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2013.7  
2014 55 IMO
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a1.  g3-4. 

a1-2. g3-5. 

a1-3. G1. 

a1-4. G1-2. 

a3. G1-3. 

A1. G2. 

A1-2. G2-2. 

A1-3. s1. 

A1-4. s2. 

A1-5. s3. 

A2. s3-2. 

A2-2. S1. 

A2-3. S1-2. 

A2-4. S2. 

A3. S3. 

A3-2. S3-2. 

A3-3. d1. 

an1.   d1-2. 

an2. d2. 

an3. d3. 

an3-2. d3-2. 

An1. d3-3. 

An1-2 d3-4. 

An1-3 d3-5. 

An1-4. D1. 

An2. D2. 

An2-2. D2-2. 

An2-3. D3. 

An2-4. D3-2. 

g1. D3-3. 

g1-2. D3-4. 

g1-3. D3-5. 

g1-4. Of.   

g1-5. O2. 

g2. p2. 

g3. P . 

g3-2. Pf2. 

g3-3. Pf3. 
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a1-4.

1 1

a1-4.1.

(a+ b)x = ax+ bx

a > 0, b > 0, x > 0

x

a b

1. x > 0, y > 0, x > y

(1) (x+ y)2

(2) (x− y)2

(3) (x+ y)(x− y)

(4) (a+ b)(x+ y)

(1) (x+ y)2 = (x+ y)(x+ y) = x(x+ y)+ y(x+ y)

= x2 + xy + yx+ y2 = x2 + 2xy + y2

x

y

x y

(2) (x− y)2 = (x+ (−y))2 = x2 + 2x(−y) + (−y)2

= x2 − 2xy + y2

x

x
y

y

x

x − y

x − y

y

(3) (x+ y)(x− y) = x(x− y) + y(x− y)

= x2 − xy + yx− y2 = x2 − y2

x

x

y

y

x− y

x− y

y

(4) (a+ b)(x+ y) = a(x+ y) + b(x+ y)

= ax+ ay + bx+ by

x

y

a b

�
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2.

(1) (a− b)(x− y)

(2) (x+ a)(x+ b)

(3) (10a+ b)(10a+ c)

(4) (a− b)3

(1) (a− b)(x− y) = (a+ (−b))(x+ (−y))

= ax+ a(−y) + (−b)x+ (−b)(−y)

= ax− ay − bx+ by

(2) (x+ a)(x+ b) = x2 + xb+ ax+ ab

= x2 + (a+ b)x+ ab x

(3) (10a+ b)(10a+ c) = (10a)2 + (b+ c)10a+ bc

= 100a2 + 10(b+ c)a+ bc

a

(4) (a−b)3 = (a−b)(a−b)2 = (a−b)(a2−2ab+b2)

= a(a2 − 2ab+ b2)− b(a2 − 2ab+ b2)

= a3 − 2a2b+ ab2 − a2b+ 2ab2 − b3

= a3 − 3a2b+ 3ab2 − b3 �

a1-4.2.

1 2

3.

(1) 99× 78

(2) 999× 681

(3) 103× 97

(4) 1002× 998

(5) 98× 103

(6) 998× 997

(7) 9983

(1) 99× 78 = (100− 1)× 78 = 7800− 78

= 7700 + 100− 78 = 7700 + 22 = 7722

(2) 999× 681 = (1000− 1)× 681 = 681000− 681

= 680000 + 1000− 681 = 680000 + 319

= 6800319

(3) 103× 97 = (100 + 3)(100− 3) = 1002 − 32

= 10000− 9 = 9991

(4) 1002×998 = (1000+2)(1000−2) = 10002−22

= 1000000− 4 = 999996

(5) 98× 103 = (100− 2)(100 + 3)

= 1002 + (−2 + 3)× 100− 2× 3

= 10000 + 100− 6 = 10094

(6) 998× 997 = (1000− 2)(1000− 3)

= 10002 + (−2− 3)× 1000 + (−2)× (−3)

= 1000000− 5000 + 6

= 995000 + 6 = 995006

(7) 9983 = (1000− 2)3

= 10003 − 3× 10002 × 2 + 3× 1000× 22 − 23

= 1000000000− 6000000 + 12000− 8

= 994000000 + 11992 = 994011992 �

3 (1) (2)

99× a = (100− 1)a = 100a− a

= 100(a− 1 + 1)− a

= 100(a− 1) + 100− a (1 � a � 99),

999× b = (1000− 1)b = 1000b− b

= 1000(b− 1 + 1)− b

= 1000(b− 1) + 1000− b (1 � b � 999)

1 � 100− a � 99, 1 � 1000− b � 999

(2 )

3× 7 + 5× 4

 34 



3 5

4 7×
1 2 3 5

2 1

2 0

5461

3× 7

5× 4

3× 4 5× 7

3 5

4 7×
1 2 3 5

4 1

5461

3× 7 + 5× 4

3× 4 5× 7

35 = 3× 10 + 5, 47 = 4× 10 + 7

2 10a+ b, 10c+ d

(10a+ b)(10c+ d)

= 10a× 10c+ 10a× d+ b× 10c+ bd

= 100ac+ 10(ad+ bc) + bd

�

a1-4.3.

4.

(1) 2 11

7 2

1 1×
297

8 7

1 1×
759

(2) 5 2 2

352 = 1225, 752 = 5625

(3) 5 3 2

9952 = 990025, 2052 = 42025

(4) 10 2

3 4

3 6×
1 2 2 4

(5) 10 2

4 8

6 8×
3 2 6 4

(6) 2 100 3

7 4

7 5×
6 2 4 7

5

5

55

(7) 2 100 3

4 6

5 4×
5 5 4 4

7

7

92

(8) 10 2 3

3 1

7 1×
2 8 3 2

8

8

42

(1) (10a+ b)× 11 = 110a+ 11b

= 100a+ 10a+ 10b+ b = 100a+ 10(a+ b) + b

(2) (10a+ 5)2 = (10a)2 + 2× 10a× 5 + 52

= 100a2 + 100a+ 25 = 100a(a+ 1) + 25

(1 � a � 9 )

(10a+5)2 2 “25”

(3) (2) 10 � a � 99

(4) b+ c = 10

(10a+ b)(10a+ c) = (10a)2 + (b+ c)10a+ bc

= 100a2 + 10a(b+ c) + bc

= 100a2 + 10a× 10 + bc

= 100a(a+ 1) + bc

bc 2

(5) a+ c = 100

(10a+ b)(10c+ b)

= 10a× 10c+ 10a× b+ b× 10c+ b2

= 100ac+ 10(a+ c)b+ b2
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= 100ac+ 10× 10× b+ b2

= 100(ac+ b) + b2

b2 2

(6) 0 � b � 99, 0 � c � 99, b + c = 100

(100a+ b)(100a+ c)

= (100a)2 + (b+ c)× 100a+ bc

= 10000a2 + 100× 100a+ bc

= 10000a(a+ 1) + bc

bc 4

(7) 10 � a � 99, 10 � c � 99, a + c = 100,

0 � b � 9

(10a+ b)(10c+ b)

= 10a× 10c+ 10a× b+ b× 10c+ b2

= 100ac+ 10(a+ c)b+ b2

= 100ac+ 10× 100× b+ b2

= 100(ac+ 10b) + b2

b2 2

(8) 1 � a � 9, 1 � c � 9, a + c = 10, 0 � b � 99

(100a+ b)(100c+ b)

= 100a× 100c+ 100a× b+ b× 100c+ b2

= 10000ac+ 100(a+ c)b+ b2

= 10000ac+ 100× 10× b+ b2

= 1000(10ac+ b) + b2

b2 4

�

5. 81, 82, · · · , 90

a2 − b2 = (a+ b)(a− b)

a2 = (a+ b)(a− b) + b2 · · · 1©

a = x+ 1, b = x

(x+ 1)2 = (x+ 1 + x)(x+ 1− x) + x2

(x+ 1)2 = x2 + x+ (x+ 1) · · · 2©

(x + 1)2 x2 x+ (x+ 1)

x2 (x+ 1)2

+x+ (x+ 1)

812 1©
a = 81, b = 19

812 = (81 + 19)(81− 19) + 192 · · · (∗)
= 100× 62 + 361 = 6561

2© x = 81

822 = (81 + 1)2 = 812 + 81 + 82

= 6561 + 163 = 6724

2© x = 82

832 = 822 + 82 + 83

6561, 6724, 6889, 7056, 7225,

7396, 7569, 7744, 7921, 8100

�

(∗) b = 1

812 = (81 + 1)(81− 1) + 12

= 82× 80 + 1 = 6560 + 1 = 6561,

b = 9

812 = (81 + 9)(81− 9) + 92

= 90× 72 + 81 = 6480 + 81 = 6561

b

x2 (x+ 1)2

+x+ (x+ 1)

(x+ 2)2

+(x+ 1) + (x+ 2)

+2

(100− a)2 = 10000− 200a+ a2

(2015 )
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A 1-4.

1

0.1 ϕ

m m

m ϕ(m)

ϕ(6) 6

6 1, 5 2

ϕ(6) = 2

p ϕ(p) = p− 1

n ϕ(n) = n − 1

n

ϕ(3) = 2, ϕ(6) = 2

2

2

• p ϕ(p) = p− 1

• m p ϕ(pm) =

pm−1(p− 1)

• m,n

ϕ(mn) = ϕ(m)ϕ(n)

A1-3

n

n = pm1
1 pm2

2 pm3
3 . . . pmk

k

ϕ(n)

1, 2, 3, . . . n

n

n 1

p1 p1

p1 − 1

p1

p2 n

p1, p2

p1 − 1

p1

p2 − 1

p2

n

p1, p2, . . . , pk

p1 − 1

p1

p2 − 1

p2
. . .

pk − 1

pk

n

ϕ(n)

ϕ(n) = n
p1 − 1

p1

p2 − 1

p2
. . .

pk − 1

pk

= pm1
1 pm2

2 . . . pmk
k

p1 − 1

p1

p2 − 1

p2
. . .

pk − 1

pk

= pm1−1
1 pm2−1

2 . . . pmk−1
k (p1−1)(p2−1) . . . (pk−1)
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=
k∏

i=1

pmi−1
i (pi − 1)

=
k∏

i=1

ϕ(pmi
i )

ϕ(n) = n
p1 − 1

p1

p2 − 1

p2
. . .

pk − 1

pk

n

n = pm1
1 pm2

2 pm3
3 . . . pmk

k

ϕ(n) = n(1− 1

p1
)(1− 1

p2
) . . . (1− 1

pk
)

100 = 22×52

ϕ(100) = 100(1− 1

2
)(1− 1

5
) = 40

a,m

aϕ(m) 1 (mod m)

m m

x1, x2, . . . , xϕ(m)

m

a

ax1, ax2, . . . , axϕ(m)

a m m

x1, x2, . . . , xϕ(m)

m = 7

a = 9 7

1, 2, 3, 4, 5, 6

9

9, 18, 27, 36, 45, 54

7

2, 4, 6, 1, 3, 5

m m 2

ti, tj m a

ati, atj
m

ati atj (mod m)

(a,m) = 1

a ti tj ti− tj <

m (c.f.

m

m

x1x2 . . . xϕ(m) aϕ(m)x1x2 . . . xϕ(m) (modm)

xi m

m

x1x2 . . . xϕ(m)

0.2

1 100
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n ϕ(n) n ϕ(n)

2 1 2 1

3 2 3 2

4 2 4 2

5 4 6 2

6 2 5 4

7 6 8 4

8 4 10 4

9 6 12 4

10 4 7 6

11 10 9 6

12 4 14 6

13 12 18 6

14 6 15 8

15 8 16 8

16 8 20 8

17 16 24 8

18 6 11 10

19 18 22 10

20 8 30 10

21 12 13 12

22 10 21 12

23 22 26 12

24 8 28 12

25 20 36 12

26 12 17 16

27 18 32 16

28 12 34 16

29 28 19 18

30 10 27 18

31 30 38 18

32 16 25 20

33 20 33 20

34 16 23 22

35 24 35 24

36 12 29 28

37 36 31 30

0.3

ϕ(2) = 1

n n = pm1
1 pm2

2 pm3
3 . . . pmk

k

ϕ(n) = ϕ(pm1
1 )ϕ(pm2

2 ) . . . ϕ(pmk
k )

p ϕ(pm) = pm−1(p − 1)

p 2 p

p − 1

ϕ(n)

ϕ(n)

m

ϕ(m)

1

lim
m→∞

ϕ(m)

m p(m) m

m

p(m) ≤ ϕ(m)

14, 26, 34 . . .

2×p (p :

)

ϕ(11) = 10 = 2×5

11
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p

n

ϕ(n) = 2p

n

4

n

q n = 2mqk

n

2p

2m−1qk−1(q − 1) = 2p

m = 2 p

qk−1(q − 1) = p

m = 1

qk−1(q − 1) = 2p

(1) qk−1(q − 1) = 1× 2p

q(k−1) = 1 k = 1 q − 1 = 2p

q = 2p + 1 p, q

p 2p+ 1

ϕ(n) = 2p

(2) qk−1 = p, q − 1 = 2

p = q = 3, k = 2

ϕ(9) = 6

p, q

(1)

0.4

14 26

50

2015

1010
10

[ ]

A1-3

(

)

(2015 )
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x y x y

1

x   

y   
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 46 



 47 
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g3-5. 

3 1

20
3

2

3

A I

II B

3

1.

bicentric quadrilateral

2.

1

180

ABCD

AB CD AD BC

AB BC CD DA
P Q R S

2
AP AS BP BQ CR CQ DR DS

4
AP BP CR DR AS BQ CQ DS

AB CD AD BC

2

AB CD AD BC
ABCD
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2
AB CD AD BC

ABCD
4

4
3 4

180
ABCD

ABCD

AB CD AD BC

B C I I
3 AB BC CD IP IQ IR

IPB IQB BP BQ IP IQ
IQC IRC CQ CR IQ IR

IP IQ IR
AB CD AD BC AD

AP AS S S DS DR
S I AD

I AD
S

IAP

IDR

IP IR

S
S

IP IQ IR IS
I ABCD

I AD
AI AD ID

3

1

IP IR r AP a DR d x
AD da

222

222

xdard
xra

x 1

xa
xdaada
xdadada

xdadada
xdardxra

222

2

2

2

222

222

222222

3.

ABCD a
b c d ABCD
S abcdS
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Brahmagupta

ABCD aAB

bBC cCD dDA

2
dcbas ABCD S

dscsbsasS

ABCD ca db
bas abS

ABCD BC
AD DA CB

P
PAB PCD PA

PB ABCD S

c
ab

c
a

c
ad

c
a

2

22

a
acS

22 ac
adbca

22 ac
cdaba

PAB 3
t

tttt

acac
acdbaca

ac
accdabadbcat

2

2 22

22

acac
acdbaca

ac
accdabadbcat

2

2 22

22

acac
acdbaca

ac
accdabadbcat

2

2 22

22

acac
acdbaca

ac
accdabadbcat

2

2 22

22

4

2

22

224

4

2

22

2

2

dcbadcba
dcbadcba
a
ac

acac
dcbadcba

dcbadcbaa

a
acS

2
dcbas

dscsbsasS

dbca
bas dcs

abcdS

1

4.

ABCD
90

a

b

c

d
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AC ABCD 2
ABC ACD a

b c d

22222 dcba
ABCD

dbca
sdbca dc

020

0222 2

2222

sbas
sbsas

bsasba

bas cb
da ABCD

2

ABCD
AD // BC

90

BA CD P
PB PC PA PD

AB CD 180
180

ABCD AD // BC 90
2 ABCD

AD // BC
ABCD

AD BC

ABCD 4 AB BC CD DA
P Q R S

SQ SPQ SRQ
SPQ SRQ

PQRS 2
90

PQRS 4 SP PQ QR RS

ABCD

4
ABCD AD // BC 90

a b d
adb 2 pab

pad
22 paaS 22 pa

S
dba p

22 papa
A BC

H ABH 3

5.
4

4

Wolfram Mathworld Bicentric Polygon
http://mathworld.wolfram.com/BicentricPolygon.html

2015
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 6  5
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1  

 1
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 1   

 

 2  1
 

 

 

 

  

  

 

 
 

( )  
 

 
 

 
 

 
  

   

 

 

 

  ( )
 

 
 
 

 
d3 
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