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ALGEBRAIC INDEPENDENCE OF INFINITE PRODUCTS

GENERATED BY FIBONACCI NUMBERS

By

Takeshi Kurosawa, Yohei Tachiya, and Taka-aki Tanaka

Abstract. The aim of this paper is to establish necessary and

su‰cient conditions for certain infinite products generated by Fibo-

nacci numbers and by Lucas numbers to be algebraically inde-

pendent.

1. Introduction and the Results

Let a and b be real algebraic numbers with jaj > 1 and ab ¼ �1. We

define

Un ¼
an � b n

a� b
and Vn ¼ an þ bn ðnb 0Þ: ð1Þ

If a ¼ ð1þ
ffiffiffi
5

p
Þ=2, we have Un ¼ Fn and Vn ¼ Ln ðnb 0Þ, where the sequences

fFngnb0 and fLngnb0 are Fibonacci numbers and Lucas numbers defined, re-

spectively, by Fnþ2 ¼ Fnþ1 þ Fn ðnb 0Þ, F0 ¼ 0, F1 ¼ 1 and Lnþ2 ¼ Lnþ1 þ Ln

ðnb 0Þ, L0 ¼ 2, L1 ¼ 1. Let db 2 be a fixed integer. For an arbitrary nonzero

integer a, the second author [3] proved that the infinite products

Yy
k¼1

U
d k

0�a

1þ a

Ud k

� �
and

Yy
k¼1

V
d k

0�a

1þ a

Vd k

� �

are transcendental numbers, except for only two algebraic numbersQy
k¼1ð1� 1=V2k Þ and

Qy
k¼1ð1þ 2=V2k Þ (cf. Remark 1 below).
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The purpose of this paper is to establish necessary and su‰cient conditions

for the infinite products

Yy
k¼1

U
d k

0�ai

1þ ai

Ud k

� �
ði ¼ 1; . . . ;mÞ or

Yy
k¼1

V
d k

0�ai

1þ ai

Vd k

� �
ði ¼ 1; . . . ;mÞ

with nonzero integers a1; . . . ; am to be algebraically independent.

Theorem 1. Let fUngnb0 be the sequence defined by (1) and d an integer

greater than 1. Let a1; . . . ; am be nonzero distinct integers. Then the numbers

Yy
k¼1

U
d k

0�ai

1þ ai

Ud k

� �
ði ¼ 1; . . . ;mÞ

are algebraically independent.

Example 1. Let fFngnb0 be the Fibonacci numbers. For any nonzero

distinct integers a1; . . . ; am, the numbers

Yy
k¼1

F
d k

0�ai

1þ ai

Fd k

� �
ði ¼ 1; . . . ;mÞ

are algebraically independent. In particular, the numbers
Qy

k¼2ð1� 1=F2k Þ andQy
k¼1ð1þ 1=F2k Þ are algebraically independent.

Corollary 1. Let fUngnb0 and d be as in Theorem 1. Let a1; . . . ; am be

distinct integers. Then the numbers

Yy
k¼1

U
d k

0�ai ;�ai�1

1þ 1

Udk þ ai

� �
ði ¼ 1; . . . ;mÞ ð2Þ

are algebraically independent.

Theorem 2. Let fVngnb0 be the sequence defined by (1) and d an integer

greater than 1. Let a1; . . . ; am be nonzero distinct integers. Then the numbers

Yy
k¼1

V
d k

0�ai

1þ ai

Vd k

� �
ði ¼ 1; . . . ;mÞ
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are algebraically dependent if and only if d ¼ 2 and at least one of the following

two properties are satisfied:

(i) For some j ð1a jamÞ, aj ¼ �1 or 2.

(ii) The set fa1; . . . ; amg contains integers b1; . . . ; bl ðlb 3Þ with b1 a�3

satisfying

b2 ¼ �b1; bj ¼ b2j�1 � 2 ð j ¼ 3; . . . ; l � 1Þ; bl ¼ �b2l�1 þ 2: ð3Þ

Example 2. Let fLngnb0 be the Lucas numbers. For an arbitrary integer

mb 3, the numbers

Yy
k¼1

1þ 1

L2k

� �
;
Yy
k¼1

1þ 3

L2k

� �
;
Yy
k¼1

1þ 4

L2k

� �
; . . . ;

Yy
k¼1

1þ m

L2k

� �

are algebraically independent, while
Qy

k¼1ð1þ 2=L2k Þ ¼
ffiffiffi
5

p
.

Example 3. The transcendental numbers

r1 ¼
Yy
k¼1

1� 5

L2k

� �
; r2 ¼

Yy
k¼1

1þ 5

L2k

� �
; and r3 ¼

Yy
k¼1

1� 23

L2k

� �

are algebraically dependent with trans:degQ Qðr1; r2; r3Þ ¼ 2 and 4
ffiffiffi
5

p
r1r2 þ r3

¼ 0.

Remark 1. If d ¼ 2 and if the property (i) in Theorem 2 is satisfied, then

the corresponding infinite products are algebraic. Indeed, the second author [3]

obtained

Yy
k¼1

1� 1

V2k

� �
¼ a4 � 1

a4 þ a2 þ 1
and

Yy
k¼1

1þ 2

V2k

� �
¼ a2 þ 1

a2 � 1
:

On the other hand, if d ¼ 2 and if there exist integers b1; . . . ; bl ðlb 3Þ satisfying

the recurrence relation (3), letting

CiðxÞ ¼
Yy
k¼0

1þ bix
2k

1þ x2kþ1

 !
ði ¼ 1; . . . ; lÞ

and using
Qy

k¼1ð1þ x2k Þ ¼ 1=ð1� x2Þ, we have
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C1ðxÞC2ðxÞ ¼ ð1� x2Þ2
Yy
k¼0

ð1� b3x
2kþ1 þ x2kþ2Þ;

C1ðxÞC2ðxÞC3ðxÞ ¼
ð1� x2Þ3

1� b3xþ x2

Yy
k¼0

ð1� b4x
2kþ1 þ x2kþ2Þ;

� � � ;

C1ðxÞC2ðxÞ � � �Cl�2ðxÞ ¼
ð1� x2Þ l�2Q l�2

j¼3 ð1� bjxþ x2Þ

Yy
k¼0

ð1� bl�1x
2kþ1 þ x2kþ2Þ;

and

C1ðxÞC2ðxÞ � � �Cl�1ðxÞ ¼
ð1� x2Þ l�2ClðxÞ

ð1þ blxþ x2Þ
Q l�1

j¼3 ð1� bjxþ x2Þ
:

Noting that

ni :¼
Yy
k¼1

V
2k
0�bi

1þ bi

V2k

� �
¼ Ciða�2N Þ

YN�1

k¼1
V

2k
0�bi

1þ bi

V2k

� �
ði ¼ 1; . . . ; lÞ

for large N, we see n�1
l

Q l�1
j¼1 nj A QðaÞ.

Remark 2. In a similar but simpler way to Remark 1 and the proof

of Theorem 2 we can show the following: Let g be an algebraic number with

0 < jgj < 1 and d an integer greater than 1. Let a1; . . . ; am be nonzero distinct

integers. Then the numbers

Yy
k¼1

aig
d k0�1

ð1þ aig
d k Þ ði ¼ 1; . . . ;mÞ

are algebraically dependent if and only if d ¼ 2 and at least one of the following

two properties are satisfied:

(i) For some j ð1a jamÞ, aj ¼ 1.

(ii) The set fa1; . . . ; amg contains integers b1; . . . ; bl ðlb 3Þ with b1 a�2

satisfying

b2 ¼ �b1; bj ¼ b2j�1 ð j ¼ 3; . . . ; l � 1Þ; bl ¼ �b2l�1:
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2. Preparation for the Proof

Let K be an algebraic number field, KðxÞ the field of rational functions over

K , and K ½½x�� the ring of formal power series with coe‰cients in K . We define the

subgroup Hd of the group KðxÞ� of nonzero elements of KðxÞ by

Hd ¼ gðxdÞ
gðxÞ

����gðxÞ A KðxÞ�
� �

: ð4Þ

We use the following lemmas for proving the theorems.

Lemma 1 (Kubota [1, Corollary 8]). Let f1ðxÞ; . . . ; fmðxÞ A K ½½x��nf0g satisfy

the functional equations

fiðxdÞ ¼ ciðxÞ fiðxÞ; ciðxÞ A KðxÞ� ði ¼ 1; . . . ;mÞ: ð5Þ

Then f1ðxÞ; . . . ; fmðxÞ are algebraically independent over KðxÞ if and only if the

rational functions c1ðxÞ; . . . ; cmðxÞ are multiplicatively independent modulo Hd .

Lemma 2 (Kubota [1], see also Theorem 3.6.4 in Nishioka [2]). Suppose that

the functions f1ðxÞ; . . . ; fmðxÞ A K ½½x�� converge in jxj < 1 and satisfy the functional

equations (5) with ciðxÞ defined and nonzero at x ¼ 0. Let g be an algebraic

number with 0 < jgj < 1 such that ciðgd
k Þ are defined and nonzero for all kb 0.

If f1ðxÞ; . . . ; fmðxÞ are algebraically independent over KðxÞ, then the values

f1ðgÞ; . . . ; fmðgÞ are algebraically independent.

3. Proofs of Theorems and Corollary 1

Proof of Theorem 1. Define

FiðxÞ ¼
Yy
k¼0

1þ ða� bÞaixd k

1� ð�1Þdx2d k

 !
ði ¼ 1; . . . ;mÞ:

Take an integer N such that jUd k j > maxfja1j; . . . ; jamjg for all kbN. Then

Fiða�d N Þ ¼
Yy
k¼N

1þ ai

Ud k

� �
ði ¼ 1; . . . ;mÞ;

so that

Yy
k¼0

U
d k

0�ai

1þ ai

Ud k

� �
¼ Fiða�d N Þ

YN�1

k¼0
U

d k
0�ai

1þ ai

Ud k

� �
ði ¼ 1; . . . ;mÞ: ð6Þ
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Suppose that the numbers (6) are algebraically dependent. Then so are the values

F1ða�d N Þ; . . . ;Fmða�d N Þ. Since F1ðxÞ; . . . ;FmðxÞ satisfy the functional equations

FiðxdÞ ¼ ciðxÞFiðxÞ with

ciðxÞ ¼
1� ð�1Þdx2

1þ ða� bÞaix� ð�1Þdx2
ði ¼ 1; . . . ;mÞ;

the functions F1ðxÞ; . . . ;FmðxÞ are algebraically dependent over KðxÞ by Lemma

2 with K ¼ QðaÞ. Then by Lemma 1 the rational functions c1ðxÞ; . . . ; cmðxÞ are

multiplicatively dependent modulo Hd , namely there exist integers e1; . . . ; em, not

all zero, and gðxÞ A KðxÞ� such that
Qm

i¼1 ciðxÞ
ei ¼ gðxdÞ=gðxÞ. Then, renum-

bering the ai, we may assume that there exist coprime polynomials AðxÞ;BðxÞ A
K ½x� such that

AðxÞBðxdÞ
Yh
i¼1

PiðxÞei ¼ ð1� ð�1Þdx2ÞeAðxdÞBðxÞ
Ys

i¼hþ1

PiðxÞei ; ð7Þ

where h; ei; e A Z with h; ei b 1 and PiðxÞ ¼ 1þ ða� bÞaix� ð�1Þdx2. Since a

and b are real with ab ¼ �1, we have ja� bj ¼ jaj þ jbj > 2, so that the roots ai

and bi ðjaijb jbijÞ of PiðxÞ ¼ 0 are real with jaij > 1 > jbij. Since we admit the

case of e < 0, renumbering the ai again if necessary, we may assume ja1jb jaij
and jb1ja jbij ði ¼ 2; 3; . . . ; sÞ. Noting that PiðxÞ and PjðxÞ ði0 jÞ are coprime

and substituting x ¼ a1 into (7), we have Aðad
1 ÞBða1Þ ¼ 0.

If Aðad
1 Þ ¼ 0, substituting x ¼ ad

1 into (7) and noting that AðxÞ and BðxÞ are

coprime, we get Aðad 2

1 Þ ¼ 0. Repeating this process, we obtain Aðad l

1 Þ ¼ 0 for all

lb 1, which is impossible. Thus we have Bða1Þ ¼ 0. If db 3 or a1 < 0, sub-

stituting x ¼ a
1=d
1 into (7) and noting that the roots of PiðxÞ ¼ 0 are real, we get

Bða1=d1 Þ ¼ 0 and so Bða1=d
l

1 Þ ¼ 0 for all lb 0. This is impossible and hence we

obtain d ¼ 2 and a1 > 0. Substituting x ¼ b1 into (7), we have b1 > 0 by the same

way as above, which contradicts a1b1 ¼ �1. r

Proof of Theorem 2. We define

CiðxÞ ¼
Yy
k¼0

1þ aix
d k

1þ ð�1Þdx2d k

 !
ði ¼ 1; . . . ;mÞ;

which satisfy the functional equations CiðxdÞ ¼ ciðxÞCiðxÞ with

ciðxÞ ¼
1þ ð�1Þdx2

1þ aixþ ð�1Þdx2
ði ¼ 1; . . . ;mÞ:
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Then we have

Yy
k¼1

V
d k

0�ai

1þ ai

Vd k

� �
¼ Ciða�d N Þ

YN�1

k¼1
V

d k
0�ai

1þ ai

Vd k

� �
ði ¼ 1; . . . ;mÞ ð8Þ

for large N. Suppose that the numbers (8) are algebraically dependent. By

Lemmas 1 and 2 with K ¼ Q, the rational functions c1ðxÞ; . . . ; cmðxÞ defined

above are multiplicatively dependent modulo Hd . Hence by the same way as in

the proof of Theorem 1 there exist coprime polynomials AðxÞ, BðxÞ in Z½x� such
that

AðxÞBðxdÞ
Yh
i¼1

PiðxÞei ¼ ð1þ ð�1Þdx2ÞeAðxdÞBðxÞ
Ys

i¼hþ1

PiðxÞei ; ð9Þ

where h; ei; e A Z with h; ei b 1 and PiðxÞ ¼ 1þ aixþ ð�1Þdx2. Let ai be one of

the roots of PiðxÞ ¼ 0 with jaijb 1. If db 3 is odd, then the roots of PiðxÞ ¼ 0

are real and jaij > 1. Hence we can deduce a contradiction by a similar way to

the proof of Theorem 1.

Now we suppose that db 2 is even. Then the equation (9) is expressed

as

AðxÞBðxdÞ
Yh
i¼1

PiðxÞei ¼ ð1þ x2ÞeAðxdÞBðxÞ
Ys

i¼hþ1

PiðxÞei ð10Þ

with PiðxÞ ¼ 1þ aixþ x2. Comparing the orders at x ¼ 1 of both sides of (10),

we see that ai 0�2 for all i. We distinguish two cases.

Case I). db 4 is even.

If jaijb 3 for some i ð1a ia sÞ, noting that jaij > 1, we deduce a con-

tradiction by a similar way to the proof of Theorem 1. Hence a1 A fG1; 2g, so
that a1 A fGo;�1g, where o is a primitive cubic root of unity. First we consider

the cases of db 8 and d ¼ 4. Let zd be a primitive d-th root of unity. Sub-

stituting x ¼ a1 into (10), we have Aðad
1 ÞBða1Þ ¼ 0. If Aðad

1 Þ ¼ 0, substituting

x ¼ zda1 into (10) again and noting that Piðzda1Þ0 0 ð1a ia 3Þ, we have

Aðzda1Þ ¼ 0. Repeating this process, we obtain Aðzd la
1=d l�1

1 Þ ¼ 0 for all lb 1, a

contradiction. Similarly in the case of Bða1Þ ¼ 0 we obtain Bðzd la
1=d l

1 Þ ¼ 0 for all

lb 1, a contradiction.

Thus we have d ¼ 6. In the case of a1 ¼ 1, noting that Að1Þ ¼ 0 and

substituting x ¼ �o;�1 into (10), we may put P2ð�oÞ ¼ 0 and P3ð�1Þ ¼ 0,
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respectively, since Að�oÞAð�1Þ0 0 by the same arguments as above. Hence the

equation (10) is written as

AðxÞBðx6Þð1þ xþ x2Þe1ð1� xþ x2Þe2ð1þ xÞ2e3 ¼ ð1þ x2ÞeAðx6ÞBðxÞ; ð11Þ

where e ¼ e1 þ e2 þ e3 b 1. Substituting x ¼
ffiffiffiffiffiffiffi
�1

p
into (11), we have

Að
ffiffiffiffiffiffiffi
�1

p
ÞBð�1Þ ¼ 0, which again leads to a contradiction. The proof is similar

also in the cases of a1 ¼ �1 and a1 ¼ 2.

Case II). d ¼ 2.

Comparing the orders at x ¼ o of both sides of (10), we see that a1 0 1. For

the case of a1 ¼ �1, using

1þ �x

1þ x2
¼ gðxÞ

gðx2Þ ; gðxÞ ¼ 1� x2

1þ xþ x2
;

we have

C1ðxÞ ¼
Yy
k¼0

1þ �x2k

1þ x2kþ1

 !
¼ 1� x2

1þ xþ x2
; jxj < 1: ð12Þ

Similarly for the case of a1 ¼ 2, we have

C1ðxÞ ¼
Yy
k¼0

1þ 2x2k

1þ x2kþ1

 !
¼ 1þ x

1� x
; jxj < 1: ð13Þ

Thus the property (i) in Theorem 2 is yielded.

Now we consider the remaining case of ja1jb 3. Then a1 is a real quadratic

number with ja1j > 1. Since ciðxÞPiðxÞ ¼ ð1� x4Þ=ð1� x2Þ A H2, where H2 is

defined by (4), and since c1ðxÞ; . . . ; cmðxÞ are multiplicatively dependent modulo

H2, the polynomials P1ðxÞ; . . . ;PmðxÞ are multiplicatively dependent modulo H2.

Hence, changing the indices i if necessary, we have

AðxÞBðx2Þ
Yh
i¼1

PiðxÞei ¼ Aðx2ÞBðxÞ
Ys

i¼hþ1

PiðxÞei ð14Þ

with ja1jb jaij ði ¼ 2; . . . ; sÞ. Substituting x ¼ a1 into (14), we get Aða21ÞBða1Þ ¼ 0.

Suppose that Aða21Þ ¼ 0. Then we see inductively that Aða2 l

1 Þ ¼ 0 for all lb 1,

which is impossible, so that Bða1Þ ¼ 0. If a1 < 0, then Piða1=21 Þ0 0 ð1a ia sÞ,
so that Bða1=2

l

1 Þ ¼ 0 for all lb 1, which is also impossible. Thus we obtain

a1 > 0. In what follows, we denote by a
1=2N

1 the positive root of x2N � a1 ¼ 0

ðN ¼ 1; 2; . . .Þ. Substituting x ¼ �a
1=2
1 into (14) and noting that Bð�a

1=2
1 Þ0 0,
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we see that there exists an i1 ðhþ 1a i1 a sÞ with Pi1ð�a
1=2
1 Þ ¼ 0. On the other

hand, substituting x ¼ a
1=2
1 into (14), we have Bða1=21 Þ

Qs
i¼hþ1 Piða1=21 Þ ¼ 0. If there

exists a j with Pjða1=21 Þ ¼ 0, we put i2 ¼ j. Otherwise, we see Bða1=21 Þ ¼ 0 and

hence, by the same argument as above, there exists an i2 ðhþ 1a i2 a sÞ with

Pi2ð�a
1=4
1 Þ ¼ 0. Repeating this process, we get for some tb 1

Pik ð�a
1=2k

1 Þ ¼ 0 ðk ¼ 1; 2; . . . ; tÞ; Pitþ1
ða1=2

t

1 Þ ¼ 0:

Noting that a1 þ a�1
1 ¼ �a1 and Pik ðxÞ ¼ 1þ aikxþ x2, we see that

�a
1=2k

1 � a
�1=2k

1 ¼ �aik ðk ¼ 1; 2; . . . ; tÞ; a
1=2 t

1 þ a
�1=2 t

1 ¼ �aitþ1
:

Therefore we can choose from the set fa1; . . . ; amg the integers b1; . . . ; bl ðlb 3Þ
with b1 a�3 satisfying

b2 ¼ �b1; bj ¼ b2j�1 � 2 ð j ¼ 3; . . . ; l � 1Þ; bl ¼ �b2l�1 þ 2;

which implies the property (ii) in Theorem 2. The converse follows from (12),

(13), and Remark 1. r

Proof of Corollary 1. Let M ¼ maxfja1j; . . . ; jamjg and let Nb 1 be an

integer such that jUdk j > M þ 1 for all kbN. Assume on the contrary that the

numbers (2) are algebraically dependent. Then so are the numbers

hj :¼
Yy
k¼N

1þ 1

Udk �M � 1þ j

� �
ð j ¼ 1; . . . ; 2M þ 1Þ;

and so there exists a nonzero polynomial f ðx1; . . . ; x2Mþ1Þ A Z½x1; . . . ; x2Mþ1� such
that f ðh1; . . . ; h2Mþ1Þ ¼ 0. Let F > 0 be the total degree of f ðx1; . . . ; x2Mþ1Þ and

define gðy1; . . . ; y2Mþ1Þ A Z½y1; . . . ; y2Mþ1� by

gðy1; . . . ; y2Mþ1Þ
ðy1y2 � � � y2MÞF

¼ f
y2

y1
; . . . ;

yM

yM�1
;
1

yM
; yMþ1;

yMþ2

yMþ1
; . . . ;

y2Mþ1

y2M

� �
: ð15Þ

We note that gðy1; . . . ; y2Mþ1Þ0 0. Indeed, substituting yi ¼
QM

k¼i x
�1
k

ði ¼ 1; . . . ;MÞ and yi ¼
Q i

k¼Mþ1 xk ði ¼ M þ 1; . . . ; 2M þ 1Þ into (15), we see

that the right-hand side coincides with f ðx1; . . . ; x2Mþ1Þ0 0. Let

xj ¼

Yy
k¼N

1þ�M � 1þ j

Ud k

� �
ð j ¼ 1; . . . ;MÞ;

Yy
k¼N

1þ�M þ j

Ud k

� �
ð j ¼ M þ 1; . . . ; 2M þ 1Þ:

8>>>>><
>>>>>:
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Noting that

1þ 1

Ud k �M � 1þ j
¼ 1þ�M þ j

Ud k

� �
1þ�M � 1þ j

Ud k

� ��1

;

we have hj ¼ xjþ1=xj ð j ¼ 1; . . . ;M � 1Þ, hM ¼ 1=xM , hMþ1 ¼ xMþ1, and

hj ¼ xj=xj�1 ð j ¼ M þ 2; . . . ; 2M þ 1Þ. Therefore we obtain gðx1; . . . ; x2Mþ1Þ ¼
ðx1 � � � x2Mþ1ÞF f ðh1; . . . ; h2Mþ1Þ ¼ 0, so that x1; . . . ; x2Mþ1 are algebraically de-

pendent, which contradicts Theorem 1. r
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