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ON p-HARMONIC MAPS INTO SPHERES

By

Sorin Dragomir and Andrea Tommasoli

Abstract. We study the topology of p-harmonic maps f : M ! S n

from a compact Riemannian manifold M into a sphere S n. We also

show that any p-energy minimizing map f : M ! S n omitting a

totally geodesic submanifold of codimension two SHS n is of class

C 1. This extends results by B. Solomon, [13], from harmonic to

p-harmonic maps.

1. Introduction

Let ðM; gÞ and S be Riemannian manifolds and 2a p < y. Let i : S ,! RN

be an isometric immersion in some Euclidean space RN and let W 1;pðM;SÞ be

the Sobolev space

W 1;pðM;SÞ ¼ ff A W 1;pðM;RNÞ : fðxÞ A S for a:e: x A Sg:

Let us consider the p-energy integral

EpðfÞ ¼
ð
M

kdfkp
d volðgÞ; f A W

1;p
loc ðM;SÞ:

We study p-harmonic maps i.e. Cy maps f : M ! N which are critical points of

Ep (with respect to any variation of compact support). The theory of p-harmonic

maps has undergone an ample development both from the point of view of

partial di¤erential equations (cf. e.g. [2]–[3], [5], [7]–[9] and [15]) and di¤erential

geometry (cf. e.g. [6], [10], [14] and [16]). When S ¼ S n HRnþ1 is the standard

sphere we show that any nonconstant p-harmonic map f : M ! S n either links or

meets S ¼ fx ¼ ðx1; . . . ; xnþ1Þ A S n : x1 ¼ x2 ¼ 0g (cf. Section 2 for definitions).

This generalizes a result by B. Solomon, [13], where the previous statement
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was established for p ¼ 2. A map f A W 1;pðM;SÞ is p-energy minimizing if

EpðfÞaEpðcÞ for any compact set KHM and any map c A W
1;p
loc ðM;SÞ such

that c ¼ f a.e. in MnK . Building on the results of N. Nakauchi, [9], we show

that any p-energy minimizing map f A W
1;p
loc ðM;S nÞ which omits a neighborhood

of S in S n is C1. Given a subset EHM we set

HsðEÞ ¼ lim
e!0þ

inf
Xy
n¼1

diamðXnÞs : 6
y

n¼1

Xn IE; diamðXnÞa e

( )

where diameters are meant with respect to the Riemannian distance function on

M. Then hðEÞ ¼ inffsb 0 : HsðEÞ ¼ 0g is the Hausdor¤ dimension of E. For

each map f : M ! S let RegðfÞ consist of all points x A M such that f is

continuous at x. Then SingðfÞ ¼ MnRegðfÞ is the singular set of f. We establish

an upper bound on the Hausdor¤ dimension h½SingðfÞ� of a p-energy minimizing

p-harmonic map f A W
1;p
loc ðM;SÞ whose target manifold S is covered by a warped

product manifold (cf. Theorem 3 below).

Acknowledgements

The authors are grateful to the Referee for corrections which improved the

original version of the manuscript. The second author was supported by a grant

(assegno di ricerca) at the University of Basilicata, Potenza, Italy.

2. p-Harmonic Maps into Warped Products

Let ðL; gLÞ be a Riemannian manifold and S ¼ L�w R a warped product

where w A CyðSÞ, w > 0, is the warping function. S carries the Riemannian

metric h ¼ P�
1gL þ w2 dtn dt where P1 : S ! L is the natural projection. Let

M be a compact orientable n-dimensional Riemannian manifold. By a result

of B. Solomon, [13], for any harmonic map f : M ! S there is tf A R such that

fðMÞHL� ftfg. The purpose of this section is to establish a similar result for

p-harmonic maps.

Lemma 1. Let f : M ! L�w R be a p-harmonic map (pb 2). Let u ¼ P2 � f
where P2 : S ! R is the projection. Then u is a solution to the elliptic equation

div½kdfkp�2ðw � fÞ2‘u� ¼ kdfkp�2ðw � fÞðwt � fÞ:ð1Þ

In particular if w is a function on L (i.e. qw=qt ¼ 0) then fðMÞHL� ftfg for

some tf A R.
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Proof. Let F ¼ P1 � f. Let j A CyðMÞ and let us set

fsðxÞ ¼ ðF ðxÞ; uðxÞ þ sjðxÞÞ; x A M; jsj < e;

so that ffsgjsj<e is a smooth 1-parameter variation of f. Let g be the Riemannian

metric on M. The Hilbert-Schmidt norm of the di¤erential dfs is given by

kdfsk
2 ¼ kdFk2 þ ðw � fsÞ

2fk‘uk2 þ 2sgð‘u;‘jÞ þOðs2Þg:ð2Þ

As f : M ! S is p-harmonic fdEpðfsÞ=dsgs¼0 ¼ 0 henceð
M

kdfkp�2fðw � fÞðwt � fÞjk‘uk2 þ ðw � fÞ2gð‘u;‘jÞg d volðgÞ ¼ 0:ð3Þ

The identity

kdfkp�2ðw � fÞ2gð‘u;‘jÞ ¼ div½jkdfkp�2ðw � fÞ2‘u� � j div½ðw � fÞ2kdfkp�2‘u�

together with Green’s lemma yieldsð
M

jfkdfkp�2ðw � fÞðwt � fÞ � div½kdfkp�2ðw � fÞ2‘u�g d volðgÞ ¼ 0

hence (as j A CyðMÞ is arbitrary) the equation (1) holds. If wt ¼ 0 then (1)

becomes div½kdfkp�2ðw � fÞ2‘u� ¼ 0. Consequently

div½kdfkp�2ðw � fÞ2u‘u� ¼ kdfkp�2ðw � fÞ2k‘uk2

and integrating over M leads (by Green’s lemma) to ‘u ¼ 0 hence u is constant.

Q.e.d.

Let S n ¼ fx ¼ ðx1; . . . ; xnþ1Þ A Rnþ1 : x2
1 þ � � � þ x2

nþ1 ¼ 1g and S ¼ fx A S n :

x1 ¼ x2 ¼ 0g. We recall that S nnS is isometric to the warped product S n�1
þ �f S

1

where

S n�1
þ ¼ fy ¼ ðy 0; ynÞ A Rn : y A S n�1; yn > 0g;

f : S n�1
þ � S1 ! ð0;þyÞ; f ðy; zÞ ¼ yn; y A S n�1

þ ; z A S1 HC:

Indeed the map

Iðy; zÞ ¼ ðynu; ynv; y 0Þ; y A S n�1
þ ; z ¼ uþ iv A S1;

is an isometry of S n�1
þ �f S

1 endowed with the Riemannian metric p�
1gn�1 þ

f 2p�
2g1 onto ðS nnS; gnÞ. Here p1 : S

n�1
þ �f S

1 ! S n�1
þ and p2 : S

n�1
þ �f S

1 ! S1

are the natural projections. Also gN denotes the canonical Riemannian metric on
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the sphere SN HRNþ1. The next section is devoted to p-harmonic maps from M

into S nnS.

3. p-Harmonic Maps Omitting a Totally Geodesic Submanifold

Let SHS n be a codimension 2 totally geodesic submanifold. A continuous

map f : M ! S n meets S if fðMÞVS0q. Let f : M ! S n be a continuous map

that doesn’t meet S. Then f is said to link S if the map f : M ! S nnS is not null-

homotopic.

Theorem 1. Let f : M ! S n be a nonconstant p-harmonic (pb 2) map. Then

f either links or meets S.

For p ¼ 2 this is B. Solomon’s Theorem 1 in [13], p. 155. The proof of

Theorem 1 is by contradiction. We wish to apply Lemma 1 above for L ¼ S n�1
þ

and w A CyðS n�1
þ Þ given by wðyÞ ¼ yn. Let f : M ! S nnS be a null-homotopic

p-harmonic map. Let E : R ! S1 be the exponential map EðtÞ ¼ eit. We endow

S n�1
þ � R with the warped product metric P�

1gn�1 þ ðw �P1Þ2 dtn dt. Then p ¼
ðid;EÞ is a local isometry of S n�1

þ �w R onto S n�1
þ �f S

1. There is a coordinate

system on Rnþ1 such that S ¼ fx A S n : x1 ¼ x2 ¼ 0g. Let then ~cc ¼ I�1 � f and

let us set F ¼ p1 � ~cc and ~uu ¼ p2 � ~cc. Let x0 A M and z0 ¼ ~uuðx0Þ A S1. Let t0 A R

such that Eðt0Þ ¼ z0. As ~cc : M ! S n�1
þ � S1 is null-homotopic it follows that

~uu�p1ðM; x0Þ ¼ 0 hence by standard homotopy theory (cf. e.g. Proposition 5.3

in [4], p. 43) there is a unique function u : M ! R such that uðx0Þ ¼ t0 and

E � u ¼ ~uu. As ~uu is smooth it follows that u A CyðMÞ as well. It is an elementary

matter that

Lemma 2. Let S and ~SS be Riemannian manifolds and p : S ! ~SS a local

isometry. Let ~ff : M ! ~SS be a p-harmonic map ðpb 2Þ from a compact orientable

Riemannian manifold M into ~SS. Then any smooth map f : M ! S such that

p � f ¼ ~ff is p-harmonic.

By Lemma 2 it follows that c ¼ ðF ; uÞ : M ! S n�1
þ �w R is a p-harmonic

map. Then (by Lemma 1) cðMÞHS n�1
þ � ftcg for some tc A R. To end the proof

of Theorem 1 we establish

Lemma 3. Any p-harmonic ðpb 2Þ map f : M ! S n�1
þ of a compact ori-

entable Riemannian manifold M into an open upper hemisphere S n�1
þ is constant.
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Proof. As f is p-harmonic

divðkdFkp�2‘FaÞ þ kdFkpFa ¼ 0 ð1a aa nÞ

(the p-harmonic map system, cf. e.g. [1]) where F ¼ i � f and i : S n�1 ! Rn is the

inclusion. Integration over M leads (by Green’s lemma) to
Ð
M
kdFkpFa d volðgÞ

¼ 0 hence (by Fn > 0) kdFk ¼ 0 and F is constant. Q.e.d.

We recall that S n�1
þ � S1 FS1 (a homotopy equivalence). Therefore a con-

tinuous map f : M ! S n�1
þ � S1 is null homotopic if and only if p2 � f : M ! S1

is null-homotopic. The homotopy classes of continuous maps M ! S1 form an

abelian group p1ðMÞ (the Bruschlinski group of M, cf. e.g. [4], p. 48). Also (by

Theorem 7.1 in [4], p. 49) there is a natural isomorphism p1ðMÞAH 1ðM;ZÞ.
Then we may state the following

Corollary 1. Let M be a compact orientable Riemannian manifold with

H 1ðM;ZÞ ¼ 0. Then any nonconstant p-harmonic map f : M ! S n meets S.

4. p-Energy Minimizing Maps

Let M be a compact orientable n-dimensional Riemannian manifold, nb 4.

By a result of B. Solomon, [13], any energy minimizing map f : M ! S n which

omits a neighborhood of a codimension two totally geodesic submanifold SHS n

is everywhere smooth. The main ingredient in the proof is R. Schoen & K.

Uhlenbeck’s Theorem IV in [11], p. 310. For the case of p-harmonic maps the

corresponding regularity result was recovered by N. Nakauchi, [9]. Cf. also [8].

We establish

Theorem 2. Let M be a compact orientable n-dimensional Riemannian

manifold and f : M ! S n a p-energy minimizing map which omits a neighborhood

of a codimension two totally geodesic submanifold SHS n. Then f : M ! S n is of

class C1.

Proof. Let S be a Riemannian manifold and let PðS; kÞ be the follow-

ing statement: any p-energy minimizing map f A C1ðSd�1;SÞ, ½p� þ 1a da k is

constant. We need the following

Lemma 4. Let S be a Riemannian manifold. Let us assume that there is an

integer kb ½p� þ 1 such that PðS; kÞ holds true. Then h½SingðfÞ�a n� k � 1 for

any p-energy minimizing map f : M ! S. If n < k þ 1 then SingðfÞ ¼ q.
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This is Proposition 1 in [9], p. 1052. Here h indicates the Hausdor¤ di-

mension (cf. § 1). Let f : M ! S n be a p-energy minimizing map such that

fðMÞHS nnV for some open set V HS n with SHV . It is well known that

H 1ðSd�1;ZÞ ¼ 0 for any integer db 3. By Corollary 1 above any nonconstant

p-harmonic map f A C1ðSd�1;S nÞ meets S. Consequently PðS nnS; kÞ holds true

for any kbmaxf½p� þ 1; ng so that (by Lemma 4) the singular set of f is empty.

Only the last statement in Lemma 4 was actually used to prove Theorem 2.

The following more general result may be established

Theorem 3. Let M and S be Riemannian manifolds where M is compact,

orientable and n-dimensional. Let pb 2 and let us assume that i) the Riemannian

universal covering manifold of S is a warped product manifold ~SS ¼ L�w R with

the warping factor w A CyðLÞ and ii) there is an integer kb ½p� þ 1 such that

PðL; kÞ holds true. Then h½SingðfÞ�a n� k � 1 for any p-energy minimizing map

f A W
1;p
loc ðM;SÞ.

Proof. As p1ðSd�1Þ ¼ 0 for each db 3, any p-harmonic map c A C 1ðSd�1;SÞ
lifts to a map ~cc A C1ðSd�1; ~SSÞ which is p-harmonic (by Lemma 2) hence factors

through a p-harmonic map c A C 1ðM;LÞ (by Lemma 1). Thus PðL; kÞ implies

PðS; kÞ and we may apply Lemma 4. Q.e.d.
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