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Abstract

This thesis consists of two parts. Part I gives a construction of algebraic supergroups over a
commutative ring, by using the concept of Harish-Chandra pairs. Part II studies representations
of quasireductive supergroups over an arbitrary field. Quasireductive supergroups G form a wide
class of algebraic supergroups which includes all Chevalley supergroups of classical type. We give a
systematic construction of their irreducible representations in arbitrary characteristic. When G has
what we called a distinguished parabolic subsupergroup, we prove a super-analogue of the Kempf

vanishing theorem for G, and classify the irreducible representations of G.
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Chapter 1

Introduction

We work over a non-zero commutative ring k. The unadorned ® is the tensor product over k.
The word “super” is used as a synonym of “graded by Zs = {0, 1}”. Ordinary objects, such
as Lie/Hopf algebras, which are defined in the tensor category of k-modules, given the trivial
symmetry VW — W RV; v®w — w® v, are generalized by their super-analogues, such as
Lie/Hopf superalgebras, which are defined in the tensor category of Zs-graded k-modules, given
the super-symmetry
VoW —WeV, vew— (—1)Ivyee,

see (I.2.1.1) for the details. Our main concern are the super-analogues of affine/algebraic groups.
By saying affine groups (resp., algebraic groups), we mean, following Jantzen [16], what are formally
called affine group schemes (resp., affine algebraic group schemes), and we will use analogous simpler
names for their super analogues.

An algebraic supergroup (over k) is thus a representable group-valued functor G defined on
the category of commutative superalgebras over k, such that the commutative Hopf superalgebra
O(G) representing G is finitely generated; see [5, Chapter 11], for example. Associated with such
G are a Lie superalgebra, Lie(G), and an algebraic group, Gey. The latter is the (necessarily,
representable) group-valued functor obtained from G by restricting the domain to the category of
commutative algebras.

Important examples of algebraic supergroups over the complex number field C are Chevalley
C-supergroups; they are the algebraic supergroups G over C such that Lie(G) is one of the complex
simple Lie superalgebras, which were classified by Kac [17]. Just as Kostant [18] once did in the
classical, non-super situation, Fioresi and Gavarini constructed natural Z-forms of the Chevalley
C-supergroups; see [9, 11, 10]. Those Z-forms, called Chevalley Z-supergroups, are important, and
would be useful especially to study Chevalley supergroups in positive characteristic. A motivation of
this paper is to make part of Fioresi and Gavarini’s construction simpler and more rigorous, and we
realize it by using Harish-Chandra pairs, as will be explained below. Their construction is parallel
to the classical one; it starts with (1) proving the existence of “Chevalley basis” for each complex
simple Lie superalgebra g, and then turns to (2) constructing from the basis a natural Z-form,
called a Kostant superalgebra, of U(g). Our construction, which will be given in Part II Section 3.3,

uses results from these (1) and (2), but dispenses with the following procedures, which include to



choose a faithful representation of g on a finite-dimensional complex supervector space including
an appropriate Z-lattice; see Remarks 3.3.3 and 3.3.8.

In this and the following paragraphs, let us suppose that k is a field of characteristic not equal
2. Even in this case, algebraic supergroups have not been studied so long as Lie supergroups.
Indeed, the latter has a longer history of study founded by Kostant [19], Koszul [20] and others in
the 1970’s. An important result from the study is the equivalence, shown by Kostant, between the
category of Lie supergroups and the category of Harish-Chandra pairs; see [5, Section 7.4], [39].

The corresponding result for algebraic supergroups, that is, the equivalence
ASG =~ HCP (I.1.0.1)

between the category ASG of algebraic supergroups and the category HCP of Harish-Chandra pairs,
was only recently proved by Carmeli and Fioresi [6] when k = C, and then by Masuoka [24] for an
arbitrary field of characteristic not equal to 2; see [24, 13] for applications of the result. As was
done for Lie supergroups, Carmeli and Fioresi define a Harish-Chandra pair to be a pair (G,q)
of an algebraic group G and a finite-dimensional Lie superalgebra g which satisfy some conditions
(see Definition 4.2.1), and proved that the equivalence (1.1.0.1) is given by G +— (Gey, Lie(G))
(see the third paragraph above). In [24], the definition of Harish-Chandra pairs and the category
equivalence are given by purely Hopf algebraic terms, but they will be easily seen to be essentially
the same as those in [6] and in this part; see Remarks 4.2.3 and 4.5.6.

To prove the category equivalence, the articles [6] and [24] both use the following property of
O(G), which was proved in [22] and will be re-produced as Theorem 3.1.3 below: given G € ASG,

the Hopf superalgebra O(G) is split in the sense that there exists a counit-preserving isomorphism
O(G) ~ O(Gey) @ N(W) (1.1.0.2)

of left O(Gey)-comodule superalgebras, where W is the odd component of the cotangent supervector
space of G at 1, and A(W) is the exterior algebra on it. This basic property played a role in [28] as
well; see also [25]. As another application of the property we will prove a representation-theoretic
result, Part II, Corollary 2.4.10, which generalizes results which were proved in [3, 4, 34] for some
special algebraic supergroups, see Part II.

Throughout in this part we mainly assume that k is a non-zero commutative ring which is
2-torsion free, or namely, is such that an element a € k must be zero whenever 2a = 0. We
pose this assumption because it seems natural, in order to keep the super-symmetry (1.2.1.1) non-
trivial. Theorem 4.5.1, proves the category equivalence (I.1.0.1) over such k as above. We pose
some assumptions to objects in the relevant categories, which are necessarily satisfied if k is a field.
Indeed, an algebraic supergroup G in ASG is required to satisfy, in particular, the condition that
O(G) is split, while an object (G, g) in HCP is required to satisfy, in particular, the condition that
g is admissible (see Definition 2.5.2), and so, given an odd element v € g;, the even component
g5 of g must contain a unique element, %[v, v], whose double equals [v, v]; see Section 4.3 and
Definition 4.2.1 for the precise definitions of ASG and HCP, respectively. A novelty of our proof

of the result is to construct a functor G : HCP — ASG, which will be proved an equivalence, as



follows; given (G, g) € HCP, we realize the Hopf superalgebra O(G) corresponding to G = G(G, g)
as a discrete Hopf super-subalgebra of some complete topological Hopf superalgebra, .Z, that is
simply constructed from the given pair. Indeed, this Hopf algebraic idea was used in [24], but our
construction has been modified as to be applicable when k is a commutative ring. Based on the
proved equivalence we will re-construct the Chevalley Z-supergroups, by giving the corresponding

Harish-Chandra pairs.

This part is organized as follows. In Chapter 2, we give necessary definitions and notations of
super-objects. Chapter 3 is devoted to preliminaries on affine/algebraic supergroups and its Lie
superalgebras. The category equivalence theorem, Theorem 4.5.1, is proved in Chapter 4, while the
Chevalley Z-supergroups will be re-constructed in Part II, Section 3.3. We prove in Corollary 4.1.3
that the universal envelope U(g) of such a Lie superalgebra g has the property which is dual to
the splitting property (1.1.0.2); the corollary plays a role when we prove Theorem 4.5.1. After
an earlier version of the paper [27] was submitted, the article [12] by Gavarini was in circulation.
Theorem 4.3.14 of [12] essentially proves our category equivalence theorem in the generalized sit-
uation that k is an arbitrary commutative ring. A point is to use the additional structure, called
2-operations, on Lie superalgebras g, which generalizes the map g; — gg; v %[v, v] given on an
admissible Lie superalgebra in our situation. Given a Harish-Chandra pair, Gavarini constructs
an affine supergroup in a quite different method from ours, realizing it as a group valued functor.
In Section 4.6, we will refine his category equivalence, using our construction and giving detailed
arguments on 2-operations, in particular. This would not be meaningless because such detailed
arguments are not be given in [12]; see Remark 4.6.10. Chapter 5 is devoted to give a simpler
and more conceptual presentation of Gavarini’s original construction ([12]). Section 5.3 starts with
the subsection in which we re-prove Gavarini’s category equivalence cited above, using our method
of construction. This aims to supplement again Gavarini’s original proof; see Remark 5.3.6. In
Section 5.4, we suppose that k is a field of characteristic not equal to 2. As an application of our
construction, given an algebraic supergroup G and its closed subsupergroup H, we describe the

normalizer Ng (H) and the centralizer Zg (H) in terms of Harish-Chandra pairs; see Theorem 5.4.3.



Chapter 2
Preliminaries

Let k be a base commutative ring with 1. We assume that k is 2-torsion free, i.e., 2 : k = k; ¢ — 2¢
is injective. The unadorned ® denotes the tensor product over k. A module over k is said to be

finite (resp. flat, free) if it is finitely generated (resp. flat, free) as k-module.

2.1 Super-objects

Let Zs = {0,1} be the group of order 2. The group algebra kZs of Zs over k forms a Hopf algebra

by the following coalgebra structures
Ale) =e®e, €(e) =1,

where € € Zy. Note that the antipode is given by S(€) = € for each € € Zy. We let SMod denote
the category of right kZs-comodules.

An object in SMod is called a supermodule over k. In other words, a supermodule is a Zo-graded
module over k. Let V' = V5@ V7 be a supermodule. For a homogeneous element v € V, with € € Za,
we denote its parity by |v| := e. Unless otherwise stated, an element of a supermodule is always
assumed to be homogeneous. Let Homy (V, W) be the set of all morphisms f from V' to W in SMod.
By definition, f satisfies f(V;) C W, for each € € Zy. An element of Homy (V, W) is called a parity
preserving k-linear map.

We define a supermodule IIV so that (IIV'). := V,_ 1 for each € € Zy. For a morphism f : V — W
in SMod, we define a morphism IIf : IIV — IIW in SMod so that IIf := f. In this way, we get a
functor

IT: SMod — SMod,

called the parity change functor. For supermodules V, W, we define a supermodule Hom (V, W)
by letting
Hom, (V, W)g := Homy (V, W), Hom, (V, W); := Homy (V, TIW).

An element of Homy (V, W) is called a homogeneous k-linear map. Given a supermodule V', we
let V* denote its k-linear dual Homy (V) k), called the dual of V. By definition, (V*) = (V)* for
€ € 7.



For supermodules V, W &€ SMod, we define an object V ® W in SMod as follows

(VeW). = @ Vee W,
e €' E€ls
e/ +e'=e
where € € Zy. Then the category SMod forms a tensor category with a unit object k which we
regard as a purely even object k = k & 0. The tensor category SMod is symmetric with respect to

the supersymmetry
cow VoW —-WeV;, veaw— (D)o (1.2.1.1)

for V,{WW € SMod (see also [22, §2]). Here and in what follows, an element v in V' is regarded
as a homogeneous element of V. In this way, the category SMod forms a rigid symmetric tensor

category.

A superalgebra (resp. supercoalgebra, Hopf superalgebra etc.) is defined to be an algebra (resp.
coalgebra, Hopf algebra etc.) object in SMod. For example, a superalgebra R is nothing but a
Za-graded algebra. Note that the even component Ry of R is an ordinary algebra. The ordinary
objects are regarded as purely even super-objects.

For a superalgebra R, a k-subsupermodule I of R is called a left (resp. right) super-ideal if
it satisfies IR C R (resp. RI C R). A two-sided super-ideal is both a right super-ideal and a
left super-ideal, as usual. By definition, a superalgebra R is a right kZs-comodule algebra. The
comodule structure p : R — R ® kZs satisfies a € R, if and only if p(a) = a ® € for a fixed € € Zs.
A superalgebra R is said to be commutative if ab = (—1)|“Hb|ba for all a,b € R.

Example 2.1.1. Let R := Kk[T1,...,Ty;&1,...,&n), where the Ti,..., T, are ordinary indetermi-
nates and the &1,...,&, are odd indeterminates which satisfy &;§; = —&;& for 1 <¢,7 < m. Since
k is 2-torsion free, we have 53 = 0 for each 1 < ¢ < m. This R forms a commutative superalgebra.
For 1 <r <m, we denote I, := {i1,...,i |1 <i1 <--- <ip <m}and &, =&, ---&,. Then we

have

Ry (resp., Ry) = { > fr.é | f1, € K[y, T ) I €A1, omb)

r: even (resp., odd)

Here, we treat the integer 0 as an even number. Let A(&y,...,&y,) be the exterior algebra over k
generated by &1,...,&,. This forms a commutative superalgebra in the obvious way. There is an

isomorphism of superalgebras:
K(T1,...,Tn) @ A&, ..., &n) — R.

Note that, the non-zero elements &;§; (€ Rg) for i # j are nilpotent.

Example 2.1.2. For n,m > 0, we let A(m|n) denote the commutative superalgebra over k gener-
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ated by {zi; }1<i j<m—+n satisfying the relations

—xpexi; for i,k <m < j,lor j, 0 <m<ik,
TijTle =
ThoTij otherwise.

Moreover, A(m|n) forms a commutative superbialgebra by letting

m+n

Alwig) = ) e @ zhj,  e(xiy) = i,
k=1

where 6; ; is the Kronecker delta.

Let C be a flat supercoalgebra (i.e., its underlying supermodule is flat). If D is a subsupermodule
of C, then D is also flat and we have canonical injections D®" — C®" for each n > 1. Thus we say
D is a subsupercoalgebra if A(D) isin D® D, where A is the comultiplication of C'. A supercoalgebra
C is said to be cocommutative if A(c) = (=1)ltllezley @ ¢ for all ¢ € C.

Given a Hopf superalgebra A, we denote that comultiplication, the counit and the antipode of
A by

A:A—>ARA e:A—k S:A— A

We use the “Heyneman-Sweedler notation” A(a) = a; ® as for a € A, as usual.
A two-sided super-ideal I of A is called a Hopf super-ideal A if it satisfies A(]) C AR I+ IR A,
e(l)=0and S(I) C I.

Example 2.1.3. For a supermodule V, we let TO(V) :=k, T*(V) := V& for each n > 1. Then
T(V) := @,50T"(V) is N-graded, and hence is Zy-graded. Explicitly, T(V)c := @,,50 T*" (V)
for € € Zs. This uniquely forms a Hopf superalgebra by letting

Av)=v®1+1R®w,

for each (homogeneous) v € V. The antipode is given by S(v) = —v for v € V. By definition, T'(V)

is cocommutative. For an explicit description of the coproduct, see [24, Remark 3].

2.2 Supermodules

Let R be a superalgebra with the multiplication m : R® R — R and the unit v : k — R. A left
R-supermodule M is a supermodule endowed with a structure map o € Homy(R® M, M) satisfying
the following familiar commutative diagrams in SMod

id id
RoRoM M s poM koM —ENM L peM

T ° .

R M > M, M.

1R

«
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Let a.m := a(a ® m) for each a € R, m € M. For two left R-supermodules M and N, we denote
the set of all (parity preserving) left R-supermodule maps by Hompg(M, N). Let Homp (M, N) be
the supermodule of the form Hompg (M, N) ® Hompg(M,IIN), as before. We denote Hom (M, M)
by Endp(M). Let gSMod denote the category of left R-supermodules. Similarly, we define the

notion of right R-supermodules. For a left R-supermodule M, we define
m.a := (—1)mg.m (1.2.2.1)

for a € R, m € M. By this structure, M forms a right A-supermodule.
For a left (resp. right) R-supermodule (M, «), the dual supermodule M* is naturally regarded
as a right (resp. left) R-supermodule by the following formula

(f.a,m) = (f,a.m) (resp. (a.f,m) := (f,m.a)),

fora € R, f € M* and m € M. Here (, ) € Homg(M* ® M,k) is the canonical evaluation map.
The category of all left R-supermodules rpSMod is nothing but the category of left R- right
kZy-Hopf modules RMod*?2. Since there is a unique Hopf algebra isomorphism kZy = (kZg)*, we
have an equivalence
rSMod =5 r.kz,Mod; M — M. (1.2.2.2)

For a R-supermodule M, the corresponding R x kZs-module structure on M is given by

(a x€).m :=a(mg+ (—1)°mq)

for a € R, € € Zy and m = mg + my with mg € Mgy and m1 € Mj.

A non-zero superalgebra is said to be simple if it has no non-trivial super-ideal.

Proposition 2.2.1. Assume that k is a field. If R is a simple superalgebra with Ry # 0, then Rj
18 Morita equivalent to R X kZs.

Proof. Let H := k7o and let B := R for simplicity. Here R := {a € R | p(a) = a ® 0},
where p : R — R ®kZs is the kZy-comodule structure map of R. Thus B coincides with Rgj. Since
RiRi & Ry is a non-zero super-ideal of R, we have R;R7; = Rj. Therefore, the Zy-grading of R is
strongly graded. This is equivalent to saying that R/B is a right H-Galois, see [7]. Then by the

theory of Hopf-Galois extension, the following is an equivalence
sMod =5 gpMod; V — Rep V. (1.2.2.3)

Combine the equivalence above with (1.2.2.2), the claim follows. O

12



2.3 Pairings

Let R be a superalgebra. Given R-supermodules M, N, we let M ®r N denote the quotient k-
supermodule of M ® N defined by the relations

ma@n=m®an

fora € R, m € M, n € N. This is naturally an R-supermodule. The category of R-supermodules
rSMod forms a symmetric tensor category, where the tensor product is the ® g just defined above,
and the unit object is R. The symmetry is the one induced from the supersymmetry c_ _ (see
(I.2.1.1)), and it will be denoted by the same symbol.

A Hopf superalgebra over R is a Hopf-algebra object in gSMod. The structure maps of a Hopf
superalgebra A over R will be denoted by

Ag: A—> ARrA, eg4: A= R, Syu:A— A

We use the notation A 4(a) = a1 ®p ag for a € A, as before.
A pairing between objects M and N in gSMod is a morphism M ® g N — R in gSMod, which

will be often presented as
(,):MxN—R, (m,n) = the value of m ®@g n.

The tensor product with another pairing (, ) : M’ ®@r N’ — R is the pairing between M @z M’ and
N ®g N’ which is defined to be the composite

idy ®repr nOridys (,)®R(:)
=

(M ®p M) ®@r (N ®r N') (M ®r N)®r (M @rN') "—" Re@p R =R

Explicitly, it is defined by
(m@pm', nopn') = (=) (m, n) (m', n), (1.2.3.1)

where me M, m' e M', ne N, n’ € N'.

Remark 2.3.1. If R = k, then the sign (—1)™I"l above can be replaced by either (—1)™I"l,
(_1)Im’\ln’\ or (_1)Im|\n’|,

Definition 2.3.2. Let A, B be Hopf superalgebras over R. A pairing (, ) : A x B — R is called a
Hopf pairing, if we have

<l’, hk> = <AA('T)’ h®g k>a <$yv h) = <fL‘ QR Y, AB(h»a (1'2'3'2)
(x, 1) =eq(x), (1, h) =ep(h), (1.2.3.3)

where z,y € A, h,k € B. On the right-hand sides of (1.2.3.2) appears the tensor product of two

copies of the pairing.

13



One sees that the conditions imply

(Sa(z), h) = (z, Sp(h)) (1.2.3.4)

forz € A, h € B.

Just as in the non-super situation, the set

Gpl(A) :={g € Ay | Aulg) =g ®r g, calg) =1}

of all even group-likes in A forms a group under the multiplication of A. On the other hand, the
set
SAlgg(B, R)

of all superalgebra maps B — R over R is a group under the convolution product x. Namely, for
f, [ € SAlgr(B, R) we define f * f’ € SAlgr(B, R) as follows

Fef B2 BorB Y ReorR =R (1.2.3.5)
Lemma 2.3.3. A Hopf pairing (, ) : A x B — R induces the group map
Gpl(A) — SAlgg(B, R); g+ (g, —).

Here is a typical example of Hopf pairings over k.

Example 2.3.4 (cf. [24, Eq. (5)]). Let W be a finite and free module (over k). We regard the
exterior algebra A(W) on W as a Hopf superalgebra over k in which every element in W is an
odd primitive. We have another such Hopf superalgebra A(WW*) over k. A Hopf pairing ( , ) :
AW™*) x A(W) — k is defined by

(VIA- - AUp, WA ANWp) = 0pm (=1)M=1D/2 det (vi(wj))ij , myn >0, (1.2.3.6)

where v; € W*, w; € W. Here 0y, p, is the Kronecker’s delta.

Remark 2.3.5. In [24, 25, 29, 27], they use the simpler duality. Namely,

(VI A AUp, Wi A= AWpy) 1= Gy det (vi(wy)) m,n >0, (1.2.3.7)

(N

where v; € W*, w; € W. Since this simpler duality (1.2.3.7) does not work well for Hopf superal-
gebras over R, in general, we have to use the duality (1.2.3.6). In Section 2.4, this circumstance is

explained, and the difference caused by choices is described in terms of cocycle deformations.

2.4 Comparing dualities

In the situation above we suppose R =k, and consider super-objects and pairings over k.

14



Let C be a supercoalgebra over k. Then we make the dual k-supermodule C* uniquely into a
superalgebra so that the canonical pairing C* x C — k satisfies the second equations of (1.2.3.2),
(I.2.3.3). This is the same as saying that the canonical pairing C x C* — k satisfies the first
equations of (I1.2.3.2), (1.2.3.3). The identity of C* is the counit of C, and the product is given by

(pg)(h) = (=1)"14 p(h1) q(ha),

where p,q € C*, h € C. We denote this superalgebra by C*.
Similarly, if A is Hopf superalgebra over k which is finite projective, we make A* uniquely into
a Hopf superalgebra, so that A* x A — k or A x A* — k is a Hopf pairing. We also denote it
by A*. call the dual Hopf superalgebra of A. Since the Hopf pairing given in Example 2.3.4 is
non-degenerate, it follows that the Hopf superalgebras A(W) and A(W*) are dual to each other.
Let
(,):VxW-—k, (,): V' xW —k

be pairings over k. In the articles [24, 25, 27], the tensor product of pairings is supposed to be the

ordinary one, just as in the non-super situation,
/ / / /
(VRw, vV @ W )eq := (v, w) (v, w'),

where v € V, w € W, v € V', w' € W'. This is justified, since it holds that (, )ora © (cv,w ®
idwrev) = (, Jord © (idvew ® e y7); see the proof of [24, Corollary 3.

On the other hand, over R € SAlg, in general, this is not true any more. Therefore, we
chose the definition as in (1.2.3.1), so that indeed, we have (,) o (cpr,nv ®r idnigpmr) = () ©
(idM®RN ®RCN’,M’)7 i.e.,

, , cM,NORIANI g p v/ , ,
(M ®r N)®g (N @r M) (N®@r M) ®r (N ©r M')
idygpy ®RCN/7M/\L O l< )

(M ®r N)®pr (M ®@r N') o > R.

Due to these different choices, the Hopf pairing given by (1.2.3.6) is different from the ordinary
one given by (1.2.3.7) or [24, Eq. (5)]. Note also that, the dual (Hopf) superalgebras given above
are different from those given in the cited articles. In the following, we are going to clarify this

difference.

Let k* denote the multiplicative group of all units in k, and regard it as a trivial module over

the group Zs. Then the map o : Zy X Zy — k™ defined by
0(6777) = (_1)677, €,M € Lo

satisfies
o(e,n)a(d,e+n)=0(d+en)o(de€)
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for d,e,m € Zs. Thus o is a 2-cocycle. Therefore, the identity functor
SMod — SMod; V +— ,V =V
together with the tensor structure

VW — S(VeW), vew— o(jv],|w|)v® w, (I1.2.4.1)
id:k — -k (=k)
form a tensor equivalence.
Lemma 2.4.1. The tensor functor ,(—) preserves the supersymmetry.

Moreover, the functor ,(—) is an involution, since o(e,n)? = 1 for €, € Zy. If k contains a

square root /—1 of —1, then o is the coboundary of the map
v:Zo — k™, v(0):=1, v(1):=v-1
Therefore,
NV —V: v—v(jv])v

gives a natural isomorphism from the tensor equivalence ,(—) given by o to the identity tensor
functor.

It follows that if A is a super-object (e.g. a Hopf superalgebra) over k, then ,.A is such an
object, and ,(,.A) coincides with A. This ,.A is called the (cocycle) deformation of A by o; see
[23, Section 1.1], for example. If v/—1 € k, then A and ,.A are naturally isomorphic.

Given two pairings over k as above, we have
(w@w, v @w) = (o(v], |lw)ve@w, v @w )

= (v @w, o(|],|w]) v @ w)ora;

see (1.2.4.1).
Therefore, the dual (Hopf) superalgebra A* given above coincides with the deformation ,(A*)
of the one A* treated in [24, 25, 27].

2.5 Lie Superalgebra

2.5.1 Admissible Lie superalgebras

A Lie superalgebra g over k is a Lie algebra object in SMod. In other words, g is a Zs-graded
module over k endowed with [, ] € Homg(g ® g, g), called super-bracket, satisfying

(i) [w,w] =0 for w € gg,

(i) [[z,z],z] =0 for z € gy,
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(iv) [[; 1, T o (idgegeg +¢q,gog + Cgon,g) = 0,
where c_ _ is the supersymmetry, see (1.2.1.1).

Remark 2.5.1. If g; is 2-torsion free, then the condition (iv) restricted to g7 ® g7 ® g7 is automati-
cally satisfied. Indeed, this follows by applying the condition (ii) to x1 +z2+x3 with z1, 2, 23 € g5.

By definition, for a Lie superalgebra g, the even part gy forms an ordinary Lie algebra. We
treat a special class of Lie superalgebras. For a 2-torsion free module V', an element v € V is said
to be 2-divisible if there exists w € V such that v = 2w. Since such a w is uniquely determined, we

will denote w by %v.

Definition 2.5.2 ([27, Definition 3.1]). Let g be a Lie superalgebra over k. The Lie superalgebra

g is called admissible if it satisfies the following conditions.

(A1) The even part gg is flat
(A2) the odd part gy is free, and

(A3) for all x € gy, the element [z, z] is 2-divisible.

Let g be a Lie superalgebra. If g; has a k-free basis X such that [z, z] is 2-divisible for every
x € X, then the condition (A3) stated above is automatically satisfied.

Example 2.5.3. Let Mat, ;(k) denote the set of all r-by-s matrices with entries in k. As in the

ordinary case, gl := Mat, (k) forms a Lie algebra.

(1) Set gl(m|n) := Maty,4nm+n(k). This forms a superspace by the following Zs-grading.

A 0

gl(m|n)g := {(0 D) | A € Mat,, m(k), D € Mat,, ,,(k)},

0 B

gl(m|n); == {(C 0) | B € Maty, »(k), C € Mat,, m(k)}.

Moreover, gl(m|n) becomes a Lie superalgebra by letting
(X,Y]:= XY — ()X Wy X,

for (homogeneous) elements X,Y € gl(m|n). The even part gl(m|n)g of gl(m|n) is isomorphic

to gl,, @ gl,, as Lie algebras.

(2) Let q(n) be the Lie subsuperalgebra of gl(n|n) consisting of matrices of the form

A B
, A, B € Mat, (k).
B A ’

This is called a queer Lie superalgebra. Note that, the even part q(n)g is isomorphic to gl

as Lie algebras.
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One can easily check that the Lie superalgebras gl(m|n) and q(n) stated above are admissible.

For an admissible Lie superalgebra g, we define the universal enveloping superalgebra U(g) of
g as the quotient Hopf superalgebra of T'(g) by the Hopf super-ideal generated by the following
homogeneous primitives

yz — (—DWIELy — [y, 2], 2® — %[x, x), (I1.2.5.1)

where y,z € g and z € gy. This U(g) is cocommutative. Note that if 2 € k*, then the second

element x? — %[z, z] in (1.2.5.1) may be removed, since they are covered by the first one.

Let U(gy) denote the universal enveloping algebra of g, as usual. Namely, this is the quotient
cocommutative Hopf algebra of the tensor algebra T'(gy) of gy be the Hopf ideal generated by
yz — zy — [y, 2] for y, z € g5. Since g is flat k-module, the canonical map gz — U(gg) is injective,
see [14]. Through this injection, we may regard gz C U(gg)-

On the other hand, the inclusion gz C g induces a Hopf superalgebra map

U(gs) — U(g).

2.5.2 2-Operations

In this subsection, we work over an arbitrary non-zero commutative ring k.

Let g be a Lie superalgebra.
Definition 2.5.4 ([12, Definition 2.2.1]). A 2-operation on g is a map (—)‘? : g; — g5 such that
(1) (ev)@ = 22,
(i) (v4w)? =v@ + [v,w] + w?, and
(iit) [v®, 2] = [v, [v, 2]],
where c € k, v,w € g7, 2 € g.
This is related with the admissibility defined by Definition 2.5.2 as follows.

Lemma 2.5.5. Assume that k is 2-torsion free. If g is admissible, then
1
U<2> = i[v’v]a (S g1

gives the unique 2-operation on g, and this is indeed the unique map gy — gy that satisfies (i), (ii)

above.

Proof. The left and the right-hand sides of (i)—(iii) coincide since their doubles are seen to coincide.
The uniqueness follows, since we see from (i), (i) that 4v'? = (20)? = 20 + [v,9], and so
2012 = [v,v]. O

If k is 2-torsion free, an admissible Lie superalgebra is thus the same as a Lie superalgebra g
given a (unique) 2-operation, such that g is k-flat and gy is k-free.
Let us return to the situation that k is arbitrary. Let g be a Lie superalgebra given a 2-operation.

One directly verifies the following.
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Proposition 2.5.6. Suppose that the odd component gy is k-free, and choose a totally ordered basis

X arbitrarily. Given a commutative algebra S, define a map

() 498 —gy®S

by
3 2) ~ @
(ZII%@C@'); ::in ® cj —I—Z[mi, x| ® cicj,
i=1 i=1 i<j
where x1 < -+ < x, in X, and ¢; € S. This definition is independent of choice of ordered bases,

and the map gives a 2-operation on the S-Lie superalgebra ¢ ® S. For arbitrary elements v; € g1,

¢ €8,1<i<m, we have

2.6 Supercomodules

Let C be a supercoalgebra. A right C-supermodule V is a supermodule endowed with a structure

map p € Homy (V,V ® C) satisfying the following commutative diagrams in SMod.

id A id
VoloC V%2 yveo Vek VY  yec

wa] o T2 T

Vel V, V.

IR

p

We let denote p(v) = vp @ vy for v € V, as usual. Let Hom®(V, W) denote the set of all (parity
preserving) right C-supermodule maps from V to W and let Hom®(V, W) := Hom%(V, W) @
Hom® (V,IIW), as before. We denote Hom® (V, V') by End® (V). Let SMod® denote the category
of right C-supercomodules. Similarly, we define the notion of left C'-supercomodules. For a left
C-supercomodule V' with its structure map p : V.— C ® V, we let denote p(v) = v_1 ® vy for
velV.

Definition 2.6.1. Let C' and C’ be supercoalgebras. A left C-, right C’-supercomodule is a super-

module V' satisfying the following conditions

(i) V is a left C-supercomodule with the structure map p and a right C’-supercomodule with

the structure map p/, and
(i) (idc®p’)op=(p®@idcr)op'.

For a finite and flat left (resp. right) C-supercomodule V' with its structure map p, we can
naturally regard the dual superspace V* as a right (resp. left) C-supercomodule. To explain this,

we consider the following map

Ao

cyx,c®idy
=

VeVl yvrece v CoV eV
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(resp. V* oV gy g Y C).

Then we get an element of Homy(V* ® V,C) = Homy(V*, Homy (V,C)). There is a canonical
isomorphism
CoV*=Homy (V,C); ¢® f+— (v c(f,v)).

By using this isomorphism (resp. the composition of ¢y« and this isomorphism), we get an

element p* in Homy (V*, V* ® C) (resp. Homy(V*,C @ V*)). Explicitly,

(p"(f);v) = v-1(f,v0) (resp. (p*(f),v) = (f,v0)v1)
force C, f € V* and v € V. Now one can easily show that this p* indeed define a right (resp.

left) C-supercomodule structure on V*.

Let f: C'— D be a supercoalgebra map. For a right C-supercomodule V', we define
oo V- vec S veD,

where p is the supercomodule structure map of V. One sees V becomes a right D-supercomodule
with this new structure map p|p. We denote this D-supercomodule by res$ (V). This res(—)
gives a functor from the category of right C-supercomodules SMod® to the category of right D-
supercomodules SMod?.

Let V be a right C-supercomodule, and W be a left C-supercomodule. We define the cotensor
product of V and W by

VOe W i=Ker(V oW S v o cew).

We regard Vo W as a subsuperspace of V®@W. In this way, we have a left exact functor (—)Oc W
form the category of right C-supercomodules SMod® to the category of superspaces SMod.
We regard C' as a left D-supercomodule by

c S cec’ pec (1.2.6.1)
For a right D-supercomodule V', we define a right C-supercomodule

ind%(V) := VvOp C

whose structure map is given by idy ®A. This ind$ (=) gives a left exact functor from the category

of right D-supercomodules SMod® to the category of right C-supercomodules SMod®.
Lemma 2.6.2. Let C' be a supercoalgebra, and let V' be a right C'-supercomodule.

(1) The following map is a natural isomorphism of right C-supercomodules.
VDCCi)V; v®c— ve(e),
where € : C — k is the counit of C.
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(2) Let C' be a supercoalgebra. For a left C- right C'-supercomodule W and a left C'-supercomodule
X,
VO (WHer X)Z2(VE0W)Oer X; 2@ (w®zx)— (vQw)®z

s a natural isomorphism of superspaces
The following is a kind of dual result of Frobenius reciprocity.

Proposition 2.6.3 (Frobenius Reciprocity). Let V' be a right D-supercomodule and let W be a

right C-supercomodule. Then there exists an isomorphism of SMod

Hom (res2 (V), W) = Hom?” (V,ind2(W));
¢ = (p®idp)onp,

where p is the supercomodule structure map of V.
Proof. For vy € Hom” (V,ind2(W)), we define
V-5 W Oe DS w,
where ¢ is the counit of D. One can easily check that this gives the inverse. Since f and the
structure maps of V', W preserve the parity, we are done. O

In particular, we have an isomorphism
Hom (res2(V), W) = Hom?” (V,ind2 (W)) (1.2.6.2)

of modules over k. Since ind2(—) is right adjoint to the restriction functor resZ(—), we have the

following result.

Corollary 2.6.4. The functor indg(—) preserves injective objects.

Let A be a Hopf superalgebra. We regard k as a left A-supercomodule by
k—Ak, 1—14®1,

where 14 is the unit element of A. For a right A-supercomodule V', we define the coinvariant
subsuperspace VA of V as follows
Vel = vV Oy k.

Explicitly, v € V4 if and only if p(v) = v®14, where p: V — V® A is the right A-supercomodule
structure of V.

We can show a super-analogue of the tensor identity theorem ([16, Part I, 3.6]).

Proposition 2.6.5. Let B a Hopf superalgebra with a Hopf superalgebra map A — B. For V €
SMod? and W € SMod®, we have an isomorphism

V @ ind3(W) — indf(resp(V) @ W)
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of right A-supercomodules.

Proof. ForvQw®a € V®ind‘g(W), the map v @ w ® a — (—1)"1%lyy @ w @ via gives the right

A-supercomodule isomorphism. O
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Chapter 3
Supergroups

Let k be a non-zero base commutative ring.

3.1 Algebraic supergroups

An affine supergroup scheme (supergroup, for short) is a representable functor G from the category
SAlg; of commutative superalgebras over k to the category Grp of groups. We denote the repre-
senting object of G by O(G). This O(G) forms a commutative Hopf superalgebra, by Yoneda’s
Lemma. A subsupergroup functor K of G is called a closed subsupergroup if there is a Hopf su-
peralgebra surjection O(G) — O(K). A supergroup G said to be algebraic (resp. flat) if O(G) is
finitely generated as a superalgebra (resp. O(G) is k-flat).

Conversely, for a commutative Hopf superalgebra A over k, we get a supergroup SSp(A) as
follows. As in (1.2.3.5), for a commutative superalgebra R, SSp(A)(R) is the set SAlgy, (A, R) of all
superalgebra maps from A to R over k. For f, f' € SSp(A4)(R), the multiplication * is given by

fof =mpo(f®f)oA:A— R,

where mp : R® R — R is the multiplication on R and A : A - A ® A is the comultiplication of
A. The unit element of SSp(A)(R) is given by ugpoe : A — R, where ug : k — R is the unit of
R and € : A — k is the counit of A. Finally, the *-inverse of the element ¢ € SSp(A)(R) is given
by poS: A — R, where S : A — A is the antipode of A. As in ordinary case, one can easily
show that SSp(A) forms a supergroup by these structure maps. In this way, one can see that affine

supergroups correspond to commutative Hopf superalgebras.

For a commutative Hopf superalgebra A, we define
A= AJ)(41), WA= (AT/(AT))y, (1.3.1.1)

where (A7) is the super-ideal of A generated by the odd part A of A and A" := Kere. Note that
A is an ordinary Hopf algebra. Let

A— A; ar—a (1.3.1.2)
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be the quotient map. We regard A as a left A-comodule superalgebra by
A— A®A; a— a1 @ ag,

where a7 denotes the canonical image of a1 € A in A.

Definition 3.1.1 ([27, Definition 2.1]). A commutative Hopf superalgebra A is said to be split if
W4 is free and there exists an isomorphism ¢ : A —» ARAN(WA) of left A-comodule superalgebras.

A split commutative Hopf superalgebra A is finitely generated if and only if A is finitely gen-
erated and W4 is k-finite (free).

If such v exists, then we can re-chosen so that counit-preserving in the sense that

(€4 ®epway) oy = ea,

where €4 (resp., €, E4(4)) is the counit of A (resp., A, A(W4)). Indeed, the map a +— 1p(ay)y o
S(az) gives the desired one, where v := (€5 ® €, (wa)) 0 9.

Remark 3.1.2. We regard A as a right A-comodule superalgebra by
A—A®RA, ar— a1 Qas. (1.3.1.3)

The same condition as above is equivalent to the condition with the sides switched, that is, the
condition that there exists a (counit-preserving) isomorphism A —s A(W4)® A of right A-comodule
superalgebras. Indeed, if v is a left- or right-sided isomorphism, then the composite co oS, where

C = CZ WAy OF €= Cp(yay A gives an opposite-sided one.
Theorem 3.1.3 ([22, Theorem 4.5]). Ifk is a field of characteristic # 2, then every commutative

Hopf superalgebra is split.

For a supergroup G, we define its even part Gey as the restricted functor of G form category Alg,

of commutative algebras over k to Grp. This Gy is an ordinary affine group (scheme) represented

by the quotient Hopf algebra O(G). If G is algebraic, then G, is also algebraic. By definition,
WO(G) is the odd part of the cotangent space of G at the identity.

Example 3.1.4. Let M be a k-supermodule. For a commutative superalgebra R over k, we define
GL(M)(R) := Autp(M ® R),

where Autp(M ® R) is a subsuperspace of Endp(M ® R) consisting of all invertible morphisms.
By definition, GL(M) is a supergroup. If M is k-free and finite rank such that rank My = m,

rank M; = n, then we can regard GL(M) as a matrix group as follows
A|B A € GL,,(Rg), B € Mat, »(R1),
GL(M)(R) = { | ) )
C|D C € Mat,, (R1), D € GL,(Rjg)
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where GL,,(—) is the ordinary general linear group (scheme) of degree m. In this case, we sometimes
denote GL(M) by GL(m|n).

The supergroup GL(m|n) is an algebraic supergroup. Indeed, the Hopf superalgebra O(GL(m|n))
representing G(m|n) is given by the localization A(m|n)y of A(m|n) at

d = det(zij)1<i jom det(Tre)m 1<k e<mrn;
for the notation see Example 2.1.2. In particular, one sees that the antipode is given by
s(AlB\_((A-BDC)! | —A"'BS(D)
C \ -D'es() |(p-ca'B)t )]

where A = (245)1<i j<ms B = (Tkj)i<k<m<j<mtn, C = (Tir)1<icm<t<mtn, D = (The) mei<k,e<mtn-
The even part of GL(m/|n) is given as follows

GL(m|n)ey = GL;;, X GL,,.

Example 3.1.5. Let Q(n) be the subsupergroup of GL(n|n) such that

Q(n)(R) = {(%‘%) € GL(n|n)(R) | A € Mat,(Ry), B € Matn(R;)},

where R is a commutative superalgebra. Obviously, this Q(n) is a closed subsupergroup of GL(n|n).

The even part is GL,,.

Example 3.1.6 (cf. [29]). For a fixed m > 1, we let G;™ denote the algebraic supergroup such
that G, ™(R) is the additive group R{", where R is a commutative superalgebra. The representing

object is the exterior algebra A(&1, ..., &) generated by non-zero odd primitives &1, ..., &n,.

3.2 Lie superalgebras of supergroups

Assume that k is 2-torsion free.

Let G be an affine supergroup. Set A := O(G). Then the following is easy to see.

Lemma 3.2.1. For homogeneous elements a,b € AT, we have
Alab)=1@ab+ab®@1+a®@b+ (-1 q
modulo AT ® (AT)? 4+ (AT)? @ AT.
Set 0 := AT /(AT)2 This is a supermodule. The Lie superalgebra

g = Lie(G)
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of G is the dual supermodule 0* of 0. Explicitly,
Lie(G) := (AT /(AT)?)*.

Note that, A* is the dual superalgebra of the supercoalgebra A. Regard g as a subsupermodule of
A* through the natural embedding ¢ C k @ ?* = (A/(AT)?)* C A*. By definition we have

g; = (WH)*.

Proposition 3.2.2. The superlinear endomorphism idxgax —cax 4= on A* @ A*, composed with
the product on A*, restricts to a map, [, | : g ® g — g, with which g is indeed a Lie superalgebra.
This satisfies (A3) in Definition 2.5.2.

Proof. By Lemma 3.2.1 it follows that (ida+ga+ — ca,4) o A induces a super-linear map
0:0—0R®0, (I1.3.2.1)

which is seen to satisfy
(idogo + cop) 00 =0,  (idogomo + o000 + Corpp) © (6 @ idy) 0 d = 0.

Therefore, § is dualized to a map [, | such as above, which satisfies (i), (iii) and (iv) required to
super-brackets; see Section 2.5. Let v € g7. Then it follows from Lemma 3.2.1 that given a,b as in
the lemma, we have

v2(ab) = v(a)v(b) + (1) WPly(B)v(a) =0,

since v(a)v(b) = 0 unless |a| = |b] = 1. Therefore, v> € g5 and [v,v] = 2v%. Thus (A3) in

Definition 2.5.2 is satisfied. The remaining (ii) is satisfied, since [[v,v],v] = 2[v?,v] = 0. O
Set G := Gey. Then A = O(G). We have the Lie algebra Lie(G) = (Z+/(Z+)2)* of G.

Lemma 3.2.3. The natural embedding A" C A* induces an isomorphism Lie(G) ~ gy of Lie

algebras.

Proof. One sees that this is the dual of the canonical isomorphism
AT /((AF) + AD) = (A /AD)/(((AD)? + AD) /A7),
Thus we are done. O

Example 3.2.4. For algebraic supergroups GL(m|n) and Q(n), one can easily see that its Lie
superalgebras are given by Lie(GL(m|n)) = gl(m|n) and Lie(Q(n)) = q(n).
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Chapter 4

Harish-Chandra Pairs Constructions

In this chapter, we assume that k is 2-torsion free,

4.1 Universal enveloping superalgebras

Recall that given an algebra S, an S-ring [1, p.195] is an algebra given an algebra map from S.

Let g be an admissible Lie superalgebra. The inclusion g5 C g induces a Hopf superalgebra map
U(gg) — U(g),

by which we will regard U(g) as a U(gy)-ring, and in particular as a left and right ¢/(g;)-module.

Proposition 4.1.1. U(g) is free as a left as well as right U(gg)-module. In fact, if X is an arbitrary
k-free basis of g7 given a total order <, then the products

T1+ T, neX, T < <Tp, n>0

in U(g) form a U(gg)-free basis, where x; in the product denotes the image of the element under

the canonical map g — U(g).

This is proved in [24, Lemma 11], in the generalized situation treating dual Harish-Chandra
pairs, but over a field of characteristic # 2. Our proof of the proposition will confirm the proof of

the cited lemma in our present situation. To use the same notation as in [24] we set

Then the right adjoint action
adr (u)(v) = [v,u], ue€gy veV (I1.4.1.1)

by g5 on V gives rise to the right J-module structure on V, which we denote by v<a, where v € V,
a€cJ. Ifi:V — U(g) denotes the canonical map, we have

i(lvaa) =8(a1)i(v)az, veV, aelJ (1.4.1.2)
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in U(g). Indeed, this follows by induction on the largest length r, when we express a as a sum of

elements uy - - - u-, where u; € gg.

Lemma 4.1.2. The right J-module structure on V and the super-bracket [, |: V@V — g5 C J
restricted to V- make (J,V) into a dual Harish-Chandra pair [24, Definition 6], or explicitly we

have
(a) [u<ai,v<az] = S(a1)u,v]as,
(b) [u,v] = [v,u] and
(c) valv,v] =0
for all u,v € V, a € J. Properties (b), (c) implies
(d) u<v,w] +v<w,ul +w<fu,v] =0, u,v,weV.

We remark that (a) is an equation in gj, and the product of the right-hand side is computed in
J, which is possible since g5 C J.

Proof of Lemma 4.1.2. One verifies (a), just as proving (1.4.1.2). Properties (b), (c) are those of
Lie superalgebras. One sees that (b), applied to u + v + w and combined with (c), implies (d). O

Proof of Proposition 4.1.1. We will prove only the left J-freeness. The result with the antipode
applied shows the right J-freeness.

Let X be a totally ordered basis of V. We confirm the proof of [24, Lemma 11] as follows. First,
we introduce the same order as in the proof into all words in the letters from X U {*}, where x
stands for any element of .J. Second, we see by using (1.4.1.2) that the J-ring U(g) is generated by

X, and is defined by the reduction system consisting of
(i) za —» a1(zr<az), z€X, acJ,
(i) zy — —yz + [z,y], z,yeX, >y,
(iii) 2? — [z,2], =z €X,

where we suppose that in (i), x <ag is presented as a k-linear combination of elements in X. Third,
we see that the reduction system satisfies the assumptions required by Bergman’s Diamond Lemma
[1, Proposition 7.1], indeed its opposite-sided version.

To prove the desired result from the Diamond Lemma, it remains to verify the following by
using the properties (a)—(d) in Lemma 4.1.2: the overlap ambiguities which may occur when we

reduce the words
(iv) zya, z>yinX, a€ J,

(V) 2yz, z>y>zinX
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are all resolvable. The proof of [24, Lemma 11] verifies the resolvability only when z,y and z are
distinct, and the same proof works now as well.
As for the remaining cases (omitted in the cited proof), first let zya be a word from (iv) with

x = y. This is reduced on the one hand as
xxa — zai(x <az) = aj(xr <az)(z<as),

and on the other hand as

1
rra — (7

2[3:, x])a = alS(a2)<%[x, a:])ag

1
= a1<§[:1:<1a2, x<1a3]>.

Let b € J. The last equality holds since S(by)(3[z, 2])bs and %[z < b1, < by] coincide since their
doubles do by (a). For the desired resolvability it suffices to see that the two polynomials

1
(z<b1)(x<by), §[m<1b1, x < ba] (1.4.1.3)

are reduced to the same one. For this, suppose

n
(:L'<1b1)®(l’<bg): Ztijl‘i@l'j nVeV,
i =1

where ¢;; € k, and x1 < --- <z, in X. Note that t;j = tj; since J is cocommutative. Then the first

polynomial in (I1.4.1.3) is reduced as

Ztm Tix; + 33‘]1‘1 + Zt” TiT; — Zt” T, mj + Zt”< xz, €T; )

1<J 1<J

This last and the second polynomial in (I.4.1.3) coincide since by (b), their doubles do. This proves
the desired result.

Next, let zyz be a word from (v), and suppose x = y > z. Note that if (u,w) = ([z, z],z) or
(3[z, ], 2), then u is primitive, and so we have the reduction wu — uw +w <u given by (i). Then
it follows that xyz = xxz is reduced as

rrz — —xzx+zfx, 2] = zex — |z, 2]+ [z, 2]e + 2 <z, 2]

— z(%[x, x]) +zaz, z] — (%[x, x]>z+z<l (%[x, x]) + x4z, 2]

The word is alternatively reduced as
1
rrz — (g[x, m])z

These two results coincide, since the element z<(3[z, z]) + 2 <[z, 2], whose double is zero by (d), is

zero. The ambiguity for the word zyz is thus resolvable when = =y > z. One proves similarly the
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resolvability in the remaining cases, x >y = z and = = y = z, using (d) and (c), respectively. [
The proposition just proven shows the following.

Corollary 4.1.3. If g is an admissible Lie superalgebra, then there exists a unit-preserving, left

U(gp)-module super-coalgebra isomorphism
U(gy) @ A(g1) — U(9)-

Here, “unit-preserving” means that the isomorphism sends 1 ® 1 to 1.

4.2 Harish-Chandra pairs

Let G be an algebraic group over k. For a right O(G)-comodule M, we write its structure map
M — M ® O(G); m — my ® my. The corresponding left G-module structure is given by

G(S) — Auts(M ® S); v +— (m® Ly — mo @ y(m1)),

where S is a commutative algebra over k (cf. Part II, Section 2.1). For simplicity, this left (resp.

right) G-module structure is represented as
“m (resp. m”) (I1.4.2.1)

for m € M and v € G. Let W be a k-finite projective module. A left G-module structure on W is

transposed to W* so that
(w9, w) = (v,%w) (1.4.2.2)

forv e W, w e W, g € G(S), where S is a commutative algebra. Actually, this notational
convention will be applied only when G is an affine (algebraic) group.

The Lie algebra Lie(G) of G is naturally embedded into O(G)*, and the embedding gives rise
to an algebra map U(Lie(G)) — O(G)*. The associated pairing

(,):ULie(G)) x O(G) — k (1.4.2.3)

is a Hopf pairing. Therefore, given a left G-module structure (= right O(G)-comodule structure)
on a k-module M, there is induced a left U (Lie(G))-module structure on M defined by

x —m:=my(x, my), (I1.4.2.4)

where x € U(Lie(G)) and m € M.
The right adjoint action by G on itself is dualized to the right co-adjoint coaction

coadr : O(G) — O(G) ® O(G); a+— az @ S(a1)as. (1.4.2.5)

This induces on O(G)*/(O(G)T)? aright O(G)-comodule (or left G-module) structure. We assume
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(B1) O(G)/(O(G)*)? is k-finite projective.

This is necessarily satisfied if k is a field. Under the assumption, the left G-module structure
on O(G)*/(O(G)*)? just obtained is transposed to a right G-module structure on Lie(G). The
induced right ¢ (Lie(G))-module structure coincides with the right adjoint action adg (u)(v) = [v, u],
u,v € Lie(G), as is seen by using the fact that the pairing above satisfies

(u, ab) = (u, a) e(b) + e(a) (u, b), (u, S(a)) = —(u, a) (1.4.2.6)

for u € Lie(G), a,b € O(G).
Let G be an algebraic group which satisfies (B1), and let g be a Lie superalgebra such that
gy = Lie(G). Note that g is k-finite projective and so k-flat; it is a right G-module, as was just

seen. We assume in addition,

(B2) gz is k-finite free, and g is admissible, and

(B3) G is flat, ie., O(G) is k-flat.

Assuming (B1) we see that (B2) is equivalent to that gy is k-finite free, and g satisfies (A3).

Definition 4.2.1 (cf. [6, Definition 3.1], [27, Definition 4.4]). Let G be an algebraic group satis-
fying (B1) and (B3), and let g be a Lie superalgebra satisfying (B2). The pair (G,g) is called a

Harish-Chandra pair if it satisfies the following conditions
(i) The Lie algebra Lie(G) of G coincides with g,

(ii) there is a right G-module structure on gj such that the induced right ¢/(g;)-module structure
coincides with the right adjoint gj-action given by (1.4.1.1), and

(iii) the super-bracket [, ] : g1 ® g — g restricted to gy ® gy is right G-equivariant.

A morphism (G,g) — (G',q’) between Harish-Chandra pairs is a pair (o, 8) of a morphism
a: G — @ of affine groups and a morphism 8 = 35 @ 81 : ¢ — ¢’ Lie superalgebras, such that

(iv) the Lie algebra map Lie(«) induced from « coincides with [, and
(v) B1(v7) = Bi(v)*™ for v € G, v € gy.
The Harish-Chandra pairs and their morphisms form a category HCP.

Remark 4.2.2. By convention (see (1.4.2.1)) the equation (ii) above should read
(B1®ids)((v® 1)) = (b1 @ ids) (v © 1))*s),

where S is a commutative algebra, ag : G(S) — G'(S), v € g7, and v € G(S).

Remark 4.2.3. Suppose that k is a field of characteristic # 2. In this situation the notion of Harish-
Chandra pairs was defined by [24, Definition 7] in purely Hopf algebraic terms. It is remarked by
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[24, Remark 9 (2)] that if the characteristic chark of k is zero, there is a natural category anti-
isomorphism between our HCP defined above and the category of the Harish-Chandra pairs as
defined by [24, Definition 7]. But this is indeed the case without the restriction on chark. A key
fact is the following: once we are given an algebraic group G, a finite-dimensional right G-module V'
and a right G-equivariant linear map [, | : V®V — Lie(G), then the pair (O(G), V*), accompanied
with [, ], is a Harish-Chandra pair in the sense of [24], if and only if the direct sum g := Lie(G) &V
is a Lie superalgebra (in our sense), with respect to the grading g; = Lie(G), g; = V, and with

respect to the super-bracket which uniquely extends
(a) the bracket on Lie(G),
(b) the map [, ], and
(c) the right adjoint Lie(G)-action on V' which is induced from the right G-action on V.

See [24, Remark 2 (1)], but note that in [24], the notion of Lie superalgebras is used in a restrictive
sense when chark = 3; indeed, to define the notion, the article excludes Condition (ii) from our

axioms given in the beginning of Section 2.5.

Remark 4.2.4. Our definition of Harish-Chandra pairs looks different from those definitions given
in [5, Section 7.4] and [6, Section 3.1] which require that the whole super-bracket [, |:g® g — g
is G-equivariant. But this follows from the weaker requirement of ours that the restricted super-
bracket

[ Jlg;@g; 2 81 X 81 — 65

is G-equivariant, since [ , ]| @q, is obviously G-equivariant, and [, ]|g; @4, 18, too, as will be seen
below. For v € G, u € g5 and v € g7, one sees that

<'LL, a1> ’Y(G’Q) - ’V(al) <'LL’7, CL2>, a < O(G>

Then the common requirement for the induced U(gj)-module structure on gy shows that [v, u]” =

[v7, u7].

4.3 From ASG to HCP

A Hopf superalgebra is said to be affine if it is commutative and finitely generated as a superalgebra.

Definition 4.3.1. We define AHSA to be the full subcategory of the category of affine Hopf
superalgebras which consists of the affine Hopf superalgebras A such that

(C1) A is split (see Definition 3.1.1),
(C2) A is flat, and
(C3) Z/(Z+)2 is finite projective.

Note that the affinity and (C1) imply that W4 is finite free.
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Definition 4.3.2 (|27, p.13]). We define ASG to be the full subcategory of the category of algebraic

supergroups which consists of the algebraic supergroups G such that
(D1) O(G) is split, and
(D2) Gey satisfies (B1), (B3) (see Section 4.2).
One sees that this category ASG is anti-isomorphic to the category AHSA.

Remark 4.3.3. If k is a field of characteristic # 2, then the category AHSA is precisely the
category of all affine Hopf superalgebras and the category ASG is precisely the category of all

algebraic supergroups.

Let G € ASG. Set
A:=0(G), G:=Ge, g:=Lie(G).

Then A € AHSA, and O(G) (= A) satisfies (B1), (B3). By Proposition 3.2.2, g satisfies (B2). By
Lemma 3.2.3 we have a natural isomorphism Lie(G) ~ g, through which we will identify the two,

and suppose g5 = Lie(G). Just as was seen in (1.4.2.5), the right co-adjoint A-coaction defined by
coadgr : A — A® A; a+—— ay ® S(ay)as, (I1.4.3.1)

induces on AT /(A%)? a right A-supercomodule structure; by (C3), it is transposed to a left A-

supercomodule structure on g, which is restricted to gj.

Lemma 4.3.4. Given the restricted right G-module structure on gz, the pair (G, g) forms a Harish-
Chandra pair, and so (G,g) € HCP.

Proof. The right G-module structure on g; induces the right adjoint gz-action, as is seen by using

(I.4.2.6). Since one sees that the map § given in (1.3.2.1) is G-equivariant, so is its dual, [, ]. O

We denote this object in HCP by
P(G):= (G, g).

Proposition 4.3.5. G — P(QG) gives a functor P : ASG — HCP.

Proof. Indeed, the constructions of G and of ¢ are functorial. t

4.4 From HCP to ASG

Let (G,g) € HCP. Modifying the construction of A(C,W) given in [24], we construct an object
A(G,g) in AHSA. To be close to [24] for notation we set

J:=U(gy), C:=0(G), W:=gj.

Then W is finite free. It is a right C-comodule, or a left G-module, with the right G-module

structure on g; transposed to W.
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Recall that N = {0,1,2,...} denotes the semigroup of non-negative integers. A supermodule
is said to be N-graded, if it is N-graded as a k-module and if the original Z,-grading equals the
N-grading modulo 2.

Definition 4.4.1 ([24, Definition 1]). A Hopf superalgebra is said to be N-graded, if it is N-graded
as an algebra and coalgebra and if the original Zs-grading equals the N-grading modulo 2.

Recall from Example 2.1.3 that the tensor algebra T'(g7) = €,,50 7" (g7) on g1 is a cocommuta-
tive Hopf superalgebra; this is N-graded. Recall that gy acts on gy by the right adjoint; see (1.4.1.1).
This uniquely extends to a right J-module-algebra structure on 7'(gy), with which is associated the
smash-product algebra [35, p.155]

H = J =<T(g7)-

Given the tensor-product coalgebra structure on J ® T'(g7), this H is a cocommutative Hopf super-
algebra, which is N-graded so that H(n) = J ® T"(g7), n € N; see [24, Section 3.2]. Set

U:=U(g).

Since we see that H is the quotient Hopf superalgebra of T'(g) divided by the Hopf super-ideal
generated by

2w —wz — [z, w], z€g, weE gg,

it follows that U = H/Z, where Z is the Hopf super-ideal of ‘H generated by the even primitives

1
1® (uwv +ou) — [u,v]®1, 1®0% - i[v, v ®1, (1.4.4.1)

where u,v € g7.

Let T.(W) denote the tensor coalgebra on W, as given in [24, Section 4.1]; this is a commutative
N-graded Hopf superalgebra. In fact, this equals the tensor algebra T(W) = @, T"(W) as an
N-graded module, and is the graded dual €,-,T"(g7)" of T(g1) (see [35, p.231]) as an algebra
and coalgebra. Suppose that T(W) = k is the trivial right C-comodule, and T"(W) for n > 0, is
the n-fold tensor product of the right C-comodule W. Then T.(WW) turns into a right C-comodule

coalgebra. The associated smash coproduct
C »w<T (W),

given the tensor-product algebra structure on C @ T.(W), is a commutative N-graded Hopf super-

algebra. Explicitly, the coproduct and the counit is given by
Ae »<d) = (c1 »<(d1)o) ® ((di)1c2 »<d2), e(c »<d)=e(c)e(d), (1.4.4.2)

where ¢ € C, d € T,(W), and T, (W) — T.(W) ® C; d — dy ® d; denotes the right C-comodule
structure on T,(W).

In general, given an N-graded supermodule A = P, -, A(n), we suppose that it is given the
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linear topology defined by the the descending chains of super-ideals
@A(n), n=20,1,....
i>n

The completion A coincide with the direct product [[;7,.A(n). This is not N-graded any more,
but is still a supermodule. Given another N-graded supermodule B, the tensor product A ® B
is naturally an N-graded supermodule. The complete tensor product A® B coincides with the
completion of A® B. We regard k as a trivially N-graded supermodule, which is discrete. Suppose
that A is an N-graded Hopf superalgebra. The structure maps on A, being N-graded and hence

continuous, are completed to

~ ~

A:.,Zl\—nZ@.Z, g: A—k, S:A— A

Satisfying the axiom of Hopf superalgebras with @ replaced by &, this A may be called a complete
topological Hopf superalgebra. If A is commutative, then A is, too. See [24, Section 2.3].

Applying the construction above to C' »<T.(W), we suppose

A=C w=T(W), A=][ceor(W)

n=0

in what follows. We let
T A—CT'W)=C (1.4.4.3)

denote the natural projection.
We regard C' as a left J-module by

x—=c:=c1(x,c0), w€J, ceC,

where (, ) :J x C — k denotes the canonical Hopf pairing; see (1.4.2.3).
Let Hom j(H, C') denote the set of all left J-module maps from H to C. We regard Hom j(#, C)
as the completion of the N-graded supermodule , -, Hom;(J ® T"(g;), C'). The canonical iso-

morphisms
C®T"(W) = Hom(T"(g7), C) — Homy(J @ T"(g7), C), n >0 (1.4.4.4)
altogether amount to a superlinear homeomorphism
¢+ A =5 Homy(H, O). (14.4.5)
Tensoring the canonical pairings J x C' — k and T'(g7) X T.(W) — k, we define
(,) HxA—k, (z®y,cod) =z, )y, d), (1.4.4.6)

where x € J, y € T(g1), c € C, d € T.(W). This is a Hopf pairing, as was seen in [24, Proposition
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17).

Lemma 4.4.2. £ is determined by
{(a)(z) = 7(a1) (z, a2) (1.4.4.7)

forae A, x € H.

Proof. Note that if a = ¢ ® d, where ¢ € C, d € T.(W), then
7T(CL1) Raz =c1 X (62 ®d).
Then the lemma follows since £ is the completion of the N-graded linear map

A=Ce (@ T"(W)) — Hom,(J @ (P T"(g1)), C)

n=>0 n=>0
given by c®@ d — (2 @y — zc (y, d)), and this last element equals ¢1 (z @y, c2 @ d). O

Remark 4.4.3. Recall that (#(n), A(m)) = 0 unless n = m. Therefore, the pairing (1.4.4.6)
uniquely extends to
(,):Hx Ak (1.4.4.8)

so that for each z € H, (z,—) : A — k is continuous. Using this pairing one sees that the value £(a)
at a € A is given by the same formula as (1.4.4.7), with 7(a;) ® ag understood to be (7 ®id) o A(a).

We aim to transfer the structures on A to Hom j(H,C) through &; see Proposition 4.4.6 below.

Definition 4.4.4. Let G be an affine group, in general. A k-supermodule M is called a left (resp.
right) G-supermodule if M is a left (resp. right) G-module such that each component M, € € Zy
is G-stable. Let ¢SMod (resp. SMod) denote the category of left (resp. right) G-supermodules.
This forms naturally a tensor category, and is symmetric with respect to the supersymmetry (see
(I1.2.1.1)).

Recall from Section 4.3 that gj is a right G-module. Combined with the given right G-module
structure on gy, it results that g € SModg. Moreover, g is a Lie-algebra object in SMod, since the
super-bracket [, ] : g ® g — g is G-equivariant, as was proved in Remark 4.2.4.

We regard A as a right C-supercomodule, or an object in ¢SMod, with respect to the right
co-adjoint coaction

A— ARC, a+—— az®S(m(a1))w(as). (1.4.4.9)

Lemma 4.4.5. We have the following.

(1) The right G-supermodule structure on § uniquely extends to that on H so that H turns into
an algebra object in SModg. In fact, H turns into a Hopf-algebra object in SModg.

(2) With the structure above, A turns into a Hopf-algebra object in ¢SMod.
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(3) The resulting structures are dual to each other in the sense that

(x7,a) = (x,"a), y€G, xeH, ac A (I.4.4.10)

Proof. (1) The right G-supermodule structure on g uniquely extends to that on 7'(g) so that
T'(g) turns into an algebra object in SModg. The extended structure factors to H, since we have
[z,w]" = [27,w"], where v € G, z € g and w € g;. One sees easily that the resulting structure on
‘H is such as mentioned above.

(2) This is easy to see.

(3) Let a € C, and let & = uy - - - u, be an element of J with u; € g5. One sees by induction on r
that (1.4.4.10) holds for these z and a, using the fact that G-actions preserve the algebra structure
on J and the coalgebra structure on C.

We see from (1.4.4.2) that the left G-module structure on A, restricted to T.(W) =k @ T.(W),
is precisely what corresponds to the original right C-comodule structure on T.(W). It follows that
(1.4.4.10) holds for x € T'(g1), a € T.(W).

The desired equality now follows from the definition (1.4.4.6) together with the fact that the

G-actions preserve the products on H and on A. O

For each n > 0 we have a natural linear isomorphism (see (1.4.4.4)) from

& Hom,(J @ T¥(g1), C) © Hom,(J & T7(g3), C)

i+j=n

onto the k-module

D Homyes((J ©T'(97) ® (J @ T(97)), C ® C)
i+j=n

o0
n=0

which consists of left J ® J-module maps. The direct product [] of the isomorphisms gives the

super-linear homeomorphism
Hom ;(H, C') ® Hom(H, C) — Hom g ;(H®H, C & C),
which is indeed the completion of the continuous map
fogr— (zoy— fz)®g(y)),

where f,g € Homj(H,C), z,y € H. This homeomorphism will be used later.

Proposition 4.4.6. Suppose that f,g € Homj;(H, C), z,y € H and v,§ € G(S), where S is an

arbitrary commutative algebra.

(1) The product, the identity, the counit € and the antipode S on A are transferred to Hom j(H, C')
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through £ so that

(f9)(@) = fz1)g(x2),
£(1)(x) = e(x)1,
E(f) = e(£(1)),
(v, S(H)) = (71, F(S=) )

(2) Through & and £ & &, the coproduct on A is translated to

A : Homy(H, C) —s Hom(H, C) ® Hom(H, C)
~ Hom g (H®H, C®C)

so that

(1,0), Af)@@y) = (36, f(2°y)).

Here, (v, =), (v0, =) and {(,8),—) denote the functor points in G(S) and in (G x G)(S), re-
spectively.

The formulas are essentially the same as those given in [24, Proposition 18 (2), (3)]. One will

see below that the proof here, using Lemma 4.4.2, is simpler.
Proof. (1) Let a € A, and write as m(a) = @. Then one has

-1

Ta=(y ", a)ax(y, az), ve€G. (1.4.4.11)

To prove the last formula we may suppose f = £(a), since we evaluate f, S (f) on H. By using

Lemma 4.4.2 we see that

LHS = (z, S(a1)) (7, S(@)) = (S(x), a1) (v, @2)
= (v @) (v, @) (S(z), az) (v, @)
= (v L @) (S(z), " ag) = RHS.

The rest is easy to see.

(2) As above we may suppose f = &(a), a € A. Then

LHS = <’Y7 al) <$, a2> <57 a3> (yv a4>
= (v, a1) (6, a2) (6, S(a3)) (x, a4) (4, as) (y, ap)
= (v, @) (6, @2) (x, %as3) (y, ay) = RHS.

O]

Recall from (I1.4.4.1) that Z is the Hopf super-ideal of H such that H/Z = U. Note that by the

k-flatness assumption (B3), the following statement makes sense.
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Lemma 4.4.7. T is G-stable, or in other words, it is C-costable. Therefore, U € SModg.

Proof. Since [, ] : g7 ® g7 — gg is G-equivariant, it follows that the elements uv + vu — [u, v] from
(I.4.4.1) generate in H a C-costable k-submodule.

Let p : H — C ® H be the left C-comodule structure on H. Let v € g7, and suppose p(v) =
> ¢ ®v;. By (B3), C ® gj is 2-torsion free. Therefore, we can conclude that

1 1
p(§[v,v]) = Zcf ® 5[%,%] + Zci(:j ® [vs, v5], (1.4.4.12)
i i<j

by seeing that the doubles of both sides coincide. It follows that

1 1
p(v? — glv,vl) = d e - 5 lvi,vil) + D cicy ® (vivj + vju; — [vi,vj]).
i i<j

Since this is contained in C' ® Z, the lemma follows. O

Since ¢ is admissible, it follows by Corollary 4.1.3 that there is a unit-preserving left J-module
super-coalgebra isomorphism
¢:J NG — U. (1.4.4.13)

We fix this ¢ for use in what follows.

Corollary 4.4.8. Hom (U, C) is a discrete super-subalgebra of Hom j(H, C), and is stable under
S. Moreover, the map A given in Proposition 4.4.6 (2) sends Homy(U, C) into Hom g (U &
Uu,cCeC).

Proof. Since U is finitely generated as a left J-module by (1.5.3.7), we have

Hom (U, C) € Hom,(J @ (D T(g7)), C)

<n

for n large enough. This means that Hom j(U, C) is discrete. The rest follows easily from Lemma
4.4.7. O

Given a Harish-Chandra pair (G, g) as above, we define
A(G,g)

to be the k-submodule of A such that the homeomorphism £ given in (1.4.4.5) restricts to a linear
isomorphism

n:A(G,g) — Hom (U, C). (1.4.4.14)
In what follows we set A := A(G,g).
Lemma 4.4.9. We have the following.

(1) A is a discrete super-subalgebra of .Z, which is stable under S.
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(2) The canonical map A® A — AR A is an injection. Regarding this injection as an inclusion,

~

we have A(A) C A® A.
(3) (A,A|4,8la,8|4) is a commutative Hopf superalgebra.

Proof. (1) This follows from Corollary 4.4.8.

(2) By using 7, the canonical map above is identified with the composite of the canonical map
HomJ(Z/L C) & HOI’I]J(Z/{, C) — HOIIlJ@J(U U, C® C) (1.4.4.15)

with the embedding Hom g (U @ U, C ® C) C Hom g (H @ H, C ® C). By using ¢, the map
(1.4.4.15) is identified with the canonical map

Hom(A(g1), €) @ Hom(A(g1), €) — Hom(A(g7) @ A(g1), € @ C),

which is an isomorphism since A(g;) is k-finite free. This proves the desired injectivity. The rest
follows from Corollary 4.4.8.
(3) Just as above the canonical map A ® A® A — A& A® A is seen to be an injection. From

this we see that 3] A is coassociative. The rest is easy to see. O

The restriction 7|4 of the projection (1.4.4.3) to A is a Hopf superalgebra map, which we denote
by
A—C, a+—a. (1.4.4.16)

This notation is consistent with (1.3.1.2), as will be seen from Theorem 4.4.11 (2). We see from
Remark 4.4.3 that the pairing (1.4.4.8) induces

(,):UxA—k, (1.4.4.17)

and the following lemma holds.

Lemma 4.4.10. The map n is given by essentially the same formula as (1.4.4.7) so that

n(a)(r) = a1 (z,az)

forace A,z el.

Define a map o to be the composite
0: A -5 Homy (U, C) = Hom(A(gq), C) == Algy)* = A(W), (1.4.4.18)

where the second isomorphism is the one induced from the fixed ¢ (see (1.5.3.7)), and the following
€5 denotes Hom(A(g7), €).
Theorem 4.4.11. We have the following.
(1) The map
Y A— CANW); ar— a1 ® o(az)
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s a counit-preserving isomorphism of left C-comodule superalgebras.

(2) We have natural isomorphisms
A~C, WA~W =g (1.4.4.19)

of Hopf algebras and of k-modules, respectively.

Proof. (1) Compose the isomorphism Hom ;(U, C) ~ Hom(A(gg), C) in (1.4.4.18) with the canonical
one Hom(A(g7),C) ~ C @ A(W). Through the composite we will identify as Hom;(U,C) =
C ® A(W). Since (z,a) = e(n(a)(x)), a € A, x € U, one sees that 1 is identified with n, whence it
is a bijection. The desired result follows since ¢ is a counit-preserving superalgebra map.

(2) We see from the isomorphism just obtained that the Hopf superalgebra map (1.4.4.16)
induces A ~ C, and the pairing (1.4.4.17), restricted to g; x A, induces W4 =~ 97- O

The lemma shows the following.
Proposition 4.4.12. A(G,g) € AHSA.

We let
G(G,q) (1.4.4.20)

denote the object in ASG which corresponds to A(G, g). Namely, G(G, g) := SSp (A(G, g)).
Proposition 4.4.13. (G,g) — G(G, g) gives a functor G : HCP — ASG.

Proof. This follows since the constructions of A, Hom J(H,C) and Hom (U, C) are all functorial,

and the homeomorphism ¢ is natural. O

Proposition 4.4.14. The Harish-Chandra pair P(G(G,q)) associated with G(G,gq) is naturally
isomorphic to the original (G, g).

To prove this we need a lemma. Set A := A(G,g), again. Then A is an object (indeed, a Hopf-
algebra object) in ¢SMod, being defined by the same formula as (I.4.4.11). Recall from Lemma
4.4.7 that U € SModg.

Lemma 4.4.15. The pairing (1.4.4.17) is a Hopf pairing such that
(x7,a) = (x,"a) (I.4.4.21)

forxel, ac A

Proof. Note that the co-adjoint coaction A — A® C given in (1.4.4.9) is completed to A AxC,
by which Alis aleft G-supermodule including A as a G-subsupermodule. One sees that the pairing
(1.4.4.8) satisfies the same formula as (1.4.4.10) for a € A. The resulting formula shows (I.4.4.21).

The rest follows since the pairing (1.4.4.8) satisfies the formulas in Definition 2.3.2 required
to Hopf pairings. Here we understand that for z,y € H and a € A, (x,a1) (y,a2) represents
(x®y, 3(@)); this last denotes the pairing on (H ® H) x (fT ® X) which is obtained naturally from
the pairing on (H ® H) x (A® A), just as (1.4.4.8) is obtained from (I1.4.4.6). O

41



Proof of Proposition 4.4.14. We see from the definition of v that the pairing ( , ) : U x A — k
given in (1.4.4.17) satisfies

(p(z ®y), a) = (z, @1) (y, o(az))

for x € J, y € N(g7), a € A. What appear on the right-hand side are the canonical pairings
on J x C and on A(g7) x A(W). It follows that the pairing induces a non-degenerate pairing
gx At /(A*)?2 — k. Lemma 4.4.15 shows that the last pairing induces an isomorphism Lie(G) =~ g
of Lie superalgebras, where G := G(G,g). In addition, the isomorphism W4 ~ g7 obtained in
(1.4.4.19) is indeed G-equivariant. It follows that the Lie superalgebra isomorphism together with
A ~ C give the desired isomorphism of Harish-Chandra pairs. It is natural since the construction
of (1.4.4.17) is functorial. O

Remark 4.4.16. One sees that the construction above gives an affine (not necessarily algebraic)

supergroup, more generally, starting with a pair (G, g) such that
(i) G is a flat affine group i.e., O(G) is k-flat,
(ii) g is an admissible Lie superalgebra with g; k-finite (free),

(iii) g is given a right G-supermodule structure such that the super-bracket on ¢ is G-equivariant,

and
(iv) there is given a bilinear map ( , ) : g5 x O(G) — k such that
(iv-a) (z,ab) = (x,a)e(b) + e(a)(x,b),
(iv-b) (27, a) = (z,"a),
(iv-c) [z,z] = (x, z_1) 20,

where = € g5, a,b € O(G), v € G, z € g, and g = O(G) ® g; z — 2_1 ® zy denotes the
left O(G)-supercomodule structure on g which corresponds to the given right G-supermodule

structure.
Here we do not assume (B1) or G being algebraic.

Remark 4.4.17. Given a super Lie group, say &, we have in mind as G and g above, the universal
algebraic hull of the associated Lie group ®,oq and the Lie superalgebra Lie(®) of &, respectively.

See [24, Remark 11] for a similar construction in an alternative situation.

4.5 The category equivalence

The following is our main result.

Theorem 4.5.1. We have a category equivalence ASG ~ HCP. In fact the functors P : ASG — HCP
and G : HCP — ASG are quasi-inverse to each other.
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Since Proposition 4.4.14 shows that P o G is naturally isomorphic to the identity functor id, it
remains to prove G o P ~ id.
Let G € ASG. Set

A:=0(G), g:=Lie(G), U:=U(g), G :=Gey.

Lemma 4.5.2. The natural embedding ¢ C A* uniquely extends to a superalgebra map U — A*.
The associated pairing ( , ) :U x A — k is a Hopf pairing.

Proof. The superalgebra map T'(g) — A* which extends g C A* kills the first elements in (1.2.5.1),

by definition of the super-bracket. For v € g7 it kills 20% — [v, v], whence it does v? — §[v, v] since
A* is 2-torsion free. This proves the first assertion.

As for the second it is easy to see (z,1) = &(z), © € U. It remains to prove
(x, ab) = (x1, a) (x2, b)

forx € U, a,b € A. We may suppose that x is of the form z = uy - - - u,, where u; are homogeneous

elements in g. Then the equation is proved by induction on the length r. O

Recall A € ¢SMod, U € SMod; see (1.4.3.1) or (1.4.4.11) as for A, and see Lemma 4.4.7 as for
U. Indeed, A and U are Hopf-algebra objects in the respective categories.

Lemma 4.5.3. The Hopf pairing { , ) : U x A — k just obtained satisfies the same formula as
(1.4.4.21).

Proof. The G-module structure on ¢ is transposed from that on A /(A*)2. Therefore, the formula
holds for every x € g and for any a € A. The desired formula follows by induction, as in the last

proof; see also the proof of Lemma 4.4.5 (3). O

Set
C:=0(G), J:=U(gp)

Note P(G) = (G,g). We aim to show that the affine Hopf superalgebra A(G, g), which is con-
structed from this last Harish-Chandra pair as in the previous subsection, is naturally isomorphic

to the present A. By using the Hopf pairing above, we define
n' : A— Hom;(U, C); ar— (z+— @ (z,a2)),

where a € A, x € U. Note that Hom (U, C') has the Hopf superalgebra structure which is trans-
ferred from A(G,g) thorough 7 (see (1.4.4.14)), and which is presented by the formulas given in
Proposition 4.4.6 with the obvious modification. We remark here that our 1’ above is essentially
the same, up to sign, as the existing ones such as n* in [5, p.133, lines 2-3|. See [24, Remark 1] for

the difference of sign-rule.

Proposition 4.5.4. 1’ is an isomorphism of Hopf superalgebras.
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Proof. Using Lemma 4.5.3 one computes in the same way as proving Proposition 4.4.6 (2) so that

((7.0), ('(a1) @' (a2))(z @ y)) = (73, n'(a)(z’y)),

where a € A, 7,8 € G, z,y € U. The right-hand side equals ((,d), A(n'(a))(z ® y)), by the
formula giving the coproduct on Hom (U, C). Therefore, n' preserves the coproduct. It is easy to
see that 7 preserves the remaining structure maps, and is hence a Hopf superalgebra map.

Set W := W4. Choose ¢ such as in (1.5.3.7), and define ¢/ : A — A(W) as g in (1.4.4.18), with
n replaced by n/. Then as was seen for 1 in the proof of Theorem 4.4.11 (1), n/’ is identified with

YA CRANW); ar—a; ® 0 (az). (1.4.5.1)

Since one sees that this 1)’ satisfies the assumption of Lemma 4.5.5 below, the lemma proves that

1" and so 7’ are isomorphisms. O

Lemma 4.5.5. In general, let A be a split affine Hopf superalgebra, and set C := A, W := WA, Let
P:A— C@ANW) be a counit-preserving map of left C-comodule superalgebras. Assume that the
composite (e @w) o : A — W, where w : A(W) — W denotes the canonical projection, coincides
with the canonical projection A — AI/AgAi = W. Then 1 is necessarily an isomorphism.

Proof. Let B := CQA(W). Set a := (A;) and b := (By) (= C®A(W)T) in A and in B, respectively.
Since 1 (a™) C b" for every n > 0, there is induced a counit-preserving, left C-comodule N-graded
algebra map

) )

grip:grA= EBa”/a”Jrl — grB = @B"/ﬁ”“.

n=0 n=0
One sees that gr B = B = C @ A(W). Since A is split, we have as in [22, Proposition 4.9 (2)], a
canonical isomorphism gr A ~ C' ®@ A(W), through which we will identify the two. Then gr is
a counit-preserving endomorphism of the left C-comodule N-graded algebra C' ® A(W). Being a
counit-preserving endomorphism of the left C-comodule algebra C, gr(0) is the identity on C.
This together with the assumption above imply that gri (1) is the identity on C' @ W. It follows
that gr) is an isomorphism. Since the affinity assumption implies gr A(n) = 0 = gr B(n) for n > 0,

one sees that 1 is an isomorphism. O

Proof of Theorem 4.5.1. Since we see that n and 1’ are both natural, it follows that A(G,g) and

A are naturally isomorphic. This proves G o P ~ id, as desired. O

Remark 4.5.6. Suppose that k is a field of characteristic # 2. Identify ASG with AHSA, through
the obvious category anti-isomorphism. Identify our HCP defined by Definition 4.2.1 with that
defined by [24, Definition 7], through the category anti-isomorphism given in Remark 4.2.3. Then
the category equivalences P and G given by Theorem 4.5.1 are easily identified with those A —
(A, WA4) and (C,W) — A(C,W) given by [24, Theorem 29].

Definition 4.5.7 (|27, Definition 6.3]). Let (G, g) be a Harish-Chandra pair over k. Let K be a
flat closed subgroup of G and ¢ be a free Lie subsuperalgebra of g with Lie(K) = €5. The pair
(K, %) is called a sub-pair of (G, q) if €7 is K-stable in gy.
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In this case, (K, ) is a Harish-Chandra pair and the corresponding algebraic supergroup G (K, £)
is a closed subsupergroup of G(G,g). Conversely, for a flat closed subsupergroup K of G, the
corresponding Harish-Chandra pair (Key, Lie(K)) is a sub-pair of (Gey, Lie(G)). In this way, the
map K — (Kevy, Lie(K)) gives a bijection from the set of all flat closed supergroups of G to the set
of all sub-pairs of (Gey, Lie(G)).

4.6 Generalization using 2-operations

In this section, we work over an arbitrary non-zero commutative ring k. We will refine Gavarini’s

category equivalence; see Theorem 4.6.9.

4.6.1 2-Operations and universal enveloping superalgebras

Let g be a Lie superalgebra having a 2-operation (—)<2>, see Section 2.5.2. In this section, we
let U(g) denote the cocommutative Hopf superalgebra which is defined as in [12, Section 4.3.4].
This is the quotient Hopf superalgebra of the tensor superalgebra T'(g) divided by the super-ideal

generated by the homogeneous primitives
2w — (=) wz — [z,w]), 0? — 0@, (I1.4.6.1)

where z and w are homogeneous elements in g, and v € g;. The only difference from the definition

given in Section 2.5.1 is that the second generators v? —£[v, v] in (1.2.5.1) are here replaced (indeed,

generalized) by v? — (2.

Lemma 4.6.1. Suppose that the homogeneous components g5 and g7 are both k-free, and choose

their totally ordered bases Xy and X7. Then U(g) has the following monomials as a k-free basis,

1 T
al "'arﬁnl’l"‘xm

where a1 < +++ < @y in Xy, 7, >0, m>0, and x1 < -+ < x, in X7, n > 0.

Proof. To prove Proposition 4.1.1 we used the Diamond Lemma [1, Proposition 7.1] for R-rings.
But we use here the Diamond Lemma [1, Theorem 1.2] for k-algebras. We suppose that X5 U Xz
is the set of generators, and extend the total orders on X, ¢ = 0,1, to the set so that a < =z
whenever a € X5, © € X7. The reduction system consists of the obvious reductions arising from the
super-bracket, and

2?5 2? ze X1,

where the last 2(?) is supposed to be presented as a linear combination of elements in X5. Tt is

essential to prove that the overlap ambiguities which may occur when we reduce the words
e rxa, x€ Xi,ac X,

e xyz, x=y>zorx>y=zIin Xy

45



are resolvable. This is easily proved (indeed, more easily than was in the proof of Proposition 4.1.1),
by using Condition (iii) in Definition 2.5.4. For example, the word zza is reduced on the one hand

as

zza — zz,a] + zax — z[z,a] + [z, dz + az'? = [z, [z, d]] + az'?,

and on the other hand as

Trra — l’<2>

a.
The two results coincide by (iii). O

Remark 4.6.2. To use Condition (iii) as above, we cannot treat U(g) as a J = U(gp)-ring as in
the the proof of Proposition 4.1.1. Indeed, to reduce the word xzxa with a € J in the proof, we are

not allowed to present a as (a linear combination of) bc with b € gg, ¢ € J, and to reduce as
xxa — xxbe — x[x, ble + xbxe,

because by the first step, the lengths of words increase, length(zaz*) < length(zx  *); see the proof
of [24, Lemma 11].

Corollary 4.6.3 (cf. [12, (4.7)]). If gy is k-finite projective and g; is k-free, then the same result
as Corollary 4.1.3 holds, that is, there exists a unit-preserving, left U(gy)-module super-coalgebra
isomorphism U(gg) ® A(g7) — U(g).

Proof. Choose a totally ordered basis X of g;. Then the left U(gy)-module U(g) is free with the
free basis
T1T -+ T,y (1.4.6.2)

where 1 < 29 < -+ < z, in X, n > 0. We define a left U(gy)-module (supercoalgebra) map
¢:U(gs) @ Ngg) — U(g) by

d1@ (1 AN+ ANxy)) =1+ T,

where 1 < --- <z, in X, n > 0. To prove that this is bijective, it suffices to prove the localization
¢m at each maximal ideal m of k is bijective. Note that g,, is a ky-Lie superalgebra given a

2-operation by Proposition 2.5.6, and

U(gg)m =U((G5)m),  (AG7)m = A((@1)m),  U(G)m = U(Gy,)-

Since (gg)m is ky-free under the assumption above, Lemma 4.6.1 shows that ¢y, is bijective. ]

Let G be an affine supergroup; see Section 3.1. Recall from Section 3.2
Lie(G) := (O(G)*/(0(G)")?)".

Note that the proof of Proposition 3.2.2 does not use the assumption that k is 2-torsion free. From

the proposition and the proof one sees the following.
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Proposition 4.6.4. Let g := Lie(G).
(1) g is naturally a Lie superalgebra.

(2) Given v € gz, the square v in O(G)* is contained in gz. Moreover, the square map (—)* :

47 — §g gives a 2-operation on g.

We will suppose that Lie(G) is given this specific 2-operation. One sees that Lie gives a functor
from the category of affine supergroups to the category of Lie superalgebras given 2-operations. A
morphism of the latter category is a morphism in SMody which preserves the super-bracket and

the 2-operation.

Remark 4.6.5. Let g be a Lie superalgebra. Note from Section 2.4 that the deformation ,g by o
is the object g in SMody given the super-bracket

oz w] = (=) W], zweg

deformed from the original super-bracket [z, w]. If g is given a 2-operation, we suppose that ,g is
given the deformed 2-operation

v = ye g71-

This indeed defines a 2-operation on ,(, as is easily seen.

Let G be an affine supergroup. As is seen from the last paragraph of Section 2.4, the Lie
superalgebra Lie(G) given the 2-operation as defined above is different from that defined in [27,
Appendix]. In fact, the two are the deformations of each other by o.

4.6.2 Definitions of Gavarini’s categories

Recall from [12, Definitions 3.2.6 and 4.1.2] the following definitions of two categories, (gss-fsgroups)g,
(SHCP)k

Let (gss-fsgroups)ik denote the category of the affine supergroups G such that when we set
A:=0(G),

(E1) A is split (Definition 3.1.1),
(E2) A/ (ZJF)2 is k-finite projective, and
(E3) W4 = Aj/AT A; is k-finite (free).

The morphisms in (gss-fsgroups)y are the natural transformations of group-valued functors.
Let (G,g) be a pair of an affine group G and a Lie superalgebra g given a 2-operation, such

that g7 is k-finite free and is given a right G-module structure. Suppose that this pair satisfies
(F1) g = Lie(G),
(F2) O(G)/(O(G)*)? is k-finite projective, so that gz = Lie(G) is necessarily k-finite projective,

and it is naturally a right G-module (recall from Section 4.2 that the corresponding left

O(G)-comodule structure on Lie(G) is transposed from the right co-adjoint O(G)-coaction
on O(G)*/(0(G)*)?),
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(F3) the right U(g;)-module structure on gy induced from the given right G-module structure

coincides with the right adjoint gg-action on gj,
(F4) the restricted super-bracket [, |: g7 ® g1 — gy is G-equivariant, and

(F5) the diagram

commutes, where the vertical arrows are the left O(G)-comodule structures.

One sees that under (F4), Condition (F5) is equivalent to
() =M, veg @S, veG(S),

where S is an arbitrary commutative algebra.

Let (sHCP)y denote the category of all those pairs (G, g) which satisfy Conditions (F1)—(F5)
above. A morphism (G,g) — (G’,¢') in (sHCP)y is a pair (o, 3) of a morphism « : G — G’ of
affine groups and a Lie superalgebra map 8 = 5 ® 1 : ¢ — ¢', which satisfies Conditions (iv), (v)
in Definition 4.2.1, and

(vi) Bo(v®) = Br(v)*, v € gy

Remark 4.6.6. One sees from Lemma 2.5.5 that if k is 2-torsion free, then our HCP and ASG (see
Definition 4.2.1 and Section 4.3), roughly speaking, coincide with (sHCP)y and (gss-fsgroups)g,
respectively. To be precise, ours are more restrictive in that for objects (G,g) € HCP, G € ASG,
the commutative Hopf algebras O(G) and O(Gey) are assumed to be affine and k-flat.

We may remove the affinity assumption so long as (B1) and (C3) are assumed. But the as-
sumption seems natural, since if k is a field of characteristic # 2, it ensures that (B1) and (C3) are
satisfied, so that our Theorem 4.5.1 then coincides with the known category equivalence between
all algebraic supergroups and the Harish-Chandra pairs; see Remark 4.5.6.

Note from (I.4.4.12) that under the k-flatness assumption above, O(G)®gj is 2-torsion free, and
Condition (F5) for v = 1[v,v] is necessarily satisfied. Recall that the condition is not contained

in the axioms for objects in HCP.

4.6.3 A refinement of Gavarini’s equivalence

Our category equivalences between (gss-fsgroups)i and (sHCP)y will be presented differently from
Gavarini’s @4, ¥,; see Remark 4.6.10. So, we will use different symbols, P’, G/, to denote them.

Let us construct a functor

P’ : (gss-fsgroups)y — (sHCP)y.
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Given G € (gss-fsgroups)k, set G := Gey, g := Lie(G). Recall from Proposition 4.6.4 and the
following remark that g is a Lie superalgebra given the square map as a 2-operation. As in Lemma
3.2.3 one has g = Lie(G), through which we will identify the two, and suppose g; = Lie(G).
Since g is k-finite projective by (E2), (E3), the co-adjoint O(G)-coaction on O(G)*/(O(G)*)?
(see (1.4.3.1)) is transposed to g, so that g is a right G-supermodule. The restricted right G-
module structure on g, satisfies (F3), (F4), as was seen in the proof of Lemma 4.3.4. To conclude

(G, g) € (sHCP), it remains to prove the following.
Lemma 4.6.7. The condition (F5) is satisfied.

Proof. Let v — Y, ¢; @v; denote the left O(G)-comodule structure g1 — O(G) ® g7 on gq. Let a —
ap®aj denote the right co-adjoint O(G)-coaction O(G) — O(G)RO(G) on O(G). Since g is k-finite
projective, we have the canonical injection O(G) ® g = Homg(g*, O(G)) — Homg(O(G), O(G)).

Therefore, it suffices to prove

= Zcf (v?, a) + ZCiCj ([vi, v, a)

1<J

for v € g1, a € O(G), where (, ) denotes the canonical pairing O(G)* x O(G) — k. This is proved

as follows.

LHS

(v, (a1)o) (v, (a2)o) (a1)1(a2)1

= E cicj (vi, ar) (vj, az) g cicj (vivj, a) = RHS.
7]

O
Let P’(G) denote the thus obtained object (G, g) in (SHCP)g. As in Proposition 4.3.5, we see

that P’ : (gss-fsgroups)y — (SHCP)g gives the desired functor, since the Lie superalgebra map

induced from a morphism of affine supergroups obviously preserves the 2-operation.

Let us construct a functor
G’ : (sHCP), — (gss-fsgroups)y.

Let (G,g) € (sHCP)y. Then the natural right G-module structure on gz = Lie(G) and the given
right G-module structure on g; amount to a right G-supermodule structure on g, by which the

super-bracket on ¢ is G-equivariant, as is seen as in Remark 4.2.4 by using (F3), (F4).

Remark 4.6.8. According to the original definition [12, Definition 4.1.2], the proved G-equivariance

is assumed as an axiom for objects in (SHCP)g. But it can be weakened to (F4), as was just seen.

Using (F5), one sees as in Lemma 4.4.7 (indeed, more easily) that the right G-supermodule
structure on g uniquely extends to U(g), so that U(g) turns into a Hopf-algebra object in SModg.
By using an isomorphism U(g5) ® A(g7) ~ U(g) such as given by Corollary 4.6.3, we can trace the

argument in Section 4.4, to construct a split commutative Hopf superalgebra, A = A(G,g), such
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that
A= Homyqy U(9),0(G),  A=0(G), W"=g.

=%

It follows that this A satisfies (E1)—(E3). We let G/(G, g) denote the affine supergroup correspond-
ing to A. Then one sees that G'(G, g) € (gss-fsgroups), and

(G,g) — G'(G,g)

gives the desired functor. As for the fuctoriality, note that Condition (iii) given just above Remark
4.6.6 is used to see that a morphism («a, ) in (sHCP) induces, in particular, a Hopf superalgebra
map U(g) — U(g'); see the proof of Proposition 4.4.13.

Theorem 4.6.9 ([12, Theorem 4.3.14]). We have a category equivalence
(gss-fsgroups)i ~ (sHCP)y.

In fact the functors P’ and G’ constructed above are quasi-inverse to each other.

Proof. To prove P o G’ ~ id, G’ o P/ ~ id, we can trace the argument of Section 4.5 proving
PoG ~id, GoP ~id, except in two points.

First, to prove P'oG’ ~ id, we have to show that if (G, g) € (SHCP)y, and we set G := G/'(G, g),
then the natural Lie superalgebra isomorphism Lie(G) ~ g as given in the proof of Proposition
4.4.14 preserves the 2-operation. Note that we have a Hopf pairing U(g) x O(G) — k as given in
(1.4.4.17), and it restricts to a non-degenerate pairing g x O(G)*/(O(G)*)? — k, which induces
the isomorphism above. Therefore, we have the commutative diagram

~

g ——— Lie(G)
uig) —— O(G),
where the arrow in the bottom is the map induced from the Hopf pairing above. Given v € g,, the
composite g — Lie(G) < O(G)*, which factors through U(g) as above, sends v(?) to v2. This
proves the desired result.
Second, to prove G'oP’ ~ id, we should remark that Lemma 4.5.5 can apply, since the conclusion

of the lemma holds so long as W4 is k-finite, even if the split commutative Hopf superalgebra A is

not finitely generated. O

Remark 4.6.10. In [12], details are not given for the following two.

(1) 2-operations. Condition (F'5) is not explicitly given in [12]. The functor ®, : (gss-fsgroups)x —
(sHCP)g in [12] is almost the same as our P’, but it does not specify the associated 2-operation;
see [12, Proposition 4.1.3]. Accordingly, it is not proved that ®4,(Gp) —=5 P preserves the 2-
operation on the associated Lie superalgebras; see the first paragraph of the proof of [12, Theorem
4.3.14].
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(2) Proof of U(gy)®A(g7) ~ U(g). This isomorphism is what was proved by our Corollary 4.6.3.
The proof of [12] given in the three lines above Eq. (4.7) is rather sketchy, and it might overlook
the localization argument used in our proof. Note that, the argument uses Proposition 2.5.6; this

last result or any equivalent one is not given in [12].
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Chapter 5

Functor Points Constructions

In this chapter, we work over a non-zero commutative ring k. Working over an arbitrary commuta-
tive ring, we should careful to define super-commutativity. Thus, in this chapter, we re-define the
notion of commutative superalgebra. A superalgebra R is said to be commutative if ab = (—1)1*/lPlpg
for a,b € R and a? = 0 for a € Ry.

5.1 Base extension of abstract groups

Suppose that the quintuple
(%, F, G, i, a)

consists of groups X, F' and G, a group map i : F' — G, and anti-group map « : G — Aut(X) such
that

(G1) F is a subgroup of X,
(G2) ') = flpf forall f€ F, pe X,
(G3) f9 € F and i(f9) = g~ "i(f)g,

where f € F, g € G, ¢ € X, and we let 9 denote a(g)(y¢). Suppose that F' and G act on ¥ and G,
respectively, from the right by inner automorphisms. Then (G2) reads that ¢ preserves the actions
on ¥, while (G3) reads that F' is G-stable, and i is G-equivariant.

Let G <X be the semi-direct product given by «, and set

(1]

={((f),f)eG=x|feF}

Then one sees from (G2)-(G3) that = is a normal subgroup of G ><%. We let
I =0(,F,G,i,a)

denote the quotient group G <3 /E.

Lemma 5.1.1. We have the following.
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(1) The composite G — G <X — I' of the inclusion with the quotient map is an injection,
through which we will regard G as a subgroup of T'.

(2) The composite ¥ — G <% — I' of the inclusion with the quotient map induces a bijection
F\Y — G\I" between the sets of right cosets.

Proof. Choose arbitrarily a set X C F of representatives of F\X. Then the product map p :
FxX — % p(f,r) = fr is a bijection, through which we will identify ¥ with F' x X. Then
we have G <X = (G <F) x X as left G ><F-sets. Note Z C G ><F and that the canonical
map G — G <F/= = E\G ><F is an isomorphism. The direct product with idx gives a left
G-equivariant bijection G x X — (E\G ><F') x X =T'. This implies the assertions. O

Taking into account the property shown in Part 2 above we say:

Definition 5.1.2. T' is the base extension of ¥ along i : F' — (G, «). Here one supposes i to be a

morphism of groups acting on 3, bearing in mind the action of F' by inner automorphisms.

5.2 Construction of affine supergroups

5.2.1 The group X(A)

Let g be a Lie superalgebra which satisfies the following conditions; see Corollary 4.6.3.
(i) gp is k-finite projective, and
(i) gy is k-finite free.

Suppose that it is given a 2-operation (—){%.
Let A € SAlg, be a commutative superalgebra (over k). We have the group Gpl(U/(g)a) of all
even grouplikes in the Hopf superalgebra U(g)4 = AR@U(g) over A. As is seen from the paragraph

following Proposition 4.1.1, the canonical maps

Ay®@gg — ARU(g) — ARU(9),
ARg — A®U(g)

are all injections, which we will regard as inclusions. We define even elements e(a,v), f(e,x) of
A®U(g) by
e(a,v) =10 1+a®w, fle,r)=1®14+ e, (I1.5.2.1)

where a € Aj, v € g7, ¥ € g5, and € € Ay with €2 = 0. Note that e(Aa,v) = e(a, \v), f(Ae,z) =
f(e, Ax) for A € k.

Lemma 5.2.1. The elements e(a,v), f(e,x) are contained in Gpl(U(g)a), and we have

e(a, U)_l =e(—a,v), f(e,ac)_1 = f(—¢,2), e(0,v)=1= f(0,z).

Proof. This follows since a ® v and € ® x are even primitives z such that z ®4 2z = 0. O
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Lemma 5.2.2. Let a,b € Ay, w,v € gy, =,y € gy, and €, € Ay with 2 =n?> =0. Then the
following relations hold in Gpl(U(g)a).

(i) e(a,u)e(b,v) = f(—ab, [u,v]) (b, v) e(a, )
(ii) e(a,v)e(b,v) = f(—ab,v?)e(a + b,v)

(i) e(a,v) f(e,z) = f(€,x) e(a,v) e(ea, [v, z])

(iv) fle,x) f(n.y) = f(n,y) fe,x) fen, [z,y])

Proof. These follow by direct computation. O

In particular, e(a,u) and e(b,v) (resp., e(a,v) and f(e, x); resp., f(e,x) and f(n,y)) commute
with each other if ab =0 or [u,v] = 0 (resp., ea = 0 or [v,z] = 0; resp., en = 0 or [z,y] = 0).

Let
3(A)

denote the subgroups of Gpl(U/(g) 4) generated by all the elements e(a, v), f(€, ) defined by (1.5.2.1).
Let F(Ap) denote the subgroup of 3(A) generated by all f(e, z).

Proposition 5.2.3. We have the following.
(1) F(Ag) = Z(A) NU(gp) A5-

(2) Choose arbitrarily a k-free basis vi,...,v, of g;. Then every element of 3(A) is uniquely

expressed of the form
felai,vi)e(ag,va)---e(an,vy), (1.5.2.2)

where f € F(Ap), and a; € A7, 1 <i <n.

Proof. If v = 73", \jv; with \; € k, then
e(a,v) = e(A1a,v1) e(Aaa,v2) - - - e(Apa, vy).

Therefore, 3(A) is generated by all e(a,v;), 1 < i < n, and f(e,z). To these generators as-
sociate the numbers i and 0, respectively. Given an element of 3(A) expressed as a product
of the last generators, associate naturally a word of the letters 0,1,...,n. For example, to
e(a,v2) f(e,z) f(n,y) e(b,v1), associated is the word 2001. Introduce the lexicographical well-order
among the words. Suppose that we are given an element of 3(A) expressed as above. Suppose

that the associated word is not of the form

0...0 410y . .is, (1.5.2.3)

T

where r > 0 and 0 < i1 <ig < --- < iy <n, s > 0. This means that the expression includes
(i) e(a,vj) e(b,v;), © < j, (ii) e(a,v;)e(b,v;) or (iii) e(a,v;) f(€, ).
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By using the relations (i)—(iii) in Lemma 5.2.2, the expression is reduced to another one with
smaller associated word. Continuing such reductions it is reduced finally to an expression with
associated word of the form (I.5.2.3). This proves that every element of 3(A) is expressed of the
form (I.5.2.2). Note that F(A5) C A ® U(gy). Then the uniqueness of the expression and (1)
follow, since we see from Proposition 4.1.1 that /(g)a has the elements given by (1.4.6.2) as left
A @ U(gp)-free basis. O
5.2.2 The group I'(A4)

Keep the situation as above.
Let G be an affine group. The right adjoint action G x G — G, (h, g) + g~ 'hg is dualized to
the left G-module structure on O(G) defined by

9e:= g Her) ez g(cs), g€ G(S), ce OG), (I1.5.2.4)

where S € Alg, is a commutative algebra (over k). This makes O(G) into a Hopf-algebra object in
the symmetric tensor category ¢Mod of left G-modules.
Recall that g is a Lie superalgebra given a 2-operation, and it satisfies the assumptions stated

in Proposition 4.1.1.

Definition 5.2.4. Let Autric(g) denote the supergroup functor such that

Autrie(9)(S) := Auts. Lie(8s),

where S € Algy. Here, Autg_ric(gg) is the group of all S-Lie-superalgebra automorphisms preserv-

ing (—)<52>; see Proposition 2.5.6.

We are going to work in a more general situation than will be needed to discuss a category
equivalence in the next subsection. For our motivation of this see Remark 5.2.14 below.

Suppose that we are given a pairing and an anti-morphism,
(,):89x0(G) —k,  a:G— Autpic(g). (L.5.2.5)
Let us write as pq(2) = 2-1 ® 2 for z € g. We assume that
(H1) [z, x] = (x, 2_1) 20,
(H2) (z, cd) = (z, ¢)e(d) + €(c) (x, d), and
(H3) (29, ¢)s = (z, 90)s,

where x € g5, 2 € g, ¢,d € O(G) and g € G(S5), S € Algy.
By (H2) we have the map

g — Lie(G) (C O(G)"); = (z, —). (15.2.6)
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This is a Lie algebra map, since we see from (H1) for even z and (H3) that

<[.’L‘, y]? C> = <$, 8(61)03) <y7 02>
= (z®y, Ale)) — (y @z, Ac)),

where z,y € g5, ¢ € O(G). Therefore, it uniquely extends to an algebra map U(g;) — O(G)*, with
which associated is the Hopf pairing

(,):U(gs) x O(G) — k (15.2.7)

that uniquely extends the given pairing.
Recall A € SAlg,. By Lemma 2.3.3 the base extension to Ag of the last Hopf pairing gives rise
to the group map

Gpl(U(8) 45) — Algx(O(G), Ag) = G(4p), g — (9 =) A,
whose restriction to F/(Ag) we denote by
’L'Aﬁ =1: F(A()) — G(A())

Lemma 5.2.5. Let S € Algy and g € G(S). Then as(g) € Auts.ric(gg) uniquely extends to an
automorphism of the Hopf superalgebra U(g)s over S.

Proof. One sees that ag(g) uniquely extends an automorphism of the S-Hopf superalgebra T'(g)s. It
is easy to see that the automorphism stabilizes the super-ideal of T'(g)s generated by the elements
zw — (=12 — [z, w] in (1.4.6.1). To see that it stabilizes the super-ideal generated by all
elements in (I1.4.6.1), let v € gy, and suppose v? = Y. ¢; ® v; € S ® g7. Then the desired result will

follow if one compares the following two.

(v<2>)9 = (Ug),<5'2> = Z C? (%9 v§2> + ZCZ'CJ‘ & [vi,vj],

1<j
(?)9 =) =Y v+ Z cicj @ (vivj + vv;).
i i<j

O

The assignment of the above extended automorphism to g € G(R) gives rise to an anti-

morphism, which we denote again by
a: G — Autpeps (U(g)),

from G to the automorphism group functor of 4/(g). Given g € G(Ap), the base extension (a4,(g))a
of aaz(g) € Auta, Hopt(U(g) ;) along Ag — A is an automorphism of the Hopf superalgebra U(g) 4
over A. As before, we will write u9 for (a4;(g))a(u), where u € U(g)a, g € G(Ag). Since the action

stabilizes 3(A), as will be seen from the next lemma, it follows that there is induced a group map,
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which we denote by
ayg: G(A4F) — Aut(X(A)),

from G(Ap) to the automorphism group of the group X(A).

Lemma 5.2.6. Let g € G(Ap). Let e(a,v) and f(e,z) be as before. Suppose

pa(v) =D i@ €0(G)®g;,  palr) =D dj®x; € O(G)® g
i=1 j=1
Then we have
(1) e(a,v)? = e(ag(c1), v1) e(ag(ca), v2) - - - e(ag(cn), vn),
(2) f(e,x)? = feg(dr),x1) fleg(da), x2) - - - f(eg(dm), Tm).
This is easy to see. We remark that F'(Ag) is G(Ag)-stable by Part 2.

Proposition 5.2.7. The quintuple
(2(4), F(Ap), G(Ag), 145, aa)

satisfies Conditions (G1)-(G3) given in Section 5.2.1.

Proof. Since the last remark shows that the first half of (G3) is satisfied, it remains to verify (G2)
and the second half of (G3).
Choose g € G(Ap), and let f = f(e,z). Note

i(f)(c) =¢c(c)l +€(z, ), ce€ OG).
Then by using (H3) we see

i(f7)(c) =e(c)l + € (29, C>A6 =e(c)l + € (x, gc>,46
g0l +eg (1) (x, c2) g(cs)
(97 "i(g)(e),

which verifies the second half of (G3). By using (H1) we see

e(a, ) =1@ 1+ ai(f)(v_1) ® v
=1®1l+a®v+e® (x, v_1)vg
=1l®1l+a®v+e® v,z

= e(a, U) e(ECL, [Ua :E])v

and similarly,

Fo, )" = f(n.y) flen, [y, z]).

These, combined with (iii)—(iv) of Lemma 5.2.2, verify (G2). O
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Definition 5.2.8. T'(A) denotes the base extension of 3(A) along ia, : F'(A45) — (G(Ap), aa); see
Definition 5.1.2.

In T'(A), the natural images of e(a,v) and of elements g € G(Ag) will be denoted by the same

symbols.

Proposition 5.2.9. Choose arbitrarily a k-free basis vi,...,v, of g7. Then every element of I'(A)

is uniquely expressed of the form

ge(alu 7)]_) 6(@2, /UQ) e e(anu Un)7
where g € G(Ag), a; € A7, 1 <i<n.
Proof. This follows from Proposition 5.2.3 (2) and the proof of Lemma 5.1.1 (2). O

Gavarini’s original construction starts with constructing by generators and relation the group
which shall be the functor points of the desired affine supergroup. Let us prove that the group,
which is essentially the same as IV(A) below, is isomorphic to our I'(A), though the result will not

be used in the subsequent argument.

Lemma 5.2.10. Choose arbitrarily a k-free basis v1, ..., v, of ;. Let E(A7) denote the free group
on the set of the symbols
ei(a), 1<i<n, a€ Aj,

and let T'(A) denote the quotient group of the free product G(Ag) * E(A1) divided by the relations
(1) ej(a)ei(b) = i(f(—ab, [vi, vj])) ei(b) ei(a), i <3,
(i) ei(a) ei(b) = i(f(—ab,v*))) ei(a+b),

(iii) ei(a) g = gei(ag(cin)) - --en(ag(cin)), where g € G(Ag), and we suppose pq(v;) = 22:1 cir @
Vi -

Then
ei(a) — e(a,v;), 1<i<n, a€ Az

gives an isomorphism T (A) — T'(A) which is identical on G(Ag).
Proof. 1t is easy to see that the assignment gives an epimorphism. By Proposition 5.2.9,
ge(ay,v1) - -e(an,vy) —> gei(ar) -« - en(an)

well defines a section. This section is surjective, which proves the lemma, since one sees just as
proving Proposition 5.2.3 that every element of IV(A) is expressed of the form gej(ay)---en(an),
where g € G(4p), a; € A7, 1 < i <n. O
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5.2.3 The affine supergroup I

Keep the situation as above. One sees easily that
SAlg, — Grp; A+—T(A4)

defines a group functor I' defined on SAlg,. Moreover, we see:

Proposition 5.2.11. This I is an affine supergroup, represented by the commutative superalgebra
O := O(G) ® N (g7)- (1.5.2.8)

Proof. Choose a k-free basis vy, ..., vy of g7, as above. Let wy, ..., wy, denote the dual basis of gJ.

Proposition 5.2.9 gives the bijection
G(A) x A" = T(A); (g,a1,...,an) — gelar,v1) - e(an, vn), (1.5.2.9)

which is seen to be natural in A. To an element (g, a1, ...,a,) € G(A) x A}, assign the superalgebra
map ¢ : O — A determined by

¢(C) - g(c), ceE O(G)a ¢(wz) =a; 1 <i<n.
This assignment is indeed a bijection
G(A) x A" =5 SAlg, (O, A) (1.5.2.10)

which is natural in A. This proves the proposition. O

Remark 5.2.12. Note that G, regarded as A — G(Ap), is a subgroup functor of I'. Let G;"
denote the functor which assigns to A € SAlgy the additive group A7, which is indeed represented
by A(g7); see Example 3.1.6. One sees that the bijection (I.5.2.9) gives rise to a left G-equivariant
isomorphism

GxG" =T

of functors which preserves the identity element.

The superalgebra O has uniquely a Hopf superalgebra structure which makes the composite
T'(A) — SAlg, (O, A) of the bijections (I.5.2.9) and (1.5.2.10) into an isomorphism of group func-

tors. In particular, the counit is the tensor product
e®e:OG)®N(g]) — k

of the counits of the Hopf superalgebras O(G) and A(g7), as is seen from Remark 5.2.12. It follows
that
07/(07)? = 0(G)*/(0(G)*)* & g7,
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which is dualized to the identification
Lie(T") = Lie(G) @ g7

of k-supermodules.

Let ' : gy — Lie(G) denote the Lie algebra map given by (1.5.2.6). Let Der(g) denote the Lie
algebra of k-super-linear derivations on g. The morphism « given in (1.5.2.5) induces the anti-Lie
algebra map

o : Lie(G) — Der(g); z+—— (2 x(2_1) 20),

where z € Lie(G), z € g. We remark that by (H1), the composite o/ o ¢’ : g5 — Der(g) coincides

with the right adjoint representation.
Proposition 5.2.13. We have the following.

(1) The super-bracket on Lie(T") = Lie(G) & g7 is given by

[(z, ), (y,v)] = ([2, 9] + 3 ([u, v]), o' (y)(u) - (2)(v)),
where z,y € Lie(G), u,v € g7.

(2) i @idg; : g = g5 © g7 — Lie(G) @ g7 = Lie(T') is a Lie superalgebra map which preserves the

2-operation.

Proof. (1) We see from Remark 5.2.12 that O(G) is a quotient Hopf superalgebra of O through
id®e : O = O(G)®A(g]) — O(G), and G is thus a closed super-subgroup of I'; see below the proof.
It follows that Lie(G) is a Lie subsuperalgebra of Lie(I") through the inclusion Lie(G) — Lie(G)®gj.

It remains to compute [vy, vo] in Lie(T), where vy, vy € g7, or v1 € g7, v2 € Lie(G). If elements
7 € A and v € Lie(T) satisfy 72 = 0 and |7| = |v|, then

g(t,v) : O — A;  hr—e(h)l1+7v(h)

is an element in I'(A) with inverse g(—7,v). This coincides with e(7,v) if |[7| = |v] = 1. Note
that g(r,v) = i(f(r,z)), if |[7| = 0 and v = ¢/(z) with € g5. Given elements g; = g(71,v1),
g2 = g(7m2,v2) as above, then the commutator (g1, g2) = 91929;1951 coincides with

g(=D)m Iz 7y [v1,v0]),

from which we will see the desired vales of [v1, v2].
First, suppose that A = A(7y, 72), where 7, i = 1,2, are odd variables. Let u,v € g;. Since we

have (e(71,u), e(72,v)) = g(—m172, i'([u,v])) by (i) of Lemma 5.2.2, it follows that

[(03 ’LL), (07 U)] = (i/([u7 U])> O)'

Next, suppose that A = k[r1]/(72) ® A(72), where 71 (resp., T2) is an even (resp., odd) variable.
Let y,v € Lie(T") with y even and v odd. Note g(£71,y) € G(A4p). Since we see from (1) of Lemma
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5.2.6 that

(9(=1.), e(r2,v)) = e(12,0)" ™) e(—13,0) = e(mim2, &/ (y) (v)),

it follows that

[(0,0), (5,0)] = (¢ (y)(v), 0).

(2) By Part 1 and the remark given above the proposition it remains to prove that the map
preserves the 2-operation. Suppose again that A = A(71,72). Then we see from (ii) of Lemma 5.2.2
that

g(—7179, (W) = e(m1,v) (2, v) e(— (11 + 72), V).
This last equals g(—7172, v?), which proves the desired result. O

Recall that a closed subsupergroup of an affine supergroup G is a subgroup functor of G which

is represented by a quotient Hopf superalgebra of O(G).

Remark 5.2.14. To explain a motivation to have worked in a general situation as above, suppose
that ® is a super Lie group over a complete valuation field of characteristic # 2. Let ®,oq be the
associated Lie group. Let R(®.eq) be the commutative Hopf algebra of all analytic representative
functions on &,.q; this is not necessarily finitely generated. The corresponding affine group and the
Lie superalgebra Lie(®) of & have a natural pairing and an anti-morphism as in (1.5.2.5), which
satisfy (H1)—(H3). The resulting affine supergroup I' may be called the universal algebraic hull of
& (see [15, p.1141]).

5.3 The category equivalence

5.3.1 Re-proving Gavarini’s equivalence

Let G be an affine supergroup, and set O = O(G). Recall from [27, Section 2.5], for example,
that the associated affine group Gey is the restricted group functor G|ajg, defined on Algy, which

is indeed represented by the largest purely even quotient Hopf superalgebra

of O. This Gey is also regarded as the closed super-subgroup of G which assigns to A € SAlg, the
group G(4p). Let
WO := 01/0; 01, where O} = 05N O™,

as in [22]. Since O;{/((O(?)L)2 + 032) ~ 6+/(6+)2, we have
0%/(0%)?~0"/(0")? & W®,

which is dualized to
Lie(G) ~ Lie(Gey) ® (WO)*;
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see [27, Lemma 4.3]. It follows that
Lie(G)g ~ Lie(Gey), Lie(G)y = (WO)*.

The former is the canonical Lie-algebra isomorphism induced from the embedding 0" c 07,
through which we will identify as
Lie(G)j = Lie(Gey).

Just as for (I.5.2.4), the right adjoint action G x Gey — G, (f,g) — g~ 'fg is dualized to the
left Gey-supermodule structure on O defined by

9h =g Hh1) hag(hs), g€ Ge(S), h €O, (1.5.3.1)

where S € Alg,. This makes O into a Hopf-algebra object in the symmetric tensor category
G.,OMod of left Gey-supermodules.

Let us recall the definitions [12, Definitions 3.2.6, 4.1.2] of two categories, following mostly the
formulation of [27, Appendix].

First, let (gss- fsgroups)k denote the category of the affine supergroups G such that when we
set O = O(G),

(E1) there exists a counit-preserving isomorphism O ~ O @ A(W©) of left O-comodule superalge-

bras,
(E2) 6+/(6+)2 is k-finite projective, and
(E3) WO is k-finite free.
Note that the conditions are the same as the conditions given in Section 4.6.2.

Remark 5.3.1. Let G be an affine supergroup with O = O(G). Assume that O = O(G¢y) is
k-flat. Then (E1) is necessarily satisfied, if (E2) and (E3) are satisfied.

A morphism in (gss- fsgroups) is a natural transformation of group functors. The conditions
above re-number those (E1)—(E3) given in [27, Appendix].

Next, to define the category (sHCP)y, let (G,g) be a pair of an affine group G and a Lie
superalgebra g given a 2-operation. Suppose that gj is k-finite free, and is given a right G-module

structure. Suppose in addition,
(Fl) 95 = Lle(G)7

(F2) O(G)T/(O(G)T)? is k-finite projective, so that g5z = Lie(G) is necessarily k-finite projective,
and has the right G-module structure (see (I1.4.2.2), and (1.5.3.3) below) determined by

29(c) =x(%), x€g; ceO(G), (1.5.3.2)

where 9¢ = g7 1(c1) ca g(c3), as in (1.5.2.4),
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(F3) the left O(G)-comodule structure g; — O(G) ® gy, v — v—1 @ v on g corresponding to the

given right G-module structure satisfies

[v, z] = x(v_1) vy, v E g7, T € gy,

(F4) the restricted super-bracket [, ||g;qq; : 97 ® g7 — g5 is G-equivariant, and

(F5) the right G-module structure preserves the 2-operation, or explicitly,
2 2
@) = @)§, ve(g)s, g€ GS),

where S € Algy.

Note that the conditions are the same as the conditions given in Section 4.6.2.

Finally, let (sHCP)y denote the category of all those pairs (G, g) which satisfy (F1)—(F5) above.
A morphism (G, g) — (G',¢’) in (SHCP) is a pair (7, d) of a morphism 7 : G — G’ of affine groups
and a Lie superalgebra map § = 05 ® 07 : ¢ — ¢/, such that

(F6) the Lie algebra map Lie(ry) induced from ~ coincides with dg,
(F7) (01)s(v9) = 01(v)59), v € g7, g € G(S), where S € Alg,, and
(F8) d5(v) = 51(0)2), v € gp.
Let us reproduce from [12] functors between the two categories just defined,

& : (gss-fsgroups)y — (sHCP)y,
U : (sHCP)g — (gss- fsgroups)y,

which are denoted by ®,, ¥, in [12].
First, let G be an object in (gss- fsgroups)g. Set O = O(G). Consider the pair

(G, 9) := (Gev, Lie(G)),
giving to g; the right G-module structure determined by
vI(h) =v(%h), wveg;, heO, geG(S5), (1.5.3.3)

where S € Alg, and 9h is as in (I.5.3.1). To see that this indeed defines a right G-module structure,
note that the left G-module structure on O given by (1.5.3.1) induces such a structure on O+ /(O%)2,
and in turn, it is transposed to g, since OF /(0O1)? is k-finite projective by (E2)-(E3); see (1.4.2.2).
What is given by (I1.5.3.3) is precisely the restriction to g7 of the transposed structure, while the
restriction to gy coincides with the one given by (1.5.3.2). It is now easy to see that the pair satisfies
(F1)—(F4). Recall that g is given the 2-operation which arises from the square map on O*. Then

one verifies (F5), using the fact that the G-module structure on O preserves the coproduct; cf. [27,
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Lemma A.9]. Therefore, (G, g) € (sHCP),. We let
?(G) = (Gey, Lie(Q)).

One sees easily that this indeed defines a functor.

Remark 5.3.2. Following [12, Defintion 2.3.3], let (fsgroups)y denote the category of those affine
supergroup which satisfy (E2) and (E3). This includes (gss - fsgroups)i as a full subcategory. Note
that Condition (E1) was not used above, to define the functor ®. In fact we have defined a functor
O : (fsgroups)x — (sHCP)g, as is formulated by [12, Proposition 4.1.3]. This last functor will be

used to prove Theorem 5.3.7 in the next subsection.
Next, to construct ®, we prove:

Lemma 5.3.3. Let T be the affine supergroup constructed in Section 5.2, and set O = O(T'). Then
we have
Loy = G7 WO = 9%;

where G and g are those given in Section 5.2 from which T' is constructed. Moreover, I' satisfies

(E1) and (E3) above.

Proof. From Remark 5.2.12 and the following argument we see that (1.5.2.8) gives an identification
O(T") = O(G) ® A(g7) of left O(G)-comodule superalgebras with counit. This implies the desired

results. o

Finally, let (G, g) € (sHCP)g. Choose these G and g as those in Section 5.2. One sees by (F1)-
(F2) that g satisfies the assumption of Corollary 4.6.3. The given right G-module structure on gy,
summed up with such a structure on gy determined by (I1.5.3.2), gives rise to an anti-morphism,

say «, from G to Autric(g); see [27, Remark 4.5 (2)]. This «, together with the canonical pairing
(,):95x0(G) —k, (z,c)=x(c),

satisfy (H1)—(H3), as is easily seen. We remark that Lie algebra map ¢’ : g5 — Lie(G) given by
(I.5.2.6) is now the identity. The construction of Section 5.2 gives an affine supergroup I', which
satisfies (E1)—(E3) by Lemma 5.3.3. Indeed, by (F2) it satisfies (E2) as well, since T'e;, = G. Define
U(G, g) to be this I in (gss- fsgroups)i. As is easily seen, ¥ defines a functor.

Theorem 5.3.4 ([12, Theorem 4.3.14]). We have a category equivalence
(gss - fsgroups)i ~ (sHCP).

In fact the functors ® and ¥ constructed above are quasi-inverse to each other.

Proof. Let G € (gss- fsgroups)i, and set

(G,g) = ®(G), T'=Tod(G).
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Just as for (1.5.2.7) we see that there uniquely exists a Hopf paring
(,):U(g) xO0(G) =k

such that (z, h) = z(h), z € g, h € O(G). Suppose A € SAlg,. Recall that I'(A) is a quotient
of the group G(Aj) ><X%(A) of semi-direct product. Since 3(A) C Gpl(U(g)4), the last pairing

induces, after base extension to A, a group map
3(A) — SAlg (O(G), A) = G(A). (1.5.3.4)
Lemma 5.2.6 gives the following equations in 3(A):
e(a,v)! =1®@1+av?, fle,z)!=101+€a9, g€ G(4p). (1.5.3.5)

By definitions of ® and ¥, the G-actions on g which appear on the right-hand sides are determined
by
<ng h>A6 = <Z> gh>A@a z€g, h e O(G)v g e G(A()),

where 9h = g~(h1) ha g(h3), as in (1.5.3.1). Tt follows that the group map (1.5.3.4) is right
G(Ap)-equivariant, where we suppose that G(A45) = G(A4p) acts on G(A) by inner automor-
phisms. Therefore, the group map together with the embedding G(A45) — G(A) uniquely extend
to G(A4p) ><X(A) — G(A). It factors through I'(4) — G(A), since I'(A) is the quotient group of
G(Ag) ><X(A) divided by the relations

(i(f(é,:l,‘)), 1) = (1,f(€,x)), T €8y €€ A(_)a e = 0,

and 7 : F((Ap) — G(Ap) is now the restriction of the canonical map Gpl(U(g5)4,) — G(Ap). The
group map I'(A) — G(A), being natural in A, gives rise to a morphism I' — G. This morphism
is natural in G, as is easily seen. In fact, it is a natural isomorphism by Lemma 4.5.5; see also
Remark 5.3.12 below. Indeed, the assumptions required by the cited lemma are satisfied, since
I' and G satisfy (E1), the morphism I' — G restricts to the identity I'ey — Gey, and the map
g7 = Lie(I'); — Lie(G)z induced from the pairing above is the identity. We conclude ¥ o @ ~ id.

Let (G,g) € (sHCP)k, and set I' = ¥(G,qg). Recall that for this I', the Lie algebra map
i’ : g5 — Lie(G) given by (1.5.2.6) is the identity. By Lemma 5.3.3 and Proposition 5.2.13 we have
the natural identifications

G =Te, g=Lie(I)

of affine groups and of Lie superalgebras given 2-operations. Let S € Alg,. To conclude ® o ¥ = id,
we wish to prove that given v € g7 and g € G(S5), the result v9 € (g7)s by the G-action associated
with the original (G, g) coincides the one given by (1.5.3.3) for I'. Suppose A = S ® A(7), where 7
is an odd variable. Note Ag = S. Just as in (I.5.3.5) we have e(7,v)9 = 1® 1+ 709 in I'(A). This,
evaluated at h € O(T"), gives Tv(9h) = 7v9(h), which shows the desired result. O

Remark 5.3.5. Let (G, q) € (sHCP)y, and recall that to this g is given a 2-operation, say (—)(%.
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Replace (g, (—)) with the cocycle deformation (,g, (—)7¢?) by o (see Remark 4.6.5), keeping the
right G-module structure on the odd component unchanged. Then we see (G, ,g) € (sSHCP)y, and
that (G,g) — (G, +g) gives an involutory category isomorphism, which we denote by

(id, o(=)) : (SHCP); — (SHCP).

As was remarked in Introduction, Gavarini’s category equivalence was re-proved in [27, Ap-
pendix], using an older construction of affine supergroups. Due to different choice of tensor prod-
ucts of pairings, the category equivalence P’ : (gss- fsgroups)y — (sHCP)g shown there is slightly

different from the ® above. In fact, we see
P’ = (id, ,(—)) 0 ®. (1.5.3.6)

Remark 5.3.6. The argument of Gavarini [12] seems incomplete at some points, as is pointed out
below. See also Remark 4.6.10.

(1) To construct the functor ®, : (gss-fsgroups), — (sHCP)y, and prove &40 ¥, = id in [12,
Proposition 4.1.3, Theorem 4.3.14], the article takes no account of 2-operations or G-supermodule
structures on Lie superalgebras.

(2) The functoriality of Wy : (SHCP)x — (gss-fsgroups)x (see [12, Proposition 4.3.9 (2)]) is
proved, indeed, if one replaces the original definition of ¥, by the group Gp(A) (= ¥4(P)) given in
[12, Definition 4.3.2] (and referred to before Lemma 5.2.10), with the definition by the alternative
G%(A) given in [12, Remark 4.3.3 (c)]. Nevertheless, in view of the equations preceding our Lemma
5.2.1, the relation (1 + (cn)Y) = (1 4+ n(cY)), ¢ € k, is missing to define the group G%(A) in the

last cited remark.

5.3.2 Tensor product decomposition

Let G be an affine supergroup, and set O = O(G). We prove the following theorem. Note that

the conclusion is the same as (E1).

Theorem 5.3.7. Assume that O is k-flat. There exists a counit-preserving isomorphism O ~
O @ A(WO) of left O-comodule superalgebras, if

(E2) 6+/(6+)2 is k-finite projective, and
(E3) WO is k-finite free.

Remark 5.3.8. (1) Let (gss-fsgroups);. denote the category of the affine supergroups G which
satisfy (E2), (E3) and

(E0) O(Gey) is k-flat.

This category is a full subcategory of (gss- fsgroups)y by Theorem 5.3.7. Let (sHCP); denote the
full subcategory of (SHCP)x which consists of the objects (G, V') such that

(FO) O(G) is k-flat.
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One sees that the category equivalence given by Theorem 5.3.4 restricts to
(gss - fsgroups), ~ (sHCP)y.

(2) Suppose that k is 2-torsion free, or namely, 2 : k — k is an injection. In this special situation,
essentially the same category equivalence as given by Theorem 5.3.4 was proved by Theorem 4.5.1;
one need not there refer to 2-operations. To be more precise, considered there is the category ASG
of the algebraic supergroups G which satisfy (EO0) as well as (E1)—(E3). However, (E1) can be
removed from the last conditions, as is ensured by Theorem 5.3.7. To define ASG in Section 4.3,
one can thus weaken the condition that O = O(G) is split to the one that W© is k-free.

(3) Suppose that k is a field of characteristic # 2. Then the conclusion of Theorem 5.3.7 holds
for any finitely generated super-commutative Hopf superalgebra O, since the assumptions are then
necessarily satisfied. The result was in fact proved by [22, Theorem 4.5] for any O that is not
necessarily finitely generated. The proof uses Hopf crossed products, and is crucial when O is
finitely generated. The proof below gives an alternative proof of the cited theorem in this crucial

case.

The rest of this subsection is devoted to proving the theorem. The proof is divided into 3 steps.

Step 1

Recall from Remark 5.3.2 that the functor ® is defined on the category (fsgroups)i including
(gss - fsgroups)y, which consists of the affine supergroup satisfying (E2) and (E3).

Let G € (fsgroups)k, and set T' = ¥ o ®(G), as in the proof of Theorem 5.3.4. The argument
in the cited proof which shows that we have a natural morphism I' — G of affine supergroups is
valid. Let

¢o: ' —G (1.5.3.7)

denote the morphism. We will prove that this ¢ is an isomorphism, assuming that O is k-flat. This

proves the theorem, since I' satisfies (E1).

Step 2

We need some general Hopf-algebraic argument. Let N = {0,1,2,...} denote the semigroup
of non-negative integers, as before. An N-graded k-module V = @,V (n) is regarded as a k-
supermodule so that V5 = @, cven V (1), VI = D,,.0qq V(7). The N-graded k-modules form a
symmetric tensor category GrMody with respect to the super-symmetry.

Let ConnAlg, denote the category of the commutative algebra objects B in GrMody such that
B(0) = k; the Conn expresses “connected”, meaning B(0) = k.

Fix a commutative Hopf algebra O. Note that O is a commutative Hopf-algebra object in
GrMody which is trivially graded, O(0) = O. A graded left O-comodule is a left O-comodule object
in GrModg. The graded left O-comodules form a symmetric tensor category O-GrComod. Let
O-NGrComodAlg denote the category of the commutative algebra objects A in O-GrComod such
that A(0) = O; the NGr expresses “neutrally graded”, meaning A(0) = O. Note that every such
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object is an (ordinary) left O-Hopf module [30, Page 15] with respect to the left multiplication by
0.

Here, commutative algebra objects may not satisfy the condition that every odd elements should
be square-zero.

Given B € ConnAlg, the tensor product
O®B

of graded algebras, given the left O-comodule structure A ® idg, is an object in O-NGrComodAlg.

Moreover, this constructs a functor
O ® — : ConnAlg, — O-NGrComodAlg.

Proposition 5.3.9. This functor is a category equivalence.

Proof. Given A € O-NGrComodAlg,
A/OTA

is naturally an object in ConnAlgy,. One sees that this constructs a functor. We wish to show that
this is a quasi-inverse of the functor O ® —. We have to prove that the two composites of the
functors are naturally isomorphic to the identity functors. For one composite this is easy. For the
remaining, let A € O-NGrComodAlg. Set B = A/OTA, and let 7 : A — B denote the natural
projection. We see that the left O-comodule structure A - O ® A, a +— a_1 ® ag on A induces
the morphism

A—-0®B, a—a_1®7n(a)

in O-NGrComodAlg which is natural in A. It remains to prove that this is an isomorphism. As
was remarked before, A is a left O-Hopf module, and the morphism above is in fact a morphism
of Hopf modules. The fundamental theorem for Hopf modules [30, 1.9.4, Page 15] holds over an
arbitrary base ring k, and can now apply to see that the morphism above is an isomorphism. [To
be more precise, what we need here for later use is a variant of the isomorphism « given in the
proof of the cited theorem, and is in fact the first adjunction given in the proof of [37, Theorem 1]
(see Page 456, line —7) when the right coideal subalgebra B of [37] is the base field.] O

Let O be a super-commutative Hopf superalgebra. Set O = O, and assume that this O is k-
flat. Let O-SComod denote the symmetric tensor category of left O-super-comodules. The flatness
assumption ensures that this category is abelian; see [16, Part I, 2.9]. Indeed, the k-linear kernel
Z of a morphism V — U turns to be a sub-object of V, since we have O ® Z C O ® V, and the
composite Z — V — O ® V of the inclusion with the structure on V' factors through O ® Z.

Let I = OOq, so that we have O/I = O. Note that O is naturally a commutative algebra
object in O-SComod, and the super-ideals I, n > 0, are sub-objects of O in O-SComod. It follows
that -

gro =P/

n=0
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is an object in O-NGrComodAlg. To see this, note gr O(0) = O. Moreover, ["/I"1 = O%/O’I”Z,
and so gr O(n) is purely odd (resp., even) if n is odd (resp., even).

Let B = grO/O%(gr O) denote the object in ConnAlg, which corresponds to gr O through the
category equivalence given in (the proof of) Proposition 5.3.9. It is easy to see the following (see
[22, Proposition 4.3 (1)]):

Lemma 5.3.10. The composite of natural maps
WO =07/00; — 07/0} = grO(1) — B(1)
18 an isomorphism.

Step 3

Let O be a super-commutative Hopf superalgebra. Note that the constructions of the associated
O and WO are functorial.

Assume that O satisfies (E1) and (E3). Assume that O is k-flat. Let O’ be a super-commutative
Hopf superalgebra, and let ¢ : O’ — O is a Hopf superalgebra map. It naturally induces

v:0 — 0, WY:w% — wo.

Proposition 5.3.11. If these two maps are bijections, then i is an isomorphism.

Proof. We may suppose O’ = O = O and ¢ = idp, where O is a commutative k-flat Hopf algebra.
We see that ¢ induces a morphism gr(¢) : grO" — gr O in O-NGrComodAlg. Let £ : B’ — B be
the corresponding morphism between the corresponding objects in ConnAlg,.

We wish to show that ¢ is an isomorphism. By Lemma 5.3.10, {(1) : B’(1) — B(1) is identified
with W¥. Since O satisfies (E1), we see that grO = O @ A(WO), and so B = A(W©). It
follows that ¢ has a unique section in ConnAlg, since £(1) is an isomorphism, and B’ is super-
commutative, with the odd elements being square-zero. Note that B’ is generated by B’(1), since
gr O’ is generated by O = gr O’(0) and gr O’(1). This implies that the section is an isomorphism,
proving the desired result.

It follows that gr(+) is an isomorphism, and gr O’(n) = gr O(n) = 0 for n > 0. Therefore, 1 is

an isomorphism. O

Remark 5.3.12. In the situation of Proposition 5.3.11, suppose in addition that O’ satisfies (E1),
and remove the assumption that O is k-flat. Then the same result as the proposition follows easily
from Lemma 4.5.5. The result was essentially used to prove Theorem 5.3.4 in the last paragraph

of the proof.

Let us return to the natural morphism ¢ : I' - G in (1.5.3.7), assuming that O(G) is k-flat.
Consider O(¢) : O(G) — O(T'). In view of the proof of Theorem 5.3.4 (see the last part of the
first paragraph), the induced W — W and WO(G) — WO are both the identity maps. It
follows that O(T') is k-flat. Since I' satisfies (E1) and (E3), Proposition 5.3.11, applied to O(¢),

proves that ¢ is an isomorphism, as desired.
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5.3.3 The category equivalence over a field

In what follows we suppose that k is a field of characteristic # 2.

We let ASGy denote the category of algebraic supergroups over k. This coincides with the full
subcategory of (gss-fsgroups)y consisting of the objects which are algebraic supergroups. By [22,
Theorem 4.5] every object in ASGy satisfies (E1), in particular.

Since every Lie superalgebra has the unique 2-operation defined by

we may not refer to 2-operations on Lie superalgebras. The definition of (SHCP)y then contains
redundancy in (F1). In other words one can remove g; from the definition since it is determined
by G. We define Harish-Chandra pairs as follows, as in [25, 29]. In the next subsection one will see
that our definition is suitable at least to describe sub-objects.

A Harish-Chandra pair is a pair (G, V) of an algebraic group G and a finite-dimensional right
G-module V which is given a G-equivariant linear map [, | : V ® V' — Lie(G) such that

(i) [v,0] = 0], wv,0' €V,
(i) vafv,v] =0, veV.

When we say that [, | is G-equivariant, Lie(G) is regarded as a right G-module as was done in
(I.5.3.2). In (ii), < represents the right Lie(G)-Lie module structure on V' defined by

vaz =x(v_1)vg, v €V, z e Lie(G), (1.5.3.8)

where V — O(G) @V, v = v_1) ®v(g) denotes the left O(G)-comodule structure corresponding to
the right G-module structure on V. A morphism (¢,v) : (G1,V1) — (G2, Va) of Harish-Chandra
pairs consists of a morphism ¢ : G; — G2 of algebraic groups and a linear map v : V3 — V5 such
that

(iii) v is Gi-equivariant, with V5 regarded as a Gj-module through ¢,

(iv) [¥(v), ()] = Lie(@)([v,v/]), v,v' € V.

We let HCPy denote the category of Harish-Chandra pairs over k.

This category HCPy is isomorphic to the full subcategory of (sHCP)y consisting of the objects
(G, g) in which G is an algebraic group. To describe an explicit category isomorphism, let (G, V) €
HCPy. Define g := Lie(G) @ V, and suppose g € SMody so that g; = Lie(G), g1 = V. Give to
g the bracket on Lie(G) and the structure [ , ] of (G,V), and define [v,z] := v<z for v, x as in
(I.5.3.8). Then g turns into a Lie superalgebra. Keep g; = V' given the right G-module structure.
One sees that (G,V) — (G,q) gives the desired category isomorphism. The inverse is given by
(G,g) — (G, g7), where to g of the latter, the restricted super-bracket and the original G-module
structure are given.

Now, let G € ASGg. Then Gy is an algebraic group, and the Lie superalgebra Lie(G) is finite-
dimensional. Regard the odd component Lie(G); of the Lie superalgebra as the right Ge,-module
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defined by (1.5.3.3). Restrict the super-bracket on Lie(G) to the odd component, and give it to the
pair (Gev, Lie(G)1). Then the pair turns into a Harish-Chandra pair, and it corresponds to ®(G)
in (sHCP)g. By Theorem 5.3.4 we have:

Theorem 5.3.13. G — (Gey, Lie(G)7) gives a category equivalence
ASGy — HCPy.

Essentially the same result was already given in [25, 29]; see Remark 5.3.14 below. As an
advantage we have obtained an explicit quasi-inverse of the functor above, which is essentially the
same as V¥ in Section 5.3.1. Therefore, every algebraic supergroup can be realized as I' constructed
in Section 5.2. This realization is useful when we discuss group-theoretical properties of algebraic

supergroups, as will be shown in the next subsection.

Remark 5.3.14. A category equivalence between ASGy and HCPy is given by [25, Theorem 6.5]
and [29, Theorem 3.2], which both reformulate the result [24, Theorem 29] formulated in purely
Hopf-algebraic terms. Given (G, V) € HCPy, denote now it by (G, V, [, |), indicating the structure.
Replacing [, | with —[, ], we still have (G,V,—[, ]) € HCPx. Moreover,

(G7Va[7 ])'—>(G7V7_[7 D

gives an involutory category isomorphism HCPyx — HCPy. The category equivalence given by
Theorem 5.3.13 coincides, up to the last category isomorphism, with the one cited above, just as

was seen in (1.5.3.6).

5.4 Normalizers and centralizers

Let k be a field of characteristic # 2. Throughout in this subsection we let G € ASGg, and let
(G,V) be the associated Harish-Chandra pair. We suppose that G is realized as the T' which is
constructed as in Section 5.2 from G, g := Lie(G), the canonical pairing g5 x O(G) — k and the
right G-supermodule structure on g defined by (1.5.3.2) and (1.5.3.3).

Recall that a pair (K, W) of closed subgroup K C G and a vector subspace W C V' is a sub-pair
of the Harish-Chandra pair (G, V') (see Definition 4.5.7), if

(i) W is K-stable in V, and
(i) (W, W] C Lie(K),

where [, | is the structure of (G,V). If K is a closed subsupergroup of G, then the associated
Harish-Chandra pair (K,W), with the right K-module structure on W and the structure [ , |
forgotten, is a sub-pair of (G, V). In this case we say that the sub-pair (K, W) corresponds to K.
The assignment K — (K, W) as above gives a bijection from the set of all closed subsupergroups
of G to the set of all sub-pairs of (G, V).

Lemma 5.4.1. Let (K, W) be the sub-pair of (G,V') corresponding to a closed subsupergroup K C

G. Given v € V, the following are equivalent:
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(a) veW;
(b) e(a,v) € K(A) for arbitrary A € SAlg, and a € Az;
(c) e(a,v) € K(A) for some A € SAlg, and a € A7 with a # 0.

Proof. We only prove (c) = (a), since the rest is obvious.
Suppose that e(a,v) € K(A) with a € Ay, but v ¢ W. Given an arbitrary basis wi, ..., w, of
W, one can extend it, adding v and others, to a basis wy,...,w,,v,... of V. By Proposition 5.2.9,

e(a,v), being an element in K(A), is expressed uniquely of the form
e(a,v) = he(ay,wy) - --e(ar, w,), (I1.5.4.1)

where h € K(A4p) and a; € Aj, 1 < i < r. The cited proposition gives analogous expressions of
elements of G(A) which use the extended basis. Regarding (I.5.4.1) as two such expressions of one

element, we have a = 0. ]

Just as in the non-super situation we define as follows, and obtain the next lemma; see [16,
Part I, 2.6].

Let K C G be a closed subsupergroup. The normalizer Ng(K) (resp., the centralizer Zg(K))
of K in G is the subgroup functor of G whose A-points consists of the elements g € G(A) such
that for every A — A’ in SAlgy, the natural image gas of g in G(A’) normalizes (resp., centralizes)
K(A).

Lemma 5.4.2. Ng(K) and Zg(K) are closed subsupergroups of G. Moreover, Ng(K) (resp.,
Zc(K)) is the largest closed subsupergroup of G whose A-points normalize (resp., centralize) K(A)
for every A € SAlgy.

Let K C G be a closed subsupergroup, and let (K, W) be the corresponding sub-pair of (G, V).

Recall that the stabilizer Stabg (W) (resp., the centralizer Centg(W)) of W in G is the largest
closed subgroup of G that makes W into a module (resp., a trivial module) over it.

Let pg : V — O(K) ® V denote the left O(K)-comodule structure on V corresponding to the

restricted right K-module structure on V. Define
Invg(V/W) :={veV|pgv)—1@ve OK)® W}.

This is the largest K-submodule of V including W whose quotient K-module by W is trivial. The
definition makes sense, replacing W with any K-submodule, say U, of V. We will use Invg (V) =
Invg (V/0) when U = 0.

When L = Lie(K) or 0, we define

(L:W):={veV|[v,W]CL}

where [, | is the structure of (G, V).

Theorem 5.4.3. Let K C G and (K,W) C (G,V) be as above.
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(1) The sub-pair of (G, V') corresponding to Ng(K) is

(Ng(K) N Stabg (W), Invg(V/W) N (Lie(K) : W)).

(2) The sub-pair of (G, V) corresponding to Zg(K) is

(Zq(K) N Centg(W), Invg (V)N (0: W)).

Proof. In each part let us denote by (F, Z) the desired sub-pair.

(1) First, we prove
F C Ng(K)NStabg(W), Z CInvg(V/W)N (Lie(K) : W). (1.5.4.2)

Note that F' normalizes K in G. Then it follows that F' normalizes K = K¢, in G = Gy,
whence F' C Ng(K). It also follows that the right G-supermodule structure on Lie(G), restricted
to a right F-supermodule structure, stabilizes Lie(K), whence F' C Stabg(W).

Since [Lie(K), Lie(Ng(K))] C Lie(K), we have [W, Z] C Lie(K), whence Z C (Lie(K) : W).

To prove Z C Invg (V/W), choose z € Z. We may suppose z ¢ W. Let A = O(K) @ A(7) with
7 an odd variable. We have an A-point e(7, z) of Ng(K) by Lemma 5.4.1. Given a basis wy, ..., w,

of W, we extend it, adding z and others, to a basis wy,...,w,, 2, u1,...,us of V. Present px(z) as

pK(2) :Zai®wi+b®z+20i®ui e O(K)® V.
i=1 i=1

Then we have b = 1. Let h € K(Ag) be idp(x). Then
e(t,z) he(r, z)_1 = he(rai,wy) - - e(Tar,wy) e(Ter,uy) - - - e(Tcs, us). (1.5.4.3)

Since this is contained in K(A), it follows by the same argument as proving Lemma 5.4.1 that
¢i=0,1<i<s, whence Z C Invg(V/W). We have thus proved (1.5.4.2).
Next, to prove the converse inclusions, choose ¢ : A — A’ from SAlg;.
Let g be an A-point of Ng(K) N Stabg(W). Then ga normalizes K(A'). Given a € A] and
w € W, we have
e(a,w)9 =1®1+aw? € K(A'),

and the same result with ¢ replaced by g~! holds. This proves g € F(A).

Let v € Invg (V/W)N(Lie(K) : W) and 0 # a € Aj. To see that v € Z, we wish to prove, using
Lemma 5.4.1, that e(a,v) is an A-point of Ng(K). Note that the A’-point e(a, v) 4/ of its image is
e(p(a),v). Given h € K(A’), the same argument as proving (1.5.4.3) shows e(a,v) 4 he(a,v)y/ €
K(A), since v — v € Wy Givenw € W and b € A%, we see by Lemma 5.2.2 (i) that

6(&, U)A’ €(b, ’LU) e(a7 ,U)Zfl = ’L(f(_d)(a)ba [Uv ’LU])) €(b, w) € K(A/)a
since [v,w] € Lie(K). The last two conclusions prove the desired result.
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(2) We only prove
K C Zg(K)NCentg(W), Z CInvg(V)N(0:W).

The converse inclusions follow by modifying slightly the second half of the proof of Part 1.

Since F' centralizes K in G. it follows that F' centralizes K in G, whence F' C Z¢(K). It also
follows that the restricted right F-supermodule structure on Lie(G) centralizes Lie(K), whence
F C Centg(W).

Since [Lie(K), Lie(Z2¢(K))] = 0, we have [W, Z] = 0, whence Z C (0 : W). The argument which
proved Z C Invg (V/W) above, modified with W replaced by 0, shows Z C Invg (V). O

Suppose that G = K, and so G = K, V = W. Then Part 2 above reads:

Corollary 5.4.4. Let G and (G, V) be as above. The sub-pair of (G, V') corresponding to the center
Z2(G) = Z2g(G) of G is
(Z(G)NCentg(V), Invg(V)N (0:V)).

The algebraic group component of this sub-pair was obtained by [29, Proposition 7.1], recently.
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Part 11

Representations of Quasireductive

Supergroups
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Chapter 1

Introduction

In this part, we study representations of quasireductive supergroups over a field k of characteristic
not equal to 2.

Representations of (connected) algebraic supergroups G over C were fully studied. These
representations are essentially the same as representations of their Lie superalgebra Lie(G). The
classification of finite-dimensional simple Lie superalgebras over C was done by Kac [17] in 1977.

On the other hand, representations of algebraic supergroups over a field of positive character-
istic has been less studied. Brundan and Kleshchev [3] studied representations of the algebraic
supergroup Q(n) which have a close relationship to modular representations of spin symmetric
groups. Moreover, the Mullineux conjecture, now the Mullineux theorem, was re-proven by Brun-
dan and Kujawa [4] with their results on the general linear supergroup GL(m|n). Shu and Wang
[34] classified irreducible representations of the ortho-symplectic supergroup OSP(m|n), described
them in some combinatoric terms that are related to the Mullineux theorem. In positive character-
istic, representation theory of algebraic supergroups can apply to representation theory of ordinary
algebraic groups.

An algebraic (super)group over k is said to be linearly reductive if its representation category
is semisimple. Linearly reductive groups are one of important classes of algebraic groups. On the
other hand, linearly reductive supergroups G which are not ordinary algebraic groups are rather
restricted. If k is an algebraically closed field of chark = 0, then Weissauer [41] showed that G is
a semidirect product of a reductive group and a product [],.; OSP(1|2r)", n, > 0 of the ortho-
symplectic supergroups. If k is a field of positive characteristic, then Masuoka [24] showed that all
linearly reductive supergroups must be purely even, i.e., G = Ggy.

Serganova [33] defined the notion of quasireductive supergroups over k. A quasireductive super-
group G is an algebraic supergroup such that the associated ordinary group Gey is a reductive group
which is split, i.e., has a maximal split torus. The supergroups Q(n), GL(m|n) and OSP(m/|n) are
quasireductive. Moreover, the Chevalley supergroups of classical type that Fioresi and Gavarini [9]
constructed as a super-analogue of the Chevalley-Demazure groups are quasireductive. Therefore,
quasireductive supergroups form a wide class of algebraic supergroups. Serganova studied struc-
tures and representations of quasireductive supergroups G over an algebraically closed field k of

chark = 0 in terms of its Lie superalgebra Lie(G).
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This part gives a characteristic-free study of those quasireductive supergroups G which are,
roughly speaking, defined over Z. We systematically construct their irreducible representations,

extends Serganova’s construction to arbitrary characteristic.

This part is organized as follows. In Chapter 2, first we give the definition of the hyper-
superalgebra hy(G) of a given algebraic supergroup G. Then we discuss supermodules over an
algebraic supergroup G, and those over the hyper-superalgebra hy(G), when Gey is a split reductive
group. Let T be a split maximal torus of such Ge,. Theorem 2.4.8 shows, roughly speaking, an
equivalence of G-supermodules with hy(G)-T-supermodules. When k is a field, the theorem gives
Corollary 2.4.10 which generalizes the result which were proved in [3] for Q(n), [4] for GL(m/|n)
and [34] for OSP(m|n). In Chapter 3, we characterize the quasireductive supergroups over Z
in terms of the correspondence Harish-Chandra pairs. As an application, we re-construct the
Chevalley supergroups over Z; see Section 3.3. One sees that Chevalley supergroups of classical
type (for example OSP(m|n)) as well as GL(m|n) and Q(n) are quasireductive supergroups over
Z. By the base extension to an arbitrary field k, a quasireductive supergroup over Z terns to be a
quasireductive supergroup over k as Serganova [33] defined. In Chapter 4, We show that if A is a
Hopf superalgebra (not necessary commutative) over k having a ”dence big cell” all the simple A-
supercomodules are explicitly constructed; see Theorem 4.2.9. This is a super-analogue of a result
of Parshall and Wang [32]. In Chapter 5, we construct all the irreducible supermodules of a given
quasireductive supergroup G over k. There is a special closed subsupergroup T of G such that T,
is a split maximal torus 1" of Ge,. Since T is non-abelian in general, irreducible representations
of T are more complicated than irreducible representations of T". The construction of irreducible
supermodules of T are done by using a general theory of Clifford algebras; see Theorem 5.1.5.
Finally, by using the results in Chapter 4, we construct irreducible representations of G. For a
general linear supergroup GL(m|n), Zubkov [42] proves a super-analogue of the Kempf vanishing
theorem. Essential in his proof is the existence of some special subsupergroup of GL(m|n). In
Chapter 6, we abstract such a special subsupergroup as distinguished parabolic subsupergroups.
We show that if quasireductive supergroup G has a distinguished parabolic subsupergroup, then
the Kempf vanishing theorem holds for G, generalizing Zubkov’s result. In this case, we classify

all the irreducible representations of G.
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Chapter 2

Representations of Algebraic

Supergroups

Throughout in this section we suppose that k is an integral domain. Our assumption that k is
2-torsion free is equivalent to that 2 # 0 in k.
2.1 Representation of supergroups

Let G be an infinitesimally flat algebraic supergroup. A superspace V is said to be a representation

of G (or G-supermodule) if there is a natural transformation
®:G — GL(V)

from G to GL(V). For a representation V of G, we can define a right O(G)-supercomodule

structure on V' such that
idy ®1 P id
v VES v g o) e v g 0(G),
where 1p(g) is the unit element of O(G) and

Po(@) : G(O(G)) — GL(V)(0(G)).

Conversely, any right O(G)-supercomodule can be regard as a representation of G. In this way,
we may identify SRep(G) and SMod®(®) | where SRep(G) denotes the category of representations
of G.

Definition 2.1.1. An irreducible representation V of G is a simple O(G)-supercomodule. Namely,

V has no non-trivial O(G)-supercomodule.

Let K be a closed subsupergroup of G. For a representation V of G, we let

VK .= o) (11.2.1.1)
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Here, we regard V as a right O(K)-supercomodule by the Hopf superalgebra quotient 7 : O(G) —
O(K). This V¥ is called the K-fized points of V. Explicitly,

VE={veV]vwenr(n)=vell

where V = V @ O(G); v — vg ® v1 is the O(G)-supercomodule structure of V.

2.2 Hyper-superalgebras

Let G € ASG (see Part I, Definition 4.3.2), and set G := Gey. Welet A := O(G), whence A = O(G)
(see (I.3.1.1)). We assume that G is infinitesimally flat [16, Part I, 7.4]. This means that

(I1) For every n > 0, Z/(ZJF)” is k-finite projective.

By the condition (C1) in Part I, it follows that for every n > 0, A/(A™)" is k-finite projective.
Recall that A* is the dual superalgebra of the supercoalgebra A. We suppose (A4/(AT)")* C A*
through the natural embedding, and set

hy(G) == [ (4/(AT)")",

n>0
We call this the hyper-superalgebra of G.

Remark 2.2.1. This is often denoted alternatively by Dist(G), called the super-distribution algebra
of G.

It is easy to see that hy(G) is a super-subalgebra of A*. By (I1), each (A/(AT)")* is the dual
coalgebra of the algebra A/(A1)™. One sees that if n < m, then (A/(AT)")* C (A/(AT)™)* is a
coalgebra embedding, so that all (A/(AT)™)*, n > 0, form an inductive system of coalgebras.

Lemma 2.2.2. Given the coalgebra structure of the inductive limit, the superalgebra hy(G) forms
a cocommutative Hopf superalgebra such that the canonical pairing O(G)* x O(G) — k restricts to
a Hopf pairing

(,):hy(G) x O(G) — k. (I1.2.2.1)

Proof. Let H := hy(G). Since each (A/(AT)™)* is cocommutative, so is H. The dual 8* of the
antipode S of A stabilizes H. Denote $*|y by S. Then we see that the restricted pairing satisfies
(I.2.3.2), (1.2.3.3) and (I1.2.3.4) for R = k. It follows that H satisfies the compatibility required to
super-bialgebras (see [24, Lemma 1]), and has S = §*| as an antipode. O

If f: G — K is a morphism from G to another infinitesimally flat algebraic supergroup K,
then it naturally induces a filtered supercoalgebra map hy(f) : hy(G) — hy(K). If G’ is another
infinitesimally flat algebraic supergroup, then the product G x G’ is also infinitesimally flat. In
this case, there is a natural isomorphism hy(G x G’) = hy(G) ® hy(G’) of filtered supercoalgebras.

For a Hopf superalgebra H, we define P(H) to be the set of all primitive elements of H, i.e.,
PH)={heH|A(h)=h®1+1Rh},
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where A is the comultiplication of H. This P(H) is a Lie superalgebra by the following super-
bracket
[h, k] == hk — (—1)/PIFkp,

where h, k are homogeneous elements in P(H). As in ordinary case, one can show that the following
fact.

Proposition 2.2.3. P(hy(G)) = Lie(G) as Lie superalgebras.

If k is a field of characteristic zero, then there is an isomorphism hy(G) = U/(Lie(G)) of Hopf
superalgebras, where U (Lie(G)) is the universal enveloping superalgebra of Lie(G).

The Hopf superalgebra quotient O(G) — O(G) gives rise to a Hopf superalgebra embedding
of the hyperalgebra hy(G) of G into hy(G). Let W := W4 (= g7), and choose a counit-preserving
isomorphism

P O(G) = O(G) & AN(W)

of left O(G)-comodule superalgebras.

Lemma 2.2.4. There uniquely exists a unit-preserving isomorphism
¢+ hy(G) ® A(gy) — hy(G)

of left hy(G)-module supercoalgebras such that
(¢(2),a) = (2,9(a)), a€O(G), z € hy(G) @ Agr),
where the right-hand side gives the tensor product of the canonical pairings
hy(G) x O(G) — Kk, Ag7) X A(W) — k. (I1.2.2.2)
Proof. We see that * restricts to hy(G) ® A(g;) — hy(G), and this isomorphism is such as
mentioned above. O
2.3 Representations using hyper-superalgebras

We will identify as
O(G) =0(G) @ N(W), hy(G) ® A(g7) = hy(G) (I1.2.3.1)

through 1, ¢, respectively.
Let @ be the quotient field of k, and let G denote the base change of G' to (). In addition to

(I1), we assume
(I2) Gg is connected, or in other words, O(Gg) = O(G) ® @ contains no non-trivial idempotent.

This assumption ensures the following.
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Lemma 2.3.1. For every r > 0, the superalgebra map
O(G)*" — (hy(G)*")"

which is associated with the r-fold tensor product of the Hopf pairing (11.2.2.1) is injective.

Proof. By Lemma 2.2.4 it suffices to prove that the algebra map O(G)®" — (hy(G)®")* similarly
given is injective. By [36, Proposition 0.3.1(g)], (I2) ensures that the Q-algebra map O(Gg)®" —
(hy(Gg)®")* for G is injective. Since hy(Gg) = hy(G) ® @, we have the canonical map

(hy(G)*")" ® Q — (hy(GQ)™")"

By (B3) we have O(G)®" C O(G)®" ® Q. The desired injectivity follows from the commutative
diagram
O(G)reQ — (y(G)*) ®Q

l= |
O0(GQ)®" ———— (hy(G@)®")".
O

Let M be a supermodule. Given a left G-supermodule (resp., G-module) structure on M, one

defines by the formula
u — m = moy{u, my), u € hy(G), m € M, (I1.2.3.2)

using the Hopf pairing (, ) : hy(G) x O(G) — k (11.2.2.1) (resp., the first one of (I1.2.2.2)), a left
hy(G)-supermodule (resp., hy(G)-module) structure on M. We see that in the super-situation,

this indeed defines a map from
e the set of all left G-supermodule structures on M
to

e the set of those locally finite, left hy(G)-supermodule structures on M whose restricted

(necessarily, locally finite) hy(G)-module structures arise from left G-module structures.

Note that the left and the right G-supermodule structures (resp., locally finite hy (G )-supermodule
structures with the property as above) on M are in one-to-one correspondence, since one can switch
the sides through the inverse on G (resp., the antipode on hy(G)). Therefore, we may replace “left”
with “right” in the sets above, to prove the following proposition. Indeed, we do so, to make the

argument fit in with our results so far obtained.
Proposition 2.3.2. If M is k-projective, the map above is a bijection.

Proof. Since M is k-projective, the injection given by Lemma 2.3.1, tensored with M, remains
injective. In addition the canonical map (hy(G)®")* ® M — Hom(hy(G)®", M) is injective. Let

p" : O(G)®" © M — Hom(hy(G)®", M)
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denote their composite, which is an injective super-linear map. We will use only u(1)7 M(Q).
Suppose that we are given a structure from the second set; it is a right hy(G)-supermodule

structure, in particular. We claim that the super-linear map
p: M — Homg(hy(G), M), p(m)(z)=mz

factorizes into ") and a uniquely determined map, p’ : M — O(G) ® M. To show this we use the
identification (II.2.3.1). Then, p decomposes as

M % Homy (hy(G), M) “?% Homy (hy (G), Homy (A(g7), M)),

where the first map is defined, just as p, by p1(m)(x) = ma, and the second (p2). denotes
Homy(id, p2) induced by the map pa : M — Homy(A(gy), M) similarly defined. We have the

injections

v1: O(G) ® M — Homg (hy(G), M),
vy : O(G) ® Homy (A(g7), M) — Homy (hy(G), Homg (A(g7), M))

which are defined in the same way as (1. Indeed, v; is identified with ;). The condition regarding
the restricted hy(G)-structures means that p; factorizes into v; and a uniquely determined map,
p" M — O(G) ® M. The composite (id ® p2) o p” is identified with the desired map p/, as is seen

from the commutative diagram

OG) ® M MEr2 , 0(G) ® Homy (Mg, ), M)

Homy (hy(G), M) — "2 Homy (hy(G), Homg(A(g, ), M)).

By using #®, we see that the associativity of the hy(G)-action on M implies that p' : M —
O(G) ® M is coassociative. Similarly, the unitality of the action implies that p’ is counital. Thus,
P is a left O(G)-super-comodule structure on M. It is the unique such structure that gives rise to

the originally given structure, as is easily seen. O

2.4 Integral representations

Let Gz be a split reductive algebraic group over Z; see [16, p.153]. By saying a reductive algebraic
group we assume that it is connected and smooth. Choose a split maximal torus T7. The pair

(Gz, Tz) naturally corresponds to a root datum

(X, R, XY, RY).
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In particular, X equals the character group X(77z) of T%. It is known that O(Gz) is Z-free, and
Gz is infinitesimally flat. Moreover, for any field K, the base change (Gz)x is a split reductive (in
particular, connected) algebraic group over K, and (77)k is its split maximal torus. Conversely,
every split reductive algebraic group over K and its split maximal torus are obtained uniquely (up
to isomorphism) in this manner.

Recall that k is supposed to be an integral domain. Let
G= (G, T =Tz

be the base changes to k. Note that O(G) is k-free. In addition, G satisfies (I1) (with A supposed
to be O(G)) and (12).

We have the inclusion hy(G) D hy(T') of hyperalgebras, which coincides with the base changes
of the hyperalgebras hy(Gz) D hy(7%) over Z. Since k contains no non-trivial idempotent, the
character group X(7') of T' remains to be X.

Definition 2.4.1 ([16, p.171]). For a left (resp. right) hy(G)-module M, we say that M is a left
(resp. right) hy(G)-T-module, if the restricted hy(7')-module structure on M arises from some

T-module structure on it.

This is equivalent to saying that M is a direct sum M = @, .x M) of k-submodules M), A € X,
so that
zm = ANz)m, z€hy(T), me My, AeX,

where we have supposed that M is a left hy(T)-module. One sees that the T-module structure
above is uniquely determined if M is k-torsion free. A hy(G)-T-module is said to be locally finite
if it is locally finite as a hy(G)-module.

Let M be a k-module. Given a left G-module structure on M, there arises, as before, a left
hy(G)-module structure on M; it is indeed a locally finite hy(G)-T-module structure, as is easily

seen. Thus we have a map from
e the set of all left G-module structures on M
to
e the set of all locally finite, left hy(G)-T-module structure on M.

The structures in each set above are in one-to-one correspondence with the opposite-sided

structures, as before. The following is known.
Theorem 2.4.2 ([16, Part II, 1.20, p.171)). If M is k-projective, the map above is a bijection.

Remark 2.4.3. Let k = Z, and suppose that Gy is semisimple, or equivalently [X : ZR] < oo; see
[16, Part II, 1.6, p.158]. Then it is known (see [18, 38]) that

O(Gz) = hy(Gz)°. (I1.2.4.1)
It follows that every Z-free, locally finite hy(G7)-module is necessarily a hy(G7z)-Tz-module.
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Given a Hopf algebra H over Z, we let H° denote, just when working over a field (see [35,
Section 6.0]), the union of the Z-submodules (H/I)* in H*, where I runs over the ideals of H such
that H/I is Z-finite. Since the canonical map (H/I)*® (H/I)* — (H/I® H/I)* is an isomorphism,
each (H/I)* is a (Z-finite free) coalgebra, whence H® is a coalgebra, and is in fact a Hopf algebra.

Keep G, T as above. Let us consider objects G € ASG such that Gey = G.

Remark 2.4.4. As will be seen Section 3.3.1, if k = Z, the Chevalley Z-supergroups of classical
type which were constructed by Fioresi and Gavarini [9] and by Gavarini [11] are examples of G as

above. Therefore, their base changes are, as well.

Remark 2.4.5. Suppose that k is a field of characteristic # 2. Recall that every split reductive
algebraic group is of the form G as above. Then it follows from Part I, Corollary 3.1.3 that the
objects under consideration are precisely all algebraic supergroups G such that Ge, is a split

reductive algebraic group.
Let G € ASG such that G¢, = G.

Definition 2.4.6. For a left (resp. right) hy(G)-supermodule M, we say that M is a left (resp.
right) hy(G)-T -supermodule, if the restricted hy(T")-module structure on M arises from some 7T-

module structure on it.

This is equivalent to saying that M is a hy(G)-T-module, regarded as a hy(G)-module by
restriction. A hy(G)-T-supermodule is said to be locally finite if it is so as a hy(G)-supermodule,
or equivalently, as a hy(G)-module.

Remark 2.4.7. In [3, §5], a hy(G)-T-supermodule is celled an integrable hy(G)-supermodule.

Let M be a supermodule. Given a left G-supermodule structure on M, there arises, as before, a
left hy (G)-supermodule structure on M; it is indeed a locally finite hy (G )-T-supermodule structure,

as is easily seen. Thus we have a map from
e the set of all left G-supermodule structures on M
to
e the set of all locally finite, left hy(G)-T-supermodule structures on M.

The structures in each set above are in one-to-one correspondence with the opposite-sided

structures, as before. Proposition 2.3.2 and Theorem 2.4.2 prove the following.
Theorem 2.4.8. If M is k-projective, the map above is a bijection.

Remark 2.4.9. Let k = Z, and suppose that Gz is semisimple. Then by using the same argument
as proving [24, Proposition 31], we see from (II.2.4.1) that O(G) = hy(G)°. It follows that every
Z-free, locally finite hy(G)-supermodule is necessarily a hy(G)-Tz-supermodule.

Theorem 2.4.8 can be reformulated as an isomorphism between the category of k-projective, left
G-supermodules and the category of k-projective, locally finite left hy(G)-T-supermodules. When

k is a field of characteristic # 2, the result is formulated as follows, in view of Remark 2.4.5.
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Corollary 2.4.10. Suppose that k is a field of characteristic # 2, and let G be an algebraic
supergroup over k such that Gey is a split reductive algebraic group. Choose a split maximal torus
T of Gey. Then there is a natural isomorphism between the category of left G-supermodules and

the category of locally finite, left hy(G)-T'-supermodules.

This has been known only for some special algebraic supergroups with the property as above;
see Brundan and Kleshchev [3, Corollary 5.7], Brundan and Kujawa [4, Corollary 3.5], and Shu
and Wang [34, Theorem 2.8].
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Chapter 3

Quasireductive Supergroups

3.1 Quasireductive Lie superalgebras

As in [33], we treat a special class of Lie superalgebras.

Definition 3.1.1. A Lie superalgebra g = g @ g7 over C is said to be quasireductive if g is a
reductive Lie algebra and the gg-module g; decomposes as the direct sum of weight spaces for a

fixed Cartan subalgebra f of gg.

Let g = g5 @ g7 be a quasireductive Lie superalgebra over C. Let
h:= {X eg| [by. X] = 0},
and let b7 :=h N g7. Then ) = h; ® by is a Lie subsuperalgebra of g. For o € hj, we define
g, :={X €g|[H,X]=a(H)X for all H € bj}.
By definition, we have g,_, = 0. As in ordinary case, set

A = {a€by|g,Ngy #0}\{0},
A7 = {aebhjlg,Ngg #0}, and
A = AjUA;.

In general, root spaces are not one-dimensional.

Example 3.1.2. Let g be the simple Lie superalgebra of type A(1, 1), see Appendix A. Explicitly,
g = sl(2]2)/kls, where I is the unit matrix of size 4. A Cartan subalgebra b is We take the

following two elements

hy 010 O
0 ha| 0O O
X = €4 H = 2 = f)(_)
0 O0|hsg O
0 0|0 hy
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For i =1,2,3,4, we let ¢; € by such that ;(H) := h;. Let o := 1 — 3. Since hy + hy = h3 + hy,
we have [X, H] = a(H)X. Thus, we conclude that a € A and dimg,, = 2.

We have a root space decomposition

0#a€eA

Lemma 3.1.3. Suppose that there exists non-zero K € h;. For o € Ay, if [g,,K] # 0, then
a € Aj.

Proof. We fix a element X, € g, such that [X,, K] # 0. By the Jacobi identity, we have
[H, [Xa, K]] = a(H)[ X, K]

for all H € bhg. Thus, we conclude that [X,, K] € g; N g,,. O

Definition 3.1.4. An element H™® € b is said to be regular if the real part Re(a(H™®)) of
a(H'™®) is non-zero for all 0 # a € A.

For a regular element H*® € f, we let
A*:={a € A| +Re(a(H™®)) > 0}, (I1.3.1.1)
and let AT := AT N A, for e = 0, 1. We define some Lie subsuperalgebras of g as follows.

= Py, bT=phout (I1.3.1.2)

aEAT

As in [31, § 3.2], we call 0T a Borel-Penkov-Serganova subsuperalgebra of g. In this case, g admits
a triangular decomposition
g=ut@hou" (I1.3.1.3)

depending on H*® € f.

Example 3.1.5. Let g = gl(2|1). Since the even part gy of g is gl, @ gl;, one sees that g is

quasireductive. We take a Cartan subalgebra b of g5 as follows

hi 010
f)ﬁ = {H: 0 hy| O Eg|h1,h2,h3€C}.
0 0 |hs

Note that, h = b;. For i = 1,2, 3, we let ¢; € g such that &;(H) := h;. Then we have

A ={e) —eg, —(61 —e2), €2 —€3, €1 —¢e3, —(e2 —¢e3), —(e1 —€3) .}

€Aj €EAT
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By definition, the set of all regular elements are given by

hi 010
{Hreg — 0 h2 0 (= f)() ‘ hl # h2, h2 % h37 hl # h3}
0 0 |hs

Therefore, there are six variations of A*.
(i) If Re h3) < Re(h2 < Re hl), then AT = {61 — &9, €9 — €3, €1 — 63}.

(ii) If Re hg) < Re(h1 < Re hQ), then At = {—(61 — 62), €9 — €3, €1 — 63}.

(iV) If Re hg) < Re(h1 < Re hg), then AT = {61 — €9, —(82 — 83), —(61 — 83)}.

( ) (

( ) (
(iii) If Re(hs) < Re(hs) < Re(hi), then A* = {e] — &3, —(e2 — €3), €1 — €3}

( ) (
(v) Tf Re(h1) < Re(hs) < Re(ha), then AT = {—(e1 — £2), €3 — e3, —(e1 — €3)}.
( ) (

(vi) If Re(h1) < Re(ha) < Re(hs), then AT = {—(g1 —&3), —(e2 —€3), —(e1 —€3)}.

In the case of (i), we have

* 0 0 0
ut ={ 0 x 0

}7 f):{ }a 11_:{

* k% %

oo O

*
0
0

OO *

S| *x O

oo O
—

*
0
If g has a Z-form gy, then there exists Z-Lie-subsuperalgebras f);, u% and b:Zt of g, such that

their complexifications coincide with f), u* and b* respectively. Moreover, g, admits a triangular

decomposition g, = uf & hy ®u.
Example 3.1.6. The followings are quasireductive Lie superalgebras having a Z-form.

(1) The simple Lie superalgebras over C of classical type, see Appendix A. An explicit Z-basis

was given by Fioresi and Gavarini [9, Theorem 3.7].

(2) The general linear Lie superalgebra gl(m|n). In this case, we choose [) as the set of all diagonal
matrices in Maty,n m+x(C). In particular, h; = 0. Let E; ; € gl(m|n) denote the elementary
matrix with a 1 in position (7, j) and 0 elsewhere. A Z-form of gl(m|n) is spanned by E; ; for

1<4,5<m+n.

(3) The queer superalgebra q(n). In this case, we choose [ as follows

h= {(2 j) € q(n) | A and B are diagonal}.

Therefore, f) # 5. A Z-form of q(n) is spanned by E;;j + Eiip jin and Ejip; + Ej j4p for
1 <i4,7 < n. One sees that AgU {0} = Aj.

Remark 3.1.7. It is easy to see that all Z-forms in the above examples are admissible, see
Part I, Definition 2.5.2.
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3.2 Quasireductive supergroups

In [33], Serganova introduced the notion of quasireductive supergroups over a field and studied
its structures and representations in characteristic zero. An algebraic supergroup G is said to be
quasireductive if the even part Gy is linearly reductive.

To study quasireductive supergroups over our k, we first define a special class of supergroups

over Z by using Harish-Chandra pairs.

Definition 3.2.1. Let Gz be a split and connected reductive algebraic group over Z with a split
maximal torus 77. Let g, be an admissible Lie superalgebra over Z. Suppose that (Gz,g,) forms
a Harish-Chandra pair. Note that, g, is necessarily Z-finite and free. Then the pair is said to be

quasireductive if it satisfies the following conditions.

(i) g:= g, ®zC is quasireductive and a Cartan subalgebra fj of gy coincides with Lie(7%) ®z C,

and

(ii) g admits a triangular decomposition (I1.3.1.3).

Let (Gz,g;) be a quasireductive Harish-Chandra pair. Set fj; := hNg,. This is a Lie subsuper-
algebra of g,. Then one sees that ()5 = (0g)z, where (b;)z := by N g,. Moreover, by definition,
(bz)5 = Lie(Tz).

Remark 3.2.2. For a quasireductive Harish-Chandra pair (Gz,g;), we let (X,R,X",RY) denote
the corresponding root datum of Ty, C Gz. Then it is easy to see that

X=X(Tz), R=245 X'®zC=1h; and hy(Gz) ®zC =U(gj),

where X (7%) is the character group of 77. Here, hy(Gz) is called a Kostant Z-form of U(gg), see
[18].

For a quasireductive Harish-Chandra pair (Gz,q;), we let
Gz = G(Gz,9z),

where G is the functor defined in (1.4.4.20). This is a connected algebraic supergroup Gz over Z
satisfying O(Gz) = O(Gz) ® A(g,)* as left O(Gz)-comodule superalgebras. Since O(Gy) is Z-free,
so is O(Ggz). Moreover, Gy is infinitesimally flat, since so is Gz, see [16, Part II, 1.12(1)]. The base
change Gz to our ground field k is a quasireductive supergroup over k in the sense of Serganova
[33].

Example 3.2.3. We consider some Lie superalgebras as in Example 3.1.6.

(1) Let g be a simple Lie superalgebra of classical type with its Z-form g,. By the Chevalley-
Demazure construction, we get a split and connected reductive algebraic group Gz such
that Lie(Gz) = (g;)5- Then the pair (Gz,q,) is a quasireductive Harish-Chandra pair, see
Section 3.3 below. The constructed supergroup Gy is a Chevalley supergroup of classical type,
defined by Fioresi and Gavarini [9]. In particular, for g = osp(¢|2n) and Gz = SOy X Spy,,,
then Gy is the ortho-symplectic supergroup OSP (¢|2n).
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(2) For the general linear Lie superalgebra g = gl(m|n) and Gz = GL,, x GL,, the constructed
supergroup Gz is GL(m|n) as in Part I, Example 3.1.4.

(3) For the queer superalgebra g = q(n) and Gz = GL,, the constructed supergroup Gz is Q(n)
as in Part I, Example 3.1.5.

By construction, we have Lie(Gz) = g, and hy(Gz) ®z C =U(g). For X € g5 and H € b, we

define elements in the universal enveloping algebra U(gy) of gy as follows

)

1y <H> H(H—1)-(H—n+1)

n n!

where n > 0. Set
¢ :=rank(f,)5, r:=rank(hy)7. (I1.3.2.1)

For v € Ag, we let s(7y) := rank(g,),. By definition, for o € Ag, 1 <i<{,y€ Ajand 1 <t <,
there are elements X, € (4;)a, H; € (h7)5, X5, € (97)y and K; € (h7)1 such that

{Xatacag U {H}i_, U (X, 11 <p<s(7)byea; U{K

forms a (homogeneous) Z-basis of g,. As in non-super situation, we can prove PBW-like theorem
for hy(Gz).

Theorem 3.2.4. Given any totally order < on Ag U {y, | 1 < p < s(7)}yea; U {i1,... i} U
{t1,...,t,}, the set of all products of factors of type

H;.

X(ra), ( ”), X, and K,
i

with o € Ag, 1 < j <4, ve A7, 1 <p<s(y) and 1 < k < r, taken in hy(G) with respect to <

forms a Z-basis of hy(Gz).

Proof. Let () =) denote the given totally ordered set. The subset X := {7, | 1 <p < s(7)}1ea; U
{t1,...,t.} of ¥ is also a totally ordered set with respect to <. Then by Part I, Lemma 2.2.4, the
set of all products of factors of type

X, and K; withye A, 1<p<s(y)and 1<k <,

with respect to < forms a hy(Gz)-free basis of hy(Gz). On the other hand, it is known the set of
all products of factors of type

X(") and (HJ) with o € Ag and 1 < j < ¢,

with respect to < forms a Z-free basis of hy(Gz), see [16, Part II, 1.12(4)]. Thus, we are done. [

Remark 3.2.5. Such a base (PBW base) was known; [9] for Gz = Chevalley supergroups, [3]
Gz = Q(n) etc.
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3.3 Chevalley supergroups

Those finite-dimensional simple Lie superalgebras over the complex number field C which are not
purely even were classified by Kac [17]. They are divided into classical type and Cartan type.
A Chevalley C-supergroup of classical/Cartan type is a connected algebraic supergroup G over
C such that Lie(G) is a simple Lie superalgebra of classical/Cartan type. As was mentioned in
Remark 2.4.4, Fioresi and Gavarini [9, 11] constructed natural Z-forms of Chevalley C-supergroups
of classical type. Gavarini [10] accomplished the same construction for Cartan type. The resulting
Z-forms are called Chevalley Z-supergroups of classical / Cartan type; they are indeed objects in our
category ASG defined over Z.

Based on our result Part I, Theorem 4.5.1, we will re-construct the Chevalley Z-supergroups,
by giving the corresponding Harish-Chandra pairs. Indeed, our construction depends on part of

Fioresi and Gavarini’s, but simplifies the rest; see Remarks 3.3.3 and 3.3.8.

3.3.1 Chevalley supergroups of classical type

Let g be a finite-dimensional simple Lie superalgebra over C which is of classical type. Then gj is a
reductive Lie algebra, and g7, with respect to the right adjoint gg-action, decomposes as the direct
sum of weight spaces for a fixed Cartan subalgebra §) C g5. Let Ay (resp., Aj) denote the set of
the even (resp., odd) roots, that is, the weights with respect to the adjoint h-action on gy (resp.,

on gp).
Let
(X,R,XY,RY), Gz DTy (I1.3.3.1)

be a root datum and the corresponding split reductive algebraic Z-group and split maximal torus.

Suppose that g5 D b coincide with the complexifications of Lie(Gz) D Lie(T%). Then one has
R=4j X'®;C=0h and hy(Gz)®zC=U(gy).
Recall that hy(Gz) is called a Kostant form of U(gg). We assume
A7 C X. (I1.3.3.2)

Theorem 3.3.1 (Fioresi, Gavarini). There exists a Z-lattice Vz of g7 such that
(i) g, = Lie(Gz) & Vz is a Lie-superalgebra Z-form of g.
(it) This Lie superalgebra g, over Z is admissible.

(iii) Vg is hy(Gz)-stable in the right U(gg)-module g;.

Fioresi and Gavarini [9] and Gavarini [11] introduced the notion of Chevalley bases, gave an ex-
plicit example of such a basis for each g, and constructed from the basis a natural Hopf-superalgebra
Z-form, called a Kostant superalgebra, of U(g); the even basis elements coincide with the classical
Chevalley basis for g;. They do not refer to root data. But, once an explicit Chevalley basis is

given as in [9, 11], one can re-choose the basis so that it includes a Z-free basis of XV, by replacing
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part of the original basis, H1, ..., Hy, with a desired Z-free basis; this replacement is possible, since
it effects only on the adjoint action on the basis elements X,, and the new basis elements still
act via the roots a. (The method of [9, Remark 3.8] attributed to the referee gives an alternative
construction of the desired basis from the scratch.) One sees that the odd elements in the Chevalley
basis generate the desired Z-lattice V7 as above; see [9, Sections 4.2, 6.1] and [11, Section 3.4], to
verify Condition (ii), in particular.

Set g, := Lie(Gz) @ Vz in g, as above. One sees from (iii) and (I1.3.3.2) that V7 is a right
hy(Gz)-Tz-module, whence it is a right Gz-module by Theorem 2.4.2. The restricted super-bracket
[, ]:Vz x Vz — Lie(Gz), being hy(Gz)-linear, is Gz-equivariant. This proves the following.

Proposition 3.3.2. (Gz,q;) is a Harish-Chandra pair.

We let
Gz = G(Gz,9z)

denote the algebraic Z-supergroup in ASG which is associated with the Harish-Chandra pair just
obtained. Since one sees that the category equivalences in Part I, Theorem 4.5.1 are compatible with
base extensions, it follows that Gy is a Z-form of the algebraic C-supergroup associated with the
Harish-Chandra pair (G, g), where G denotes the base change of Gz to C. Recall from Section 3.3
the definition of Chevalley C-supergroups of classical type, and note that every such C-supergroup
is associated with some Harish-Chandra pair of the last form. We have thus constructed a natural

Z-form of every Chevalley C-supergroups of classical type.

Remark 3.3.3. (1) After constructing Kostant superalgebras, Fioresi and Gavarini’s construc-

tion, which is parallel to the classical construction of Chevalley Z-groups, continues as follows;

(a) Choose a faithful rational representation g — gl~(M) on a finite-dimensional super-

vector space M over C,
(b) choose a Z-lattice Mz in M which is stable under the action of the Kostant superalgebra,

(¢) construct a natural group-valued functor which is realized as subgroups of GL(Mz)(R),

where R runs over the commutative superalgebras over Z, and

(d) prove that the sheafification, say GEG, of the constructed group-valued functor is repre-
sentable, and has desired properties, which include the property that (’)(GEG) is split;
see [9, Corollary 5.20] and [11, Corollary 4.22] for the last property.

Our method of construction dispenses with these procedures.

(2) The algebraic group (G5%)e, associated with Fioresi and Gavarini’s GE¢ is a split reductive
algebraic Z-group. As was noted in an earlier version of the present paper, it was not clear for
the authors whether the split reductive algebraic Z-groups which correspond to all possible
root data (namely, all relevant root data satisfying (I1.3.3.2)) can be realized as (G5%)ey; note
that by definition, those algebraic Z-groups are realized as our (Gz)ey = Gz. See Erratum

added to a new version of [10].
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3.3.2 Chevalley supergroups of Cartan type

Let g be a finite-dimensional simple Lie superalgebra over C which is of Cartan type. Then gj is a

direct sum
9 = 95 <8

of a reductive Lie algebra gf with a nilpotent Lie algebra gj. With respect to the right adjoint gg-
action, gy and g7 decompose as direct sums of weight spaces for a fixed Cartan subalgebra §) C gg;

we let Af, Af and Aj denote the sets of the roots for gf, g7 and g7, respectively. The nilpotent

Lie algebra gj acts on g7 nilpotently.

This time we assume that the root datum and the corresponding algebraic Z-groups given in
(I1.3.3.1) are as follows: gy D ) coincide with the complexifications of Lie(Gz) O Lie(77), and
Ag, Aj C X.

Theorem 3.3.4 (Gavarini). There exist Z-lattices Nz, and Vz, of g and g3, respectively, such that
(i) g, = Lie(Gz) ® Nz & V7 is a Lie-superalgebra Z-form of g.
(it) This Lie superalgebra g, over Z is admissible.

(ii1) Vz is hy(Gz)-stable in the right U(g5)-module gy .

(iv) Ny contains a Z-free basis 1, ...,xs such that

(iv-1) the Z-submodule Hy, of U(gy) which is (freely) generated by

1 Ns

T T

1 s
T M >0,....,ng >0
nq! !

is a Z-subalgebra,
(iv-2) Vg, is Hy-stable in the right U(g5)-module gy, and
(iv-3) Hy, is hy(Gz)-stable in the right U(g5)-module U(gF).

Gavarini’s construction in [10] is parallel to those in [9, 11]. One sees that among Gavarini’s
Chevalley basis elements, the elements contained in gj and the odd elements generate the desired
Z-lattices Nz and V7, respectively; the former are precisely the desired elements for (iv). See [10,
Section 3.1] for (ii), and see [10, Section 3.3] for (iii), (iv). Note that the Z-algebra Hyz given in
(iv-1) is indeed a Hopf-algebra Z-form of U(gg).

Recall from [8, IV, Sect. 2, 4.5] there uniquely exists a unipotent algebraic group F' over C such
that Lie(F") = g5. The corresponding Hopf algebra O(F) is the polynomial algebra C[ty, ..., ]
such that

n xnl x?g m m
() U@ X OF) — €, (Lo ) = By =B, (I1.3.3.3)

is a Hopf pairing. This induces a Hopf algebra isomorphism
O(F) — U(gh). (I1.3.3.4)
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Here and in what follows, given a finitely generated Hopf algebra B over a field or Z, we define

B := [ J(B/(B)"),
n>0
as in [30, Section 9.2]. This is a Hopf subalgebra of B°. If B is the commutative Hopf algebra
corresponding to an algebraic group, then B’ is the hyperalgebra of the algebraic group.

Lemma 3.3.5. Z[ty,...,ts] is a Hopf-algebra Z-form of O(F) = Clt1,...,ts]. The Hopf pairing
(I1.3.3.3) over C restricts to a Hopf pairing ( , ) : Hz X Z[t1,...,ts] = Z over Z, and it induces an
1somorphism

Zlty, ... t — Hp

of Z-Hopf algebras.

Proof. Tt is easy to see that the Hopf algebra isomorphism (I1.3.3.4) restricts to a Z-algebra map
Zlty,. .., t,] — HJ,. We have the following commutative diagram which contains the isomorphism

and the restricted algebra map.

Zlty, ... t) —— O(F) =Clty, ...t

[ =

Hy ¢ > U(gh)
Hz ¢ > U(gg)"

Since Hy ~ Z[t1,...,tn], U(g5)" = C[t1,...,ts], we see that the outer big square is a pull-back.
The lower square is a pull-back, too, as is easily seen. It follows that the upper square is a pull-
back, whence Z[t1, . .., t,] — H7, is an isomorphism. This implies that Z[ty, ..., t,] is a Hopf-algebra
Z-form of O(F'). The rest is now easy to see. O

Let F7 denote the algebraic Z-group corresponding to the Z-Hopf algebra Z[ty, ..., ts]. Then
O(Fz) = Z[tl, e ,ts], hy(Fz) = Hz, Lle(Fz) = Nz.

Note from (i) of Theorem 3.3.4 that N7 is a Lie-algebra Z-form of g. From the first two equalities
above or from Gavarini’s original construction one sees that the construction of Hz does not depend
on the order of the basis elements.

Let G O T denote the base changes of Gz D Tz to C. The right U(gf)-module structure on gg,
which arises from the right adjoint action, is indeed a U(g5)-T-module structure. Hence it gives
rise to a right G-module structure, by which g is a Lie-algebra object in the symmetric tensor
category Modg of right G-modules. The structure uniquely extends to U(gy) so that U(gg) turns
into a Hopf-algebra object in Modg. One sees that the structure just obtained is transposed through
(I1.3.3.3) to O(F), so that O(F) is a Hopf-algebra object in the symmetric category ¢Mod of left

G-modules. Thus, F' turns into a right G-equivariant algebraic group. The associated semi-direct
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product G ><F of algebraic groups has g5 = g5 t<gg as its Lie algebra, as is easily seen. Note that
g7 is a right U(g})-T-module, and is such a right ¢/(g8)-module that is annihilated by (¢4(g8)™)™
for some m. Then it follows that g; turns into a right G-module and F-module. Moreover, it is a

right G o< F-module, as is seen by using
(1) Lie(G o<F) = g5 =>=<gg,
(2) G ><F is connected, and
(3) gq is a right U(gg)-module.

What were constructed in the last paragraph are all defined over Z, as is seen from the following

Lemma.
Lemma 3.3.6. Keep the notation as above.

(1) The right O(G)-comodule structure O(F) — O(F) @c O(G) on O(F) restricts to O(Fy) —
O(Fy) @7 O(Gz), by which Fyz turns into a right Gz-equivariant algebraic group. Therefore,

we have the associated semi-direct product Gz v<Fy of algebraic groups.
(2) Vg is naturally a right Gy < Fz-module.

Proof. (1) One sees that the right hy(Gyz)-module structure on Hy which is given by (iv-3) of
Theorem 3.3.4 is indeed a hy(Gz)-Tz-module structure. Hence it gives rise to a right Gz-module
structure on Hyz, by which Hz turns into a Hopf-algebra object in Modg,,. Since the isomorphism
given in Lemma 3.3.5 is compatible with base extension, it follows that the last structure is trans-
posed to a left Gz-module structure on O(Fy), so that O(Fy) is a Hopf-algebra object in ¢, Mod.
By construction the corresponding right O(G7z)-comodule structure on O(F%) is the restriction of
the right O(G)-comodule structure on O(F'). This proves the first assertion. The rest is easy to
see.

(2) Just as for Hy, we see from (iii) of the theorem that V7 is a right hy(Gz)-Tz-module,
whence it is a right Gz-module. We see from (iv-2) that V7 is a right Hz-module, and it is indeed
a right Hz/(H,; )™-module for the same m as before. It follows by Lemma 3.3.5 that V7 is a right
F-module.

It remains to prove that

(vfg = (vg)f?, veVy feFy geGy.

Let S be a commutative ring. The equality in S ®7 C-points follows from the analogous equality
for gz, since Vz ®z S ®z C = g; ®c (S ®z C). To prove the equality in S-points, we may suppose
S = O(Fz) ®z O(Gz), and so that S is Z-flat. In this case the equality follows from the previous
result since we then have Vz; ®7 S C V7 ®7 .S ®7 C. O

Recall that g, is a Lie-superalgebra Z-form as given in (i) of Theorem 3.3.4. Its odd component
Vz is a right Gz < Fyp-module by Lemma 3.3.6.

Proposition 3.3.7. (Gz ><Fy,q,) is a Harish-Chandra pair.

97



Proof. As is easily seen, Lie(Gz ><Fy) coincides with the even component Lie(Gz) <Nz of g,.
The restricted super-bracket [, |: Vz x Vz — Lie(Gz ><F%), being hy(Gz)- and Hz-linear, is Gz-

and Fy-equivariant. It is necessarily Gz ©<Fz-equivariant. ]

We have thus the algebraic Z-supergroup G(Gz ><Fy,g,) in ASG which is associated with the
Harish-Chandra pair just obtained. It is a Z-form of the algebraic C-supergroup which is associated
with the Harish-Chandra pair (G ><F, g). Since every Chevalley C-supergroup of Cartan type (see
Section 3.3) is associated with some Harish-Chandra pair of the last form, we have constructed a

natural Z-form of every such C-supergroup.

Remark 3.3.8. Just as in the classical-type case (see Remark 3.3.3 (1)), Gavarini’s construction
requires faithful representations of g, which, however, must satisfy more involved conditions as given
in [10, Definition 3.14]; Proposition 3.16 of [10] proves that part of the conditions is satisfied if the
representation is completely reducible. The required representations look thus rather restrictive.
On the other hand, Theorem 4.42 of [10] implies that the required representations are many enough
to ensure that our Z-forms all are realized by Gavarini’s construction. But the proof of the theorem
is wrong. After the publication of [10], a corrected proof of the theorem, which uses the category
equivalence [12, Theorem 4.3.14] (= Part I, Theorem 4.6.9), was given in Erratum added to a new
version of [10]. As far as I understand, the proof is correct if the same argument as proving our
Lemma 3.3.6 is added.

3.4 Torus, unipotent and Borel subsupergroups

Let (Gz, g;) be a quasireductive Harish-Chandra pair. Recall that Lie(T%) = (f);)5. Then obviously
(bz)1 is Tz-stable. Thus, the pair (17, b) is a sub-pair of (Gz,q;). We obtain a closed algebraic
subsupergroup Ty := G(1%,0,) of Gz.

Remark 3.4.1. The supergroup Ty is no longer abelian, in general. If h = b, then we have
Ty =1T7.

Example 3.4.2. For Gz = Q(n), the supergroup Ty is given as follows

A B

Tz (R) := {<—B A> € Q(n)(R) | A and B are diagonal},

where R is a commutative superalgebra. This is not abelian.

As in (I1.3.1.2), we have two Lie subsuperalgebras ui of g, over Z whose even-part (ui); are
nilpotent Lie subalgebras of (g,)5. Then one can construct two connected and unipotent subgroups
UF of Gz such that Lie(UF) = (u)g, see [16, Part 11, 1.7]. Let {X, | a € Ag} denote a Z-basis
of Lie(U3). Given any order on Ag, then the monomials

IT x&< (I1.3.4.1)

+
aEA(—)
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with ng > 0 forms a Z-basis of hy(Uy). Similarly, T, - X" with ne > 0 forms a Z-basis of
0
hy (Uz)-

Lemma 3.4.3. The pairs (U, uz) are sub-pairs of (Gz,8;).

Proof. We concentrate on (U, ,u}). What we have to show is (u}); is U/ -table in (g,)1.

First, we prepare general statement. Let F' be a closed subgroup of some GL,, over Z such
that O(F) is Z-flat. Let B denote the hyperalgebra hy(F) of F. Then the canonical pairing
B x O(F) — Z induces a map O(F) — B* whose image is included in B°. Here,

B°:=|J(B/D)* (< B
I
is the dual Hopf algebra of B, where I runs through the ideals of B such that B/I is Z-finite; see
Remark 2.4.3. Now, suppose that F' is infinitesimally flat and connected. Then by [36, Proposi-
tion 0.3.1(g)], the map O(Fp) — (B ®z Q)* is injective, where Fy is the base extension of F' to Q.
Combine with the above result, we have an inclusion O(F') — B° of Hopf algebras.

In our case, U% satisfies the conditions stated above. Hence, we have an inclusion O(Ug ) —
hy(UiF )° of Hopf algebras. Moreover, one sees that this is indeed an isomorphism, since Ug is
unipotent. Therefore, we conclude that for a Z-module M, there is a one-to-one correspondence
between the set of all U, -module structures on M and the set of all locally finite hy (U, )-module
structures on M. By (I1.3.4.1), we see that (uz); is hy(U; )-stable. This completes the proof. [

By Lemma 3.4.3, we obtain two closed algebraic subsupergroups Uz := G(Uit, u%:) of Gz. We
construct two supergroups
B := T, U3,

where the product is taken in Gyz. These B:ZIE are actually closed subsupergroups of Gz. Since Tz
is a closed subsupergroup of B%, we have surjections O(szc) — O(Tz) of Hopf superalgebras.

Proposition 3.4.4. There are splittings O(Tz) — O(B:Zt) of Hopf superalgebras.

Proof. We concentrate on showing that O(Tz) — O(Bj}). We fix a commutative superalgebra R

over Z. By using the adjoint action
Tz(R) x U (R) — UL (R); (t, u) — tut™*,

we see that U% is a normal closed subsupergroup of BJZF. On the other hand, it is easy to see that
Tz(R) NU, (R) = {e}, where e is the unit element of Gz. Hence, we have an isomorphism

m: Tz(R) <UL (R) = BL(R); (¢, u) — tu (11.3.4.2)

of groups. We let O(m) denote the corresponding Hopf superalgebra isomorphism. Since m is

identical on Ty, the map

. m)—1
O(Tz) 9% 0(T7) @z 0(UF) ™% o(B7)
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gives a desired Hopf superalgebra splitting. O

Example 3.4.5. Let G = GL(2|1). According to (i)—(vi) in Example 3.1.5, we get six variations
of B as follows.

* ok | ok
(i) B" = {{ 0 =% |}
0 0=
* x| 0

(iv) BF={| 0 |0 [},

Let m: O(Gz) — O(B}) and 7' : O(Gz) - O(B,) denote the Hopf quotient maps.

Proposition 3.4.6. The following superalgebra map is injective.
(r@n’)oA:O(Gz) — O(B}) ®z O(B,),

where A is the comultiplication of O(Gyg).

Proof. By the Hopf superalgebra isomorphism in (I1.3.4.2), we have a inclusion O(U,) — O(B;)
of superalgebras. Therefore, to prove the claim, it is enough to see that O(Gz) — O(B})®z0(U)
is injective. The multiplication map f : B} x U, — Ggz induces a supercoalgebra map T(f) :
hy(B}) ®z hy(U;) — hy(Gz). By Theorem 3.2.4, we conclude that T(f) is an isomorphism of
supercoalgebras. Thus its Z-linear dual T'(f)* gives an isomorphism of superalgebras. Since hy(BZ)
and hy(U,) are both Z-free, the canonical map hy(B})* @z hy(U;)* — (hy(B}) ®z hy(U;))* is

injective. Therefore, we have the following commutative diagram of superalgebras

*

* T(f) —\)* * —\*
hy(Gz)" —=— (hy(B;) @z hy(Uz))* «—— hy(B;)* ®z hy(Up)

o)

I > I

O(Gy) O(B}) @z O(Uy).

Since Gy, B'ZIr and U, are connected, the vertical maps are injective. Hence, we conclude that
O(Gz) — O(B}) ®z O(Uy) is injective. =

We denote the base change of Gz, Tz, U:Zt, Gz, Ty, Uit, ... etc. to the ground field k by G, T, U, G, T, U=, ...
etc. and the base change of 92»52711%7 ... ete. to k by g,h,u*, ... etc. Note that, (g,)e ®z k =
(g7 ®z k), for € = 0,1. By definition, we have Lie(G) = g, Lie(T) = §, Lie(U¥) = u*, ... ete.

A supergroup H over k is said to be unipotent if the corresponding commutative Hopf superal-
gebra O(H) is irreducible. By [24, Theorem 41], it was shown that H is unipotent if and only if so

is Hey. Since UL = U™ are unipotent algebraic groups, we have the following

Proposition 3.4.7. Ut are unipotent.
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3.5 Representations of quasireductive supergroups

Recall that T7 is a maximal split torus of Gz. The corresponding commutative Hopf algebra O(17%)
is the Laurent polynomial ring Z[Tli, T. Qi, ey Tgt] whose Hopf algebra structure is given by

AT =TF@u T, e(T;7) =1, S(T;7)=T7F

7

for i = 1,...,¢. Since T is the base extension of Ty to k, the corresponding commutative Hopf
algebra is given by k[T5, ... ,Tf]. We let A denote the character group X = X(T7z) of Ty, or
equivalently, the set of all grouplike elements of O(T"). Explicitly,

A= {T{“---TEW | na, ... g EZ} ~ 7t
It is easy to see that A coincides with the Z-linear dual of (§;)g.

Lemma 3.5.1. The abelian group A coincides with Homz((h,)g, Z).

Proof. By the definition, we have
(bz)o = Lie(Tz) = Homz(O(I7)*/(O(T7)")% Z).

Therefore, we have an isomorphism Homz((§;)g, Z) = O(Tz)*/(O(Tz)*)? as abelian groups. One
sees that T — 1,...,T; — 1 form a Z-free basis of O(T%)"/(O(Tz)*)?. Fori =1,...,¢, we denote
the partial derivation on O(T%) = Z[TE, . .. ,Tf] by 0/0T;. Let

H;, == ¢co

o ¢ OTz) — Z, (I1.3.5.1)

fori =1,...,¢. Then Hy, ..., Hy form a Z-free basis of Lie(1%). Since H; is the dual basis of T; — 1,

the following is an isomorphism of abelian groups.
¢
A—>O(Tz)+/(O(Tz)+)2; Tlnl.-.TeW »—}an(TZ—l)
i=1

This proves the claim. O

Let V' be a representation of G. By Theorem 2.4.8, we regard V as a hy(G)-T-supermodule.
For A € A, its A-weight superspace V) of V is given by

H>U: <<)\’Hi>>v forall 1 <i< /¢, n>0},
n

%
n

VA:{veV|<

where (, ) : A X (h;)5 — Z is the canonical pairing.
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Chapter 4

Constructions of Simple

Supercomodules

Let k be a ground field of characteristic # 2.
In this chapter, we will get a super-analogue of the Parshall and Wang’s result [32, Theo-
rem 8.3.1] (see also Bichon and Riche [2, Theorem 2.6]).

4.1 Simple supercomodules

Let C be a supercoalgebra. A non-zero right C-supercomodule L is simple if L has no non-trivial

C-subsupercomodule. If L is simple, then IIL is also simple.

Definition 4.1.1. A right simple C-supercomodule L is of type Q if L = I1L as right C-supercomodules
and type M otherwise.

Let Simp(C) denote the set of isomorphism classes of simple right C-supercomodules. The
functor II naturally acts on Simp(C') as a permutation, say 7, of order 2. Let Simpy(C) denote
the set of (m)-orbits in Simp(C'). Therefore, two elements L, L' in Simp(C) coincides in Simpy;(C)
if and only if L= L' or L = 1IL".

Proposition 4.1.2 (Schur’s lemma). Suppose that k is an algebraically closed field. For a simple

C'-supercomodule L, we have an isomorphism of C-supercomodules

k, if L is of type M,
End®(L) = S L ts of typ (IL4.1.1)
kZso, if L is of type Q.

In particular, for simple C-supercomodules L and L', L has the same type as L' if and only if
End®(L) = End®(L)).

Proof. For ¢ € End®(L), we write ¢ = ¢ + ¢1 € End® (L) @ End®(L);. Since ¢g: L — L is a
parity preserving map, ¢g is a morphism of SMod®. By the simplicity of L and k = k, g coincides
with cidy, for some ¢ € k. On the other hand, if L is of type Q, then there exists a C-supercomodule
isomorphism J : L S IIL. Since Jlo w1 : L — L is preserve the parity, this is a morphism of
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SMod®. Therefore, we have p; = ¢/J for some ¢ € k. Moreover, J satisfies J?> = id;. This
completes the proof. O

We denote the cosmash product of kZy and C by kZs »<C'. This is a coalgebra whose underlying

vector space is kZs ® C' and the comodule structures are given by
Ale®c) = (e®c1)® (Je1] +€) @ ea,
Sewe) = <o),

where € € Zy and ¢ € C5U C;. Then, there is a natural identification SMod® ~ Mod*Z2 ><C

Therefore, we get the following properties.
Lemma 4.1.3. Any simple right C-supercomodule is finite dimensional.

Lemma 4.1.4. For a C-supercomodule L, L is simple if and only if the dual supercomodule L* is

stmple.

For a right C-supercomodule V', we let socc(V) denote the (direct) sum of all simple C-
subsupercomodules of V. This socc(V) is called the C-socle of V. In particular, for V' = C,
corad(C) := socc(C) is called the coradical of C.

Lemma 4.1.5. For a right C-comodule V, V # 0 if and only if socc (V') # 0.

A Hopf superalgebra U is said to be irreducible if its coradical corad(U) is trivial or equivalently,
Simpy(U) = {k}; see [24, Definition 2].

Lemma 4.1.6. Let U be an irreducible Hopf superalgebra, and let V' be a right U-supercomodule.
Then V # 0 if and only if VU £ 0.

Proof. Since U is irreducible, we have VY = socy; (V). The claim follows, by lemma 4.1.5. O

4.2 Constructions of simple supercomodules

Let A be Hopf superalgebra. Let B, B’ be a quotient Hopf superalgebras of A. We denote the

quotient maps by
mg:A—- B, 7p:A-—B.

Let H be a Hopf superalgebra with Hopf superalgebra surjections.
og:B—H, ¢y:B - H

such that the following diagram commutes.

TR
A—"2 s p
WBL o l“’/” (IL4.2.1)
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In this subsection, we assume that the following conditions hold:

(1) There is a Hopf superalgebra splitting if : H < B and (resp. iy : H < B’), i.e., pgoig =
idg (resp. ¢’y oty = idy). We regard H as a B-supercomodule (resp. B’-supercomodule)
through ip (resp. iy).

(2) There is an irreducible Hopf superalgebra quotient U (resp. U’) of B (resp. B’) such that ip

(resp. %) induces an isomorphism H 22 BV (resp. H = B’ COU’) of superspaces.
(3) The map (rp @ mp)oA: A— A® A — B® B is injective.
Since k is purely even, the following map coincides with the comultiplication Ag of B

. "
BOyk “2%% Be B Oy k “2¥*Boke B.

Hence, we can regard BV as a right B-supercomodule with respect to Ag. In this way, B°°Y has

a structure of right H-supercomodule. Since ¢ o iy = idg, we have the following result.

Lemma 4.2.1. The isomorphism ig : H = BU jn the assumption (4.2) is left B- right H-

colinear.

By the assumption (4.2), there is a surjective Hopf superalgebra map B — U. For a right B-

supercomodule M, we have the restricted U-supercomodule resg(M ). Therefore, we can consider

the U-coinvariants MU of M.

Lemma 4.2.2. For a right B-supercomodule M, there is an isomorphism MV = M Op H of

superspaces.

Proof. One can easily show that the isomorphism of superspaces

o)

M Op B — res5 (M)

given in Lemma 2.6.2 (2.6.2) is indeed an isomorphism of left U-supercomodules. Taking (—) Oy k

to both sides, we get an isomorphism of superspaces
(M Op B) Oy k = resB (M) Oy k.
By definition, the right hand side is nothing but A°°Y. On the other hand, the left hand side is
(MOpB)Opk=M0Op (BOy k)= MO H,

by the associativity Lemma 2.6.2 (2.6.2) and by Lemma 4.2.1. Thus, we are done. O

By Lemma 4.2.2, we can regard MU as right H-supercomodule. In this way, we get a
functor (—)°V from the category of right B-supercomodules SMod® to the category of right H-

supercomodules SMod?

Lemma 4.2.3. The functor (—)®°Y is right adjoint to the restriction functor rest (—).
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Proof. By the proof of Lemma 4.2.2, one sees the functor (—)°°U and the functor ind¥(—) are

naturally isomorphic. Therefore, by the Frobenius reciprocity Proposition 2.6.3, we are done. [

By the assumption (4.2), we can consider the restricted B-supercomodule resZ(N) for any

H-supercomodule N. Since g oig = id, we have the following natural isomorphism of right
H-supercomodules

~

res? rest (N) = N.
Suppose that Simpy(H) is parametrized by a set A. Let 1(\) denote the simple H-supercomodule

corresponding to A € A.

Lemma 4.2.4. For A\ € A, the B-supercomodule resi (w()\)) is simple. This gives a one-to-one
corresponding between Simpp(B) and A.

Proof. It is enough to show that for all simple B-supercomodule L, there exists A € A such that

L = resf(u(\)) or Hrest(u(N)). For simplicity, we concentrate the case L = resd(u()\)). By

Lemma 4.1.6, the U-coinvariants LY of L is non-zero. Therefore, there exists A € A such that
res? (LY) D u(\). By Lemma 4.2.3, we have

0# Hom! (u(N), LU) = HomB(resg(u()\)), L).

Hence, we have a surjective B-supercomodule map f : resf (u(\)) — L. By applying the functor

res? to both sides, we get u(\) — resB(L). Therefore, the B-supercomodule map f is indeed an

isomorphism. ]

Lemma 4.2.5. For a right H-supercomodule N, the following map is an inclusion of B'-supercomodules
ind 4 (res? (N)) < ind? (N). (11.4.2.2)

Proof. By taking rest(N)Op (—) to A — B® B’ in the assumption (4.2), we get res2 (N)Op A —
resd (N)Op (B® B'). Since the right hand side is equal to N ® B’, the following is a left B’-colinear

inclusion
idy @mp :rest(N)Op A=~ N® B

By the assumption (4.2), the image of above map lies in N Oy B’. This completes the proof. []

For A € A, we let
HO()\) := ind5 ( resg(u()\))). (I1.4.2.3)

An element of H°()) is of the form 3 y d ®@a’ (€ u(\) ® A) satisfying the following equation.

S dein(d)od =Y d@rpla]) ®a) =0,

J J

where u()\) = u(\)®@H; ¢/ cé@c{ is the right H-supercomodule structure of 1()\). Since functors
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ind and res preserve the parity, we have
ITH(\) = ind (resf (ITu()))). (11.4.2.4)

Let
AT = {xe A|H°(\) £0}.

Lemma 4.2.6. For A € AT, we have socp/ (H°(\)) = rest, (u(N)).

Proof. By Lemma 4.2.5, there is a B’-supercomodule inclusion
res (HO(A)) < ind% (u(N)).
Thus, we have socg/(H()\)) C socp (indg/ (1(X))). To conclude the proof, it is enough to see that
socp (indf (1(N))) = res, (u(N)). (I1.4.2.5)

By Lemma 4.2.4, any simple B'-subsupercomodule of ind% (u()\)) is ether (i) res, (u(x)) or (ii)

M rest, (u(u)) for some p € A. First, we consider the case (i). In this case, we have
HomBl(resgl(u(u)), indﬁl(u()\))) ~ HOmH(u(M)a u(\),

by the Frobenius reciprocity. Since the left hand side is non-zero, there is a non-zero H-supercomodule
map u(p) — u(A). Therefore, p must coincide with A. Hence, the equation (I1.4.2.5) holds. Next,
we consider the case (ii). Similarly, by the Frobenius reciprocity, we have ITu(p) = u(X). Therefore,
we conclude that ;= A and u()\) is of type Q. This proves the equation (11.4.2.5) holds. O

Proposition 4.2.7. For A € AT, we have HO(A\)*°V" = u()).

Proof. We have an inclusion H°(\) < u(\) Oy B’ of right B’-supercomodules, by Lemma 4.2.5.
By taking the functor — Op/ H to both sides, we have

HO'\)®Y < (u(\) Oy B') Op H.

The right hand side coincides with (). Since 1(\) is simple, this proves the claim. O

For A € AT, we let
L()\) := soca(H°(N)). (I1.4.2.6)

Lemma 4.2.8. For A € AT, L()\) is a unique simple A-subsupercomodule of HO(\).

Proof. If there are two simple A-subsupercomodules L and L’ of H°()\), then socp/(L),socp (L) =
res, (1())), by Lemma 4.2.6. Therefore, we get u(\) C LN L' (C L, L'). Since u(\) # 0, we have
L=1. O

Theorem 4.2.9. For any simple A-supercomodule L, there uniquely exists X\ € AT such that L
coincides with ether L(\) or IIL(\).

106



Proof. For simplicity, assume that L is of type Q, i.e., L = IIL. Since L is non-zero, there is a right

B-supercomodule surjection resf(L) — rest (1()\)). By the Frobenius reciprocity, we have
0 # Hom” (resj (L), resfi (u()))) ~ Hom® (L, H°(N)). (I1.4.2.7)

Thus, there is an A-supercomodule inclusion L < HY()). In particular, A is indeed in Af. There-
fore, we conclude that L = L(\), by Lemma 4.2.8. Similarly, we can show L = IIL(\) for the case
(ii). O

By Theorem 4.2.9, we get a map
AT — Simpp(A); A — L()).

Corollary 4.2.10. The above map gives a one-to-one correspondence between At and Simpp;(A4).
Moreover, L()\) is of type M (resp. Q) if and only if u(\) is of type M (resp. Q).

Proof. By (11.4.2.4) and IIL(\) = soca(ITH?())), we have TIL(A\) = L()) if and only if u()\) is of
Q-type. Therefore, L(\) has the same type as 1(\). O
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Chapter 5
Irreducible Representations

Let k be a field of characteristic not equal to 2. We let G, T, UT and B* denote the algebraic

supergroups over k, defined in Section 3.2 and Section 3.4.

5.1 Irreducible representations of T

In this section, we construct irreducible representations of T. For simplicity, we let lrrp(T) :=
Simp(O(T)), for the notation Simpp(—), see Section 4.1.

Recall that, hy(T) is the hyper-superalgebra of the supergroup T. For a fixed A € A, let hy(T),
be the quotient superalgebra of hy(T) by the two-sided ideal generated by all

H\ ((\H)
m m )’
where H € (b;)5, m > 0. Recall that r = rank(h,)1.

Lemma 5.1.1. hy(T), is a 2"-dimensional space.

Proof. Let Hy,...,Hy be a Z-basis of (h,)5 and let K,..., K, be a Z-basis of (h;);. Then by
Theorem 3.2.4, hy(T) has a k-basis

4 r
H,) e
11 () I

where m; > 0, ¢ =0or 1 fori=1,...,¢,t=1,...,r. Therefore, Ki'--- K (& = 0 or 1 for
t=1,...,r) form a k-basis of hy(T),. O

We define a symmetric k-bilinear form by
br : b x by = ki ba(z,y) = A([z, y)).

As in the previous section, we can construct the Clifford superalgebra C'(hi,by) over k for the

quadratic space (b, by).
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Note that P(hy(T)) = §, by Proposition 2.2.3. We may regard f); as a subspace of hy(T). By

using this inclusion, we have the following algebra map.
f:T(h1) — hy(T) — hy(T)y.

This is indeed a surjective map.
Lemma 5.1.2. The above map f induces a superalgebra isomorphism C(h1,bx) = hy(T),.
Proof. By definition, we have I(§1,b)) C Ker f. Hence f induces the following superalgebra sur-

jection
C(b1,0x) — hy(T)x.

On the other hand, the dimension of C(h7,b)) and hy(T), are the same, by (II1.2.0.2) and

Lemma 5.1.1. Therefore, f is an isomorphism. O

The bilinear form by on h; can be extended to a bilinear form on the quotient space by /rad(by)

which we denote the same symbol by. Set

d)\ = dimk(f)i/rad(b)\)).

There exists a dy-dimensional subspace W of fj; such that h; = rad(by) L W. Let z1,x2,..., 2z, be

an orthogonal basis of h; with respect to by such that x1,z2,..., 24, is a basis of W. Set
o = (_1)dA(dA+1)/2 )\([$1, xl]))‘([x% xQ]) T )‘([xdmxdx])'

We let d) := 0, if by = 0, this is equivalent to saying that d) = 0. For simplicity, we treat the

integer 0 as an even number.

Proposition 5.1.3. For each \ € A, the superalgebra hy(T)) has a unique simple supermodule
u(A) up to isomorphism and parity change. Moreover, u(\) is of type M if and only if dy is even
and 6 € k2.

Proof. First, suppose that dy = 0. By definition, hy(T)) = A(r) as superalgebras. The Grassmann
superalgebra A(r) has a unique one-dimensional purely even or odd supermodule. This is of type
M.
Next, suppose that 0y € k*. Let Ry be the two-sided ideal of hy(T), generated by rad(by). By
Lemma 5.1.2, we have
hy(T)r/Rx = C(by/rad(by),by). (I1.5.1.1)

Therefore, hy(T),/R, has a unique simple supermodule up to isomorphism and parity change, by
Proposition B.0.4 Since the Jacobson radical of hy(T), coincides with R), we are done. O

Remark 5.1.4. If ) = b, then hy(T), = k. In this case, u(A\) = ky or u(\) = ITk,, where kj is

the one-dimensional purely even left hy(T")-supermodule of weight .

We regard the left hy(T)\-supermodule u(\) as a left hy(T)-supermodule via the quotient map
hy(T) — hy(T)x. Actually, this is a locally finite left hy(T)-T-supermodule.

109



Theorem 5.1.5. For a simple locally finite left hy(T)-T-supermodule L, there exists A € A such
that L = u(X) or ITu(\).

Proof. Since L is a non-zero left hy(T)-T-supermodule, there exists A € A such that Ly # 0. By

the definition of ), we have
<H) Kov= K<H> U= (<)\’H>)K.v,
n n n

for H € (h;)5, n = 0, K € h; and v € Ly. Therefore, L) is a left hy(T),-supermodule. Then by
Lemma 5.1.3, Ly contains u(A) (resp. IIu(A)). We conclude that there is an inclusion L D u(\)
(resp. ITu(A)) of left hy(T)-supermodules. Since L is simple, this completes the proof. O

There is a category equivalence between the category of locally finite left hy(T)-T-supermodules
and the category of T-supermodules (i.e., right O(T)-supercomodules), by Corollary 2.4.10. There-

fore, we obtain the following well-defined map
A —lrrp(T); A — u(A).
Corollary 5.1.6. The above map is bijective. Moreover, u(X) is of type M if and only if dy is even

and 5y € k2.

Remark 5.1.7. By using compositions of the canonical projections O(T) — O(B*) — O(BY,),
we may regard u()) as an right O(B,)-comodule. Then u()) coincides with the dimy 1u(\) copies
of ky as right O(B{,)-comodules.

5.2 The case when the base field is algebraically closed

Suppose that k is an algebraically closed field. For a fixed A € A, we describe the simple super-
module 1(\) more explicitly.

Let I)%‘ be a mazimal totally isotropic subspace of h; with respect to by, i.e., a maximal subspace
1 of h; such that by(n,n) = 0. Set

b = by @ by.
This is a Lie subsuperalgebra of f). It is obvious that the pair (7T, f))‘) is a sub-pair of G. Let

T = G(T,6")

be the corresponding closed superalgebra of G. This is indeed a closed subsupergroup of T and
satisfies Lie(T*) = §*. By Part I, Lemma 2.2.4, we have

hy(T*) 2 hy(T) @ A(B7).

We regard ky as a left hy(T*)-supermodule by letting f)i\ ky = 0. As a subsuperspace of hy(T), we
let
coind s (A) := hy(T) @py () K-
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By definition, one sees that coindy, ()) is a left hy(T),-supermodule.
Note that, the dimension of the space coindT, (A) coincides with 2dimi(61/67) | Since rad(by) C f)%,
one sees that this is indeed a hy(T)-T-supermodule. Therefore, we can regard coindp,(\) as a T-

supermodule.
Proposition 5.2.1. coind%A (N\) coincides with w(\) or ITu(\).

Proof. Since coind%A (A) # 0, there is an inclusion coind%k (A) D u(A) or u(A) of T-supermodules,
by Corollary 5.1.6. We will show that the dimension of both sides are the same. Equivalently, we

will show the following equation
dimy b7 — dimy § = [(dr +1)/2], (I1.5.2.1)

see Remark B.0.5.
Let m := |dx/2] and let V := by /rad(by). Since k is an algebraically closed field and (Vb)) is

a non-degenerate quadratic space, we can choose 2m vectors x1,...,Zm, Y1,---,Ym € V so that
ba(wi, ) = i, Ox(Yi,y5) = —6ij, ba(wi,y;) =0, 1<4,5<m,

where 0; ; is the Kronecker delta. For each i, we define the 2-dimensional subspace H; of V'
spanned by x; and y;. The space Hj; is called a hyperbolic plane. Then we have an orthogonal
(Witt) decomposition V.= Hy L --- L H,, L V,, where V, satisfies dimy V,, = 0 if d) is even,
dimy V;, = 1 otherwise. This m is called the Witt index of V. In general, it is known that the
Witt index of V' coincides with the dimension of maximal totally isotropic subspace of V', see [21,

I Corollary 4.4], for example. Thus, we have the following equation
dimy §7 — dimy rad(by) = [dy/2] .

One can easily see that this equation implies the equation (I1.5.2.1). O

Remark 5.2.2. In addition, if k is characteristic zero, then our construction of simples of T is the
same as Serganova’s [33, §9].
5.3 Irreducible representations of G

For simplicity, we let A := O(G), B := O(B7), and H := O(T), as before.
Just as Chapter 4, we define

H°()\) := ind% (resfi (u(N)),

and
L(\) :=soca(H(N),
for each A € A. Let
At :={xeA|H'(\) #0}.
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For simplicity, set Irrp(G) := Simpp(A).
Theorem 5.3.1. The map
AT — I (G); A — L(N)
is well-defined and bijective. Moreover, L()) is of type M if and only if dy is even and ) € k2.

Proof. By Proposition 3.4.4, Proposition 3.4.6, Proposition 3.4.7 and Theorem 5.1.6, we can apply
Corollary 4.2.10. O

Example 5.3.2. We determine the type of simple supermodules for some algebraic supergroups

treated in Example 3.2.3.

(1) If h = by, then all irreducible G representations are of type M. For example, the following

algebraic supergroups satisfy this condition

(a) the general linear supergroup GL(m|n), and

(b) the Chevalley supergroups G of classical type such that its Lie superalgebra Lie(G) is
different from the strange Lie superalgebra Q(n) of type II, see Appendix A.

(2) The case of the algebraic supergroup G = Q(n), see Part I, Example 3.1.5. Note that, A =
D), Ze; as Z-modules. Assume that p := char k > 2. Asin [3, p.13], for A = Y"1 | Nie; € A,
we define

hy(N) :=#{i|1<i<n, pf A}

Then one sees that dy = hy (A).
Recall that A* is the set of positive roots of g, see (I1.3.1.1). For u, A € A, we define a partial

order on A as follows
PEA:i<= A—pe Z Na,

acAt
where N = {0,1,2,...}.

Let W be the Weyl group of Gey. As in the non-super case, for a weight supermodule M =
@D rcn M)y, the Weyl group W acts on each weight superspace of M as follows

wMy = My,

where w € W and A € A.
For A € AT, we have
HO(\) Y < HO(N),, (I1.5.3.1)
where HO(A\)U" is the UT-fixed points of HO()\), see (IL.2.1.1).
Proposition 5.3.3. For A\ € AT, \ is a mazimal weight of H°(\) with respect to < and HO(\)y =
u(A).

Proof. If u is a maximal weight of H%()\), then H°()), is included in the Ut-invariant space
HO(\) U™ of HY()). By Proposition 4.2.7, we have HY(\), Cu(A). By (IL5.3.1) and by considering
weight space decomposition of H(\), we can conclude that p = . O
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5.4 Induced representations

For simplicity, set A := O(Gey), B := O(Bg,) and H := O(Tey), as before. For I4 := (A7), the
chain
A=I4DI4DI13D---

of superideals defines the graded algebra A%" := P, ., I’/ IZH. We regard A as a right A-comodule,
by the coadjoint action coad(a) := az ® S(aj)as for a € A, where a is the canonical image of a € A.
This induces a right A-comodule structure on W4. Therefore, we can construct the cosmash

product

A w A(WH)

of A and A(W4). By [22, Prposition 4.9(2)], we have an isomorphism A8" = A »<A(W4) of graded
Hopf algebras. Since H is cosemisimple, we see that A® coincides with A as right H-comodules.

Therefore, we have an isomorphism
A5 A s A(WH (IL5.4.1)

of right H-comodules.

Proposition 5.4.1. For a right B-supercomodule V', there is an inclusion
indg (V) < indg(resg(‘/)) @ A(WH)

of right H-comodules.

Proof. Taking the functor V Oz — to both sides in (I1.5.4.1), we get
VO A= (VOz A) @ A(WH).

On the other hand, we have V Up A — V Uz A, by definition of cotensor. This completes the
proof. O

Corollary 5.4.2. For a finite dimensional right B-supercomodule V, indg(V) is finite. In partic-
ular, HO(\) is finite.

Proof. Since A is finitely generated, W4 is finite dimensional, see [22, Proposition 4.4]. On the other
hand, it is known that indg(V) is finite, see [16, Part I, 5.12(c)]. The claim follows immediately
from the above Proposition 5.4.1. O

For A € A, we regard k as the trivial one-dimensional right B-comodule through A. We define
HY,(N) == ind5 (k). Let
At i={XeA[HL(N) #0}.

By Remark 5.1.7, we have resg (1(X)) coincides with the ny := dimy 1(\) copies of k. Therefore,

we have the following result.
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Corollary 5.4.3. There is a right H-colinear inclusion
HOO\) = H2,(\)®™ @ AWH).

In particular, we have an inclusion AT C AT,

Remark 5.4.4. By the well-known fact, the elements in A" can be write down in terms of the

root data of gg, i.e.,
AT ={ eA|(NaY)>0 foralla € Ag},

see [16, p.178], for example. An element of AT is so called a dominant weight.

Example 5.4.5. Let g be a classical simple Lie superalgebra of type B, C' or D, see Appendix A.
Suppose that Gz is a Chevalley-Demazure group of universal type associated to g;. Then we can
construct a Chevalley supergroup G over k such as in Example 3.2.3 (1). It is known that the
elements in Af for G are described in terms of combinatorial language. If char k > 2, then Shu

and Wang determined the explicit form of AT, see [34, Proposition 5.1 and Theorem 5.3].

Example 5.4.6. Let g = q(n) be the queer superalgebra. As in Example 3.2.3 (3), we can construct
an algebraic supergroup G = Q(n) over k. Brundan and Kleshchev determined AT for Q(n) in
positive characteristic, see [3, Theorem 6.11]. Combined with the known result in char k = 0, we
have .
AP ={A=) Ne € AT | X=X =7 | A},
i=1

where p’ := char k. If p’ = 0, then p’ | \; means that \; = 0.
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Chapter 6

Quasireductive Supergroups having a
Distinguished Parabolic
Subsupergroup

Let k be a field of characteristic not equal to 2.

For a general linear supergroup GL(m|n), Zubkov [42] showed a super-analogue of the Kempf
vanishing theorem. It was essential that the existence of a distinguished parabolic subsupergroup
of GL(m|n) to his proof. In this chapter, we generalize his result and show a super-analogue
of the Kempf vanishing theorem, and classify the irreducible representations of a quasireductive
supergroup having a distinguished parabolic subsupergroup. As an application, we calculate the
character of HY(\) for A € A ™.

6.1 A version of splitting property

Before we start our main discussion, let us show the motivation with an example, see [42, Propo-
sition 5.1]

Example 6.1.1. Set G := GL(m|n). We define a closed subsupergroup P~ of G as follows

P (R) = {(%%) < G(R)}

for a commutative superalgebra R. Note that, G¢y = P_,. Recall that the corresponding Hopf
superalgebra O(G) is given by A(m|n)q, where A(m|n) is generated by the elements {2;; }1<i j<m+n-
For the notation, see Part I, Example 3.1.4. Set W+ := @,  kzie. We may regard SSp (A(W))
as a subsupergroup of G. In [42, Proposition 5.1, Remark 5.1], Zubkov showed that the multipli-

cation map

P~ (R) x SSp (A(W1))(R) — G(R); (<ég>’ ( (1) 113 >)%} (g C;fD>

(I1.6.1.1)
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is an isomorphism. Indeed, the inverse is given by

AlB Al 0 1| A8
cl|D — C‘D—CA*IB ’ o\ 1 )

We regard P~ x SSp (A(W)) as a right P~ -supermodule by

mp- x id: P~ x P7 x SSp (A(WT)) — P~ x SSp (A(W™)),

where mp- is the multiplication of P~. Then the isomorphism (I1.6.1.1) is a left P~ -supermodule

map. This means that the corresponding superalgebra isomorphism
O(G) = O(P ) @ A(WH).

is left O(P~)-colinear.

We want to generalize the above example.

In general, let A be a finitely generated commutative Hopf superalgebra over k, and let P be a
quotient Hopf superalgebra of A with the canonical projection 7 : A — P. We regard A as a left
P-supercomodule by using 7, as in (1.2.6.1). We define ®*A := kOp A a left version of (I1.2.1.1).

This is a coideal subsuperalgebra of A.

Theorem 6.1.2. Keep the notation as above. If A = P, then there is a left P-supercomodule
algebra isomorphism A ZipoePa,

Proof. Let B := “°PA. This B is a Hopf subsuperalgebra of A and A is faithfully flat B-
supermodule, see [22, Corollary 5.5]. Equivalently, any non-zero left A- right B- Hopf super-
module is a projective generator of the category of left B-modules. In this case, P coincides with
A//B:= A/ABY, where BT := Ker(e : B — k). In particular A is a projective B-module. Hence,

there exists B-supermodule map ¢ : A — B such that the following diagram commutes.

p %, poB/Bt T2 B/B+

dl : f

where the right vertical arrow is the canonical projection. Let
Yv:A— P®B; a+— 7(a1)® ¢(az).

This v is left P-colinear and right B-linear.

Now we consider the quotient map

Y:A)/B— (P®B)//B.
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Since (P® B)//B = (P® B) ®p B/BT = P® B/B¥, 1 is an isomorphism, by the definition of ¢.
By the assumption, we have ©FA = ©©44. Note that, © 44 = /\(WA). Hence, B™ is a nilpotent
ideal of B. Since the right B-module P ® B is projective, this is indeed a flat B-module. Therefore,

we can conclude that v is an isomorphism. O

6.2 The Kempf vanishing theorem

Let g, b*, G, BE, ... as in Chapter 5.
Let p* be the proper subsuperspaces of g such that

by =90 PT =0T

In this section, we assume that p* form Lie subsuperalgebras of g. In other words, we assume that
b% is gg-stable under the adjoint action.

One sees that the pair (Gey, pT) are sub-pairs of (Gey, g). Thus we can define two closed
subsupergroups P* := G(G, pT) of G. For the notation, see (1.4.4.20). Note that, Lie(P*) = p*.

Example 6.2.1. We show some examples.

(1) If g is a classical simple Lie superalgebra of type I (see Appendix A), then there is a Z-grading
g=g_, Dgy®dg, of g satistying

[givgj] c it (1,7 ==1,0,1), g5=9p, and gy =g, &g

Note that, g_,,g, := 0. Then pT := g, @ g, is a Lie subsuperalgebra of g and has a Z-form
pz-

(2) For the case of g = gl(m|n) and G = GL(m|n), such p* do exist. If we take b~ as the set of all

lower triangle matrices, then P~ is nothing but the supergroup considered in Example 6.1.1.
(3) For g, = q(n), b%ﬁ is not gg-stable. Thus, such P* does not exist.

For simplicity, we let A := O(G), B := O(B7) and P := O(P7). Set A := O(Ge¢/) and
B = O(Bg,), as before.

Let V be a right B-supercomodule. Note that, the map idy ®e : V Og P — V is right B-
colinear where € : P — k is the counit of P. Then by Frobenius reciprocity, we have the following

well-defined right A-comodule map

NvtVDBP—>VDBA; VRPp——vQDP, (I1.6.2.1)

where p is the canonical image of p € P.

The following is a generalization of Zubkov’s result [42, Proposition 5.2].

Proposition 6.2.2. The above N : resg ind5(—) — ind‘g resg(—) is a natural equivalence.
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Proof. First, we prove that A, is an isomorphism for V = B. As a right B-supercomodule, B is
isomorphic to A(b7)* ® B, by the right version of Part I, Definition 3.1.1. Therefore, we have

NB:BDBPHBDBA%/\(E{)*@A.

One sees that this map coincides with the tensor decomposition P = /\(B%’)* ® A which coincides
the right version of Part I, Definition 3.1.1. Hence, Nz is an isomorphism.

Since (11.6.2.1) does not depend on the supersymmetry, we see that Ay is also an isomorphism
for V. = IIB. Finally, we show that Ny is an isomorphism for all B-supercomodule V. It is
known that a B-supercomodule is injective if and only if it is a direct summand of a direct sum of
some copies of B and IIB, see [42, Proposition 3.1]. Thus Ny is an isomorphism for any injective

B-supercomodule V. By [32, Lemma 8.4.5], this shows that A/ is natural equivalence. O

Since the functor inda(—) : SMod? — SMod? is left exact, we have its right derived functor
R"ind{(-) forn=0,1,2,....

Theorem 6.2.3. For a right B-supercomodule V', there is an isomorphism of superspaces
RMnd3(V) 2 Rind4(V) @ A7),

Proof. By [16, Part I, 4.1(2)] and Proposition 6.2.2, we have an isomorphism R™nd5 (V) =
R”indé(V) of right A-comodules. Since A (& P ® /\(b{r)*) is an injective object in the cate-
gory of left P-supercomodules, the functor ind%(—) is exact. Again by [16, Part I, 4.1(2)], we
have R"ind%(V) = indAR"ind5 (V) as right A-supercomodules. By Theorem 6.1.2, the right hand
side coincides with R™ind5 (V) ® /\(B{)* as superspaces. Combine with the above result, we are
done. O

In this case, we can classify the irreducible representations of G.
Corollary 6.2.4. We have AT = AT,

Example 6.2.5. For G = GL(m|n), AT = AT is the set of all dominant weights of GL,, x GLy,,
ie., A= @" Ze; as a Z-module and

m+n

AT:{Z)\inA|)\1<“'</\m, Amt1 <+ < Aman }-
i=1

This fact was well-known.
As in [16, Part II 2.1], for A € A, we shall write

H"(\) := R'indp(u()), HZ(\) := R'indA(ky).

By the well-known Kempf’s vanishing theorem, we have H (\) =0 for A € AT and n > 0. Hence,

we have the following a super-analogue of Kempf’s Vanishing Theorem.

Corollary 6.2.6. For A\ € A*, we have H"(\) =0 for all n > 0.
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6.3 Character formulas

Let ZA be the group algebra of A over Z, and let {¢* | A € A} be the standard basis of ZA. Note
that e*e# = eM# for \,u € A. For a finite T-supermodule M, we let ch(M) denote the formal
character of M. Explicitly,
ch(M) := ) dim(My)e* € ZA.
AEA

Recall that W is the Weyl group of Gey. Set

p()::% o m::% Yy €eAgq,

acAd veat

where Ag := A ®z Q. For pu € Ag, we let

A(p) = Z det(w)e®?.

weW

By Weyl’s character formula [16, Part II, 5.10], we have

ch(H, (V) = W (11.6.3.1)

for each A € AT.

Proposition 6.3.1. The formal character of HO(\) for A € A is given as follows.

ch(H°(\)) = Wepl H (67/2 _ 677/2).
weA;

Proof. Since there is an isomorphism H%(\) = HQ (A) ® A(b7)* of T-modules, what we have to

know is the formal character of A(b])*. In general, ch(M*) = >, dim(M,) e™#. Thus we have
ch(A(b7)*) = HyeAi+(1 —e 7). O
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Appendix A

Simple Lie Superalgebras

In this appendix, we work over C.

A.1 Definitions

A Lie superalgebra g is said to be simple if g has no non-trivial (homogeneous) ideal.

Definition A.1.1. Let g be a simple Lie superalgebra. Then ¢ is said to be classical if the
representation

95 — End(g7); = — (y = [z,9]) (TI1.1.1.1)

of the even part gz on the odd part gy is completely reducible, where [—, —| is the super-bracket of
q.

It is known that a simple Lie superalgebra g is classical if and only if g5 is a reductive Lie

algebra. We define a type of classical Lie superalgebra.

Definition A.1.2. A classical Lie superalgebra g is of type II if g7 is irreducible gz-module with
respect to the representation (III.1.1.1). If gq is the direct sum of two irreducible gg-modules, then

g is said to be of type I

Let g be a Lie superalgebra. A bilinear form b(—, —) on ¢ is said to be invariant if it satisfies

b([x,y], z) = b(z, [y, z]) for all z,y,z € g.

Definition A.1.3. A classical Lie superalgebra g is said to be basic if g has a non-degenerate

invariant bilinear form; otherwise, g is said to be strange.

If g is a basic Lie superalgebra of type I, then g admits a Z-grading g = g_; @ g, ® g, satisfying

95 =00> 971 =06_196, [08;9;] =94, (6,=-10,1).

Here, we set g_o := gy := 0.
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A.2 Classification of classical simple Lie superalgebras

We define some Lie subsuperalgebras of gl(m|n) as follows.

sl(mln) = {X _ (g g) € gl(mln)

where str(X) = tr(A) — tr(D) is the supertrace of X.
For p=2m+ 1 and ¢ = 2n, we let

str(X) :O},

(/ A B u |X X4
Y

" 'B=—B,!C=-C,

Dﬁp(p‘q) = _tv _tu 0 tz tZl S g[(p‘q) tE _ E tF _ F
'yi Xy = |D E ’
~ty —txX —z|F —tD )

Here, ‘A denote the transposed matrix of A. For p = 2m and ¢ = 2m, we let

A B | X X3
sp(old) c_ Ay v, {tola) ‘B=_B,!C=_C,
I =
b Y, ‘X, |D E Sl O R
-y X |F -'D
We define the following Lie superalgebras:
(1) A(m, n) :=sl(m+1n+1), for m # n > 0;
(2) A(n, n) :=sl(n+1|n +1)/Cly,4q) for n > 1;
(3) B(m, n) := osp(2m + 1|2n), form>0,n>1;
(4) C(n) :=osp(22n — 2), for n > 2;
(5) D(m, n) := osp(2m|2n), form>2,n>1;
A B Aeslin+1),
(6) P(n) ::{ (C —tA> cglin+1n+1) ‘B_B.'C—_C }, for n > 2;
A B
(7) Q(n) = { (B A) eglin+1n+1)| Besl(n+1) }/(CIQ(RH), for n > 2,

where Iy denote the identity matrix of size N.
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The even part of the Lie superalgebras (1)—(6) are given as follows:

g 95

A(m, n) | gl & A, & A,
A(n, n) Ap @A,
B(m, n) B,, © C,
C(n) gl, ® Cy,
D(m, n) Dy @ Cy
P(n) Ay
Qn) A,

In 1977, Kac classified the finite-dimensional simple Lie

superalgebras over an algebraically

closed field of characteristic zero. In particular, he showed the following result.

Theorem A.2.1 ([17]). Let g be a finite-dimensional classical simple Lie superalgebra over C such

that g7 # 0. Then g is isomorphic to one of the following Lie superalgebras:

type

parameter
Am,n) |m>=2n>=>0,m+n#0
B(m, n) m=>=0,n>1
C(n) n>3
D(m, n) m>=22n>1
P(n) n=2
Q(n) "2
F(4)
G(3)
D(2, 1; a) —-1,0#a€C

strange type I
strange type II

basic type I
basic type II
basic type I
basic type II

basic type 11
basic type II

basic type II

For the definition of the simple Lie superalgebras F(4), G(3) and D(2, 1; a), see [17].
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Appendix B

Clifford Algebras

Let V be a finite-dimensional vector space over k and let b : V x V' — k a symmetric k-bilinear
form on V. The pair (V,b) is called a quadratic space. Let I(V,b) be the two-sided ideal of the
tensor algebra T'(V') generated by all zy + yx — b(x,y), where z,y € V. Set

CV,b) == T(V)/I(V,b).

This is a superalgebra over k with each v(€ V') odd, and is called the Clifford superalgebra for
(V,b). Let 6; := b(xy,x;) fori =1,...,r. Then C(V,b) is generated by the odd elements x1, ..., z,,
and is defined by the relations

:1:12—5,-, I1<i<r iz +ajxg, 1<i<j<r

If b = 0, then C(V,b) coincides with A(V'), the exterior superalgebra on V.
Let
rad(b) :={v e V | b(v,w) =0 for all w € V'}

be the radical of b. We say that a quadratic space (V,b) is non-degenerate if rad(b) = 0.
Given two quadratic spaces (V1,b1), (Va,b2), the orthogonal sum (V1,b1) L (Va,be) is a direct
sum (V; @ Va,b) given the bilinear form

b((vlv UQ)? (UL vé)) = (1)1, Ui) + b2(v27 Ué),
where vy, v] € Vi and vy, v}, € V. There is an isomorphism of superalgebras
C((Vi,b1) L (Va,by)) — C(Vi,b1) @ C(Va, by) (I11.2.0.1)

given by (v1,v2) — v1 ® 1 + 1 ® vy, where v1 € Vi, vy € Va.
Since the characteristic of k is not 2, We have an orthogonal basis x1, ..., x, of V with respect
to b, that is, a basis such that b(z;, z;) = 0 if i # j.

Example B.0.2. Suppose that (V,b) is non-degenerate.

1. If r = 1, then C(V,b) is the 2-dimensional superalgebra generated by one odd indeterminate
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x such that 22 = §;. This is obviously central simple superalgebra over k. Let C(d;) denote

the superalgebra C(V,b), for simplicity. Note that C(d1) is not simple as an algebra.

2. If r = 2, then it is clear that the super center of C'(V,b) is k. There is a superalgebra
isomorphism

Thus, C(V,b) is a central simple superalgebra over k. In particular, it is central simple over

k as an ordinary algebra.

For a quadratic space (V,b), we have
dimy C(V, b) = 27, (I11.2.0.2)

where r := dimy V. Moreover, the dimension of C(V,b), for e = 0,1 is 2" L.

By [40, Theorem 2], central simple superalgebras over k are closed under the (Zs-graded)
tensor product. Thus, for a non-degenerate (V,b), C(V,b) is a central simple superalgebra over k,
by (I11.2.0.1) and Example B.0.2. Moreover, if r is even, then C(V,b) is simple as an algebra, by
[40, Lemma 3].

Lemma B.0.3. For an even-dimensional non-degenerate quadratic space (V,b), C(V,b) is a central

stmple algebra over k.

For zp := x1 - - - x,, the usual center of C(V,b)5 is k @ kzg. Let
§ =22 = (=125, ... 5, (I11.2.0.3)

Set (k*)? := {x € k| a®> = = for some a € k*}. If § € (k*)2, then the center is isomorphic to
k x k. If § ¢ (k*)?, then the center is isomorphic to the quadratic field k(v/3).

Proposition B.0.4. Let (V,b) be a non-degenerate quadratic space. There is a unique simple left

C(V,b)-supermodule 1 up to isomorphism and parity change such that

w# I, if dimy V is even and 6 € (kX)?,

u=1TIIu, otherwise.

Proof. Let A := C(V,b). Recall that, the category of A-supermodules is identified with the category
of A xkZy-modules, by (1.2.2.2). It is easy to see that A xkZy = A® C(1) as superalgebras. Thus,
if » = dimy V is is odd, then A x kZs is a central simple algebra over k by Lemma B.0.3.

Next, we assume that r is even. Then by Lemma B.0.3, A is isomorphic to Mat, (D) as an
algebra, where n is a positive integer and D is a central division algebra over k. By Proposition 2.2.1,
A x kZg is Morita equivalent to Ag. If § € (k*)2, then by the structure theorem of central simple

superalgebras [40, Theorem 1], we have

Ay = {(i)( T/(T)/> | X € Mats(D), W € Mat,(D)},
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where s,t > 0 and s + ¢ = n. In this case, one sees that n must be even and s =t = n/2, since

dimy Ay = 2"~1. Therefore, A is isomorphic to Mat,(D) as a superalgebra. Let

1, 0
ey = = ,
! 0 2\,

where 15 is the column vector of size s consisting of 1’s. Then V; = Age;, i = 1,2 are the distinct
simple left Ag-modules. The corresponding simple left A-supermodules are M; := A ®4, V; for
i = 1,2 with the Zs-grading (M;) = Ace; for e =0, 1. Tt is easy to see that IIM; = Ms. Thus, we
conclude that My # 11M;.

Finally, we consider the case if § & (k*)2. Then Ag is central simple algebra over k(v/6). Since
A ® k = Matg(k) x Matg(k) is semisimple, we conclude that Ay is central simple algebra over
k(v/9). Therefore, we are done. O

Remark B.0.5. If k is an algebraically closed, we have
dimy u = 2L0+D/2] (I11.2.0.4)

where r = dimg V' and |z is the largest integer greater than x.
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