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Purpose

* The purpose of this talk Is to study a class of
semilinear degenerate elliptic boundary value
problems in the framework of Sobolev spaces

which include as particular cases the Dirichlet
and Robin problems.

* The approach here is based on the following:
(1) Minimax Method

(2) Morse theory

(3) Ljusternik-Schnirelmann theory.
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Typical Example
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Bounded Domain

RY N>2




Typical Example

—Au=f(u) inQ,

Bu(x) a(x)—+(1 a(x"))u =0on oQ.

(H 1) 0<a(x’) <1on 0.
(H.2) |a(x") #1 on o€,




Absorption Phenomenon
(Dirichlet Condition)



Reflection Phenomenon
(Neumann Condition)

"/



Ditficnlt Pornt



Degeneracy
of
a Pseudo-Difterential Operator



Assoclate Pseudo-Differential Operator
(Fredholm Boundary Operator)

T =BP =a(x)V-A +(1-a(x"))
A =Laplace-Beltrami Operator

o(T)(x',&) =a(x)|&|+1-a(x)
0<a(x’)<1onoQ.




Non-Degenerate (Elliptic) Case

Dirichlet Case: a(x')=00n oQ

T=BP=a(Xx)V-A+1=I
Robin Case:a(x')>0 on aQ

T=BP :a(x')(ﬂﬂ_a(xl) |j

a(x’)




Formulation
of
a Problem




Elliptic Differential Operator

Au_—ZN: 9 (Za” (x)—}tc(x)u

=1 aX ]

D) a’(x) eC™(Q), a’(x) =a’ (x)

for all x € Q and 3a, > 0 such that

ZN: a’ (x)&E = a, \5\2 L VxeQ,VEeRN.

I, j=1

(2) c(x) e C*(Q) and c(x) =0 on Q.




Degenerate Robin Condition

Bu(x') =a(x’) Si Fb(X)u =0 on oX2.

(1) a(x’) eC™(0Q2) and a(x') = 0 on oX2.
(2) b(x") e C*(0Q2) and b(x") >0 on 0X2.




Conormal Derivative (1)

n=(n,n,,---,ny) Is the unit exterior normal.




Conormal Derivative (2)

0C2




Degenerate Boundary Conditions

Bu(x’) =a(x’) St Fb(x")u =0 on oQ.

(H.1) a(x")+b(x") >0 on 0Q.
(H.2) b(x') # 0 on o€




Semilinear Degenerate Elliptic
Boundary Value Problems

For a given function f (t),
find a function u(x) In €2 such that

‘Au=f(u) inQ,
Bu=0 on 0Q.




Nonlinearities

1. Superlinear Nonlinearity
2. Odd Nonlinearity




Example of Superlinear

Nonlinearity
f (5) - sP s>0
S) =+ -
ﬁSPl s <0

Here
D >1,

q>1




Example of Odd Nonlinearity

f(s) =s|s|”

Here

p >1




Main Results



Superlinear
Case



Nonlinearity Conditions (1)

f(s)=A4s—-g(s).

A eR




Nonlinearity Conditions (2)

(A) geC(R), [9(0)=g'(0)=0|

(B) The limits g '(£o0) satisfies
the conditions

g '(+00) = lim 3 _

S—> 10 S

+00




Example 1

g(s) =+

(

Here
D >1,

-

S

Sp

s\q_l

q>1

s>0

s<0




Remarks on Nonlinearity Conditions

(F.1) feC'(R), f(©)=f'(0)=0
(F.2) dc, >0 such that

n+ 2
n—2
(F.3) 0<3dé <1/2, dc, > 0 such that

f@)|<c@+[t]"), 1<p<

0 < F(t)zj; f(s)ds<ot f(t), |t|=c,




Linear Operator 2

We define a linear operator
A: L5 (Q) — L2 (Q)
as follows:

(a) The domain D(21) is the set
D) ={ueH*(Q)=W?>*(Q): Bu =0}.
(b) Au = Au, Yu e D).

—

20 1s a positive definite, self-adjoint operator




Spectral Properties of

(1) The first eigenvalue A, Is positive

and algebraically simple.

(2) The corresponding eigenfunction ¢, (x)
may be chosen strictly positve in Q:

g = A4,
¢,(x)>01n Q

(3) No other eigenvalues 4, j > 2, have

positive eigenfunctions.




Remark (Neumann Case)

b(x')=1 on 6Q (Neumann)

=~ |
]
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The Case

A> A




Existence Theorem 1

The semilinear problem
Au=Au—g(u) inQ,

'Bu=0 onoC2

has at least two non - trivial solutions

<

u, >0,u, <0 foreach |1 > 4 |




Outline of f(s)=As—g(s)

A




Comment 1

1°(s)=4-9'(s):
f'(0)=—0< A <A=1"0)

f '(s) crosses at least one eigenvalue
A, of 20 if |s| goes from O to .




The Case

A> A,




Existence Theorem 2

The semilinear problem
‘Au=Au-g(u) inQ,

Bu=0 onoQ

has at least three non - trivial solutions

9

foreach |4 > 4, |




Outline of f(s)=4s—g(s)

A




Comment 2

f'(s)=4A-09'(s):
f'(o0)=—0< A <1, <A=1'0)

f '(s) crosses at least two eigenvalues
A, A, of 2 if |s| goes from 0 to




Odd Nonlinearity
Case



Nonlinearity Conditions (3)

(A) 9eC(R), |9(0)=g'(0)=0}

(B) The limits g '(+o0) satisfies
the conditions

+00

q'(+o0) = lim 38) _

S—> 100 S

(C) 9(=s)=-g(s), VseR,




Example 2

g(s) =s|s|”
Here
p >1




The Case

A>A




Existence Theorem 3

The semilinear problem
Au=Au—g(u) inQ,

Bu=0 onoQ

has at least k-pairs of non - trivial

3

solutions for each |4 > A4, |




Outline of f(s)=4As—g(s)

A

U




Comment 3

f'(s)=4-97s):
fi(0)=—00<A <A < <A <A=1(0)

f '(s) crosses at least k eigenvalues
Ay, of 2 if |s| goes from 0 to oo




Furher Results



Asymptotically Linear
(ase
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Semilinear Degenerate Elliptic
Boundary Value Problems

For a given function f (t),
find a function u(x) In €2 such that

‘Au=f(u) inQ,
Bu=0 on 0Q.




Nonlinearity Conditions A

(A) f eC'(R).
(B) The limitf '(o0) IS not
an eigenvalue of .




Example A

f(s)zﬂ’l;/12 S
f '(oc)zﬂl_lz_/lz




Existence Theorem A

The semilinear problem
‘Au = f(u) inQ,
Bu=0 onoQ

has at least one solution.

3




Nonlinearity Conditions B

(A) f eC(R),|f(0)=0
(B) The limit f '(c0) Is not
an eigenvalue of £I.

(C) 34, of 2l such that

F'(0)<A; < 1'(0)

or | f'(0) <A, < 10)




Example B

A A S
f(s)_zs' 2 1452
f'(oo):%

f1(0) = Lt

2




Existence Theorem B

The semilinear problem
‘Au = f(u) inQ,
'Bu=0 onoC2

has at least two solutions -
one trivial solution and

\

one non - trivial solution.




Minimax
Methods




Gradient

Let H be a Hilbert space and f e C'(H,R).
The Frechet derivative df (u) can be
expressed as follows:

df (u)(v) = (Vf (u),v)H , VveH
V1T (u) e H : the gradient of f at u




Palais-Smale
Condition



Palais-Smale Condition

Let H be a Hilbert space and f € C*'(H,R).
(1) f satisfies (PS), condition If

{x;ycH, 1(x;) >¢,Vi(x;) >0
= X X;.}Is convergent

(2) f satisfies (PS)condition
If it satisfies (PS), for every c e R.




Minimizing Method for Minimum Points

Let H be a Hilbert space and f e C*(H, R).
(1) f (x) 1sbounded from below

(2) f (x) satisfies (PS)_ condition with
c=iInf f(x)

XxeH

m—

dx" € H such that
f(x")=c=iInf f(x)

xeH

VIi(x')=0




Ekeland Variational Principle

Let (X,d) be a complete metric space
f: X —> R U{+oo}
() f(x) 1s bounded from below

and lower semi-continuous.
(2) d& >0, dx_ e X such that

f(x,)<inf f(x)+e&.

—> dy_ e X such that

@ f(y.)= 1T(x).
(b) d(x.,y, ) =<1.
(c) f(xX)> f(y,.)—ed(y,.,X), VX=Yy_.




Existence
of

Saddle Points









Existence of Saddle Points

Nonlinearity Approach Studied by
«Asymptotically |<Linking Rabinowitz
Linear Case Theorem (1978)
*Superlinear Case |*Morse Theory Ambrosetti and

Lupo (1984)
*Odd Nonlinearity | L justernik and Castro and

Case

Schnirelmann
Theory

Lazer (1979)




Morse Theory
on Hilbert Spaces



Marston )

lorse



Marston Morse

& Marston Morse (1892-1977)

American Mathematician
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Regular and Critical Points

Let H be a Hilbert space and f € C*(H,R)
(1) u 1s called a regular point of f

If Vi (u) =0

(2) u 1s called a critical point of f

If Vi (u)=0




Hessian

Let H be a Hilbert space and f e C*(H,R).

The Frechet derivative D* f (u) of Vf (u)
can be expressed as follows:

d* f (u)(v,w) :(sz(u)v,w)H Yv,weH

D?f(u):H — H : the Hessian of f at u




Non-Degeneracy of Critical Points

Let H be a Hilbert space and f e C*(H,R)
A critical point u of f Is called

non - degenerate If the Hessian
D*f(u):H > H

has a bounded inverse.




Yoltting Theoremm



Morse’s Lemma (1)

M : compact finite dimensional manifold
f eC*(M,R)
D : non - degenerate, critical point of f




Morse’s Lemma (2)

Then:
A(y,,Y,, -+ Y,) alocal coordinate system

near p such that
f(y)=f(P)—y, -y, ——V;
+y/2‘t+1+ y§+2 el yr?

Here

A 1S the Morse index of f at p




(minimal point)

+ y?

f (X y)=x

O: Morse Index




g(Xx,y) =x*—y° (saddle point)

1: Morse Index




h(x,y)=—x°—y° (maximal point)

2 :Morse Index




Critical Groups and Morse Indices

C.(f,0) Morse Index
G DODO| 0
0D G PO 1

0POD G| 2




Splitting Theorem (1)

H : Hilbert space

U : convex neighborhood of 0 in H
f eC?(U,R)

Assume that:

(1) O iIs the only critical point of f

(2) |A=D*f(0)| is Fredholm with
N = Ker A




Splitting Theorem (2)

Then:

(1) dB < U an open ball about O iIn H
(2) dp: B — B homeomorphism
(3) 3h:BNN —-> N+ aC* map
such that

(for)(y+&)=2(A5,8), + F(y+h(¥))

VyeBNN, £eBNN-













Relative Homology
Groups



Betti Numbers

G : Abelian group
(X,Y) : pair of topological spaces with Y < X
H.(X,Y;G) : relative singular homology group

B, (X,Y)=rank H (X,Y;G), q=0,12,-
the g-th Betti number of (X,Y)




Euler-Poincare Characteristic

B.(X,Y)=rank H,(X,Y;G), q=0,12,--

2(6Y) =Y (<184, (X.Y)

the Euler - Poincare characteristic of (X,Y)




Non-Trivial Interval
Theorem



Non-Trivial Interval Theorem (1)

H : Hilbert space
f eC'(H,R)

K ={xeH:Vf(x)=0}

f8=f"((-o,a])={xeH: f(x)<al




Non-Trivial Interval Theorem (2)

H (f° %G) =0, a<b

—

f*([a,b])"nK =D




Non-Critical Interval
Theorem



Deformation Retract (1)

X : topological space

A continuous map 7: X x[0,1] > X
IS called a deformation of X If
n(-,0) = i1dentity on X




Deformation Retract (2)

(X,Y) : pair of topological spaces with Y < X
(1) A continuous map r: X —Y Is called
a deformation retract If

rol =IdentityonY

| or = Identity on X

(2) Y is called a deformation retraction of X




Strong Deformation Retract

A deformation retractr : X — Y s called
a strong deformation retract if
da deformation 7 : X x[0,1] > X such that

n(-,t) =i1dentityon Y forall t €[0,1]
n(,1)=1or onX




Excision Property

Y Is a strong deformation retraction of X
—

Hq(xiY;G):O, q=0,1,2,---

—
H,(X;G)=H,(Y;G), q=0,12,-




Non-Critical Interval Theorem (1)

Let H be a Hilbert space and f € C*(H, R)
(1) f satisfies (PS), condition for Vc €]a, b]
(2) Let K be the set of all critical points of f

f*([a,b])nK =2

—
f? is a strong deformation retraction of f°




Non-Critical Interval Theorem (2)

f? is a strong deformation retraction of f°
—

Hq(fb1 fa;G):O, q:O,1,2,~--

—

H (f*;G)=H, (f%G), q=012,-




Critical Groups



Critical Group (1)

H : Hilbert space

f eC'(H,R)

Z - 1solated, critical point of f
U a neighborhood of z such that
UnK={z}




Critical Group (2)

C,(f.2)=H,(f*nU,(f\{z})nU;G)

c=f(z)
fe=f7((-oo,c])={xeH: f(x)<c}
C,(T,2) 1s called a critical group of f at z




Critical Groups and Morse Indices

C.(f,0) Morse Index
G DODO| 0
0D G PO 1

0POD G| 2




Example 1 (Minimum Point)

H : Hilbert space
f eC'(H,R)
Z . 1solated, local minimum of f

C,(f,2)=H,(f°nU,(f°\{z})nU;G)

., |G ifg=0
“H(75C) =10 if g1







Minimum Point

f(X,y)=x"+y°




£1
(X
» Y
)
R

£
(X
, V) =
_1}

2__

y

BZ




Critical Groups and Homology Groups

(1) C.(f,0)=H.({0};G)=G@0®0
(2 H.(f* f%G)=H.(B*G)=G®0®&0

Here
f2={(x,y)eR?: f(x,y)<a|

O : Morse Index




Example 2 (Maximum Point)

H : Hilbert space
f eC'(H,R)
Z . 1solated, local maximum of f

C,(f,2)=H,(f°nU,(f°\{z})nU;G)
G if q=]

“Hi(B1S™56) =10 if g |







Maximum Point

g(x,y)=—x%—y~




gl
:{(
X
» Y
)
R
- g(x
» Y
)
—
1

2__

y

BZ




rrrrrrrr

|~



Critical Groups and Homology Groups

(1) C.(9,0) = H.(B? S"G)=0®0®G
(2) H.(g".97G)=H.(B?$,G)=0©000G

Here
9" ={(x,y)eR*:g(x,y)<a|

2 . Morse Index




Example 3 (Saddle Point)

H : Hilbert space

f eC°(H,R)

Z .non - degenerate, critical point of f
with Morse Index |

C,(f,z)=H,(B',S'*;G)
G ifg=]
0 ifg# ]

=




Saddle Point

h(x,y) =x"—y~







h* ={(x,y) € R? : h(x,y) =1}




h_l—{(x y)eR )S—l}

//////// ///




Critical Groups and Homology Groups

(1) C.(h,0)=H.(B*S%G)=0©G @0
(2) H.(h",h™;G)=H.(B",$%G)=0©G @0

Here
h* ={(x,y) e R*:h(x,y) < a}

1: Morse Index




Minimum Point

O : Morse Index

C.(1,00=G0®0




Saddle Point

1: Morse Index

C.(n,0)=0®G PO




Maximum Point

2 : Morse Index

C.(g,0)=0D0DG




Splitting Theorem

f eC°(H,R)

0:non-degenerate, critical point of f
with Morse Index |

—

H=H,®H_

mmH_:j

f(x)_—




1 1
F OO =Zx L =Sl




/
A
,/’

/




......

//




Critical Groups and Morse Indices

0 : non -degenerate, critical point of f
with Morse indexX |
—

G ifg=]

C(f,z2)=H_(B',S'"™"G)=
(f.2)=H, ) lo ifq#]




Relative Homology Groups

(1) H.(B",S%G)=0®G (j=1)
(2) H.(B?,$%G)=0©0®G (j=2)
(3) H,(B’,$'*;G)=H,,(S'™"G)

G ifg=
)G Ta=] (j>3)
\O If g+ |







Morse Type Number (1)

H a Hilbert space

f eC'(H,R)

Isolated, critical values of f :
..<C,<C,<C,<C <C,<...
Isolated, critical points of f :

f*(c)NK :{zli, Zy,y.on) zr‘ni}




Morse Type Number (2)

(a,b) a pair of regular values of f with
a<b

M (a,b)= > rankH (f%*, f5°;G)

a<c;<b

0< & <min{c

—G,G — Ci—l}

1+1

Morse type number of f on (a,b)




Morse Type Numbers and Critical Groups

f eC°(H,R)
f satisfies (PS)condition
(a,b) a pair of regular values of f

M,(a,b)= > irankcq(f,z‘.)

a<ci<b J=1

f*(c)NK ={21'Z'22r'n}




Morse Type Numbers and Critical Points

f eC’(H,R)
f satisfies (PS)condition

M, (a,b) = the number of critical points
of f In (a,b) with Morse index 0




Morse Inequalitie



Fundamental Assumptions

H : Hilbert space

f eC*(H,R)

f satisfies (PS)condition

All critical points of f are non - degenerate




Betti Numbers

(a,b) a pair of regular values of f
witha<Db

B, (a,b)=rank H (f°, f*;G)

Betti number of (f°, f?)

fe=1f7((-o,a])={xeH: f(x)<a}




Morse Inequalities (1)

f eC’(H,R)

(1) f satisfies (PS)condition

(2) f I1s bounded from below

(3) f has isolated local minima

(4) f has non-degenerate, critical points
of positive Morse index




Morse Inequalities (2)

B (b)=rank H, (f";G) (Betti number)
C, (b) = the number of isolated local minima
C_(b) = the number of non - degenerate,

critical points of Morse index m in f°




Morse Inequalities (3)




Four-Solution
Theorem

for Saddle Points



Four-Solution Theorem (1)

f eC’(H,R)

(1) f satisfies (PS)condition

(2) f Is bounded from below

(3) 0 1s a non - degenerate critical point

with Morse index |, > 2

(4) f has two local minima u,,u,




Four-Solution Theorem (2)

f has at least another non -zero
critical point u,




Proof (1)

Reduction to Absurdity
f has only three critical pointsu,,u,,0

b > max { f (u), f (u,), f (0)}




f*={xeH:f(x)<b}

7 (0)

f(Uu,)

f(u)




Proof (2)

C,(b) =<

—

2 ifq=0
0 1fg=1g=q,
1 ifg=q,=2

C.(b)=2, C,(b)=0




Proof (3)

B, (b) =rank H, (f";
1
0

=rank H (H;G) =+

—

G)

/60 (b) =1, ﬁl(b) =0

1fg=0
1fq=>1




Proof (4)

o (b) — Do (b) =-1
<C,(b)—C,(b) = -2

Contradiction!




| justernik-Schnirelmann
Theory on Hilbert Spaces



References (Papers)

« Schwartz: Generalizing the Lusternik-
Schnirelman theory of critical points,
Comm. Pure Appl. Math. 17 (1964), 307-
315

e Palais: Lusternik-Schnirelman theory on
Banach manifolds, Topology 5 (1966),
115-132

« Clark: A variant of Lusternik-
Schnirelman theory, Indiana Univ. Math.
J. 22 (1972), 65-74




Krastselki Gen



Symmetric Sets and Odd Maps

H : real Hilbert space
(1) A subset Ac H Is said to be
symmetric with respect to O if

Ue A=>-Ue A
(2)Amapf : A— R" issaid to be odd if

f(=x)=—1(x), VxeA




Krasnoselskii Genus (1)

7(A) = the least integer n such that
3¢ C(AR"\{0})odd map




Krasnoselskil Genus (2)

7(A) = the least Integer n such that

y €C(H,R")

odd map

w(X) =0, Vxe A




Tietze’s Extension Theorem

Let X be a metric space and A a closed subset.
Let L be a locally convex topological

linear space and f : A— L a continuous map.
Then there exists a continuous extension map

F: X > L
of f.




Fundamental Properties

1) Ac B= y(A) <y(B) (Monotonicity)
2) (AU B) <y(A)+y(B) (Subadditivity)

(1)

(2)

3) p=0,[p]=1{p,~p} = r([p]) =1(Normality)
)
)

N

N

4) ly(A)=m=#(y(A)) 2m
(5) 7(S") =n+1




Borsuk-Ulam Theorem

Let Q2 be a symmetric, bounded open subset
of R" including the origin, with boundary oQ.
Let g:0QQ — R™ be a continuous and odd map

for |m < n|.

Then there exists a point x, € 0€ such that
g (Xo) =0




Mty Teorems



Multiplicity Theorem 1

H : real Hilbert space
feC'(H,R), f(—x)= f(X),vxeH
c.(f)= Inf sup f(x), n=12,-

7 (A)=n Xe A

(1) C:Ck+1(f):° k—|—m(f)<oO
(2) t satisfies (PS) condition
—

y(K.)=m
K., ={xeH: f(x)=c, Vf(x)=0}




Multiplicity Theorem 2-1
(Analytic Version)

Let H be a Hilbert space, f € C*(H,R)

and a<Db

(1) f (0) > b and
f(—x)=f(X),VxeH

(2) f satisfies (PS)condition




Multiplicity Theorem 2-2
(Analytic Version)

Assume the following:
(1) dE < H, |[dimE =m|, dp > 0 such that
sup f(xX)<Db

xeENS , (0)

(1) 3F < H,| dim F = j| such that

inf f(x)>a

xeF+

(i) m > |
Then f (x) has at least (m- |) pairs of
distinct critical points.







Variational Theory



I\
P
proach



Linear Boundary Value Problems

N (N )
Au:—zi Za”(x)a—u +c(X)u

Bu(x') =a(x’) 23 Fb(x)u =0 on oQ2.




Linear Operator 2

We define a linear operator
A: L5 (Q) —» L2 (Q)
as follows:

(a) The domain D(2l) is the set
D) ={ueH?*(Q)=W?>*(Q): Bu =0}.
(b) 2Au =—-Au, Yue D).

—

20 1s a positive definite, self-adjoint operator




Spectral Properties of

(1) The first eigenvalue A, Is positive

and algebraically simple.

(2) The corresponding eigenfunction ¢, (x)
may be chosen strictly positve in Q:

g = A4,
¢,(x)>01n Q

(3) No other eigenvalues 4, j > 2, have

positive eigenfunctions.




Infinite Dimensional Version
of
Perron-Frobenius Theorem



Ordered Vector Space

V Isan ordered vector space

def
Na—

(1) (V,<) Isan ordered set.
(1) V Isareal vector space.
(111) Theordering < islinear:

@) X,yeV,X<y=x+z2<y+2z,VzeV.
D) x,yeV ,x<y=ax<ay,Va=0.




Ordered Banach Space

E Isan ordered Banach space

def
=

(1) E 1sa Banach space.

(1) (E,<) Isan ordered vector space.

(iii) P:={x e E: x>0}, positive cone, is closed.
@ x,yeP=ax+pyeP, Va,=0.

(b) P (—P) ={0}.




Krein-Rutman Theorem (1)

Let (E,P) beanordered Banach space

with non -empty interior, and assume that
K :E — Elsstrongly positive and compact.

K(P\{0})<=Int(P)




Krein-Rutman Theorem (2)

@) r = lim|k"|"

N—>o0

> 0, (spectral radius)

I iIsaunique eigenvalue of K

having a positive eigenfunction.

I is algebraically simple.

(11) r 1salso an algebraically simple
eigenvalue of theadjoint K" : E™ — E~
with a positive eigenfunction.




Ditficnlt Pornt



Typical Example

—Au=g inQ,

<Bu(x) a(x)—+(1 a(x"))u = 0 on &Q.

(H 1) 0<a(x’) £1on oQ.
(H.2) |a(x") #1 on 0Q.




Construction
of
Green Operator




Reduction
to
the Boundary




Reduction to the Boundary (1)

Consider the boundary value problem
—Au=g inQ,

a(x" ?rjl | (1—a(x'))u =0 on o




Reduction to the Boundary (2)

Solve the Robin problem
AV =g e H2P(Q),
2 OV

ka—n+(1—a(x'))v =0

We let
v:=31Gg eW*" (Q)

(H.2) a(x"’) #1 on 0Q2.




Reduction to the Boundary (3)

Let
w=u—-Vv=u-—Gg




Reduction to the Boundary (4)

B(Gg)
N OV B :
:a(x)an | (l a(Xx ))V

= (1— a(x'))2 Y,




Gain of One Derivative

Bw = Bu — Bv
=—-B(Gg)

= —(1-a(x’)) v




Reduction to the Boundary (5)

Then

—AU =g in Q,

Bu =0 on o2
<>

—AW=—-AU+AV=0 in Q,
kBWz—(l—a(x'))zv on o0

<




Reduction to the Boundary (7)

— AW =0 In Q
—
w = Py (Poisson operator)




Reduction to the Boundary (8)

—Au=g in Q,
' Bu =0 on o2

<
(BP)W = Bw
— —(1—a(x’)) von oo




Fredholm Boundary Operator

(BP)W=a(x')a%(Pw)+(1—a(x'))w




Degeneracy
of
a Pseudo-Difterential Operator



Assoclate Pseudo-Differential Operator
(Fredholm Boundary Operator)

T = BP = a(Xx )J7\+(1 a(x ))

a(T)(x',§) =a(x) g +1-a(x
0<a(x’) <1onoQ.




Criteria
for
Parametrices




Criteria for Parametrices (1)

Let A= p(x, D) be a properly supported
pseudo-differential operator in the class

L, ()




Criteria for Parametrices (2)

Assume that:

DD/ p(x,£)|<3Cy , 4|0
p(%,&)”

) o +(1/2) 8]

(1814
<3C,, VxeKcQ V |¢[>C,.




Criteria for Parametrices (3)

—
IB e Ly,,, () such that

AB=1 mod L~ (Q),
BA=1 mod L™ (Q).




Existence
of
a Parametrix




_oss of One Derivative

T =a(x)V-A+1-a(x) e Lj,(6Q)

—
1S e L,,,(0Q) such that

TS=ST =1 mod L™ (0Q))




Elementary Lemma

f(x) eC?(R).
f(x)>0 onR,
sup|f "(x)|<3c

XeR

—>

(X)) <V2c ( (X))

1/2




Infinite Dimensional Version
of
Perron-Frobenius Theorem



Ordered Vector Space

V Isan ordered vector space

def
Na—

(1) (V,<) Isan ordered set.
(1) V Isareal vector space.
(111) Theordering < islinear:

@) X,yeV,X<y=x+z2<y+2z,VzeV.
D) x,yeV ,x<y=ax<ay,Va=0.




Ordered Banach Space

E Isan ordered Banach space

def
=

(1) E 1sa Banach space.

(1) (E,<) Isan ordered vector space.

(iii) P:={x e E: x>0}, positive cone, is closed.
@ x,yeP=ax+pyeP, Va,=0.

(b) P (—P) ={0}.




Example

Y =C(Q),

def -
Uu<v< u(x)<v(x), vxeQ

>

P z{UEC(ﬁ):uzo on 5},

Int(P, ) :{u eC(Q):u>0 on 5}




Strong Positivity

Ku(x) = |_k(x, y)u(y)dy
k(x,y)>0
=
u(x) >0 = Ku(x)>0 strongly positive

K(P\{0})<=Int(P)




Krein-Rutman Theorem (1)

Let (E,P) beanordered Banach space

with non -empty interior, and assume that
K :E — Elsstrongly positive and compact.

K(P\{0})<=Int(P)




Krein-Rutman Theorem (2)

@) r = lim|k"|"

N—>o0

> 0, (spectral radius)

I iIsaunique eigenvalue of K

having a positive eigenfunction.

I is algebraically simple.

(11) r 1salso an algebraically simple
eigenvalue of theadjoint K" : E™ — E~
with a positive eigenfunction.




Reduction
to
the Boundary




Existence
of
a Parametrix




Assoclate Pseudo-Differential Operator
(Fredholm Boundary Operator)

T =BP =a(x')v—A +b(x’)
o(T)(x', &) =a(x")|E|+b(x’)

A =Laplace-Beltrami Operator




T =a(x)V-A +b(x) e L ,(6Q)
a(x’)+b(x’) >0 on o
=

7S e L,,,(0Q2) such that
TS=ST=1 mod L™ (0Q)




Besov-Space
Boundedness
1 heorem




Besov-Space Boundedness Theorem

Every properly supported operator
Ael];(Q2), 0=<o<],

extends to a continuous linear operator
A:HP(Q)—>H; ""(Q),Vse R, 1<Vp <

and to a continuous linear operator
A:B"(Q) > B "P(Q),VseR,1<Vp <

loc loc




Hilbert Space



Fractional Power of 2

C =4, square root of 2

Cu = —i_[oos‘l’z(sl +20) " Au ds
T 0
ue D(A)




Function Space (1)

C =+, sguare root of 2

H = the domain D(C)with the inner
product (u,v), =(Cu,CVv).




Function Space (2)

H = the completion of the domain D(%()

with respect to the inner product
ou ov

0=t S S
+_[ c(X)u - vdx+_[a¢0 Zg((;u-vda




*(Q)——D(C)=H

T T
D(C)—S—5D(C?) = D()
T T

D(2) —— D(A%?)



Function Space (3)

D(A)cD(C)=H cH*(Q)=W"(Q)




Function Spaces (4)

Observe the following fact (due to D. Fujiwara):
Hi(Q) if a(x')=0 on 6Q (Dirichlet),

H =4

\

Hl(Q) if a(x')zl on 0Q (Robin).




eak Solutions




Semilinear Elliptic Boundary
Value Problems

For a given function p(t),
find a function u(x) In €2 such that

Au=p(u) inQ,
Bu=0 on o




Definition of a Weak Solution

uesH 1s aweak solution

=
(U V) = |, PU)vx
:iilaij (X)jQ S)L:I ;:/, dx+_f c(X)u - vdx
b(X°)
—_f p(u)vdx+_f{aio} A(X) Uu-vdo

=0 VveH




Superlinear
Case



Semilinear Elliptic Boundary
Value Problems

For a given function g (t),
find a function u(x) In €2 such that

—AU=u—g(u) inQ,
Bu=0 on o




Nonlinearity Conditions (1)

f(t) =At—g(t),

AeR




Nonlinearity Conditions (2)

(A) geC'(R), [9(0)=g'(0)=0|

(B) The limits g '(£o0) satisfies
the conditions

g '(+0) = lim 3 _

S—>+00 S

+0o0




The Case

A> A




Truncation
of
a Non-linear Term



Nonlinearity Conditions (3)

s <0< 3ds" such that
AST—0(s)<0<As —qg(s)




Outline of p(s)

A




Example

g (s) zs\s\p_l, D>1




Nonlinearity Conditions (4)

p(s) =+

K<Q S >S"
As —g(s),

>0, SsS<Ss

S <S

<

S

_|_

p(s)]<L onR
p'(s)]<L onR




Modified Semilinear Problem

For a given function p(t),
find a function u(x) In € such that

Au=p(u) inQ,
Bu=0 on o




Energy Functionals



Energy Functional

1

F(U)=2(uu), -] P(u(x))dx

P(s) = jos o(t) dt




Gradient

(VE(),v), =(u,v), —IQ p(u)v dx
=(u,v),, —(Ql‘l(p(u)),v)H
=(u—2"(p()),v),

<

VF(u) =u—2"(p(u))




Critical Points (Euler-Lagrange)

VEFW*) =0
<>

u* =20 " (pUu™))
<

20u™ = p(u™)




Critical Points and Weak Solutions

u> 1Is acritical point of F

S—
u>* Is a weak solution
of the problem

AU = p(U™) Iin Q,
Bu™=0 on o<2.




Weak Solutions

imply
Classical Solutions




Regularity Theorem (1)

uelf (Q)

1 Au EWS_Z’p(Q)

k Bu=0
—>ueW*"(Q),vs >1/p + 1




Regularity Theorem (2)

u <= LP ()
AU = C“ ()
Bu =0

— U e C2"% (M)




Reduction
to
the Boundary




Assoclate Pseudo-Differential Operator
(Fredholm Boundary Operator)

T =BP =a(x')v—A +b(x)
o(T)(x' &) =a(x)|E|+b(x')

A = Laplace-Beltrami Operator




T =a(xW-A+b(x) e}, (6Q)
a(x)+b(x")>0onoQ
—>

1S e L, (0Q) such that
TS=ST =1 mod L™ (0Q)




Besov-Space
Boundedness
1 heorem




Besov-Space Boundedness Theorem

Every properly supported operator
Ael;(Q), [0<¢ <1,
extends to a continuous linear operator

A:HP(Q) > H "P(Q),VseR,1<Vp<w

loc loc

and to a continuous linear operator
A:B "(QQ) > B, "P(Q),VseR,1<Vp<ow

loc loc




Sobolev Imbedding
Theorem




Sobolev Imbedding Theorems

vr>1 1f2g>n
W*(Q) c L' (Q)-

r=q = o if 20<n
n-20

\

Bootstrap Argument




Mavimum Prineiple



Maximum Principle

AU = p(u) inQ,
Bu =0 on o2

m—

S =u(X)<s"™ 1IN

—
p(u)=Au—g(u) = T (u)




Truncation

p(s) =-

<0, s>s"
As—g(s),

>0, Ss<§s

S <S

<

S

_I_




Outline of p(s)

A




Original Semilinear Problem

‘Au=Au—-g(u) inQ,
Bu=0 on oQ.




Existence
of
Critical Points



Minimizing Method

FeC'(H,R).

(1) |F (u) 1s bounded from below
(2) F (u) satisfies (PS)_ condition with
c=Inf F(u)

ueH

—
Ju* e H such that

VEWU*) =0

F(Uu*)=c=Inf F(u)

ueH




Lower Bound for Energy Functional

F(u) =%(u,u)H —_ng(u(x))dx
L* |©
21,

> YUueH

p(s)|<L onR
p'(s)]<L onR




Remark (Neumann Case)

a(x')=1 on 6Q (Neumann)

—

2, =0




Palais-Smale
Condition




Palais-Smale Condition (1)

{u;} < H such that
F(u,)—>c InR
VF@Uu;)—>0 IinH




Palais-Smale Condition (2)

u, — 3Ju in L7 (<)
2N

1<Vq<?2 =
N — 2

D(C)=H cH'(Q)=W"(Q)




Palais-Smale Condition (3)

‘(uj —Uu, V), ‘ < HVF(uj)HH

+—= C2 H p(Uj) — p(u)Hsz(N+z
Yve H

v




Palais-Smale Condition (4)

Riesz Representation Theorem
—

Ju; —u]
J H

<||VF )|, +C,|pu;) - p(u)

L2N/(N+2) ()




Nemytski
Operator




Nemytskil Operator

N Zu(x) = pu(x))

u, — u in L7 ()
2N

1<=Vg<?2 =
N — 2




Continuity of Nemytskii Operator (1)

(1) s— f(x,s) Is continuous
for almost every x € Q
() X — f(x,s) Is measurable for all se R

(i) |f(x s)|<3a+3bls|"", V(xs)eQxR

—
F:uel'(Q)— f(x,u(x)) el (Q)
continuous




Continuity of Nemytskii Operator (2)

N:uel'(Q) P@)e VM2 (Q)
continuous

2N

1 < Vg < 2™ =
N —2




Palais-Smale Condition (5)

L2N/(N+2) (Q) % O

IN(u;)-N(u)

VF@u.)—>0 InH




Palais-Smale Condition (6)

Ju; -u,
< ||VF

—(

e+ CaN @)

~N(u)|

L

2N/(N+2

(@)




Existence Theorem (1)

The semilinear problem
Au=Au—g(u) inQ,
Bu=0 onoC

has at least one non - trivial solution
for each 4 > 4,.

9




Another Truncation
of
a Non-linear Term



Another Truncation

p* (t) = max{ p(t), 0}
p (t) = p()—p ()

p* (t) : Lipschitz Continuous




Outline of p~ (t)

p™(t)
/\%\>

p~(t)




Modified Semilinear Problems

For given functions p~(t),
find a function u(x) In Q such that

Au=p*(u) inQ,
Bu=0 on o,




New Energy Functionals

1

F*(u) :E(U’U)H —L} P (u(x))dx

P*(s)=[ p*(®)dt




Existence Theorem (2)

The semilinear problem
Au=p(u)inQ,
Bu=0 onoQ

has at least one non - trivial solution
u, foreach 4 > 4.

9




Maximum Principle

(

AU, = p (U, )=0In 2,
Bu, =0 on o2

—

O<u,(xX)<s"™ 1InQO

—
p+ (ul) — /1U1 — 9 (ul) = T (ul)




Outline of p(s)

A

U




Outline of p(s)




Existence Theorem (3)

The semilinear problem
‘Au=Au-g(u) inQ,

Bu=0 onoC2

has at least one positive solution

u, >0 foreach |4 > 4 |.

3




Existence Theorem (4)

The semilinear problem
Au=Au—g(u) inQ,

'Bu=0 onoC

has at least one negative solution

u, <0 for each |1 > 4, |.

3




Outline of f(s)=As—g(s)

A
/

A4 A




The Case

A>A, > A




Lyapunov-dchmidt
Procedure



p(s)|<L onR
p'(s)|]<L onR

p'(s)<di, VseR

V = spani{¢,.d,, -~ ¢,

dimV =n




Orthogonal
Decomposition



Orthogonal Decomposition (1)

LZ(Q) AVJ—




Orthogonal Decomposition (2)

Y =C*(Q)

A

Y V-

V = spani{g,d,,-- &}




Orthogonal Decomposition (3)

1L
X =C2“(Q) 11XV

= {u eC¥*(Q):Bu = O}




Orthogonal Decomposition (4)

X =C§+a(5) A X AV

u=v(t)+w(t)

v ,

0




Orthogonal Decomposition (5)
e\ Ak

u=v(t)+w(t)

W(t)zu—itj¢j /
V]

O V(t):itj¢j




Au = p(u) InQ,
Bu=0 onoQ

<

u=v(t)+w()

AwW(t) = Q( p(v(t) +w(t)))
AV(L) = (1 =Q) (p(v(t) +w(t)))

4




Lyapunov-Schmidt Procedure

Bu=0 onoQ

N

(Au=p(u)=hinQ,

Aw(t) =Q( p(v(t)

w(t))), w(t)e X NV~

[ P+ Wt (x)dx=At;, 1< j<r




Reduction to
an Operator Equation



Infinite-dimensional Equation (1)

Aw(t) =Q( p(v(t)+w(t))), w(t)e X NV~




O:R"
'R"<(X V') —>Y
AV -+

(t,w) — A
w—Q(p(v(t) +w))

Here
vV(t) = n
) ;tj¢j eV

t —
t,t, -t )eR"




Global Inversion Theorem

M arcwise connected metric space
N simply connected metric space
F:M —> N

(1) proper
(2) locally invertible on all of M

= F :M — N homeomorphism




Infinite-dimensional Equation (2)

O:R"x(XNV )oYV
O(t,w) = Aw—Q( p(v(t) + w))=Qh

N

Jlw(t) e X NV such that
Aw(t) —Q( p(v(t) +w(t)))=Qh




Infinite-dimensional Equation (3)

h=0
—
Jlw(t) e X "V such that

Aw(t) = Q( p(v(t) +w(t)))




Finite-dimensional Equation

Av(t) = (1 —Q)((p(v(t) +w(t)))

N

At = jQ p(itk@ +w(t)j¢j (X)dx

(1< j<n)







Energy Functional

W(t) = %(w(o, w(t)).

+%§N:/1jtj2 —jQ P (v(t) +w(t))dx




Gradient

oY

= -], (v + W) 4, ()0

J

1< )<n)




Critical Points

V¥(t) =0

N

At = jQ p (V(t) +w(t)) @, (x)dx

N

Av(t) = (I —Q) (p(v(t) +w(t)))




Hessian (1)

0°V
@ (i A)a

(1<i, j<n)

A>A > A




Non-Degenerate
Case



Non-Degenerate Case

A>A >4

A+A, VK>3




Hessian (2)

R
atat,

/%_g

(0)

S

J




Hessian (3)

0 1s a non - degenerate critical point

with Morse index |, > 2




Four-Solution Theorem (1)

¥ eC’(R",R)

(1) W(t) satisfies (PS)condition

(2) WY(t) 1s bounded from below

(3) 0 1s a non -degenerate critical point

with Morse index [q, > 2

(4) W(t) has two local minima t,,t,




Four-Solution Theorem (2)

Y(t) has at least another non - zero
critical point t,




Non-Degenerate Case

The semilinear problem
(Au=Au—g(u) inQ,

Bu =0 on o2

has at least three non - trivial solutions

<

u,,u,,u, foreach | A >A4,, A =4 ,Vk=>3

u, =v(t)+w(,)
u, = V(t,) + W(t,)
u, = Vv(t;) +w(t;)




Outline of f(s)=As-g(s)

A




Degenerate
Case



Degenerate Case

A>A >4

A=A, 3k>3




Hessian (4)

/aij (O)\

e,
(J-A 0 0
0 4L -4 0
10 0 0
0 0 0

o O O

Ay = A




Proof (1)

Reduction to Absurdity
¥ (t) has only three critical pointst,,t,,0
b> max{‘lf(tl), Y(t,), ‘P(O)}




Resolution
of
Critical Points




Resolution of Critical Points (1)

f eC°(H,R)

(1) f satisfies (PS)condition

(2) X, Is an Isolated (degenerate)
critical point




Resolution of Critical Points (2)

Ve >0, 3g € C°(H,R) such that

(a) g satisfies (PS)condition

(b) g(x) = f(x) for [x—x,||= ¢

(c) g has a finite number of non -degenerate
critical points in ||x — x| < &

(d) [|D*g(x)-D* f ()| < &




Proof (1)

A

o(1)




Proof (2)

X, =0

g(x)

= () -0([x]) (x. y)

— f(X)—Q(\/Xf+X22+"‘X§)Zn:xjyj




Proof (3)

Vg(x) =0, ||x]| = %
D°g(x): singular
<

VE(x) =y, x| = %

D-°f(x): singular

<

y : critical value of Vf in [[x| =

i
2




Proof (4)

Sard's Lemma

—

g(Xx) has a finite number of
non - degenerate, critical points

in the open ball ||x| < &




Energy Functional

W(t) = %(w(t), w(t)).

+%ZN:;LJ¢J? —jQ P (v(t) +w(t))dx




¥ eC’(R",R)

(1) W (t) satisfies (PS)condition
(2) (1) 1s bounded from below
(3) 0 1s a degenerate critical point

with Morse Iindex |q, > 2

(4) W(t) has two local minima t,,t,




I¥ € C*(R",R) such that:

(1) ¥ (t) satisfies (PS)condition

(2) ¥ (t) has only two critical points t,,t,
in the closed set {[t|> ¢}

(3) (1) has only a finite number of
non - degenerate critical points

B0, B, with Morse index |> 2

in the open set {|t| < £




I~

P ={teR”:fI7(t)sb}

Y (t,)




Proof (5)

/61 (b) — /80 (b) =—1
<C,(b)—C,(b) = —2

Contradiction!




Proof (6)
Reduction to Absurdity
W(t) has only three critical pointst,,t,,0
b > max {¥(t), ¥(t,), ¥ (0)]

——

/]

Y(t) has at least another non - zero
critical point t,




Degenerate Case

The semilinear problem
Au=Au—g(u) inQ,

' Bu=0 on o2

has at least three non - trivial solutions

<

u,,u,,u, foreach |1 > A,

u, = v, ) + w(,)
u, = v(t,) + w(t,)
U, — v(ty) + wW(t,)




Odd Nonlinear
Case



Ljusternik-Schnirelmann
Theory



Odd Nonlinearity Conditions

(A) geC'(R), |9(0)=g'(0)=0]

(B) The limits g '(+o0) satisfies
the conditions

g '(+o0) = lim 98)

S—> 100 S

(C)[9(=8) =-g(s), VseR.

—+00




Outline of p(s)

A




Energy Functional

1

P (u) =—(u,u), —| P(u(x))dx

P(s) = [, p(t)dt




Lower Bound for Energy Functional

F (u) :%(u,u)H —IQ P (u(x))dx

1 u(x)
=2 Ju? ‘L(L p(t)dt)dx
L* Q]
24,

> YU e H




Multiplicity Theorem (1)

F eCY(H,R)

(1)| F(-u)=F(u), YueH

(2) F satisfies (PS)condition




Multiplicity Theorem (2)

Assume the following:
(1) dimV =Kk, 30 > 0 such that

sup F(u) gi[l A jpz

ueVv s , (0) 4

(1) F(u) 1s bounded from below
Then F(u) has at least k - pairs of
distinct critical points.




Behavior of Energy Functional (1)

1 2
F (u) ZEHUHH —_[Q P (u(x))dx
L2 u(x
=2 Julf, - J, J, (At -g(0)dtd

1 i S
:EHUHZH —E_[Qu(x)deJerjO( ' g(t) dt dx




Finite-Dimensional Linear Space

A>A

—>

V = span{¢.d,, - &}
dimV =Kk




Behavior of Energy Functional (2)

All norms on the finite - dimensional space
V are equivalent.




Nonlinearity Conditions

(A) geC(R), |9(0)=g'(0)=0]

(B) The limits g '(+o0) satisfies
the conditions

g '(+0) = Iim 9(8) =

S—>+oo S

(C) 9(=8)=-g(s), VseR.

+00




Behavior of Energy Functional (3)

g(t)=o0(t) ast—>0

—>

JoJ. g dtax=o(p?)

asueV and |ul|, =p—0




Behavior of Energy Functional (4)

F(U) = %HUHZH —[ P(u(x))dx

(., 4
Sz\l ﬁk)p2+o(p2)

asueV and |jul|, =p—0




Behavior of Energy Functional (5)

dimV =k, dp > 0 such that

4 h
sup I:(u)si 1 A ok

ueV s, (0) 4 \_ ﬂ“k /




Outline of f(s)=A4s—g(s)
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