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Abstract

Eigenvalue problems lies in many fields of science and engineering, such as classical structural
mechanics, molecular dynamics, gyroscopic systems, and MIMO systems in control theory.
There are many types of eigenvalue problem, such as standard eigenvalue problem (SEP),
generalized eigenvalue problem (GEP), and polynomial eigenvalue problem (PEP). QR and QZ
methods are stable eigensolver for solving the SEP and GEP.

Linearization form is a common way for solving the QEP or PEP. The idea of linearization form
is to convert a QEP or PEP to a GEP, and compute eigenvalues of the GEP by QZ method.
QZ method is a numerical stability method for computing eigenpairs in GEP. however, it can
be not stability for computing eigenpairs in QEP and PEP. Moreover, in some applications,
such as such as vibration analysis and mass-spring system, we are only interested in aprtial

eigenvalues.

To avoid the difficulty for linearization form in solving QEP and PEP, we consider to use the
Sakurai-Sugiura method with Rayleigh-Ritz projection (SS-RR method), which computes the
eigenvalues inside a given curve using the contour integral. The aim of the SS-RR method is to
reduce the dimension of original problem. The original PEP or QEP is converted into a small
projected PEP or QEP using the Rayleigh-Ritz projection. However, the SS-RR method is not

stable if the norms of matrices in projected matrix polynomial are separated widely.

The objectives of this thesis is to improve the backward stability of the SS-RR method for
solving the PEP. To achieve this goal, we discuss two ideas for the SS-RR method.

The first one is the SS-RR method with scaling technique which combine the projected QEP
with scaling technique. We give some assumptions and find the relation between backward
error of original QEP and that of projected QEP. Based on these relations, we explain that the

SS-RR method with scaling technique can reduce the backward error of computing eigenpairs

in QEP.

Extending this idea, the second one is the SS-RR method with balancing technique which
convert the projected PEP to SEP, then use the balancing technique in SEP. We investigate
the reason that the SEP with balancing technique can improves the backward error of computing

eigenpairs in PEP.



Finally, we show some numerical experiments that the SS-RR method with scaling and balanc-

ing techniques can improve the backward error of computing eigenpairs in PEP and QEP.
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Chapter 1

Introduction

Many problems arise in science and engineering fields from the mathematical model of eigen-
value problems, such as finite elements analysis, vibration analysis of building, quantum physics

and data analysis.

Matrix polynomial lies at a important position of eigenvalue problems, it has many applications
in engineering areas, such as oscillation analysis of structural mechanics, and acoustic systems
in electrical circuit simulation [2]. Based on matrix polynomial, there are several types of

eigenvalue problems. Here, we give the definition of matrix polynomial P(\),
PA) = \N"Ap + X" A+ 4 A (1.1)

where A, € C"\{O}, k=0,...,m.

In this chapter, we firstly introduce linear eigenvalue problems and numerical methods for
solving linear eigenvalue problems in Section 1.1. Secondly, we define the target problem and
applications in Sections 1.3 and 1.4. Then we review the state-of-the-art numerical methods,
such as linearization form and contour integral-based eigensolvers for solving polynomial eigen-
value problem in Section 1.5. Finally, we show research objectives in Section 1.6 and give a

overview of this research.
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1.1 Background

In this section, firstly, we will introduce linear eigenvalue problems, such as standard eigenvalue
problem and generalized eigenvalue problem. Then we will describe some methods for solving

linear eigenvalue problem.

1.1.1 Standrad eigenvalue problem

Based on (1.1), when A; = I,,, I, is identity matrix and m = 1, we have the standard eigenvalue

problem (SEP)
Aoz =z, Aye C™",

where A are eigenvalues and & € C"\{0} are associated eigenvectors. QR method is a standard

method for computing all eigenvalues in the SEP [3, 4].

1.1.2 Generalized eigenvalue problem

From (1.1), if m = 1 and A; is not an identity matrix, we have a generalized eigenvalue problem

(GEP)
()\Al + AO)‘T’. = 07

where the matrices Ay, A; € C"*", X are eigenvalues and € C"\{0} are associated eigenvec-

tors.

QZ method is a stable method for computing all eigenvalues in GEP. For large sparse GEP,

eigenvalues are computed by a Krylov method [5].
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1.2 Numerical methods for solving linear eigenvalue prob-

lems

In this section, we introduce some numerical methods based on on unitary transformations for

solving linear eigenvalue problem.

1.2.1 QR method

We review QR method for solving standard eigenvalue problems.

A matrix A € C"" can be transformed into a Schur factorization
A=PUPT,

where PYP = I,, U is an upper triangular matrix. The diagonal elements of U are the

eigenvalues of A.

The idea of QR method is to compute Schur factorization for target matrix using a similarity

transformation. Let A; = A and compute QR decomposition
Ay = Q1 Ry,
where QTQ, = I and R, is an upper triangular matrix. Using this relation and set
Ay = Q1 A1Q1 = RiQ:.
Similarity, with £ = 1,2,..., we iterate
A = QrRi,  Appr = RiQx.

Then Ay is converged to an upper triangular matrix, and its diagonal elements are the eigen-
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Algorithm 1 QR iteration

Input:
A matrix A € C™*™,

: Let AO = A.

cfork=1,...,do
Ai = Qr Ry (QR decomposition).
Compute Agi1 = RiQx.

end for

Gk @ o

values of A. The Algorithm 1 show the steps of QR iteration.

However, the basic QR method has two disadvantages in practice.

e Firstly, the computation costs of QR decomposition is relatively high O(n?).

e Secondly, the QR method includes many iteration steps for reaching convergence. To

reach convergence, the computation cost for iteration steps is very high.

To reduce the computation cost of QR decomposition, we use the Householder method. The
idea of Householder method is to transform the matrix A into a Hessenberg form by Householder

transformation, such as

(% x x x X| [ x x x X

X X X X X X X X X X
A=|x x x x x|=H= X X X x|,

X X X X X X X X

| x X x x X] I XX

then, the computation cost of QR decomposition for the Hessenberg matrix is reduced to O(n?).

To avoid the second disadvantage, we introduce QR method with a incorporating shifts. The

main steps of the shifted QR method are presented in Algorithm 2.
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Algorithm 2 The shifted QR method

Input:
A matrix A € C™"*",
: Set Ay = A
fork=1,...,do
Compute QR-factorization QpA, = Ar_1 — o1, where o, is a rough approximation to
eigenvalue.
Compute Ay = RiQ + or1.
: end for

W N =

A

1.2.2 QZ method

We now discuss numerical method for solving generalized eigenvalue problem (GEP). QZ
method is a stable eigensolver for computing all eigenpairs in GEP. Moler and Stewart pro-
posed QZ method for solving generalized eigenvalue problems [6]. After that, the QZ method
is modified by [7, 8, 9, 10].

Let A, B € C"*™, the generalized eigenvalue problem is defined by
Ax = \Bz,

where \ are eigenvalues and @ € C"\{0} are associated eigenvectors. We also define A — AB is

a matrix pencil with A € C.

The idea of QZ method is to find two unitary matrices ) and Z, then convert (A, B) to (ﬁ, E),
A=Q"AZ, B=Q"BZ.

where E,E are upper triangular matrices. This transformation is called generalized Schur
decomposition of a matrix pair (A, B). We compute finite eigenvalues \; of Az = A\Bx using

A = a;;/bi;, where a; and b;; are the diagonal elements of A and B and bi; # 0.

To compute generalized Schur decomposition of a matrix pair (A, B), We transform the matrix
pair (A, B) to a Hessenberg-Triangular matrix pair (H,T') by Householder transformation and

the Givens rotations. When we convert the matrtix pair (H,T) to HT!, the QZ method is
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consider as the QR method [11].

1.3 Target problem

The target problem is polynomial eigenvalue problem (PEP). We defined the PEP by

PNz = <i )\iAZ-) z =0, (1.2)

where A; € C"*" X\ € C and « € C"\{0} are eigenvalues and their associated eigenvectors .

If the degree of (1.1) m = 2, we have a quadratic eigenvalue problem (QEP)

where the matrices Ag, A, Ao € C™", X\ are eigenvalues and € C"\{0} are associated

eigenvectors.

QEP is a special type of PEP and it also can be converted to a linear egenvalue problem, then

compute all eigenvalues by QZ method.

In this thesis, we will study some numerical methods for computing eigenpairs (A, ) of P())

and improve the backward stability of computing eigenpairs (\, ) of P(\).

1.4 Applications

Polynomial eigenvalue problem arises in many fields of science and engineering. Here, we
introduce several applications of PEP, such as vibration analysis of structures, acoustic wave

problem and mass-spring system.
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1.4.1 Vibration analysis

This quadratic eigenvalue problem arises from vibration analysis of structures. In vibration
analysis, Ay is mass matrix, A; is damping matrix and Ay is stiffness matrix. To reduce the
damage of vibration in earthquake, a viscous damper has been designed in a piston [12], We

consider this model of viscous damper as the solution of following equation,

where Ay, Ay, Ap are mass, damping and stiffness matrices and || A ||z > /|| Az||2||Ao||2- Based

on (1.4), this problem can solved by the heavily damped QEP

(N Az + A4+ Ag)z =0, [[Adlla > V][ Az]l2] Aol (1.5)

1.4.2 Acoustic wave problem

This quadratic eigenvalue problem arises from acoustic wave problem [13]. The formulation of
this problem is given by

1 0%r

Here, we define p(x,t) and s(x) are acoustic pressure and sound speed functions with two
independent variable  and t. We also define & are the coordinates variable, ¢ is time variable.

When (1.6) is homogeneous, the problem is transformed into a eigenvalue problem

r(x,t) = ?(m)ex'f. (1.7)
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(1.7) is satisfied boundary conditions which on 1, Q9,3

or
=0, (1.8)
F=0, (1.9)
oF AL

Equation (1.7) and boundary conditions (1.8-1.10) is solved by a quadratic eigenvalue problem

(MM + D + K)r =0, (1.11)

where M, D, K are square, sparse matrices and A are eigenvalues and r is associate eigenvectors.

1.4.3 Mass-spring system

This QEP arises in an n degree of freedom damped mass-spring system [14]. This problem is

considered as a second-order differential equation

Agd—gm + Alix + Agz = 0,
dt? dt
we denote the mass matrix that
_al -
A= " ,

Qn
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then the damping matrix A; and stiffness matrix Ay are defined by

=~
I

Ao

by

C1

b2

C2

Cn—1

0

D' +

(651

%)

ﬁn—l

Then the problem is transformed into a quadratic eigenvalue problem,

()\2142 + )\Al + AQ)ZL’ = 0,

where \ are eigenvalues and @ are corresponding eigenvectors.

1.5 Numerical method for solving PEP and QEP

In this section, we discuss some numerical methods for computing eigenpairs for PEP. There
are two types methods for computing eigenpairs in PEP. First one is linearization form for

computing all eigenpairs in PEP. The second one computes partial eigenpairs in PEP by using

a given contour.

CQn

Bn
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1.5.1 Linearization form

Linearization form is a classic approach for computing all eigenpairs of P(A). The idea is to

convert P(\) to a linearization form L(\)

L\ = AX 4V, (1.12)

where X, Y € C™*™" [(\) and P(\) have the same eigenvalues if

with H(A) and M (A) are unimodular matrix polynomial. Then we consider (1.12) as a gener-

alized eigenvalue problem (GEP)

LN)z=(MNX+Y)z=0. (1.13)

We compute all eigenpairs (A, z) of L(\) with QZ method. Finally, we recover eigenpairs (A, x)
of P(\) from (A, z) of L(A).

There are several choice for linearization form L(\). [llustrating by example, assume the degree
of matrix polynomial m = 2. We have the first and second companion linearization form
A2 O Al A() A2 O Al _In

Ci(\) = A + . Cy(A) =\ + :
o I, ~I, O o I,|] |4 O

where [, € R™™" is the identity matrix. When A, and A, are nonsingular matrices, we have

Ay, O A A O A, —4A, O
Li(\) = A + . Ly(M) =\ +
0 —A A Ay A O A

O

Other linearization forms are introduced in [15, 16, 17].
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However, there are some difficulty for linearization form in solving PEP.

e When the original matrix polynomial P(\) € C™" with degree m is converted to the
larger mn x mn linearization form L(\), if m > 2, the computation cost for eigenpairs

of P()) is very large.

e A lot of PEP can not be solved by linearization form accurately when the norms of

coefficient matrices vary widely.

e Linearization form is a classic way for computing all eigenpairs. However, in some appli-
cations, such as structural dynamics and structural-acoustic interaction, it is unnecessary
to compute all eigenpairs, and partial eigenpairs (A, ) which have physic property are

sufficient.

1.5.2 Contour integral-based eigensolver

To prevent the inflation of matrix dimension of polynomial eigenvalue problem by using lin-
earization form and only focus on partial eigenvalues, we introduce a contour integral-based
eigensolver for computing partial eigenpairs in polynomial eigenvalue problem (PEP). This

method is called Sakurai-Sugiura (SS) method [18].

The original SS method converted generalized eigenvalue problem (GEP) to a projected GEP
based on a subspace corresponding the target eigenvalues and eigenvectors which are inside of
a given curve. For solving generalized eigenvalue problem and nonlinear eigenvalue problem,
the SS method has a number of extension types which are based on Hankel matrix pencil
and Rayleigh-Ritz projection. When the target problem is generalized eigenvalue problem,
SS-Hankel method [18, 19] transform the GEP to a small dimension Hankel matrix pencil.
The SS-RR method projects the GEP to a projected GEP with small dimension by using

Rayleigh-Ritz projection [20].

Extend to solve nonlinear eigenvalue problem, we also have SS-Hankel and SS-RR method

[21, 22, 23] based on contour integral theorem.
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Hankel type of Sakurai-Sugiura method

The idea of SS-Hankel method is to convert the target problem to Hankel matrix pencil with
a smaller dimension, then compute eigenvalues which inside of a given curve I' using contour

integral.

We denote U,V € C™*F that is input matrices and K, L € N*. The block complex moment ¥

is defined by
1
U, = — [ 2"UP(2)'Vdz, k=0,1,...,2K —1 (1.14)
21 Jr
where P(z) is a matrix polynomial and z € C. In numerical calculations, we approximate the

contour integral (1.14) using trapezoidal rule,

N-1

1
L= NZ@,CUHP(%)”V, k=0,1,...,2K —1 (1.15)
j=1

)

‘I’k%

Nk
where O, = (wj—pw) . We then construct the Hankel matrices Hgxy, and Hy,, such that

Uy Wy - Uiy vy Wy e Ug
AR R TR R
Hgp = Hygp =
_\Iijl \IIK T \II2K72_ _\IIK \IIK+1 e q121(71_

Then we reduce the dimension of Hankel matrices Hg and Hy; by using the singular value

decomposition of Hy; = Vi LZU}}I 1, with discard small singular value op in X,

01

02

On
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Algorithm 3 The SS-Hankel method

Input: U,V € C"L, N, K, L are non-zero integers. A matrix polynomial P()\) where P(\) =
A A + X Ay -+ Ay
Output: A, z;,i=1,...,p.
1: Compute Si by (1.16) and construct block moments ¥y, k = 0: 2K — 1.
2: Construct block Hankel matrix Hgy, and Hyg,, k=0:2K — 1.
3: Make a singular value decomposition for Hx; and obtain smaller dimension Hankel matrices
Hp=Hpr(1:p,1:p), H5 = Hg (1:p,1:D)
4: Compute eigenpairs (¢;, g;) for generalized eigenvalue problem (H5 — ¢Hp)q = 0.

5: Compute eigenpairs (XZ, x;) of P(\) using XZ- =7+ p¢; and x; = Sq;.

Therefore, we have smaller dimension matrices
Hﬁ:HKL(l:ﬁal:ﬁ)7 HSZH;'L(lﬁalﬁ)

with p < K L. We compute the eigenpairs (¢, q;) of Hﬁ< — AH; and extract the eigenvalues A
which inside T'.
To compute the eigenvectors of P()\), we define

1
Spi= — | P Wdz, k=0,1,...,2K —1
211 T

and

S: |:5'07 Sl7 7...,5@\71

The approximation of .S;, then is given by

2

1
v OrF(w)) 'V, k=0,1,...,2K — 1 (1.16)

J

Sk% k=

Il
o

k+1
where O, = <W-"p_7) . Finally, the eigenvectors x; of P(\) are computed by x; = Sq; and

~

eigenvalues \; of P(\) are recovered from \; = v+ p¢;, i = 1,...,].

The main steps of the SS-Hankel method are presented in Algorithm 3.
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Rayleigh-Ritz type of Sakurai-Sugiura method

The SS-RR method computes the eigenvalues that are located inside a Jordan curve I'. Let

K, L € N* be input parameters and U € C*™* be the input matrix with KL < n. We define

and

Sy = ! gk( VP(2)"'Udz € C™F, (1.17)

27m

where g, is a k-th degree polynomial function. Since the target eigenvectors are in R{S}, the

target eigenpairs can be computed using the Rayleigh-Ritz procedure with R{S} [21].

We use a numerical quadrature to approximate the contour integral (1.17). The approximation

of S is given by

~ S = prgk 2,)P(z,) 7', (1.18)
where 2, and w,, p=1,..., N, are the integral points and their associated weights.
We construct S = [:5‘\07 e §K1} and compute a low-rank approximation of S by singular

value decomposition as

S=VSWi ~ vEwh,

where V' = ‘A/(:7 1: /), and ¢ is the numerical rank of S. Then, we convert the original problem
P(A\) to R(\) = VEP(A\)V and compute all eigenpairs of R()), where the dimension of R(\)
is £. Let the computed eigenpairs of R(\) be denoted by (/)\\j,ﬁj), where g; € C’. Then, the

eigenpairs (Xj, x;) of P(\) are approximated by

()\j7/$\j) = (/\javii/\j)a j =1,... 7n(F)7
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Algorithm 4 The SS-RR method

Input: N,K,L e N" U e C™ 2, w,,p=1,...,N. A Jordan curve I', and a matrix polyno-
mial P(\).

Output: /)\\j,iz\j,j =1,...,n(T), where n(I') is the number of eigenvalues inside the Jordan

curve.

Compute P(z,)"'U,;p=1,...,N.

Compute gk,k =0,...,K —1by (1.18).

Compute the singular value decomposition S = ?iWH, where S = [go, . ,§ K1)

Set V = XA/(:, 1:/¢), where /¢ is a numerical rank of S.

Compute eigenpairs (/)\\j, y; of RIA) =VEP\)V,j=1,...,n().

Extract the n(T") eigenvalues /)\\j, j = 1,...,n(") that are inside I' and set &; = Vyj,

j=1,....,n().

where n(I") < ¢ is the number of approximate eigenvalues in the target region €.

The main steps of the SS-RR method are presented in Algorithm 4.

1.6 Research objectives

In this thesis, we compute partial eigenpairs of P(\) using the SS-RR method. P()) is trans-

formed into a matrix polynomial with a small dimension as
R(\) = VEP()V, (1.19)

where the matrix V € C™* ¢ < n, has orthonormal columns consisting of basis vectors
for the subspace constructed by the SS-RR method. However, the SS-RR method suffers from
backward instability when the norms of the coefficient matrices of R(\) vary widely. (Backward

instability means the backward errors of computing eigenpairs are very large)

The objective of this research is that

e improve the backward stability of compuing eigenpairs for the SS-RR method in PEP

e explain why the use of stable eigensolver in (1.19) improves the backward stability of

compuing eigenpairs for the SS-RR method.
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To achieve this goal, we have two ideas for improving the backward stability of compuing

eigenpairs in the SS-RR method

e The SS-RR method with scaling technique. To solve the QEP (1.3), we combine (1.19)
with the stable eigensolver quadeig (scaling technique has been implemented in quadeig)
in the SS-RR method. To explain reason that scaling technique can improve the backward
stability of the SS-RR method, we construct relation between the backward error of R(\)
and that of @(\). We found the SS-RR with quadeig improve the backward stability of

computing eigenpairs under some assumptions [24].

e The SS-RR method with balancing technique. We extend the idea in [24] to solve the
PEP. One common way for solving (1.19) is to convert R(\) into a GEP with the same
spectrum as R(A) and solve the GEP. In this article, to improve the accuracy of comput-
ing eigenpairs, we consider using a balancing technique [25, 26], that is a preprocessing
technique for improving accuracy of computing eigenpairs in the standard eigenvalue
problem (SEP). To allow the use of the balancing technique, we transform the GEP into
the SEP. We also explain why the use of a stable eigensolver for the SEP, such as QR
method with a balancing technique, can improve the backward stability of the SS-RR
method. To achieve this goal, we need to find relations between the backward error of the
SS-RR method and that of the SS-RR method with the balancing technique. We found
that the SS-RR method with the balancing technique improves the backward stability of

computing eigenpairs under some assumptions [27].

1.7 Overview of thesis

In this section, we introduce the organization of this thesis.

In Chapter 1, we introduce the background of this research, target problem and numerical
methods for solving polynomial eigenvalue problem. Finally, we give objectives of this thesis

and how to achieve these goals. Finally, we give a overview of objectives of this thesis.
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In Chapter 2, we introduce the definition and explicit expression for backward error of comput-
ing eigenpairs. Backward error is very important for analyzing the numerical stability of the
SS-RR method. Then we show the bound of backward error of P(\) relative to L()). Some

numerical experiments are shown in Chapter 2.

In Chapter 3, we propose a method based on the SS-RR method. We combined the SS-RR
method with scaling technique for improving the numerical stability of the SS-RR method.
Then we analyze the backward error of the proposed method and that of the SS-RR method.
We analyze the backward stability of the proposed method and show, through numerical exper-

iments, that it computes eigenpairs with backward errors that are smaller than those computed

by the SS-RR method.

In Chapter 4, to improve the backward stability of the SS-RR method in polynomial eigenvalue
problem, we combine it with a balancing technique for solving a small projected PEP. We then
analyze the backward stability of the SS-RR method. Several numerical examples demonstrate
that the SS-RR method with the balancing technique reduces the backward error of eigenpairs
of PEP.

In Chapter 5, we discuss a new balancing technique for solving the heavily damped quadratic
eigenvalue problem, we compare backward errors of linearization form with several types of bal-
ancing techniques. Numerical experiments show the proposed method can reduce the backward

error for computing eigenpairs in heavily damped quadratic eigenvalue problem.

In Chapter 6, conclusions and suggestions for future studies are presented.



Chapter 2

Backward error

2.1 Introduction

Backward error is an important definition for analyzing the numerical stability of algorithms
for solving standard eigenvalue problem, generalized eigenvalue problem, and polynomial eigen-

value problem.

In this section, we introduce the definition of backward error of eigenpairs in polynomial eigen-

value problems and generalized eigenvalue problems.

We also introduce some bounds of backward error of P()) relative to that of L(X). These
bounds will be used in next chapters. Finally, we investigate bounds of backward error P(\)

relative to that of L(A) in numerical experiments.

2.2 Normwise backward error

We usually use the normwise backward error for analyzing the numerical stability in polynomial

eigenvalue problems.

19
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Definition 2.1 ([14]). Let P()\) be the matriz polynomial,
P(Xj) =) NA;.
i=0
The normuwise backward error of the approzimated eigenpairs (/)\\j, x;) of P(\) is given by,

n(P,\;, &;) == min{e : (P();) + AP(\;))Z; = 0,

HAA74H2 < EHAzH%Z = 07 s 7m}7

where AP()\;) = > MNAA;, AA; is a perturbation matriz.

=0 """

The definition of backward error n(L,Xj,/z\j) for linearization form is similar to definition of

backward error n(P, Xj, x;). We have the following definition.

Definition 2.2 ([14]). Let L()\) be a linearization form,
L) =)AX+Y.
The backward error of the approzimated eigenpairs (Xj, z;) of L(\) is given by

(L, N, 2;) =min{e : (L(\;) + AL(A))Z; =0,

[AX]lz < €l Xll2, [AY]l2 < €[[Y]2},

where AL(\;) = \;AX + AY, AX and AY are perturbation matrices.

For computing the backward error numerically, explicit expressions for the backward error of
n(P, /)\\j, x;) and (L, /):j, z;) are given by the following formula [28]:
~ PONT.
U(P, /\j;wj) _ — ||A(Z]) ]HQ - 7
(> it A1 Asll2) (1512
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~

~ LONZ,
DL, A, 2) = — [|L(A;)Z;]]2 —
UNIX 2 + 1Y [|2) 11251 |2

(2.2)

2.3 Bounds of backward error of P()\) relative to that of

L(A)

To compute all eigenpairs of P()), the classical approach is to convert P()) to a linearization
form L(\). Based on this approach, we also discuss the backward errors of P(\) and L(\). We
introduce some relations between backward error of P()) and that of L()). These relations are

very useful for analyzing numerical stability of algorithms.

For finding a relation between backward error of P(\) and that of L(\), we need to find a

relation between P(\) and Q(A). From [29], we have
GNL(A) = ef @ P(N),

where ® is the Kronecker product [30] and e; is the 1st column of identity matirx. G(A) is a

n X nm matrix polynomial. Based on this relation, we have
G LA)z]l2 = [[PA)z]l2 < [[G)2lIL(A) 2|2 (2.3)

We have the following theorem

Theorem 2.1 ([29]). Let (A, x) be approzimate eigenpairs of P(\) and (X, z) be approzimate

right eigenpairs of L(X). The bound of n(P,\,z)/n(L, \, z) is given by

NP A ) AXe + [V [GOl)2]:
Nl z) = 2 Al AT (]l

Proof. Using (2.1) and (2.2), we have

Az PNz (Xl + (1Y fl2) (1112
(LA z) 2L 1Al IA ) 22 IL(A)=]l2 '
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Based on (2.3), we have

[P(Nz]l2 < IGA) [l LX) 2]]2-

Therefore, we have

NP A ) AXe + [V [GOVl]2]:
n(L,Az) = 2 Al AT ]l

n(PA,x)

To discuss the bound of W(Ez)

in detail, Higham [29] give a quantity instead of (2.4),

max; || A2

— min(||Aoll2, [[Amll2)”

(2.5)

QZ method can be stable for linear eigenvalue problems. However, it is unstable for PEP. This

means that n(L, A, z) is small but n(P, A\, ) may be very large. Therefore, Theorem 2.1 shows

that if Zg;g ~ 1 as long as p &~ 1, the backward error of P(\) can be reduced.

The quantity p also give a predict that a eigensolver is stable or not for PEP before computing

eigenpairs.

2.4 Numerical experiments

n(P,)\,w) W

In this section, we choose the first companion form C; and investigate the bound of Wz

use the MATLAB command eig to compute all eigenpairs of L(A). All test problems are shown
in Table 2.1 from nonlinear eigenvalue problems [1]. All the computations were performed using

MATLAB 2016.

n(PA,x)

As shown in Table 2.2, the maximum value of
’ n(L,\,z)

is not too large when p is not too larger

than 1. Therefore, p can investigate the bound of backward error of Zg—i‘g The backward

error (P, A\, ) may be large when p is too large.
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Table 2.1: Polynomial eigenvalue problems [1].

Problem n applications
sleeper 200 A Vibration analysis of a railtrack
spring 200 A damped mass-spring system
power_ plant | 8 A Nuclear power plant problem.
hospital 24 A building model
Table 2.2: The maximum value of Zgig and value of p
(P\,x)
Problem max Z(L,/\,z) p
sleeper 10.7 17.0
spring 48.4 49.9

power_plant | 1 x 10! 1 x 10*
hospital 2.3 x10® 8.0 x 103

Figures 2.1,2.2 show that the backward errors n(P, A, ) close to backward errors n(L, \, z)
when p is not far from 1. Figures 2.3, 2.4 display the backward errors n(P, A\, ) are large when
p > 1, we also find that the backward errors n(L, A\, z) are small but n(P,\, ) are large in

power_plant.

2.5 Conclusion

In this Chapter, we introduce the definition of backward error of P(\) and backward error of
L(X). We also introduce the bound of backward error of P(\) relative to that of L(\) and a
quantity p. We can use the quantity of p to investigate the backward error of P(\). We find

that if p > 1, the eigensolver is unstable and the backward errors of P()) are large.
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= Backward error of L()\)
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Figure 2.1: Backward error n(L, A, z) for the sleeper problem.
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Figure 2.2: Backward error n(P, \, ) for the sleeper problem.
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Figure 2.3: Backward error n(L, A, z) for the power_plant problem.
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Figure 2.4: Backward error (P, \, ) for the power_plant problem.



Chapter 3

Scaling technique for Sakurai-Sugiura
method in quadratic eigenvalue

problem

In this chapter, we introduce Sakurai-Sugiura method with scaling technique for solving quadratic

eigenvalue problem. The main content of this chapter is

e We combine the SS-RR method with scaling technique and reduce the backward error of

the SS-RR method in QEP.

e We analyze the backward error of the SS-RR method in QEP and give some theorems
to explain the reason that the SS-RR method with scaling technique can improve the

backward error of computing eigenpairs in QEP.

This chapter is based on the paper H. Chen, Y. Maeda, A. Imakura, T. Sakurai, F. Tisseur:
Improving the numerical stability of the Sakurai-Sugiura method for quadratic eigenvalue prob-

lems. JSIAM Letters. 9 (2017), 17-20.

26



3.1. Introduction 27

3.1 Introduction

We define quadratic eigenvalue problem (QEP) as following
Q\)x = (NAy+ A + Ag)z =0, Ay, Ay, Ay € C™"\{0O}. (3.1)

The QEP is to find A € C and non-zeor vectors & € C"\{0} that satisfy Q(\)x = 0. If (A, x)

are satisfied Q(\)x = 0, A are eigenvalues and @« are associated eigenvectors for Q(A)x = 0.

QEP appears in many models of structures [2], for example, the building model and earthquake
vibration analysis. In some applications, it is unnecessary to compute all eigenpairs, and we

only need partial eigenpairs (A, x).

To compute partial eigenvalues, we introduce a efficient method which called Sakurai-Sugiura
method. Based on contour integral theorem, Sakurai-Sugiura method reduces the dimension of
original coefficient matrices [18] and compute partial eigenpairs for target eigenvalue problems.
Sakurai-Sugiura method has some types for solving quadratic eigenvalue problem. In this
chapter, we consider Rayleigh-Ritz type of the Sakurai-Sugiura method [21] which called SS-
RR method. This idea of the SS-RR method is to only compute target eigenvalues for locating
in a given curve I' based on contour integral theorem. Then we reduce the dimension of the

target eigenvalue problem Q(\) to a small dimension projected problem, such that
R(A) = VIQ\)V = XRy + AR: + Ry (3.2)

Here, the non-square matrix V' € C"*™ with m < n which has orthonormal columns vectors

and this matrix V is obtained from singular decomposition step in the SS-RR method.

We define (X, Vy) as an approximate eigenpair of Q(\). We also let (/)\\, y) be an approximate

eigenpair of R(\).

However, this approach does not accurately compute the eigenpairs of () when there is large

variation in the magnitude of the coefficient matrices of R(\). To avoid this disadvantage, we
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proposed a stable eigensolver for improving the accuracy of computing target eigenvalues in
projected QEP (3.2) and hope to improve the numerical stability for the SS-RR method for

solving the quadratic eigenvalue problem.

This chapter is organized as follows.

e Section 3.2. We introduce the definition of scaling technique and give a review for

several types of scaling techniques.

e Section 3.3. We introduce the proposed method which combine the SS-RR method with

a stable projected eigensolver, such as quadeig.
e Section 3.4. We give a theoretical analysis for the backward error of the SS-RR method.

e Section 3.5. Some numerical experiments are shown in this section. We investigate our

theorem by numerical experiments.

e Section 3.6. We make a conclusion for this work and show some future works.

3.2 Scaling technique

Scaling technique is to find two parameters v and p and convert Q(A\) = \?Ay + AA; + Ag to
@(M) = ,UQAVZ + ,U/zil + Ap.
where ng = 672 A,, ;11 = 0vAy, ;10 =0Ap and A\ = py, v # 0.

We compute eigenpairs of @(u) using a linearization form L(\) with QZ method. The aim is
to improve the backward error of L(\) with scaling techniques and the backward error of Q(\)

obtain from L()\) with scaling techniques.
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3.3 The proposed method

In this section, we introduce how to combine the SS-RR method with scaling techniques.

We now discuss why the numerical solution of the QEP in step 5 requires special attention.

The standard way of solving small to medium size dense QEPs,
R(\)y = (\Ry + ARy + Ro)y = 0, (3.3)

is via linearization. We assume Ry, Ry, Ry € C"™*™\{O}. This consists of rewriting (3.3) as a

generalized eigenvalue problem (GEP) L(A)v = 0 of twice the dimension, where for example,

Ry O R, R A
L()\):)\ 2 n 1 O,v: y)

0 I -7 0 Y

then solve the GEP with the QZ algorithm, and finally recover the eigenvectors y of R(A) from

the eigenvectors v of L(\).

Despite the fact that the QZ algorithm is backward stable for GEPs, it can be backward
unstable for QEPs, in particular when the norms of the coefficient matrices of R(\) vary widely
[14]. As a result, the computed eigenpairs of Q(\) may not be the exact eigenpairs of a nearby
quadratic. Scaling of the eigenvalue parameter (e.g., A = ~yu, u being the new eigenvalue)
has been shown to improve the backward stability of the solution process [32, 29, 28]. Such
scaling has been implemented in the eigensolver quadeig [33]. The latter offers three types of

eigenvalue parameter scalings:

e Fan, Lin, and Van Dooren scaling: v,,, = Hﬁj}'z,
e tropical scaling with largest root, .\, = HEHE’
e tropical scaling with smallest root ,,,, = H?ﬁ“i

The Fan, Lin, and Van Dooren scaling [32] is employed by default in quadeig for QEPs that
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are not too heavily damped, i.e., when

[Rille < v/ | Rall2]| Roll2- (3.4)

In that case, an eigenpair (X, y) computed by quadeig is guaranteed to have a small backward
error. Recall from [14] that the backward error of an approximate eigenpair (X, ) of R()) in

(3.2) can be defined by

n(R, X\, 4) := min{e : (R(\) + AR(\)g = 0,

HARZ'HQ < EHRZ'H27 =0, 172}?

where AR()\) = N2AR, + AR, + ARy is a perturbation of R()\).

For heavily damped QEPs, it follows from [31, Thm. 2| that when Ry and R; are well con-
ditioned, and 7.,/ %J;op is small enough then there are precisely m eigenvalues of the m x m
quadratic matrix polynomial R(\) with moduli of the order of ~;7,,. Similarly, when R; and
Ry are both well conditioned, the moduli of the m smallest eigenvalues of R(\) are close to the
smallest tropical root 7;,,,. Then quadeig with tropical scaling with largest root (respectively
smallest root) guarantees to return computed eigenpairs (/):, y) with small backward errors for

those eigenvalues X of moduli close to ’y;ﬁop (respectively, Viqp)-

Based on the above comments, we propose to use quadeig in step 5 of Algorithm 4 to solve the
projected QEP R(\)y = 0. We use the Fan, Lin and Van Dooren scaling for not too heavily
damped QEPs, i.e., when the matrix coefficients of R(\) satisfy (3.4). For heavily damped
QEPs, we use tropical scaling: we choose %top if we are interested in the eigenvalues of large

magnitude and ., otherwise.

Note that we could have used the backward stable eigensolver for QEPs presented in [34], but

the latter is not freely available unlike quadeig.
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3.4 Analysis of the backward errors of eigenpairs com-

puted by the proposed method

In this section, we investigate why the use of a backward stable eigensolver in step 5 of Al-
gorithm 4 improves the backward stability of the SS-RR algorithm. We will make use of the

explicit and computable expression for the backward error n(R, X, y) given in [14]:

-~

3 12Nyl

n(R, A\ y) = =~ —— (3.5)
(o AEIR12) 192

Let (X, ¥) and (X, y) be approximations to the same eigenpair (A, y) of R(A) in (3.2). Assume
that (X, y) computed by a stable eigensolver and (/)\\, y) computed by an unstable eigensolver

are such that

n(R, A g) < n(R, A\ y). (3.6)
In what follows we identify a sufficient condition under which (3.6) implies that
n(Q.\ V) <n(Q.\.Vy). (87)

We will need the following lemma.

Lemma 3.1. Let (/)\\, y) be an approzimate eigenpair of R(\) in (3.2) with y normalized so that

llylla = 1. Then for the approximate eigenpair (X, Vy) of Q(\) we have

~ ~ ~

LiNn(R, A, 3) < n(Q, A VE) < Lo\, 9)n(R, N, §),
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where

(o PFIVEAV )

Li(\) = A4 U
(Zz o IA[Asll2)
~ HQ( )VyHQ
L2 A, =
N T

Proof. This follows directly from (3.5) and ||Vg|l2 = [|§]l2 = 1. Note that ||[R(A)g]l> # 0 since

()\, y) is not an eigenpair of R(\). O

Based on Lemma 3.1, we have the following theorem.

Theorem 3.1. Let (X, §) and (A, §) be approzimations to an eigenpair (A, y) of the QEP R())
n (3.2). Let a > 1 be such that n(R, )\, y) = an(R, A, y) and let the functions Ly, Ly be defined

as in Lemma 3.1. If
k= aLi(N)/Ly(\, g) > 1 (3.8)
then the inequality (3.7) holds for the approximate eigenpairs (X, Vy) and (X, Vy) of Q(N).

Proof. Based on Lemma 3.1, we have

~ (RN T ~
= L0 2D, 5 g
n(R, A\ Y)
Li(\) .o
(@, A Vy)
LQ()\a y)
@\ VD)
The inequality (3.7) holds because x > 1. O]

Let us examine the condition in (3.8). It is easy to show that L; () < 1 and that Ly(X, ) > 1
so that L; (/)\\)/LQ(X, y) < 1. But if the projection V' does not change much the norms of the

coefficient matrices of Q(\), that is, || A;|lz =~ [|[VZA;V||2 then Ll(X) ~ 1. Also, if the norm
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of the residual for the approximate eigenpair (X, y) of R(A) is small then we can expect the
norm of the residual Q(\)V# to be small as well so that Ly(\,g) ~ 1. Since a > 1 then
(3.7) is likely to hold. So what Theorem 3.1 says is that if we can improve the backward
error for the approximate eigenpairs of R(A) then we can improve the backward error for the
approximate eigenpairs of Q(\). This justifies the use of a numerically stable eigensolver in

step 5 of Algorithm 4.

3.5 Numerical experiments

We now compare the numerical stability of the SS-RR method with either quadeig and the
choice of scaling discussed in Section 3.3 or polyeig to perform step 5 of Algorithm 4. The
MATLAB function polyeig solves polynomial eigenvalue problems of arbitrary degree and
hence is more general than quadeig. However, it does not employ any scaling and can suffer

from numerical instability. All the computations are performed using MATLAB 2015.

The test problems listed in Table 3.1 are QEPs belonging to the collection of nonlinear eigen-
value problems NLEVP [1] and are selected so as to have large variations in the norms of their
coefficient matrices. The mod_spring and mod_sleeper problems correspond to the spring

and sleeper problems in [1] but with the damping matrix A; multiplied by 102.

For each problem, the Jordan curve I' is a circle of center ¢ and radius r, whose values are
given in Table 3.2. For the parameters N, K, L we use N = 32, K = 8 and L. = 16. For the
quadrature points and corresponding weights we use

2mi(p — 1/2))7 (zp = )

2p = ¢+ 1 exp( N

As shown in Table 3.3, the norms of the coefficient matrices of the projected problems vary

widely. The projected damped beam and wiresaw2 problems are not too heavily damped since

[VEA V|3 < |[VEAV|5|[VHAGV 2. Hence, for these two problems, quadeig is called with

the Fan, Lin and Van Dooren scaling «,,,. The projected mod_spring and mod_sleeper
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Table 3.1: List of test problems.

Problem n applications
damped_beam | 400 vibration analysis

wiresaw2 500  vibration analysis of a wiresaw
mod_spring | 200 damped mass-spring system
mod_sleeper | 1000 A model vibration of a rail track

Table 3.2: Parameters for the SS-RR method.

Problem center ¢ radius r  #eigs
damped beam | —2 + 2.6 x 10% 3 x 10° 22

wiresaw2 1.5 x 10% 40 26
mod_spring —5000 50 14
mod_sleeper —1650 15 24

are overdamped. Since we are interested in computing eigenvalues of magnitude around 103
for these two problems (see Table 3.2), quadeig is called with tropical scaling with largest
root %top (Table 3.4 shows that %J,Cop ~ 103 for both problems). With this choice of scalings,
quadeig guarantees to return eigenpairs (X, y) inside I" with backward errors n(R, X, Y)) ~ nu,
where u is the machine precision. For these problems, polyeig returns eigenpairs (X, y) with

n(R, X, §)) > nu so that (3.6) holds.

Table 3.4 displays the smallest value ki, of k in (3.8), where h) corresponds to eigenvalues
computed by polyeig and (X, y) are the corresponding eigenpairs computed by quadeig. Table

3.4 shows that the assumption x > 1 is satisfied for all the problems.

It then follows from Theorem 3.1 that the inequality (3.7) holds between eigenpairs from
SS-RR with quadeig and SS-RR with polyeig. This is confirmed by the backward error
results presented in Table 3.5, Fig. 4.1, and Fig. 4.2. They also show that the SS-RR
method with quadeig and appropriate scaling computes eigenpairs (X, Vy) with backward

errors 7(Q, A, Vy)) = nu, which is the best we can expect.
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Table 3.3: Norm of the coefficient matrices of R(\) = VEQ(A\)V .

Problem HVHAQVHQ ”VHA1VH2 HVHAQVHQ
damped_beam 1010 2x 107! 2x 1073

wiresaw2 106 2 x 10! 5x 1071
mod_spring 25 5x 103 1
mod_sleeper 13 2 x 103 1

Table 3.4: Minimum value of x in (3.8), type of scaling v used with quadeig and its value.

Problem

Rmin

Parameter scaling

~y value

damped_beam 1.4 YLy 3 x 10°
wiresaw2 | 1x10° .., 2x10°
mod_spring | 6 x 102 'y;,iop 5x 103
mod_sleeper | 4 x 103 fﬁ;op 2 x 103

3.6 Conclusion

We have shown that to improve the backward stability of the SS-RR method, it is crucial to

combine it with a backward stable algorithm for the complete solution of the projected QEP.

In future work, we plan to investigate the inclusion of scaling techniques in other types of

Sakurai-Sugiura methods.
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Table 3.5: Largest backward errors of eigenpairs.

SS-RR with
polyeig quadeig nu
damped_beam | 3 x 107 2x 107 9x 107
wiresaw2 6x 1071 8x107% 1x 1071
mod_spring | 4 x 1071 2x107% 4 x 107
mod_sleeper | 2 x 10710 5x 1071% 2x 10713

Problem

108 ' ' ' '
vV
\V/ v oV
Y vV 1
C \% Vv
S VA
o . . \V4
© Y SS-RR with polyeig
g oz % SS-RRwith quadeig (vg /) |
§ ¥ K x ¥ ¥
T A TP &
x *
10 14 ¥ *
1 1 1 *
5 10 15 20

eigenvalue index

Figure 3.1: Backward errors for the damped _beam problem.
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Chapter 4

Balancing technique for
Sakurai-Sugiura method in polynomial

eigenvalue problem

In this chapter, we will introduce the Sakurai-Sugiura method with balancing technqiue for

solving polynomial eigenvalue problem (PEP). The main content of this chapter is

e Introduce several types of balancing technique

e Explain the reason that the SS-RR method with balancing technique can reduce the

bakcward error of computing eigenpairs of PEP.

This chapter is based on H. Chen, A. Imakura and T. Sakurai, Improving backward stability
of Sakurai-Sugiura method with balancing technique in polynomial eigenvalue problem, Appli-

cations of Mathematics. 62, 357-375, 2017.
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4.1 Introduction

In this chapter, we consider the polynomial eigenvalue problem (PEP):

PN)x = (i )\iAZ-) xz =0, (4.1)

where A; € C"™*™\{O}, A € Cand & € C"\{0} are eigenvalues and their associated eigenvectors.

A number of problems that arise in science and engineering involve the PEP, such as oscillation

analysis of structural mechanics, and acoustic systems in electrical circuit simulation [2].

In some applications, such as vibration analysis and some models of physic, it is unnecessary

to compute all eigenpairs, and partial eigenpairs (A, &) are sufficient.

The SS-RR method extracts only the eigenvalues within a Jordan curve I', using a subspace
constructed with a contour integral. In the SS-RR method for the PEP [21], P()) is transformed

into a projection of a matrix polynomial with a small dimension as
R(\) = VEP(\)Y, (4.2)

where the matrix V € C"*¢, ¢ < n, has orthonormal columns consisting of basis vectors for the
subspace constructed by the SS-RR method. Then, the pair (X, V) is used as an approximate
eigenpair for P()\), where (X, y) is an approximate eigenpair for R(\). However, the SS-RR
method can suffer from backward instability when the coefficient matrices of R(\) vary widely
in their norm. Recently, we have improved the backward stability of the SS-RR method for
the quadratic eigenvalue problem (QEP) [24]. Extending this idea, we improve the backward

stability of the SS-RR method for the PEP using balancing technique.

One common way for solving (4.2) is to convert R(\) into a GEP. R(\) and the GEP have the
same eigenvalues. For computing eigenvalues of R()), we solve the GEP by some numerical
stability methods. In this article, to improve the accuracy of computing eigenpairs, we consider

using a balancing technique [25, 26|, that is a preprocessing technique for improving accuracy
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of computing eigenpairs in the standard eigenvalue problem (SEP). To allow the use of the
balancing technique, we transform the GEP into the SEP. We also explain why the use of a
stable eigensolver for the SEP, such as QR method with a balancing technique, can improve
the backward stability of the SS-RR method. To achieve this goal, we need to find relations
between the backward error of the SS-RR method and that of the SS-RR method with the
balancing technique. We found that the SS-RR method with the balancing technique improves

the accuracy of computing eigenpairs under some assumptions.

The remainder of this paper is organized as follows. In Section 4.3, we introduce a linearization
for solving the projected PEP. In Section 4.4, we provide a brief description of the balancing
technique and present an algorithm for the SS-RR method with the balancing technique. Then,
we investigate why the SS-RR method with the balancing technique improves the accuracy for
computing eigenpairs. In Section 4.5, we present numerical experiments that confirm the accu-
racy of the SS-RR method with the balancing technique. Finally, conclusions and suggestions

for future studies are presented in Section 4.6.

4.2 Balancing technique for the standard eigenvalue prob-

lem

In this section, we review the balancing techniques.

The balancing technique is a preprocessing step to improve the accuracy for solving the SEP,
Av =v, AeCV™ (4.3)

The main idea of the balancing technique is to minimize the norm of D™ AD with a similarity

transformation using a diagonal matrix D.

Here, we now discuss two types of balancing technique for solving SEP.
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4.2.1 Osborne’s balancing technique

Osborne proposed the use of a diagonal matrix D that minimizes the Frobenius-norm || D~ AD||r
[25]. He showed that his technique also decreases the 2-norm, that is, ||A|s > [|[D~'AD||, [25].
Let ¢; and 7; be the p-norms of each column and row, which ignores the diagonal element of

the matrix A defined by
1/p 1/p
col; = (Z \am\p) . Tow; = (Z \ai,j|p) . (4.4)
J#i G

The norm of D~'AD can be reduced when the norms of the columns and rows are equal. The

Osborne’s algorithm seeks f; to minimize

y4
g(f) = fPeoll + 5L,

i

with f; =, /rew.

4.2.2 Parlett’s balancing technique

Parlett and Reinsch extended Osborne’s technique to any p-norm [26].

The purpose of Parlett-Reinsch algorithm is to equal the norms of columns and rows of A. The

Parlett-Reinsch algorithm seeks f; to minimize

row?

g(fi):fzpCOlf"’_ fzp )

and finds an approximation of the exact value f; that minimizes g(f;).

The main steps of the Parlett-Reinsch algorithm are summarized in Algorithm 5. The diagonal

elements of D are obtained from the value f; by Step 15 in Algorithm 5.
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Algorithm 5 Parlett-Reinsch algorithm (Balancing technique) [26, 35]

Input:

A matrix A € C"", k = 2.

Output:

1:
2:
3:
4:

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:

A balancing matrix D~'AD and a diagonal matrix D.
Set D := I, where [ is an identity matrix

Set ¢ :=0
while ( =0 do
fori:=1,...,ndo

Compute p-norm of each column and row that ignores diagonal elements of A by (4.4).
Set the quantity ¢; := col? + row?, f; :=1.
while col; < row;/r do
col; := col;k, row; :=row;/k, fi:= fi XK.
end while
while col; > row;x do
col; :==col; [k, row; =1k, fi:= fi/K.
end while
if (col? + row!) < 0.95 x ¢; then
= 0.
Construct the diagonal elements d;; of matrix D, where d;; := f; X d;; .
Balance the i-th column and row of matrix A with A(:,4) := f; x A(:,4), A(:, i) :=
A(:, 1)/ fi
end if
end for
end while

4.3 Eigensolver for the projected PEP using lineariza-

tion

We now discuss why the numerical solution of the PEP in Step 5 of Algorithm 4 requires special

attention. In the SS-RR method, the standard way to solve small to medium size PEP,

RNy = (Z XRi) y=0, R =V"A4V (4.5)
i=0

is via linearization. We assume R; € C*“\{O}. We linearize (4.5) as follows:

LN)z=(AX+Y)z=0,
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where X,Y € C™>*™¢  [()\) and R()\) have the same spectrum. There are several choices for

L(A). In practice, a common choice for L(A) is its companion form, which is given by

R, Ry --- R, Ry, O --- O y
-, O -+ O o I, --- O \y

L) =\ + , z= , (4.6)
O - -, O O O - I ALy

where I, € R is the identity matrix. We compute all eigenpairs of L(\) by using the QZ

algorithm. Finally, we recover the eigenvectors Vy of P(\) from the eigenvectors z of L(\).

The QZ algorithm is backward stable for the GEP; however, it can be backward unstable for

the PEP, especially when the norms of the coefficient matrices of R(\) vary widely [14].

4.4 The SS-RR method with the balancing technique for

the PEP

As shown in Section 1.5.2, the SS-RR method extracts only eigenvalues within a Jordan curve
I'. However, the SS-RR method is not stable when the coefficient matrices of the projected

PEP have widely varying norms.

From [28], it is clear that the backward error of L()) is reduced, then the backward error of
quadratic matrix polynomial is also reduced. To reduce the backward error of L()), in this
section, we convert the GEP L(\) to an SEP and solve it using the QR method with the

balancing technique that improves the backward stability of the SEP.
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Algorithm 6 The SS-RR method with the balancing technique

Input: N,K,L e N" U e C™ 2, w,,p=1,...,N. A Jordan curve I', and a matrix polyno-
mial P(\).
Output: Xj,%j,j =1,...,n(T), where n(I') is the number of eigenvalues inside the Jordan
curve.
: Construct R(\) = VEP(A)V by step 1-5 in Algorithm 3.
: Convert the projected matrix polynomial R(\) to L(A).

1
2
3: Construct the SEP by (4.7) and compute eigenpairs (\;, v;) of (4.7).
4

: Compute eigenvalues \; and eigenvectors z; of L(\) from (4.7) by setting z; = Dv,,j =
1,...,n(T).

5: Compute eigenvalues Xj and eigenvectors x; of P(\) by setting ; = Vy,;, where y; =
zi(1:0),5=1,....,n(D).

4.4.1 The proposed method

In the SS-RR method, we transform L(\) to an SEP and apply the balancing technique to the

SEP with the nonsingular diagonal matrix D such that

DY —=X"'Y)Dv = \v. (4.7)

Finally, we compute the eigenpairs of (4.7) with a backward stable method, such as the QR

method. The eigenpairs of P(\) are recovered from (4.7).

The SS-RR method with the balancing technique is presented in Algorithm 6.

4.4.2 Analysis of the backward error for the proposed method

For solving QEP, an improvement of the backward error of the SS-RR method using a backward
stable QEP eigensolver has been proposed and analyzed in [24]. In this article, we extend the
idea in [24] to solve the PEP. The analysis in [24] is only based on the relationship between
backward errors of the original QEP and projected QEP. Instead, to analyze the backward
stability of the proposed method (Algorithm 6), we additionally need to analyze the relationship
between the backward error of the projected PEP and the linearized eigenvalue problems. In

what follows, we analyze these relationships and provide a theory to explain why the use of a
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stable eigensolver for the SEP improves the backward stability of the SS-RR method.

In the SS-RR method, let (Xj, z;) and (Xj, z;) be the approximations of the same eigenpair
(Aj, zj) of L(A). (Xj,gj) are computed by L(\) without using the balancing technique and

(Xj, z;) are computed with D™'(—X'Y)Dv = \v, where z; = Dv;.
From (4.6), we also define y; and y; as
'gj:,gj(llg), ’g]:g](lg)

Here, we also assume that y;,y; are normalized, that is, ||y;|l2 = ||y;ll2 = 1. Then (/):j,fjj),

(Aj, y;) are approximate eigenpairs of R(\) and (/)\\j, Vy,), (Xj, Vy,) are approximate eigenpairs
of P()\).

To analyze the accuracy of the eigenpairs obtained with the SS-RR method with the balancing

technique, we consider the backward error of the PEPs.

Definition 4.1 ([14]). Let R(\) be the matriz polynomial,

~

The backward error of the approximated eigenpairs (A;,y;) of R(\) is given by,

(R, X, ;) == minfe : (R(\;) + AR(\;))g; = 0,

|ARl < ell Rills,i =0, .., m},

where AR(N;) = D"  NeAR;, AR; is a perturbation matriz.

=0 ""J

The definition of backward error 7(L, \;, Z;) is similar to the definition of n(R, \;, ;) -

For computing the backward error numerically, explicit expressions for the backward error of
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n(R, Xj, y;) and n(L, Xj, z;) are given by the following formula [28]:

~

~ RONDTG
77(37 )\jayj) — — AH : ( Jljy]HQ - , (48)
Qo INIFIVEAV (1) 1yl
~ LNNZ.
DL 5. 5) = —NE)Z (49)

(A X Tl + 1Y 12125112

The approximate eigenpair (Xj, z;) is computed with the balancing technique, therefore, we
assume

U(L7X1723> Zn(LaX]Vg]) <410)

In the following steps, we try to identify the sufficient conditions under which (4.10) implies
that

77(P7 /):jvv?/l\j) > 77(P7 va‘/gj)' <411)

From [29], we have
IGNLNz]l2 = RN yll2 < [I[GA) |2 L(A)yll2-
If we use (4.6) to construct L(\), then G()) is given by

[Ig —)\VHAQV} (m =2)
G(\) =
{Ie “AVEAY + VHA V) —AVHA, V| (m=3)

When m > 3, we can obtain G()) from [29]. Based on (4.8) and (4.9), to analyze the bounds

for the backward error for R()\) relative to L(A), we have the following theorem.

Theorem 4.1 ([29]). Let (/)\\j,,?j) be an approzimation of the eigenpair of L(\) and (Xj,gj)
be an approzimation of the eigenpair of R(X), where y; is obtained from z; by (4.6) and is

normalized so that ||y;||2 = 1. Then, the bound for the backward error of R(\) relative to L(\)
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18
< C’U(/\j, Ej), (4.12)

where
~ Nl X ]9 + [ G(\; ~
oG5 = Pl IV IIGC
Zi:op‘j‘ HV AiVH2

and G’(Xj) is an € X ¢m matriz polynomial.

To analyze the bounds of the backward error of P(\) relative to R(\), we introduce the following

lemma.

Lemma 4.1 ([24]). Let (A;,3;) be the approzimate eigenpairs of R(\), where R(\) := VEP(A\)V,
andV is an orthogonal matriz, VIV = I. Let (/)\\j, V'y;) be the approzimated eigenpairs of P(\),
\Vy;lla = 1. Then, we have

BL(//{) < 77<P7 Aj’vgj)
i) >

2L A < By(h, 3),
n(R, Aj, Yj)

where

(i NIV AV L)
(230 Al 1l Aill2)

are functions that depend on the eigenpairs of the problem.

12) VY2

~ ~ )
Br(A\;) = ) B )\7y = 3
o) YY) e vl

Proof. Based on (4.8), we have

~

n(P,X\;,Vy;) [P(A) Vil (> i |/\j’iHVHAiVH2)H?7jH2.

~

(R AL y;) Q0o ARVl [VEP(X;) VY
Because of [|[VEP(A)V |2 < |[VE ||| P(A)VE;]l2, we have

(P, N, V)

(St R IVIAY )
n(Ra >‘j7 gj)

T Br(\),
(it I Asll2)

>
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and based on [|[VHA;V ||y < ||A;]|2, we also have

n(P, A,V POV, ~
( . A]) < HH( J) J/‘\'Q :BU()\jayj);
(R, ALy [VEPOA) VYl

that proves Lemma 4.1. O

Using Theorem 4.1 and Lemma 4.1, we have the following theorem.

Theorem 4.2 ([27]). Let 0; be a scalar value satisfying n(L,/)\\j, z;) = jn(L,Xj,Ej). Assume

5j = 0]'04]'6]' Z 1, (413)
where
~ (RN, 1
o= By () e2e¥) L
(L, Aj, z; By (A, 9;)Cu (A, z;5)

then we have
NP, V) > n(P X, V).

Proof. Based on Theorem 4.1, we have

n L>)‘]72j 77(L> )‘]72]
> 77(R7 )‘jvrgj)e U(Rv )\],'g])
e T~ J v~
n(L, A, z5) ~ Cu(N, 25)
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From Lemma 4.1,

n(P,A, V) > BuOy)n(R, N, G))
~ (RN, T 9. ~

> () M) % g g

n(L, \j, z5) Cu (N, 2;)
> BL(A])H(R’ﬁj’Zf) fj _ TI(P»ANJ,VNZJJ‘)

n(L, A, 25) Cu(Nj, ;) Bu(Aj,y;5)

~ (R LY 1 _
=0, (BL@])”( il )( — )n(P,A],Vy])

77(L>)‘17ZJ) CU(AJVZ])BU()‘]?y])

Therefore, from the assumption ; > 1, we have
77(P7 )‘ja V:'/jj) 2 n(Pv )\ja ng),

thus proving Theorem 4.2. O]

The computation of §; may be complicated, because it requires ||A4;||2. To determine a more

efficient way to compute ¢;, we analyze (4.13) in detail.

Defining

€1 = MaX —————,

we have ||4;||2 < &1]|VHA;V||2. Therefore, the lower bound for BL(XJ') is given by

~ ™I EIVEA, 1
Br(\) = @Z:OWL [IVZAVIE) o 1 (4.14)
(> ico A1 Adll2) €1
In this case, the lower bound for «; is given by
~ SR 1 ST
O[] — BL<)\j)n(R’A]7:Z]) Z _n(RaA]a’{J\]). <415)
n(LaA]ﬁZj 1 n(Lv)‘jazj
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We also define

ax HP()‘J)V%JQ :maXBU(vagj)7
I |WVEP(X)Vy;ll2 !

then €5 > By (\;,y;) and the lower bound of j; is given by

1 1
Bi=———=—-2> —. (4.16)
BU(/\jayj)OU(/\jazj) EQCU()‘jrzj)

Based on (4.10), (4.13), (4.15) and (4.16), the lower bound for ¢; is given by

J T €12 U(L7)‘j72j) CU()\jagj)

(4.17)

If the projection V' does not significantly change the norms of the coefficient matrices of P(\),

that is,
[Aills = [VEAV 2. (4.18)
We have
e~ 1. (4.19)

Next, we analyze the parameter eo. If R(V) is an invariant subspace with respect to P();),

i.e., there is Q(Xj) such that P(Xj)V = VQ(XJ-), then we have
POV L2 = VRN ll2 = |Q(X) T2
and
VAPVl = VIV T2 = 1Q()F; l2-

Therefore, ||P(Xj)V§j||2 = ||VHP(Xj)V§j||2. In the SS-RR method, V is constructed as an
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approximation of invariant subspace with respect to the target eigenpairs. Based on this, we

may assume

~ POV,
BU(A];y]) — H ( ]) ]H2

AR S1LIRS) (4.20)
IVEP(A)Vyj2

and thus e is close to 1. Using these assumptions, the lower bound for ; is given by

(R, \j, ;)

5= 008 > — 1 ) 121
T Y (LN, 2)Co (M, 7)) 20
Thus, if
po BN (4.22)
n(L, N, 2;)Cu (N, Z5)
we have

~

n(Pv )\Jav:/y\]) Z n(Pv X],ng)

The parameter 7; in (4.22) can be computed with low cost, although it may sometimes happen

that (Sj >1> Tj-

4.5 Numerical experiments

In this section, we compare the backward error of the SS-RR method in combination with the
balancing technique (Algorithm 6) with the backward error of the standard implementation
of the SS-RR method (Algorithm 4). For Algorithms 4 and 6, we use (4.6) to construct the
linearized form of R(A). We use the MATLAB command balance to balance the coefficient
matrix of the SEP in step 4 of Algorithm 6. The MATLAB command balance implements

Algorithm 5.

The test problems (shown in Table 4.1) are PEP of degree m = 2 and higher-order PEP belong-
ing to the collection of nonlinear eigenvalue problems NLEVP [1]. The problems orr_sommerfeld

and mod_butterfly are higher-order PEP. Other problems are PEP of degree m = 2.
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Table 4.1: Polynomial eigenvalue problems [1].

Problem n applications
damped_beam 400 A vibration model of damped beam
shaft 400 A vibration model of shaft
wiresawl 400 A vibration model of a wiresaw
wiresaw2 400 A vibration model of wiresaw with viscous damping
sleeper 400 A vbiration model of a railtrack with sleepers
spring 400 A finite element model of a mass-spring system with a damper
dirac 400 A model for Dirac operator
acoustic_wave_1d | 400 A vibration model from acoustic wave problem
plasma drift 128 A model from a cubic polynomial eigenvalue problem
orr_sommerfeld | 400 A model from grr-sommerfeld equation
mod_butterfly | 400 A model of T-even structure

Table 4.2: Parameters for the SS-RR method.

Problem center radius p  #eigs
damped_beam —2+2.6x10% 3 x 10° 22
shaft 2 x 10% 9 x 10* 18
wiresawl —180z 40 26
wiresaw2 1404 40 26
sleeper —16 0.2 29
spring —12 1 26
dirac -5 0.7 24
acoustic_wave_1d | —126 + 0.037 1 30
plasma_drift 10 1 10
mod_butterfly 707 10 18
orr_sommerfeld 3.8 x 1074 0.4 x 1074 20

For each problem, the Jordan curve I' is a circle with center v and radius p whose values are
given in Table 4.2. We set N = 32, K = 6 and L = 12 for the problem plasma drift. We use
N =32, K =8 and L = 16 for other problems. For the quadrature points and corresponding

weights, we assign

2mi(p — 1/2 —
SO VDY, o)

zp=7+pexp(

All the computations were performed using MATLAB 2014.



4.5. Numerical experiments 53

Table 4.3: The value of &, := max [ Aill2

IVEA V]2

Problem €1

damped_beam 16.0
shaft 1.3
wiresawl 4.0
wiresaw?2 3.8
sleeper 1.0
spring 1.1
dirac 1.4
acoustic_wave_1d | 17.0
plasma_drift 1.0
mod_butterfly 1.2

orr_sommerfeld 182.0

4.5.1 Verification of the assumptions

Here, we verify the assumptions of (4.19), (4.20), ¢, in (4.13) and 7; in (4.22) by using numerical

experiments.

As shown in Table 4.3, the norms of the coefficient matrices of R(\) are similar to that of P(\)

for all problems except damped_beam, acoustic_wave_1d and orr_sommerfeld.

Table 4.4 shows the maximum values of By ();, §;). The value of By(};,¥;) is not much larger
than 1 in most problems. The only exceptions where the assumption (4.20) is not satisfied are

damped_beam and orr_sommerfeld.

Table 4.5 displays the assumption that 6; > 1 is satisfied for all problems. Table 4.5 also shows
that the assumption that d; > 1 is satisfied for all problems. The more practical approximation
7; for 0, is also larger than 1 for all problems except orr_sommerfeld, which confirms its wide

applicability.

4.5.2 Evaluation of the backward error of P()\)

In this section, we evaluate the backward errors of P(A) for the SS-RR method and the SS-RR
method with the balancing technique. As shown in Table 4.6 and Figures. 4.1-4.4, the backward

errors of the SS-RR method with the balancing technique are smaller than those of the SS-RR
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Table 4.4: The value of €5 := max BU(XJ-, Yj)-
j

Problem €9
damped_beam 27.0
shaft 1.3
wiresawl 2.4
wiresaw?2 1.1
sleeper 1.2
spring 1.6
dirac 5.0
acoustic_wave_1d | 1.1
plasma_drift 1.0
mod_butterfly 1.3
orr_sommerfeld | 64.0

Table 4.5: The minimum value of the parameters §, 6 and 7 for P(\).

Problem min 0 min ¢ min 7
damped beam 7.1x10* 6.9x10° 2.4 x 10?
shaft 72x10° 57x107 6.6 x 10
wiresawl 2.3 x 100 24 x10*> 4.6 x 10
wiresaw2 2.0x 10" 3.1x10% 3.9x 10!
sleeper 1.8 x10° 5.8 x 10° 3.0 x 10°
spring 1.5 x10° 2.9x10° 1.3 x 10°
dirac 4.1x10° 2.0x10° 1.6 x 10°
acoustic_wave_1d | 1.0 x 10" 3.5 x 10> 3.0 x 10!
plasma drift 1.0 x 10Y 4.1 x10° 3.9 x 10"
mod_butterfly 2.1 x10° 9.9 x 101 6.3 x 10!
orr_sommerfeld | 3.6x 10% 3.6 x 10> 1.3 x 1074

method when 7 is larger than 1. The improvement in the backward error is significant even
for orr_sommerfeld in spite of the bad estimate for 7. We also find that there is almost no

improvement in the dirac problem.

Based on the experimental results, we find that the SS-RR method with the balancing technique

can reduce the backward error of P(\).

4.6 Conclusion

We have proposed an approach for accurately computing the eigenpairs of the PEP using the

SS-RR method with the balancing technique. In this paper, we discussed why the SS-RR
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Table 4.6: Maximum backward errors of the eigenpairs of P(\).

Problems SS-RR SS-RR method with balancing
damped_beam 3.7x 1077 7.7 x 10714
shaft 3.4 x 10710 2.6 x 10715
wiresawl 8.4 x 10713 6.0 x 10719
wiresaw2 4.4 x 10713 1.3 x 1071°
sleeper 1.8 x 10713 5.3 x 10715
spring 7.1 x 1074 1.6 x 1071
dirac 3.4 x 1071 4.7 x 10716
acoustic_wave 1d | 4.1 x 10713 7.7 x 10710
plasma_drift 4.7 x 10713 7.8 x 10710
mod_butterfly 1.1x107° 4.2 x 10711
orr_sommerfeld 1.8 x 1076 1.4 x 10717

method with the balancing technique can improve the accuracy of computing eigenpairs and

we found a relation between the backward error of the SS-RR method and that of the SS-RR

method with the balancing technique.

The analysis suggests that the SS-RR method with

the balancing technique can reduce the backward error of the SS-RR method under certain

conditions. In the numerical experiments, we found that these conditions are satisfied in most

practical problems and the SS-RR method with the balancing technique is more accurate than

the original SS-RR method. In our future investigations, we propose to study the results of

combining the balancing technique with other types of SS methods.
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Chapter 5

A balancing technique for heavily

damped quadratic eigenvalue problem

In this chapter, we discuss a special class of quadratic eigenvalue problem which called heavily

damped eigenvalue problem. The main content of this research is

e Investigate some numerical methods with different balancing techniques for solving heav-

ily damped quadratic eigenvalue problem.
e Proposed an new approach with a balancing technique.

e Compare the backward error of the purposed method to other numerical methods by

numerical experiments.

5.1 Introduction

We consider the heavily damped quadratic eigenvalue problem (QEP):

o8
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where [|Aq|ls > /|| Aoll2]|Azll2 A2, A1, Ag € C™"\{O}, and A € C and « € C"\{0} are

eigenvalues and their associated eigenvectors.

One common way for solving the QEP is to convert Q()) into a generalized eigenvalue problem

L(A\)z =0 (GEP). Q()\) and L(\) have the same eigenvalues [29]. We linearize (5.1) as follows:
LN)z=MNX+Y)z=0, (5.2)

where X, Y € C?**?"_ There are several choices for L()\). In practice, a common choice for

L(\) is its companion form, which is given by

O I, -1, O x

where [, is an identity matrix. We compute all eigenpairs of L(\) by using the QZ method.
The QZ method is stable for GEP. However, it can be unstable for the QEP, especially when

the norms of the coefficient matrices of Q(A) vary widely [14].

The remainder of this paper is organized as follows. In Section 5.2, we introduce several
balancing techniques. In Section, we show some numerical methods based on different balancing
techniques and the proposed method. Finally, some numerical experiments are shown in Section

and we compare several numerical methods to the proposed method.

5.2 Balancing technique

In Section 4.2, we review balancing techniques for solving the standard eigenvalue problems,
such as Osborne and Parlett balancing techniques. Here, we will introduce another balancing

techniques for solving generalized and polynomial eigenvalue problems.
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5.2.1 Ward’s balancing technique

Ward [8] proposed a balancing technique to improve accuracy of computing eigenvalues for
generalized eigenvalue problem Ax = ABx. The idea of Ward is to transform two matrices A
and B into D1 AD, and D{BD, by finding two non-singular diagonal scaling matrices D and

D5. Then minimize the function
n
min Z (row; + col; + log| A;;|*) + (row; + col; + log| By;|?),
ij=1

where row; and col; are the the absolute values of the diagonal elements of D; and Ds.

5.2.2 Lemonnier and Van Dooren’s balancing technique

Lemonnier and Van Dooren’s balancing technique [36] is to find two diagonal non-singular

matrices D; and Dy such that
|D1ADqej||3 + ||D1BDse;||5 = |lef DyADs |5 4 ey Dy BDo||3 =1, i,j=1,...,n.

Lemonnier and Van Dooren’s balancing technique can reduce the condition number for GEP.

5.2.3 Betcke’s balancing technique

Betcke’s balancing technique [37] is to reduce the condition number for PEP by finding diagonal

matrices D; and D,

l l
> WDy ADaeill3 = 1, w(le;DiAcDol3 =1, i j=1,....n
k=0 k=0

where w close to absolute value of target eigenvalues.
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5.3 A linearization form with balancing techniques for

solving heavily damped QEP

In this section, we discuss a linearization form with balancing techniques for improving back-
ward error in heavily damped QEP. Eigensolvers are not backward stable for solving the heavily
damped QEPs when the norms of the coefficient matrices of Q(X\) vary widely. In order to im-
prove the backward stability of heavily damped QEP, we proposed an new method based on
Betcke’s balancing technique. We also compare the backward error of the proposed method

with that of a linearization form with Parlett’s balancing techniques.

5.3.1 Linearization form for heavily damped QEP

Linearization form is a standard approach for solving QEP. Linearize Q(\) as follows:
LN)z=(ANX+Y)z=0,

where X,Y € C*>?" [()\) and Q(\) have the same spectrum. In practice, a common choice

for L()) is its companion form

LNz=1]A + z=0, z= : (5.3)
o I, -1, O x

where [, € C™" is identity matrix. All eigenpairs of Q(\) are computed by using the QZ

method. Finally, recover the eigenvectors = of () from the eigenvectors of L(A).

The main steps of this approach are shown in Algorithm 7.
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Algorithm 7 Linearization form for QEP

Input:
A matrix polynomial Q(A\) = A\2Ay + \A; + A,.
Output:
All eigenpairs (A, ) of Q(A).
1: Construct a linearization form 5.3 for Q(\).
2: Compute eigenpairs (A, z) of L(\) using QZ method.
3: Recover (A, ) from (A, z), where & = z(1 : n).

Algorithm 8 Linearization form with Parlett’s balancing technique for QEP

Input:
A matrix polynomial Q(A\) = A\2Ay + AA; + A,.
Output:
All eigenpairs (A, x) of Q(A).
Construct a linearization form 5.3 for Q(\).
Convert L(\) to a standard eigenvalue problem.
Balance the SEP with Betcke’s balancing technique, D™ (=X ~1Y)Dv = \v.
Compute eigenpairs (A, v) of the SEP with QR method and recover eigenpairs of (A, z)
from (A, v), where z = Dv.
5. Obtain eigenpairs of (A, ) from (A, z) with = z(1 : n).

5.3.2 Linearization form with Parlett’s balancing technique

Linearize Q(\) to (5.3), then convert L(\) to a SEP using Parlett’s balancing technique

DY =X"'Y)Dv = M.

Compute all eigenpairs of the SEP with the QR method. Finally, recover the eigenvectors @ of
Q(\) from the eigenvectors of SEP.

5.3.3 Betcke’s balancing technique for heavily damped QEP

Balance matrix polynomial by finding diagonal matrices Dy and D,

Dl(AQAQ + )\Al + Ao)Dgy =0. (54)
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Linearize (5.4) to a companion form

D1A2D2 O D1A1D2 D1AOD2
L()\)Z = A + z = 07
0, I, -1, O

Compute all eigenpairs of L()A) using QZ method. Finally, recover the eigenvector  of Q(\)

from the eigenvectors z of L(A).

Algorithm 9 Betcke’s balancing technique for QEP

Input:
A matrix polynomial Q(\) = A2A, + ANA; + Ay.
Output:
All eigenpairs (A, ) of Q(A).
1: Balance matrix pair (As, Ay, Ag) to (D1AsDs, D1 A1 Dy, D1 AgDs) with Betcke’s balancing
technique.
2: Construct a linearization form (5.4) for Q(\).
3: Compute eigenpairs (A, z) of (5.4) using QZ method.
4: Recover (A, ) from (A, z), where & = Dyz(1 : n).

5.3.4 The proposed method

We combine the linearization form with Betcke’s balancing technique for solving heavily damped

QEP. Linearize (5.1) to (5.3), then combine L(\) with Betcke’s balancing technique

Ay O Al Ao
DlL()\)DQ - Dl )\ + D2
o I, -I, O

Compute all eigenpairs of D;L(A)Ds using QZ method. Recover the eigenvectors & of Q(\)

from the eigenvectors of Dy L(\)Ds.

5.4 Numerical experiments

In this section, we illustrate the backward error of Q(\) via Algs.9-12. The test problems are
from the collection in NLEVP [1]. All the computations were performed using MATLAB 2016.
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Algorithm 10 The proposed method

Input:
A matrix polynomial Q(A\) = A\2Ay + \A; + A,.
Output:
All eigenpairs (A, ) of Q(A).
1: Construct a linearization form (5.3) for Q(\).
2: Balance (5.3) with Betcke’s balancing technqiue.
3: Obtain eigenpairs of (A, x) from (\, z) with @ = Dyz(1 : n).

Table 5.1: Backward error ratio when |\| close to 107%.

. (Q,)\,I) 1 (Q7A7I)
Algorithms | max 77(L—/\Z) 11 Z(L,)\,z)

Algorithm 7 | 1.0 x 1010 9 x 10%

Algorithm 8 2.3 x 108 1.8 x 10°
Algorithm 9 3.4 x 107 2.8 x 108
Algorithm 10 | 2.0 x 10° 3.6 x 107!

5.4.1 mod wiresaw2 problem

The first test problem is mod_wiresaw2 problem from wiresaw2 in NLEVP collection . The

dimension of coefficient matrices Aq, A1, Ag € C?90%20 Tet A1 = 10° % A; and

7= |A1]l2/V/[| Aoll2[| A2]]2 = 2.0 x 10

Therefore, ||A1]l2 > /|| Aoll2/|Az2]2- In Algorithms 9 and 10, we set w close to absolute value
of target eigenvalues where w = 10% and w = 107%. Fig. 5.1 show that the backward error
of Q(A) will be reduced by Algorithm 10 when we let w close to target eigenvalue. We would
like to know what conditions need to be satisfied in order to obtain small backward errors in
the solution of the QEP, we investigate the ratio n(Q, A, x)/n(L, \, z) are approximately equal
to one . Table 5.1 and 5.2 show that Algorithm 10 reduces the ratios of the backward errors
significantly. We also find that when we Algorithms 7-9 can reduce the backward error of Q(\)

when || close to 10° and the ratio of n(Q, \, x)/n(L, A, z) are approximately equal one.
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Table 5.2: Backward error ratio when || close to 10°.

Algorithms | max Z((%;:)) min Z((%ij))

Algorithm 7 1.4 x 10Y 1.1 x 109
Algorithm 8 1.5 x 10° 1.1 x 10°
Algorithm 9 3.1 x 10° 3.5 x 10°
Algorithm 10 | 3.4 x 10° 7.6 x 1071
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Figure 5.1: Reduction of backward error of smallest eigenpairs of mod _wiresaw2 using balanc-
ing.

10'°

5.4.2 mod_hospital problem

The mod_hospital problem is from hospital problem in the NLEVP collection. We set
A; =10 % Ay and [|Ay]a > /[[Aoll2]|Azlla with Ag, Ay, Ay € C2°0%200 Tn Algorithms 9 and
10, we set w close to absolute value of target eigenvalues where w = 10° and w = 107%. As
shown in Table 5.3, when |A| close to 10™*, the backward error ratio of Algorithm 10 is close
to 1. Backward error ratios of other algorithms are far from 1. The figure 5.3 show that the

backward error of Algorithm 10 is smaller than other methods.

As shown in Table 5.4, when |A| close to 105, Algorithms 7, 8 and 10 have smaller backward ratio
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Figure 5.2: Reduction of backward error of largest eigenpairs of mod_wiresaw2 using balancing.

5

Table 5.3: Backward error ratio when || close to 1074

: U(Q»)\#«‘) ] 7’](Q7)\71K)
Algorithms | max W)  min Do

Algorithm 7 4.4 x 10° 1.3 x 10°
Algorithm 8 5.7 x 107 2.4 x 108
Algorithm 9 1.0 x 106 3.3 x 10*
Algorithm 10 | 5.2 x 10° 8.4 x 107!

which close to 1. However, the backward error ratio of Algorithm 9 is far from 1. The result
suggests that Algorithm 10 reduce the backward error of computing eigenpairs and Algorithms

7 and 8 also improve the backward error of heavily damped QEP. Figure 5.4 satisfy this result.

5.5 Conclusion

We have some conclusions as following

e The proposed method improve the backward error of target eigenpairs in heavily damped
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Table 5.4: Backward error ratio when || close to 10°.

Algorithms | max z((%i:)) min Z((%if))

Algorithm 7 | 1.1 x 10 9.5 x 1071
Algorithm 8 1.0 x 10° 9.4 x 107¢
Algorithm 9 | 1.4 x 106 8.2 x 10*
Algorithm 10 | 2.5 x 10° 1.1 x 10°
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A 10712
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| Al
Figure 5.3: Reduction of backward error of smallest eigenpairs of mod_hospital using balanc-
ing.

QEP.

e Only use linearization form and linearization form with Parlett’s balancing technique
improve backward error of some eigenpairs. However, these methods can not improve

backward error of all eigenpairs in heavily damped QEP.

e In the future, we will analyze the relation of backward error of P(\) relative to that of
L(\) and explain the reason that the proposed method can improve the backward error

of heavily damped eigenvalue problems.
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Conclusion and future work

In this thesis, we improve the backward error of computing eigenpairs in polynomial eigenvalue

problems. We give a overview of our contributions.

6.1 Conclusion

e In quadratic eigenvalue problem (QEP), we use scaling technique in SS-RR method for
improving backward error of partial eignepairs in QEP. We explain the reason that the
projected matrix polynomial with scaling technique can improve the backward error of

the SS-RR method.

e In polynomial eigenvalue problem (PEP), we combine the SS-RR method with balancing
technique. This method not only improve the backward error of eigenpairs in QEP, but
also can improve the backward error in high-order degree PEP. We find some relation
between backward error of P(\) with backward error of SEP. Using these relation, we
explain the reason that the backward error of the SS-RR method can be reduced by

balancing technique.

e For heavily damped quadratic eigenvalue problem, we introduce some balancing tech-

niques for GEP and PEP. Then we compare some methods with balancing techniques

69
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Target eigenproblem Recover eigernpair from SEP | SEP with balancing

PNz =0

D~Y-X"'Y)Dv =\

e =Yy

Projected eigenproblem | With scaling technique

RNy =VEPWVy =0 —

Eigenpair (\, y) of projected QEP IO
quadeig

Projected QEP with quadeig

Figure 6.1: A map of research in this thesis.
for solving heavily damped QEP. In numerical experiments, we find that the proposed

method can improve the backward error of heavily damped QEP.

A map of this research is shown in figure 6.1

6.2 Future work

e We will discuss other type of SS method with balancing techniques for solving PEP and
QEP.

e We will analyze backward error of the proposed method for solving heavily damped QEP.

e For solving nonlinear eigenvalue problem, we will discuss nonlinear eigenvalue problem
expressed non-monomial basis and analyze the backward error of the nonlinear eigenvalue

problems.
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