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Bird’s-Eye View

Fields Subjects Studied by
*Linear Algebra | *Markov Chains Perron and
*Transition Matrices Frobenius
*Probability *Markov Processes Feller and
*Green Operators Dynkin
*Functional *Minorant Principle Krein and
Analysis *Eigenvalues Rutman




My Approach to Chemical Reactions

Leray-Schauder Degree Theory
Theory on a Cone
Feller
Semigroups
Krein-Rutman Minorant
Elliptic Theory Principle
Boundary Value

Problems
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Svante August Arrhenius
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Simple Arrhenius rate law
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Bimolecular rate law
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Perron-Frobenius theorem

and
Markov Chains



Transition Matrix of a Markov Chain

4 . : A
a a,, a,,
a,, a,, o a,,
A =
an—ll an—lZ an—ln
\ anl an2 ann /
a, >0
n n
a, =1, a; =1
Jj=1 Jj=1




Example

[ a

\l—d

0 <a <l

1l — a )

A

/




Eigenvalues and Eigenvectors

Eigenvalues Eigenvectors
1
1
1
2a—1 1
2a -1\ <1
2a-1 »




Frobenius Root (1)

(1)
1

At =11, f =

e,
Frobenius root |

algebraically sim ple eigenvalue




Frobenius Root (2)

1)
1
"Af = 1f, f =

.
Frobenius root |

algebraically sim ple eigenvalue




Frobenius Root (3)

= Im

11—>0

Al’l

1

i (Spectral Radius)




The Perron-Frobenius Theorem

T=(,), |t >0}
Then:
(1) r = lim‘ " > o. (spectral radius)

r is aunique eigenvalue of 7
having positive eigenvector.
r is algebraically simple.

(1) 7 is an algebraically simple eigenvalue

of 7" = (¢,) with a positive eigenvector.
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Semenov Approximations
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A= Av(u)
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v(t) = L has alocal maximum at?¢ =¢,(¢)
S ()

v(t) = L has alocal minimum at¢ =¢,(¢)
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Leray-Schauder
Theory



L EA

Leray, J., Schauder, J.(1934):
Topologie et equations fonctionelles.

Ann. Sci. Ecole Norm. Sup. Vol. 51,
45-78.




Bird’s-Eye View

Existence Finite- Nonlinear
Theorems | dimensional case Analysis
Positive | Perron-Frobenius Krein-
Solutions | (Linear Algebra) Rutmann

(Minorant
Principle)
Non-trivial | Brouwer Degree Leray-
Solutions (Topology) Schauder
Degree
(Degree
Theory)




Schauder’s
Fixed-Point Theorem



Brouwer’s Fixed-Point Theorem

A continuous f of aclosed,bounded convex

set Q in R" into itself has a fixed point :
dx, € Q such that / (x,) = x,




Schauder’s Fixed-Point Theorem

Let X beareal Banach space and

(2 aclosed, bounded convex subset of X.
If / isacompact map of Q into itself,
then it has a fixed point in €2 :

dx, € Q such that / (x,) = x,




BEEREOHAM()

The Leray-Schauder degree is an
important topological tool introduced by
Leray and Schauder in the study of
nonlinear partial differential equations.




BEEREOHAHEM(2)

The nontriviality of the degree
guarantees the existence of a fixed point
of the compact mapping in the domain.

(Kronecker’s existence theorem)




BEEREOH MM (3)

It should be emphasized that the more
precisely we know the degree the sharper
we can estimate the number of fixed
points.

This opens a door to the study of
multiple solutions in nonlinear analysis.




Kronecker’s Existence Theorem

Let X beareal Banach space and
(2 abounded, open subset of X
with boundary 0Q.

A map K:Q=QuUdQ —> X is compact and
deg(/ - K, p,Q)#0

—

3x, € Q such that (I - K)x, = p
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EHBEDEA(2)

fdOY¥YaE 175 K

ot . . 94
0x, 0x,
J (x):= | o | xe Q
of, . . 9,
0x, 0x,

n=1= J,(x)=f'(x), xeQ




ESEDEA(3)

pe R, f(x)=p
(1) f(x)®d E A {E

def
< J(x) = 0

(2) f(x) D B & (E
<d:;f J,(x)=20




EBEDEA (4)

peR" f(x)®dD1I

deg(f, p, Q)

Lo Z sgn Jf(x)

= < f(x)=p

Here :

sgn J ,(x) =

0 if f(p)=0

J ,(x)

J,(x)

= Hl 2 0 5/ &

if f'(p)= I,




BEREDOFTERI(1)

QcREAFHES
Q>R C#REH

J,(x)=f'(x), xeQ




BEREDOFEHI(2)




BEREDEHI(3)

deg(f, p,Q2)

=sgn f'(x;)+sgn f'(x,)+sgn f(x;)
=1+(-D+1

=1




PRIEDEE

p(x):= f(x)=p

—

p(=)=/(=1)=-p<O
p()=7A)=p>0

—

Jx, € (—1,1) such that

p(xy) = f(xg)=p=0
(Intermediate Value Theorem)




BEREICKSHFEH

f(x)is continuouson / =[—1,1]
fihycl, pel

f(=)-p<0
fd)y—-p>0
—_—>

dx, € [ such that /(x,) = p
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BEREIZXHEEHA(2)

f(x)=p &ld B xel
D & £ X F &

deg(f, p,<2)
=sgn f'(x)+sgn f'(x,)+sgn f(x;)
=1+(-1)+1

120




BEREIZKSHEA (3)

I=[-L1]
ol = {-1}u{l}
fl)+p

deg(f, p,€2) # 0
— dx, € [ such that f(x,)=p




Leray-Schauder
Topological Degree



Sard’s Lemma

QcR"BRHAES
F:Q=00Ud0 > R" C' %

—

EREODESEIR OB THELED




Compact Mapping

X areal Banach space

(2 abounded,open subset of X

with boundary 0Q

A continuousmap f : QQ —»> X iscompact
if it maps bounded sets in €2 into

relatively compact sets of X




Characterization of Compact Mappings

A continuous map f : Q2 > X iscompact
—
f isauniform limit of mappings

whose ranges lie in finite - dimensional subspaces




Leray-Schauder Degree (1)

Let X beareal Banach space

(2 bounded open setin X
K:Q—> X compact map
x—Kx#p, VxedQ




Leray-Schauder Degree (2)

K:Q—> X compact map

) KQ)c X,
(2)pe X,

X finite-dimensional subspace of X

—

deg(/ - K,p,Q)=deg({-K,p, QN X )




Leray-Schauder Degree (3)

K:Q—> X compact map
K Q> X

sup HKx - K x

xeQ

e
n

—

deg(/ -K,p,Q)=limdeg(/-K, ,p, QN X))

n— 0




EREODEARMMEE

() REFE—FZEH

(2) IERRH

(3) fEIE [CBH 9 S ImiETE
(4) FF1EE




(1) Homotopy Invariance

() abounded open subset of X
K: ﬁx[O, 1]— R" compact
x—K(x,t)#p, 0<Vt<1, Vxe o)

—
deg(/ — K(e,1), p, 2) is independent of 7




(1) REFE—FZLTHE

h(x, t):Qx[0, 1] > R" E#rRE %K
h(s,1):Q — R" C? BA%k
h(x,t)#p, VxeoQ, 0Vl

—
deg(h(s,t), p, Qt ITDVNTAZE




(2) REFE—FZLTHE

h(x, t):Qx[0, 11— R" E§ %K
£ =h(+,0): Q>R
fi=h(,1):Q >R’
h(x,t)#p, Vxeod), 0<Vr<l]

9

—
deg(f,, p, €2) =deg(f,, p, 2)




h(x,t) # p,

Vxe 0,0Vt

4

4

0




(2) Normalization

deg(/, p,Q2) =+

1 if peO

0 1f p gl




(2) ERTE

f(x)=x-x,, x, €€

—
deg(/,0,€2)=1




(3) Translation Invariance

deg(/ - K, p,€2) =deg(/ —K - p,0,£2)




(4) Domain Additivity

Q,0,cQ, QN =0

x—Kx # p, ‘v’xeﬁ\(Qluﬂz)

=
deg(]_Kapaﬂ)
=deg(/ - K, p,Q2,)+deg(/ - K, p,Q2,)




(3) sRELICEE I HiEE

Q.0 cQ, QNQ =

f(x)#p, ‘v’xeﬁ\(Qluﬂz)

—

deg(f, p,Q2)
=deg(f,p,€2)+deg(f,p,€2,)




Kronecker’s Existence Theorem

Let X beareal Banach space and
(2 abounded, open subset of X
with boundary 0Q.

AmapK:5:Qu89—>X is compact and

x—Kx# p, VxeodQ
deg(/ - K, p,Q)=0

=
dx, € Q such that (/ - K)x,=p




(4)BEDTFEEN

deg(f, p,Q)#0
= dx, € Q such that f(x,)=p




Fixed Point
Existence Theory




Finite-Dimensional Example
(Index Theorem)

Let A bearealnon-singular matrix in R”
I'=1-4
—

degT :=sgn(det 4) = (-1)”
b= Z n,(T)

A>1




Example (1)

a |
A = , ab # 0
o b,

1l — a — 1
T = 1 — A =
R




Example (2)

det(Al —T)

—(A-(-a))(A-(1-b))
A>1<< 1—-a>1, 1-56>1
< a<0, b




Example (3)




Leray-Schauder
Index



Leray-Schauder Index (1)

Let X beareal Banach space
(0 abounded open setin X

¢:§:QU8Q—> X
deC'(Q,X)
p(x)=0,Vxe 0Q

K :1—¢:§—> X compact




Leray-Schauder Index (2)

(x, isolated solution of ¢(x) =0
D¢(x,)=1—-DK(x,) invertible

—

i(¢,0,x,)=deg({ - K,0,B(x,,¢))




Index Theorem

¢:§=Qu8£2 —> X
decC'(Q,X)

p(x)=0,Vxe 0Q

K :]—¢:§—> X compact

—

i(¢909x0):(_1)ﬂ9 IB:ZIB]'

/1j>1




Schaefer’s Fixed Point Theorem

Let X beareal Banach space

H: X x[0,1] > X acompact map
H(x,0)=0

S = {x e X :dt, x = H(x,t)} is bounded

— Jdx € X such that |H(x ,1)=x




f(x,t)=x—--1t)x,— H(x,t)

4

4

0
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HRRHERITH (Markov 1E§H)

[ h
ag a,, a,,
a,, a,, a,,
A = :
a,_ 1 a, 1, a, 1,
\ anl an2 ann /
n n
a, >0 alszakal
j=1 k=1




Frobenius 48 (1)

At =11,

(1)
1

1)

Frobenius 4 1 (& .

£ 2 89 [ B

LR

=]

A E




Frobenius 48 (2)

= Im

11—>0

Al’l

1

i (Spectral Radius)




The Perron-Frobenius Theorem

T=(,), |t >0}
Then:
(1) r = lim‘ " > o. (spectral radius)

r is aunique eigenvalue of 7
having positive eigenvector.
r is algebraically simple.

(1) 7 is an algebraically simple eigenvalue

of 7" = (¢,) with a positive eigenvector.
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Krein-Rutman

DEH



SR

 Krein and Rutman: Linear operators
leaving invariant a cone in a Banach
space, Amer. Math. Soc. Transl. 10
(1962), 199-325
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Strong Positivity (1)

Ku(x) = [ k(x, y)u(y)dy
k(x,y)>0

o

u(x) >0 = Ku(x)>0 strongly positive




Strong Positivity (2)







IR {t=~O IV ZER]

V is an ordered vector space

def
<=

(1) (V,<) is an ordered set.
(11) V' is areal vector space.

(111) The ordering < islinear :

(A)x,yelV,x<y=x+z=y+z,Vzel.
b)x,yeV,x<y=ax<ay,Va =0.




B {t= Banach ZE[H]

E is an ordered Banach space

def
e

(1) E is a Banach space.
(11) (£,<) is an ordered vector space.
(iii) P = {x € E: x > 0}, positive cone, is closed.

(A x,yeP=ax+pPyeP,Va,f >0.
(b) P (—P)={0}.




Example (1)

C(Q),
u < v <d:>fu(x)<v(x) VxeQ

>

Pyz{ueC(ﬁ):uZO on 5},

Int(P,) = {u S C(ﬁ):u >0 on 5}




Example (2)

ucnt(FP)
uel;

A AR



Strong Positivity

Ku(x) = [ k(x,y)u(y)dy
k(x,y)>0

N
u(x)>20 = Ku(x)>0

strongly positive

K (P\{0})cInt(P)
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Characterization of Compact Operators

A continuous operator 7 : X — Y iscompact

<

T is auniform limit of operators

whose ranges lie in finite - dimensional subspaces
(of finite rank)




Perron- Frobenius OD@Q

=NZAVA N _—
o 1F B T4 E
v

Krein - Rutman @EE@




The Krein-Rutman Theorem (1)

Let (E,P) be an ordered Banach space

with non - empty interior, and assume that

K . E — Eis strongly positive and compact.

K(P\{0})cInt(P)




The Krein-Rutman Theorem (2)

(i) r = lim ||k "|" > 0, (spectral radius)

n— o

r isaunique eigenvalue of K

having a positive eigenfunction.

r is algebraically sim ple.

(11) » is also an algebraically simple
eigenvalue of the adjoint K" : F" —»> E°

with a positive eigenfunction.
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Hille-Yosida
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Bird’s-Eye View (1)

p,(x,dy)

Laplace :U:

G,(x,y)

Riesz-Markov-Dynkin
N

<
Riesz-Markov

_
I =e

{ Hille - Yosida

(al —Ql)_l




Bird’s-Eye View (2)

_ A
I =e

Hille - Yosida :U:

(af — Q()_1

Kolmogorov

o

Feller

Parabolic Theory

Elliptic Theory




Brownian Motion
Case



Bird’s-Eye View (1-dimensional case)

1 (x=p)° A0
e 2t &S e 2
\ 27t
Laplace ﬁ :U: Hille - Yosida
—1

I oa (14

] PN ¥ .
\ 20 \ 2 dx y




Bird’s-Eye View (2)

0

1 d°

Ot

2 dx’

I

94

1 d°

Heat Equation

2 dx’

Sturm-Liouville




Bird’s-Eye View

Riesz-Markov-DynKin

p,(x,dy) = T, =é"
Laplace :U: ﬂ: Hille - Yosida
—1

Ga (X, dy) Rieszi(f/lirkov ( aI B A)




Riesz-Markov-Dynkin Representation
Theorem

T,/ (x)= 3! p,(x.dv) f(»), ¥f € C(K)

N
0<p(x,e)<1, VE20,VxeK




Riesz-Markov Representation

Theorem

(@l -A)" f()=]

G, (x,dy) f(¥)




Transition Probability and Green kernel

p,(x,dy)
i Laplace Transform !

G, (x,dy)=| e p,(x,dy)dt




Hille-Yosida Theory (1)

4
I, =e

l Laplace Transform




Hille-Yosida Theory (2)

1 a—+100
tA ot —1
a— e (al — A) da

(al —A)" = IOOO “e dt

I

4

“:Semigroup

(¢l — A)"' : Resolvent (Green operator)







Y = C(Q),
def

u <v e u(x)év(x),Vxeﬁ

>

Pyz{ueC(ﬁ):uzo on 5},

Int(P,) = {u e C(Q):u>0 on 5}




William Feller

William Feller (1 9_06-197))
Croatian—American Mathematician
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C(E_l) = space of real - valued, continuous functions
on the closure Q= QU
with the maximum norm

o = max o),
xeQ)




Riesz-Markov-Dynkin Representation
Theorem

T,/ (x)= 3! p,(x.dv) f(»), ¥f € C(K)

N
0<p(x,e)<1, VE20,VxeK




Feller & (— iR D5 )

A family of bounded linear operators

5 10
is called a Feller semigroup if it satisfies

the following three conditions :

()T, =TT, Vt,s>0.

T =T f]|=0, Vf e C(Q).

@ ligy

B)VfeC(Q),0< f<1onQ=0<Tf<1onQ.




Hille* & H ) & i F E

The operator
A :C(Q)— C(Q)

generates a Feller semigroup if it satisfies

the following four conditions :

(a) D(A) isdensein C(ﬁ).
(b) 3w € D(A) such that (« —Ayu = f, Vf € C(Q).
() VfeCQ), f>00nQ = (a—A)" f>00nQ.

(d) (@ = A)"||< L vaso
a




Green fEFA®:

u=0G'f=(@-A)"s




Strong Positivity

G f(x)=] G, (x,y)f(y)dy
G,(x,y)>0

=
f(x)=20 = G’ f(x)>0 strongly positive




The Hille-Yosida-Ray Theorem

Theoperator
A C(Q)—> C(Q)
generates a Feller semigroup if it satisfies

the following three conditions :

(a) D(A)isdensein C(Q).

(b)3u € D(A) such that (a —A)u = f, Vf € C(Q).

(c) If u € D(A) attains its positive maximum

at apoint x, € Q, then Au(x,)<0.
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Weak Maximum Principle
(Aleksandrov-Bakel’man)

Assume that :

ueC(D)NW" (D),
(a=W)u(x)<0 fora.a.xe D.
Then:

supu <supu .
D oD




Strong Maximum Principle

Assume that

(

ue C(D)NW2Y (D),

loc

(a —W)u(x) <0 fora.a.xe D,
M =supu = 0.

L D

Then :
dx, € D such thatu(x,)=M = u(x)=M, VxeD.

N




Fixed Point
Index Theory




Fixed point index theory

Existence Methods Studied by
Theorems
Non- Degree Theory Leray-
trivial Schauder
Solutions (1934)
Positive | Fixed Points in | Leggett-
Solutions | a Positive Cone | Williams

(1982)
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Retracts and Retractions

Let X be ametric space
A non-empty subset A X

is aretract of X

def
N

dr: X — A continuous map such that
r|, = theidentity map on A

7 1S a retraction




vy
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r. X > A continuous map

r| = the identity map on A




Theorem (Dugundji)

Let £ be a Banach space.
Every non - empty closed convex subset

of £isaretractof E.




Ordered Banach Space

E is an ordered Banach space:

(1) £ is a Banach space.

(1) (£,<) is an ordered vector space.

(iii) P:={x € E: x > 0}, positive cone, is closed.
(A x,yeP=ax+pfyeP, Va,>0.

(b) PN (—P) = {O}
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E =C(Q)

v

EIr:C(a) — P continuous map

r‘ = the identity map on P

P

Pz{ueC(ﬁ):uZO}




IFEH FOBERE(1)

P

F

C(€2)

L

/

U < Popensubset

F:U - P, F(U) compact

u#F(u), YueodU
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P
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C(Q)

C(Q)




IEEE FDERE(3)

For

C(Q) +— C(Q)

i(F,U)=deg(I —For,r'(U),0)

Leray - Schauder degree with respect

to 0 of / — F or defined on ' (U).




IFEH# FDEEE (4)

For

C(Q) +— C(Q)

u+F(u), YueoU
—

i(F,U):=deg(I—For,r ' (U),0)

Leray -Schauder degree with respect

to 0 of / — F or defined on » '(U).




Leggett-Williams
Theory
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(X,0,>) an ordered Banach space

The positive cone O has non -empty interior

17:0 —[0,0) acontinuous and concave functional
G:0. = {w eQ: HWH < r} — (0 acompact mapping
such that

HG(W)H <7, Vwe(Q,, HWH =7




ZELAHRADEFETEE(2)

Assume :0< d0 <7,d0 >0 such that

\

Wz{weQOT:n(w)>0'>¢@

/

HG(W)H< o, Vwe Qg, ‘WH=5
nw)<o, Vwe Q;

1(G(w) >0, YweQ, ,n(w)=o0

—

G has atleast three distinct fixed points
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i(F,0)=1
i(F W) =1
i(F,U)=-1
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FEXNRDLEBREE (1)

FEANR EREH
ﬁ*(a) ag—z+(1—a)u=0
. ou
A7 (0) u=0




FENRDLEREE (2)

A (1)< A (a)< A (0)

RENDEE. REFHDEEN—F
ECCRMDERTI)  AHElIFEHEDIS
EN—FEFZL(RHADEIKY),




L (BRVRFE)

=

FNEK




HNRDLEERTEE (1)

2ﬁ III =
4 T}

A.(a) ag_z+(1_a)u=o
A.(1) %ﬁ:o
A.(0) u=>~0




HNRDLLLEREE (2)

A.(1) < A.(a) < 4.(0)

WHXREE, REFHDEEN—F
EC(RAHEAIZKL)  mHEIEEDEE
N—FBEZL(KAHEZPTLY),
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IND A= DBUERFT

A(a) (FENR)
A(a) CARR)
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D BUE AR T

(2000: B54, hE, L&)

E A7(0)
0.01 3.359
0.02 3.399
0.20 4.51







