y-z)+c2t we get by use of (4.15) and (4.16) analogously to (4.17) 

区
珀((fe-li:'121) oo .,,J 2冗平 I。e繋 0'(ib(y-z))"―x'的e―(y-,)2/41 dz 

cc 
~cダy謹'11-lrl-ke(1 -,)((c1 -1~'12)1- cy) 上 j e((l-i:)←瞑o)ze-< 1-i:)((y-2ryーが/41)dz 

』。

s Co:,r.Vl lo:1-1,1-k -r. ボ'121ー叫どIYe (4.20) 

where we choose e > 0, e1 > 0, 匂>0, 匂>0 and c =釘卜『Isuch that (I -e)c -

祝[。::;(I -e)c-elどI::; 0, (I -e)釘=e3 and (I -e)(c2 -1¢'12) =ー約1ぐ'12-

Noting 脱入。 三一co・(I+ eolど「) and using (2.17) we can prove that 

閲（（ど）対ei-o')I::; C,, Jtl"l-lrl-k e―co(l+I(ド）1/2 is valid. Hence we see the first term 

of the right side in (4.19) satisfies 

le―(o)'号｛（ど）i'(い}I::;C,,kVtl~H,l-k e―(co/2)(1+1(ド）'e―E:J(ly (4.2 I) 

which and (4.20) imply (4.11) for the case (b). 

Finally we consider the case (c), that is, el¢'1 ::; 脱(o,!Col:::;; ClどIand沢入。三

-col¢'/2 are valid. In this case we use again (4. I 9). By use of (2.16) we can show 

叩（ど）y益ei-0'}1::;C,,1kJt例―1,1-ke―(<o/2)1(12 

Therefore we can see similarly to the case (b) that the first and second term of 

(4.19) satisfies (4.21) and (4.20) respectively. This shows (4.1 l) in the case (c). 

Thus we have proved (4.1 !) for all cases. Q.E.D 
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5
 

Proof of Theorem 1.4 

゜We shaU prove Theorem I .4 m this section. We shall show that uM(t, x) 

given b (1.19) 2 
2 

y in Theorem I. does not satisfy (1.3) if (~~)2 = (記） # 0 and 

記>0. We may assume c = I. Then there is e > 0 such that瞑o>料holdsfor 

1( 1~e. We note that there is入。 thesolution of equation B(-{;. 二万，ど）= 0. 

Hence we have from (4.8) 

i<.(t, ど',x,,)= 2(。ei.01-(。、'• - -し-e―lc:'Jl,「e-(ozte-(い ）i/41 dz 
冗瓜 。 oz 

＝ふ(1,¢',xn)+凡(1,¢', x,,), 

where 凡(l,¢', x,,) = 2(。ei-01一応 and 

K出ぶx,,)= - -— e 
I 屯 'Iり ct) e―(oz a -(ヽ:,ーが/41dz. 

心 t J。石e

(5.1) 

-1n2, ＾ from (4.6). So K2(L, 
., ・

lt is easy to check I凡(I'と',x,,) I ::; 7, e c;; , ふ） satisfies 

f I氏(t,(,x,,)Idど ~Ctー11/2 .
. l(l~c 

On the other hand, we decompose K1 as 

l 
ー＇丸(1、どIl X11) = (oe'·O'一~ox,,
2. 

= ii廼'ei.ot-(oヽ:,,+ d(e祈；；0.,・. _ ei.0,-dx,.) + dei•o'ーが

(5.2) 

＝ぶ(Iぇ',x,,)+ Kf(r,c.',x,.) + K(°(tぷ x,.)

Define K;(l, x', x,.) by 

K;(r,x', 心） =J 砂‘吠(/'乙x,,)dt, 
1t1~r. 

K((t,x',x,,) = f e'x't祝(1,c,',x,,)de,', 
-ltlsi: 

j = 1,2, 

j= 1,2,oo 

and put 

u・(t x)=~J 杓(1,x' ー）八 x,, + y,,)uo(Y) dy, 
j . > II-

(2冗） R: 

u{(t,x) =~L 幻(1,x' -J八心+y,,)uo(J') dy, 
(2冗）

11-l 
＂ 

j = 1,2, 

j = 1,2,ro, 
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and so we see u =叫 +!If+uf + u2, where u2 satisfies (1.3)「rom(5.2). We shall 

prove that叫anduf satisfy (1.3), and however we shall show that uゃdoesnot 

satisfy (1.3) if we choose u0 suitably. We begin to prove that 

In fact, 
~ I 
K I 

IK((t,x',x11)I s; Ct―1112, )= 1,2. (5.3) 

satisfies 

ぶ(I'ど，ふ）l=lib(e入。1-l゚,・,,1s; Clとle― 1~'1\

which implies (5.3) for j = l and taking account that彰-o= -1¢'12 and (o = 

呟'+d, we can see .ki2 satisfies 

国(,,《x,,)I= ldl lei-0H。9、,._ ei-01ーdx,,I 

:;; ldl le射;o,(e―{i虻'+tl)xn-e-dx")I 

::,:; Clどlx,,e―ltl 2t+(l~b(I国）x,,::,:; Clどlx,,eー1(1 11-(恥1/2)ヽ'• :;; Cltle―1(1勺

holds for It! :::; c, because節d> 0, and consequently yields (5.3) for j = 2. Finally 

we shall prove that the last te,m uf(t,x) does not satisfiy (1.3). ln fact》 noting

that Ao= -I汀+2i(嘩 bど露+2疇 bど＋麟/),we have 

呼(t,x)= d J灼（！ぷーy',x,,+ y,,)uo(y) dy 
(2万）＂―I R'; 

d 
= (2冗）＂ー 1J j ei(x'-y')f ei-01-tf(.、n+y,,)uo(y)dどdy

R•- 1 R'』

= (2n:11-1 e碑l筐"'•J J ei(x'-y'+4麟 lb1)c;'
R"ーI R~ 

xe -le:'ド(-駆＇諏 '1-dyn uo(y)認dy. (5.4) 

Hence we get 

呼(t,-4疇 bt,O)= d e2年 It
(2冗tl/2)"-I

X J J e-i{y'(/1)-1(12-2涼炭'<:-tb(-dy.uo(y)dどcly
R•- 1 Rり

ャ

d 2舟ld~dt= e 
{2冗tiJ-2)11-I 

(A+o(l)) l→ co 
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which satisfies 

lu:°(1, -4疇b1, 0)I~ldl
2(2n.,fi)"ー1

IA I, t~3t0 > 0 

and so does not satisfiy (! .3), if we choose u0 e L1 (R~) such that 

A= J J e―lfl2 2威窯'-d,·• uo(y) dと'dyt,O 
Ji.• ―I R'' 

and the support of uo(《x,,)contained in the set {ltl~s}. Thus we have proved 
Theorem 1.4. 

Finally we remark that (1.21) with k= I, p= 1,oo in general does not 

hold if沢d> 0 in the case of ($'d)2 = (節d)2# 0. We shall give an example. Let 

B = ax, + 1 + i. Then we have (o = d = I + i and },o = -Iと'12+ 2i. Hence we 

have from (5.4) 

(I: 

a;. 呼（い）= f J 硲吹 (t,f, x,, + y,,)uo((, y,,) dy,,dと'
, R•-1 0 

'1) 

= f f 2(1 + i)l+ke;'」t-(1+1}(ヽ,.+-"•>-Wi1i+2i'uo(c;', y,,) de;'dy,, 
R•-1 0 

= (11ー1)/2 J J e―Ix'ー）'Iケ41-(l+i)Y•uo{/:y,,) dy'dyn, 2() + i)l -tke2i1-( l +i)ヽ'•'XI

(4nt) R•-1 0 

If we take u0 such that eix・uo = I, we see 
<t:; 

I於．；年(1,0)I= 211 + ilk+l J e—-'• dy,, # 0. 

゜On the other hand (1.21) with p = ro implies 

鳳uや(1,O)I:,;; 11疇 (t)11じ 5責lluollL"'=脅， t> 0, k 2::. I 

The above two inequalities contradict. 
-IYl2 

Besides if we take uo E LI such that e―(l+i}Y・uo(/, Yn) = e , we see 

J I乾芹(1,x)Idx = 21 I+ il1+k J。~ e―.、,• dx,, 
R: 

x石芦字L.』 ,e―1.e12/41 dx' JR~e—1>"12 dy'dy,, 

= 211 + ill+k J。~ e―.、．肩 dx"JR、:e―IYl2 dy'dyn ,j:. 0, t > 0 
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which contradicts to (1.21) with p = I, k ;::: l. However in this example 

lluf(t)llu:,.;; Clluollu, t > 0, I :,.;; p:,.;; co 

holds. Because 

ldl co L: IK(t,x',x,.)I dx = p=T L,,_, e―lx'li dx'J。e―x.dx,. 

is finite. 

6 Proof of Theorem 1.5 

In this section we shall prove Theorem 1.5. We may assume c == l without 

loss of generality. We shall show that u: 心givenby (l. t 9) satisfies (1.23). The 

゜Fourier transform u凶ぶ叫 ofut is given by 

心(t'どぶ）＝「上l 図 I(ド）1-(x,,+yぷ
。2ni

2(。 r r d(uo(ど，Y11)dyn, 
瞑=i:

(6.1) 

where c > max{O, 蹴o}. Applying (2.7) to e―(x,, ・ト）ぷ we get for x,, + y,, > 0, 

蹴0> 0 

-(心+yぷ
l 必 e祐（．、社Yn)

e =云La:,(+ i<;,, d<;,, (6.2) 

and inset1ng the above relation into (6.1) we obtain 

心(tぶ x,,)=「］ 竺「訳—ltl2}i+i(x,,+y,,)も
0~I(=<'(2冗） l -Cf.J 

r r r , r r , :J: ヽ（伶d(uo(ど，Yn)dyn, (6.3) 

which implies 

亨しu~(t,x) = (2冗；11-1 lく”ー1臼 (iど）況心(l'ど，X11)dど

＝向L.臼（疋）y 1: 出戚=,'亙o( -()1戸三、~111~1+i竺'、 cl(
x uo(C Y11) dy11d<; 

I 
＝ 詞fe; 没ふ（／，ど）F(euo)(りdふ

• R" 
(6.4) 
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where euo (y) = 0, y,, > 0, = u0(y', 一y,ふY11< 0, F(euo)(ど）
of euo(x) and 

means Founer image 

ん（パ）
I 

= 27ti I 2,。(iぐ')1(-()伶(('-1(12)1

応 c>max{蹴o,O} に一Co)((+心）
d( (6.5) 

Let x(t) be in C0(R) such that ;,:(1) = I, ltl < I, = 0, ltl > 2 and put fore> O 

xo(') = I -x(誓 ），叫）=x(誓 ）
Then takng account that 1a;1co + i(11I Is C"l(ll-lクIholds if e s~ 1~, s 2e, we 
can see easily that xi satisfies 

I翫（ど）I~ C~ l c;i-1叫 j = 0, しとER11¥〇

PROPOSITION 6.1. 心(t,x)given by (6.4) satisfies 

尻伍t(t,x)= 
l 

(2冗）"J e'・'冨(<;)(ふ(1,¢)-f<._(lぷ））F(euo)(りd¢
R" 

I ＿一Je唸量(¢)(iど）}'I (j(一(o)i-1+ 2(-(o)J・l・It)iJ1 d0 
(2冗）炉

(6.6) 

X e-lど121F(euo)(¢)俎 (6.7)

where幼=0(o -(I -0)応，,and 

応(Iえ）＝上l互。(iど:'Y(竺、）::(~ 三'~'), 忍 (6.8)
2冗i3?(=<'± 

here we choose c土 suchthat c_ < min{O, 麟}and c1. > max{O, 的 ｝

PROOF. Since we can write K+(t,¢) = (xo +叫ん（パ）） in order to get (6.7) 

it suffices to prove that xふ．（！）ど） satisfies 

r e内ふ(1,¢)F(euo)(¢) d¢ 
. R" 

= -fパ 凶 (t〈)F(euo)(ど） d~ - I臼 2螂（と）
. R" R" 

xj・I(j(-(o/-l + 2(一効）i+l 1)i~1 d0e—WI'• F(euo)(ど） d¢. 

゜
(6.9) 



300 Akio BABA and Kunihiko KAJITANI 

In fact, it follows from (2.19) with c, = cゎ c2= c_ that we obtain 

l が‘分ぷ(t,ど）F(euo)(ど） d~ 
R" 

＝［，『/-'"<!xぷ(I:ど）F(euo)(ど）cl(-J炉が'"'2螂 m

x r (j(-(0)1-1 + 2(-(o)j+l l)te(Jt dOe-1ど111F(euo)(ど）俎 (6.10)

゜
On the other hand, since it follows from (2. 7) that for狩(<0, x" > 0 and 

Y11 > 0 

I foo eU、ヽ+y.)<:. I oo ei(ふ y,,)i;.

五Looc + iどII 年＝元し品ー i(dも，

= -e―((x.+y.)H(-(x11 + Y11)) = 0, 

we can see by use of (6.8) 

l 砂分ぷ(t,~)F(euo)(i;) clぐ
R" 

＝ ［ 口＇ートix,兄 (<;) I J 2(。(iど）？（一()化（ぐ— 1<'12)1

R" 2冗i蹴=c_ ((一(o)((+iも）
- d( F(euo)(~) dどdi;,,

= J r eix'c;'上 (iど）y(-()伶((,l-lfll)ヽ
R"ー1 。 2冗iJ瞑=<-2(。((-(o) d( 

X r X1(ど）ei(x,, 十y,,)<,,dもuo(ど
-oo ((+ iも）

ふ） dど

=f 心’く'+i;叫 X1-I)~ [ 亙。ば）Y(一()je炉ーR'l2l1

R" 2冗i,瞑=cー((-(o)((+ iも，）
c/(F(euo)(<;) dど，

which implies (6.9) together with (6.10) Q.E.D. 

Decompose 

I -=~{土--~ .((一Co)((+ic;,,) (o + iど，I (一(。(+ic;、,｝
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We can write 

加k士(l,ど）
2(。

＝□ Xo(() f ii喜：がC2-ltlり／｛六— rk;}成 (6.1 1 )
Put 

and 

釣、と）
2(。

． ＝ 
冗((o+ iふ）

Xo((), 

I 鯰(l,ど）＝元f(iど）？（一()J製—1(1り1_I_
(C -Co) 

d( 
・ 釈＝（・＊

砧（バ）
1 

＝元I(i()i'(一()je炉ーI(ド）I ~ —d( 
瞑=c士 (+iふ

=e―1n2,(, ど）！免(tふ），

,l,(-Oi 
where g士(tふ）＝土f e 2n,. 3i(=c土 (+iも d(. Moreover we put 

(6.12) 

(6.13) 

(6.14) 

ft.(1, <!) = -2fo(iど）訊）J (J(-(o/-'+2(-(o)叫砂d0e―in2,_(6.15) 

゜
Then the relation 

k+(t,() = G(t丈）{kぶ(I,ど)-kよ(I'ど） +kふ(t,()-Rぶ(t,()} + R(t, と） (6. I 6) 

holds. Therefore in order to prove that u、11satisfies (1.23) it suffices to show the 

following lemma. 

LEMMA 6.1. G(は）， Kむ(t,t), 免(t,¢11)and R(t,¢) satisfy the following 

estimates. 

(I) lo拉(t,ど）Is C≪l¢1―lxl, 

for¢(# 0) ER" and for all a EN". 
(2) I号砧(I,ど）Is C,c(I汁+j)/21叫―1≪1,

forど(#0) E R"-1 and for all a E N"-1 

(3) I (北）kq士(l,品)Is Ckt―1121品|―¥k = 0, I, ... 

for品(#0) ER. 
(4) 1a炒(1,¢)1s C~t―OrH· il/2に , -1~1,

forく(#0) ER" and for all a EN" 
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和 OOF.(L). Noting thatどinthe support of X。impliesKo + iもI2: f.l~ I and 

that (0 == ibど+d is valid, we can see easily 

I叫鍔}I己 Ii;/―Jal, Va (6.17] 

holds and so we get (I) by use of (6.6). 

(2). It follows from (2.12) with y = 0 that 

稔 (I,¢')= (iど）Y(一(o)ieにH<'l'J1+線 (I,ど') (6. I 8) 

If 狩(0~0, we get from (2.11} with y = 0 

co 

腐 (l,ど＇）＝ー（疋） i'e_,ni, J e―(oz祝e―,2/41dz 
2冗平 。 と

(6.19) 

It follows from (2) of Theorem 1.1 that瞑J-Iどド=J.o =:; ー colどド for¢'ER11-1 

Hence we can see by use of Lemma 2.4 

叩 (iど）l e((J-1四）1)1~Cx 区 Iど'I 伝x'I Jtlaーク\-(co/2)1(111~ Cよ'I1,1-locie-(co/4}1ぐlり
ク,$≪ 

~cポI ―1-xl 1 -l'llf2e― (co/8)1,;'111, Vee 

Moreover we see 

喝e―(。'le―,2/41= lbデ e―(。'le―,2;4,

::; C'』zl'"le―,2/41.$ C,,Jtl,,le―z2 /81 

and so we get from (6.19) 

肉線(l'ど）I=只｛ば） Ye―1(12』~re―(ozafe-,1/41 dz} 

I oo 
~ ~~, c~,a'閤{(iど）な1t121}1冨I。1亨 'e―(。喝e―zl/411dz 

~C« LIご1 —lがle―( t /2li~'I誓a-a'l- 1、ll-j _:,;~記 ―M
JtlYl+J 

I , 
«'~" 
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for叙02. 0. Hence kふ(lぷ） also satisfies (2) for瞑o;::,_ 0 from (6.18). When 

況(。<0, we can take C+ = 0 in (6.13) and so we get by use of the first term of 

(2.8) with y = 0 

(iど）y 0 
砧 (l;ど)=~e-l<'l'r Jや e―(。2釘e-,2/41dz 

Therefore we can prove analogously to Kふinthe case of瞑0;::,_ 0 that .k. ぶ(t,ど）
sa ti a fies (2) for叙 0< 0 and consequently we can see that稔 （ば） satiafies (2) 

for況(0< 0 from the relation (6.18). Thus we have proved (2). 

(3). Let us consider 9+・By use of the first term of (2.11) with y = 0 and with 

(0 = i¢11 we can write 

I 
g+(I, も，）＝— I

2ni~(=c. 

びI (-()j 

e・ 一――-d( (+砧，

I o 
=― lご阿e―,1/41 dz 

平 -<;r,

and consequently we see 

（土）K釦（／ふ） = ~.r:'1) (-iz)ke-i{祠e―:2/41dz 

=~(一心）—kre;:; { (羞）~e-i~,,z}{(-iz)k3位―丑/41}dz 

=~(-i¢,,) —k r::,;; e―i{,,: (―羞）¥ (-iz)霞 e―zl/41}dz. 

Moreover we can see 

履）'((-;,i'a位―:'l")¥,sc』-,,―,'fS,, 

which implies (3) for O+・Analogously we can see that g_ satisfies (2) 

(4). Since Ko+ iも， 1 ~2叩 for ¢ in the support of X1> we see Kol:,;(¥+ 2e)にL

l(ol~ Cl¢! and moreover 

況(i(,,0-(I -O)(o/ -I汀

= ~(iと，，ー ( l -0)((o + i<;,,))1 -l(¥2 

＝ーに12-況{2i(,,(l-O)((o + i¢,,) -(l -0)愴0+ i江｝

三ー1ど12+ 8社1¢12~ —託,2
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if we choose e > 0 such that l -8社 ~ ½. Hence we get by use of Le皿 na2.4 

閲(iど）y e(i~.O+(l-O)(o)11-1t1111 _:e;; c~ L にll'll-la'I Jt la.ーa'le―(1/3)l~l 2 t
a'S" 

三 丘予1 -1ダle― ( 1 /4)1~121
V/1;1 

and consequently we can estimate 

I I叩I((j((一Co)iー1+ 2(-(o) 1)e 
, l 

j+l (iもO+(I-OKoJ"r-1<:I I dO} 
0 I 

三ら(I舒＋ドIi+2 t)に1-121e-(1/4Jl<!215 丘 1¢1 ―1~, ,
Jtl 

for ~ in the support of Xi and for / > 0. Therefore we get by use of (6.6) 

叩(t, ~) I ~I:c匹· I競―'-'' (iど）囚

I 

x位に1。((J((一(0/-1+ 2(一(o)i+I t)e(i~,,O-t( I -OK0)21-l{'l21 d0} I 

sC々l('.;I
v IYI+ j-1ダI-(1/5)1~1 りe ::;; Cダ 'I-1:xl 

Jt'沿 J
le; aEN11, 

which means (4). Thus we have completed the proof of Lemma 6.1 

(6.20) 

Q.E.D. 

Let K士(t,x),G(い）， K紅(;,x'),(/=1,2), 釦 (t,x11)and R(t,x) be Fourier 

inverse transform of K士(t,~), G(t, ど）， K心(I'ど），釘(l'も） and R(t, ¢) respectively 

and denote by G(t), 鯰(t)(I= 1,2), 紐(t)and R(t) the singular integral 

operators with the kernel G(t,x), KJ±(t,x') (/= 1,2), 妬(''、x,,)and R(t,x) 

respectively, where (6.14) means Kむ(t)= D伍△'1紐(t,x11). Then it follows from 

Lemma 6.1 and Lemma 2.3 that all singular integral operators G(t), ~ む(1)

(I = I, 2) and R(t) are bounded in LP(R") and consequently it follows from 

(6.16) and Lemma 6.1 that 8{ju1v1 = K+(t)(eu0) = {C(t)(KJ+(t) -KJ_(t) + KJ_(t) 
-~ ふ(t))+ R(t)}(euo) satisfies (1.23). Thus we have proved Theorem 1.5. 
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