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Abstract

In this dissertation, we study collapsed manifolds with boundary, where we assume a lower
sectional curvature bound, a two-sided bound on second fundamental forms of boundaries
and an upper diameter bound. Our main concern is the case when inradii of manifolds
converge to zero. This is a typical case of collapsing manifolds with boundary. Actually
we show that the inradius collapse occurs when the limit space is a topological closed
manifold, for instance. In the general case, we determine the limit spaces of inradius
collapsed manifolds as Alexandrov spaces with curvature uniformly bounded below. When
the limit space has co-dimension one, we completely determined the topology of inradius
collapsed manifold in terms of singular /-bundles. General inradius collapse to almost
regular spaces are also characterized. In the case of unbounded diameters, we prove that
the number of boundary components of inradius collapsed manifolds is at most two. The
main results in this dissertation are due to a joint work with Professor Takao Yamaguchi
[YZ15].
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Chapter 0O

Introduction

In this chapter, we introduce the background of our work. It is well known that the
understanding of relationship between geometry and topology in Riemannian manifolds
is one of the central themes in geometry. Ever since the concept of Gromov-Hausdorff
distance was introduced, there has been increasing interest in studying the relationship
between geometry and topology in Gromov-Hausdorff convergence. If a precompact subset
M of all compact length spaces with respect to Gromov-Hausdorff distance is given, it is
natural to consider the following problem.

Problem 0.0.1. Let X; be a sequence of elements in M converging to a compact length
space X with respect to the Gromov-Hausdorff distance.

(1) Characterize the structure of X;

(2) Find geometric and topological relations between X; and X for large enough i.
Given a Riemannian manifold M with boundary, the inradius of M is defined as
inrad(M) := sup d(x,0M).
zeM

Inradius collapsed manifolds M; mean a sequence of Riemannian manifolds with boundary
satisfying inrad(M;) — 0. In this dissertation, we mainly study Problem for the
inradius collapsed manifolds where we assume a lower sectional curvature bound, a two-
sided bound on second fundamental forms of boundaries and an upper diameter bound.
The main results in this dissertation are due to a joint work with Prof. Takao Yamaguchi
[YZ15)].

0.1 Background

Before we introduce our work, we review some results of Riemannian manifolds with or
without boundary related to Problem Since our work relates to sectional curvature
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bounded below, the introduction of background emphasizes this condition.

0.1.1 Manifolds without boundary

In this subsection, we review results on Problem for manifolds without boundary.

Let M'(n,k,d) (resp. M'(n,r~,d)) denote the collection of isometry classes of com-
pact n-dimensional Riemannian manifolds without boundary, with a two-sided bound &
(resp. 77) on sectional (resp. Ricci) curvatures and an upper diameter bound d. Let
M(n, k,d) (resp. M(n,r,d)) denote the collection of isometry classes of compact n-
dimensional Riemannian manifolds without boundary, with a lower sectional (resp. Ricci)
curvature bound & (resp. r~) and an upper diameter bound d.

By Gromov’s precompact theorem, the collection M(n,r~,d) is precompact with re-
spect to Gromov-Hausdorff distance. It is natural to consider Problem in the cases
of M = M'(n,k,d), M'(n,r=,d), M(n,r,d), and M(n,r,d) respectively.

1. The case of bounded sectional (Ricci) curvature

Now we review the studies of Problem for M = M'(n, k,d) and M'(n,r~,d).

For the case of non-collapse, by [G’bk| Kat85], if M; in M'(n, r, d) Gromov-Hausdorff
converges to a space M with the same dimension, then M is a differentiable manifold and
M; is diffeomorphic to M for large enough i. This result implies the finiteness of the
diffeomorphism classes in M'(n, k,d) with a lower positive volume bound. Moreover,
by [G’bkl [GWS8S|, [Peters87], if M; € M'(n,k,d) Gromov-Hausdorff converges to an n-
dimensional manifold, then there exists a subsequence converges to a Riemannian manifold
of C™ class. These results give answers to Problem (1) and (2).

For the case of collapse in Problem [0.0.1] (2), let us first recall the Almost flat man-
ifolds Theorem. A closed manifold M is called an almost flat manifold [G:AFM] if for
each positive ¢, there exists a metric g. on M such that

|secargn| <1 and diam (M, g.) <e,

where [sec(arq.)| is a positive two-sided bound on the sectional curvature. This theorem
is a starting point of many studies of collapse phenomenon.

Theorem 0.1.1 (Almost flat manifolds Theorem [G:AFM],[Ruh82]). Let M be a closed
Riemannian manifold,

(1) M is an infranil manifold if and only if it is an almost flat manifold,

(2) If M is an almost flat manifold, there exists a nilpotent subgroup of m (M) with
finite index.
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Note that Margulis lemma played an essential role in the proof.

There are two approaches in extending Gromov’s idea in this theorem. One came
from Gromov-Cheeger’s studies [CG86l [(CGI0|, which introduced the F-structure on
a manifold and studied its relationship with the existence of metrics on this manifold
such that the injectivity radii with respect to them converge to zero while the sectional
curvatures are uniformly bounded. Another came from Fukaya’s paper [Fu86], which
established a fibration theorem that if M; in M(n, k,d) Gromov-Hausdorff converges
to a manifold N with [secy| < 1, then M; is a fiber bundle over N with an infranil
fiber. Later, the approach of collapsing theory in [CEG92] combined and generalized
Cheeger-Gromov’s and Fukaya’s ones.

2. The case of a lower bound on sectional and (respect. Ricci) curvature

Now we review the studies of Problem for M = M(n, k,d) and M(n,r~,d).

For the case of non-collapse in Problem[0.0.1](2), Perelman’s stability theorem [Pr94],
cf. |[KaQ7], implies a homeomorphic version of Gromov’s corresponding result above.
Clearly, it implies the topological finiteness of Riemannian manifolds in M(n, k, d, v), the
set of all elements M € M(n, k,d) having volume vol(M) > v > 0. Before Perelman’s
result was proved, it was known that M(n, k, d,v) contains finite many homotopy types
by Grove-Peterson in 1988 [GP88| and it contains at most finitely many homeomorphism
types when n # 3, and only finitely many diffeomorphism types if in addition n # 4
by Grove-Petersen-Wu [GPW]. For the case of Ricci curvature, Cheeger-Colding [CC97]
showed that given a closed smooth n-manifold M™, there exists an ¢ = ¢(M) > 0 such
that if N™ is an n-manifold with Ricciy > —(n — 1) and dguy(M,N) < ¢, then N is
diffeomorphic to M.

It is well known that the Gromov-Hausdorff limit X of a sequence of manifolds in
M(n, k,d) is an Alexandrov space [GP91]. Let S denote the set of singularities in X. By
Otsu-Shioya’s work [OS94], S has hausdorff dimension at most n — 1 and there exists a
natural C'*/2-Riemannian structure on a full-measure subset of X \ S, where the metric
induced by this Riemannian structure coincides with the original metric in X. This fact
gives an answer to Problem [0.0.] (1).

For the case of collapse in Problem [0.0.1] (2), let us first review some results about
manifolds collapsing to a point. The works in [F'Y92] [Ya91] are their starting points.

In [FY92], Fukaya-Yamaguchi studied an important type of manifolds named almost
non-negatively curved manifolds. A closed Riemannian manifold M"™ is called an almost
non-negatively curved manifold if and only if it possesses a metric g. for each given positive
¢ such that

K

g

_ > —1 and diam (M, g.) < ¢,

where Ky, denotes the lower sectional curvature bound of (M, g.). Obviously, the con-
cept of almost non-negatively curved manifold is a generalization of almost flat manifold.
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Fukaya-Yamaguchi proved that there exists a nilpotent subgroup in 7;(M) with finite
index C by a version of Margulis lemma with sectional curvature bounded below. Thus
their theorem can be considered as a version of Gromov’s almost flat manifolds theo-
rem. In the year 2010, Petrunin-Kapovich-Tuschmann|[KPT10] proved that the index C'
in Fukaya-Yamaguchi’s result above is a constant depends only on dim M. The gradi-
ent flow on Alexandrov spaces plays a key role in the proofs of [KPT10]. For the case
of Ricci curvature, Cheeger-Colding [CC96] and Kapovich-Wilking [KWTI] proved that
Petrunin-Kapovich-Tuschmann’s result is true even if a lower sectional curvature bound is
replaced by a lower Ricci curvature bound by applying their generalized Margulis lemma
with Ricci curvature bounded below. Their proofs are based on the structure results of
Cheeger and Colding for limit spaces of manifolds with lower Ricci curvature bounds.

Next we review the results about manifolds collapsing to a manifold. In [Ya91] Ya-
maguchi established a general fibration theorem for collapsing manifolds with a lower
sectional curvature bound, which generalizes Fukaya’s fibration theorem [Fu86] and relates
the topological rigitity to the structure of the first betti number of the fiber. This theo-
rem implies that the almost non-negatively curved manifold M™ with first betti number
b1 (M) = n is diffeomorphic to a torus T". Yamaguchi’s work indicates that the study of
almost nonnegatively curved manifolds is very important since they possess similar topo-
logical properties as the fibers of collapsing manifolds with a lower sectional curvature
bound over their limits space. Another importance of this theorem is it opened a door
to a series of studies on the structure of collapsing Alexandrov space (resp. Riemannian
manifolds) with a lower curvature (resp. sectional curvature) bound. In 1996, a fibration
theorem for Alexandrov spaces was established [Ya96] where the limit space and converg-
ing spaces are assumed to be almost regular. Later, this result was greatly generalized to
a Equivariant Fibration-Capping Theorem by improving the previous fibration the-
orems and applying Perelman’s fibration theorem and Siebenmann’s theory [Pr94, [Sie72]
and the theory of group action. This theorem was applied to study the classifications
of three and four dimensional collapsing manifolds [SY00, [Ya02]. Note that for the s-
tudy of the structure of three dimensional volume collapsed manifolds, cf. [SY00, [SY05],
played an important role in Perelman’s resolution of Thurston’s Geometrization Con-
jecture [Pe02) [Pe03]. The generalized fibration theorem also plays an important role in
classification of collapsing three dimensional closed Alexandrov spaces [MY15].

For the case of convergence of manifolds with a lower or two-sided Ricci curvature
bound, it is very different from M(n,k,d) and M’(n, k,d) in the sense that there is no
fibration theorem for two close manifolds in M(n,r~, d) in Gromov-Hausdroff distance.
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0.1.2 Manifolds with boundary

In order to study Problem for manifolds with boundary, we need a collection M of
compact manifolds with boundary which is precompact with respect to Gromov-Hausdorff
distance. Thus, in this subsection, we review various precompactness theorems with
assumptions on sectional curvature or Ricci curvature. We also review the studies related

to Problem [0.0.1] (1) and (2) for manifolds with boundary.

Various precompactness theorems

1. The case of sectional curvature

Kodani was the first to study the precompactness theorem for Riemannian manifold-
s with boundary with respect to Gromov-Hausdorff distance. Precisely, he derived a
precompactness theorem for n-dimensional Riemannian manifolds with boundary with
a two-sided bound on the sectional curvatures, a non-negative two-sided bound on the
second fundamental forms of the boundaries, an upper bound on the diameters and a
positive lower bound on the volumes [Kod90].

Next, we review Wong’s precompactness theorem. Let M(n, k, A\, d) denote the isom-
etry classes of compact n-dimensional Riemannian manifolds with smooth boundary with
a lower sectional curvature bound k, a two-sided bound A on the second fundamental
forms of the boundaries and an upper diameter bound d. Applying Kosovskii’s gluing
theorem [Kos02], Wong was able to prove the precompactness of M(n, k, A, d) [Wo08],
which is a generalization of Kodani’s result. This result is the basic point of our work.

Remark 0.1.2. We don’t know whether M(n, k, A, d) is still precompact if the assumption
of the upper bound of the second fundamental forms of the boundaries is removed.

2. The case of Ricci curvature

In [Wo08], Wong also obtained a precompactness theorem for Riemannian manifolds
with boundary with a lower Ricci curvature bound, which implies that, the collection of the
isometry classes of compact n-dimensional Riemannian manifolds with smooth boundary
with a lower bound on Ricci curvature, a two-sided bound on the second fundamental
forms of the boundaries and an upper diameter bound, is precompact with respect to
Gromov-Hausdorff distance. In [Peral, Perales proved some precompactness theorems for
non-collapsing compact Riemannian manifolds with boundary with non-negative lower
Ricci curvature bound and other assumptions related to the boundary and volume.

Structure theorems with a lower sectional curvature bound

To the author’s knowledge, there exists no structure result for Gromov-Hausdorff
convergent sequence of Riemannian manifolds with boundary with a lower or two-sided
Ricci curvature bound. For Riemannian manifolds with boundary with a two-sided bound
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or lower bound on sectional curvature, there exist but not many results. We mainly
introduce some results which relate to our main results.
The following consequence is an answer to Problem (1) .

Theorem 0.1.3 ([Wol0]). Let M; be a sequence of Riemannian manifolds with boundary.
Suppose M; Gromov-Hausdorff converges to some metric space X. If Ky, > K=, 7(1/1) <
ITyy;, < AT, then X is an Alexandrov space with a lower curvature bound K.

Obviously, the boundary of M; increasingly becomes locally convex as i increases. It
means that M; increasingly looks like an Alexandrov space. It is natural to ask what the
structure of the limit space of M; is, when the lower bound of the second fundamental
form of the boundary is replaced by a negative number. We will study this problem in
the dissertation.

The following result comes from Wong [Wol0] and Yamaguchi [Ya96], which is an
answer to Problem [0.0.1] (2) for collapsing manifolds with boundary which is also an
Alexandrov space.

Theorem 0.1.4 ([Wol0], Theorem 2(i)). Let M; be a sequence of Riemannian manifolds
with boundary and M; GH, N, where N is a closed C' manifold. If Ky, > K=, IIsp;, >0,
then there exists a local trivial fiber bundle

F,— M, — N,

where F; is a manifold with boundary, almost non-negatively curved in the generalized
sense [Ya91).

Remark 0.1.5. Notice that M, is an Alexandrov space since Iy, > 0. Theorem is
a direct consequence of Yamaguchi’s fibration theorem for Alexandrov space [Ya96].

It is natural to ask whether M; fibers over its limit space IV if M; is not an Alexandrov
space. We will study this problem in the dissertation.
The following theorem is a structure theorem for inradius collapsed manifolds.

Theorem 0.1.6 (JAB9§|, Theorem 1.1). There exists a dimension-independent constant
¢ such that if a complete connected Riemannian manifold M satisfies

inrad(M)? sup{|Ku|, [T Ion|*} < c,

then either M 1is diffeomorphic to the product of a manifold without boundary and an
interval or M can be doubly covered by such a product.

Remark 0.1.7. The proof in [AB98] depends on the discussion of the cut locus and the
integral curves of gradient fields generated by distance functions to the boundaries, where
cut locus is the collection of all points p in M such that there is a geodesic segment
realizing d(p, OM), but no extension of v realizes distance to dM.
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For the structure results for non-collapsing manifolds in Problem [0.0.1] [Wo08] implies
that if M; € M(n, k, A\, d) Gromov-Hausdorff converges to an n-dimensional metric space
N, then M; is homeomorphic to M; for 4, j large enough. However, it is different from
Perelman’s stability theorem that M; is not necessarily homeomorphic to the limit space
N. Consider a an annulus with outer boundary fixed and inner boundary continuously
moves to the outer boundary. The limit space is even not a manifold with boundary!

0.2 Main results

In this section we introduce our main results. All of them are due to a joint work with
Prof. Takao Yamaguchi [YZ15]. The first one is about the structure of limit spaces, which
give an answer to Problem [0.0.1] (1).

Recall that M(n, k, A, d) is the collection of all isometry classes of compact n-dimensional
Riemannian manifolds with smooth boundary and with a lower sectional curvature bound
k, a two-sided bound A on the second fundamental forms of the boundaries and an upper
diameter bound d.

For a sequence of Riemannian manifolds M; with boundary, we say M; inradius col-
lapses to a compact metric space N if and only if M; SN and inrad(M;) — 0.

Theorem 0.2.1 ([YZ15]). Let M; € M(n,k,\,d) inradius collapse to a length space
N with respect to the Gromov-Hausdorff distance. Then N is an Alexandrov space with
curvature > ¢(k, \), where ¢(k, \) is a constant depending only on k and \.

In fact, N is isometric to the Gromov-Hausdorff limit of dM; modulo an isometric
Zo-action, therefore c¢(k, A) is the same uniform lower curvature bound as Kyyy,. It should
be noted that M; may not be Alexandrov spaces unless Iy, > 0, and that the constant
¢(k, ) really depends on x and A (see Example [2.3.1{ and [2.3.2)).

Let M(n, k,\) denote the set of all isometry classes of n-dimensional complete Rie-

mannian manifolds M with smooth boundary satisfying
Ky > &, [Map| < A

This family is also precompact with respect to the pointed Gromov-Hausdorff convergence
[Wo0§]. Theorem actually holds true for the limit of manifolds in M(n, k, ) with
respect to the pointed Gromov-Hausdorff convergence (see Theorem .

Next we discuss the topological structure of inradius collapsed manifolds. First we
consider the case of inradius collapse of codimension one. where we define two types of
models of the singularities around boundary component of the limit space, the product
or the twisted singular I-fiber bundle (see Definition . We can give a complete
characterization of codimension one inradius collapsed manifolds as follows, which is an
answer to Problem [0.0.1] (2).
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Theorem 0.2.2 ([YZ15]). Let M; € M(n, k, A, d) inradius collapse to an (n—1)-dimensional
Alexandrov space N. Then there is a singular I-fiber bundle:

I— M, 5 N.
More precisely,

(1) If N has no boundary, then M; is homeomorphic to a product N x I or a twisted
product N X I;

(2) If N has non-empty boundary, each component 0,N of ON has a neighborhood V
such that 7=Y(V') is homeomorphic to either the product or the twisted singular I-
fiber bundle around 0,N;

(3) If 7= X(V') is homeomorphic to the product singular I-fiber bundle for some compo-
nent O, N, then M; is homeomorphic to

D(N) x [=1,1]/(z,t) ~ (r(z), =t),
where 1 is the canonical reflection of the double D(N).

Next, we consider the case of inradius collapse to an almost regular space, which is an
answer to Problem m (2). We say that an Alexandrov space N is almost reqular if any
point of N has the space of directions whose volume is close to vol SN -1,

Theorem 0.2.3 ([YZ15]). Let M; in M(n, K, A\, d) inradius collapse to an almost reqular
Alexandrov space N, then the topology of M; can be classified into two types

(a) There exists a local trivial fiber bundle
Fi x I — Ml — N,

where F; is a closed almost non-negatively curved manifold in a generalized sense as
in [Ya91)].

(b) There exists a local trivial fiber bundle
Cap; = M; — N,

where Cap; (resp. 0Cap;) is a closed almost non-negatively curved manifold in a
generalized sense as in [Ya91] with boundary (resp. without boundary).

Combined with Proposition [6.0.19, Theorem yields the following.
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Corollary 0.2.4 ([YZ15]). Let a sequence M; in M(n,k,\,d) Gromov-Hausdorff con-
verge to a closed Riemannian manifold N of class C', then the topology of M; can be
classified into two types

(a) There exists a local trivial fiber bundle
F,xI— M, — N,

where F; is a closed almost non-negatively curved manifold in a generalized sense as
in [Ya91).

(b) There exists a local trivial fiber bundle
Cap; = M; — N,

where Cap; (resp. 0Cap,) is a closed almost non-negatively curved manifold in a
generalized sense as in [Ya91] with boundary (resp. without boundary).

Corollary provides an extension of Theorem [0.1.4] and Theorem solves a
problem raised in [Wol0], p.297, without assuming the upper sectional curvature bound.

Next we discuss the number of boundary components of inradius collapsed manifolds,
where we do not assume the diameter bound.

Theorem 0.2.5 ([YZ15]). There exists a positive number € = €,(k, \) such that if M in
M(n, K, ) satisfies intad(M) < €, then

(1) the number k of connected components of OM is at most two;
(2) if k =2, then M s diffeomorphic to W x [0, 1], where W is a component of OM.

Theorem[0.2.5] (1) was stated in [Wo10], Theorem 5. The following argument employed
in the proof there is unclear to the authors: if £ > 3 and if p € M is the furthest point
from OM, then B(p,inrad(M)), touches OM at least three points.

Theorem might be considered as a generalization of the main theorem in [AB9S],
where an I-bundle structure was found for an inradius collapsed manifold under bound-
ed sectional curvature. According to Wong’s remark of Theorem 8 in [Wol(], all the
conditions in this theorem are sharp.

0.3 The ideas of fibration theorems

Since the ideas of the fibration theorems|0.2.2 and [0.2.3| are very important in the disser-
tation, we shall introduce them in this section.
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Let M; € M(n,k,\,d), N a compact metric space and M; G N, Naturally, one
expects to find a fiber bundle structure on M; over N as the case of collapsing Riemannian
manifolds without boundary, cf. [Ya91]. Unfortunately, since there exists not a fibration
theorem for collapsing Riemannian manifolds with boundary, we have no tools to use
directly. However, we can overcome this difficulty by extending M; in a nice way.

Note that by gluing some special cylinders to the boundaries of all M; by applying
Wong’s method, cf. section 1.3 we can extend all M; to Alexandrov spaces M; with totally
geodesic boundary and a uniform lower curvature bound, which are homeomorphic to M;
respectively. Therefore it is natural to study the convergence of M; instead of M;. By
Gromov’s compactness theorem for Alexandrov spaces, there exists an Alexandrov space
Y such that passing to a subsequence, we have

M, ~ M, S5y,

In order to understand the relation between M; and N, we have to investigate the relation
between Y and N which is the core of Theorem [0.2.2l and [0.2.3. We can see that Y is also
a gluing space based on N. Notice that if M; inradius collapses to N,

dim N +1=dimY.

This fact motivates us to ask whether Y is an I-bundle over N. After a detailed study
of the tangent cones at gluing points and their relation via the differential of gluing map,
multiplicity of the gluing maps and singularities of N, we can see directly that Y is in
general a singular I-bundle over N, cf. Theorem m (2), without applying other deep
fibration theories. Here, the argument on the local structure of Y depends on Yamaguchi’s
result about collar neighborhood Then we have the following relations

M~ M S5y = N,

where 7 is a singular fibration.

Notice that in the case of co-dimension one collapse, dim M; = dim Y. The singular
I-fiber bundle structure in Theorem follows from Perelman’s stability theorem.

In the case of general inradius collapse. Since N is almost regular, so is Y with
almost regular boundary. Thus Y is an I-bundle over N. Since the multiplicity of the
gluing map is at most two, there exist two possible I-bundle structures on Y over N.
Note that the double D(M;) of M; is an Alexandrov space without boundary with the
same lower curvature bound as M; by [Pr94] for each i. We can consider the Gromov-
Hausdorff convergence of D(M;). Since dD(M;) = , D(M;) as well as its limit space
possess symmetric structures and Y possesses two possible I-bundle structures, we can
apply Yamaguchi’s Equivariant Fibration-Capping Theorem to derived two possible
fiber bundle structures on M; over its limit space N, cf. Theorem [0.2.3, The ideas of
doubling M; and applying [4.2.2| came from [MY:pre].
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0.4 Organization of the dissertaion

The organization and the outline of the proofs are as follows.

In Chapter [T, we first recall basic notions and facts on the Gromov-Hausdorff conver-
gence and Alexandrov spaces with curvature bounded below. Then we focus on Wong’s
extension procedure of a Riemannian manifold with boundary by gluing a warped cylin-
der along their boundaries. By [Kos02], the result of the gluing is a C'**-manifold with
C° Riemannian metric, and becomes an Alexandrov spaces with curvature uniformly
bounded below. This construction is quite effective and used in an essential way in our
dissertation.

In Chapter 2, we describe the limit spaces of glued Riemannian manifolds with bound-
ary in several aspects. The limit spaces also have gluing structure. In this section we focus
on the topological structure of gluing, estimates of multiplicities of gluing, and intrinsic
metric structure of the limit space.

In Chapter [3, we determine the metric structure of limit spaces. First we study the
spaces of directions of the limit space at gluing points, and prove that the gluing map
preserves the length of curves. This implies that the gluing in the limit space is done
metrically in a natural manner, and yields significant structure results (see Theorem
on the limits including Theorem m

Those structure results are applied in Chapter [4|to obtain the fiber structures of inra-
dius collapsed manifolds. Theorems [0.2.2| and |0.2.3] are proved there. To prove Theorem

0.2.2] we need to analyze the singularities of the singular I-fiber bundle in details. To
prove Theorem we apply the Equivariant Fibration-Capping Theorem [Ya(2].

To prove Theorem we consider the case of unbounded diameters in Chapter [5]
Applying the results in Section [3, we obtain basically three types on local connectedness
of the boundary of an inradius collapsed complete manifold, accdording to the types of the
local limit spaces. After such local obsrvation, Theorem follows from a monodromy
argument.

In Chapter [6], we consider the convergence where the inradii have a positive lower
bound. Then we prove a proposition which indicates that inradius collapse is typical.
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Chapter 1

Preliminaries

In order to make the presented paper more accessible, we fix some basic definition, nota-
tions and conventions.

e 7(9) is a function depends on ¢ such that lims o 7(J) = 0.
e For topological spaces X and Y, X ~ Y means X is homeomorphic to Y.

e The distance between two points z,y in a metric space is denoted by d(z,y), |z, y|
or |zyl.

e For a point z and a subset A of a metric space X, B(z,r) = BX(x,r) and B(A,r) =
BX(A,r) denote open r-balls in X around x and A respectively.

e For a metric space (X,d), and r > 0, the rescaling metric space (X, rd) is denoted
by rX.

e The Euclidean cone K(X) over a metric space (3, p) is ¥ x [0, 00) equipped with
the metric d defined as

d((l’l, tl), (Ig, tg)) = (t%, t% — 2t1t2 COS(IHiIl{p(I‘l, 1’2), W}>>1/2,
for any two points (z1,11), (x2,t2) € ¥ x [0, 00).

e For a subspace M of a metric space (M, dy7), M®* denotes (M, dy;), which is called
the exterior metric of M.

e The metric d of a connected metric space (X, d) induces a length metric dj,; of X
defined as the infimum of the length of all curves joining two given points. We
denote by X™ the new metric space (X, diy).

e The length of a curve ~ is denoted by L(7).

13
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1.1 The Gromov-Hausdroff convergence

A (not necessarily continuous) map f : X — Y between two metric spaces X and Y is
called an e-approximation if it satisfies

L Jd(, ) — d(f(@), f@)] <<, for all 2,y € Y,
2. f(X)ise-densein Y, ie., B(f(X),e)=Y.

The Gromov-Hausdorff distance dgp(X,Y) is defined as the infimum of those € such that
there are e-approximations f: X - Y and g: Y — X.

A map f: (X,z) — (Y,y) between two pointed metric spaces is called a pointed
e-approximation if it satisfies

L. f(z) =y,
2. |d(z,y) —d(f(z), f(y))| <e, for all z,y € BX(x,1/e),
3. f(BX(z,1/¢)) is e-dense in BY (y,1/¢).

The pointed Gromov-Hausdorff distance dygu((X, ), (Y,y)) is defined as the infimum of
those € such that there are pointed e-approximations f : (X,z) — (Y,y) and g : (Y,y) —
(X, x).

Consider a pair (X, A) of a metric space X and a group A of isometries of X. For
such pairs (X, A), (Y,T'), a triple (f,¢,¢) of maps f: X =Y, ¢o:A—=Tand ¢ : T — A
is called an equivariant e-approzimation from (X, A) to (Y,T") if the following holds

1. f is an e-approximation,
2. if A€ A, z € X, then d(f(A\z), (pA)(fx)) <&,

3. ifyel,yeY, then d(f(v(y)x),v(fx)) < e.

The equivariant Gromov-Hausdorff distance decy((X, A), (Y, T')) is defined as the infimum
of those e such that there are e-approximations from (X, A) to (Y,I') and from (Y,I") to
(X, A).

The following proposion is a locally compactness version of ([Wo06], Proposition
B.2.1). Its proof is similar to Wong’s. We just outline it here.

Proposition 1.1.1. Let (X, z;), (Yi,v:), (X, 2),(Y,y) be pointed metric spaces, where
bounded subsets are precompact. i € N. Suppose f; : (X,z) — (Xi,2z;) and g; :
(Yi,yi) = (Y,y) be pointed e;-approzimations for all i € N, and there exists L-Lipschitz
maps @; : X; — Y;, where L is a fixed number. Then there exists an L-Lipschitz map
p: X =Y. If in addition all p; are surjective, then ¢ is surjective.
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Proof. Since any bounded subset in X is precompact, there exists a countable dense subset
D C X. Let

hZ:gZOQO,LszX%Y

By the definition of pointed e;-approximations, for any given z, € ®,

lim sup |h;(z4)hi(x)| < L|zgzl.
k—o00 i>k
Since any bounded subset in X is precompact, by the diagonal argument, there exists
a Yo € Y such that
hm hi($a) = Ya,

11— 00

for all @ € N without loss of generality. Then we define a map ¢ : © — Y by @(24) = Ya-
Extending ¢ to X, we get ¢ : X — Y.
O

Remark 1.1.2. Under the notations of this proposition, if X; is L-bi-Lipschitz homeomor-
phic to Y;, then X is L-bi-Lipschitz homeomorphic to Y.

1.2 Alexandrov spaces

In this section, we review some basic notions and results in Alexandrov geometry. We
refer to [BBI|, [BGP], [Pr94] and [Pr94’] for further details.

Let X be a geodesic metric space, where any two points can be joined by a shortest
geodesic. For a fixed real number x and a geodesic triangle Apgr in X with vertices p,
q and r, denote by Apgr a comparison triangle in the simply connected model surface
M? with constant curvature x. This means that Apgr has the same side lengths as the
corresponding ones in Apgr. Here we suppose that the perimeter of Apgr is less than
27 /+/k if kK > 0. The metric space X is called an Alezandrov space with curvature > K,
sometimes Alexandrov space for short if we do not emphasize the lower curvature bound,
if each point of X has a neighborhood U satisfying the following: For any geodesic triangle
in U with vertices p, ¢ and r and for any point = on the segment gr, we have |pz| > |pZ|,
where 7 is the point on ¢7 corresponding to x. From now on we assume that an Alexandrov
space is always finite dimensional.

For an Alexandrov space X with curvature bounded below by &, let « : [0,s0] — X
and 8 : [0,t] — X be two geodesics starting from a point z. The angle between o and
3 is defined by Z(a,B) = lim,,_ o Za(s)zB(t), where Za(s)zS(t) denotes the angle of
a comparison triangle Aa(s)z((t) at the point Z. Two geodesics a, § from = € X is
called equivalent if Z(a, ) = 0. We denoted by ¥/ (X) the set of equivalent classes of
geodesics emanating from x. The space of directions at x, denoted by ¥, = 3,(X), is
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the completion of ¥/ (X') with the angle metric. Let X be n-dimensional. Then 3, is an
(n — 1)-dimensional compact Alexandrov space with curvature > 1.

A point x € X is called regularif ¥, is isometric to S*~!. Otherwise we call z a singular
point. We denote by X™& (resp. X®18) the set of all regular points (resp. singular points)
of X.

The tangent cone at © € X, denoted by T,,(X), is the Euclidean cone K(X,) over 3.
It is known that T, (M) = lim,_o (%]\/[, w)

For a closed subset A of X and p € A, the space of directions ¥,(A) of A at p is
defined as the set of all £ € ¥,(X) which can be written as the limit of directions from p
to points p; in A with |p, p;| — 0. For z,y € X \ A, consider a comparison triangle on M?>
having the side-lengths (|4, z|, |z, y|, |y, A|) whenever they exist. Then ZAzy denotes the
angle of this comparison triangle at the vertex corresponding to x.

For x,y,z € X, we denote by Zzyz (resp. Zzyz) the angle between the geodesics ya
and yz at = (resp. the geodesics §& and §Z at 7).

Let X be an n-dimensional Alexandrov space with curvature bounded below by k.
For § > 0, a system of n pairs of points, {a;, b;}!; is called an (n,§)-strainer at x € X if
it satisfies

Zaxh; > 7 — 6, Zaixaj > /2 — 0,
Zbixbj > /2 — 4, Zaixbj > /2 =4,

for every 1 <i # j <n. If x € X has a (n, §)-strainer, then we say x is (n, §)-strained. In
this case, we call z d-reqular. We call X almost regular if every point of X is d,-regular
for some 9,, < 1/100n. It is known that a small neighborhood of any almost regular point
is almost isometric to an open subset in R".

Inductively on the dimension, the boundary 0X is defined as the set of points z € X
such that 3, has non-empty boundary 0%,. We denote by D(X) the double of X, which
is also an Alexandrov space with curvature > x (see [Pr94]). By definition, D(X) =
X yx X, where two copies of X are glued along their boundaries.

A boundary point = € 0X is called d-regular if x is §-regular in D(X). We say that
X is almost reqular with almost reqular boundary if every point of X is d-regular for
0 < 1/100n.

In Section 4.1, we need the following result on the dimension of the interior singular
point sets.

Theorem 1.2.1 ([BGP], cf. [OS94]).
dimy (X8 NintX) < n — 2, dimy(0X)¥™ < n — 2.

Theorem 1.2.2 ([Pr94], cf.[Ka07]). If a sequence X; of n-dimensional compact Alezan-
drov spaces with curvature > k Gromov-Hausdorff converges to an n-dimensional compact
Alezandrov space X, then X; is homeomorphic to X for large enough 1.
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Definition 1.2.3. A n-dimensional metric space X is said to have a topological stratifi-
cation if there exists subsets X, XD x(=2) ... X0 X-1 of X such that

(1) X=Xm> X015 XO0O5XxED=9
(2) X®\ X*=1 ig a topological k-manifold without boundary for all k = 0,1,2,--- ,n.

A subset E of an Alexandrov space X is called extremal ([PP93]) if every distance
function f = dist,, ¢ € M \ E has the property that if f|g has a local minimum at
p € E, then df,(§) < 0 for every £ € ¥,(F). Extremal subsets possess quite important
properties.

Theorem 1.2.4 ([PP93]). Let E be an extremal subset of X.
1. For everyp € E, ¥,(E) is an extremal subset of £,(X);

2. FE is totally quasigeodesic in the sense that any nearby two points of E can be joined
by a quasigeodesic (see [PP:pre]).

3. E has a topological stratification.
Theorem [1.2.4](1), (2) implies the following
Corollary 1.2.5. For an extremal subset E of X and p € E, dim¥,(F) < dim E — 1.

Suppose that a compact group G acts on X as isometries. Then the quotient space
X/G is an Alexandrov space ([BGP]). Let F' denote the set of G-fixed points.

Proposition 1.2.6 ([PP93]). 7(F) is an extremal subset of X/G, where m : X — X/G
is the projection.

Boundaries of Alexandrov spaces are typical examples of extremal subsets.

Proposition 1.2.7 ([Ya02] Prop 5.10). The boundary 0X of any finite dimensional
Alezandrov space X has a collar neighborhood.

Definition 1.2.8 ([Px94]). Let f = (f1,..., fm) : U — R™ be a map on an open subset U
of a finite dimensional Alexandrov space X defined by f; = d(A;,-) for compact subsets
A; C X. fis said to be (¢, e)-regular at p € U if there is a point w € X such that:

(1) Z((A) (Ay)) > 7/2— .

p’

(2) Z(wl, (A;)) > 7/2+c.

p?

Theorem 1.2.9 (Perelman’s fibration theorem). Let X be a finite dimensional Alexandrov
space, U C X an open subset, and let f be a map as above. Suppose f is proper and is
(c,e)-reqular at each point of U. Then f is a local trivial fiber bundle if ¢ < c.



18 CHAPTER 1. PRELIMINARIES

An n-dimensional Alexandrov space is smoothable if and only if it is a Gromov-
Hausdorfl limit of n-dimensional closed Riemannian manifolds with a lower sectional
curvature bound.

Theorem 1.2.10 ([Ka02]). Let X be a smoothable Alexandrov space. Then for anyp € X,
every iterated space of directions

Ve (B (- (B (Bp(X)) ---)),

1s homeomorphic to a sphere, where

1 € EP(‘X)’ 2 € 251(X)7 NS Eék—1<' e (251(ZP(X)) T ))

1.3 Manifolds with boundary and gluing

In this section, we consider a Riemannian manifold M with boundary in M(n, k, A, d).
First, we recall some fundamental properties of dM, which were derived by Wong[Wo08].
We also recall Wong’s cylindrical extension procedure based on Kosovskii’s Gluing theo-
rem [Kos02].

Let M be a Riemannian manifold with boundary, and OM®* denote a boundary com-
ponent of M. (OM®)™ means OM® with intrinsic length metric.

The following is a immediate consequence of the Gauss equation.

Proposition 1.3.1. For every M € M(n,k,\), OM has a uniform lower sectional cur-
vature bound: Koy > K, where K = K(k, \).

Proof. Tt is sufficient to proof that there exists a constant K = K (k, \) such that, for any
point p € M and any two orthonormal tangent vectors X,,, Y, € T,0M, we have

Kom(X,, Y,) > K.

Given arbitrary point p € OM, consider the shape operater S, : T,0M — T,0M
defined by S(z) = —(V,v)T, where v € (T,0M)* is inward normal. Suppose dim M = n,
{e1,...,en_1} is an orthonormal basis of T,0M such that S(e;) = Ne;, i =1,...,n—1,
where \q, ..., \,_1 are the eigenvalues of S. From now on, we use Einstein sum convention.
Let X = 2'e;, Y = y’e; be two orthonormal tangent vectors in T,0M . Clearly, X' !|z;]? =
1 and 2" '|y;| = 1. Then, by Gauss’s Formula, we have

Kou(X,Y) = Kn(X,Y) + (S(X), X)(S(Y),Y) — ((S(X),Y))*
= Ku(X,Y) + (2'9)° A — (2'y'\)?
2 ke — (xiyj)Q/\Q . (:L‘iyj)Q/\Q
=k —2)\?
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Proposition 1.3.2 ([Wo08§]). Let M € M(n,k, A, d).

1. There exists a constant D = D(n, k, \,d) such that any boundary component QM
has intrinsic diameter bound

diam ((0M*)™) < D;

2. OM has at most J components, where J = J(n,k, \,d);

It follows from Propositions [1.3.1] that every boundary component of M €
M(n,k, A, d) is an Alexandrov space with curvature > ¢ and diameter < D, where ¢ =
¢(k,\), D= D(n,k,\ d)

In general, a Riemannian manifold with boundary is not necessarily an Alexandrov
space. Wong ([Wo08]) carried out a gluing of warped cylinders and M along their bound-
aries in such a way that the resulting manifold becomes an Alexandrov space having
totally geodesic boundary. Wong’s method is based on Kosovskii’s gluing theorem:

Theorem 1.3.3 (|[Kos02]). Let My and M, be Riemannian manifolds with boundaries Iy
and I'y respectively with sectional curvature Ky, > k fori = 0,1. Assume that there exists
an isometry ¢ : I'g — 'y, and let M denote the space with length metric obtained by gluing
My and My along their boundaries via ¢. Let L;, i = 0,1, be the second fundamental form
of I':=Ty =, I'y C M with respect to the normal inward to M;. Then M is an Alexandrov
space with curvature > K if and only if the sum L := Ly + Lo is positive semidefinite.

Idea of the proof Roughly speaking, Kosovskii’s idea of the proof is as follow, for
every § > 0, construct a Riemmanian metric (-.-)s on M, the resulting space is denoted
by Ms, such that the curvature of M; is bounded below by x(0) and Gromov-Hausdorff
converge to M, where k() — k as § — 0.

In order to introduce Kosovskii’s idea of gluing two Riemannian manifolds with bound-
ary in detail, we present some preliminaries here. For further details, see [Kos02] .

Recall that L is the sum of the the second fundamental form on the hypersurface
I' € M relative to the inward normals corresponding to M, and M, respectively. L > 0
by assumption. Let L denote the selfadjoint operator corresponding to the quadratic
form L. Using the parallel translation, one can show that in a small neighborhood of F,
the selfadoint operator L extends to T'My so that LN = 0 and VyL = 0, where N is a
local vector field I'y in M, orthogonal to the hypersurface equidistant to I' and V is the
Levi-Civita connection on M corresponding to the metric (-, -)o. Let

It TM‘F(d) — TF(d)

be the projection operator onto the tangent space of the hypersurface I'(d), where I'(d)
denotes the hypersurface in My which has a small distance d away from I.
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Other than these notations, we need some auxiliary functions to define a new metric
on M. First, we define a C'* function fs : [0,00) — R such that

fla)=1-5 itze 08",
—6 < fs(xz) <0 and f(;(x) § ifx e [6 0],
fs(x) =0 if z € [0, +o0],
[ ste

Clearly, such a function fs exists for all small § > 0. Next we define

_ /0 " ()t Fola) = /0 "Ryt

Then we can define a selfadjoint operator which plays a crucial role in the new metric
on M()

G; : I, + 2F5(|pI'|)L, — 207:5(|pr|)12_1

where I is the identity map and C' is a large constant depend on the manifold M. Then
we define a new metric on M, by

<'7 '>6 = <'7 G5'>O-

Notice that gs — go as 0 — 0. Then we can prove that there exists a Riemannian metric
g(s) with VVI?)’COO coefficients on M, which coinsides with g; on M; and with g5 on M. Since
the coefficients of g(s) is not necessarily C?, we can not talk about its sectional curvature.
However, we can approximate the coefficients of g(;) by the Sobolev averging g deﬁned
as follow

Definition 1.3.4. Sobolev averging of the Riemmannian metric g;;5) on domain €2 is

defined by
1 T—u
9%(5)(93) = E/Qgij(d)(u)w< h )dU,

where w : R" — R is the averaging kernel, which is a function satisfies the following

properties,
e the support of w is contained in the unit ball By(1),

e the function w is C'*°,

° fﬂgwxd:c:
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Clearly, g&) — gy as h — 0. Suppose (M, g&)) has a lower sectional curvature
bound “?5)' By some complicate computations, we can show that lims_,on—0 /1?5) > K

: GH
and limy, o li?(;) — K(s). Clearly, (M, g{‘(s)) —— (M, g(5y) as h — 0. Thus all (M, g¢5)) are

Alexandrov space with uniform lower curvature bound. Clearly, (M, gs)) S5 M. There-
fore M with length metric is an Alexandrov space with a lower curvature bound k.

Next we recall the extension construction in [Wo0§].
Suppose M is an n-dimensional compact Riemannian manifold with
Ky >k, A7 < IIgy <A

Let A := min{0, A\~ }. Then for arbitrarily ¢, > 0 and 0 < &y < 1 there exists a monotone
non-increasing function ¢ : [0,¢] — R™ satisfying

¢"(t) + Ko(t) <0, ¢(0) =1, ¢(to) = <o,
—o00 < ¢'(0) <A, ¢ (to) =0,

for some constant K = K (), £g,ty). Now consider the warped product metric on dM X
[0,t0] defined by
g(x,t) = dt* + ¢*(t)gorr ()

where ggys is the Riemannian metric of M induced from that of M. We denote by
OM x4 [0, to] the warped product. It follows from the construction that

o [lpnxqoy > |min{0, A" }|;
o IIaMx{to} = 0;
e the sectional curvature of M x4 [0, o] is greater than a constant c(k, A%, g, to).

Clearly, OM x {0} in OM x, [0, t] is canonically isometric to OM. Thus we can glue
M and OM x4 [0, to] together along OM and OM x {0}. The resulting space

M := M yp (OM x4 [0, to])

carries the structure of differentiable manifold of class CY® with C°-Riemannian metric
([Kos(02]). Obviously M is diffeomorphic to M.

Proposition 1.3.5 ([Wo0§|). For M € M(n,k,\,d), we have

1. M is an Alezandrov space with curvature > Kk and with diameter < (j, where K =
R(k,\) and d = d + 2to;

2. the exterior metric M®* is L-bi-Lipschitz homeomorphic to M for the uniform con-
stant L = 1/e.
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The notion of warped product also works for metric spaces.

Let X and Y be metric spaces, and ¢ : Y — R, a positive continuous function. Then
the warped product X x4 Y is defined as follows (see [Wo06]). For a curve v = (o,v) :
[a,b] = X x Y the length of v is defined as

Lg(y) = sup Z\/¢2 Dlo(tiz1), o) ? + [v(ti-a), v(t:) 2,

\A\—>O

where A :a =ty <ty <--- <t =0bis adivision of [a,b] and s; is any element of [t;_1, t;].
The warped product X x4Y is defined as the topological space X x Y equipped with the
length metric induced from L.

Proposition 1.3.6 ([Wo06], Proposition B.2.6). Let X; be a convergent sequence of length
spaces. IfY is a compact length space, we have

hIIlGH(‘XVZ X Y) = (hmGHXZ) X Y.

whenever the limits exist.



Chapter 2

Descriptions of limit spaces

Under the notations in section throughout this chapter, unless otherwise stated, we
assume M; € M(n,k,\ d) inradius collapses to a compact length space N. Let M;
converge to a compact Alexandrov space Y, and M™* converge to a compact subset X of
Y under the convergence M; — Y.

In this chapter, we first study the topological structure of Y and show that Y possesses
a singular I-bundle structure C'/ny over N. (Proposition 2.1.3). We then discuss the
intrinsic structure of X and prove that X™ is isometric to N (Proposition . All
results in this chapter are due to a joint work with Prof. Takao Yamaguchi [YZ15].

Here we fix some notations used later on.
e C; denotes OM; %, [0,to];
e C;; denotes the subspace OM; x, {t} in C;;

e For C; C M;, C** denotes (Cy, dyy ).

2.1 Topological structure of Y

In this section, we will prove that Y is homeomorphic to a singular-/-bundle (Proposition
2.1.3).

Under the notation presented in the begining of this section, in view of Proposition
[1.3.2] passing to a subsequence, we may assume that C; converges to some compact
Alexandrov space C' with cuvrvature > K = K(k, \). Here C; is not necessarily connected,
and therefore the convergence C; — C' should be understood componentwisely. Note that

C = Cy x4 [0,t], Co = lim (OM;)™,

1—00

23
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where (9M;)™ denotes M; endowed with length metric induced by its original metric.
Usually for simplicity we denote

Co = C() X {0}, Ct = C() X {t}

Since the identity map ¢; : C; — C&* is 1-Lipschitz, we can define a 1-Lipschitz map
n: C — Y in the limits. More precisely, define n: C' — Y by

n = lim g; o ¢; 0 f;,
1—00

where f; : C' — C;, g; : M; — Y are component-wise €;-approximations with lim; . &; =
0. We will prove that n is a quotient map.

From now on, 1|, {0} is denoted by 7.

The following two lemmas are obvious.

Lemma 2.1.1. The map n: C\ Cy — Y \ X is a componentwise isometry.
Lemma 2.1.2. For (p,t) € C'\ Cy, we have |n(p,t), X| =t.

Let C'/ny denote the quotient space C/p ~ ¢, where p ~ ¢ if and only if n9(p) = n0(q)
for p,q € Cy. By the above results, we obtain a singular-/-bundle structure on Y as
follows.

Proposition 2.1.3. Y and X are homeomorphic to the quotient spaces C/ny and Cy/no
respectively.

Proof. Since C and Cj, are compact, it suffices to prove the following:
(a) n: C =Y is surjective,
(b) n(Co) = X,
(c) n:C\Cyp— Y\ X is injective.

Since C£** is €;-dense in M; with lim;_, &; — 0, surjective 1-Lipschitz map ¢; : C; — ot
converges to the surjective 1-Lipschitz map n : C'— Y. This shows (a).

Since (OM;)*™" is e;-dense in M; with lim; . e; — 0, surjective 1-Lipschitz map
(OM;)™ — (OM;)™* converges to the surjective 1-Lipschitz map ny : Cp — X. This
shows (b).

Note that C' is simply covered by the minimal geodesics from the points of Cy, to C.
Since 7 is injective on CY, and since 7 carries those minimal geodesics to minimal geodesics
from n(C},) to X, non-branching properties of geodesics in Y implies the injectivity of
n:C\Cy— Y\ X. This shows (c). O
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Corollary 2.1.4. If M; inradius collpases to a compact length space N, then it actually
collapses to N. Namely we have dim M; > dim N.

Proof. From Propositions and Lemma [2.2.1] we have

dim M, = dim M; > dimY
>dimX +1=dimN + 1.

]

Remark 2.1.5. Wong proved dim M; > dim N in ([Wol0], Lemma 1) under the condition
that IV is an absolute Poincaré duality space. By Proposition [6.0.19, we shall show that
if N is a closed topological manifold or a closed Alexandrov space, then M, inradius
collapses. Hence Corollary give another version of Wong’s result.

Recall that Y is homeomorphic to the identification space C'/ny. We now study the
multiplicities of the gluing map n;.

Lemma 2.1.6. #n,"'(r) < 2 for every x € X.

Proof. Suppose that #n; ' (z) > 2. Take py,ps € 75" (2), and let y; := n(p;,t), i = 1,2, for
some ¢ > 0. We show that |y;, y2| = 2t or equivalently, Zy,pys = 7 for t < ¢(to)|p1p2|cy /2.

Let v be a minimal geodesic in Y joining y; and ys . If p; and p, are contained
in distinct connected components of Cy, v must meet X, and therefore |y;,y2| = 2t.
Suppose that p; and p, are contained in the same connected component of Cy. Let
4= (0,A) :[0,1] — C be a shortest path in C such that (0) = (p1,t) and (1) = (p2, ).
Then we have

L(7) = L(%) :/0 VORw(t))e () + ()2 dt.

_ /0 B(to)|(t)] dt > b(to)|p1, palcs-

Thus we have
[(p1,1), (P2, t)|c > &(to)|prp2lcy-

If v does not meet X, the geodesic ¥ = =1 o «y joining (p;,t) and (po,t) in C has the
length L(7) < 2t < ¢(to)|pip2]c,- This is a contradiction, and therefore v meets X and
|Yis yo| = 2t o

Definition 2.1.7. In view of Lemma and Proposition [2.2.2] we make an identifica-
tion N = X' and set for i = 1, 2,

N; = X; = {x € X|#n, ' () = i},
Co = {p e Co|mlp) € X;}.
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Next we construct a good approximation map M; — Y, which helps us to grasp a
whole picture on the several convergences.
Let v; : OM; = Cyjg — Cy be an ¢;~approximation with lim;_,.. ¢; = 0.

Lemma 2.1.8 ([Wo06]). The map ¥, : C; — C' defined by

Wi(p,t) = (Yi(p),t)

is an €;-approzimation with lim; . €; = 0. Actually, for any approximation map WV :

C; — C there is a v; : OM; = Cig — Cy such that |V;(p,t), Vi(p,t)| < €, for ¥; = (¢;,id).
Proof. This follows from Proposition [1.3.6] [

Recall that n: C'\ Cp — Y \ X is a componentwise isometric bijection. In particular
for every y = (p,to) € C,, C Y, there is a unique minimal geodesic v, : [0,t)] = Y
between X and y such that ,(0) € X, v(to) = y. Actually v, is defined as v, (t) = n(p, t).
Define gf : C&™* — Y by

g; (p:t) =no W0 (p,t) = n((p),t). (2.1)
Proposition 2.1.9. The map g; : C** — Y defined above provides an €;-approzimation.

Let g; : C&* — Y be any ¢;-approximation such that g; = ¢ on Cy,, namely g;(p, ty) =

gz* (p7 tO)
For the proof of Proposition [2.1.9] it suffices to show the following.

Lemma 2.1.10. |g;(p,t), g5 (p,t)| < €; for all (p,t) € CF**.

Proof. We have to show that

lim sup |gi(p,t), g;(p, 1) = 0.
1—00 (p,t) eC;

Suppose the contrary. Then there are subsequence {j} C {i} and (p;,t;) € C; such that

for some constant ¢ independent of j. Passing to a subsequence, we may assume that
(1j(p;),t;) converges to (Poo,ts) € C. Let v;(t) = (p;,t), 0 < t < ty, which is a minimal
geodesic in C§*" between OM; and Cj,. Now gi o 7;(t) = n(¢;(p;),t) converges to a
minimal geodesic Vo () = 1(pPso, t) realizing the distance between X and (p, to) € Cyy C
Y.

Since g; is €;-approximation, any limit of g;0+;, say %, must also be a minimal geodesic
between X and (puo,tp). From the uniqueness of such geodesic, we have v (t) = Yoo (1),
which contradicts . ]
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2.2 Intrinsic structure of X

In this section, we determine the intrinsic structure of X, and prove Proposition [2.2.2]
below, which will be crucial in classification of Y in terms of .

Let X C Y be the limit of a subsequence of M under the convergence M; — Y.
Since dy;; > dpypexe and M; is L-bi-Lipschitz homeomorphic to M for a uniform constant
L, we have

The identity ¢; : M; — M&™' is a L-bi-Lipschitz homeomorphism. Therefore, by
Proposition [I.1.1], passing to a subsequnce, we have that

Lemma 2.2.1. ¢; : M — M; converges to an L-bi-Lipschitz homeomorphism h : X —
N.

Let N Upop, Co X4 [0, to] denote the length space obtained by gluing two length spaces
N and Cj X4 [0,to] by the map hong: Cy x 0 — N. Then we have

Proposition 2.2.2. Y is isometric to the length space
N Uhono C@ X [O, tg].
In particular, X™ is isometric to N.

Proof. Let Z = N Upon, Co X4 [0,t0] be a length space. Clearly, (Z\ N)™ is isometric to
Co x4 10,t0] \ Cyp. Define amap & : Y — Z by &(y) =y if y € Z\ N and ®(y) = h(y)
if y € X. Then ® is a homeomorphism. It suffice to prove that both ® and ®~! are
1-Lipschitz maps.

Claim (1). @ is a 1-Lipschitz map.

Given two points y1, y2 € Y, we shall prove that |®(y1)P(y2)|z < |v1y2]y. Let v be a
geodesic in Y joining y; and y,. Clearly, v consists of subgeodesics intersect X only on
their two end points and ones completely contained in X. Since Y \ X is componentwise
isometric to C'\ Cy, if a segment ¢’ in Y intersects X only on its two end point, then
lo’ly = |®(c")|z. Suppose a segment o : [0,1] — Y of 7 is completely contained in X. Let
o;:[0,1] — MZ be a shortest path in MZ such that o; GA, 5 under ]\Z/Z Gy and 0;(0) and
0;(1) are contained in OM;. Clearly, o; = (U;;l 0ij) U (U?le ajr), where o;; C M; C M,

and a5 C C; C ]\ZZ are subsegments of o; for all 4,7, € N and n; and m; are fixed

numbers (maybe infinity) depending on i. Clearly |oy;|y. = |oij]a, and |auy |y = |ouj|c;-

By the definition of warped product,
N o(ti) o(ti)
Ci -
(0) ¢(0)

where P} : C&* — dM,; is the projection of the points in C$** to the first component, and

|_F)1Z 0] O{z]/(())Plz o Oé”/(l)|6M“

Qg5 |y, — Q57 iO Q5 loM; =
|evigel iz, = | | Py o cijelon, >

¢ is a strictly decreasing function in M; x, [0, ¢,] satisfies ¢(0) = 1, and

tz’ = maX{|OéZJ/(t)@MZ’M1’t € Oéij/,j/ S mZ}



28 CHAPTER 2. DESCRIPTIONS OF LIMIT SPACES

t; — 0 since both o; CH 5 and oMt SH X under M, SH Y Hence

0(0)a(L)ly = |o(0)o(1)[x = L(0o)
= lim E

1—00

o, + m 250 oy |y,
= lim E] 1|0”|M + hm Y0 leigrle;

l o(t)
" 5(0)

> hm jloijla, + hm X

¢(ti) (0o

= [1(a(0)h(e(1))|n = [®(a(0))®(a(1))]z,

Therefore, |®(y1)P(y2)|z < |y192]y-
Claim (2). ®7': Z — Y is also 1-Lipschitz.
For any two points 2y, 25 € Z, there exists a shortest path v joining z; and z5. =y

\Pz o ajjr|am;

consists of the subsegments with interior contain in Y\ X C Z and the subsegments
completely contained in N C Z. Let y; be the shortest path in Z intersects N at most
at its two end points. Since Z \ N is locally isometric to Y \ X, 71 in Y \ X has the
same length as in Z \ N. Moreover, for the shortest path v, completely contained in N,
[v2ln > |h™ 0 yalx since day, > dyyexe. Hence

127 (712(0) 27 (12(1))ly = [A7" 0] x < [12(0)72(1) v = [12(0)72(1)| 2.
Therefore, |®71 ()P~ (22)]y < |2122]2-
In the course of the proof above, it is easy to see that X™ is isometric to N. O
2.3 Examples

We exhibit some examples of collapse of manifolds with boundary. All the examples
except Example [2.3.6] and [2.3.7] are inradius collapses.

Example 2.3.1. Let
S*Hr) i={z eR"| ) (x:)* =
=1

For € > 0, define M, as the closed domain in R" bounded by S !(r + ¢) and S"~*(r).
Then Ky, = 0 and [Tlgp| < 1/r, and M, inradius collapses to N := S"7!(r), where the
limit space is an Alexandrov space with curvature > r=2. Note that N, = NN, and that
the limit Y of M. is isometric to the form

Y = (8" (r) IS"H(r)) x4 [0, to]/(f(),0) ~ (,0),
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where f: S"71(r)TIS" ! (r) — S"7!(r) IIS""!(r) is the canonical involution. Equivalently
Y is isometric to the warped product

Sn_l(T) X(z; [—to, to],

where 3(t) = (lt]).
This example shows that the lower Alexandrov curvature bound of the limit in Theo-
rem really depends on the bound A > |TIgp|.

Example 2.3.2 ([WolI(]). Let N C R* x 0 C R? be a non-convex domain with smooth
boundary, and let M! denote the closure of e-neighborhood of N in R3. After a slight
smoothing of M/, we obtain a flat Riemannian manifold M, with boundary such that
[Mgp;, > —A for some A > 0 independent of e. Note that M, inradius collapses to N,
where N has no lower Alexandrov curvature bound.

This example shows that Theorem does not hold if one drops the upper bound
A > HBM-

Example 2.3.3. Let 7 : P — N be a Riemannian double covering between closed
Riemannian manifolds with the deck transformation ¢ : P — P. Define

D: P X[—€¢€ = P x[—¢¢
by

D(x,t) = (p(x), =),

and consider M, := P x [—¢,€]/®, which is a twisted I-bundle over N. Note that M, €
M(n, k,0,d) for some k and d, and that M, inradius collapses to N as ¢ — 0. In this
case, we have Ny = N. Note that the limit Y of M, is isometric to the form

Y =P x40, t0]/((2),0) ~ (2,0),
or equivalently Y is doubly covered by the warped product
P X(E) [—to, to]
A typical example of this example is the shrinking of a cylinder and a Mobius strip.

Example 2.3.4. Let N be a convex domain in R ! x 0 ¢ R"*! with smooth boundary.
Let M! denote the intersection of the boundary of e-neighborhood of N in R"*! with the
upper half space H = {(z1,...,%p11) |Zny1 > 0}, After a slight smoothing of M/, we
obtain a nonnegatively curved Riemannian manifold M, with totally geodesic boundary.
Note that M, inradius collapses to N as ¢ — 0. Note also that (OM.)™, a smooth
approximation of the boundary of e-neighborhood of N in R", converges to the double
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D(N) of N. It follows that N; = ON and Ny = N \ N, and that the limit Y of M, is
isometric to the form

Y = D(N) x4 [0,t]/(r(x),0) ~ (z,0),
where r : D(N) — D(N) denotes the canonical reflection of D(N).
This example implies that the case and both N; and Ny are not empty may happen.
Next let us consider more general examples. The following ones come from Example
1.2 in [Ya91], where general examples of collapse of closed manifolds were given.

Example 2.3.5. Let 7 : M — N be a fiber bundle over a closed manifold N with fiber
F having non-empty boundary and with the structure group G such that

1. G is a compact Lie group;

2. F has a G-invariant metric g of nonnegative curvature which smoothly extends to
the double D(F);

Fix a bi-invariant metric b on G and a metric h on N. Let # : P — N be the principal
G-bundle associated with 7 : M — N. Define G-invariant metric g. on P by

el v) = h(dr(w), dr(v)) + Eb(w(w), w(v)),
where w is a G-connection on P. Define a metric g. on P x D(F') as
s 2
ge = ge T € gF.

For the G-action on P x D(F’) defined by

(. f)-9=(pg, 97" f),

Je is G-invariant and invariant under the action of reflection of D(F"). Therefore it induces
a metric gp(ary,e on D(M) = P x D(F)/G. Since gp(um), is invariant under the action of
reflection of D(M), it induces a metric gy on M with totally geodesic boundary such
that (M, gar) inradius collapses to (N, h) under a lower sectional curvature bound.

Example 2.3.6. Let M be a compact manifold with boundary, and suppose that a
compact Lie group of positive dimension effectively act on M which extends to the action
on D(M). Suppose that D(M) has G-invariant and reflection-invariant smooth metric
g. As in Example 1.2 of [Ya9l], one can construct a metric gp),e on (D(M) which
collapses to (D(M), gp(u),e)/G under a lower curvature bound. It follows that M with
metric induced by gp(a), also collapses to (M, gare)/G under a lower curvature bound.
Note that (M, gas) has totally geodesic boundary.
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A typical example of this example is as follows.

Example 2.3.7 (Manifolds collapse but their inradii do not converge to zero). Let
I'=[-1,1] x {0} x {0}, =[0,1] x {0} x {0}
in R3, 9B(g;) is the boundary of the g;-neighborhood of I’ in R3. Let
Ot B(e;) = 0B(g;) N ([0, +00) x R?).

Clearly, 0" B(g;) collapses to I and 07 B(g;) € M(2,0,),2), where A = 0. Note that
inrad(M;) =1+ mg;/2 — 1.
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Chapter 3

Metric structure of limit spaces

Under the notations in last chapter, the main purpose of this chapter is to show that YV
and N are actually isometric to C/ny and Cy/no respectively. To study how this gluing
is made, we first analyze the tangent cones of C, Cy, Y and X at gluing points, and
their relations via the the differential dny of the gluing map 7. It turns out that the
identification map 7y preserves length of curves. Finally, we see that N is isometric
to a quotient of Ci" by an isometric Z, action. (see Proposition , which implies
Theorems [0.2.1) and [3.3.4] All results in this chapter are due to a joint work with Prof.
Takao Yamaguchi [YZ15].

3.1 Spaces of directions and differentials

In this subsection, we study the the spaces of directions of C', Cy, Y and X at the points
where the gluing is done, and the relation between them. We also study the differential
of the gluing map ny at those points.

Let 7 : C' — Cp and 7w : Y — X be the projections, which are surjective Lipschitz
maps. To be precise,

m(y) = mo o T(n~'(y)).

For simplicity, we use the same notation
Cy:={qe Cl|d(Cy,x)=t}, Cy:={yeY|dX,y) =t}
for every t € (0,to]. We also denote by
T :C—=Cy m:Y\X = G
the canonical projections. Recall that

Xy ={z e X|#n, ' (z) =1}, Xy = {z € X|#n, '(x) =2},
Co={p € Colmolp) € Xi},i=1,2.

33
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Lemma 3.1.1. For every p € Cy, let SJF € X,(C) be the direction of the mimimal geodesic
A+ from p to Cy,. Then X,(C) is isometric to the half-spherical suspension {&;}*3,(Co).

Proof. Since C' = Cy x4 [0, to], obviously we have T,,(C') = T,(Cy) x [0, 00), which implies
the conclusion. O

Lemma 3.1.2. For x € Xy, let v, be the shortest geodesic from x to Cy,, and let &, €
Y. (Y) be the direction of vo. Then

1. for every £ € ¥,.(Y), there is a unique v € ¥,(X) such that
4(5%—75) + 4(672)) = 4(64_,’0) = 7T/2; (31)

2. conversely, every v € X,(X) satisfies Z(&y,v) = m/2;

3. there exists a unique limait

lim(%X, 2) = (To(X), 00) = (K(Sa(X)), 00).

d—0
under the convergence lims_,o(3Y, x) = (T,(Y), 0,)

Proof. (1)Let 7, be the shortest geodesic from z to Cy,, and let £, € 3,.(Y) be the
direction of -, respectively. First consider an arbitrary minimal geodesic v : [0,/] — Y
starting from = with Z(v,X,(X)) > 0. Set o(t) := 7(y(t)), and let ~ : [0,t] — Y be
the minimal geodesic from o(t) to Cy, through ~(¢). The limit v of v, as t — 0 coincides
with 4. Let v € ¥,(X) be a direction defined by the curve o. Let 7, 4, (resp. &) be
geodesics (resp. a curve) in C such that n(¥) = v, n(94+) = 74+ (resp. 179(6) = o). Since
~ is minimal, so is 5. Note that &(t) = #(5(t)). Put p := 4(0). Let £ and &, be the
directions at p defined by 4 and 7, respectively. Let v be the directions at p defined by
0. Note that v is uniquely determined since ¢ is a shortest curve. From Lemma|3.1.1} we
have

By the first variation formula, we have Z(£,,v) > 7/2. Now we show (3.1)). Consider the
rescaling limits,

T.(Y) = lim (%Y, x) , T,(C) = (lsim (%C,p) .

6—0 —0

Let 04 and 6., be the limits of the Lipschitz curves ¢ and ¢ under these convergence. It
should also be noted that the geodesic s (resp. 7s) converges to a geodesic ray Yso1 (resp.
Yoo1) starting from oo (1) (resp. ds(1)) and perpendicular to T, (X) := lims_o (3X, z) C
T.(Y) (resp. T,(C)) under those convergences. We set

p(t) = |Co, ()] = | X, 7 (1)].
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Notice that v,1 meet £ at distance p/'(0) from 0 (1). Thus we have
Z(&,v) = Aresin p'(0) = Z(&,0). (3.3)
Since

98), 74 (0O /6 < 138), 3 (0(6) /9
= G(p(0))lp.5(O)]cye /5,

as 0 — 0, we obtain sin Z(&,, &) < sin Z(&,,€), and hence Z(&;,€) < Z(&4,€). From

7T/2 < 4<£+>U) < 4(§+7£> + 4(571})

< Z(64,8) + £(8,0) = /2.

we conclude that holds for £ € 3¥,(Y) \ 2,(X).

Note that shows that v is uniquely determined.

(2) For every v € ¥,(X) take a sequence x; € X with x; — z, and let y; : [0,¢;] = Y
denote a minimal geodesic from z to x; with v; := [;(0) — v. Let X\; : [0,t0] — Y be
a minimal geodesic from z; to Cy,. We may assume that \;(t9) — 74 (tp). Take a point
y; € \; such that |£(&4, &) — /4| < ¢ with lime; = 0, where & :=1Y%. Let v; : [0,s;] = Y
be a minimal geodesic from x to y;, and set

oi(t) == 7(i(t), % =n"" (%), 6 = 7(F).

From (1), o; defines a direction v; € ¥,(X) such that

(64, &) + ZL(&,0;) = L(E4,03) = 1/ 2.

Note that x; = 0;(s;). Consider the convergence

(tly x) = (T(Y), 01) , (%C,p) = (15(C),0p)  ti = |z, i

Then x; converges to v € ¥,(X) C T,(Y) under the above convergence. We may assume
that & converges to some € ¥,(Y) C T,.(Y) .
Passing to a subsequence, we may assume that

(a) s;/t; converges to s, > 0;

(b) ~:(t;8) and o;(t;s) converge to geodesic Vo (s) and a Lipschitz curve o4 (s) respec-
tively;

(¢) A:i(t;s) and &;(t;s) converge to geodesics Yoo(s) and G ().
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We show that o, is a minimal geodesic. We may also assume that

1 1
i =n: | —C, -Y,
= (tz‘ p) ~ (ti x)

converges to a 1-Lipschitz map
Moo = (Tp(C), 0p) = (T1Y, 0z),
With 700 (o0 (5)) = 0xo(s). Consider the geodesic triangles

A, = A0V (S00) 000 (S00) C T(Y),
Ao, = D0pToo(500) 00 (500) C Tp(C).

Obviously, we obtain

025 Yoo (800) | = [0ps Voo (5001

Voo (800 )5 Too (800 )| = [Foo(S00) s Too(Sc0)]

Note that X, ) (T%(Y") and 35_ (s..)(7,(C) have the suspension structures and that from
construction

Yoo (8), 000 (8)] = [Foo(8), Too(s)]-
Together with argument in (1), this implies that

Z02Y00(500) o0 (S00) = Z0pTYo0(Sc0) oo (Sco)- (3.4)

By the Euclidean cone structure, A, and A, span flat triangles isometric to ones in
R%  From the above equalities, we conclude that |04, 000 (Se)| = |0p, Too(Ss0)|-  Since
L(0s) < L(64), this implies that o, is a minimal geodesic, and Z({,,v) = 7/2 as
required. This also show that (1) holds true for every £ € ¥,(Y).

(3) As observed above, for every v € ¥,(X) and for every ¢ > 0, one can find a
Lipschitz curve ¢ in X starting from x such that ¢ determines a well-defined direction
c(0) € 3,(X) satisfying Z(v,d(0)) < e. Now (c) follows from a standard argument. [

Lemma 3.1.3. For x € X, let v be the two shortest geodesics from x to Ch,, and let
& € X,(Y) be the directions of v+ ) respectively. Then we have

(1) for every & € X,.(Y), there is a unique v € ¥,(X) such that
Z({&:},8) + £(&v) = Z({&x}v) = 7/2; (3.5)

(2) 3.(Y) is isometric to the spherical suspension {1} * 3.(X);
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(3) there exists a unique limit

lim(%X, ) = (To(X), 00) = (K (Sa(X)), 00).

0—0
under the convergence lims_,o(3Y, ) = (T,(Y), 04).

Remark 3.1.4. The suspension structure in Lemma [3.1.3] (2) also follows from the proof
of Lemma 2.1.6]

Proof. (1), 2) In a way similar to (3.1)), we have (3.5). Let ¥, denote the union of all
minimal geodesics joining {1 to the elements of ¥, (X). We see that ¥,(Y) is the union
of 3, and ¥_ glued along ¥, (X). Therefore Z(£,,£ ) = 7 and 3,(Y) is isometric to the
spherical suspension {{4} * 3,(X).

(3) also follows in a way similar to the proof of Lemma [3.1.2] O

For any p € Cy, since nq is 1-Lipschitz, g : (%C’O,p) — (%X, x) subconverges to a
1-Lipschitz map (dno), : T,(Co) — T(X), which is called a differential of ny at p.

Proposition 3.1.5. For every p € Cy, any differential dny : T,(Co) — T.(X) satisfies
|dno(0)] = 10].

for every v € T,(Cy). In particular, ny : Cy — X preserves the length of Lipschitz curves
m C().

Proof. For every & € ,(Cy), let € be the midpoint of a minimal geodesic in ¥, (Cp) joining
&, and 0. Let 4(t) be the geodesic starting from p in the direction . Put a(t) = 7(5(¢)),
o(t) =no(a(t)). Then from (3.3)) in the proof of Lemma [3.1.3] we obtain

5'(0) = ?v o' (0) = \/§v

which implies that |dno(0)| = |9]. O

By Proposition [3.1.5| dny provides a surjective 1-Lipschitz map dng : 3,(Cp) — X, (X).

Remark 3.1.6. By Lemma [3.1.3] x € X5 is a regular point of Y if and only if the tangent
cone T,(X) is isometric to R™™! where m = dimY. From this reason, in that case we
call x a regular point of X, and set X" := X NY". Later we show that every z € X;
is a singular point of X unless X = X;.

Proposition 3.1.7. For every p € CZ, we have

(1) any differential dn, provides an isometry dn, : T,(C) — T,*(Y') which preserves the
half suspension structures of both ¥,(C) = {&:} % X,(Cp) and S (Y) = {&,} *
Yo (X)), where TS (Y) = T(X) x Ry;
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(2) p € Cy¥ if and only if x € X"9. In this case, (dno), : Tp(Co) — Tw(X) is a linear
1sometry.

Proof. (1) We show that dn : T,(Cy) — T,(X) preserves norm. We use the notation in
the proof of Lemma [3.1.3] Recall that (5 (¢)) = o(t), and © € $,(Co), v € E,(X) denote
the directions determined by &, o respectively. From (3.3, we have

|67(0)] = cos Z(£,0) = cos £(£,v) = |’ (0)],

which implies that |dng(0)| = |7].

For every 01,02 € 3,(Cp), put v; := dno(?;). We show that Z(0y,0) = Z(vy,v2).
Let & (resp. &;) be the midpoint of the geodesic joining £ to O, (resp. &; to v;). Note
that dn(&;) = &. We may assume that there are geodesics ;(t) with 7/(0) = &, and set
~i(t) :=n(F:(t)). Since T,.(Y) = T,,(X) x R, any minimal geodesic joining 71 (t) and A,(t)
does not meet X for any small ¢t > 0. It follows from the fact that n: C'\ Cy — Y \ X is
a componentwise isometry that

71(1), 32O = (1), 72(t)];

which implies that 4(51,52) = /(&1,&). From the suspension structures, we conclude
that 4(’[]1, 172) = Z(Ul, UQ).
(2) is an immediate consequence of (1). O

3.2 Gluing maps

Using the results of the last subsection, we study the metric properties of the gluing map.
From Lemma [2.1.6) we can define a map f : Cy — C as follows: For an arbitrary

point p € Cy, let f(p) := ¢ if {p, ¢} = 1y (M(p)), where ¢ may be equal to p if n9(p) € X.
Recall that C} := {p € Cy|no(p) € X;}, : = 1,2. Note that f is an involutive map, i.e.,
f? = id. Moreover

Lemma 3.2.1. f: Cy — Cy is a homeomorphism.

Proof. Since f is involutive, it suffices to prove that f is continuous. Let a sequence
p; converges to a point p in Cy. Passing to a subsequence, we assume that ¢; := f(p;)
converges to a point ¢ in Cy. We have to prove that f(p) = ¢. We observe that

mo(p) = 10(q)- (3.6)

First consider the case p € C}, or equivalently f(p) = ¢. From (3.6), we certainly
obtain p = g = f(p).
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Next consider the case p € CZ. Suppose f(p) # ¢. Since f(p) # p, we then have
p = q. Let %, ¥4+, - and 4/ be mimimal geodesics to Cy, starting from p;, p, f(p)
and g; respectively. Put % = n(3), 7+ = (i), 7 = n(i) and +} == 7(3)). Set
z; :=no(p;) = no(q), © :=no(p) = no(q). By Lemma |3.1.3] we have

24 (s0)y-(s0) > m — 7(s0) (3.7)
By Lemma 5.6 in [BGPJ,

| Zxxive(so) — Z:m:ﬂi(soﬂ < 7(s0) + 0; (3.8)
| Zxaiye(so) — 7/2] < 7(s0) + 04,

where lim;_,, 0; = 0. Let i : [0, /] — Y be minimal geodesic joining z; to v (sg).
Suppose that p; € C2. Since X, (Y)) is isometric to the spherical suspension

{3:(0),4i(0)} * Xa(X),
in view of (3.9), we may assume that
£(%i(0),6;(0)) < 7(s0) + 0i-

This implies that [y;(so),7-(s0)| < (7(s0) + 0:)s0. Since [vi(s0), 7+ (s0)| < 0;, this yields a
contradiction to (3.7]).

Finally suppose that p; € C}. Let 7" be the minimal geodesic from 7 (o5 (t)) to Cy,. As
t — 0, 7 converges to minimal geodesics v from z; to Cy,. Since |vq (s0), v+ (S0)| < 04, it
follows that |vg (s0), Yo (S0)| > 280 — 0;. In particular we have 5 # 7, , which contradicts
to p; € C. O

Corollary 3.2.2. 770‘03 : C2 — X, is a double covering space and X5 is open in X.

Proof. For x € X, set ny*(z) = {p1,p2}, and take a neighborhhd D; of p; in Cy such
that Dy N f(Dy) is empty. We set Dy = f(D1). We show that E := ny(D;) is open in X.
Suppose that E is not open, and take y € E for which there are y; € X \ E converging
to y. Choose any q; € ;" (y;). Since X is compact, passing to a subsequence, we may
assume that ¢; converges to a point ¢. It turns out that n;'(y) contains at least three
points qi, g2 and ¢, where ¢; € D;, ¢ ¢ Dy U D,. Since this is a contradiction, E is open.
Now it is immediate that each restriction ng|p, : D; — E is a homeomorphism. [

Corollary 3.2.3. If the inradius of M; € M(n, k, \,d) converges to zero, then the number
of components of OM; is at most two for large enough i.

Proof. Suppose Cj has more than two components. Let C§ be one component of Cj.
Then f(C§') is one component of Cy, since f : Cy — Cp is an involutive homeomorphism.
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Since Cy has more than two components, we can pick a component C()B of Cy such that
neither C§ nor f(C§') is equal to Cg . Thus C§'/f is a proper, open and closed subset of
Co/ f. It means that Cy/f is not connected. On the other hand, since X is connected and
homeomorphic to Cy/ f by Proposition Co/ f is connected which is a contradiction.
Since the number of the boundary components of M; is equal to the number of components
of C' eventually, the number of components of OM; is at most two for ¢ sufficiently large.
This completes the proof. n

Remark 3.2.4. In Theorem [0.2.5, we remove the diameter bound to get the diameter free
result.

Lemma 3.2.5. 1y|cz : (C5)™ — X3 is a local isometry.

Proof. Since 770]03 : C2 — X, is a covering by Corollary we can find relatively
compact open subsets D and E of C? and X? respectively such that 7y : D — F is a
homeomorphism. We must show that 7y : D — E is an isometry with respect to the
interior distances of Cjy and X respectively. Since 7 is 1-Lipschitz, it suffices to show that
g:=mny"': E — D is 1-Lipschitz. We may assume that D is small enough so as to satisfy
that for every z,y € E, there is a minimal geodesic «y : [0, 1] — X, joining = to y. We
do not know if g oy is a Lipschitz curve yet. However by Proposition g o~ has the
speed vg0- () (see [BBI])

o lgon(t),gon(t + )l
vgo’Y<t) - lg% |€|

I

which is equal to the speed v, (t) of 7, and therefore

1
9l = L) = [ ()it = L(g07) > la@). 90
This completes the proof. n
Lemma 3.2.6. If X| has non-empty interior in X, then X = Xy and
Mo+ (Co)™ — Xnt
1S an isometry.

Proof. If the interior U of X, is non-empty, then V := n,'(U) C C} is open in Cj.
From the non-branching property of geodesics in Alexandrov spaces, we have V' = Cj and
X = Xj. An argument similar to the proof of Lemma shows that ng : (Cp)™ — X0t
is an isometry. 0

Proposition 3.2.7. f: (Cy)™ — (Cy)™ is an isometry.
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Proof. For z € X, with ny*(z) = {p1,p2},by lemma , we can take disjoint open
sets p; € D;, i = 1,2, and E such that n} = ng
flpy = (M)t ond : Dy — Dy is an isometry with respect to the interior distances. Note
that f is identity on C¢, and by Lemma [3.2.5, f : (C2)™ — (C2)™* is a locally isometry.
For every pi, py € Cy we show that |f(p1), f(p2)| = |p1,p2|. This is obvious if py, ps € C3.
Let v : [0,1] — Cp be a minimal geodesic joining p; to py. If py,ps € CZ, applying
Lemma , we may assume that v meets C3. Let to € (0,1) be the smallest parameter
with v(tp) € C}. By Lemma [3.2.5, we have |f(p1), f(v(t0))| = |p1,7(to)|. Therefore the

non-branching property of geodesics in Alexandrov space implies that v N CJ consists of

p, : D; = E are isometry. Thus

only the single point y(ty), and therefore we also have |f(p2), f(7(t0))| = |p2,7v(to)|. It
follows that

|f(p1), f(p2)| < [f (1), f(y(ta))] + 1f (v (t0))-f (p2)]
< Ip1,7(to)| + [7(t0), p2| = [p1, p2l-

Repeating this, we also have [p1, po| < |f(p1), f(p2)|; and | f(p1), f(p2)| = [p1, p2|. The case
of py € C} and py € C? is similar, and hence is omitted. This completes the proof. O

3.3 Structure theorems

In this subsection, making use of the results on gluing maps in the last subsection, we
obtain structure results for limit spaces.
We begin with

Lemma 3.3.1. X5 is convex in X.

Proof. Suppose this is not the case. Then we have a minimal geodesic v : [0,1] — X
joining points x,y € X5 such that v is not entirely contained in X,. Let ¢; be the first
parameter with v(¢;) € X;. Set z := 7(t1). By Lemma , for any p € ny'(x), there
exists a unique geodesic 7 : [0,t1] — Cp such that 7(0) = p and ny o ¥(t) = 7(¢), for every
t €10,t1]. Put z :=J(t1) € Cj, and take v € X;(Cp) such that

(d10)=(2) = (o) € Z:(X).

Let
’3/1 : [O,tl] — CQ and Y- [O,tl] — X

be the reversed geodesic to 4 and vpu,: Y1(t) = F(to — 1), 1(t) = y(t1 — t), and set
Aa(t) :== f(F1(t)). Since (dny)s preserves norm and is 1-Lipschitz, we have

£GA0) 2 £ (0, ) ==

for i = 1,2. Since 41(0) # 75(0), this is impossible in the Alexandrov space Cy. O
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Lemma 3.3.2. For every x,y € X, let v :[0,1] — X be a minimal geodesic joining x to
y, and let p € Cy be such that ny(p) = x. Then there exists a unique minimal geodesic
7 :10,1] — Cy starting from p such that ng o5 = .

In particular, if Xy is not empty, then Cy is connected.

Proof. From Lemmas and the discussion there using non-branching property of
geodesics in Alexandrov spaces, we have only the following possibilities:

1. v is included in X; or Xo;
2. only one end point of v is contained in X; and the other part of v is included in Xj.

The conclusion follows immediately from Lemmas [3.2.5| and [3.2.6] O]

Proposition 3.3.3. X'™ is isometric to C*/f.

Proof. In the case of X = X; or X = Xj, the conclusion follows from Lemma |3.2.6| or
Proposition [3.2.5 respectively. Next assume that both X; and X5 are non-empty. We set
Z := Cint/ f which is an Alexandrov space, and decompose Z as

Z:ZluZQ, ZZ = Oé/f, 221,2

For every [p] € Zy, Xy (Z) is isometric to X,(Co)/ fs, where fi @ 3,(Cy) — X,(Cp) is an
isometry induced by f. Since X is a proper subset of X, f, defines a non-trivial isometric
Zs-action on 3,(Cy). Thus [p] is a single point of Z: [p] € Z59, and therefore Z; C Z5"9.
Thus 2™ C Z,. Now by Proposition , there exists an isometry Fy : Zo — X, Since
Z™ 8 is convex in Z (see [Pet98]), Fy defines a 1-Lipschitz map Fy : (Z7¢)** — X which
extends to a 1-Lipschitz map F : Z — X, where (Z"8)®* denotes the exterior metric of
ALS

Conversely since X5 is convex in X by Lemma F; ! defines a 1-Lipschitz map
G : (X2)®™* — Z which extends to a 1-Lipschitz map G : X — Z satisfying Go F = 1.
Therefore X must be isometric to Z. O

Proof of Theorem [0.2.1. By Proposition [3.2.7, f : Ci"* — Ci" is an involutive isometry.
By Propositions and 3.3.3, N is isometric to Ci"/f. Since Ci" is an Alexandrov
space with curvature > ¢(k, \), so is N. ]

Theorem 3.3.4. Let M; € M(n,k,\ d) inradius collapse to a compact length space
N. Let M; Gromov-Hausdroff converge to Y, and MZ™* converge to X C Y under the
convergence M; — Y. Then

(1) X™ is isometric to N;
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(2) Y is isometric to Ci™ x4 [0,0]/(f(x),0) ~ (z,0), or equivalently, isometric to the
following quotient by an isometric involution f = (f, —id).

C’(i]nt X(Z) [_t()at()]/f?

where (t) = o(|t]).
In particular, Y s a singular I-bundle over N, where singular fibers occur exactly
on X1 unless X = X;.

Compare Examples [2.3.1], 2.3.3] and 2.3.4]

Proof of Theorem[3.3.4]. (1) is just Proposition[2.2.2 (2) follows immediately from Propo-
sitions [2.2.2] and [3.3.3 O

Proposition 3.3.5. If x € Xy, then X,(X) is isometric to the quotient space 3,(Co)/ f+,
and X,(Y') is isometric to the quotient space X,(C)/ f., where f. : £,(Co) — 3,(Co) is
an isometry induced by f.

Proof. Take an f-invariant neighborhood U, of p in Cj, where ny(p) = x. It is easy to
check that V,, := no(U,) is a neighborhood of x isometric to U,/ f. The conclusion of (2)
follows immediately. m

Corollary 3.3.6. Let dim N = m. Suppose that both X, and X5 is non-empty. Then
every element x € X1 satisfies that

1
vol X, (X) < §v01 smt

Proof. For z € X1, take p € Cyy with n(p) = x. Note that Cy is connected by Lemmal[3.3.2]
If f.:X,(Co) = E£,(Co) is the identity, then the non-branching property of geodesics in
Alexandrov spaces implies that f is the identity on Cjy. Therefore f, must be non-trivial
on X,(Cy). The conclusion follows since

vol ¥,(X) = (1/2)vol £,(Cp) < (1/2)volS™ .

By Corollary [3.3.6] if every x € X satisfies that
vol¥,(X) > (1/2)volS™ !,

then X = X; or X = X,.

Next let us consider such a case. If X = X7, then by Lemma [3.2.6] o is an isometry.
If X = X5, then by Lemma Mo is a locally isometric double covering. Therefore it
is straightforward to see the following.
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Corollary 3.3.7. If X = X, or X5, then 'Y can be classified by N as follows.
(1) if X = X3, then Y is isometric to N X [0, to].
(2) if X = Xy, then either Y is isometric to the gluing
N qu [—to, to],

with length metric, or else, Y is a nontrivial I-bundle over N, and is doubly covered

by
C(l)nt ><¢~) [—to, to],

where qg(t) = o(|t]).
Compare Examples [2.3.1| and [2.3.3]

From now, we write for simplicity as Cy := Ci"*.




Chapter 4

Inradius collapsed manifolds

In this chapter, we investigate the structure of inradius collapsed manifolds M; by applying
the structure results for limit spaces in Chapter [3] First we study the case of inradius
collapses of codimension one to determine the manifold structure. To carry out this, some
additional considerations on the limit spaces are needed to determine the singularities of
singular [-fibered spaces. In the second part of this chapter, we study inradius collapses
to almost regular spaces. All results in this chapter are due to a joint work with Prof.
Takao Yamaguchi [YZ15].

4.1 Inradius collapses of codimension one

We consider M; € M(n, k, A, d) inradius collapses to an (n — 1)-dimensional Alexandrov
space N. Then by Theorem M; is homeomorphic to Y for large enough ¢, and by

Theorem [3.3.4] we have
Y = C(0 X(;; [_t07t0]/f7 N = CO/f7

where

f={(f,—id)
is an isometric involution. and the singular locus of the singular /-bundle structure on Y
defined by the above form coincides with C} unless X # X;. Later in Lemma we
show that n9(Cj) = ON.

Assuming that N has non-empty boundary, we begin with construction of singularity
models of singular /-fibered spaces around each boundary component of the limit space
N.

By Proposition [1.2.7, each component d,N of ON has a collar neighborhood V,,. Let

0 : Vo = 0,N x[0,1)

45
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be a homeomorphism. Let 7 : Y — N be the projection. Then [-fiber structure on
7 o7 ({p} x [0,1) is isomorphic to the form

Ryy = [0,1) x [=to, 101/ (0,y) ~ (0, =),

with the projection 7 : Ry, — [0,1) indecued by (x,y) — x. Therefore 71(V,,) is an
R, -bundle over d,N.

Now we define two singularity models for the singular I-bundle 771(V,,): one is the
case when 7 !(V,) is a trivial Ry -bundle over 9,N, and the other one is the case of
non-trivial R -bundle.

Definition 4.1.1. (1). First, set
Uy(9aN) = 0uN x Ry,

and define 7 : Uy (O, N) — 0o N x [0,1) by m(p,z,y) = (p,x) for (p,z,y) € OuN X Ry,.
This gives U; (9, N) the structure of a singular I-bundle over 9, N x [0,1) whose singular
locus is d,N x 0. We call this the product singular I-bundle model around 0, N .

(2). For the second model, suppose that d, /N admits a double covering

p: Py — 0,N
with the deck transformation . Let
Us(OuN) := (P, X Ry,) /P,

where @ is the isometric involusion on P, x Ry, defined by ® = (¢, 1), where r : Ry, — Ry,
is defined as (x,y) — (2, —y). Define

T Uz (O N) — 0N x [0,1)

by

m([p, ,9)]) = (p(p), x)
for (p,x,y) € P, x R.. This gives Us(0,N) the structure of a singular I-bundle over
0o N % [0,1) whose singular locus is 9,/N x 0. The second model is a twisted one, and is
doubly covered by the first model U;(P,) = P, X R.. We call this the twisted singular
I-bundle model around 0, N .

Example 4.1.2. Let us consider the codimension one inradius collapses in Example|2.3.4].
Recall that the limit space Y of M, is isometric to the form

Y = D(E) x; [=to,to]/(2,1) ~ (r(x), =1),

where 7 : D(E) — D(E) denotes the canonical reflection of D(E). If 7 : Y — E denotes
the projection, then 7=!(V/) is isomorphic to the product singular I-bundle model around
OF, where V is any collar neighborhood of OF.
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Example 4.1.3. Let (). denote the space obtained from the disjoint union of two copies
of the completion R, of R, glued along each segment 1 x [—¢, €] of the boundaries:

Qe = R Iy _cq Re.
Let r : Q. — Q. be the reflection induced from (z,y) — (z, —y). Let
Me = (S'(1) x Qc)/(2,p) ~ (—2,7(p))-
As € — 0, M, inradius collapses to S*(1/2) x [0,2]. Let
7ot M. — S'(1/2) x [0, 2]

be the projection induced by [z, (z,y)] — (z,z). Then both 7 *(S'(1/2) x [0,1) and
7 1(S*(1/2) x (1,2]) are solid Klein bottles and their I-fiber structures are isomorphic to
the twisted singular 7-bundle models around respective boundary of S'(1/2) x [0, 2].

Theorem 4.1.4. Let M; € M(n,r, A, d) inradius collapse to an (n — 1)-dimensional
Alexandrov space N. Then there is a singular I-bundle:

I — M; 5 N.
More precisely,

1. If N has no boundary, then M; is homeomorphic to a product N x I or a twisted
product N x I;

2. If N has non-empty boundary, each component 0,N of ON has a neighborhood V
such that 7=1(V') is homeomorphic to either Uy (OaN) or Us(OaN) as I-fibered spaces;

3. If =Y (V') is homeomorphic to Uy (0o N) for some component O, N, then M; is home-
omorphic to
D<N) X [_17 1]/(I,t> ~ (7”(27), _t)u

where 1 is the canonical reflection of the double D(N).

Recall that
Y = Co x5 [—to, to]/ f,

where f = (f, —id), Cy and Y are the noncollapsing limit of (9M;)™ and M; respectively.
Therefore both Cy is a smoothable space in the sense of [Ka02].

Let F' C Cy denote the fixed point set of the isometry f : Cy — Cy. By Proposition
1.2.6| and Theorem , Mo(F) is an extremal subset of N and it has a topological
stratification.
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Lemma 4.1.5. ny(F) coincides with ON if f is not the identity.
We postpone the proof of Lemma for a moment.

Proof of Theorem[{.1.4. (1) By Lemma m, if N has no boundary, F' is empty, and
therefore either N = Ny or N = N,. If N = Ny, then Cy = N and Y is homeomorphic to
N x I. If N = Ny, then N = Cy/f has no boundary, and Y is homeomorphic to either
N x I or Cyx|[-1,1]/(z,t) ~ (f(x),—t) which is a twisted I bundle over N.

(2) Suppose N has non-empty boundary. Note that

Ny = UO(F)-

By Proposition each component J,N of ON has a collar neighborhood V. Let
¢ : Vo = J,N x[0,1) be a homeomorphism. Let 7 : Y — N be the projection. By the I-
fiber structure of Y, 7! (! (z x [0, 1)) is canonically homeomorphic to R;,. In particular
7~ 1(V,) is an R;,-bundle over 9, N. If this bundle is trivial, 7—!(V4,) is isomorphic to the
product singular /-bundle structure U (0, N) = 0, N X Ry,.

Suppose that this bundle is nontrivial, and let P, be the boundary of 71 (¢ ™1 (9, N x
{1/2})), which is a double covering of ON,. Let & = (¢,7), and p : P, — 0,N the
projection.

Lemma 4.1.6. 7 (V,,) is isomorphic to the twisted singular I-bundle structure Us (O, N) =
(Py X Ry,)/®.

Proof. Note that
u2(aaN) = (Pa X Rto)/(pa z, y) ~ (So(p)a z, _y)7
7 (Vo) =77 (0aN x [0,1).

And for each (p,x) € P, x [0,1), {p, p(p)} can be identified with with the boundary of
the I-fiber I, , =7 1o (p(p) x {z}). We define a map

U Uy (OuN) — 7 (Vo)

as follows: let V(p,z,y), —tg < y < to, be the arc on the fiber 1,4, from p to ¢(p).
Clearly, ¥ : Uy (9, N) — 7 (V,,) gives an isomorphism between I fibered spaces. O

(3) Put intN := N\ ON for simplicity.
Assertion 4.1.7. There is an isometric imbedding g : N — Cy such that ngo g = 1x.

Proof. Set F, := 1" (0,N). From the assumption, we may assume that F,, is two-sided in
the sense that the complement of F, in some connected neighborhood of it is disconnected.
Thus there is a connected neighborhood V,, of 9,/N in int N for which there is an isometric
imbedding g, : V,, = Cy \ F such that ny o g, = 1y,.
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Let W be the maximal connected open subset of int N for which there is an isometric
imbedding go : W — Cj \ F such that 79 o go = 1y and go(W) D gu(Va). We only have
to show that W = int N. Otherwise, there is a point x € 0W NintN. Take a connected
neighborhood W, of z in intN such that n;*(W,,) is a disjoint union of open sets U; and
U, such that ny : U; — W, is an isometry for ¢« = 1,2. Obviously one of U;, say U;, meets
go(W) and the other does not. We extend ¢y to g1 : W U W, — Cy \ F' by requiring
gilw, =nyt : W, — U,. Since g; is an isometric imbedding, this is a contradiction to the
maximality of W.

Thus we have an isometric imbedding go : int N — Cj \ F. Since intN is convex and
1o is 1-Lipschitz, go preserves the distance. It follows that gy extends to an isometric
imbedding g : N — Cj which preserves distance. O

Assertion [4.1.7] shows that every component of F' is two-sided. It follows that Cy =
D(N), and that f is the reflection of the double D(NN). This completes the proof of
Theorem [.1.4] []

Proof of Lemmal[{.1.5. Obviously ON C no(F). Suppose that no(F)N(intN) is not empty.
Sublemma 4.1.8. dim(ny(F) NintN) < m — 2, where m := dim N.

Proof. 1f
dim(no(F) NintN) =m — 1,

then the top-dimensional strata S of 7o(F) NintN is a topological (m — 1)-manifold, and
therefore it meets the m-dimensional strata of N because N*" N intN has codimension
> 2 (Theorem [1.2.1)). Take p € n,'(S). It is now easy to see that f is the reflection
with respect to n, () in a small neighborhood of p. It follows that S is a subset of ON,
contradiction to the hypothesis. O

Take a point © = ny(p) € no(F) NintN, and consider the directional derivative f, :
Y,(Co) = 2,(Ch) of f at p which is also an isometric involution with fixed point set

F, = %,(F)

By Corollary and Sublemma dim F, < m — 3 while dim¥,(Cy) = m — 1.
Repeating this we have a finite sequence of directional derivatives of f, f...., each of
which is an isometric involution:

far 1 Bk (Co) — Bir(Co),
where ¥, (Cp) denotes a k iterated space of directions,

Z>'</€<O0> - Eﬁkﬂ(' e (251 (ZP(OO)) to )7
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and &; is taken from the fixed point set of the iterated directional derivatives:

51 € EP(F>7 52 S 251 (F*)y ey gk S Zfi_l(F*(k—l))a

and F,; denotes the fixed point set of fi.; : ¥, (Co) — X.i(Co) which coincides with
Fii = Zﬁi—l(F*(i—l))'

Note that the iterated space of directions ¥, (Cp) has dimension m — k, and the
iterated fixed point set Fi, C ¥.(Cp) has dimension < m — k — 2. It follows that for
some k < m — 2, F,; becomes a finite set. It follows that for any &1 € Fi,

Feterr) @ Ve (Bar(Co)) = Xgpy, (Bar(Co))

has no fixed points. Put
D = CO X(Z) [—to,to],

and let f be an isometric involution on D defined by f = (f,—id). From Theorem ,
Y =D/f.
Let . =no(p), p = (p,0), & € Xe, , (Fig-1)), 1 <1 < k+1, be as above. Note that
Zo(Y) = (D) fer BalX) = 5,(Co)/ ..

Let (1 € 3,(no(F)) C X.(X) C E,(Y) be the element corresponding to & € X,(F) C
¥,(Co) C X,(D). Note that
Ep(D) = {&+}* £,(Co)

and f. = (f«, —id) interchanges &, and {_ and preserves X,(Cp). Next consider

26 (2e(Y) = B¢ (S,(D))/ fs,

where f,. denotes the directional derivative of f, at ¢;. Note that ¢, (¥,(D)) is still
isometric to {&4}*2g, (X,(Ch)) and fix = (fux, —id) interchanges &, and {_ and preserves
e, (2,(Cp)). Similarly and finally we consider

Z]Ck+1 (E*k(y)) = E§k+l (E*k<D))/f~*k+1a (41)

where (1 € Y (Y) is the element corresponding to &1 € Xuk(D), and f*kﬂ =
(fek+1, —id) freely acts on X, (3.r(D)). Recall that

(:=dim ¥, (E(D)) =m—k > 2.

Note that the iterated spaces of directions (Y \ C, ) must be all homeomorphic to spheres
(Theorem [1.2.10). However shows that X, ,, (X4(Y")) is homeomorphic to a quotient
S*/ 7 for £ > 2 by a free Zy-action, which is a contradiction. This completes the proof of
Lemma [4.1.5] O

Remark 4.1.9. Though Y \ C}, is not smoothable, since Kapovich’s proof [Ka02] is local
in nature, it also applies to the interior of Y.



4.2. INRADIUS COLLAPSES TO ALMOST REGULAR SPACES 51

4.2 Inradius collapses to almost regular spaces

Next we consider the case where M; inradius collapses to an almost regular Alexandrov
space N. The idea of using an equivariant fibration-capping theorem in [Ya02] was inspired
by a recent work [MY:pre].

First we recall this theorem. Let X be a k-dimensional complete Alexandrov space
with curvature > k possibly non-empty boundary. We denote by D(X) the gluing space
of X and it copy along their isometric boundaries, which is also an Alexandrov space with
curvature > k. (see [Pr94]).

A (k,6)-strainer {(a;,b;)} of D(X) at p € X is called admissible if a; € X, b; € X for
every 1 <i <k, 1<j<k—1 (clearly, by € X* if p € 90X for instance). Let RY(X)
denote the set of points of X at which there are admissible (k,d)-strainers. It has the
structure of a Lipschitz k-manifold with boundary. Note that every point of R (X)NoX
has a small neighborhood in X almost isometric to an open subset of the half space ]Ri
for small 0.

If YV is a closed domain of RP(X), then the dp-strain radius of Y is defined as the
infimum of positive numbers ¢ such that there exists an admissible (k, 0)-strainer of length
> ( at every point in Y, denoted by dp-str.rad(Y).

For a small v > 0, we put

Y, ={x €Y |d0X,x) > v}
We use the following special notations:
60Y,, = YV N {d(?X = I/}, intoYl, = Y;, — 80YV.

Let M™ be another n-dimensional complete Alexandrov space with curvature > k having
no boundary. Let Rs(M) denote the set of all (n, d)-strained points of M.
A surjective map f: M — X is called an e-almost Lipschitz submersion if

1. it is an e-approximation;

2. for every p,qg € M
d(f(p), f(q))

d(p, q)

where 6, , denotes the infimum of Zgpx when x runs over f~(f(p)).

—sinf,,| <,

Now let a Lie group G act on M"™ and X as isometries. Let
de.GH((Ma G)a (X7 G))

denote the equivariant Gromov-Hausdorff distance as defined in Section [I.I} We need to
assume the following on the existence of slice for G-orbits:
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Assumption 4.2.1. For each p € X, there is a slice L, at p. Namely U, := G'L,, provides
a G-invariant tubular neighborhood of Gp which is G-isomorphic to G xg, L.

Obviously Assumption is automatically satisfied if G is discrete. By [HS:pre],
Assumption also holds true if G is compact.

Theorem 4.2.2 (Equivariant Fibration-Capping Theorem( [Ya02], Thm 18.9)). Let X
and G be as above such that X/G is compact. Given k and p > 0 there exist positive
numbers § = b, ex.q(p) and v = vx c(u) satisfying the following : Suppose X = RP(X)
and op-str.orad(X) > p. Suppose M = Rs, (M) and decu((M,G), (X,G)) < € for some
€ < exg(p). Then there exists a G-invariant decomposition

M = Mint U Mcap

of M into two closed domains glued along their boundaries, and a G-equivariant Lipschitz
map f: M — X, such that

1. My is the closure of f~1(intgX,), and Mep = [0 X,);
2. the restrictions f|ag,, : Mine = Xy and f|u,, : Mcap — 00X, are

(a) locally trivial fiber bundles;

(b) T(0,v,€/v)-Lipschitz submersions.

Here, 7(€1, . .., €x) denotes a function depending on a priori constants and ¢; satisfying
li o =0.
lim T(€1,...,€6) =0

Remark 4.2.3. If X has no boundary, then X, is replaced by X, M., =0 and M = N
in the statement above.

We go back to the situation of Theorem [0.2.3] Assume that M; inradius collapses to
an almost regular Alexandrov space N. Let us consider the double and the partial double
of M; and Y respectively

D(M;) := M; Uy M;, W =Y Ilg, Y.
From Perelman’s result [Pr94], both D(M;) and W are Alexandrov space. Note that
both D(M;) and W admit canonical isometric Zs actions by the reflections.

Lemma 4.2.4. (D(M;),Zs) converges to (W, Zsy) with respect to the equivariant Gromov-
Hausdorff convergence.
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Proof. Let 1; : Mi — Y and ¢, : Y — M,- be g;~approximations, where ¢; \, 0, and
Wr o M - Y* and ¢} : Y* — M. the copy of 1; and ¢; respectively. We define two maps
Vi : D(M;) — W and v; : W — D(M;) as follows,

- Yi(x) if ©eM, _ ©i(z) if zeY
bi(z) = . -, Pilz) = .
vi(x) it ©e M, i (x) if zeY™*.
We claim that v; is a /-approximation, where £/ — 0. Clearly,
Be,($i(D(M;))) = W.

NeX’E, we shall prove that Hxiyi\D(M i (x i)iﬂ (yi)|lw| < € for any two points z;, y; in
D(M;), where €/ — 0. Let v; : [0,1] — D(M;) be a shortest path joining x; and y;. It
suffices to consider the following two cases.

Case 1. z;, y; € M.

Without loss of generality, we assume v; C M;( or M;). Clearly, |z:yi| pi,y = |zivil u,
and both v;(x;) and 1;(;) in Y in this case. Thus 9;(z;) = ¥;(x;) and ;(y;) = ¥(y;) and

them can be joined by a shortest path completely contained in Y. Hence |¢; ()1 (y;)|w =
|1 (z:)1i(yi)|y . Therefore,

eyl pay — [a(za) i) lwl = [lzivilig, — i@ va(va)ly| < e

Case 2. z; € M; and y; € Mi*.
Clearly, there exists a point ¢; € (0,1) such that z; := ~,(¢;) € OM;. By triangle
inequality, we have

’&1<xz)&z(yz)lw - |xiyi‘D(Mi)
< |hiwa)vi(z0) [y + 107 ()05 (W) lv+ — (lwazilwg, + |ziila )
< [Wiza)vi(zi)ly — @izl yg,) + (107 ()5 () ly- — [zl i)

< 2¢;.

Let 7/ be a shortest path in Z joining ¢;(z;) € Y and ¥;(y;) € Y*, & € 4. N Cy, C Y.
Suppose z. € M; such that

&bz ly < e (4.2)
Hence

|¥i(27)Cloly < & (4.3)
Such 2] also satisfies

|2l OM,| w, — 0. (4.4)
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Otherwise, there exists a subsequence of M; such that |z/0 M| N1, = 2&o for some fix positive
number gg. Thus [z, 0M™| < tg—eg. Let 2/ := lim;_,o, ¥;(2]). Recall that ty is the height
of C;. Hence

\Z/X\Y <ty — €o,

since lim; o, OM™* = X by Proposition . Thus by Lemma [2.1.2) - we have
‘Z/Ct0| Z €0,

which contradicts to (4.3). Hence the inequality (4.4]) holds.
Let 1 : D(M;) — D(M;) be the reflection, 2/ := n(z}) € M7. Clearly,

€7 (=)l = [6i(=D)ly < e and €] = |22] | pgry = 21200Mil 7, = 0,
by the symmetry, (4.2) and (4.4]). Then

i(2a)i(yi)lw — |2ivil pan,

Wi(zi)€ly + [Eiya)ly+ — |izil iz, — 12yl

> ([Ya(za)¥i(z)ly — |zl ig,) — 169 (2D 1y — |22 [ b,
(7 (5 (wa)lvs = 121 il i) — 1697 (27)

Y *

Hence, v; is an €/-approximation, where £/ = 4¢; + €, — 0 as i — oo. Clearly, 1); is Zo-
equivariant. It can be proved in a similar way that ¢; is an equivariant ¢/’-approximation,

where €/ — 0 as i — oo. O

Proof of Theorem [0.2.5. By Lemma for any € > 0, if ¢ large,
deair(D(M;), Zs), (W, Zs)) < e

By Theorem Y is almost regular with almost regular boundary. Hence, W = RP (W)
and dp-str.rad(W)) > p for some g > 0. Thus by Theorem and its remark, there
exists a Zy-equivariant capping fibration

fi : D(Ml) — W,/,
where
W, ={x e W|d(z,0W)>v}.

Notice that the image W, is homeomorphic to W because of the form of Y. Obviously,
f; induces a map f; : M; — Y. By the remark after Corollary [3.3.6 - Mo : Co — X is either
an isometry or a locally isometric double covering.
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Case (a). If no : Cp — X is a double covering, then C;, = dY. Hence W has no
boundary. Thus in this case, f; : M; — Y is a fiber bundle with fiber F, which are closed
almost nonngetively curved manifolds. Since Y is an I-bundle over N by Theorem [3.3.4]
]\Zi and hence M; is an F; x I-bundle over N.

Case (b). If ny : Cp — X is an isometry, then Y is isometric to N x4 [0,%o], and
therefore 0Y consists of n(Cy) = X and n(Cy,). Thus OW consists two copies of 1(Cy).
Therefore by Theorem [4.2.2] there exists a Zo-invariant decomposition

D(M;) = (D(M;))ing U (D(Mi))cap, (4.5)

of D(M;) into two closed domains glued along their boundaries such that
1. (D(M;))in s the closure of £, (intoW,), and (D(M;))eap = f; (OW,);

2. ‘fi|(D(Mi))int  (D(M;))ine — Wi, ﬁ|(D(J\?Ii))cap - (D(M;))eap — OoW,, are locally trivial
fiber bundles,

where
oW, ={x e W|d(z,0W)=v}, intgW,:=W,\ dW,.

Since (|4.5)) is Zs-invariant, it induces a decomposition

Mi == (Mi)int U (Mi)cap'

Since f; is Zy-equivariant, these fibrations induce fibrations

Fi —><Mi)int — Yua

Capl- _>(Mi)cap — GQYV.

From construction, 0Cap; is homeomorphic to F;. Note that every cylindrical geodesic in
the warped cylinder C; C M; is almost perpendicular to the fibers ([Ya91], [Ya96]). This
implies that (M; )iy is homeomorphic to (M, )iy % [0, 1], and therefore M; and hence M;

is homeomorphic to (M;)cap. Noting 9pY, is homeomorphic to N, we obtain a fiber bundle
Cap; — M; — N.

This completes the proof. O



o6

CHAPTER 4. INRADIUS COLLAPSED MANIFOLDS



Chapter 5

The case of unbounded diameters

In this chapter we provide the proof of Theorem [0.2.5] All results in this chapter are due
to a joint work with Prof. Takao Yamaguchi [YZ15].

Let M(n, r,\) denote the set of all isometry classes of n-dimensional complete Rie-
mannian manifolds M satisfying

KM Z R, |H8M| S K.

Let
MM(TL, K, )\)pt

denote the set of all (M, M, p) with M € M(n,k,\) and p € OM.

We denote by

oMM (n, K, X)pt

the set of all pointed Gromov-Hausdorff limit spaces (Y, X, z) of sequences (M;, M;, p;)
in MM (n, k, A)pt with inrad(M;) — 0. From now, (M;, M;,p;) and (M, M, p) are always
assumed to be elements in MM (n, k, A)pt-

We first remark

Lemma 5.0.5. Let (M;, M;,p;) converges to (Y, X, x) in oMM (n, k, \)y, with inrad(M;)
converges to zero. Then all the structure results for the limit spaces in Section and

Lemma still holds for (Y, X).

Proof. This is because all the argument there are local. O]

However in the proof of Corollary [3.2.2] the compactness of Cj is essentially used. To
improve this proof for the noncompact Cy, we need to establish the following result, which
is a weaker form of Lemma [3.3.2

Proposition 5.0.6. For every x,y € X and p € Cy with ny(p) = x, there exists a point
q € Cy such that ny(q) =y and |p,q| = |x,y

Xint .

o7
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Proof. Let ¢ : [0,/] — X be a unit speed minimal geodesic joining = to y, and let
v = ¢(0) € 3,(X). By Lemmas and [3.1.3) Z(&4,v) = 7/2. Let £ € S,(Y) be
an element satisfying or together with Z(£,,£) = m/4. We may assume that
there is a geodesic «y from x in the direction £. Consider 7 := n~!(y) and ¢ := (7). Let
o :=m(y) = n0(6), and o define a direction 9. As was shown in the proof of Lemma[3.1.2]
v also satisfies the same equation as v. This shows that v = v and ¢ is infinitesimally
minimizing because it has a definite direction at x. Therefore for every ¢ > 0, setting
x1 := o(ty) for small enough t; > 0, we have

|y7$1| < |l’,y| - (1 - E)L<01)a

where 01 = olj4,]. We repeat this argument for a minimal geodesic ¢; : [0,6] — X
joining x; to y, and finally we have an infinite sequence of points {xz;}32; and Lipschitz
curves {0;}2°, and {5,}$°; joining x;_; to z; and Z;_1 to ; respectively such that

2. |y, zx| < |z, yl — (1 =€) 28| L(oy) for each 1 < k < oo;
3. limaz, = y.

Let the curves o, and &, be defined by the union of those o; and &; respectively. It follows
that o, is an almost minimizing curve joining x to y. Passing to a subsequence we may
assume that o, and . converge to curves o, and G, respectively satisfying 179(0o0) = 0oo-
Note that both o, and 0., are minimizing since 7, is 1-Lipschitz and preserving length
by Proposition |3.1.5 Thus we have a required point ¢ as the endpoint of &, different
from p. O

By Proposition [5.0.6, we can improve the proof of Corollary without assuming
the compactness. Thus Corollary holds for the present case, too. We also see that
all the results in Section [3|still holds true except Corollary |3.2.3] In particular we have

Theorem 5.0.7. Let a sequence of pointed complete Riemannian manifolds (M;,p;) in
M(n, k, \) inradius collapse to a pointed length space (N, q) with respect to the pointed
Gromov-Hausdorff convergence. Then N is an Alexandrov space with curvature > c(k, \),
where c¢(k, \) is a constant depending only on  and \.

To have Corollary in the case when Y is noncompact is the main purpose of the
rest of this section.

We introduce a more refined version of the pointed Gromov-Hausdorff convergence.
Let topr : (OM)™ —: (OM)®* be the canonical map, where (OM)®* is equipped with the
exterior metric in M. Let wy, : M — OM be a nearest point map (compare Proposition
2.1.9).
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Definition 5.0.8. For (M, M,p) € MM(n,k, Ny and (Y, X, z) € GpMM(n, r,\)p
with
Y =X JCo x4 [0, o], (5.1)
70

we define the pointed Gromov-Hausdorff distance
dpGH((Ma Map)a (K X7 QT))
as the infimum of those § > 0 such that

1. there exists a componentwise d-approximation

¥ BM(p,1/8) 0 (OM)™ — BY (2,1/5) N C™;
2. the map ¢ : BM™ (p,1/8) — BX™ (x,1/6) defined by

P =100 L5 0wy
is a d-approximation;
3. the map @ : BM(p,1/8) — BY (z,1/68) defined by
(q) = {s@(q), q€BY(p.1/0)N M
(oo oz q),t), q=(q,t) € B (p,1/5) NOM x [0,1)].
is a d-approximation.
This definition is justified by the following lemma.

Lemma 5.0.9. Let
(Mi7 Mz;pz) € MM(TL, R, A)Pt

converge to (Y, X, z) in QoMM (n, k, \)p with respect to the pointed Gromov-Hausdorff
topology. Then there exists a componentwise d;-approximation

with lim;_,o, 0; = 0 such that the maps

(ori BMgm(pi, 1/50 — BXint(.fC, 1/61),

defined as in Definition via ; are 0;-approximations with lim; . 0} = 0.
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Proof. Let ~
>\i . BMZ(p,L, 1/61) — BY($, 1/61)

be an ¢;-approximation with lim; .. €¢; = 0. When it is restricted to the boundary, it
provides a componentwise €;-approximation

X, BMi(p; 1/e;) N OM; — BY (z,1/e;) N Cl.

Since OM; and Cy, are totally geodesic and ¢(ty)-homeomorc to (OM;)™ and Cj respec-
tively, A, gives a component-wise €;/¢(to)-approximation

by 2 BMi(pi, 1/e;) N (OM)™ — BY (z,1/¢;) N Cp.
Now the conclusion follows in a way similar to Proposition [2.1.9] ]

Lemma 5.0.10. For each 6 > 0 there exists a positive number € = €(0) such that if (M, p)
in M(n, k, \) satisfies inrad(M) < €, then

dPGH((M’ M,p), (Y, X,z)) <,
for some (Y, X, z) contained in OpMM(n, K, \).

Proof. Lemma|5.0.10|follows from Lemma and the precompactness of MM (n, k, Apt
combined with a contradiction argument. O

If (Y, X,z) € OoMM(n,k,\) satisfies the conclusion of Lemma [5.0.10, we call it a
d-limit of (M, M, p), which is also denoted by Y(M, p) for simplicity:

y(Map) = (Y,X,:L‘).

Definition 5.0.11. Let (Y, X, z) € oMM (n,k,\) and y € X. We call y a single point
(resp. double point) if #ny (y) = 1 (vesp. #ny'(y) = 2). We say that (Y, X, z) is single
(resp. double) if every element of X is single (resp double). If (Y, X, x) neither single nor
double, it is called mized. We also say that (Y, X, z) is single (resp. double) in scale R if
every element of X N BY (z, R) is single (resp. double). If (Y, X, z) is neither single nor
double in scale R, it is called mixed in scale R.

From now on, to prove Theorem [0.2.5] we analyze the local structure of 9M about
the connectedness when inrad(M) < e. By Lemma [5.0.10| for any p € M, there exists a
o-limit Y(M, p) = (Y, X, x) together with

1. a d-approximation ¢ : (OM)™ N BM(p, R) — Cy(p, R), where Cy(p, R) is a closed
domain in C™;

2. a d-approximation ¢ = 19 0 ¥ 0 151 0wy : BM(p, R) — BX™(z, R).



61

We shall use those d-approximations in the proofs of Lemmas [5.0.12] [5.0.13] and [5.0.14
below.

Lemma 5.0.12. For any R > 0 there exists g < 1/R satisfying the following: For every
0 <6 < by, let e =e€(6) >0 be as in Lemma[5.0.10. Then for M in M(n,r,\) with
inrad(M) < €, if some 0-limit Y (M, p) is single in scale R for some p € M, then every
p1,p2 € OM N BM(p, R) can be joined by a curve in OM of length < |p1, pa|a + 20.

Proof. Let (Y, X,z) := Y(M,p), and 1, ¢ be d-approximations as above. Put z; :=
e(p;) € X, i=1,2. Take Z; € Cy such that no(Z;) = ;. Lemmam shows |Z1, Z5| =
|z1, 29|. Since 9 is a d-approximation, we have

D1, P2lom < |Z1, To| + 0 = |x1, 22| + 0 < |p1, p2|a + 20.
Il

Lemma 5.0.13. For any R > 0 there exists g < 1/R satisfying the following: For every
0 <6 < by, let e =e€(6) >0 be as in Lemma[5.0.10. Then for M in M(n,r,\) with
inrad(M) < e, if a §-limit Y(M, p) is double in scale R for some p € M, then there exists
a point p' € M satisfying

2. every q € OM N BM(p, R) can be joined to p or p' by a curve in OM of length
< |p, qlm +34.

Proof. Let (Y, X, x) := Y(M,p), and 1, ¢ be J-approximations as above. Set z := ¢(p),
y := ©(q). Since (Y, X, ) is double in scale R, we can put {Z;,T»} := n;'(x) and
{91, %2} :=n5 " (y). Let v : [0,1] = X be a minimal geodesic joining = to y. From Lemma
, there are lifts 4; : [0, 1] — Cj of v starting from Z;, where we may assume (1) = ¢;
and Z; = 1(p). Since ¥ is a d-approximation, if 1(q) = 7, then

1P, dlonryee < |21,51] +0 = |2,y + 8 < |p, qlonress + 20

Similarly, if ¢¥(¢q) = s, then putting p’ := ¢~'(Z,), we have |p', q@anm < |p,¢lar + 30.
This completes the proof. n

Lemma 5.0.14. For any R > 0 there exists g < 1/R satisfying the following: For every
0 <6 < by, let e =e€(6) >0 be as in Lemma[5.0.10. Then for M in M(n,r,\) with
inrad(M) < e, if a §-limit Y (M, p) is mized in scale R for some p € M, then there exists
a point py € OM N BM(p7 R) such that every point q in OM N BM(p, R) can be joined to
po by a minimal geodesic in OM of length |po, q|ap + 26.
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Proof. Let (Y, X,z) := Y(M,p), and v, ¢ be d-approximations as above. Let zy € X be
a single point with |z, z¢| < R, and take Zy € Cy and py € OM such that ng(Zo) = z¢ and
|1(po), To] < 0 Let  : [0,1] = X be a minimal geodesic from z, to ¢(q). Since Zy € Cy,
there is a unique minimal geodesic 7 : [0, 1] — Cy from %y to 1(q) with 9o 5 = v (see
Lemma . Since 1 is a d-approximation, we have

Xint + 5
Xint + 5

|p07 Q‘ < |j07 ¢(Q>| + 5 = |.ZU07 (,O(Q)
< le(q), ©(Po)] xim + ¢ (po), Zo
<|po, q|m + 20.

O

Lemma 5.0.15. For any R >0 and 6 < 1/R, there exists € > 0 satisfying the following:
If M in M(n, Kk, \) with intad(M) < € has disconnected boundary OM , then every §-limit
Y(M,p) is double in scale R for every p € M.

Proof. Suppose that some limit Y(M,p) = (Y, X, z) is single or mixed in scale R. First
note that by Lemmas |5.0.12| and |5.0.14|7 every points qi, ¢ in OM N BM(p, R) can be
joined by a curve in M. Take a point p, € M contained in a component different from

that containing p. Let ¢ : [0,¢] — M be a unit speed minimal geodesic in M from p to
Pa € 0. For each i with 1 < i < [(/R], take p; € OM with |p;, c(iR)|y < €. By applying
Lemmas [5.0.12], [5.0.14] and [5.0.13] to p; together with a standard monodoromy argument,
we see that p, can be joined to p in M, which is a contradiction. O

We are now ready to prove Theprem [0.2.5]

Proof of Thoerem[0.2.5. (1) Suppose that OM is disconnected. By Lemma [5.0.15] every
0-limit Y(M,p) is double in scale R for every p € M. Take p, and pg from distinct
components of OM. For every p € OM, let ¢ : [0,¢] — M be a unit speed curve in M from
Do to pp through p. For each i with 1 < i < [¢(/R], take p; € OM with |p;, c(iR)|n < €.
By applying Lemma to each p; together with a standard monodoromy argument,
we see that p can be joined to p, or pg by a curve in dM. Therefore we conclude that
the number of boundary components of M is at most two.

(2) Suppose that M has two components. By Lemma [5.0.13} any é-limit (M, p) =
(Y, X, x) is double in scale R for every p € OM. Therefore for any z € X, there are
distinct y; # o € Cy, with |y;, 2| = to. Take ¢ € OM, i = 1,2, which are d-close to
y; in the Gromov-Hausdorff distance. From Lemma [5.0.13] ¢; and ¢ must belong to
distinct components of M, which implies |q1, 2| > 2to, and hence |y, ya| = 2to. Let
W be a component of M, and consider the distance function dy, from W. The above
observation shows that for every 0 < ¢y < 7, dy is €p-regular on a neighborhood of M in
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M if § = 6(eo, to) > 0 is taken small enough. This means that for any p € M, there exists
a point ¢ € M such that
Wpq > — €.

This makes it possible to define locally defined gradient-like vector fields for dy, on neigh-
borhoods of the points of M. Then by gluing those local gradient-like vector fields, we
get a globally defined gradient-like vector field V' on M whose support is contained in
a neighborhood of M. It is now straightforward to obtain a diffeomorphism between M
and W x [0, 1] by means of integral curves of V. O
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Chapter 6

Typical inradius collapses

In this chapter, we adopt the same notations as Chapter 2. For a convergent sequence
M; € M(n,k,\, d) with respect to Gromov-Hausdorff distance, we will show that if the
its limit space is topological or metrical nice, then M; inradius collapses. This result is a
joint work with Prof. Takao Yamaguchi [YZ15].

Note that, Wong, cf. Proposition 2 and Lemma 3 in [Wo10], also studied the conditions
for manifolds inradius collapse. However, his conditions are very strong. The reason
for him to study inradius collapse is proving his fibration theorem for codimention one
collapse, cf. Theorem 3 in [Wol0], by Theorem [0.1.6]

We always assume m = dimY = limgy Mi as before. For convenience, we assume
there exists a ¢y > 0 such that inrad(M;) > ¢q for all i. Then we immediately have

dim X = m.

Let Xy be the limit space of OM*. Since we don’t assume M; inradius collapses, Xy
is not equal to X in general. Let ny : Cy — Xy be the limit map of the inclusion map
L OMM® — OMS. Tt is also easy to see

Lemma 6.0.16. X, coincides with the topological boundary 0X of X inY.
As before we have a description of Y:

Lemma 6.0.17. There is a canonical surjective 1-Lipschitz map ng : Cy — Xo such that
Y is isometric to the length space

XUOO X¢ [O,to],

10

where (x,0) € Cy x 0 is identified with no(x) € Xo for each x € Cy.

Lemmas [3.1.1] [3.1.2] [3.1.3, Propositions|3.1.5[ and [3.1.7] still hold if one replaces X by
Xo in this generality. Especially we have the following results. The proofs are similar,

and hence omitted.
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Lemma 6.0.18. For every x € Xy, we have
L #ngt(z) <25

2. for v € Xo, suppose #ny " (x) = 2, and let v+ be the two shortest geodesics from
x to Cy,, and let &4 € X, (Y) be the directions of v+ respectively. Then ¥,.(Y) is
isometric to the spherical suspension {&+} * ¥,(Xo).

As an application of Lemmal6.0.18] we have the following result, which gives a sufficient
condition for inradius collapse.

Proposition 6.0.19. Let M; in M(n, k, \,d) converge to a compact length space N with
respect to the Gromov-Hausdorff distance, and suppose that N is a closed topological
manifold or a closed Alexandrov space. Then inrad(M;) converges to zero.

Proof. We assume that N is a closed Alexandrov space with curvature bounded below.
The case when N is a closed topological manifold is similar. Suppose that Proposition
does not hold. Let r; := inrad(M;), and take a point p; € M; and ¢; € OM; such
that |p ¢;| = r;. Passing to a subsequence, we may assume that (B(p;,7;), ¢;) converges to
a metric ball (B(zo,7), %) in X under the convergence M; — Y, where r > 0.

Take a minimal geodesics v and 4 from yg to zg and Cy, respectively. Note that

Ly, =7 (6.1)

We claim that #n, ' (y) = 1 for every point of X, near y,. Otherwise we have a sequence
y; € X converging to o with #ny ' (y;) = 2. Take two minimal geodesics ;" from y; to
Cy,. For every > 0 take sy > 0 such that

ZV(SO)QO%(SO) > T — 0.

Since %i converges to v, we obtain

Zy(s0)yivE(s0) > Z(s0)yivE(s0) > T — 26,

for large enough 4. This implies that Z(v;",7;") < 20 contradicting to Lemma .

Let pg € Cy with 1n9(po) = vo, and set a := v (¢o). From the previous consideration, it
is possible to take neighborhoods Uy of py in Cy, Vi of yg in X respectively in such a way
that o : Uy — V4 is a homeomorphism. From (6.1)), we may assume that the distance
function d, from a is regular on U,. Choose a neighborhood U; C Uy homeomorphic to
R™~!. Perelman’s fibration theorem now implies that a small neighborhood of any
point y € 1y(Uy) in Y is homeomorphic to R™. On the other hand, since X is bi-Lipschitz
homeomorphic to a closed Alexandrov space and since dim 79(U;) = m —1, one can take a
point y € no(U;) having a neighborhood in X homeomorphic to R™. Since y is a boundary
point of X in Y, this contradicts to the domain invariance theorem in R™. This completes
the proof. O
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