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Purpose of Talk

This talk is devoted to a 
functional analytic approach to 
the subelliptic oblique derivative 
problem for the Laplacian with a 
complex parameter.



We prove generation theorems of analytic
semigroups for the subelliptic oblique 
derivative problem for the Laplacian in 

the       topology and in the topology of 
uniform convergence.

Main Results

pL

These rather surprising results (elliptic 
estimates for a degenerate problem) work, 
since we are considering the homogeneous 
boundary condition.
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Historical Background

Due to Poincare, it is known that the 
oblique derivative problem arises 
naturally when determining the 
gravitational field of the moon, the 
earth and the other celestial bodies.



Henri Poincare

Henri Poincare (1854-1912)
French Mathematician

H. Poincare:
Lecons de mechanique celeste, Tome III,
Gauthier-Villars, Paris, 1910





Motivation of Talk (1)

In physical geodesy, investigations of the 
Earth's gravity field based on surface 
gravity data are usually associated with a 
simultaneous determination of the figure of 
the Earth. 



Motivation of Talk (2)

The precise 3D positioning by the Global 
Navigation Satellite Systems (GNSS) has 
brought new possibilities in gravity field 

modelling.  Terrestrial gravimetric 
measurements located by precise satellite 
positioning yield oblique derivative 
boundary conditions in the form of surface 
gravity disturbances.



References (1)

(1) K.R. Koch and A.J. Pope: Uniqueness 
and existence for the geodetic boundary-
value problem using the known surface of 
the Earth. Bulletin of Geodecy 46 (1972), 
467-476.
(2) A. Bjerhammar and L. Svensson:
On the geodetic boundary-value problem 
for a fixed boundary surface - satellite 
approach, 
Bulletin of Geodesy 57 (1983), 382-393.



References (2)

(3) P. Holota: Coerciveness of the linear 
gravimetric boundary-value problem and a 
geometrical interpretation.
Journal of Geodesy 71 (1997), 640-651.
(4) R. Cunderlik, K. Mikula and M. Mojzes: 
Numerical solution of the linearized fixed 
gravimetric boundary-value problem, 
Journal of Geodesy 82 (2008), 15-29.



Motivation of Talk (3)

Now the shape of the Earth can be obtained 
by geometric satellite triangulation and 
satellite altimetry over the oceans.  In this 
way, the (linearized) fixed gravimetric 
boundary value problem in physical 
geodesy is an oblique derivative problem 
for the Laplace equation in the Earth's 
exterior.
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Motivation of Talk (4)

Nowadays we only pick up the data sent 
from the satellites not on the horizontal.

We neglect the data sent from the satellites 
on the horizontal.

(Elliptic case)





Conclusion (Subelliptic case)

(1)We can make use of the data sent from 
the satellites even on the horizontal.

(2) We can economize the number of 
satellites around the Earth.

Example: The viewpoint of the first 
approximation to the weather forecast data.





In this talk we will deal with an interior 
oblique derivative problem in a bounded 
domain. 

The analysis of harmonic functions in an 
exterior domain can be reduced to that of 
harmonic functions in a bounded domain by 
using the Kelvin transform.
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Brief History (2)
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Fundamental Condition (H)
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Functional analytic approach to the 
subelliptic oblique derivative problem

(Geodesy)
Subelliptic

Oblique Derivative 
Problem

Microlocal Analysis
(Hartogs-Malgrange)

Real Analysis
(Muckenhoupt)

Theory of 
Pseudo-Differential

Operators
(Egorov-Hormander)



Mathematical Background

Field Subject Mathematicians

Pseudo-Differential 
Operators

Subellipticity Egorov-Hormander
Smith

Microlocal
Analysis 

Hartogs’ Theorem Malgrange
Guan

Real Analysis Boundedness of 
Maximal 

Operators

Hardy-Littlewood 
Muckenhoupt

Sawyer
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Sharp Regularity Theorem (Smith, 1990)
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The degeneracy occurs only 
for the boundary data.

Remarkable Fact



Generation Theorem
of 

Analytic Semigroups



 

2 ,

: ( ) ( ) 1

(a) ( ) ( ) :

(b) ,  ( )

 

0

 

 

( )p

p p
p

p
p

p p

pz

p

L L p

D u W

u u

u

e

u D

L






     

     
  

  







densely defined, closedW e define a operator

as follow s :

Then genera analytic sem igroupte n

 

s a  

onA

A

A

A A
A

Homogeneous Case



2 ir e 
    


    
 pze z  A



  1

( )
( )

( )

p
p

p L
L

p

C
I f f

f L









 

  

A

Minimal Growth of the Resolvent

1 p  



Spectral Properties of 
the Subelliptic Oblique 

Derivative Problem



2 2

2

We define a  operator

: ( ) ( )

as follows:

(a) ( ) ( ) :

(b) ,  ( )

Then the operator  enjoys the following 

four spectral proper

2

0

ties:

p

u

L L

D u H

u u u D








  

     
   

densely defined, closed

2

2

2

2 2

A

A

A A
A



Asymptotic Eigenvalue Distribution (1)
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Conclusion

(1)We can make use of the data sent from 
the satellites even on the horizontal.

(2) We can economize the number of 
satellites around the Earth.

The viewpoint of the first approximation 
to the weather forecast data.
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We make use the Dirichlet-Neumann
operator in the exterior domain in 
reducing the oblique derivative problem 
to the study of a pseudo-differential 
operator on the boundary.

The First Idea of Approach
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Newtonian Potential (1)



Transmission Property of the
Newtonian Potential
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Poisson Kernel
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Poisson Kernel in the Half-Space
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Fourier Transform Version
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Reduction to the Boundary (1)
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Reduction to the Boundary (2)
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Reduction to the Boundary (3)
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Dirichlet-Neumann Operator
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Poisson Kernel for the Exterior 
Domain (Kelvin)
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Reduction to the Boundary
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Dirichlet-Neumann Operator for the 
Exterior Domain
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Reduction of the Pseudo-Differential 
Operators (Microlocal Analysis)
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We make use of Hartog's theorem in 
applying a precise version of 
Malgrange’s preparation theorem in 
micro local analysis.

The Second Idea of Approach
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Microlocal Analysis (1)
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Microlocal Analysis (2)
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Friedrich Hartogs

Friedrich Hartogs (1874-1943)
German Mathematician
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The separation of variables form



Special Reduction of the Fredholm
Integral Equation
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Pseudo-Differential Operator with 
Parameter (Treves)
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Solution of the Fredholm Pseudo-
Differential Equation (2)
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Weighted Spaces (Muckenhoupt)
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One-sided Hardy-Littlewood 
Maximal Operator
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Conclusion (Guan-Sawyer)
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Shmuel Agmon

Shmuel Agmon (1922-)
Israel Mathematician



We make use of Agmon's technique of 
treating a spectral parameter as a second-
order elliptic differential operator of an extra 
variable on the unit circle and relating the 
old problem to a new one with the additional 
variable.

The Third Idea of Approach



References

(1) S. Agmon: Lectures on elliptic boundary 
value problems. Van Nostrand, Princeton, 
New Jersey, 1965.
(2) K. Taira: Un theoreme d'existence et 
d'unicite des solutions pour des problemes 
aux limites non-elliptiques.
J. Functional Analysis, 43 (1981), 166-192.



Differential Operator with a 
Complex Parameter

2

2
1

n

i i

u
u

x
I I 




   



2 ir e 



 


  



Product Domain



Product Domain

( ')a x n

( ')x
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