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Abstract

• This talk is devoted to a semigroup
approach to an initial-boundary value 
problem of nonlinear elastodynamics in the 
case where the boundary condition is a 
regularization of the genuine mixed 
displacement-traction boundary condition.
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Nonlinear Elasticity
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Leonhard Euler (1707-1783)
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Joseph-Louis Lagrange (1736-1813)
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Continuum Mechanics (1)
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The divergence theorem for a tensor filed
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Notation (1)

Notation Meaning
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Notation Meaning
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Eulerian Description (2)
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Notation (3)

Notation Meaning
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Notation (4)

Notation Meaning
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Nonlinear Elastostatics
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Elasticity
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Constitutive Function
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Stored Energy Function

( , ) is called a W X stored energy funF ction



First Elasticity Tensor
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Hencky-Nadai Elasto-Plastic Material
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The Modulus of Compression

 is called the K modulus of compression



Saint Venant-Kirchhoff Isotropic Material
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Saint Venant

Adhémar Jean Claude Barré de Saint Venant
(1797-1886)
French Mechanician and Mathematician
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Lamé functions
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Green-Saint Venant strain tensor
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Nonlinear Boundary Value Problem
(Lagrange)

 
     
          

T h i s  t a l k  i s  d e v o t e d  t o  a n   a p p r o a c h  t o
t h e  f o l l o w i n g  e q u i l i b r i u m  e q u a t i o n s  f o r  
t h e  u n k n o w n  d e f o r m

D i v

( X ) , 1

,

o n

a t i o n  

i

.

n ,

p

X D X

X

X D X X X X

X

X

L

  



 







P N

τ

P 0

(

B

)





 





Lagrangian Description

Reference configuration

B

 X

 XB



Notation 

Notation Meaning
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Boundary Condition
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Main Results

1. If the linearized problem has unique solutions, 
then so does the nonlinear one, nearby.  This is 
done by using the linear Lp theory and the 
inverse mapping theorem.

2. Our results can be applied to the Saint Venant-
Kirchhoff elastic material and the Hencky-Nadai
elasto-plastic material.



Crucial Point

• The crucial point is how to find a function space
associated with the degenerate boundary 
condition in which the linearized problem has 
unique solutions.
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Function Spaces (3)
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Function Spaces (4)
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Fundamental Assumptions (1)

   ( ) 0 1 a n d  1 o n .

( ) 0 w h e n .
o o o

A X X

P D

 



   

    
 

P I 



Remarks

1. Condition (P) implies that the reference 
configuration is a natural state.

2. Condition (A) implies that our boundary 
condition is not equal to the pure traction
boundary condition



Fundamental Assumptions (2)
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Main Theorem (1)

Main Theorem states that if the linearized 
problem is uniformly pointwise stable, then, 
for slight perturbations of the load or 
boundary conditions from their values at the 
natural state, then the nonlinear problem has a 
unique  solution.
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Hencky-Nadai Elasto-Plastic Material
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Condition (H) is satisfied and 
so Main Theorem applies.
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Mixed Problem of Linear Elastodynamics
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Example (I)
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Example (I)
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Linear Boundary Value Problem
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Fundamental Existence and Uniqueness Theorem
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Regularity Theorem
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Symbol of a Pseudo-Differential Operator
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Elementary Lemma
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Criteria for Parametrices (1)
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Criteria for Parametrices (2)
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Uniqueness Theorem
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Korn’s Inequality
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Existence Theorem
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The Operator A
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Function Spaces (4)
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Embedding Properties
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Energy Estimate
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Regularity Theorem
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Semigroup Approach (1)
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Semigroup Approach (2)
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Semigroup Approach (3)
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Semigroup Approach (4)
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Representation Formula
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Open Problems

1. The first problem is to generalize Main Theorem 
to the case where the domain has corner 
singularities.

2. The second problem is to study the case where 
the function is the characteristic 
function of a subset of the boundary.
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Domain with Corner Singularities
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Boundary Condition (1) 
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Boundary Condition (2)
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Geometry of the Second Problem
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Fundamental Function Space 
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Definition of a Weak Solution (1)
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Definition of a Weak Solution(2)
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Existence and Uniqueness Theorem
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Energy Estimate for Weak Solutions
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The Original Boundary Condition
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Approximations to the Boundary Condition
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Regularized Mixed Problems
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Energy Estimate for Regularized Solutions
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Energy Estimate for Weak Solutions

 
1 2

1 2 2

2 2

2 2 2
0 1 0

( ) '( )

( ) ( ) .

H L

t

H L L

t t

C T s d s



    

u u

u u f

0 




