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of Talk



Purpose of Talk

This talk is devoted to a
functional analytic approach to
the subelliptic oblique derivative
problem for the Laplacian with a
complex parameter.




Main Results

We prove generation theorems of analytic
semigroups for the subelliptic oblique
derivative problem for the Laplacian in

the L” topology and in the topology of
uniform convergence.

These rather surprising results (elliptic
estimates for a degenerate problem) work,
since we are considering the homogeneous
boundary condition.
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Historical Background

Due to Poincare, it is known that the
oblique derivative problem arises
naturally when determining the

oravitational field of the moon, the
earth and the other celestial bodies.




Henri Poincare

‘Henri Poincare (1854-1912)
French Mathematician

H. Poincare:

Lecons de mechanique celeste, Tome I1I,
Gauthier-Villars, Paris, 1910




Motivation
of Talk




Motivation of Talk (1)

In physical geodesy, investigations of the
Earth's gravity field based on surface
gravity data are usually associated with a

simultaneous determination of the figure of
the Earth.




Motivation of Talk (2)

The precise 3D positioning by the Global
Navigation Satellite Systems (GNSS) has
brought new possibilities in gravity field

modelling. Terrestrial gravimetric
measurements located by precise satellite
positioning yield oblique derivative
boundary conditions in the form of surface
gravity disturbances.
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Motivation of Talk (3)

Now the shape of the Earth can be obtained
by geometric satellite triangulation and
satellite altimetry over the oceans. In this
way, the (linearized) fixed gravimetric

boundary value problem in physical
geodesy Is an oblique derivative problem
for the Laplace equation in the Earth's
exterior.
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Bounded Domain

R", n=>3

(2 (the Earth)




Laplace Operator




Oblique Derivative Condition

a—u()c) a(x)—+a(x)u 0 onl =00
ov

n=(n,n,,..,n ) unitoutwardnormal

a(x") :tangent vector field




Oblique Derivative Condition

) a(x"n

a(x')

vix)=a(x"m+a(x")




Motivation of Talk (4)

Nowadays we only pick up the data sent
from the satellites not on the horizontal.

We neglect the data sent from the satellites
on the horizontal.

(Elliptic case)







Conclusion (Subelliptic case)

(1) We can make use of the data sent from
the satellites even on the horizontal.

(2) We can economize the number of
satellites around the Earth.

Example: The viewpoint of the first
approximation to the weather forecast data




Formulation
of

the Problem



In this talk we will deal with an interior
oblique derivative problem in a bounded
domain.

The analysis of harmonic functions in an
exterior domain can be reduced to that of
harmonic functions in a bounded domain by
using the Kelvin transform.
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Subelliptic Case



Oblique Derivative Condition

) a(x"n

a(x')

vix)=a(x"m+a(x")




Fundamental Condition (H)

(1) The vector field «(x') is non - zero on the set

I',= {x'eT:a(x") = 0} of tangency.

(2) Along the integral curve x(¢,x')) of a(x")
passing through x', eI’ at 7 = 0, the function

t = a(x(t,x')))

has zeros of even order <2k.

vixY=a(x"m+a(x')




Fundamental Condition (H)

I' =010

-----
-------
-’ i
-
-
-

o Iy = {CL = 0}




Typical Examples

a(x(t,x'o)): t**:  YES
a(x(t,x'y))= e’ . NO




Bird’s-Eye View



Functional analytic approach to the
subelliptic oblique derivative problem

r

Theory of
Pseudo-Differential
Operators

k(Egorov-Hormander))

s

(Geodesy)
Subelliptic

Oblique Derivative

Problem

~

J

l

Microlocal Analysis
(Hartogs-Malgrange)

.

Real Analysis
(Muckenhoupt)

J




Mathematical Background

Subject

Pseudo-Differential Subellipticity Egorov-Hormander

Operators Smith
Microlocal Hartogs’ Theorem Malgrange
Analysis Guan
Real Analysis Boundedness of  Hardy-Littlewood
Maximal Muckenhoupt

Operators Sawyer
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Main Results



Regularity
1T heorem




My Work (1981)

u e L*
(Q) |[p =2

Au = f e H (Q)

av F _ gﬁ c HS+1/2(F)

= HS+2—5(Q)

L
0ss of o-derivatives




0<0 = 2k
2k +1

k =0 (Elliptic case) < o0 =0

k=0 & 0 =1

<1




Sharp Regularity Theorem (Smith, 1990)

uelL’(Q), 1< p< o,
Au=feW " (Q)

][0
oV |-

\

—
ueW: 2" (Q).

Elliptic gain of 2 -derivatives from f




Remarkable Fact

The degeneracy occurs only
for the boundary data.




Generation Theorem
of
Analytic Semigroups



Homogeneous Case

We define a densely defined, closed operator
ML (Q) > L7 (Q) (1< p <oo)

as follows :

e A

(a)D(le):<ueW2’p(Q): S—uzO >
V

(b) & u=Au, Vue D2 )

Then 2l  generates an analytic semigroup

e on L7 (Q)




Yp(€)

Al =rp(e)?

Z :r2ei6’

— T+ < 0@ <L 7T -c¢




Minimal Growth of the Resolvent

A~ Al _lf <—|f
@) 1], <5

L7 (Q)

Vf e I (Q)




Spectral Properties of
the Subelliptic Oblique
Derivative Problem



We define a densely defined, closed operator

A IH(Q) — () p=2

as follows:

( 3

(a)D(Q[Z):<ueH2(Q):%=O

. /

(b) A u=Au, Vue D))
Then the operator 21, enjoys the following

four spectral properties:



Asymptotic Eigenvalue Distribution (1)

(1) The spectrum of 21, 1s discrete and the eigenvalues A of I,

have finite multiplicities.
(2) All rays different from the negative axis are rays of minimal growth

of the resolvent (21, — A7) .

(3) The negative axis 1s a direction of condensation of eigenvalues of 2l .




Asymptotic Eigenvalue Distribution (2)

(4) Let
N(t) = Z 1 the counting function

Re/lj >—t

where each A, is repeated according to its multiplicity.

Then the asymptotic eigenvalue distribution formula

N :2"7z"/2r‘(z‘a/2+1)'tn/2 b o) ast e

holds true. Here ‘Q‘ denotes the volume of Q2




Conclusion

(1) We can make use of the data sent from
the satellites even on the horizontal.

(2) We can economize the number of
satellites around the Earth.

The viewpoint of the first approximation
to the weather forecast data.




My theorem should be tested by
Numerical Analysis of

the linear fixed altimetry-gravimetry
boundary value problem
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Special Reduction
to the Boundary



The First Idea of Approach

We make use the Dirichlet-Neumann
operator in the exterior domain in
reducing the oblique derivative problem
to the study of a pseudo-differential
operator on the boundary.
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Exterior
Dirichlet Problem



Exterior Domain

(2 (the Earth)




Model Case




Model Case (1)

n
+

Q =R
=R’
Q

1

"=R" (lower-half space)

(upper -half space)

X = (x',xn)
x ' = (X",t)

(tangential variables)




Model Case (2)

a(x)=a(x",t)= % (tangent vector field)

0 —ﬂ (outward normal derivative)

on OX,
a(x",t) = a(t)




Model Case (3)

7 = a(x)+a(e, )2
on

O O
= alt
ot ()8)6

n




Zero Extension Operator

Jo(x) =+

f

.

f(x) forallxeR' ,
0 forallxeR”




Newtonian Potential (1)

(N*fo)(x)




Transmission Property of the
Newtonian Potential

(F"N)f=(N*1)|.

_|_

r'N WP (RY) > W (R




Newtonian Potential (2)

r A=A

WERRY) o W(R])

WERRY) e W(RD)

r°N

(r+A)(r+N) =]




Poisson Kernel

A(Pp)=0 in R,

7o (Po)= P@\Rn_l = ¢ on R""

P:B"?P(R"™) > W*”(R")




Poisson Kernel in the Half-Space

Pgo(x',xn)
:a)ij‘Rnl (‘ X, ‘gz(y )2 — dyv
L x'—=y' +xn)
272_11/2
0




Fourier Transform Version

Pgo(x',xn)

1 x'E —x,|E T v v
Gy e e b




Reduction to the Boundary (1)

Au = f 1in R,
yu=0 on R"'

—

A(r"Nf-u)=f—-f=0 inR/




Reduction to the Boundary (2)

r'"'Nf —u = Py
v = (r+Nf—u)|

R n—1




Reduction to the Boundary (3)

Au = f
yu =0
N

y.(Py )=y, (r"Nf) on R""




Fredholm Integral Equation

Ty =y, (Py) = a(X')G%(Pw) +a(x) -y

Ri’l—l

=a(x )y +a(x’) v
-

Ty =a(x" 1y +a(x")-w =y, (r+Nf) on R"™




Dirichlet-Neumann Operator

Ly =

O
on

—(Py)

Rl’l—l

Vy eC?(R"™)

MeLy(R")




Dirichlet-Neumann Operator in the Half-Space

F(11/2)j P(y’)

H(D(_X'): Rnl‘x—y

—dy’




Fourier Transform Version in the Half-Space

Hga(x')

] (27:)’” foore 11 p(ENaE"

IM=.-A.




Poisson Kernel for the Exterior
Domain (Kelvin)

A(Pe’“gp) =0 in R’

7, (Pextgﬂ) _ PeXt¢‘Rn—l = on R”!




Poisson Kernel for the Exterior Domain

A(N=*f,)=f,=0 inR"

(N*fo)‘Rnl - BS+2—1/p,p (Rn—l)

$

N * f, = P‘”“(N *fO‘Rn_l) in R”




Outward Normal for the Exterior
Domain

- C

@)



Reduction to the Boundary

1n

N*fo:PeXt(N*fo‘R’“)

Rl’l

!

ext (N * fo ‘Rn_l ))
P GG

- a(x')@%(zoext (N * £, |, ))

71(N*fo):71(P
",

Rn—l

(N £ )

+a(x)(N*f,

Ri'l—l

0
6(— )(

+a(x)-(N* fy | o)

Rl’l—l )




Dirichlet-Neumann Operator for the
Exterior Domain

0
o(—n)

Hextw _ ( Pextw) , VW el (Rn—l)

—n :unitoutwardnormal to Q = R"




Model Case (1)

n
+

Q =R
=R’
Q

1

"=R" (lower-half space)

(upper -half space)

X = (x',xn)
x ' = (X",t)

(tangential variables)




Model Case (2)

a(x)=a(x",t)= % (tangent vector field)

O O
——— (outward normal derivative)

a: OX

n

a(x",t) = a(t)

—

0 O
=a(x+a(x",t)—=—-—a
/1 (x")+a( )8n Py

0
(t)c’i_xn




Model Case (3)

I'=y P= —+ a(t)\‘

0

T

y . P
+ a(t)\/




Fredholm Integral Equation




Microlocal
Analysis



Reduction of the Pseudo-Differential
Operators (Microlocal Analysis)

T:7/1P:

0
ot

a(t)\/—Ax.. 5:2
A4




The Second Idea of Approach

We make use of Hartog's theorem in
applying a precise version of
Malgrange’s preparation theorem in
micro local analysis.




Microlocal Analysis (1)

a(t)\/‘é: "‘2 +7° + =171

a(OJle #0217

a, (t)|E "+ V=17

< (al(t)‘cf "+ \/jr)




Characteristic Set

W(x ey = a(J|E T v et Tt

(e )= a(J|ef et -~ e

% ={a(t)=0,E"#0,7=0)




Microlocal Analysis (2)

< e, s:=177/]6"

—

a(OJlg "+ + 11

a, (t)|e "+ =11

V-1 s+ a(t)~1 + s°2

ANy g (f)
P 1+ a(1)?




Hartogs’ Theorem

V-1 S+az\/1+s2
NVN-—1D s +
\/1+a

is holomorphicin theunit polydisk
{(S,CZ) : ‘S‘ <1, ‘a‘ < 1}

h(s,a) .=

(s,a) =(0,0) removable singularity




Friedrich Hartogs

Friedrich Hartogs (1874-1943)
German Mathematician




Micolocal Analysis (3)

a(ONJlE + 0+ -1 7
= A Bounded Symbol(Hartogs)

x la, ()| "+ =17

a(ONJlE + 0 - 1t
= A Bounded Symbol(Hartogs)

x la, (t) |6 "~ V-1 7




Model Case (1)

9,
I'=vP=—+a(t),|—A
V1 Py ()\/

T'_

= ——+ a(t)\/




Model Case (2)

0

L =—+a
ot
L1'=—£+a

Ot

OA L =

1(t)\/—Ax.. . o= (x",t)

The separation of variables form




Special Reduction of the Fredholm

Integral Equation
. '
Loy = L, "V
vV =N * fo Rl 3




Real Analysis



Solution of the Fredholm Pseudo-

Differential Equation (1)

px" 1) =—V(x", )

| 4
2y e [I (et

5"

A E e

}5"




Pseudo-Diftferential Operator with
Parameter (Treves)

K(al\/Ix.. )v(x",t)z

1 X" t —l¢" tal ~
(27)" b Ul a@)ge M e ']df "

Pseudo - differential operator in x"

parametrized by .

X' :(X",t)
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Solution of the Fredholm Pseudo-
Differential Equation (2)

Lip =L,V

L

1(x", 1) =—v(x", 1) +K(a1\/—Ax.. )v(x " £)




Regularity Theorem

u(x",t) gains O-derivatives from v(x",7)

$

K(aﬁ A ) . BYP(R">x ) — B*"(R">x1I)
bounded for s >—1/2




Boundedness Theorem (Guan-Sawyer)

K(aJ-A,. ): BRI x1,) —> B (R < 1)
bounded for s >—-1/2

$

( VT
1 t .

en@)a0 Jai0)do
\Js ! Y
1

u —1

< C

Lual(é’)dé’ A, —condition
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Weighted Spaces (Muckenhoupt)

( A

2 7!
L([,w)_<h.j_1

.

h(s) 2w(s)ds < o0

I=(-1,1)

s = A(t) = j;al(ﬁ)dﬁ
1
2 (A_I(S))

w(s) =




Example

a(0)=0"
f2k+1
§ =
2k +1
1 |
w(s) = (2k+1)2k/(2k+1) o2k /(2k+1)




One-sided Hardy-Littlewood
Maximal Operator

M~ L7((0,1),w) — L°((0,1), w)
bounded

- 1 ps ~
Mh(s) =Py 0 | H(O)dO

~)

h(s)=h(A"(s))




One-Sided Version of Ay, Condition

(é LH(S w(s)dsj (% J;t_(s w(s) " ds)p <C

O<o<r<l

s = A(t) = j;al(ﬁ)dﬁ
1
2 (A_I(S))

w(s) =




Conclusion (Guan-Sawyer)

K(aJ-A,. ): BRI x1,) —> B (R < 1)
bounded for s >—-1/2

$

( VT
1 t .

en@)a0 Jai0)do
\Js ! Y
1

u —1

< C

Lual(é’)dé’ A, —condition




Examples

4 N
———['a,0)"d0

\Lal(é’)dﬁ )

< C : jual(ﬁ)dﬁ, —-l<s<t<uc<l
u—1°?

a(@)=0"": YES
a(l) = e’ . NO







Shmuel Agmon

Shmuel Agmon (1922-)
Israel Mathematician




The Third Idea of Approach

We make use of Agmon's technique of
treating a spectral parameter as a second-
order elliptic differential operator of an extra
variable on the unit circle and relating the

old problem to a new one with the additional
variable.
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Differential Operator with a
Complex Parameter

" 0% u
Au—/U:Z Al

2
=1 axi

—
A =r’e"

—T < 0 < r




Product Domain

A
} /&N + A
| :
3 - v i e
:~ - J |
Nt A
_0'4:)_ .l " \
- XA _ .-




Product Domain

QxS

N0 %
LA




Augmented Strongly Uniform
Elliptic Differential Operator

N i0 azu
A(O)=Au+ e 5
0y

"0 u o 0°u

= Z a 2 € a 2

=1 Xl. y

— T <0<




Augmented Oblique Derivative

Condition

ou

oV

~J

a2 L a(x) =0 onTxsS
on

vixY=a(x"m+a(x')




Indices of
the Operators



Closed Realization

We define a densely definded, closed operator
A, (0): L"(QAxS) > L"(QxS) (1< p<w)

as follows:

(a)D(ﬁp(é’))=<L76Wz’p(QxS):S—M=O>
Vv

(b) A, (O)u = A(O)u, Yu e D(A,(H))
Then ﬁp(ﬁ) is a Fredholm operator.




Fundamental Relationship for
Indices (1981)

ind2A,(0)<w |p=2
—
1K =1 v J: finite set of Z :

dim N(A ~ €2ei91) -0 V/igK,

codim R (A ~ Ezeiel) —0 V/egK




Fundamental Relationship for
Kernels (1)

N(ilz(&’)) = @N(A—ézem]) ®e"™

A=0E%, (el —r<O<r

p=2




Fundamental Relationship
for Kernels (2)

N (%(9)): ® N(A-1e"1)® ™

lel

dim N (22(0)) < o
Y
d] finite set of Z :

dim N (A — zze”[) 0, Vigl




Fundamental Relationship
Cokernels (1)

lel

N(ﬂ2(9)*) =@ N((A—Kze’ﬂl)*)@ewy

A=0%", (el, —m<0<nr

p=2




Fundamental Relationship
Cokernels (2)

N(A2(0))=@ N ((A 12T ) ® e

lteJ

codim R (2A2(6) ) < =

&
dJ : finite set of Z :

codim R (A _ zze"é’l) 0, VielJ

| Banach’s closed range theorem |




Fundamental Relationship for
Indices

ind A, (0)

= dim N (22(0)) - codim R (A>(0)) < ¢
—

41K =1 v J : finite set of Z :

dim N (A-0%"1)=0 VigK,

‘codim R (A _ zzeml) -0 V/igK




Index Formula (1)

Vig K =10 J: finite set of Z :
ind (&, - (?¢“1)=0

p=2




Rellich-Kondrachov Theorem

The injection
W P (Q) > L7 (Q)

is com pact.

Compact perturbation




Index Formula (2)

ind (&, - AI)=ind (2%, - A1)
=0, VAeC

1< p <o




Closed Realization

We define a densely defined, closed operator
ALV (Q) > L7(Q) (1< p<oo)

as follows:

(a) D(2L ) = {u c W“’(Q):S—Zz O}

(b) A u=Au, Vue D2 )
Then 2l — A7 is a Fredholm operator

with index zero for VA € C.




A priori Estimates
for the Subelliptic Oblique
Derivative Problem



A priori Estimate (1)

]
W2P(QxS)

Yue DA ,(0))

< 5(9)(”7\’(9)&

L (QxS)

_I_

~S

u

L (QxS) )

AO) = Au

e

2
0 07U

8)/2




Domains of Definition

by ]

ou

ueWz’p(Q):—=O}

oV

D(A,(0)) =+

(

\

ZteWz’p(QxS):

ou

oV

N




Localization Function

(1) ¢(y)e C(S)

(2) supp ¢ C

(3) ¢ (¥) =1,

T St

9

3 3

T

Vy e




Product Functions

vy (X, ) =u(x)® & (y)e™
ue D ), n=20

—

\:n(x,y)eHz’p(QxS)

0 (- Ou iny _
— (W0 0)= ()@ L (e =0




A priori Estimates (2)

vy (X, ) = u(x)® £ (¥)e™ € D(A,(0))

¥

Vi

WP (OxS)

<co)[Aow

17 (OxS)

Vi

o)




A priori Estimates (3)

v
7 L? (QXS))

< 5(9)(”7((9)&3,7

_|_

v
7 W 2P (QxS) LP (QxS)

4

ul, , + WAl lul,, + 2], < C@)](A = 2)u],

A=n’e
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e
nt kEs
tim
at
es

1P
(€2)

(2{
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Fid

)24
(£2)

vf
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Main Idea
via
the Resolvent



Essential Points

(1) The subelliptic case:

We cannot use Green's formula 1n order to

characterize the adjoint operator 2.
(2) We shift our attention to

the resolvent 2, ', instead of 2.




Boutet de Monvel
Calculus
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Boutet de Monvel Calculus (General form)
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Representation Formula
of the Resolvent



Representation of the Solution

(1 -A)u = f 1n Q,
ou

o0V
&

=0 on I

u=00-A,)" f
=r'G,f
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Representation of the Resolvent

u:szf_@(S(a(x')_a(x')nzm)(fGZf‘F))
= +GJ—B(R(V+GJ‘F))

0P,
oV

R =58 (a(x")-a(x"TI5")

S :Inverse of 7, =




Boutet de Monvel Calculus (1)
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Boutet de Monvel Calculus (2)

AU :

Q) W)
D —> D
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Bird’s-Eye View

7/0(’”+G2)=7/0G2

Ws,p (Q) N Bs+2—1/p,p (F)
G, LR
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Regularity of the Resolvent

(1-21,)" WP (Q) > W7 (Q)

¥

(1-21,)" :I7(Q) > W**(Q), VkeN




Boutet de Monvel Calculus (3)
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Boutet de Monvel Calculus (4)
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Bird’s-Eye View
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Regularity of the Adjoint of the
Resolvent

(1-20) 7 (@) > W27 (Q)
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