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abstract

In this paper we study about topological dynamics, especially dynamical decomposition theorems and
generalized inverse limits.

In the first half of this thesis, we discuss dynamical decomposition theorems. It is well known that a
space X has at most dimension n (n € {0} UN) (i.e. dim X < n) if and only if X can be represented as a
union of (n 4 1) zero-dimensional subspaces of X. Here we introduce ”dark spaces” and ”bright spaces”,
and prove that if f : X — X is a homeomorphism of an n-dimensional separable metric space X with
the zero-dimensional set of periodic points, then X can be decomposed into an zero-dimensional bright
space of f except n times and a (n — 1)-dimensional dark space of f except n times. Also we give some
dynamical decomposition theorems by using these spaces.

In the second half, we study topological structures of inverse limits with upper semi-countinuous set-
valued functions. In 2004, W.S. Mahavier [19] started studies of inverse limits with subset of [0, 1] X [O, 1] .
Since then, many topological properties of inverse limits of upper semi-continuous set-valued functions
have been studied by many authors. In this paper, we introduce new indexes I (Xi, fii+1) and W(Xi, fii+1)
for an inverse sequence {Xj, fi;y1} with upper semi-countinuous set-valued functions, and new space
”dimensionally stepwise space”. By using them we investigate some topological structures of such inverse
limits.
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1 Introduction

In chapter 2, we define some notations and study some basic properties of topological dimension,
dynamical systems, and inverse limits of mapping.

In chapter 3, we discuss dynamical decomposition. A union X = AgU A3 U--- U A, is called a
decomposition if A; are pairwise disjoint. It is well known that a space X has at most dimension n (n €
{0} UN) (i.e. dimX < n) if and only if X can be represented as a union of (n + 1) zero-dimensional
subspaces of X. In [1], J. M. Aarts, J. Fokkink, and J. Vermeer discussed some dynamical decomposition
theorems. Here we introduce new notions of bright spaces’ and dark spaces’ of homeomorphisms except
n times, and by use of the notions we will find some dynamical decomposition theorems of spaces related
to given homeomorphisms. Finally, as a special case we consider the case that given homeomorphism is
a continuum-wise expansive homeomorphism.

In chapter 4, we discuss what compactum can be obtained as an inverse limit with set-valued functions.
Inverse limits have played very important roles in the development of continuum theory and topological
dynamics. In 2004, W.S. Mahavier [19] started studies of inverse limits with subset of [0, 1] x [0, 1]
and in 2006, W.T. Ingram and W.S. Mahavier [12] started inverse limits of upper semi-continuous set
valued functions. Since then, many topological properties of inverse limits of upper semi-continuous
set valued functions have been studied by many authors. In [14] and [13] W. T. Ingram and W. S.
Mahavier discussed several results concerning connectedness of such inverse limits. [21] V. Nall showed
other sufficient conditions of connectedness. In [9] A. Illane proved that a simple closed curve can not be
obtained as an inverse limit on [0, 1} with a single upper semi-continuous function. In [22] V. Nall showed
that the arc is the only finite graph that is an inverse limit on [0, 1] with a single upper semi-continuous
function. Also, Nall showed any inverse limit on [0, 1] with a single upper semi-continuous function can
not be n-cell for n > 1. In [4] and [15] properties of shape of inverse limits was discussed. In first section,
we study dimension of such inverse limits. It is well-known that inverse limits of sequences of single-valued
continuous functions have dimension bounded by the dimensions of the factor spaces. V. Nall [20] proved
that inverse limits of sequences of upper semi-continuous set-valued functions with 0-dimensional values
have dimension bounded by the dimensions of the factor spaces and I. Banic [2]discussed previous case
of finite-dimensional valued functions. H. Kato [15] generalized these results by using ”expand-contract
sequences”. Here we introduce ”inverse expand-contract sequences”

In second section, we introduce ”stepwise spaces” and give a sufficient condition of step wiseness. As
a corollary, we obtain that any n-dimensional manifold can not be represented as any inverse limit with
single upper semi-continuous bonding function on [O, 1] forn > 1.

In final section, we study ANR properties of generalized inverse limits. H. Kato [16] introduced ”weak
homotopically trivial within small neighborhoods” and used it to prove ANR of a given space. By using
this idea, we discuss ANR properties of generalized inverse limits.



2 Preliminaries

We assume that all spaces X are separable metric spaces in this paper. Also, let N and Z denote
the set of natural numbers and the set of integers, respectively. For a subset A of X, |A| denotes the
cardinality of a set A, cl(A) denotes the closure, bd(A) denotes the boundary, and int(A) denotes the
interior. Also, diamA is a diameter of A, i.e. diamA = sup{d(z,y) | z,y € A}, where d is a metric of X.

A compactum is a compact metric space.

A continuum is a nonempty compact connected metric space. A subcontinuum is a continuum which
is a subset of a space. If a continuum that contains more than one point, we call it nondegenerate.

An arc means a continuum which is homeomorphic to the closed interval [O, 1]. I means the unit
interval [0, 1].

A graph is a continuum which can be written as the union of finitely many arcs any two of which are
either disjoint or intersect only in one or both of their end points.

A Tree means a graph which contains no simple closed curve.

A subspace J of a graph G is a free arc in G if J is homeomorphic to the unit interval and J \ {e, e’} is
an open set of G, where e and €’ are the two end points of J. Similarly, A simplex A in a polyhedron P
is a free simplex of P if the interior A\ A of A is an open set of P, i.e., A is not a face of any other
simplex.

Let X be a space and A be a subspace of X. We say A is a retract of X if thereisamapr: X — A
such that r|A is the identity map on A. Such a r is called retraction.

A space X is an absolute neighborhood retract (abbrev. ANR) if for each metric space M containing
X as a closed set, there is a retraction r : U — A from some open neighborhood U C M in X. If U = M,
X is called an absolute retract (abbrev. AR).

A compact space X is an fundamental absolute retract (abbrev. FAR) if there exists a decreasing
sequence of compact ARs X; such that X = X;

2.1 Topological dimension

Let X be a space and U, V be two covers of X. Then V is a refinement of U, if for every V € V there
exists a U € U such that V C U.

Definition 1. [5] Let X be a space and let U be a family of subsets of X. Then, we define order of U as
follows;

ord(U) = sup{ord,(U)| = € X},

where ord;(U) is the number of U which contains x.

Definition 2. [5] For a space X we define the topological dimension of X, denoted by dim X, which is
an integer n larger than or equal to —1, or oo, the definition of the dimension function dim consists in
the following conditions;

o dim X < n if every finite open cover of X has a finite open refinement of order <n+ 1,
e dimX =n ifdmX <n anddimX >n—1,

e dimX =o0 ifdim X > n for alln=-1,0,1,...

Theorem 1. [5](the countable sum theorem) If a space X can be represented as the union of a sequence
Py Fs, ... of closed subspaces such that dim F; < n for each i € N, then dim X < n.



Theorem 2. [5] A space X satisfies dim X < n if and only if X can be represented as the union of two
subspaces Y and Z such that dimY <n —1 and dim Z < 0.

Theorem 3. [5] A space X satisfies dim X < n if and only if X can be represented as the union of (n+1)
subspaces Zy, Za, - - Znt1 such that dim Z; <0 fori=1,2,--- ;n+1.

Theorem 4. [5] If f : X — Y is a closed mapping between two spaces and there is k > 0 such that
dim f~'(y) < k for each y € Y, then dim X < dimY + k.

Theorem 5. [5] Suppose that f : X — Y is a closed mapping between two spaces. If dimY < n and
dim D;(f~1) <n—i for eachi=1,2,...,n+1, then dim X < n, where D;(f1) = {y € Y | dim f~1(y) >
i}. In particular, if f : X — Y is a closed mapping such that dimY < 1 and dim Dy(f~1)+dim f~1(y) <1
for each y €Y, then dim X < 1.

2.2 Dynamical systems

A dynamical system is a pair of a space X and a homeomorphism f : X — X.

For a homeomorphism f: X — X of a space X and k € N, let Px(f) denote the set of periodic points
of period < k. Also, P( f) denotes the set of all periodic points of f.

For a point « € X, Of(x) = {fP(x) | p € Z} denotes the orbit of x.

Let f : X — X be a homeomorphism, L C X be a subset of X, and j = 0,1,2,.... Then A¢(L, )
denotes the set of all points x € X whose orbit appears in L just j times, i.e.

Ap(L,j) ={z e X | {pe Z| fP(x) € L}| = j}.

Note that P(f) C Af(L,0) and Af(L,j) is f-invariant for each j = 0,1,2,..., ie. f(Af(L,j)) =
Af(L,j). If i # j, then Af(L,i) N Af(L,j) = 0.

Definition 3. A homeomorphism f : X — X of a compact metric space (X,d) is expansive if there is
¢ > 0 such that for any x,y € X with x # y, there is an integer k € Z such that d(f*(z), f¥(y)) > c.

Definition 4. A homeomorphism f : X — X of a compact metric space (X,d) is continuum-wise
expansive if there exists ¢ > 0 such that for any nondegenerate subcontinuum A of X, there exists an
integer k € 7. such that diam f*(A) > 0.

Note that every expansive homeomorphism is continuum-wise expansive. Such ¢ > 0 is called an
expansive constant for f.

Proposition 1. [17] Let f : X — X be a homeomorphism of a compact metric space X. Then the
following conditions are equivalent.

1. f s a continuum-wise expansive homeomorphism.

2. There is 0 > 0 such that if C is any finite open cover of X with mesh(C) < 6 and any~y > 0, there is a
sufficiently large natural number N such that if A, B € C, each component of f~"(cl(A))N f™(cl(B))
has diameter less than v for each n > N.

A subset Z of X is a bright space of f except n times (n e {0}uU N) if for any =z € X,

H{p € Z|fP(x) ¢ Z}| < n.

Also we say that L = X\ Z is a dark space of f except n times. Note that for any x € X, |Of(z)NL| < n.



2.3 Inverse limits

Definition 5. For each i € N, let X; be a space and let f;;11 : Xi41 — X; be a continuous function.
Then the inverse limit, denoted @{Xi,fmﬂ}, is the set of all (:Ul,:cg,---) € [[;2, Xi such that x; =
fiit1(xit1) for each i.

Proposition 2. If X; is a continuum for every i € N, then @{Xi, fiit1} is also continuum.
Theorem 6. [5] If for every i, let X; is a compact metric space with dim X; < n and fi;11: Xiy1 = X;
be a continuous function, then dim @{Xi, fiit1} < n.

3 Dynamical decomposition theorems

3.1 Some dynamical results

In [1], J. M. Aarts, J. Fokkink, and J. Vermeer proved an interesting theorem.

Theorem 7. Suppose that X is a space with dim X < n and f : X — X is a homeomorphism. Then
there exists an f-invariant zero-dimensional dense Gs-set Z of X such that

X =ZUf(Z2)UFAZ) U U fH(2)
if and only if dim Py (f) < k for each 1 < k < n.

Proposition 3. Suppose that X is a space with dim X <n and f: X — X is a homeomorphism. Then
there exist f-invariant zero-dimensional dense Gg-sets Ef(j)(j =0,1,2,...,n) of X such that

X=FEfOOUEf(1)U---UEf(n).

Proof. First, we prove the following claim (I);

for each zero-dimensional f-invariant set A of X, there is an zero-dimensional f-invariant Gs-set A’ with
AcCA.

To prove the claim (I), choose an zero-dimensional Gs-set A" with A C A’, i.e. A" = (,oy Ui, where U;
is an open set of X. Then the set A" = "{fP(U;) | i € N, p € Z} is the desired Gs-set.

Since X is separable, there is a countable dense set D' of X and we put D = |J{fP(D’) | p € Z}. Then
D is countable, dense and f-invariant.

We will show the following claim (II);
there is a zero-dimensional f-invariant dense set Ey of X such that D C Ey and dim|[(X \ Eo) U D] <
n—1=dimX—-1.

To prove the claim (II), choose a countable open base {U; | i € N} of X such that bd(U;) N D = and
dim(U;) <n —1 for each i € N (see [2]). Put

L=U{f (bd(Uy) | i €N, peZ}.

Note that L is an f -invariant F}, -set of X such that LN D = (). By countable sum theorem of dimension,
dim(LUD) <n—1. Put Ey = X \ L. Then Ej satisfies the desired conditions.

Next, we consider the (n — 1)-dimensional space X1 = (X \ Ep) U D. If we apply the above claim (II)
to fIX7 : X1 — Xj, we obtain a zero-dimensional f-invariant subset F; of X; such that D C E; and
dim[(X; \ B1) U D] < n — 2. If we continue this procedure, we obtain subsets E;(j = 0,1,...,n) of X
such that each Ej; is a dense f-invariant zero-dimensional subsets of X and

X={E;|j=0,1,2, ..., n}

Finally, by use of the claim (I), we obtain f-invariant zero-dimensional dense Ggs-sets Ef(j)(j =
0,1,2,...,n) of X, which satisfy the desired conditions.
0



3.2 Dynamical decomposition theorems using dark spaces and bright spaces

In this section, we show other types of dynamical decomposition theorems using the technique in [10].

Lemma 1. Suppose that X s a space with dimX < n and f : X — X is a homeomorphism with
dim P(f) < 0. Let F be an F,-set of X with dim F' < 0. Then for each j € N, there is a locally finite
countable open cover C(j) = {C(j)a | @ € N} of X such that

1. mesh(C(5)) < =
2. ord(G) < n, where G = {fP(bd(C(j)a)) | « €N, j €N, and p € Z}, and
3. FNL=¢, where L =J{(bd(C(j)a)) | « €N, j € N}.

Proof. Since F' is an F,-set of X with dim F' < 0, we can put F = UjeN F;, where F} is an zero-
dimensional closed set in X. For each j € N, we choose a locally finite countable open cover D(j) of
X such that mesh(D(j)) < % We put D(j) = {D(j)a | @ € N}. Note that D(j), may be an empty
set. Take an open shrinking B(j) = {B(j)a | @ € N} of D(j) such that B(j) = {cl(B(j)a) | @ € N} is
a closed shrinking of D(j). For each j € N and each k € N with k£ > j, we can find an open shrinking
D(j, k) ={D(j,k)a | @« € N} of D(j) and a closed shrinking B(j, k) = {B(j,k)a | @ € N} of D(j, k) such
that

a]D(j,5) = D(5), B(5, ) = B(),
b CI(B(j)tX) = B(j7j)o¢ - B(],j + 1)04 c--C D(],] + 1)a - D(j?j)a - D(j)aa
clord{cl(fP(D(j,k+1)a \B(j,k+1)a)) | €N, 1 <j<kand|p| <k} <n,and

d][D(j, k+1)a \ B(j, k+1)a] "U Fj =

C(j)a = int[(Z; D(j, k)a] and € = {C(j)a | a € N}.
Then C(j) = {C(j)a | o, € N} (j € N) is the desired open cover of X. O

Theorem 8. Suppose that X is a space with dimX = n and f : X — X is a homeomorphism. Then
there exists a bright space Z of f except n times such that Z is an zero-dimensional dense Ggs-set of X
and the dark space L =X \ Z of f is an (n — 1)-dimensional Fy-set of X if and only if dim P(f) < 0.

Proof.  Suppose dim P(f) < 0. Since X is separable, there is a dense countable set D of X. Also we
choose a zero-dimensional Fy-set H of X with dim(X \ H) <n —1 (see [2]). Then the set F'= DU H is
also a zero-dimensional F,-set of X. By Lemma 1, we have a countable base {B; | i € N} of X such that
ord(G) <nand LNF = 0, where G = {fP({bd(B;)) | i € N, p € Z} and L = |J{bd(B;) | i € N}. Put
Z =X\ L. Note that D C Z and L C X \ F'. Then Z is dense in X and dimL < n — 1 and hence Z
and L are the desired spaces.

Conversely, we assume that there exists an zero-dimensional bright space Z of f except n times. Then
we see P(f) C Z, which implies that dim P(f) < 0. O

Corollary 1. Suppose that X is a space with dim X =n and f : X — X is a homeomorphism. Then
there exists an zero-dimensional dense Gg-set Z of X such that for any (n+1) integers kg < k1 < --- < kp,

X=f2z)yuf(z)u.-uf(z)



if and only if dim P(f) < 0.

Proof.  Suppose that dim P(f) < 0. By above Theorem, there exists an zero-dimensional bright space
Z of f except n times such that Z is a dense Gg-set of X. Let x € X and let kg < k1 < --- < k;, be any
(n+1) integers. Then we can find some k; such that f~% (z)(=y) € Z. Then x = f* (y) € f*(Z), which
implies that X = f*(Z) U ff(Z2)u---U fF(2).

Conversely, we assume the existence of Z satisfying the above condition. We will show that P(f) C Z.
Let 2 € P(f). Then there is k € N such that f*(z) = 2. Consider (n + 1) integers k; = i - k(i =
0,1,2,...,n). Since x € ZU fH(Z2)U fF(Z)u---U fk(Z), z € f*(Z) for some i € {0,1,2,...,n}. Then
x = f~"F(x) € Z. Since P(f) C Z and Z is zero-dimensional, hence dim P(f) < 0. O

Theorem 9. Suppose that X is a space with dim X = n and f : X — X is a homeomorphism with
dim P(f) <0. If L is a dark space of f except n times such that L is an F,-set of X and dim(X \ L) <0,
then dim A¢(L,j) = 0 for each j = 0,1,...,n. In particular, there is the f-invariant zero-dimensional
decomposition of X related to the dark space L:

X = Af(L,O) U Af(L,l) Uy Af(L,n).

Proof. Note that A¢(L,0) C X \ L(= Z) and hence A¢(L,0) is an f-invariant zero dimensional subset of
X. We will prove that dim A¢(L,j) = 0 for each j = 1,2,...,n. Since L is an F,-set of X, we can put
L = ey Li, where L; is a closed subset of X. Let 1 < j <n. For any j integers k; < ko < --- < k; and
natural numbers i1, 42, ...,%;, we consider the set

A(kl,kg,...,kij : Lil,LiQ,...,Lij) = {$ c Af(L,j) | fkp(ﬂf) c Lip(p: 1, 2,..., ])}

Then we can easily see that A(ky, ko, ..., k;: Ly, Liy, ..., L;;) is closed in the subspace A(L,j). Note
that if k # k,(p=1,2,...,7), then

fk(A(k‘l, ko, .. .,k‘j : Lil,LiQ, .. .,Lij)) cZ
and hence A(k1, ks, ..., kj: Ly, Liy, ..., L;;) is zero-dimensional. Also note that
Af(L,j) = U{A(kl,kg, .. .,kj 2Ly, Ly, . ';Lij)’kl <k <o < kj(G Z) and i1,19,.. .ij S N}

By the countable sum theorem of dimension, we see that dim A¢(L, j) = 0. O

3.3 Dynamical decomposition theorems of continuum-wise expansive homeomor-
phisms

As a special case, we consider the case that f is a continuum-wise expansive homeomorphism of a
compact metric space X.

Theorem 10. Suppose that X is a compact metric space with dim X =n and f : X — X is a continuum-
wise expansive homeomorphism. Then there exists a compact (n — 1)-dimensional dark space L of f
except n times such that If L is a dark space of f except n times such that dim A¢(L,j) = 0 for each
i =0,1,...,n. In particular, there is the f-invariant zero-dimensional decomposition of X related to the
compact dark space L;

X = Af(L,O) U Af(L, Hu---u Af(L,n).

Proof. Since f is a continuum-wise expansive homeomorphism, we have a positive number ¢ as in (2) of
Proposition 1. Since dim P(f) < 0, by Lemma 1 there is a finite open cover C of X such that

10



1. mesh(C) < 9,

2. ord(G) < n, where G = {fP(bd(C))|C €C, p € Z},
3. bd(C)N P(f) =0 for each C € C, and

4. dim H < n — 1, where H = [J{bd(C) | C € C}.

Let C = {Cy, Cs,..., Cy} and put
Ci = Cl(Cl), Cé_,_l = cl(int [Ci—I—l \ ngi Ck]) (1 < 7 <m — 1).

Then C' = {C1, C%,..., CI.} is a finite closed partition of X. Let L = {bd(C") | C" € C'}. Then L C H
and we can easily see that L is a compact (n—1)-dimensional dark space of f except n times. We will show
that dim A¢(L, j) = 0 for each j = 0,1,2,...,n. Let 1 < j < n. For any j integers k1 < ky < --- < kj, we
consider the set

A(kl,kg,...,kj) :{ZEAf(L,j) ’ fkp(l') el (p:1, 2,..., j)}

Then we see that the space A(ki,ks,...,k;) is closed in the subspace A¢(L,j). We will show that
dim A(k1, ko,...,k;) =0. Let x € A(k1, ko, ..., k;) and let v > 0 be any positive number. Then there is a
sufficiently large natural number N such that N > |k;| (i = 1,2,...,j) and N satisfies the condition (2) of
Proposition 1. We can choose 1 < a, 8 < m such that f~(z) € int(C") and fV(x) € int(Cj). Then the
diameters of components of the compactum f~(C’)N f*N(Cfg) are less than v. Since fV(C)N f*N(Cé)
can be covered by finite mutually disjoint open sets of X whose diameters are less than ~y, there is a closed
and open neighborhood V of x in the subspace A(ky, ko, . . ., kj) such that V. C f& (int(C'(’x))ﬂf*N(int(Cé))
and diamV < . This implies that dim A(k1, ko, ..., k;) = 0. Note that

Af(L,j) = U{A(k‘l, ko, ..., kj) | ki < ke < ... < kj (G Z)}
By countable sum theorem of dimension theory, we see that dim A¢(L, j) = 0. By the similar arguments
to the case j > 1, we see that the case j = 0 is true, i.e. dim A¢(L,0) = 0. O
4 Inverse limits with set-valued functions

For a space X, 2% denotes the collection of nonempty closed subsets of X.

Definition 6. Let f : X — 2Y be a set-valued function and let A be a subset of X. Then we define
F(4) = U{f (@) | @ € A},
Also for a subset B of Y, we define
FUB) = Uz € X | f(x) N B #0}.

f is called surjective if f(X) =Y.

Definition 7. Let f: X —2Y and g : Y — 22 be set-valued functions. Then
g9f(x) = g(f(x)) = U{g(y) | y € f(2)}.

Also, for i < j, we define fij: X; — 2% by fi 5 = fiir1firrive- - fi-1j-

11



Definition 8. Let f : X — 2¥ be a set-valued function. Then f is called upper semi-continuous if
for each point x of X and each open neighborhood V' of f(x) there is an open neighborhood U of x such
that for everyy € U, f(y) C V.

Definition 9. Let X;(i € N) be a sequence of spaces and let f;;iy1 @ Xiy1 — 2Xi be an upper semi-
continuous function for each i € N. Then the inverse limit with upper semi-continuous functions,
denoted @{Xi, fiit1}, is the space

Wm{XG, fiiv1} = {(z1,22,- ) € [[7Z, Xi | @i € f(wir1) for each i},

which has the topology inherited as a subspace of the product space |72, X;. The function f; i1 is called
a bonding map and X; is called a factor space.

If f + X — 2% is an upper semi-continuous function, we consider the inverse sequence {X,f} =
{Xi, fiit1}, where X; = X, fiiy1 = f (i € N). We put

l'gn{X, fy={(@)2, | zi € f(zit1) for each i € N}.
Definition 10. Let {X;, fiit1} be an inverse sequence with set-valued functions. For m < n, we put
G(fim,m+1,...,n)={(z;) € [[},, Xi | i € fiix1(xit1) for each m <i<n—1}.
In particular,
G(fi2) =G(f;1,2) = {(z1,72) € X1 x Xo | 21 € f1o(x2)}
is the graph of fi .

Definition 11. Let @{Xi,fi,i+1} be an inverse limit of a sequence {X;, fii+1} of spaces and upper
semi-continuous functions. Then the function

Tr[m,n} : H{Xh fi,H—l} — G(f’ m,m + 17 s 7n);
defined by T ) (T1, T2, - s Ty -+ Tny Trge 15+ - ) = (T, - -+, Tn), 08 called the natural projection.

Proposition 4. Let X and Y be compact spaces and let f : X — 2¥ be a set-valued function. Then f is
upper semi-continuous if and only if the graph of f is closed in X xX Y.

4.1 dimension of inverse limits with set-valued functions

Recall that if each bonding map is a continuous mapping, the dimension of the inverse limit does not
exceed dimensions of the factor spaces. But in the case that each bonding map is set-valued, the fact is
not true.

Example 1. [14] Let f : I — 2 be the upper semi-continuous function defined by f(x) = I for every
x € 1. Then @{I, f} is the Hilbert cube.

In Theorem 5.3 of [20] Nall proved the following theorem.

Theorem 11. [20] If for every i, let X; be a space with dim X; < n and let f; 11 : Xi1 — 2%i e an upper
semi-continuous function such that dim f;;11(x) <0 for every x € X;11, then dim @{Xz, fiig1} <n.

In [2] Bani¢ studied dimension of special types of inverse limits.
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Theorem 12. [2] Let A be a closed subset in I, let f: I — I be a continuous function, and let f:I—2!
be an upper semi-continuous function defined by

7 (reA)

f@)=A{ f(z) (otherwise),

then diml'&l{[, fl=1or c.

On the other hands, there is a 2-dimensional inverse limit whose factor space is 1-dimensional.

Example 2. [14](Ezample 139) Let f : I — 21 be given by f(z) =0 (0 <z < 1), f(3)=[0,3], f(z) =
% (% <z< 1), and f(1) = B, 1]. Then L{I’ f} is the union of a 2-cell cmd an arc intersecting only
one point.

In [15] H. Kato showed more generalized theorem by using ”expand-constant sequence”. To define this
sequence, we consider the following conditions;

Definition 12. For a function f : X — 2Y, put
Di(f) = {w € X | dim f(x) > 1}
Di(f™) ={y €Y | dimf~'(y) > 1},
respectively.

Definition 13. [15] Let X; be a sequence of spaces and let f; i1 : Xiy1 — 2Xi be an upper semi-continuous
function. Fory € X; and x € Xy (i <1'), we consider the following symbols:

Yy z<=yeE fii(r)
<<=z € Di(f, Z+1)
Dy <=1i>2andy € Di(fi—1,)
Also, forx € X; and y € Xy (i +2 < i), we consider the following symbols:
r <>y <y € Di(fy—1,) and dim[f Jrl( )N fo_1i(y)] > 1
In particular,

roy<=i'=it2,xe Dl(f“_H) y € D1(fir1,i+2);
and

dim[f; ;L (@) N firrira(y)] > 1.
Definition 14. [15] For each x; € X; with x; € D1(f;, H—l) we consider the following sequence:
DYmi X PUmy X PYmg < X DPYmy_; X DY, < T3],
where 2 < my,my <i, my+2<my(j=1,2,...,i—1), and ym; € Xpm; (j =1,2,...,1). In this case,

we say the sequence {Yym,, ;| 1 < j < k} is an expand-contract sequence in {X;, fi;y1}52, with
length k.

Definition 15. [15|For any expand-contract sequence

S ¢ DYy X DYme < DUmy < < DYmy, < DYm, — i<,

13



we put d(S) = Z?:l dim fin;—1,m,(Ym;). We define the index as follows;
JUX;, fiis1}) = sup{d(S)| S is an expand-contract sequence in {X;, fiir1}}

If there is no expand-contract sequence in {X;, fii+1}, we put JN({Xi, fiit1}) =0.

Theorem 13. [15] Let X; be a sequence of compacta and let f;;iy1 @ Xiy1 — 2Xi be an upper semi-
continuous function for each i € N. Suppose dim D;(f;i+1) <0, then

dimm{X;, fiir1} < J({Xi, fiit1}) + sup{dim X;| i € N}.

Theorem 14. [15] Let X; be a sequence of 1-dimensional compacta and let fi;11 @ Xiz1 — 2Xi pe a
surjective upper semi-continuous function for each v € N. Suppose that for each i > 2, Z; is a zero-
dimensional closed subset of X; such that fiii1lx,, \z (Xit1 \ Zit1) — Xi is a mapping for each
WS Xi+1 \ Zi+1 and v € N. If J({XZ, fm’+1}) =k, then

i+1

k< dimlim{X;, fiin} <k+1.

Now we will define another index (X, fiit1})-

Definition 16. [15] Let x € X,;, and y € X,,y, where m' > m + 2. Then we consider the following
condition

<=y 2w € Di(frhi), and dim[f, () O g1 (y)] > 1

Note that = ¢y implies z < >y and z<1 > y.
Definition 17. [7] For each x,, € X,, with x,, € D1(fn—1n), we consider the following sequence:
DTy 4 Ymy <= Yo <D = Ymg <> <D= Yy <D= Yy <,
where n <my,m; +2<m; fori=1,2,...)k—1 and ynm, € X, fori=1,2,... k. In this case we say

that the sequence {xy, yn | 1 < i < k} is an inverse expand-contract sequence in {X;, fii+1}2,
with length k.

For any inverse expand-contract sequence, consider

St Dxy Y > Yo > Y = <D= Yy <> Yy <

We put d(S) = Zle dim f,;! (Ym.). We define the index I({X;, fiir1}) as follows;

mg,mMi+1
T({ Xy, fiiv1}) = sup{d(S)| S is an inverse expand-contract sequence in {X;, fiiy1}}

If there is no inverse expand-contract sequence in {XJ,, fiit1}52,, we put I ({Xi, fii+1}) = 0. Note that

for any upper semi-continuous function f: X — 2%, I({X, f}) = J{X, f~1}).
We will define a weak inverse expand-contract sequence.

Definition 18. [7] We consider the following sequence:

ym1<] - ym2<] - ym3<] IR ymk71<] - ymk<]'

14



We say the sequence {ym, | 1 <i <k} is a weak inverse expand-contract sequence in {X;, fi i1},
with length k.

Also we put d(S) = Zle dim f;! (ym,) and the index

TG, M1
W({Xi, fiir1}) = sup{d(S)| S is a weak inverse expand-contract sequence in {X;, fiiy1}}.

If cach X; is 1-dimensional, then I({X;, fii11}) (vesp. W({X;, fi. i+1})) is the maximal length of all (resp
weak) inverse expand-contract sequences in {Xj, fii1}. Note that T({X;, fiir1}) < W({Xi, fiiv1}) T
general, I({X, f}) is not equal to J({X, f}) and I({X, f}) is not equal to W ({X, f}).

Example 3. [7] Let C be a Cantor set in [5,2] with {3, 4} C C Let f I — 27 be the surjectwe

201
upper semi-continuous function defined by as follows: f([0 ] = 1) =10, }l] ((4, 2)) 1 and

flz:3) « [3:3] = [ 3] is a map with £(C) = [ 3], f(é)ZC f(( ))= 1 f(1)=[3,1]. Then
>1 e 1a-34q
is a mazimal inverse expand-contract sequence in {I, f}. Note that there is no x € I such that
> <z 3
Also
>re 39 and > 1+ 1<

are mazimal expand-contract sequences in {I, f}. Hence J({I,f}) =1<2=1I(I,f}). Let g= f~', then
I{I,9}) = J({I,9}) =1<2=1I(I,f}) = J({I,g}). Consider the map h : J = [3,1] = 27 defined by
h(z) = f(z) N [3,1]. Then I(J,h})=0<1=W({J, h}).

Theorem 15. [7] Let X; be a sequence of compacta and let f; i1 @ Xip1 — 2Xi be an upper semi-
continuous function for each i € N. Suppose dim Dy (f;, z+1) <0, then

dim @{Xi, fiir1} < I({Xs, fiir1}) +sup{dim X; | i € N}.

Proof. We consider the inverse fz_z}u s X; — 2% of fii+1 and the sequence {Xi7fi,_il+1 :}. From the
proof of [15], we get

dim G(f;1,2,...,4) =dimG(f~51,2,...,1) < I({Xi, fiir1}) +sup{dim X; | i € N}
for each ¢« € N. Hence dim I&H{XZ, fi,i—i—l} < j({XZ, fi,i+1}) + sup{dim X; ’ 1 E N}

4.2 Dimensionally stepwise spaces and inverse limits with set-valued functions

An important question with inverse limits is what structures of the inverse limit are determined by the
factor spaces and the bonding maps. For this problem, Nall [20] showed the following theorem;

Theorem 16. [20] Suppose f : [0, 1] — 2[0’1] 18 a surjective upper semi-continuous function. Then
@1{[0, 1], f} is not an n-manifold for any n > 1.
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We will use an idea of Nall in the proof of above theorem. Recall that an n-dimensional Cantor manifold
is an n-dimensional compact space such that for each representation of X as the union of two non-empty
closed proper subsets A and B, dim [A N B] > n — 1. Note that every n-manifold is a Cantor n-manifold.

Proposition 5. [7] Let G be a graph and let f : G — 2¢ be an upper semi-continuous function. If there
is a point x € G such that dim ;' (z) = m, then there is a free arc J of G such that dim 7] * (int(J)) = m
and dim 7' (2) > m — 1 for each z € J. In particular, there is an open set Uy, of @{G, f} such that
dim U, = m.

Proof. Let oy : @{G, f1— 1'&1{6’, f} be the shift map defined by
O'f(l'l,xg,.%'g, e ) = (1‘2,1'3, N )

Note that if H is a subset of @{G, f} such that 7y 4y (H) is degenerate, then (of)'|H : H — @{G, f}
is injective for 1 < i < k (see the proof of Nall in [13], Theorem 5.5.).

Let = 21 be a point of G such that dim 7} Y(21) = m. Then we can choose a Cantor m-dimensional
manifold H in 7, (21). Let k € N such that 7 (H) is nondegenerate and m;(H) is degenerate for each
1 < i < k. Let J be a free arc of G with J C int(m,(H)). Note that there do not exist two points
2,2 € J (2 # 2') such that dimm;*({z,2'}) < m — 2, because 7] ({2, 2'}) separates the continuum

H = aj(ck_l)(H ) which is homeomorphic to the Cantor m-dimensional manifold H. Hence we can choose

a small free arc J such that dimm; *(2) > m — 1 for each z € J. Put
K = {(x;)2, € @{G,f} | x; = mi(H) for 1 <i<kandz € J}.

Then K C 7 1(:01) and K contains a nonempty open set of H, hence K is m-dimensional. Let

K' =77 '(J) (= {2, € im{G, f} | w € J}) (= o}V (K)).

Since K and K’ are homeomorphic, K’ is m-dimensional. Put U, = 7, *(int(J)) € K’. Note that U,

contains a nonempty open set of J;k_l)(H ). Then dim U,,, = m. O

Lemma 2. [7] Let G be a graph and let f : G — 2C be an upper semi-continuous function such that
dim Dy (f~1) < 0 and W({G, f}) < co. Then @{G,f} is finite dimensional and for any 1 < n <
dim @{G, f} there is a point y € G such that dim 7y *(y) = n.

Proof. Since I({G, f}) < W({G, f}) < oo, by theorem 15 we see that lim{G, f} is finite dimensional.
For any natural number m > 2, we will prove the following claim C(m).

C(m) : If there is a point y € G such that dim Wfl(y) = m, then there is a point 3y’ € G such that
dim7 ' (y') =m — 1.

Suppose, on the contrary, that for any 2 € G, dimn; '(x) # m— 1. Let y; € G such that dim 7 ' (y;
m. We choose a Cantor m-dimensional manifold H in dim7;*(y1). Let m; € N such that 7, +1(H) is
nondegenerate and ;(H) is degenerate for each 1 <14 < my, i.e., [y ;,,)(H) is degenerate and 7y y,, 41)(H)
is nondegenerate. Put 7y, )(H) = (Y1,Y2,---,Ym,). Let Ji be a free arc in int(mp,+1(H)). Then we
may assume that

)=
) |

dimﬂ[_l,lmlﬂ](yl,yg, ey Ymy, L) = dimﬂl_l(:c) >m-—1
for each x € J; (see above Proposition), and hence by the assumption,

dimzp (Y12, Y @) = M

16



Let £ = {L; | j € N} be a countable family of arcs in G satisfying that for any nonempty open set V'

of G, there is Lj € £ with L; C V. For k, j € N, let J(k,j) be the set of all € J; such that there is a

Cantor m-dimensional manifold H, of Wﬁ}m1+1] (Y1, Y2, - -+ Ymy> ) (=2 77 (), and 7;(H,) is degenerate

for 1 <i < k, m,(H,) contains L;. Note that

Jo= Jkh) = | (k7).
k

JEN k,jEN

By the Baire Category theorem, we can choose k,j € N such that cl(J(k,j)) contains a nonempty
open set, hence dimcl(J(k,7)) = 1. Put m} = k and we can choose a point ¥y, € int(L;) such that
dim Wl_l(ym’l) > m — 1 (see the proof of above Proposition). By the assumption, dim Trl_l(ym’l) = m.

Then f(mll_(mlﬂ))(ym/l) D J(k,j) and hence f(m/l_(mlﬂ))(ym/l) D cl(J(k,j)). Then we can choose
Yms, € G such that m) < mao,

Ymi <> Yt < Ymy <,

and there is a free arc Jo in f~!(y,,) such that dim7;*(z) = m for each z € Jo. If we continue this
procedure, we obtain a sequence of natural numbers

mp <m) <mg<mh<mg<...,
and an infinite weak inverse expand-contract sequence
Yy <= Ymp <D = o <D= Y <D= Yy, <

in {G, f}. Then W({G, f}) = co. This is a contradiction. Consequently, the claim C(m) is true. Consider
the map 71 : yLn{G, f} — G. By Theorem 4, we can find for any 1 < n < dim @{G, f} there is a point
y € G such that dim 7 ! (y) = n. O

Definition 19. Let X be a space with dim X < co. Then X is a dimensionally stepwise space if for
any 1 <m < dim X, there is an open subset U,, of X such that dim U, = m.

Note that any zero-dimensional spaces and one-dimensional spaces are dimensionally stepwise spaces.

Theorem 17. Suppose that G is a graph and f : G — 2C is an upper semi-continuous function such that
dim Dy (f 1) <0 and W({G, f}) < 0o. Then X = I'&H{G, f} is a dimensionally stepwise space.

Proof. This theorem follows from Proposition 5 and Lemma 2. O

Theorem 18. [7] Suppose that G is a graph and f : G — 2C is a surjective upper semi-continuous
function. If the inverse limit yLn{G, f} is homeomorphic to a polyhedron P, then P is a dimensionally
stepwise space.

Proof.  Since P is a polyhedron, the following condition (x;) is true:

(%;) If U is an open set of P with dimU =1 (i > 1), then U can not contain uncountable mutually
disjoint i-dimensional subsets.
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Let dim P = m. We may assume that m > 2. Consider the map m; : P — G. By the Theorem 4, we
can find a point y € G such that dim 7r1_1(y) >m—1. If dim 7r1_1(y) = m, by Proposition 5 there is a free
arc Jy of G such that dim 7, !(int(J)) = m and dim7;'(z) > m — 1 for each z € J;. By the condition
(%;), we can find a point y; € J; such that dim 7r1_1(y1) = m — 1. Also, by Proposition 5 we can find a
free arc Jp such that dim 7y *(int(J2)) = m — 1 and dim 7y *(2) > m — 2 for each z € Jo. By (¥m_1), we
can find a point ys € J such that dim 7} L(y9) = m — 2. If we continue this procedure, we can prove that
for any 1 < i < dim P = m there is a point z € G such that dim 7 '(2) = i. Then the theorem follows
from Proposition 5. O

Corollary 2. Let G be a graph and let f : G — 2C be an upper semi-continuous function. Suppose that
the inverse limit @{G,f} = X satisfies the condition that dim X < oo and if U is any open set of X
with dimU =14 > 1, U can not contain uncountable mutually disjoint i-dimensional subsets. Then X s
a dimensionally stepwise space.

Corollary 3. No inverse limit with a single upper semi-continuous bonding function on a graph can be
an n-cell (n > 2).

Example 4. Let f : I — C(I) be the surjective upper semi-continuous function defined by f(z) =0 (z €

[27 %))7.]6(%) = [O> %]7.]6(1‘) = %(x € (%a %))Mf(%) = [%,%],f(l‘) = % (.1‘ € (%71))7 and f(l) = [%71]' Note
that

00505 <

is a mazimal weak inverse expand-contract sequence in {I, f}, and

is a mazimal (inverse) expand-contract sequence in {I, f}. We see that THI, fY) =2 =J{I f}) and
W({I, f}) = 3. Also {I, f} satisfies the condition of Theorem 18. Hence @{I, f} is a 3-dimensional,
dimensionally stepwise space. In fact, @{I, f} is a 3-cell with a fin.

Example 5. Let f : I — C(I) be the surjective upper semi-continuous function defined by f(0) = I and
f(x) =0 (z € (0, 1]) In this case, we have the inverse expand-contract sequence with infinite length as
follows;

>000000 . ..
Note that W({I, f}) = co. We see that yLn{I, f} is the Hilbert cube. Note that 1'&1{], f} has no finite
dimensional nondegenerate open sets and hence it is not a dimensionally stepwise space.
4.3 ANR of inverse limits with set-valued functions
In this section, we study ANR properties of inverse limits with set-valued functions.

Definition 20. [16] Let X be a continuum contained in a metric space M. Then X is weak homotopi-
cally trivial within small neighborhoods of M provided that if f : S™ — X is any map from the
n-sphere S™ (n > 0) to X, then f is null-homotopic in any neighborhood of X in M.

Note that if X is an FAR, then X is weak homotopically trivial within small neighborhoods of any ANR
M

We consider the following property (x);

there is a sequence {V, },>0 of finite closed coverings of X such that
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1. Vo ={X}, and X = J[{intxV | V € V,,} for each n,
2. lim mesh(V,) =0, and

n—oo

3. if Vo € V=U, Vn and (), Va # 0, then ", Vi is weak homotopically trivial within small neighbor-
hoods of M.

Also we consider the following property local (x);
there is a sequence {V, }nen of finite closed coverings of X such that
1. X = HintxV | V € V,} for each n,
2. lim mesh(V,) =0, and

n—o0

3. if Vo e V=U, Vo and (), Va # 0, then N, V. is weak homotopically trivial within small neighbor-
hoods of M.

We need the following propositions in Lemma 3.2. of [16]

Proposition 6. [16] Suppose that X; (i € N) is a continuum contained in a metric space M. If X has
the property local (%), then X is an ANR. Moreover, if X has the property (x), then X is an AR.

Proposition 7. [16] Suppose that X; is a finite dimensional compactum and let f; i1 @ Xip1 — 2Xi pe
a surjective upper semi-continuous function for each i € N such that fz_zi_l is cell-like (i.e., fi;;}i_l(wi_i'_l)

is an FAR). Then the inverse limit @{Xi, fii+1} ts shape equivalent to Xy. Moreover if X is an FAR,
then @{Xi, fii+1} is also an FAR.

Proof. Consider the inverse sequence

whose bonding maps ppnt+1 @ G(f;1,2,...,n +1) = G(f;1,2,...,n) are natural projections defined
by pnn+1(x1, 22, .., TpsTngp1) = (21,22,...,2y). Since the projections p;}wl are cell-like, pypi1 -
G(f;1,2,...,n+1) — G(f;1,2,...,n) induces a shape equivalence. Hence we see that the inverse
@{G(f; 1,2,...,9),piir1} = @{Xi, fii+1} is shape equivalent to X;. If X is an FAR, then @{Xi, fiit1}
is also an FAR. O

In [13], Ingram gave many examples of inverse sequences of the unit interval I with upper semi-continuous
set-valued functions whose inverse limits are dendrites. We need the following condition. Let f : X — 2
be an upper semi-continuous function. Consider the condition Z(f) for f.

Z(f): For any z € X and y € Y with y € f(z), any closed neighborhood A’ of z in X and any
closed neighborhood B’ of y in Y, there are a closed neighborhood A of z in X and a closed connected
neighborhood B of y in Y such that A C A’, B C B’, and the pair (B, A) satisfies the condition; for any
subcontinuum K of A with x € K, the set C(B,A4; K) ={2 € B| f ' (2) N K # 0} (= f(K)N B) is
connected.

Remark. Let K be any finite simplicial complex in I x I and let f; I — 2! be the upper semi-continuous
function defined by G(f) = |K|. Then f satisfies the condition Z(f).

The main theorem of this section is the following.
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Theorem 19. Let G; (i € N) be a graph and let f; i1 : Gig1 — 2Ci be a surjective upper semi-continuous
function for each i € N such that f~1 is cell-like. Suppose that each fi;iv1 : Giy1 — 29 satisfies
the condition Z(f;iy1). Then the inverse limit @{Gi,fmﬂ} of the inverse sequence {Gj, fiit1} is an
ANR which is homotopic to G1. Moreover, if G1 is a tree, then @{thi,iﬂ} is an AR. Especially, if
dim Dl(fi,_ilﬂ) <0 (i eN) and I({Gy, fiiz1}) =0, then {Gy, fiir1} is a dendrite.

Proof. In the proof, we use the fact that the intersection of continua (= trees) contained in a tree is an
empty set or a tree.

Suppose that € > 0 is a very small positive number. Let n € N and (x1,x2,...,2,) € G(f;1,2,...,n).
Since fl_llﬂ(xz) (t=1,2,...,n—1) is a tree in G,11, we choose a closed neighborhood T;; of fz_lﬁrl(xz)
in Gj4+1 such that Ty is a tree. Also, we choose a closed neighborhood B; (i = 1,2,...,n) of z; in G;
such that B; is a tree such that B;11 C Tj41 (i = 1,2,...,n — 1), diamB; < ¢, and fz_ﬁH(Bz) C T;1q for
eachi=1,2,...,n— 1. Put

V(w1 @2, 203 By, By, ..., Bnje) = {(z1) € Im{Gy, fiita} [z € Bi (i =1, 2,..., n)}.

Moreover, by use of the property Z(f; i+1), we can choose closed neighborhoods By,, B,—1, ..., By such that
V(x1,22,...,20;B1,Ba,...,By;¢e) is an FAR. First, we choose a small closed connected neighborhood
B, of z,, in G,, which is a tree and a small closed connected neighborhood B],_; of z,,—1 in G,_1 such
that the pair (B],_,, B,,) satisfies the condition ¢(B],_;, By). Inductively, we have pairs (B_;,B;) (i =
n—1,n—2,...,2) such that B} and B; are small closed connected neighborhoods of z; in G;, B; C
B (i=n—1,n—2,...,2) and the pair (B]_,, B;) satisfies the condition ¢(B;_,, B;). Put B; = B} . Let
C, = By, and let Cy,_1 = C(B],_,,By;Cy) N By—1,Cp—9 = C(B),_5, Bpn—1;Cpn—1) N By_2. If we continue
this procedure inductively, we have the sequence C; (i =n,n—1,n—2,...,1) of trees such that z; € C;.
We will show that

V(zy,29,...,2n;B1,Ba,...,Bp;e) = T&l{)@,giyiﬂ},

where }/1 :ChYQ :f1_721(Y1)ﬂ027}/3 = f2_731(Y2)mC'37uYn = ft (Yn—l)ﬂcnyifi = f;zl(yn) (Z Zn)

n—1n
and g; i1 : Yig1 — 2Yi is the set-valued function defined by Gii+1(2) = YN fiiv1(z) for z € Yi41. By the
definitions, we see that V(x1,x9,...,2n; B1,Ba,...,Bp;e)) D @{Yg,gmﬂ}. We will show the converse

inclusion. Let
Y= (yl) € V(J:lul‘Qa ceey Iy B17B25 e 7Bn;8)'

Since y, € B, = Cp, then y,_1 € C(B]_1,Bn;Cy) N By—1 = Cp_1. Since y,—1 € Cp_1, then
Yn—2 € C(Bl_3,Bn—1;Cn—1) N By_2 = Cp_9. If we continue this procedure, we see that y; € C; and
hence y; € Y; for ¢ € N. This implies that y € ££11<{YZ7 i,i+1}. Hence

V(a:l,xg, ey Iy Bl, BQ, . ,Bn;a) = yin{Yé,gm_;,_l}.

Note that for z € Y; (i = 1,2,...,n — 1), gl_ZlJrl(:n) = f_zlﬂ(x) NYiy1 (C Tiq1). Hence gi_yil+1

)

is cell-like for ¢ € N. Since Y; = (] is a tree, by Proposition 7, @{Yiygi,i—i-l} is an FAR. Hence
V(x1,29,...,20;B1,Ba,...,By;e) is an FAR.
Let €1 > &9 > €3 > -+ be a sequence of positive numbers with lim ¢; = 0. For n € N; there is a finite

1— 00
set F, of G(g:1,2,...,n) such that

1‘LIH{G'Z')fi,i-‘y—l} - U{V(CCl, T2y .+ v vy .’En;Bl, BQ)"'a Bnaen) ’ (331) T2y vy I’n) S Fn}

Put
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Vo ={V (21, x2,..., n;B1, Ba,..., Bpien) | (1, x2,..., xy) € Fp}.

By the definitions of V(x1,x2,...,2n; B1,Ba, ..., Bp;eyn), we see that the sequence {V,}n=12.. is a
family of finite closed coverings of @{Gi, fii+1} satisfying the conditions (i) and (ii) of local (). Note
that
if V=V(x1,22,...,2n; B1,B2,...,Bpien) € {Vatn=12 .,
then V' can be represented by the inverse limit @{Yz, gii+1} as above. If n <n/,

V(l’l,IL’Q,...,.CCn;Bl,BQ,...,Bn;&‘n),
and
/ / /A >Yj / /.
V(xlvx% ce 7xn’aBlaB2a s 7Bn/75n’) € {Vn}n:I,Q,...y

then we see that

V(x1,22,...,20; B1,Ba,....,Byien) NV (2, 2h, ... 20 ,; B, By, ..., Bl en)
:{(Zi) E@{Giyfi,i—&-l} | ZiEBZ‘ﬂBZ{ (i:1, 2,..., n) andzj EBj (j:n+1,..., n’)}

is an empty set or an FAR, because that it can be represented by an inverse limit @{Zi, i i+1}, where
Zy is a tree and g; ;41 is cell-like. Note that the intersection of decreasing sequence of FARs is also an
FAR. By using these arguments, moreover we see that {V,},=12, . also satisfies the condition (iii) of
local (x). By Proposition 6, yin{Gi, fii+1} is an ANR. By Proposition 7, we see that the inverse limit
@{Gi, fii+1} is shape equivalent to G; and hence it is homotopy equivalent to Gi. Moreover, if Gy
is a tree, then @{Gi, fiit1} is a contractible ANR and hence AR. If dim Dl(fijiﬁrl) < 0 (i € N) and
I({Gi, fiis1}) = 0, then @{Gi, fii+1} is 1-dimensional and hence it is a dendrite. This completes the
proof. O

Corollary 4. Let I; (i € N) be a sequence of the unit interval I and let f; i1 : Iiz1 — 2% pe q surjective
upper semi-continuous function for each i € N such that f;il is monotone and f satisfies Z(f;iv1).
Then @{Ii,fi7i+1} is an AR. Moreover, if dile(fi,_i}s—l) <0 (i €N) and I({L;, fi, i+1}) = 0, then
1’&1{]1', fiit1} is a dendrite.

Corollary 5. Let I; (i € N) be a sequence of the unit interval I and let K; be a finite simplicial complex
in I; x Ii11 satisfying that for any x € Iiy1, (I; x {x}) N |K;| # 0 and for any y € I;; ({y} x Liy1) N|K;|
is a nonempty connected set (=a closed interval). Let fi;t1 : Iit1 — 2li be the surjective upper semi-
continuous function defined by G(fii+1) = |Ki|. Then @{Ii,fi,i+1} is an AR. Moreover, if dim |K;| <
1 (i €N) and I({L;, fiix1}) = 0, then T&n{]i, fii+1} is a dendrite.

Corollary 6. If f : G — 2C is a surjective upper semi-continuous function such that f=' is a tree,
dim D1 (f~Y) < 0, and W({G, f}) < co and f satisfies Z(f), then the inverse limit @{G, f} with
the single upper semi-continuous bonding function f is a dimensionally stepwise ANR-space which is
homotopic to G.

Example 6. [7] Let g : I — I be the map defined by
g(z) = 5(1+sing.)

for x € (0, 1] and g(0) =0. Let f =g ' : 1 — 2! and h: I — 27 be the surjective upper semi-continuous
function defined by h(z) = 0 (z € [0,1)) and h(1) = I. Consider the inverse sequence {I;, f;it1}
defined by fi2 = f, fo3 = h, fiit1 = id (i > 3). Note that fﬁi—l is cell-like, each graph G(fii+1) is
homeomorphic to an arc, and hence locally connected. But it does not satisfies the condition Z(f12). For
the points x = 0, y = 0, the set C(B, A; K(= {0})) = {z € B | f~1(2) n {0} # 0} is not connected for
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any neighborhood A of x = 0 and any neighborhood B of y = 0. In fact, we see that r&l{li,fi7i+]_} 18
homeomorphic to the following set X in the Euclidean 3-space R3;

X={(z,y) eR?|zel, y=g(x)}USx [0,1] (CR*xR),

where S = {(z,0) | x € I, g(x) = 0}. Note that Liin{li,f@Hl} is not locally connected and hence not an
ANR.

Example 7. [13] Let f : I — 21 be the upper semi-continuous function defined by f(x) = {0,1} (z € I).
Note that f is not surjective, f satisfies the condition Z(f) and f=1(0), f~1(1) are arcs. But 1'&1{[, f}
18 a Cantor set and hence not an ANR.

Example 8. [13] Let f : I — C(I) be the surjective upper semi-continuous function defined by f(x) =
{0,z} (z € I). Note that f satisfies the condition Z(f), Hence @{I,f} is a dendrite. In fact, it is a
simple fan.

Example 9. Let f : I — 27 be the surjective upper semi-continuous function defined by f(z) = {0,1} (z #
%) and f(3) = I. Note that f satisfies the condition Z(f), [~ is cell-like, dim D1(f~) < 0 and
I({I,f}) =0. Hence LiLH{I’ [} is a dendrite. In fact, it is a dendrite with a Cantor set of endpoints.

Example 10. Let n € N with n > 2 and let f : I — C(I) be the surjective upper semi-continuous
function defined by f(z) =0 (z € [0,2)) and for 1 <i <n—1, f(1) = [((1_1) 1 flx) =L (z €

) n ’n n

(£, 580, £(1) = 22, 1]. Then

n’ n n

Dolo2o...001
n n n

<

is a mazimal weak inverse expand-contract sequence in @{I, fY. Note that I({I,f}) = J({I,f}) =
n—1, W{I,f}) = n, f~ is cell-like and f satisfies the condition Z(f). We see that @{I, f} is
n-dimensional and a dimensionally stepwise AR. In fact, the space is a polyhedron.
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