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1 Introduction

String field theory is believed to admit classical solutions that describe a wide range of
moduli space of string theory. In bosonic open string field theory, Erler and Maccaferri [1]
proposed a way to construct classical solutions representing any time-independent open
string background by use of boundary condition changing (BCC) operators. Following
their method, a solution corresponding to constant magnetic field background has been
constructed by some of the present authors in [2]. It was found that the classical action
of the solution calculated from the operator product expansions (OPEs) of BCC operators
agrees with the Dirac-Born-Infeld action.

This magnetic solution has several new features compared with the solutions discovered
so far. Firstly it has no direct relation to tachyon dynamics, such as tachyon condensation
or tachyon lump, or it is not obtained simply by marginal deformation of already-known
solutions. Secondly, the solution on a torus corresponds to the configuration has a nonvan-
ishing Chern number of the U(1) gauge field. Such a topologically nontrivial solution had
never been constructed before in string field theory.

The purpose of this paper is to investigate some physical properties of the magnetic
solution. Firstly, we will study the so-called tachyon and vector profiles of the solution



defined as follows. Using the Fock space expression, a solution |¥) of the open string field
theory can be expanded as

|‘I’> = th |Tp>+ZAP#‘Vpu>+'” ) (1'1)

where the lower mass states, corresponding to the tachyon and the massless vector field
are expressed as

I Tp) = c1lp) = ce’™X(0)]0), (1.2)
V) = e I = iy 2 coxre X )0, (13)

The position representation of the component fields is given by the Fourier transform of
tp, Ap, -+

ta) = Y P, Af(@) = Y AT, (14)
p p

t(x) and A*(x) are called the tachyon and vector profiles of the solution respectively.

In conventional field theory, we need to divide the torus into some patches to describe
the U(1) gauge field with a constant magnetic field on a torus, so that the smooth gauge
fields on different patches are related by gauge transformations. Therefore it is natural
to ask whether the magnetic solution needs multiple patches in string field theory. This
question may be examined by evaluating the vector profile A*(x) corresponding to the
U(1) gauge field. If A#(x) has discontinuities, we need to divide the torus by coordinate
patches to represent the configuration by smooth gauge fields.

Secondly, we will evaluate gauge invariant observables for the magnetic solution. In
conventional field theory, topologically non-trivial configurations are characterized by some
gauge invariant quantities which take discrete values. Such quantities have not been found
in string field theory. Instead, we have the gauge invariant observable which is associated
with on-shell closed string vertex operators [3]:

Ov (V) = (] e(i)e(=))V (i, —i) V), (1.5)

where [ is the identity string field, V'(z, Z) denotes an on-shell closed string vertex operator
and z = +i, Z = —i in the complex plane correspond to the midpoint o = /2 of the
open string. If ¥ is a classical solution, the observable represents a coupling of the closed
string vertex operator V' to the D-brane to which the solution corresponds. Accordingly,
we expect that the observable for a massless anti-symmetric tensor vertex has a non-trivial
value since the corresponding D-brane has constant background magnetic field. In order to
confirm the existence of background magnetic field and find a clue for topological invariants
in string field theory, we calculate the gauge invariant observables with massless and zero-
momentum closed string vertex operators.

This paper is organized as follows. In section 2, we briefly review the constant magnetic
solution on torus. In section 3, we study tachyon and vector profiles of the solution. As



a by-product, we show periodic and quasi-periodic properties of the solutions. In section
4, we evaluate the gauge invariant observables of the solution. By comparing the resulting
observables with the Dirac-Born-Infeld (DBI) action, we find that the solution indeed
corresponds to constant magnetic field background. In section 5, we will give concluding
remarks. In the appendices, details of calculations are exhibited.

2 Classical solutions for constant magnetic field background

We would like to consider the configuration with a constant background Fj,,,. We concen-
trate on the spatial directions X! and X?, since a real antisymmetric tensor F,, can be
transformed into a block diagonal form with 2 x 2 blocks. Let us consider the bosonic open
string field theory in which these spatial directions are toroidally compactified with radii
Ry and Ry, and the Neumann boundary conditions are imposed on the variables X', X?2.
The time direction X© is required to be noncompact in order to construct the solution
following Erler-Maccaferri’s method [1], but other directions are unspecified here.

To find the classical solution corresponding to a constant £} background, we need to
prepare the BCC operators which changes the open string boundary conditions for X', X?
from the Neumann boundary condition to the one with Fj2 and vice versa. Such operators
correspond to the open strings with one edge with the free boundary conditions and the

1

other coupled to the constant magnetic field. The zero mode coordinates !,z of these

open strings become noncommutative and we need to introduce the following operators

1 2
U =exp <z;1) , V =exp (z%) ,

UV =N VU,

which satisfy

where the integer N is related to the magnetic field through the Dirac quantization condi-
tion:

(27T)2R1R2F12 = 27w N. (21)

The zero mode algebra has a | N| dimensional representation. Correspondingly, we can find
|N| pairs of BCC operators: of, ¥ (k= 1,---,|N|) [2], which are primary fields with
conformal weight

A1 =)

h= ,
2

(tan 7T\ = 2ma/ Fio ). (2.2)
Following Erler-Maccaferri’s method, we multiply ¢¥, &* by the vertex operators etivhX®
and appropriate normalization factors and construct |N| pairs of modified BCC operators

o, &*. They are primary fields with conformal weight zero and satisfy the OPEs

01k 0.k

lcosTA| /1 + (2na/F12)?

a*(5)0'(0) ~ 0k,  o'(s)a"(0) (2.3)

for small positive s.



Having these BCC operators, the classical solution corresponding to the constant mag-
netic field background [2] are given as follows:

Uy = Ty + Y A, (2.4)
k,l

where Wy, is the Erler-Schnabl solution for the tachyon vacuum [4],

1 ~ 1
q)k‘,l — _\/ﬁc(l —|—K)O'k1 +KO-Z(1 + )C\/ﬁ, (25)

and Ag is a hermitian |[N| x |N| matrix satisfying A? = A. The second term is a solution
to the equations of motion around the tachyon vacuum. Suppose that A is given by

A=diag(1l,---,1,0,---,0), (2.6)
—_— ——
M |N|—M

then the solution can be regarded as describing M D-branes with magnetic field conden-
sation. Using the OPEs (2.3), it is easy to show that the energy of the solution is given by

M times that of a single D-brane with magnetic field condensation.
For later discussion, it is convenient to rewrite the solution (2.4) in the following way.
By using the algebra of K, B, ¢ and o*, &', the solution ®*! can be decomposed to three

parts:
Ok,1 k.l kel
ofl = — =y ’ ’ 2.7
k.l k.l

where ¢ and ¢, are defined as
T= - cdo o + = o 0a'c , (2.8
91 2V1+K 1+K V1I+K 2J1+K 1+K VI+K (28)

1 1 B 1 1 1 B 1

¢l§,l = - cdo* 5! k 5 (2.9)

= o + = o oc'c .
2V1I+ K 1+K Vi+K 2V1+K 1+K VI+ K

It should be noted that qblf’l and qﬁg’l independently satisfy the string field reality condition,’

i i
{ > Ak,mﬁ’f’l} =" Ay, { > Ak,lQBqﬁ’;’l} =Y AnQes.  (2.10)
k,l k,l k,l k,l

These are useful in checking the correctness of the profile calculation presented later.

3 Profiles of the classical solution

3.1 Profiles and dual states

Now let us study the profiles of the magnetic solution ¥q. In order to extract momentum
space profiles from the solution expanded as (1.1), we define the states dual to the tachyon

We follow the definition of the conjugate { given in [1]. K, B and c are self-conjugate and ot=5. In
addition, we find (9o)* = —935.



and massless vector states, |Tp) and |Vp u>’ by

~ 1

1 —ip
o) = ot |-8) = — e PX 0)), G.1)

(2m)2R1 Ry

~ 1 1 2 ,
N — - oy — N - X e X ) 9
V) = G ot ) (%)QRIRQZ\/; cde DX e X (0)[0). (3.2)

These are dual to |Tp) and |V, u> in the sense that they satisfy
<Tpv Tq> = 0p.gs <V;, qu> = 0pgn", <Tp7 un> = <‘7;7 Tq> =0, (3.3)

and they are orthogonal to other higher massive states. The momentum space profile is

derived from the inner product of the dual state and Wy:
tp = (Tp, Vo), Apt = (V}, Tp). (3.4)

Using (2.7), we can see that the profiles (3.4) are decomposed to three parts. The
calculations are simplified by using the following identities:

Qs|Tp) =0, (3.5)

- RN 2 —ipX

QB‘V1§‘> = —mz ~ iap”cacﬁ ce P2 (0)|0) . (3.6)
Consequently, for example, we only need to deal with Wy, and gb’f’l for the calculation of
the tachyon profile.

3.2 Quasi-periodicity of the solution

Before starting the calculation of the profiles, we would like to point out that the profiles
satisfy quasi-periodic relations. Here we deal with the solution corresponding to a single
D-brane with constant magnetic field Fio # 0, namely M =1 in (2.6). We can construct
|N| independent solutions

Uh =0, 48 (k=1,--- |N|. (3.7)

To derive the tachyon profile from \Iflg, we have to calculate the inner products <Tp, \Iftv>
and (T, ¢lfk> as seen from (3.5). The former has been known to be a constant [4].? The
latter can be calculated by rewriting in terms of the correlation function including the
tachyon vertex and the BCC operators, which has been derived in [2]:

Sip X ey e\ =l (G &)
(7P X @t &) = = pymre — g o (3.8)
CHl = W™ 2 5y (moan) 6 a/2,,27 (3.9)

—s5—t

~ e < e 2 w(t—s)
To ) = [ dt | dsS—(s+t+1)*(1 =0.
(Tp, Vi) /0 /0 Siap et ( +coss+t+1) 0.509038




where w is an N-th root of unity, w = exp(2mi/N), and n; are momentum quantum
numbers, p; = n;/R; (i = 1,2), and Ind = 2¢(1) — ¢(A) — (1 — A) for the digamma
function ¥ (x). Here, it is important to notice that the correlation function depends on the
parameters k and [ only through the normalization factor, Cﬁ’é. Given this, we find that
the inner product <Tp, ¢If’k> depends on k as follows,

27Rg k o
e

(Tp, ¢*) = CE’; X-=e X e (3.10)
Therefore, it turns out that the tachyon profile t*(x) of \Illg satisfies the quasi-periodic
relation:

2R
tk <l‘1, 22+ M) = ¢kl (xl, 332) . (3.11)
Moreover, since the factor C’f’ﬁ includes 0y _p, (modn) We find

2
tF <x1 + ”TR“, x2> = t* (a1, 7). (3.12)

Similarly to the tachyon case, other profiles can be calculated also by using a 3-point
functions of the BCC operators. The matter vertex operators are of the form 9"X - - - X,
Since the operators U,V are not included in the derivatives of X', X2 [2], the 3-point
function depends on the parameters k and [ only through C’f’ll,. Consequently, we find that
all profiles of the solution satisfy the quasi-periodic relations similar to (3.11) and (3.12),

namely, the space representation of the solution satisfies

2
\Ifg (xl + WTRl, 332> = \11’8 (xl, a:2) , (3.13)
ok (xl, z® + 27;?) = Uit (2!, 2?). (3.14)

Notice that the quasi-periodicity relations of these forms arise because we have taken
the BCC operators corresponding to the eigenstates of V = exp(iz?/Rsy) [2]. If we take
the BCC operators corresponding to the eigenstates of U = exp(iz!/R1), we have a set
of classical solutions which is periodic in the 2! direction and quasi-periodic in the z?
direction. In addition, we should comment that, due to the translational symmetry of the
theory, we can generate other set of solutions from ‘1115 by arbitrary displacement of the
torus. In our case, we simply just choose \1175 as |N| independent solutions in the sense that
they correspond to degenerate states in magnetic fields, so-called Landau level.3

In a naive expectation, the |N| independent solutions W4 (k = 1,---,|N|) are physically equivalent
as a result of the translational symmetry and the relation (3.14). However, it is difficult to connect the
solutions to each other by a gauge transformation, because we suffer from associativity anomalies [6] if the
translation is represented as a gauge transformation in open string field theory.



3.3 Tachyon profile

Now let us calculate the tachyon profile. The inner product <Tp, ¢lf’l> is rewritten in terms
of correlation functions with the help of K Bc algebra:

X {<e—mx (L - 2) ﬁak(tl n t2)5l(t1)>L<cac (L - ;) c(ty + t2)>L
(e X (L - ;) o* (11 +1:)05' (1)) (cbe <L - ;) c(t1)>L} . (3.15)

where L =t; +ty+t3+1 and (---); denotes a correlation function on the infinite cylinder
of circumference L. The correlation functions which appear in (3.15) can be obtained by
conformally transforming (3.8) and the ghost correlation functions which are defined on

the complex plane. We eventually get the tachyon profile for the |N|-th solution \Ill)N‘ as

Do R W ( B

| cos |

+2 Z Gt<( ) +(;2)2)>(—1)m"cos N}TZE cos%

nm—

where £y = <Tp, \Iltv>. The function G¢(u) is defined by

CMU

Gilw) = = glau — ) exp (—“;“@wu) — () — (1 — ) — 210g4>) . (3.17)

sin 7r(s+t+1) Z
/ dt/ ds /+t+1 71—\/7 2L sin s+1/2) sin 7T(t+1/2) ‘ (318)

L

The tachyon profile for the k-th solution can be derived by using (3.11).

Now, we carry out numerical evaluation of the tachyon profile. In order to do so,
we need to evaluate the triple integration on the right hand side of (3.18). However, this
expression is inappropriate for numerical integration, because the rate of convergence is
very slow due to the infinite integration region and it gives an inaccurate value even by
use of Monte Carlo method. An expression of g (z) which is better suited than (3.18) for
numerical integration can be obtained by a change of variables:

92 1 1—v z
= / dv/ dw/2 deel_%vz 3
™ Jo 0 0

sin Tw

><<2$1n7r( +(1—w—v)sin®f)sinm (3 + (1 —w —U)60529)> . (3.19)

The plot of g(z) obtained by numerically evaluating it using this expression is depicted in
figure 1. We find that the function rapidly decreases as we increase z. The discontinuity
of the profile depends on the behavior of g (z) when z is very large.



Figure 2. The numerical plots of the tachyon profile in the case of N =2 and R; = Ry = 24/3.
Here, we take o/ = 1.

The Fourier coefficients of (3.16) are evaluated by using the numerical results of g(z)
and the tachyon profile can be obtained numerically by summing up the Fourier series. We
find that the Fourier coefficient approaches zero fast enough as n, m — oo so that we can
approximate the series by a finite summation over lower modes. The plot of a result is
depicted in figure 2.4

3.4 Vector profile

Next, we consider the vector profile of the magnetic solution. Since the vector profile of
Wy, vanishes, the momentum space vector profile of \Illg is given by

At = (VI Y — (QBVE, ¢5"). (3.20)

As in the case of the tachyon profile, each inner product can be rewritten in terms of
correlation functions on infinite cylinder of circumference L = t1 + to + t3 + 1:

. 2\ 7 1 [21 [® dty [ ° dt
Vu’ k,l — “ - e - / / dt / —t1—to—t3
Vg o) (77> (27T)2RlR2Z o2 )y Vatsle o \/7Tt16

4The reason why the ! and 22 dependence are different from each other is that the solution is constructed

by using the BCC operators corresponding to the eigenstates of V = exp(ixQ/Rg).



X {<3X”eip'X (L - ;) Bk (1 + tg)ﬁl(t1)>L<cﬁc <L - ;) c(ts + t2)>L
_ <ax#e*iP'X (L - ;) ok (ty + tg)&?l(tl)>L<cac (L - ;) c(t1)>L} . (3.21)
x {<eip'X (L - ;) do* (11 + tz)ﬁl(t1)>L<caca2c (L - ;) et + tg)B>L

+ <e—iP'X <L - ;) ok (t + tg)é?&l(tl)>L<cac82c (L - 2) Bc(t1)>L} . (3.22)

where we have used the expressions for the dual vector vertex operator, (3.2) and (3.6).

The computation of the correlation functions on the right hand side of (3.21) is not so
simple because the vector vertex operator in (3.21) is not a primary field. As derived in
appendix A, under the conformal transformation z = f(§), the vector vertex transforms as
follows;

. d*¢
d . ae
0X"e _”"X( ) = & 3X“e_2p'X(£) + Eo/p“idza 26_”"){(5) . (3.23)
dz 2 de
dz
Thus, we need correlation functions for vector and tachyon vertex operators to derive
the vector profile. A detailed derivation of these correlation functions is presented in

appendix B. Using the results, it turns out that only the term (3.21) contributes and we
find:

A—
| cos 77)\|

h—1
o0 dtg © & dtl _L+1 2 Sin@t
ny [ B g, [ B 2 2 3.24
)/0 fmtg/o 2/0 Neh Lsind, ,1sin0, (3:24)

where h = o/p?+1 and 6y is defined by 65 = ws/L. By the Fourier transformation of (3.24),
the position space representation of the vector profile is obtained as follows:

Apt = er’“’p,,

A— ) 2
Ail@) = ]cos7r)\\ ZRQ << ) )sm%
12 3 () () ) o ). o
n,m=1
Mo(w) =~ oV gﬁ@c((;)z) sn V"

+2 il JETG<(]2T)2 + (;2)2) (—1)™"sin Ngfl cos 7;%2] , (3.26)

2

where the function G(u) is defined in terms of g (z) in (3.18) as

G(u) = (u+1) g(a'u) exp <—O;u(2w(1) —p(AN) = (1 = A) —2log 4)) . (3.27)



Figure 3. The numerical plots of the vector profile of A;(x) in the case of N =2 and Ry = Ry =
21/3. Here, we take o = 1.

Figure 4. The numerical plots of the vector profile of As(x) in the case of N =2 and Ry = Ry =
21/3. Here, we take o/ = 1.

As in the tachyon profile, we can numerically calculate the vector profile by using the
numerical results of g(z) and summing up the Fourier series. The difference of the two
profiles is in the fact that the Fourier coefficients of the vector profile include momentum
factors, Nm/R; or n/Ry. Hence the asymptotic behavior of the profile may change in the
ultraviolet region and discontinuities could be found for the vector profile.

However, we observe that the Fourier coefficients for the vector profile rapidly converges
to zero as n,m — oo and the position space representation of the profile seems to be
absolutely convergent. Consequently, we get the plot shown in figures 3 and 4, and we
conclude that the vector profile has no discontinuities.?

Here, we would like to comment on profiles for other massive modes. The reason why
the tachyon and vector profiles are not discontinuous is because the momentum space profile
becomes zero rapidly for large momenta. This behavior is due to the exponential factor

5From the vector profile, we can calculate the quantity Fio = 01A5 — 82 A1. The resulting 1o is given
not as a constant but as a smooth function, and the space average of Fi2 over the torus becomes zero. Since
Flz is not invariant under gauge transformations in string field theory, it is no wonder that F 12 does not
correspond to the constant magnetic field.

~10 -



6-'P*/2 in the normalization factor of the 3 point function (3.9).5 Since this exponential
factor always appears in the expression of other profiles, we expect that other profiles also
do not have any discontinuities.

4 Gauge invariant observables for the classical solution

4.1 Calculation of gauge invariant observables

Let us consider the gauge invariant observable (1.5) for the k-th solution (3.7) with the
following closed string vertex operators at zero momentum:

B(z,%) = i(0X0X — 0XDX)(z,2), (4.1)
G(2,%) = (XX + 0X0X)(z, %),

where X = (X' +iX?)/v/2 and X = (X' —iX?)/+/2. These correspond to the antisym-
metric tensor field Byo and the sum of graviton field G171 + G2 in the spatial directions X!
and X?2. Substituting the k-th solution (3.7) into (1.5) and expressing it in terms of the
correlation functions on the infinite cylinder, the observables can be rewritten as

e e

_/OO dty / /OO dty p—s—ti—t2
0 \/7Tt

><<V(s b1 400, 8+t — ioo)@o’k(s)ﬁk(())>

CrL

><<c(s F by +ioo)e(s + b — ioo)c(s)>cL, (4.3)

where L = s+ t; + to . For B(z, %) and G(z, %), Oy (V¥4,) has been calculated as’

Op(¥iy) =0, (4.4)

Oc(Tyy) = —% % (27)2R1 Ro. (4.5)

ur}
Here we normalize the observable by dividing it by the volume of the directions other than
X! and X2,

For the vertex operators (4.1) and (4.2), the matter correlation function in (4.3) can
be derived from the correlator

@ T ra-n®?
2 (z — w)?

<5k‘3X(z)5)~((2D)|al> = X <5k’01>, (4.6)

6Tt gives exponential factor in (3.17) and (3.27), where 2¢(1) —1(\) —¢p(1—X) —2logd > 0for 0 < A < 1.

"Asin [7], if V(z, £) is decomposed by the matter primary field V,,(2) as V(z, 2) = > mim Gmn Vin (2)Va(2),
and the OPE of the primary fields is V4, (2)Vi(2') ~ vmn/(z — 2)?, the observable for the tachyon vacuum
solutions is given by

OV(\IItV = Z Cmnvmn X mat<0|0>mat

2mi

- 11 -



and its conjugate. Here <6k‘al> is given by

(]0') =

The matter 4-point function in (4.3) on the infinite cylinder can be obtained from (4.6)

(271')2R1R2

Okl- 4.
| cos | ik (47)

by a conformal transformation. To make our calculation well-defined, we regularize the
correlators by replacing +ioo by +iM and taking the limit M — oco. As a result, we find

(0X (x +iM)IX (x — iM)o* (21)5" (22)) ¢,

/

2 . 27 2
N @ (ﬁ) (—4)e” TAM {)\627(1 A)(z1—x2) +(1— A)e—l%k(rl—m)} « M

2 \L | cos A
(4.8)
Multiplying the ghost correlator, the 4-point function in (4.3) is given as
<8X(s+t1+ioo)5 (54t — i00)da™( >C {c(s+t1 + ioo)c (s+t1—ioo)c(s)>CL
O[ _ 27 227 (1 (271') RlRQ
— Z\(1 =\ { =t Xs e (1 )\)s} ety Aufta 4.9
2 ( e “r . |cosTA| (4.9)
where L = s+ t1 + to. Similarly its conjugate is given by
(0X(s+1 — 100)0X (s + t1 + i00)da™( >C (c(s+t1 +ico)e(s + 1 —ioo)c(s)>CL
Oé _i2m g P27 (27‘(‘)2R1R2
— (11— { = (1-N)s i )\s} 4.1
2 ( e “r % | cos A (4.10)

which is also obtained by acting the X? parity transformation A <+ 1 — X on (4.9) [2].
Having calculated the correlation functions, the observables can be obtained by inte-
gration of (4.3):

O/ 271'0/F12

Op(¥y) = — x (2m)2R1 Ry , 4.11

B(¥o) m (2m)°R1 Rz T @ra B (4.11)
i

Oc(Tg) = %(2@ RiR (4.12)

14 (27ma’Fig)?

{1—¢W+z(¢m ! )}

4.2 Comparison with Dirac-Born-Infeld action

Let us check if the gauge invariant observables (4.11) and (4.12) are consistent with what
is known about the magnetic background. Here we consider a D2-brane extended in the
X' and X? directions for simplicity. The coupling of the D2-brane to massless modes of
closed strings is described by the Dirac-Born-Infeld (DBI) action:®

S = —The ®(21)2 Ry Ry+/det(Gap + Bap + 2w/ Fyyp), (4.13)

8Hereafter, we adopt the static gauge and normalize the action by dividing it by the volume of the time
direction.

- 12 —



where T, is the D2-brane tension, and ®, G, and By, denote the induced fields on
the brane.
Fixing to the static gauge, we find the variation of the DBI action under an infinitesimal
variation of Bjs around the flat background, namely (Gg) = dqp and (Bg) = 0:
27TO/F12

08 = —The ®(27)2RiR 5 Bys. 4.14
2 ( ) 1 1 + (27T04/F12)2 12 ( )

The observable (4.11) can be expressed by using the DBI action as

Op(Wo) = w‘/{ 08 Fm:o}' (4.15)

™ Tge_(D 5312
Similarly, we find the variation of the DBI action under an infinitesimal variation
of Gab:

s
Fi2#0 0B

68 = —Tre ®(27)2R1 Ry

1
1+ (27TO/F12)2

1]1
><§ {2\/1 + (27T0/F12)2 — \/1 + (27TO/F12>2 + } ((5G11 + 0G2a2).
(4.16)

Notice that the variation dG12 does not appear in this result and the graviton field is
included implicitly in the dilaton field as ® = ®94 + (1/4) Indet G4, when the space-time
is of the form M?* x T? [8]. From (4.16) we get the relation

i/ 6S 45 S 4S
VUy) = — . 4.1
OG( 0) 7TT2€(I>{ <5G11 + 5G22) Fi2#0 <5G11 + 5G22> F12_0} ( 7)

These results (4.15) and (4.17) show that the observables correctly reflect the coupling
of the D2-brane with the constant magnetic field to the closed string modes. Consequently,

it is explicitly found that (3.7) can be regarded as the classical solution corresponding to
magnetic field condensation.

4.3 T-dual of a D2-brane with Fj2 # 0

We would like to examine if the couplings (4.11) and (4.12) are consistent with T-duality.
It is well known that the D2-brane is transformed into a D-string tilted in the dual torus,
which is extended along the line [§]

X" = 27a/Fia X% + const., (4.18)

where X’! denotes the coordinate dual to X'. From the Dirac quantization condition (2.1),
it follows that the D-string winds N times around the X? direction.
The DBI action for the D-string is given by

S=-T /df e \/det (G, + Bl +2ma/ Fy) (4.19)
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where T is the D-string tension and G/, B!, and ® are the induced fields in the dual

ab’
space-time. Here, we take the coordinate ¢ on the D-string to coincide with X?2. Then, the

embedding function ¢(§) is given by
(&) = 2ma’ FiaX? + const.,  ¢*(£) = X2 (4.20)
In this gauge, the induced metric is calculated as

! ! 6¢M 6¢N / 2 / ! /

Substituting this into the DBI action (4.19), we can calculate the variation of S under an
infinitesimal variation of G/,

0S = —T1€7q>/27TR2

1
X{ — 1\/ 1+ (27TOL/F12)2(5G/11 + 5G/22)

1

T (2 — 7 )2 {(271'0/F12)2(5G,11 + 47T'O/F125G/12 + (SG,QQ} }, (422)
T 12

where we have used the relation ® = ®,, — (1/4) Indet G/, as in the D2-brane case.

By using the relations between the parameters [8]

R
e = L Ty =2mVa' D, (4.23)

Vi
05 can be rewritten as
0S5 = —T2€7¢(27T)2R1R2

2ma’ F
T 19 5G/12
1+ (2ma’Fig)?

1 1 1
+ | — 1—{—(27‘1’0/F12)2—|—*
2/1+ (2ra/Fy3)?

) (—0G11)

1 1 1
+ | ==v/14+ 2ra/Fi9)2 + = 80Ghy . 4.24
( AT @+ ) 1+<szF12>z> 3 (1.20)

Combining with the results (4.11) and (4.12), we find that

Op(Wg) = w‘/{ 05 Fm:o}’ (4.25)

e'd S oS oS oS
Uy) = — . (4.2
Oc(o) 7@6—@{(5(_ o5 56 oo (50 '11>+6G'22>‘F12=o} (426)

These relations implies that the gauge invariant observables reproduce correct couplings of

68
Fa#0  0GY,

the D-sting to the closed string modes in the dual space, because, in the dual space, the
vertex operators (4.1) and (4.2) correspond to G, and a —G; + G}, respectively.
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5 Concluding remarks

In this paper, we have studied and explicitly calculated the tachyon and vector profiles for
the constant magnetic field solution on a torus constructed by following Erler-Maccaferri’s
method. In addition, we have calculated gauge invariant observables for the solution and
found that the solution reproduces correct couplings of the D-brane with a constant mag-
netic field to the closed string modes.

A remarkable feature of the resulting profiles is that they have no discontinuity on the
torus. This result does not seem to be consistent with the fact that the solution corresponds
to a topologically nontrivial configuration. In low energy field theory, the gauge field will
have discontinuities if one tries to describe the configuration without dividing the torus into
patches. We expect that the same thing happens in string field theory, but we have found
that profiles for any states do not have discontinuities. One possibility is that profiles for
normalized states are not the right quantities to be chosen in observing such phenomena.
Instead, we might have to consider a sum of infinitely many profiles or even a nonlinear
functional of the string field. Another possibility is that our results could be an indication
of nonlocality of string field theory. Since the star product is a nonlocal operation from
the target space viewpoint, even if a string field is defined in a coordinate patch, it can
spread beyond the boundary after a gauge transformation. Therefore, the non-existence of
discontinuity itself may be a natural consequence of the nonlocality of string field theory.

Another important question about the solution is how we can define the topological
invariant characterizing the constant magnetic field solution in the framework of string
field theory. The magnetic field is proportional to an integer due to the Dirac quantization
condition, which is derived based on low energy theory. This quantization condition should
be derived from the string field theory itself. Unfortunately, the gauge invariant observables
calculated in this paper do not provide any clue about such a quantization condition,
although it is interesting to notice that the observable with the antisymmetric tensor mode
becomes non-zero as a result of the magnetic field background. In order to capture the
“topological” nature, we may need new insights from noncommutative geometry, matrix
theory and so on [9-12].

There are many interesting possibilities for future exploration related to the constant
magnetic field solution. Suppose that we consider the configuration which is T-dual to
the magnetic field solution along both X' and X? directions. The resulting configuration
may correspond to a configuration of multiple D-particles on the torus. Such a system
was studied in the case of a non-compact space [13]. In this case, the coordinates of
the D-particles become noncommutative and the observable (4.11) represents the coupling
of the D-particle to a symplectic form characterizing the noncommutativity. Therefore,
D-particles with noncommutative coordinates may be described in terms of the string
field theory in this dual background. Such a string field theory may be considered as
another version of Matrix theories [14, 15] although it has no supersymmetry. It is also
possible to make the relation between noncommutative geometry and constant magnetic
field background manifest by a similarity transformation for string fields [16, 17]. It will
be interesting to find such a similarity transformation in the background of the magnetic
field solution.
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A Conformal transformation of the vector vertex operator

In this appendix, we would like to derive the conformal transformation (3.23) of the vector
vertex operator. The OPE of the vertex operator with the energy momentum tensor is
given by

1
¢(=¢

/o2 )
)+ mamm"(s) +

- !
—ia/pt ip X

() 0Xueip.x(§) ~ (C—¢€)3

9 (0XHe™X) ().
(A1)
The right hand side includes the tachyon vertex operator which is a primary field of weight
a'p?:
a/p2
(€ —¢)? ¢—¢

Let us consider a conformal transformation & — z = f(&), under which a field ¢() is

T(¢) e (€) ~ ePX(E) + 0 () (€). (A.2)

transformed as

$(&) = fo (&) =Usp(§U; . (A.3)
Here, the operator Uy is given in terms of the energy-momentum tensor as follows:
d
Up =T, T) = § 350@T(E),  1(6) = 0% (A4)
Since the tachyon vertex is primary, it is transformed as
. A\ P
UpePX (U = (d§> ePX(2). (A.5)

From the OPEs (A.1) and (A.2), we can derive the commutation relations of the vertex
operators with 7 (v):

[T(0), 0x+ePX(6)] = —2p (%) P (¢)
+(/p® + 1)(9v) OX eP X (€) +vO(0X ePX)(£), (A.6)
[T(0), ePX(©)] = a'pX(00) P X (€) + v 0P X (). (A7)
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Let us consider the transformation of the vector vertex operator under the following one
parameter family of conformal transformations:

et TW gxrePX (£) e T, (A.8)

By using the commutation relations (A.6) and (A.7), we can see that the result should be
expressed as

Yi(€) 0X "X (&) + Z1(§) e X (€), (A.9)

where Y;(€) and Z;(€) are some functions of ¢ and . Differentiating these with respect to
t and using (A.6) and (A.7), we obtain the equations

d%f)=(dﬁ+dw%ﬁ@»n@x
ngt(g) — (a/p2)vl(ft(§)) Ztu(f) _ %a/p#”//(ft(f))ﬁ(f), (Al())

where f;(§) is defined by f;(§) = exp(tv(§)9) £. Integrating these with the initial conditions
Y;—o =1 and Z;—y = 0, we find

2

(f1)"™". (A.11)

Loz =i

By setting ¢t = 1 and p* — —p#, we obtain the formula (3.23).

Vi) = (£(€)*"*

B Calculation of correlation functions in the vector profile

In this appendix, we will show how to calculate the correlation functions which appear
in (3.21) and (3.22).

Here we begin with the calculation of the following 4-point functions on the complex
¢ plane:

(S GLAALACN (B.1)

Here X = (X' 4+iX?)/V/2, and &, & and & are taken to be real and satisfy & < & < €, so

that the operator e~”X is on the boundary with the Neumann boundary condition. The
correlation function is a 1-form on the complex plane with respect to the variable ¢ and it

behaves as

C-&)™ (C~&)
~ (&) (C~ &) (B.2)
(2 (¢ ~ 00).

The first two are derived directly from boundary conditions of X. Moreover, in the limit
¢ ~ &, we find that the 4-point function behaves as

1a/p

T (—¢

<€*iP'X (g)gf (gl)ai(§2)> + regular terms, (B.3)
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which fixes the normalization of the four point function. These conditions determine the
4-point function as

— A/ _ —14+N(¢ Ao 1—\
<3X(g)e—z-p-x(§)05(51)5i(£2)>:m,p(C &)< gz)gif EME - &)

x (e X ()b ()0l (&2), (B.4)
where the 3-point function on the right hand side is given by (3.8) [2]. By taking the limit

¢ — € in (B.4), we obtain a correlation function involving the vector vertex operator on
the complex plane:

—EH (1 =NE+ A (& —&)XPAON

(E—&)(E—&) (E—&)¥P (& - &)>P Cop-
(B.5)

Taking the normalization of the modified BCC operators [2] into account, we obtain
(9Xe X (€)o* (€)' (62))
L (2m)°RiRy

.
=iapC”
P&op | cos |

(0xem X ()€1l (%)) = ia'p

(61— &) P!
(6 — €1)2P*(§ — &)P*
The correlation function for the conjugate vertex operator dXe X (X = (X' —iX?)/\/2)
can be calculated in a similar way and we find
(9P X ()ok(61)7' (&) )

k (27T)2R1R2
P cosmA

{=¢+ 1= N& + A&} (B.6)

(& — &)P !
(€ = &)YP* (€ — &)
Eq. (B.7) can also be obtained by using the fact that the X2 parity transformation X2 —
—X? corresponds to the following transformations of the parameters:|[2]

{=64+ A6+ (1= A2} (B.7)

=id'p ch

D — D, A—=>1-—X.

Having found the 3-point functions on the complex plane, we can find the one on the
infinite cylinder with circumference L by the conformal transformation:

L
z = — arctan&. (B.8)
™

By using the transformation law (3.23), we obtain the following 3-point functions on the
cylinder from (B.6) and (B.7):

<8X“e*“"X(z1)0k(22)5l(2’3)>L

Tl'(ZQL—Zg) }hfl

. (ﬁ)h Cl’k (27T)2R1R2 {Sin
- \L P |cosmA| {sin 7r(:zlL—Z2) gin T(z1—23) }h

L
1 m(2g —
- |: (A 2> lelj‘VpV sin (Z2 z3)

L
—;o/p“{ sin W(ZlL_ 22) cos W(zlL_ 23) + sin W(ZlL_ %) Cos W(ZIL_ 22) H , (B.9)
where h = o/p? + 1 and €!? = —€?! = 1.
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The matter correlation functions that appear in (3.21) are calculated by using (B.9) as

<8X“e‘ip'x <L - ;) A" (t1 + tz)ﬁl(t1)>L

1 Sinh_l Qt
A—=|de"p, h 2
< 2> b sin® 6, 1 sin"*t1g
1+35

L

(W ) htl g (2m)°RiRy

P cosm| .Y
2
X (cos O, sin b, 1 + sin by, cos b, 1 )

sin"~24,,

—zo/p“ { — (h — 1) cos by, cos 0t1+% sin? @

1
2 sin” @, 1 sin"*t1 o tsts
ti+5

1
t3+§
+(h — 1) cos 6, sin 9t1+% sin 9t3+% cos 0t3+%
—(h — 1) sin 0y, cos 0t1+% 81n9t3+% cos 0t3+%
- . 2 . . .. 92
+hsin 6y, sin 0t1+% Cos 0t3+% + sin 6y, sin 9t1+% sin 0t3+%}] , (B.10)

and
. 1
<8X“e‘”"x <L - 2) ok (8 + t2)55l(t1)>L

1 sinh—1 6,
_ A _ = ! _pv h 2
( 2) R Shuany’)

X (cos 01, sinb,; | 1 + sin by, cos 9t1+l>
b) 2

_ (z>h+1 Lk (27)°Ri Ry

L P Jcosm|

s h
t1+% S 0t3+%

) sin®~2 ¢,
——apt 2
- h+1 :h
2 sin 0t1+% sin 9t3+%

{ — (h — 1) cos 6y, cos 9t3+% sin? 9t1+%

+(h — 1) cos 6y, sin 9t3+% sin 9t1+% cos 9t1+%

—(h — 1) sin @y, cos 9t3+% sin 9t1+% cos 9t1+%

. . 2 . . .92
+hsin 6y, sin 9t3+% cos 9t1+% + sin 0y, sin 0t3+% sin 9t1+%} , (B.11)

where 0y is defined by 65 = ws/L. The ghost correlation functions which appear in (3.21)

1 L\
<cac (L - 2) c(ty + t2)>L = — (7r> sin 9t3+%, (B.12)

<c8c (L - ;) c(t1)>L _— <i>2sin2 i1 (B.13)

Combining these results, we find that the integrand in (3.21) turns out to be

<8X“efip'x <L — ;) Ao (t) + tg)ﬁl(t1)>L<cf)c <L - ;) c(t + t2)>L

~ (oxreinx (L _ ;) o* (b + )00 (1)) {coe (L _ ;) e(t)),

are given as
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(ﬂ' ) h—1 obk (27)2R1 Ry

1 sinh~1 g,
_ A _ = ! _pv y h 2
P |cosTA| ( ) aer

. h :h
2 sin 9t1+% sin 9t3+%

1
X {0059t2<sin2 9t1+% + sin? 9t3+%) + 5Sin9t2<sin29t1+% +sin29t3+%>}

sin"=2 4,

- h - h
sin 0t1+% sin 9t3+%

.3 .3
x{(h—l)cosl%(sm 9t1+% C089t3+% — sin 9t3+% c089t1+%>

sinf, , 1 cosf —sinf, ,1cosf, |1
t3t+35

—(h — 1) cos 0y, sin 9t1+% sin 0 bt bl byt

t3+%
. . 92 .. 92
+(h —1)sin 6y, cos€t1+% C089t3+% (sm 9t1+% — sin 0t3+%)

. . . 2 2
—hsin 6, sm@tﬁé 51n0t3+% (cos 6’t1+% — cos 9t3+%>
. . . .. 92 .92
— sin @y, sin 9t1+% sin 9t3+% (sm 9t1+% — sin 9t3+%) }] . (B.14)

The second term in the bracket on the right hand side proportional to p* is antisymmetric
under the interchange of ¢; and ¢3. Since the integration measure in (3.21) is symmetric
with respect to it, the second term does not contribute to the vector profile.

Next let us turn to (3.22). The correlation function which appears in the integrand
in (3.22) is given as

(W)h*1 (h B )Cl’k (27T)2R1R2 sinh—2 91&2

L P JcosmA| sin” 9t1+% sin® 0t3+%
1{m . ; i
X+ [L sin 9,52{(1 + 2t1) cos O y1sindy 1 — (14 2t3) cos 0141 si0 0t1+%}
2m(ty —t
+7T(1LB) cos 0y, sin 0t1+% sin 0t3+%

. . . 2 2
2sin Oy, sm9t1+% sin 9t3+% (cos 9t1+% cos 0t3+%)

.2
—2cos Oy, (cos 9t1+% sin“ 0

. .. 92 .
bt sm9t3+%—0089t3+% sin 9t3+% sm@tﬁ_%) ] (B.15)

Since (B.15) is antisymmetric under the interchange of ¢; and t3, we find that the right
hand side of (3.22) vanishes.
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