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Abstract 

In the gravity sensor of a superconducting gravimeter, a superconducting sphere as a test mass is levitated in a mag‑
netic field. Such a sensor is susceptible to applied horizontal as well as vertical acceleration, because the translational 
degrees of freedom of the mass are not perfectly limited to the vertical direction. In the case of the superconducting 
gravimeter CT #036 installed at Ishigakijima, Japan, horizontal ground acceleration excited by the movements of a 
nearby VLBI antenna induces systematic step noise within the gravity recordings. We investigate this effect in terms 
of the static and dynamic properties of the gravity sensor using data from a collocated seismometer. It is shown 
that this effect can be effectively modeled by the coupling between the horizontal and vertical components in the 
gravity sensor. It is also found that the mechanical eigenfrequency for horizontal translation of the levitating sphere is 
approximately 3 Hz.
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Introduction
In the superconducting gravimeter (SG) (Prothero and 
Goodkind 1968; Goodkind 1999; Hinderer et  al. 2015), 
the elastic restoring force as in mechanical spring-type 
gravimeters is replaced with a magnetic levitation force 
exerted on a superconductor. As shown in Fig.  1, there 
are two main superconducting coils in the gravity sen-
sor, and the sphere is located near the center of the 
upper coil. Most of the levitating force is provided by 
the lower coil, whereas most of the horizontal restor-
ing force is provided by the upper coil. Conceptually, the 
mass is confined by a weak spring in the vertical direc-
tion and by a strong spring in the horizontal direction. 
If these degrees of freedom are ideally independent, the 
observed gravity signal is insensitive to horizontal accel-
eration applied to the instrument. In reality, however, 
the magnetic levitation force decreases as the sphere is 
displaced away from the central axis of the supporting 

magnetic field generated by the coils, implying that cou-
pling exists between horizontal and vertical components. 
This effect is utilized when we adjust the orientation of 
the gravimeter to the local vertical. Under normal opera-
tion of the SG, its orientation is automatically controlled 
by a tilt compensation device called thermal levelers, 
so that the coupling does not affect long-period gravity 
signals. However, large horizontal acceleration applied 
to the instrument would cause finite movements of the 
test mass in the horizontal directions and therefore affect 
the gravity signal through the coupling with the vertical 
component.

In February 2012, we installed an SG (CT #036) in the 
VERA (VLBI exploration of radio astrometry) Ishigaki-
jima station, Japan (Fig.  2), belonging to the National 
Astronomical Observatory of Japan, with the main pur-
pose of detecting possible gravity signals associated with 
long-term slow slip events occurring beneath the Yaey-
ama Islands (Heki and Kataoka 2008). This gravimeter 
had been in operation until 2011 at the Inuyama Obser-
vatory of Nagoya University (e.g., Nawa et  al. 2009). 
Ikeda et  al. (2013) described the preparatory work for 
the gravimeter before its movement to the Ishigakijima 
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Island. As soon as we started gravity observations with 
the SG at Ishigakijima, we learned that the station had 
several types of observational problems that we were not 
very familiar with. One such problem was observational 
noise from the VLBI antenna. The VERA Ishigakijima 
station, which is equipped with a 20-m-diameter para-
bolic antenna, is one of four VLBI stations that belong 
to the VERA project (e.g., Honma et  al. 2000). The dis-
tance between the VLBI antenna and the SG is approxi-
mately 35  m. When the antenna begins to move, step 
noise (gravity increasing) is recorded in the gravity signal 
(Fig. 3). The gravity recovers its previous value when the 
antenna stops. At first, we suspected that some electri-
cal interference from the antenna system was the cause 

of the noise, but operating the gravimeter system with 
batteries (i.e., electrically isolating the gravimeter from 
the antenna) did not eliminate the noise, and so it was 
verified that horizontal ground vibrations caused by the 
movements of the antenna were responsible. The exist-
ence of such noise does not pose a fatal problem for the 
purpose of studying long-term gravity changes at this sta-
tion, because we have information on exactly when the 
noise is generated. However, step noise in general can 
have power in a wide frequency range and may affect the 
noise level of the SG in the tidal to seismic bands (Rosat 
et  al. 2004). Therefore, in this paper, we investigate this 
effect in a systematic way from the viewpoint of a gravity 
sensor based on magnetic suspension.

Effects of movement of the VLBI antenna on the 
gravimeter
Static effects of horizontal acceleration
Let us consider that a superconducting sphere with a 
mass m is levitated inside the gravity sensor of the SG. 
The sphere is balanced at a position where the upward 
force from the supporting magnetic field is equal in mag-
nitude to the downward gravity force. We take a cylindri-
cal coordinate system (r, θ , z) whose origin O coincides 
with the average position of the sphere. Let z be upward 
positive, and let U be the potential sensed by the sphere. 
U takes a minimum at the balancing point. Assuming 
that the supporting magnetic field is cylindrically sym-
metric with respect to the vertical axis, U is expanded in 
a Taylor series around O as follows:

where the subscript O denotes the evaluation of the dif-
ferential at the origin of the coordinate system. In a real 
instrument, a feedback control is in effect to hold the 
sphere in a fixed vertical position. Here, we consider only 
the mechanical properties, and the effect of feedback is 
discussed separately.

The superconducting sphere levitated inside the grav-
ity sensor of the SG has rotational as well as transla-
tional degrees of freedom. By analyzing the instrumental 
noise inherent to the SG, Imanishi (2005, 2009) showed 
that the well-known long-period parasitic mode is likely 
the rotational motion of the sphere around its center 
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Fig. 1 Superconducting sphere and coils in the gravity sensor of the 
superconducting gravimeter

Fig. 2 Location of Ishigakijima Island, Japan, where the supercon‑
ducting gravimeter CT #036 was installed
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of gravity. Although the existence of this mode implies 
a weak dependence of the potential on the rotational 
angles of the sphere, here we consider only translational 
degrees of freedom and neglect rotational ones.

In Eq. (1),

must be satisfied so that the sphere is balanced at O Addi-
tionally, by imposing a condition that U is infinitely dif-
ferentiable at O, the terms in the odd-order powers of r 
must vanish. Therefore, retaining the terms up to the 
third-order differentiation with respect to r and z, we 
have

where
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The coefficients of the second-order terms of the poten-
tial αH and αV are the “spring constants” in the horizontal 
and vertical directions, respectively. αH > 0 and αV > 0 
must hold so that U takes a minimum at the balancing 
position. The sphere is supported by a weak spring in 
the vertical direction and by a strong spring in the hori-
zontal direction; otherwise, the sphere would very easily 
move away from the central axis of the coils. Therefore, 
αH ≫ αV. The (angular) eigenfrequencies for vibrations in 
small amplitude (as simple harmonic oscillators) are given 
by
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Fig. 3 Typical effects of the movement of the VLBI antenna on the superconducting gravimeter at the VERA Ishigakijima station
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in the horizontal and vertical directions, respectively. It 
follows from αH ≫ αV that ωH ≫ ωV.

The coefficients of the third-order terms of the poten-
tial βH and βV denote the deviation from a purely har-
monic potential. βH is the coefficient of the term denoting 
the coupling between the horizontal and vertical compo-
nents. βV is the coefficient of the higher-order term for 
the vertical component. In an ideal gravity sensor, both 
βH = 0 and βV = 0 would be satisfied; in reality, however, 
these coefficients are finite.

The restoring forces on the sphere for this potential are 
given by

in the radial and vertical directions, respectively.
When we adjust the vertical orientation of the gravim-

eter, we seek an extremum of the gravity output by tilting 
the instrument so that the direction of the gravity sensor 
exactly coincides with the local vertical. Experimentally, 
the change in the gravity output �g depends quadrati-
cally on the tilt angle, and thus,

where ϕ is the deviation angle from the optimal orienta-
tion and c is a constant. Whereas c is negative in usual 
spring-type gravimeters, it is positive in the SG. Because 
the vertical restoring force as given by Eq. (12) decreases 
for finite r, tilting the SG causes a horizontal displace-
ment of the sphere from the central axis and there-
fore a downward motion of the sphere, i.e., an apparent 
increase in the gravity (GWR Instruments 1985). This 
means that βH > 0. When the gravimeter is tilted from 
the local vertical by a small angle ϕ, the sphere experi-
ences additional forces mg sin ϕ and mg(1− cosϕ) in the 
horizontal and vertical directions, respectively, where g is 
the gravity acceleration. Then, the balance of the sphere 
is expressed as

where we approximate sin ϕ ∼ ϕ and 1− cosϕ ∼ (1/2)ϕ2 . 
Equation  (14) indicates that r is on the first order of ϕ. 
Additionally, as observed from Eq.  (15), z is on the sec-
ond order of ϕ. Therefore, to the first order of ϕ,
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is the radial displacement of the sphere. Substituting 
Eq. (16) into Eq. (15), we obtain the vertical displacement 
as

to the second order of ϕ. The change in the vertical force 
(upward positive) sensed by the gravimeter is given by 
αVz, and thus, the change in the upward acceleration �az 
is

When a feedback control on the gravity is enabled, an 
additional magnetic field generated by the feedback coil 
exerts a force on the sphere so that it cancels any exter-
nal forces and the sphere is consequently held in a fixed 
position. Because tilt adjustment deals only with static 
signals, both the external force and the feedback force 
are regarded as temporally constant, and thus, there is no 
vertical motion of the sphere. This feedback force is equal 
in magnitude to the change in gravity to be measured. 
The change in the gravity acceleration is given by

Comparing this with Eq. (13), we have

The actual value of the coefficient c can be estimated 
experimentally. Figure 4 shows a result of the tilt adjust-
ment for CT #036. The parameter Tilt Reset determines 
the null position of the tilt sensor. Note that a positive 
change in the output voltage corresponds to a negative 
change in the gravity for the SG. We search for the opti-
mal setting of Tilt Reset for each of the two tilt sensors, 
which we shall call x and y. Fitting a quadratic function to 
the gravity changes with Tilt Reset as a free variable gives 
the estimate of c as the optimal coefficient of the second-
order term. The results are as follows:
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where digit denotes the unit of Tilt Reset. The two val-
ues need not coincide with each other, because the 
effective sensitivities of Tilt Reset for x and y can be 
different. An additional file describes the calibration 
of sensitivity of Tilt Reset (see Additional file  1). The 
results of calibration are 4.189± 0.005× 10−6 and 
4.746± 0.009× 10−6 rad/digit for x and y, respec-
tively. Note that this calibration is different from the 
calibration of Tilt Power (Riccardi et  al. 2009) with 
the automatic leveling function enabled. Using these 
results as well as the scale factor of this gravimeter 
(1V = − 1134.6× 10−8 ms−2), the above values of c are 
translated into

These estimates are different by approximately 12%, 
suggesting that the supporting magnetic field may be azi-
muthally asymmetric. Here, neglecting this difference, we 
assume that there is no dependence of the coefficient c on 
the azimuth. By taking a simple average of both x and y, 
we obtain

as the estimate of c for this gravimeter.
The gravity acceleration at the gravimeter pier of the 

VERA Ishigakijima station measured using an absolute 
gravimeter is g = 9.79002515ms−2 (Miyakawa, personal 
communication). From Eqs. (20) and (21), we have

Dynamic effects of horizontal acceleration
Thus far, we have dealt with the static equilibrium 
of forces in the gravity sensor. Now, we will consider 
dynamic cases where external acceleration is applied to 
the gravimeter pier so that inertial forces are exerted on 
the superconducting sphere. The potential in Eq. (4) can 
be rewritten in the rectangular coordinate system as

Let X ,Y ,Z be the displacement of the pier in the iner-
tial frame, and x, y, z the displacement of the sphere with 
respect to the gravimeter. Then, the equations of motion 
of the sphere are
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where we have retained the terms up to the first order 
in the horizontal components and the terms up to the 
second order in the vertical component. In addition, we 
assume that the sphere is subject to frictional forces due 
to eddy currents in the gravity sensor whose magnitude 
is proportional to the velocity of the sphere. The coef-
ficients of the friction are 2mhHωH and 2mhVωV for the 
horizontal and vertical components, respectively. Here, 
hH and hV are dimensionless positive constants. Whereas 
hV can be directly measured as described later, the value 
of hH is unknown. Here, we assume that the friction has 
no dependence on the direction of the sphere velocity, 
and thus, 2mhHωH = 2mhVωV. Given this, Eqs. (24)–(26) 
can be rewritten as
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(26)

mz̈ + 2mhVωVż + αVz
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Fig. 4 Results of tilt adjustment for the superconducting gravimeter 
CT #036
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where we define

The mechanical eigenfrequencies of the mass-spring 
system are given by

for the horizontal and vertical directions, respectively. 
ωH ≫ ωV means fH ≫ fV. The eigenfrequencies are 
dependent on the user-adjustable coil currents and there-
fore are not intrinsic to the particular instrument. Typi-
cally, fV is on the order of 0.1 Hz, and it can be measured 
by applying external vertical forces on the sphere (Imani-
shi et al. 1996; Van Camp et al. 2000). Meanwhile, there is 
no easy way to directly measure fH experimentally.

Before the SG was moved to Ishigakijima, we meas-
ured its open-loop and closed-loop transfer functions at 
Tsukuba University (Ikeda et  al. 2013). Sinusoidal func-
tions with 1  V amplitude at nine discrete frequencies 
from 0.002 to 1 Hz were applied to the feedback coil of 
the SG to measure the responses. The vertical eigenfre-
quency and dissipation parameter obtained from this 
experiment are fV = 0.120Hz and hV = 6.41. Although 
we have not performed a similar experiment at Ishigaki-
jima, we can estimate the present value of the eigen-
frequency as follows. When adjusting the supporting 
magnetic field, we measure the displacement of the levi-
tating sphere in response to a constant vertical force gen-
erated by a 10 mA current. This is called the “magnetic 
gradient,” a parameter that corresponds to the inverse 
of the stiffness of the spring. The final values of the 
magnetic gradient were 1.613  V/10  mA at Tsukuba and 
1.834 V/10 mA at Ishigakijima. Since the magnetic gra-
dient is inversely proportional to αV, it follows from the 
final gradients that the value of αV at Ishigakijima is equal 
to 0.879 times that at Tsukuba. Considering that the 
eigenfrequency is proportional to the square root of αV, 
fV at Ishigakijima should be equal to 0.112 Hz. Also, con-
sidering that the dissipation is provided by the currents 
induced in the non-superconducting parts of the gravity 
sensor, we assume that the parameter η is independent of 
the magnetic gradient. Therefore, the value at Tsukuba
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also applies to Ishigakijima.
The response of this dynamic system to an external 

acceleration in the x direction is described in the fre-
quency domain as

where ω is the angular frequency and x̃ and X̃ are the 
Fourier transforms of x and X, respectively. A simi-
lar equation holds also for the y component. Note that 
there is no feedback control in the horizontal directions. 
The sphere is displaced horizontally according to the 
response in Eq.  (34), resulting in a change in the mean 
vertical position of the sphere through the term contain-
ing βH in Eq. (26). Denoting a temporal average as 〈 〉 we 
have

where we neglect the higher-order term of z (the term 
containing βV). Because αV > 0 and βH > 0, the right-
hand side of Eq. (35) is negative, and thus, the mean posi-
tion of the sphere moves downward. This is observed as 
an increase in the DC component of the gravity accelera-
tion given by

This implies that the mean-squared horizontal dis-
placements of the sphere are proportional to the appar-
ent change in the gravity acceleration. In particular, if the 
input acceleration has a single angular frequency σ, then

holds in the time domain, and therefore, we have

We use the horizontal acceleration data caused by 
the motion of the VLBI antenna to verify whether this 
theoretical prediction is correct. Figure  5 shows a typi-
cal example of the ground vibrations induced by the 
antenna and the resultant disturbances in the gravity 
recordings. The seismometer used to record the ground 
vibrations is an L-4C 1.0-Hz three components velocity 
transducer, manufactured by Mark Products, that was 
placed on the gravimeter pier (Ohtaki and Nawa 2013). 
The raw data shown in Fig. 5 were converted into ground 
displacements by deconvolving the transfer functions of 
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the sensors. We can see from Fig. 5 that the north–south 
and east–west components have similar magnitudes of 
power, although they are variable with time, whereas the 
power of the up–down component is only 1% of the mag-
nitudes of the horizontal components. Figure  6 shows 
the power spectra of the three components. The spectral 
peaks at 4.92  Hz and at its harmonics found in all the 
components are due to the movements of the antenna. It 
is unknown which part of the antenna is responsible for 
the observed frequencies. The power ratio for the peaks 
at 4.92 and 9.84 Hz is approximately 117 and 179 for the 
north–south and east–west components, respectively. 
Therefore, we regard the vibration as monochromatic in 
the following analysis.

The positive steps in the gravity signals during the 
period of antenna movement as seen in Fig.  5 are col-
lected and compared with the ground displacements in 
Fig. 7. The ground displacements are displayed in terms 
of time-domain variances. Note that the above-men-
tioned x and y of the tilt sensors of the SG are not ori-
ented in the east–west and north–south directions. For 
each north–south, east–west and up–down component 
(Fig.  7a, b, d), respectively), ground displacements and 
gravity changes appear to be correlated with linear cor-
relation coefficients 0.78–0.90. Meanwhile, the linear 

correlation is clearer with the correlation coefficient as 
high as 0.97 in the case of the sum of the north–south 
and east–west components, i.e., the horizontal com-
ponent (Fig.  7c). This fact provides evidence that the 
assumptions for our theoretical model are appropriate. 
In the following, we consider only the horizontal compo-
nents of ground vibrations.

From Eq.  (38) and considering the proportionality 
shown in Fig. 7c, we obtain

where σ = 2π × 4.92 = 30.9 s−1. By defining two new 
variables α′
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Together with Eq. (33), Eqs. (42) and (43) can be solved 
for α′

H and β ′
H as

(43)

1

2
β ′
H

∣

∣

∣

∣

σ 2

−σ 2 + 2iησ + α′
H

∣

∣

∣

∣

2

= 1.36× 104 ms−1

Therefore,

(44)α′
H = 2.88× 102 s−2

(45)β ′
H = 1.60× 104 m−1 s−2
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Fig. 6 Power spectra of the ground displacement recorded by a seismometer. a Up–down component, b north–south component and c east–
west component. This was acquired while the VLBI antenna was moving
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In the above result, there is no assumption regarding 
the value of m.

The most uncertain parameter in the above analy-
sis is η, for which we have assumed the same value 
(η = 4.833 s−1 ) as measured at Tsukuba. Figure 8 shows 
the dependence of the estimates of α′

H and β ′
H on the 

variable η. Both α′
H and β ′

H increase monotonically as 

(46)
ωH =

√

α′
H = 17.0 s−1

(47)fH =
ωH

2π
= 2.70 s−1

(48)hH = 0.285

η increases. In the extreme case where there is no dis-
sipation (η = 0), we obtain α′

H = 2.70× 102 s−2 and 
fH = 2.61 s−1. If the dissipation is approximately twice 
as large (η = 10) as our previous assumption, we have 
α′
H = 3.43× 102 s−2 and fH = 2.95 s−1. Therefore, we 

can conclude that fH of this gravimeter is approximately 
3  Hz for a practically plausible range of the dissipation 
parameter.

Thus, we have successfully modeled the effects of 
horizontal acceleration due to the motion of the VLBI 
antenna on the SG quantitatively. As a by-product of the 
model analysis, the horizontal eigenfrequency fH of the 
mass-spring system was indirectly estimated. It is noted 
that the precondition for the analysis ( fH ≫ fV) is satis-
fied because fV is on the order of 0.1 Hz.
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Fig. 7 Relationship between the ground displacements and gravity changes. The four panels represent the a north–south component, b east–
west component, c horizontal component and d vertical component. The ground displacements are shown in terms of variances in time domain. 
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Discussion
The influence of a collocated VLBI antenna on the SG 
was already investigated by H.-G. Scherneck for the 
Onsala Space Observatory, Sweden (http://holt.oso.chal-
mers.se/hgs/SCG/AntennaPointing.html). His work was 
focused on the effect of direct Newtonian attraction by 
the mass of the antenna, rather than the effect of induced 
ground vibrations. The conclusion was that the attrac-
tion effect was negligible at the Onsala station due to the 
long distance (80 m) between the VLBI antenna and the 
gravimeter (Scherneck, personal communication). Fol-
lowing his method of analysis, we assessed the attrac-
tion effect for our station. Approximating the antenna 
with a parabolic dish and a counterweight (each weigh-
ing 200 tons), the maximal possible change in the direct 
attraction is approximately 0.08 µGal. This is negligible in 
our present context. Mizusawa (Japan) is another station 
of the VERA project where both a VLBI antenna and an 
SG (TT #016) are located. At Mizusawa, the effects of the 
VLBI antenna (either direct attraction or ground vibra-
tions) on the gravimeter are almost invisible, again due to 
the long distance (70 m) between them.

When deriving Eqs. (35) from (26) in “Effects of move-
ment of the VLBI antenna on the gravimeter” section, we 
ignored the term containing βV in the left-hand sides of 
Eqs. (26) or (29). This term originates in the third-order 
term of z in the expansion of the potential in Eq.  (1). 
When analyzing the effect of the VLBI antenna on the 
gravimeter, effects of this term were negligible because 
the vertical displacement of the sphere may be regarded 
as small. On the other hand, the vertical displacement of 
the sphere can be large during stormy weather, because 
the level of ground noise is extremely enhanced than 
usual. In such a condition, the third-order term of z might 
have some effect, possibly giving rise to additional off-
sets in observed gravity signals. Indeed, we observe such 
gravity changes that cannot be explained solely by atmos-
pheric effects when typhoons (hurricanes) approach the 
Ishigakijima Island. Investigation of this effect requires 
experimental determination of the coefficient βV.

The horizontal mass-spring system as a harmonic oscil-
lator in Eqs. (24) or (25) is called underdamped if hH < 1 
and overdamped if hH > 1. Our present estimate of the 
dissipation parameter hH given in Eq. (48) means that the 
system is underdamped. Figure 9 shows the magnitude of 
the right-hand side of Eq. (34) using the estimated param-
eters. We can see that the magnitude response is slightly 
enhanced near the horizontal eigenfrequency. Although 
this will not affect the performance of the gravimeter at 
quiet stations, it may have some effect on the signal-to-
noise ratio of gravity recordings at relatively noisy sites 
such as Ishigakijima. In particular, the magnitude response 
at 5  Hz is 1.29, implying that the ground displacements 
induced by the movements of the VLBI antenna are ampli-
fied by approximately 30 per cent in the horizontal dis-
placements of the sphere. To mitigate this effect, either the 
horizontal eigenfrequency fH or the dissipation param-
eter hH, or both, must be increased significantly. This fact 
should be taken into account in future development of 
gravity sensors based on magnetic suspension.

Figure  9 also shows the mechanical response of CT 
#036 for the vertical direction. The SG as a mechanical 
pendulum system is overdamped in the vertical direc-
tion (Imanishi et  al. 1996). The two curves intersect at 
approximately 2 Hz. In other words, the response of the 
superconducting sphere to applied acceleration of unit 
magnitude in the horizontal direction is of similar magni-
tude to that in the vertical direction at 2 Hz. In this sense, 
this frequency may be regarded as an upper limit of the 
frequency range in which the SG is able to work properly 
as a gravity meter. Practically, the upper limit at a given 
station will depend on the spectra of background noise 
for the horizontal and vertical components as well as the 
magnitude of the parameters αH, βH and η.
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Conclusions
In this paper, we investigated the possible effects of hori-
zontal acceleration on the SG operated at Ishigakijima 
from the viewpoint of a gravity sensor based on magnetic 
suspension. We developed a theoretical model consid-
ering the coupling between the horizontal and vertical 
components derived from the potential of the sphere to 
explain the step changes caused by the input of a 5-Hz 
horizontal acceleration excited by the motion of the VLBI 
antenna. Numerical analysis using the data from a col-
located seismometer proved that this model could effec-
tively explain the behavior of the gravimeter. It was also 
shown that the superconducting sphere levitated in the 
gravity sensor has a horizontal eigenfrequency of approx-
imately 3 Hz. The latter fact implies that the gravity sen-
sor could be susceptible to horizontal acceleration at this 
particular frequency. It may be advisable to keep 3-Hz 
horizontal acceleration low so that the coupling between 
the horizontal and vertical components does not degrade 
the quality of gravity recordings.

Here we were focused on the effects of horizontal 
acceleration on the gravity sensor of the SG and resultant 
apparent gravity changes through the coupling between 
the horizontal and vertical components. Effects of three-
dimensional acceleration induced by enhanced ground 
noise, typically seen when typhoons approach Ishigaki-
jima, will be studied in the future taking into account 
also the third-order term of z in the expansion of the 
potential.
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