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Purpose 
• The purpose of this talk is to study a class of 

semilinear degenerate elliptic boundary value 
problems in the framework of Sobolev spaces  

   which include as particular cases the Dirichlet 
and Robin problems.  

• The approach here is based on the following: 
(1) Minimax Method 
(2) Morse theory 
(3) Ljusternik-Schnirelmann theory. 
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Absorption Phenomenon 
(Dirichlet Condition) 



Reflection Phenomenon 
(Neumann Condition) 







Associate Pseudo-Differential Operator 
(Fredholm Boundary Operator) 
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Non-Degenerate (Elliptic) Case 
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Elliptic Differential Operator 
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Degenerate Robin Condition 
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Conormal Derivative (1) 
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Conormal Derivative (2) 
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Degenerate Boundary Conditions 
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Semilinear Degenerate Elliptic 
Boundary Value Problems 
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Nonlinearities 

1. Superlinear Nonlinearity 
2. Odd Nonlinearity 



Example of Superlinear 
Nonlinearity 
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Example of Odd Nonlinearity  
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Nonlinearity Conditions (1) 
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Nonlinearity Conditions (2) 
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Remarks on Nonlinearity Conditions 
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Linear Operator A 
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Remark (Neumann Case) 
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2λ λ>



Existence Theorem 2 

2

The semilinear problem
in ,

0 on
has at least 

(

solutions

for each .

)

 

g uAu u
Bu

λ λ

λ

>

= − Ω
 = ∂Ω

 non - trivial three



Outline of ( ) ( )f s s g sλ= −

1λ λ2λ

3u

2u

1u



Comment 2 

1 2'( ) '
'

(0
'(

)
( ) ) :f s s

f
g

f λ λ λ
λ

∞ = − < =< <∞
= −

1 2

at least two eigenvaluecrosses '( ) 
 of   if  goes from

s
 0 to,  .

f s
sλ λ ∞A
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Palais-Smale Condition 
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Minimizing Method for Minimum Points 
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Ekeland Variational Principle 
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Marston Morse 

Marston Morse (1892-1977) 
 American Mathematician 
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Hessian 
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Non-Degeneracy of Critical Points 
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Morse’s Lemma (1) 
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0 : Morse Index
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