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Purpose 
• The purpose of this talk is to study a class of 

semilinear degenerate elliptic boundary value 
problems in the framework of Sobolev spaces  

   which include as particular cases the Dirichlet 
and Robin problems.  

• The approach here is based on the following: 
(1) Minimax Method 
(2) Morse theory 
(3) Ljusternik-Schnirelmann theory. 
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Absorption Phenomenon 
(Dirichlet Condition) 



Reflection Phenomenon 
(Neumann Condition) 







Associate Pseudo-Differential Operator 
(Fredholm Boundary Operator) 
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Non-Degenerate (Elliptic) Case 
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Elliptic Differential Operator 
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Degenerate Robin Condition 
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Conormal Derivative (1) 
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Degenerate Boundary Conditions 

 
 
 

on .

(H.1) .
(H

( ') ( ') ( ') 0

( ') 0 o
( ') ( ') 0 on 

. n . 2)
a x

uBu x a x b x u

b
b

x
x

∂
= + =

∂

≡ ∂Ω/

+ ∂Ω

∂

>

Ω
ν



Semilinear Degenerate Elliptic 
Boundary Value Problems 
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Nonlinearities 

1. Superlinear Nonlinearity 
2. Odd Nonlinearity 



Example of Superlinear 
Nonlinearity 
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Example of Odd Nonlinearity  
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Nonlinearity Conditions (1) 
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Remarks on Nonlinearity Conditions 
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Linear Operator A 
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Remark (Neumann Case) 
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Nonlinearity Conditions (3) 
1(A) ( ), .

(B) The limits '( ) satisfies
the conditions

(0) '(0) 0

( )'( ) lim

(C)  ( ) ( ), .

s

g g

g s

g s s

g

g C

s
s

g

g

→±∞

= =

±∞ =

∈

−

±

= +∞

= − ∀

∞

∈

R

R



Example 2  

1( )
e
1

Her

pg

p

s s s −

>

=



The Case 

kλ λ>



Existence Theorem 3 

The semilinear problem
in ,

0 on
has at least  of

solutions for each .

( )

-

k

gA u
Bu

u

k

u λ

λ λ

= − Ω


>

= ∂Ω
pairs  non - trivial



Outline of ( ) ( )f s s g sλ= −

1λ λkλ

1u

ku



Comment 3 

1 2'
'( ) '( )

) (0)
:

( 'kf
s

f
f g s

λ λ λ λ
λ

∞ = −∞ =< < ≤ ⋅⋅⋅ ≤ <
= −

1

at least  eigenvalcrosses 
 goes from 0

'( ) 
 of   

ue
 to

s
, , f  .ik

f
s

s k
λ λ⋅⋅⋅ ∞A







References 

• Amann: Saddle points and multiple solutions 
of differential equations, Math. Z.  169 (1979), 
127-166 

• Thews: A resduction method for some 
nonlinear Dirichlet, J. Nonlinear Analysis 3 
(1979), 795-813 

• Amann and Zehnder: Nontrivial solutions for 
a class of nonresonance problems and 
applications  to nonlinear differential 
equations, Ann. Scuola Norm. Sup. Pisa  7 
(1980), 539-603 



Semilinear Degenerate Elliptic 
Boundary Value Problems 

For a given function ,
find a function ( ) in  such that

in ,
0 o

)

(
n

(

.
)

u
f t

fu u

x

A
Bu

Ω

= Ω
 = ∂Ω



Nonlinearity Conditions A 

1(A) ( ).
(B) The limit '( ) not 
an eigenvalue of 

 s 
 

i
f C

f
∈

∞
R

A.



Example A 

1 2

1 2

2( )

'(

2

2

1

)

1f s s
s

f

λ λ

λ λ
+

∞ =
+

+
+

=



Existence Theorem A 

The semilinear problem
in ,

0 on
has at least solu

( )

tion.

f uAu
Bu

= Ω
 = ∂Ω

 one



Nonlinearity Conditions B 
1

not 
an eigenvalue of 

(A) ( ),

(B) The limit '( ) is 

(C)  of  s

(0)

uch that

o

'(0) '( )

0

 '( ) '( )r 0

j

j

j

f f

f f

f C f

f

λ

λ

λ

< < ∞

∈

∞

<

=

∞ <

∃

R

A.

A



Example B 

1 2

2

2

1

1

( )

'

12 2

2

2

( )

'(0)

f s

f

s
s

s

f

λ λ

λ

λ λ

= +

=
+

∞ =

+



Existence Theorem B 

The semilinear problem
in ,

0 on
has at least  - 
one trivial solution and

soluti

(

on.

)f uAu
Bu

= Ω
 = ∂Ω

two solutions

 non - triviao l ne





Gradient 

( )

1Let  be a  and ( , ).
The Frechet derivative ( ) can be 

Hilbert space

( )

expressed as follo

(

ws:

( ) : the  of  at 

) ( ), ,
H

df u v f u

H f C H
df u

f u H

v H

f

v

u

=

∇

∇ ∀ ∈

∈

∈ gra

R

dient





Palais-Smale Condition 
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Minimizing Method for Minimum Points 
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Ekeland Variational Principle 
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Nonlinearity Approach Studied by 
•Asymptotically 
Linear Case 

•Linking 
Theorem 

Rabinowitz 
(1978) 

•Superlinear Case 
 

•Morse Theory Ambrosetti and 
Lupo (1984) 

•Odd Nonlinearity  
Case 

•Ljusternik and 
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Theory 
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Existence of Saddle Points 







Marston Morse 

Marston Morse (1892-1977) 
 American Mathematician 
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Regular and Critical Points 

1Let  be a  and ( , )
(1)  is calle

Hilbert space

( ) 0

( )

d a  of 
if 
(2)  is called a  

0
of 

if 

f u

f

H f C H
u f

f
u

u
∇ ≠

∇ =

∈
regular point

critical point

R



Hessian 
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Non-Degeneracy of Critical Points 
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Morse’s Lemma (1) 
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Morse’s Lemma (2) 
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0 : Morse Index
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Betti Numbers 
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