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. The purpose of these lectures Is to provide
students with basic knowledge and skills
of calculus and linear algebra.

. To understand natural sciences, students

should learn some fundamental
mathematics. Therefore, students will
study also various topics from Physics,
Biology, Chemistry and Technology.




Why do you study
Mathematics ?



The Role of Mathematics
In
Natural Sciences



Mechanism of Mathematical Analysis

INatural Phenomenon| [Mathematical Analysis|

Mathematical
Modeling
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| Differential Equations = Solution|







Mechanism

Weather

of Weather Forecast

Weather Forecast

|

Mathematical

Modeling !

Navier - Stokes Equations

= Approximation Solution
Numerical Analysis




Navier-Stokes Equations
In
Fluid Dynamics



DV
Dt

:—Vp+pB+,uAV+%,uV-divV

Inertia Force
= Pressure + Force + Viscosity + Stress




Bird’s-Eye View
of
Fundamental Mathematics



Bird’s- Eye View
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Bird’s-Eye View
of
Calculus



Real Numbers

¥

Seqquences

4

Series




Seqguences

¥

Differentiation

¥

Differential Equations




Series
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List
of
Mathematicians



List (1)

Archimedes(B. C. 287 —B. C. 212)Greece
Newton(1642—1727)England
Leibniz(1646—1716)Germany
Machin(1685—1751)England
Fourier(1736—1813)France
Lagrange(1736—1813) Italy, France
Gauss(1777—1855) Germany
Cauchy(1789—1857)France

Abel (1802—1829)Norway




List (2)

Taylor(1685—1731)England
Bolzano(1781—1848) Italy
Hermite(1822—1901)France
Maclaurin(1698—1746) Scotland
Borel(1871—1956)France
Dirichlet(1805—1859) Germany
Weierstrass(1815—1897) Germany
Dedekind (1831 —1916) Germany




List (3)

Rolle(1652—1719) France
Laplace(1749—1827)France
Riemann(1826—1866) Germany
Hilbert(1862—1943) Germany
Hadamard(1865—1963) France
Lebesgue(1875—1941) France
Euler(1707—1783) Switzerland
Poincare(1854—1912) France




List (4)

Bernouille(1667 —1748) Switzerland
Bessel (1784 —1846) Germany

Cantor(1845—1918) Denmark/
Germany

D’Alembert(1717—1783) France
Darboux(1842—1917) France

De Morgan(1806—1871) France
Fubini(1879—1943) Italy

de L’Hospital(1661—1704) France




List (5)

Stokes(1819—1903) England
Stirling(1962—1770)
Simpson(1710—1761)England
Schwarz(1843—1921)Germany
Peano(1858—1932) ltaly
Napier (1550—1617) Scotland
Jordan(1838—1922) France
Landau(1887—1938)




Mathematical
Thoughts



Mathematical Thoughts

(I) Mathematical Reasoning
(II) Mathematical Ideas
(IIl) Mathematical Image




Numerical Analysi



Role of Numerical Analysis

Mathematics Analysis Numerical
Analysis

Physics Theoretical Physical
Physics Experiments




Mathematics

versus
Physics




Bird’s-Eye View

Theme Mathematics|  Physics
Differential Ordinary Newton’s
Equations Differential Equation of
Equations Motion
Infinite Series Fourier Eigenfunction
Series Expansions
(Principle of
Superposition)
Vector Analysis | Calculus on Continuum
Surfaces Mechanics




Elasticity



Importance of Elasticity

A human body Is an elastic material




Thoughts and Methods
In

Analysis



Four Thoughts In Analysis

( I ) Discrete Case and Continuous Case
(II') Principle of Superposition

(I) Completeness

(IV) Numerical Analysis




Discrete Case
versus
Continuous Case



Vectors and Functions

N
Z ainj = bi (Finite - Dimensional Case)
j=1

Continuous Case

Discrete Case t l

|7 K (t, s)x(s)ds = y(t)

(Infinite - Diemnsional Case)




Principle of
Superposition



Principle of Superposition

Theme

Mathematics

Kinetics

Infinite
Series

Fouriler Series

Eigenfunction
EXxpansions




Principle of Superposition

f, u=>u,

Decomposition into
Fundamental
Elements

f_Zf

)

i1

Superposition of
Solutions

Find asolution
Pu = f.




Fourier

& Jean Baptiste Joseph Fourier
(1768-1830)

French Mathematician and Physicist

_a theorie analytique de la chaleur
(1822)




Jean Baptiste Joseph Fourler




Fourier’s These

Every function of period 27 can be
approximated in terms of trigonometric
functions.




Fourier Series Expansion (1)

FOO = F,00

a, :
— a, cos X + b, sin X
2 1

+a, cos2x+b,sINn2x+---

+a; Cos JX+Db; sin jJx+---




Fourier Series Expansion (2)

aj:ij” f (t) cos jx dx
JC 97

b == " f(t)sin jxd

j—;jﬂ (t)sin jxdx




Example

fF(X) =X, —mwm<X<om




Fourier Coefficients

a;

b;

ij'ﬂ XCOS jxdx =0
72' —7C

1

7C

(J #0)

j” Xsin jx dx = 2_( 1)1+
. J




Example of a Fourier Series

X =2sSINn X—1sIn2X+---

| 2.( 1)’ sin jx+---

(—m < X < 77)




Fourier Series
of Step Functions



Example of Step Functions

A




Example of Fourier Series

>

j=0

1

(

251

MY o AN

sin(2 )] —1)Xx

O < X < 77
X = 0, 7r

— o <= X <0




(1bbs Phenomenon



Numerical Computing
with
BASIC



Example of Step Functions

A




Example of Gibbs Phenomenon

[t W




Weierstrass’
Continuous Function



Welerstrass’s Function

f(X) = iak cos (b“x)

O<a<l ab=>1




Numerical Computing
with
BASIC



Example

o (1
f(x)=> 1 cos (3 x)
o\ 2 /
azl,b=3:>ab=§>1
2 2




S, (X) = cos X

S, (X) = cos x+%cossx
1 1

S, (X) = Cosx+zcos3x+zc059x
1 1 1

S, (X) = COSX+§COS3X+ZC089X—I—§COS 27X
1 1 1

S,(X) = cosx+§cos3x+ZC059x+§cos 27X

+ i cos81x
16




Welerstrass Function

A
r’M \w“'{\

3 #“ ‘
Mw\N \f,Wf th,‘ VM“H‘»M
;4 ’ y
§
¥ !

W\ fw ”\p‘ MH\ ',*f HWK \ H*N y
J | V

! !



Heat Conduction
(Fourier’s Work)



Formulation of a Problem

Steel bar of length 7
Zero temperature on its ends
Initial temperature f (x)




Initial-Boundary Value

Problem

au_du
ot ox*

u(o,t)=u(r,t) =

u(x,0) = f(x),

O<x<m, t>0

0, t>0 (Boundary Condition)
0 < x <z (Initial Condition)




Fourter’s Method
(Separation of Variables)



Representation of a Solution
(Heat Kernel)

u(x,t) = p(t.x y) f (y)dy

n(t, X, y) = EZe‘“zt sin nxsin ny
7T n=1

(Heat Kernel)




Application to Series

S SR A
n:1n2 12'22'32'




Trace of a Matrix

(&, a, - - &,

Ay Ay - 0 Ay
A =

N I - -
—

tr A=Y a; = > 4 (Sum of Eigenvalues)
=1 =1




Trace Formula (1)

Jo

p(t, X, X)dX

2 & o fen
—> e t(jo sin? nxdx)

7C n=1

x 2
—Nn-t
ze
Nn=1




Stationary Boundary Value
Problem

v'(X)=g(x), O<x<~rx
v(0)=v(z)=0 (Boundary Condition)




Representation of a Solution
(Green’s Function)

u(x,t) = | G(x y)g(y)dy

G(X, y) Green Function




Green’s Function
(Series Version)

G(x,y)=—[, p(t x, y)dt

0]

_ _Ei(j:enztdt)sin nxsin ny

7T n=1

2~~~ 1 . .
=——> —sinnxsinny

7T 4=n




Trace Formula (2)

IO”G(X, X)dx = —J'OOO J'O” o(t, X, X)dxdt

_Eiiz(joﬂsmz nxdx)

7Z-n=1n

—Ziz (Sum of Eigenvalues)
n=1 q




Green’s Function
(Integral Kernel VVersion)

G(X,y) =+

(

(

Y
7T

X1
/4

jx O<x<y<rx

jy O<y<x<rx




Trace Formula (3)

IO”G(X, X)dx

:jo’”[j: xjdxz




Trace Formula (4)

1

n=1 I

J':G(x, X)dX =

2
7C

6




Mathematical System
of
Numbers



Set Algebra Analysis
Complex + — X =+ Complete
Numbers

Real Numbers X =+ Complete
Rational X =+
Numbers
Integers +—X
Natural + X

Numbers




Completeness



Convergence
of Sequences



Definition of Convergence

{a,} sequence of real numbers

{a,} convergesto a

def
e

Ve >0, AN = N(¢g) € N such that
vn>N=la, -a/<¢




Cauchy’s Test



Augustin Louis Cauchy

€ Augustin Louis Cauchy (1789-1857)
French mathematician




Augustin Louis Cauchy

oy ’,’"I 7
154/ /////,/////,

ﬁ - %ywhﬁ, e :



Cauchy’s Test

{a,} converges
=S
lim |a, —a,|=0

N,M—>o0




Complex Numbers




Gauss

& Carl Friedrich Gauss (1777-1855)
German Mathematician and Physicist




Carl Friedrich Gauss




Complex Number

a+1b=c+1d
<
a—=—c,b=4Ad

i =/—1




Complex Plane

A

Z=a-+I1b

9




Conjugate of a Complex Number




Z=a+I1b




Absolute Value of a Complex Number

Z=a-+1b
—

z| = |a+ib| = +/a? + b3




Z=a+I1b




Polar Coordinates of a Complex Number

Zz=a+Ib
=r(cosé +1sinH)




Sum of Complex Numbers

Z=a+1b, w=c+1d
E—
Z+w=(@+c)+i1(b+d)




Z=a+I1b




Difference of Complex Numbers

Zz=a-+I1b, w=c+1d
E—
z—w=(@a—c)+i1(b—d)




Product of Complex Numbers

Z=a+1b, w=c+1d
E—
zZW = (ac —bd) +1(ad + bc)

i=V-1=i°=-1




A |Z=a+1b
=r(cosé +1sinH)




Product of Complex Numbers

Zz =r(cos@ +isin @) = re'

W = s(COS @ + i Sin @) = se'”

—

ZW = rs(cos(@ + w) +1sIin(@ + w))

_ r.Sei(9+a))




De Moivre’s Theorem

(cos@+isind)" =cosnd+isinnd
VheZ




Euler

& Lconhard Euler (1707-1783)
Swiss Mathematician




l_eonhard Euler




Euler’s Formula

e —cos@+isin @

e” =cossz+1Ssinzz =—1




Euler + De Molvre

()" =(cos@+isin )"
= COS n@ +1SIn n@
=e'""’ (VneZ)




Algebraic Equation

n n-1
f(x)=a,x +a, X " +---+a x+a =0
a eC




Fundamental Theorem of Algebra
(Gauss)

Every algebraic equation
ax"+aXx" " +---+a _x+a =0,a,=0
has n roots in C counted with multiplicity.




Example (1)

axXx+b=0,a=0




Example (2)

ax‘+bx+c=0, a=x0
—

“ — —b++/b? —4ac
2a




Imaginary Number




Real Numpers




Real Numbers and Decimal System

Real Decimal Classification
Numbers System
Natural Numbers | Positive Integers Rational
Integers Integers Rational
Fractional Finite Decimal Rational
Numbers
Fractional Recurring Rational
Numbers Decimal
Non-Fractional | Non-Recurring Irrational
Numbers Decimal




Finite Decimal (1)

i — 0.25
A
118 _ 4, -5

25




Finite Decimal (2)

0.0625 = 625

10000
1

16




Recurring Decimal (1)

83 —1.1216216216 - - -
74

—1.1216
5132 — 6.846153846153 - - -

= 6.846153




Recurring Decimal (2)

1.1216 =1.1216216216 - - -

=1.1+0.0216 + 0.0000216 + - --

=11 216 %< 14 216 x< 17 - - -
10 10 10
_ 11 516 14(1= = )
10 10 10
Il 2162 T
10 10 1 1
3
10

11205 83
9990 74




Non-Recurring Decimal

V2 =1.41421356----

e=2.7/1828182845904 - - .




The square root of a prime
number Is irrational (1)

Let pbe a prime number.

Assume that ./ p is rational.

) Jp=—

Here the right —hand side is irreducible.




The square root of a prime
number Is irrational (2)

™) =
*) n® = pm*
P is a prime number

r.]2

is a multiple of p <
Nis a multiple of p
n=pa+(C*) —

pm° =n° = p°a® =

m~° = pa“




The square root of a prime
number is irrational (3)

m2 — paz
implies that
M is a multiple of p:

m = pb
—
N a a
s_n_pa_a
m pb Db

(contradiction)




Square Root of 2 (1)

Q) 1?2 <2<22=1<+/2 <2

J2el, =[1 2]

(2) (1.4)2 =1.96 < 2 < (1.5)? = 2.25
—1.4<+/2 <1.5

J2 e, =[1.4,1.5]

(3) (1.41)> =1.9881 < 2 < (1.42)%? = 2.0164
—1.41<+/2 <1.42

J2 e, =[1.41,1.42]




Square Root of 2 (2)

(n) a’<2<b?=a <+/2<b

b —a, = L
10"
V2 <1, =[a,.b,]
—
a, T«
ibn\l«a

a =2




Theory
of
Real Numbers



Main Theme

How do we characterize irrational numbers ?

g

What Is the convergence of sequences ?




Four Fundamental Theorems In
Real Numbers

(I) Dedekind Cut

(II) Supremum and Infimum

(I) Convergence of bounded monotone
seguences

(IV) Cantor’s Nested-Interval Property




Dedekind Cut



Cut of Real Numbers

A cut of real numbers: (A, B)

def
<

R=AuUB
Yaes A, Vbe B=a<b

A —— — B




Examples

A={xeR:x<0}, B={xeR:0<x}

A={xeN:0<x<5}, B={xeN:6<Xx}

A={xeN:0<x<%}, B={xeN:i<x|

A={xeZ:-0<x<0}, B={xeZ:0<Xx<ox0]




Dedekind Cut

A cut (A, B) definesa number s such that :
(1) s isthe maximum of A, but B has no minimun.
(2) s is the minimum of B, but Ahas no maximun.




Supremum
and
Infimum




Upper Bound and Lower Bound

(1) ThesetS is bounded from above

def
<

AIM:a<M VYaesS
M is called a upper bound
(2) ThesetS is bounded from below

def
<>

dHL:L<a WVYaeS
L is called a lower bound




Example (1)

@D I = (—o0,1)
E—
| 1sbounded from above




Example (2)

(2) J =(—1,00)
E—
J 1S bounded from below




Example (3)

) K =[-11]

—

K 1s bounded from below
and from above




Supremum and Infimum (1)

(1) a:supremumof S:

(I-1) a Isaupper bound of S.

(I-2) a Is the least upper bound.
(1D b:infimumof S:

(lI-1)b 1salower bound of S.

(11-2) b 1s the greatest lower bound.




Supremum and Infimum (2)

(I) Supremumof S: a=supS
(1D Infimumof S :b=Inf S

(1) Supremum = Generalization of Maximum
(1) Infimum = Generalization of Minimum




Example (1)

D1 =11
—

sup | =1

inf I =—1




Example (2)

(2) J =(—1.1]

E—

sup J =maxJ =1
inf J =-—1




Example (3)

B K =[—-1,1]

—

sup K =max K =1
INfF K =mmnkK =-1




Example (4)

anz(—l)”—l—i

N

2
aj_:o,a3:_§,a5:_
W .3 4, _5 . _7
2 2’ 4 4’ 6 6
—
i 3
Supanzmaxanz—
J >




Weierstrass' Theorem




Weierstrass (1815—1897)




Existence of Supremum and
Infimum

(I) A set S of bounded from above has
thesupremuma:3a=supS

(I1) Aset S of bounded from below has
the Infimumb:3b =Inf S




dequences



Sequences versus Functions

Domain of Range
Definition

Seqguence Natural Real Numbers
Numbers

Functions Real Numbers Real Numbers



Definition

The sequnce{a, } converges to a

def
<=

Ve >0,3dN = N (&) € Nsuch that
vn=N=la,—a|<¢

Notation : lima, = a

N—>o0




Fundamental Example

IimizO

Nn—oo N




Proof

Ve >0, AN = N(¢) € N such that

VnZN:>£<g

N




Archimedes’
Principle



Archimedes’ Principle

Y a,b>0, =

N N such that

na>>b




va,b >0, 3dn € N such that

na>>b

U

IimizO

N—>oo n




Examples (1)

1) lim

N—>o0

(2) lim

n+1_1

N
n+1

2

O

N—>o0 N

(3) Im

N—>o0

bﬁﬁ+1—n)=0




Example (2)

lima" =«

N—>o0

0
1

—+-o0O

-

IT O<a<l
If a=1
iIf a>1




Proof

a>l=a=1+h, h>0
—a"=(1+h)’

=1+nh- n(nz—l) h? +...

>1+nh

= [ima" = 4+

N—>00




Examples (3)

1
() limar =1 for a=>0
1

(2) limnn =1

N—>o0




Binomial Theorem

Va,beR,ne N

(a+b)" = Zn: C.a""b"

r=0

l
C = n!
(nN—r)!r!




Examples

(D) (a+b)" =a®+2ab+b’
(2) (a+ b)3 =a’ +3a’b+3ab” + b’
(3) (a+b)’ =a" +4a’h+6a’b® +4ab® + b’




Bounded Sequences



Fact

A convergent sequence IS bounded.




Bolzano-Weierstrass
Theorem



Bolzano (1781 —1848)




Weierstrass (1815—1897)




Bolzano-Welerstrass Theorem

Every bounded sequence has a
convergent subsequence.




Example (1)

a =(—1)"
‘a,, =1

— ) K 4
N -1 > -1




Example (2)

1

a =" +—
N

—> <




Bounded Monotone
dequence



Fundamental Theorem

Every bounded, monotone increasing
sequence Itself converges.

a <3dM (Bounded)

a <a (Monotone increasing)

n n+1




Example 1 (Golden Ratio)

a, =1 a,=.1+a
a, =+1+a,, (n=23)
—

MDi1<a, <3

2)1<a, <a,,

1+ /5
2

B lima, =

N—>o0




Example 2 (Napier’s Number)




Proof (1)

O<a, <a , (Monotoneincreasing)

a _L+——4JKH D:E nUr4Xh—2)i4ﬂn+£L
1'n 2! n 3! n n"

-1, A-DE-D) L a-D)E-9--0-)
21 3! n!

=1+1+




Proof (2)

O0<a, <3 (Boundedness)

1 1 1 1
a, <1+ | + —

11 21 31 n!
<1+1 1 | 12 1_1

2 2 2"




Geometric Series

Vb, re R, ne N

Zn: br. k—1
k=1

—b+br+br°+---+br

= <

‘nb  if r=1
b(1—r")

IT r=1

. 1—r

n—2

+ br

n—1




Example 3 (Euler’s Number)

b =1+—+---4 1 log n
n

Yy = Iim(l: 1 e - Iognj
2 n




Numerical Analys



Numerical Computing
with
BASIC



Napier’s Number

(1Y
e=|im|1+—
n—>oo\ n)

= 2.71828182845904 - - -




Napier’s Number
(Sequence Version)

N—>o0 N—>o0 n

e=lima, = Iim(1+£j




1 e
NNNNNNNNN

dqj(lp\lg)@w(ﬂwhmb?)l\)m"w

D

O

25

3B 703703703702
4441440625

A48832

B5216263 717421135
5464990969 7040712

565 7845139503438
B811 747991 7131984

— 2.5937424601000023




Napier’s Number
(Series Version)

e=IlimA

N—>0o0

:1:1:

1

1!

2!




T e
NNNNNN[\)N"

PR PP PID

0

.6666666666666665
. rO08333333333333

. /7166666666666 663
.7 180555555555554
1825396 8253963834
1827876984127

— 2. 7182815255 731922

J’

o




Euler’s Number

N—>00 9

=0.57721---

7/=|im(1: .

Iognj




1
b =14 Fee e log n
" 2 n J

b =0.577632273697698 (n =1200)
b =0.577465644068048 (n = 2000)
b =0.577265664067827 (n =10000)




Square Root of 2

V2 =1.41421356----




Newton’s Method versus
Bisection Method

Method Newton’s Method | Bisection Method
Hypotheses Differentiability Continuity
Monotonicity
Merits Strong Weak Hypotheses
Demerits ROl Slow
Rapid Convergence
Convergence
Background Convergence of Intermediate
Monotone Value Theorem

Sequences




Newton’s
Approximation Method



Isaac Newton (1642-1727)




Fundamental Theorem

Every bounded, monotone increasing
sequence Itself converges.

a <3dM (Bounded)

a <a (Monotone increasing)

n n+1




Newton’s Approximation Method

r>0,a,>0

a, . :=£(an +LJ, n=0,12,...
2 a

m—

a, L /r (n—x)

n




Example (Square root of 2)




Newton’s Method (1)




Newton’s Method (2)

. (an'a‘n2 _2)

Tangent Lineat (a_,a°—2):

n’=n

y=2a (x-a)+a’-2=2ax-a’—2




Numerical Computing
with
BASIC



a =1.5

a, =1.4166666666666667
a, =1.4142156862745099
a, =1.4142135623746899
a. =1.4142135623730951
a;, =1.4142135623730950




Bisection Method




Principle of
Successive Subdivision



Cantor (1845—1918)




Cantor’s Nested-Interval Property

{1,} Sequence of closed intervals

(1) In+1C|n
2 |1,|—0

—

ﬁ I, ={One Point}
n=1




Sequence Version

1 a,<a,<---<a <a
(2) b,—a, >0 asn—>w

n+1 —

—
lima, =limb,

N—>o0 N—0o0




Bisection Method (1)

J2 Square Root of 2




Bisection Method (2)




Bisection Method (3)




Numerical Computing
with
BASIC



«Smo?wwmwmmhmwmwmy

e‘”

[ i e
PPPPPPEP!‘

— 1 4150390625

W N O
N (1
i

A375
40625
421875
41440625
41796875

416015625




Number Pi




w =3.14159265- - -

7 — 0.785398163397459- - -

A




Taylor Series Version



Taylor Series

tan ~ X
. x> x> X'
3 5 V4
2n—1
| ( 1)n—1 X




Abel’s Theorem

A=) a, converges
n=1
—

f(x)=> ax">Aas xT1
n=1




L_eibniz’s Series

” —tan1
A

o0 . 1
_Z 1 2Nn+1

(_
n=0

1 |

3 |

:1 1 1:...
5 [




Numerical Computing
with
BASIC



.666666666666667
. B66666666666667
. 238095238095249
. 834920634920634
. 7440115440115449
. 820903462090934621
5426795426 7954
8130914836 79719
— 0.7604599004 732351

ﬁogjwwmwmwbwu@l\sw@
|
00000000F

e”




Machin’s Series



Machin’s Series

T ftan "t —tan
4 5 239

( 1) 2n+1 ( 1) 2n+1
2‘2n+1(5j Z‘2n+1(239j




Proof (1)

DA SIN2A _ 2tan;6\
cCo0s2ZA 1—tan A
tan(A— B) tan A—tan B

1+ tan Atan B




Proof (2)

tan A:1
5
—
tanza— 2RNA__ 5
1—tan© A 12
tan 4 A — 2tan 2 A 120

1_tan?2A 119




Proof (3)

( 7'('\ tan4A—tanE
tan|[4A— 2 | = 4

-4 1+tan4AtanZ
- tan4dA-1 1

 1+tandA 239




Proof (4)

tan

1239,

— 4tan*

~[|x |

—4A—" — 4tan™?
A

(1 ) ( )

) tan 1|

(9, 239,




Taylor Series



Example

X3 (_ 1)n X2n—|—1

3 2n—+1
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J>

O

PP2PPIP 22
|

O.75958158900581590
O.7851490257331515
O0.785405257331259
O0.785397943045544
O0.7853981 70601100
O0.785398163153827
O0.785398163405899
O.78539816339 /7151
O.785398163397459
— 0.785398163397448







Series of
Positive Terms



Series of Positive Terms

o0

Y a,=a +a,+-+a, o
n=1

a, =0




Geometric Series

a+ar+ar°+---+ar”" +---

+00 iIfr=1

ITO<r <1

1—r







Example (1)




Example (2)




Example (3)

‘converges for p >1

divergesforO< p<1




Cauchy’s Root Test

Z a_ :Series of positive terms

n=1
dlimy/a, =r

N—o0

—

1) r<l=> a, <x
=1

2) r>1= Zan = oo
n=1




D’Alembert’s Test

> a, :Series of positive terms

n=1

. a
Flim—= =r

Nn—>oo a
n

—

(1) r<l= > a, <wx
n=1

2)r>1= Zan = o0
n=1
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Square of Number Pi

2

% —1.64493406684823-- --




A =1
A, —1.25

A, —1.625137273362152
Ao = 1.6349839001849
Ao —1.64160628289763
Auoo —1.64326878829887
Ao =1.64350651534194
Agoo —1.64368484777275
Auoo — 1.64382357279252
Ao =—1.64393456668161
Ao —1.6442676223544




Alternating deries



Alternating Series

00

Z:(_l)n_1 d, =d —d, Tdy Ty —dy T

n=1
a. >0




Leibniz’s Theorem

() a, >a _ , (monotonedecreasing)
(2)lima_ =0

N—o0

—

> (-1)"* a, converges
=]




Examples




Continuity
of Functions




Definition of Continuity

Let f(x)beafunctiondefined onan interval |.

f (x) I1scontinuousat a e |

def
=

Ve>0,d6=05(a,&) >0 such that
X, yel, |x—aj<s=|f(x)-f(a)|<e




Example (1)

f (X)) = X°
| — [0, o)




Proof

() x> a:

5(a,e)=+a’+c—a

(2)0< x<a:

o,(a,e) = a—+a?—¢

—

6(a,e) =min{é,(a,e),6,(a,e)}




Example (2)

g(X) =
| — (0, o)

L
X




Proof

(D x> a:

sa“

11— =sa

(2) 0O << x << a:
2

o, (a,g) =

sa
0z (&, ) = 1+ sa
—
S(a,e) =mind{s (a,s),6,(a,s)}
sa’

1+ =sa




Criterion of Continuity
(Sequence Version)

f (X) Iscontinuous at x =a
&
X —a=lim f(x )= f(a)

N—00




Example (1)

SIN X

.o sin(a + h)
— sSina cosh +cosasinh
—~SIha as h—20




Example (2)

.1 .
— T O,
f(X):<XSInX IT X =
0 If x=20
| F(h) — f (O)]
— hsini
h

<|h|—0 as h—O0




Example of
a Discontinuous Function

g(X) =

1

SN —

O

X

IT xX=0,

IT x=0




Proof

@) x, = = >0 asn— oco
7T
— +2n7
2
A . (7T
g(xn):sln—:sm(—+2nw]:1
X 2
(2) Yy, = = .0 asn— oo
y”_37T ’

- 2N7T
2

a(y,) :sini:sin(% : 2n7rJ:—1

2

n
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Graph of T (x)

04
03r

02F

x o\
X / / 02} 1\\4’,
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Graph of g(x)




Operations of
Continuous Functions

f (X)), g(x) arecontinuous

—

(1) f(X)=*Exg(x) 1scontinuous

(2) kf (x) 1scontinuous

(3) T (xX)g(x) I1Iscontinuous
F(X)

569

(g(x) = 0) i1scontinuous




Continuity of
Composite functions

f (uU) I1Iscontinuous
Uu=g(x) I1scontinuous
—

f (g(x)) is continuous




Weierstrass' Theorem




Maximum Value Theorem

f (x) Iscontinuouson | =[a,Db]
—
f (x) takes Its maximum




Proof (1)

=

Ja=sup{f(X)|la<x<b}

vn e N, dx. <[a,b]
such that

1

87

< (X)) <«




Proof (2)

{x, }C{x,},Jc e[a,b]
such that

X, — C

(Bolzano - Welerstrass)




Proof (3)

(a) « r::' < f(X,) <«

(b) X.. —C
—
f(c) = lim f(x.)=a

N'— oo




Minimum Value Theorem

f (x) Iscontinuouson | =[a,Db]
—
f (x) takes Its minimum




Proof (1)

48 =inf{f(X)|la<x<Db}
—

vne N, dy <|a,b]

such that

o< T(y,) <0G i




Proof (2)

{yn}c{yn}1 d E[a,b]
such that
yn' — d

(Bolzano - Welerstrass)




Proof (3)

() 5= F(y,) <6+
(b) v, — d
—

f(d)=Im1(y,)=20

N'— oo




Intermediate Value Theorem

f (X) Iscontinuouson | =|[a,b]
f(a)<0, f(b)>0

—

a<3dc<bsuchthat f(c)=0




Proof (1)

S =
=

[

C=SuUpsS

(x)<0, a<Vx<d}







Proof (2)

S={d|f(x)<0, a<V¥x<d}
C =SUPS

—

f(c)=0




Corollary

f (x) 1Iscontinuouson | =[a,b]
—

{f(x)|a<x<b}=[a, ]

a =inf{f(x)|a<x<b}

B =sup{f(x)|la<x<b}




Fixed-Point Theorem

f (x) Iscontinuouson | =[a,b]
f(l)c
—

celsuchthat f(c)=c




Proof (1)

p(X) = X— T(X)

—
p(@)=a—f(a)<0
(1) p(a) =0=c=a
(1) po(a) <0

p(b) =b— f(b) >0




Proof (2)

(11-1) o(b) =0=c =D
(11-2) (b)) >0 (w(a) <O0)
—

a < dc < b such that

p(c)=c—1(c)=0
(Intermediate VValue Theorem)




Exponential Function




_ogarithm Function

y=1log, X, O0< X <o




Sine Function (1)

VAV

Yy = Sin X, L ax<Z
2 2




Arcsine Function (1)

A
=

y=sIn "X, —1<X




Cosine Function (2)

Y =COsS X, O==x=<7




Arccosine (2)

y=cos X, —1<x<1




Tangent Function (3)

a

Y =1Tan X, ——— < X < —
2 2




Arctangent Function (3)

y=tan ' X, —oo < X < oo




Napier’s Number
(Continuous Version)

(1)e= Iim(1+%jx = |lim (1+£jx

X—>00 X—>—00 X

(2) e = lim (L+ x)x

X—0




Addition Theorem of
Trigonometric Functions



Rotation (1)

A

A(O)e, = (

cos &
Sin &

J




Rotation (2)

A(O)e, - (—sin Qj

cos @




Matrix of Rotation (1)

COSH
A(e):[ _
SIN @

Rotation of ¢

—SINng@
COS 6O

|




Matrix of Rotation (2)

A(—0) =

(cos@ sing’

(cos(—0) —sin(—0)
. sin(—0) cos(—0) |

\—SInf coso,
Rotation of — 6

— A(6)




Composition of Rotations (1)

‘coSsax —Sina)(1"
A(x)e,

SiInaa cosa /|0,
‘cosa’

sina




Composition of Rotations (2)

A(B) (A(x)e, )
(cos3 —sinB)(cosa’
sin3 cosp JIsina

(cos 3cosa —sin3sina)
SIn B cosa + cos Bsin o,




Composition of Rotations (3)

Al(a)e, =

(COS «x

SN«

(—sina

[COS

/

—sSina

(O\

COS v |

\1)




Composition of Rotations (4)

A(B)(A(a)e,)
(cos3 —sinB)(—sina’
sin3 cosp3 )lcosa |

(—cos3sina —sin 3cosa
\—SIn@sina + cos 3cosc,




Composition of Rotations (5)

A(G) Ale)
~[cosp  —sing)[cosa  —sina
_[sinﬂ cos3 Jsina  cosa

COS(3COSar—SInBSInac —C0S BSIina —SIn 5 CoS
~ |sinBcosa +cos@sina —sin Bsina 4 cos 3cosa




Composition of Rotations (6)

A(B) (Alave, ) = A(B) A(a)e,
A(B) (Ale, ) = A(B)A(x)e,




Composition of Rotations (7)

‘coOSay —Sina

Ala) =| .

Sina  coSa |

(cos3 —sing3)
A(B) =] _.

sing cosg |
—

Ala) A(B) = A(B)Ala) = Ala + 5)




Composition of Rotations (8)

(coOsay  —Sina)(cos3 —sin3
SIna  cosa )|siIn3 cosps |
— A(a + 3)

‘cos(a+ 3) —sin(a+ B3)
sin(fa+B) cos(a—+ B)




Addition Theorem (1)

cos(a + 3) = cosacos 3 —sIinasin 3
sin(a + ) = sina.cos 3 + cosasin 3




Addition Theorem (2)

A+ B A—B

sin A+ sin B = 2siIn COS
2 2

A+B . A—B

sin A—sin B = 2cos SN
2 2




Addition Theorem (3)

cos A -+ cos B = 2cos A_; B coS A; B

A+B . A—B

COSA—cosB = —2siIn SN
2 2




Addition Theorem (4)

sin A sin B = %(COS(A— B) —cos(A-+ B))
cos AcosB = %(COS(A— B) + cos(A-+ B))

sin AcosB = %(sin(A—k B) +sin(A— B))




Addition Theorem (5)

sin® A= %(1— Cos2A)

cos® A= %(1+ Cos2A)

SIN2A = 2sin A COS A




Addition Theorem (6)

tan(A+ B) =

tan A+ tan B

1—tan Atan B
1

14+ tan® A—

cos® A




Uniform Continuity
of Functions



Uniform Continuity

Let f(x)bea function defined on an interval I.

f (x) 1suniformly continuouson |

def
<=

Ve>0, 30 =0(g) > 0such that
v, yel, x—yl<d=|f(x)-f(y)<e




Fundamental Theorem

Every continuous function defined
on a bounded, closed interval is
uniformly continuous.




Proof (1)

Assume, to the contrary, that
dg, >0, Vne N

n 1
X, Y, €1, |X, = Ya| <=

4 N

()= T (Y. > &




Proof (2)

Bolzano - Welerstrass

(

X I !
. o Yo €1, ‘Xn'_yn"<ﬁ

~—dc, y,.— 3d

kX
—c=d




Proof (3)

XY, €l

X, —>C, Y, —>C
E—
0=lim|f(x,)— f(y,)|=& >0

n'—oo

(Contradiction)




Example (1)

f (X)) = x°
| = |0, K], K>0




Proof

() x> a:

61(K,5):\/K2 +e — K

(2)0< x<a:

5, (K,e) =K —VK?—¢

—

O(K,e) =min{é (K,e),6,(K,e)}




Example (2)

g(x) ==
X

| = la,o0), a >0




Proof

(DD x = a:

2
E Cx

6, (v, ) =

11— s«
(2) 0O < x < a:
2

=X
Oz (v, ) = 1+ e«
—
OS(x,g) = min{é (x,e),6,(x,e) }
Sle%

- 1+ =




Lipschitz Continuity

Let f(Xx)beafunction defined onan interval I.

f (x) 1s Lipschitz continuouson |

def
Ne—

L > 0 such that
F(x)-f(y)|<L|x-y|, Vx,yel




Example

0)
— (—o0,
(x) =|x|, |

”

]
Xyl < x
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Piecewise Smooth Curve

y = |X|




Diterentiation



Differentiability
of Functions




Definition of Differentiability

Let f(x)beafunctiondefined onanopen interval |.

f (x) Isdifferentiableat a e |

def
=

i fa+h)—f(a) _

(04

Notation: o = T '(a) = i(a)
dXx




Criterion for Differentiability

f(x)=f(a)+a(x—a)+R(X)(x—a)
limR(x) =0

_ X—ad

f(a+h)=f(a)+ah+R(a+h)h
[limR(@a+h)=0

. h—0




Geometrical Meaning

Differentiability

U

Existence of Tangent Lines




Differentiability implies Continuity

f(x)= f(a)+a(x—a)+R(X)(x—a)
limR(x) =0

_ X—ad

—
f(x)— f(a)|<|la+R(X)||x—a
—0 asx—a




Examples



Examples (1)

D) (x*)' = ax*™
(2)(e*) =¢e
(3)(a*)'=a*log.a (a>0)

(4)(|09e\><\)'=§




Examples (2)

D (sin xX)'= cos x
(2)(cos x)'= —sin X
1
COS® X

1

1X>l: V1 — x?2

1

(3)(tan x)' =

(4)(sin~

(5)(cos * x)" =

J1— x2
1
1+ x°

(6)(tan * x)' =




Example (1)

d

dxXx
d

dxXx

(V%)=

(x1/2) _

1

2V x

1 v
2

X >0




Proof (1)

IX+h —x

IX+h ++/x




Il

h—0 /X +h 4+ /X
1

2 x




Example (2)

d
—(log_. X) =
dx< ge X)

1

X




Proof (1)

(a) Im (1—|—£]X — e

X— 40O

(b)) IIm {1+£JX — e

X—>— OO

(c)lim (1+ h)% — e




Proof (2)

log_(x+h) —log_ X
h
1
(X—I— hJF
— log._
X

1
log., (1—|— DJh
X




Proof (3)

log,_ (1 | th
a1

— log_ (A + y)x_y

(v =3

1 1
— = log. (A + vy)Y




Proof (4)

log_.(x+ h) —log_ X

IiMm
h—O h
1 L
— — Iimlog_ (A + y)”
X y—O




Example (3)







Example (3)

d , .
——(sin X) = cos X
dx




Proof (1)

%(sin (X + h)—sin x)

2 ( h] . h
= —~COS| X | sin —

2 2

2 . h ( h]
— —sin— cos| X
h 2 2




Proof (2)

{ hJ
COS| X
2
h : . h
— COS X COS SIN X SIN —
2 2

—>COSX as h—2o0O




Proof (3)

sinD

Zoind 2
h 2 h
2




Proof (4)

%(Siﬂ (X + h)—sin x)

2 _ h ( h
— —SIN— COS| X
h™ 2 \ 2

—~>CcOsXx as h—2~0




Example (4)

d

COS X)=— —SINn X
—(cos x)




Proof (1)

[

(cos(xX + h) — cos x)

2 . ( hJ . h

sin| X - sin —

2 2

2 . h . [ h]
sin—sin| X A

h 2 2




Proof (2)

h

— SIN X COS - COS X SIN —

2
—~SINX as h—2oO0

h
2




Proof (3)

sinD

Zoind 2
h 2 h
2




Proof (4)

i COS(X + h)—cos X
—(cos(

2 . h . [ h)
SIN — SIN| X

h 2 2
>—SINX as h—~0




Operations of
Differentiable Functions

f (x), g(x) aredifferentiable

—

(1) f(x)=*xg(x)aredifferentiable

(2) kf (x) isdifferentiable

(3) T (xX)g(x) Isdifferentiable
f(X)

“) g (X)

(g(x) = 0) isdifferentiable




Proof of (3-1)

farh)=f(a)+ f'(ah+ R(h)h
lim R(h) =0

h—0

g(a+h)=g(a)+g'(a)h+ S(h)h
lim S(h) =0

h—0




Proof of (3-2)

f (a+h)g(a+h)

= (f(a)+ f'(@h+ R(h)h)
x(g(a)+g'(@h+S(h)h)

= t(a)g(@)+(1'(@)g(a)+ 1(a)g'(a)h
+(1(a)s(h)+g(a)R(h) + 1'(a)g’(a)h)h




Proof of (3-3)

f(a+h)g(a+h)

= f1(a)g(a)+(f'(a)g(a)+ f(a)g'(a)h
+(f(@)S(h)+g(@)R(h)+ T'(a)g'(a)h)h
Here:

lim(f(a)S(h)+g(a)R(h)+ f'(a)g'(a)h)=0

h—0







Chain Rule

y = f(u) iIsdifferentiable at u = g(a)
u = g(x) isdifferentiableat x=a

—

The composite function f (g(x))

Is differentiable at x = a:

d _dy du
o 90N |ea =57-(9(@))- (@)




Proof (1)

g(a+h)=g(a)+g'(a)h+S(h)h
lim S(h) =0

h—0

f(g(a)+k)=1(g(a))+ 1'(g(a)k +R(k)k
lim R(k) =0

k—0




Proof (2)

t(g(a+nh))

= 1(g(a)+g(a)h+S(h)h)

= 1(9(a)) + 1(g(a))(g (@)h+S(h)h)
+R(g'(@h+S(h)h)(g'(@)h+ S(h)h)




Proof (3)

r(g(a+h))

= 1(g(a))+ 1'(g(a))g (@
+17(g(@))s(h)n
+R(g'(a)h+5(h)h)(g'(a) + S(h))n




Proof (4)

limR(g'(a)h+ S(h)h)(g'(a) + S(h))

h—0

=limR(g'(a)h+ S(h)h)eg'(a)

h—0

=0




Proof (5)

r(g(a+nh))

= 1(g(a))
imT (h) =0

h—0

r'(9(a))g(@)n

T(h)h




Proof (6)

f(g(a+h))
= T(g(a))+ T'(g(a))g’'(a)yh+T(h)h
—

i f(g())|, . = f'(9(a)g'(@)

dy Y (g(a)- —(a)




Example (1)

d
&(Ioge (x—|— J %3 —|—1))

(x—|—\/x2 —|—1)

X 4+ %2 +1
1

Jx?% +1




Example (2)

f(x)=-

, .1
X SIN—
X

0

If x=0,

If x=0




Remark

The derivative

f (X)) =-

IS ot continuous.

2xsin£—cosi IT X =0,
X X
0 ITf x=0







Maximum Value Theorem
Minimum Value Theorem

\ 4

'Rolle’'s Theorem |

\ 4

Mean VValue Theorem




Rolle’s Theorem

f (x) Iscontinuouson [a,b] and
Is differentiable in (a, b)
f(a)=1(b)

—

a<dc<bsuchthat f (c)=0







Mean Value Theorem

f (x) Is continuous on [a, b] and
IS differentiable in (a, b)

—

a < dc <b such that

to)-1(a) .,
.~ 1




Proof

F(X) = 1T(X)— T(a)
t(b)— T (a) (x — a)

b—a
—
F(a)—= F(M)=0
—

a << dc << b such that
F'(c) =0




Behavior of Functions

et f (X)becontinuouson|[a,b] and
differentiable in (a,b).

On (a,b)

(1) T '(x) =0= f (x) Isconstant

(2) T '(x) 20= f (Xx) Ismonotone increasing
(3) f '(x) 0= f(X) Ismonotone decreasing




Maximal and Minimal (1)

£ (x) = f(a)+ (a)

,f(a)

(x—a)

(X —a)’ f 3(!a)

(1) f (a) = 0: T (X) Is not extremal

(2) f'(a) =0:

(2-1)f"(a) >0= f (x) Isminimal
(2-2)f"(a) < 0= f(x)Is maximal

(x—a)° +--




Maximal and Minimal (2)

F(x)= f(a)+— (a) (x — a)

(@) £ "(a) .

| o (X —a)”® = (x—a)
L ':(!a) (X —a)?* +

G 1T'@=1"@a)=

f "(a) = O= T (X) Is not extremal
GHit'@=1"@=1"a)=

4-1) f""(a) >0= f (X) Isminimal
4-2) f ""(a) < 0= f (x) Ismaximal




Mean VValue Theorem

!

Cauchy's Mean VValue Theorem
—> de I"Hospital's Theorem

Taylor's Theorem = Polynomial Approximation




Cauchy’s Mean Value Theorem

f (x) Is continuous on [a,b] and

Is differentiable in (a,b)

g (x) Is continuous on [a,b] and

Is differentiable in (a,b) with g'(x) #0
—

a < dc <b such that

f(b)—f(a) f'(c)

g(b)—g(a) g'(c)




de I’Hospital’s Theorem

Let f(X),g(x) becontinuous near a
and differentiable except for a.
f(a)=9g()=0, g'(x)=0

Then:

=11111 () =a=lim F(x) —
Xx—>a '(X) X—a g(x)

94




Taylor Series



Taylor’s Theorem (Lagrange)

f (x) is of class C"™ on [a,b] and

is of class C" in (a,b) where n > 2

—

a < 3c < b such that

f " V(@)
(n—1)!

(b—a)""

f(b)=f(a)+f'@@(b—-a)+-+




Taylor’s Theorem (Cauchy)

f (x) is of class C"™ on [a,b] and
Is of class C" in (a,b) where n> 2
—

a < 3dc < b such that

_ - Ve V@) e
f(b)=f(a)+ f'(@)(b—a)+-+ = (b—a)

f(n)(C) n—1
+ TR (b—c) "(b—a)




Taylor’s Theorem

(1) f(x)isinfinitely differentiable in (—R, R)
(2) sup\f<”>(x)\<3|v|R, n=12,-

X|<R

—

(=3 f(n)(o) <R

n=0




Examples



Example (1)




Remark (Napier’s Number)




Example (2)

(sin x)'"™ = sin (x +g7rJ

! [n J
— SIN| —17
x=0 2

O for n= 2k
(—D*for n =2k +1

=

(sin x)'™




Example (2)

SIN X
o x> | x> X’
3! 51 VA
_I_ (_1)k X2k—|—1




Example (3)

(cosx)™ = COS[X | 277]
—
(n) n
(cos x) — COS [—77]
x=0 9

| (—1D" for n= 2k
O forn=2k +1




Example (3)

COS X
o x* x* x°
- 21 41 6!
2k
X
+ (—D"




Example (4)

log, (1+ X)




Example (5)




Abel’s Theorem

A=) a, converges
n=1
—

f(x)=> ax">Aas xT1
n=1




Examples

(1) 1

---=]log(1+1) =log, 2

.=tant1=2=
4

(2)1

1 1 1
2 3 4
1 1 1
3 5 7




Computational
Approach



Numerical Computing
with
BASIC



Alternating Series Version

log, 2=1 Lt 1 1.

2 3 4
— 0.693147180559945




log, 2=1 |

0.69314718054981 (n =10)
0.693147180559944 (n =100)
0. 693147180559944 (n =1000)




Taylor Series Version



Taylor Series Version (1)

log, (1 + X)




Taylor Series Version (2)

Ioge(l_ X)
X ° X3 x4
— —X
2 3 4
X2n—1 X2n
2Nn —1 2N




Taylor Series Version (3)

log, 1+ X log, 1+ x) —log, (1 — x)
— X

( 3 5 2n—1 A

=2 x b T

\ 3 5 2n—1 )




14— ( \
IogJEZ:Iogje—3 le
1_} \ 3)
3
1 11 1(1Y 1 (1P
= 2|+ : R
3 313 5(3 n-1(3,

=(0.693147180559945.-.




Computational
Approach



Newton’s
Iteration Method



| =[a,b]
f(a) <0, f(b)>0

f""(x) >0
—>
I a, = b,
gan =a__, fl(a”—l) , h=12,...
i f'(a, ;)

{a,} converges to the solution &
of the equation f (x) =0




Newton’s Method (1)




Newton’s Method (2)

(an—l’ f(an—l))

y="Ff'(a_)x-a )+ f(a )




Newton’s Method (3)

(an—l’ f(an—l))

L

Definition of {a, |
O=f l(an_1)(an o an—l) + f (an—l)




Numerical Computing
with
BASIC



X =CO0S X




X =C0S X

X =0.739085133215166




—

1scellaneous Curves



Numerical Computing
with
BASIC



Asteroid




Cycloid

N



Catenary



Tractrix



von Koch’s Curve



Curves defined by
Polar Coordinates



Numerical Computing
with
BASIC



Archimedes’ Spiral




Cardioid

r =21+ cosé@)




Cardioid (Complex Version)




r = Sin 26




SV
2N




Conic Section

r(@) =

¥4

O<e<1(Ellipse):

e >1 (Hyperbola) :

1+ &£cosé@

e =1 (Parabola)

20

r+r'= =
1— &

20

r'—r =—

e —1
X = 1y2—|—£
20 2




Numerical Computing
with
MuPAD



Butterfly

y 3t




Compactness

Real Numbers

Bolzano-Weierstrass’ Theorem
(Sequences)

Calculus

Ascoli-Arzela’s Theorem
(Continuous Functions)




Bolzano-Welerstrass Theorem

Every bounded sequence has a
convergent subsequence.




Ascoli-Arzela Theorem

If a sequence of continuous functions Is
uniformly bounded and equicontinuous,
then it has a subsequence which converges

In the uniform topology.

(1) IM =0: [f, ()| =M
(Uniformly Bounded)

(2) Ve >0, 35 =&5(&) >0

X —y|l<S=|f,(X)— Ff, (V)| <<=
(Equicontinuous)




Indefimte Integral



Antiderivative

A function F (x)is called

an antiderivative of f (x)

on an interval | If it satisfies
the condition

F'(x)= f(x), Yxel




Fundamental Theorem

If F(x)Is an antiderivative of f (x)

on an interval |, then the most general
antiderivativeof f on | is of the form
F(x)+C,

where C Is an arbitrary constant.




Examples (1)

1
1) | x¢dx = X = —1
()f o +1

(Z)I%dx: log, [x| (o= —1)

aX
3) | a’dx = , a>>0
( )f log, a

fexdx: e (a=-¢e)




Examples (2)

1 1 X
4 dx=—tan '=, a=0
( )fx2+a2 a a

f 1 dx—tan'x (a=1)

X% +1

1 1 X—a
5 dx =—Io
()fxz_az o109, —

a=>0




Examples (3)

1 . X
6 dx =sin"'*=, a>0
( )f\/aZ_XZ a

1 .
dx =sin"*x (a=1)
f\/l—xz

(7)f|oge xdx = x(log, x —1)




Examples (4)

(8)f\/a2 — x° dx

[x\/a _x% +a?sin

(9)f \/XZ +A dx = log,

15} a>0
a

x+\/x2+A|, A>0




Examples (5)

(1O)f\/x2 + Adx

1
2

(x\/x2 + A+ Alog,

X+ X2+ Al




Examples

(1)fsin x dx — — cos X
(2)fcosxdx:sinx

1
(B)I “os? x dx — tan X

1
(4)fsin2 XdXz—Cotx
(S)Itan xdx = — log|cos X|
(6)fcotxdx: log |sin x|




Indefinite Integrals
of
Rational Functions






Formula (5)

(I —DHx—a)




Formula (6)

J

1

2

log(x* +a?), a=0




Formula (7)

f( . 2)molx

X" +a
B 1

S 2(m—1)(x* +a?)" "

a=0 m=x=1




Example 1-1

1

)5

- Jrec |

X +1)2

X

_f(

NG +1)2

dx

X

dx

X° +1

dx




Example 1-2

1

f >-dX
x(x* +1)
— log X | =
"Ux2 1 2(x*+1)




Formula (8)

|m:f(21

X" +a

z)m

dx,




Formula (9)




Formula (10)

X +a2)2
1 x 1
2a° | 2(x* +a°) " a




Formula (11)




Definite
Integrals



Series and Integrals

Continuous Case

Discrete Case




Riemann
Integral



Georg Friedrich Bernhard Riemann
(1826-1866)




Definition of Riemann Integral

Let f(x)beabounded function defined on
an interval | =[a,b]

AiX,=a<X <---<X =b (partitionof I)
Al=max (X, —X_,)

1<i<n

S(A,f)=iMi<xi—xi_1), M, = sup (1)

Xi g St<X:

S(A, ) = Zm(x—xI L), m = |nf f (t)

<t<x




Upper Integral

y=1(x)

Al

Approximation area from outside




Upper Integral

Wj:f(x)dxﬂrlf S(A, f)




Lower Integral

y=1(x)

Al

Approximation area from inside




Lower Integral

Iimj: f(x)dx =sups(A, )




Definition of Riemannian
Integrability

lim| " f (x)dx =Tim|_" f (x) dx




Examples

(1) Continuous functions

(2) Monotone Increasing
(decreasing) functions

(3) Bounded variation functions







Darboux’s Theorem

@ Tim[" f(x)dx = lim S(A, f)

|A|—0

() lim [’ f (x)dx = lim s(A, )

Al >0




Mensuration
by Parts



Riemannian Sum

Let f(X)beaRiemann integrable function
defined on aninterval | =[a,b]
AiX,=a<X <---<X, =D
‘A‘ = max (X —X;_;)
1<i<n
—
j f(x)dx = ||mz f)(x —X,), X ,<Vt<x

Al




Example

et f(x)beacontinuous function defined on
the interval | =[0,1]

L 1 \1 2
@Zl f (ﬁjﬁ:jo f (x)dx
O 1-1\1 1
S (2 o




Example

I|m —f \/x

et \/n —|—|

= log, X +/X’ +1

= Ioge(1+\/§)




Fundamental Theorem
of
Calculus



Fundamental Theorem of Calculus
Part 1

If f (X) IS continuous on [a, b], then
g(x) = j f(t)dt, a<x<b,

IS continuous on [a, b] and differentiable
on (a,b), and

g '(x) = 1(X).




Fundamental Theorem of Calculus
Part 2

If f (X) Is continuous on [a, b], then
[ f(0)dx = F(b)-F(a)

where F (X) Is any antiderivative
of f (X).




Notation

Because of the relation given by

the fundamental theorem of calculus
between antiderivatives and integrals,
the notation

_f f (x)dx
Is traditionally used for an antiderivative
of f (x), and iIs called an indefinite integral.




Strategy
for Integration




Formula for Integration by Parts

If f (x) and g(x) are
C* functions on [a, b], then

[ (0g(x)dx
=[F (09 [ (g (x)dx




Substitution Rule for Definite Integrals

If g(x) is a C* function on [a,b] and
If f () IS continuous on the range of g,

then
g(b)

[ f (g0 (dx =] " F (u)du




Areas between Curves

IT a region D is bounded by the curves
with equations

y=T1T(X), y=9(x)

and the lines

X =a, X = Db,

where

f(X)=g(x), a=sx<=<shb,

then the area A of D is

A:j:[f(x)—g(x)]dx




Center of Mass

IT a region D is bounded by the curves
with equations

y=*1t(x), y=9(x)

and the lines

X =a, X =D,

where

f(X) =g(x), a=s=x=<shb,

then the center of mass the D is located at

< %j:x[f(x)—g(x)]dx

L 1 b 1 > 2
V=15 T007 —g0)* |dx




Volume of Revolution

IT S Is the solid generated when the region
bounded by the curves with equations
y=1T(X), y=9(x) (f(x)=g(x))

and the lines

X =a, X =D,

Is rotated about the x-axis,

then the volume VV of S iIs

V =z [ £(x)?—g(x)? ]dx




Lmproper Integral



Improper Integral of Type 1

(D) If the definite integral
_[; f (x)dx

exists for every t = a, then

[7f (0)dx =1lim tf(x)dx

t—o0

provided the limit exists
as a finite number.




Example 1

Jloo—adx = |lIm tidx

X t—ocodJ1 X
(1 1 1
lim —
t_“)O\Oé—l a—1t )

1

o oa>1

o —1




Improper Integral of Type 1

(11) If the definite integral
Lb f (x)dx

exists for every t < b, then

[7 f0odx = lim [ f (x)dx

t—>—oc0

provided the Iimit exists
as a finite number.




Improper Integral of Type 1

(111) If the improper integrals
[~ fe0ax, [© f(0dx

exist, then

fi F(x)ax = Iaw F (Xx)dx + _f: f (x)dx




Improper Integral of Type 2

(D If f (xX) 1s continuous on [a, b)
and 1Is discontinuous at b, then

b ) t
ja f ()dx =lim | (x)dx

provided the limit exists
as a finite number.




Improper Integral of Type 2

(1) If f (xX) 1s continuous on (a, b]
and iIs discontinuous at a, then

b ) b
ja f (x)dx = lim jt f (x)dx

provided the limit exists
as a finite number.




Example 2

X t—0Jt X
( A
— lim|— L e
t=0{l—a 11—«




Improper Integral of Type 2

(11D If f (x) Is discontinuous at c € (a,b),
and the improper integrals

C b
L f (x)dx, j f (x)dx
exist, then

jb f(x)dx = [ f(x)dx+Lb f (x)dx




Application to Taylor Series

(—1< x<1)

X3 o (_1)nX2n+1

2N +1







Proof (2)

1 1
1412 1—(—t?)
=1+ () 4+ + (D"t 4+

= > (—1)"t*" (Geometric Series)
n=0

(—l<t<]l)




Proof (3)

tan

X
= [ Lt
0 1+t

_OO X_n2n
_;L( 1)"t2"dt

= X
3

(—1< x<1)

X3 o (_1)nx2n—|—1

2N +1




Numerial Anly



Trapezoidal Rule




Simpson’s Rule




Computational
Approach



Example

[l xdx = % — 0.6666666666----




Numerical Computing
with
BASIC



Trapezoidal Rule

REM S ARKIZ&KB0LFES
REM B8%% sqr(x) ¥&4 X [0,1]
PRINT"&RARICEKVETDELUEGTEZLET"
PRINT "fA[FEHRLFEIT M2
INPUT PROMPT "n=":n
LET s=0
LET h = 1/n
FORk=0TOn-1

LET x =k*h

LET y = (k+1)*h

LET s=s+ (SQR(X) + SQR(y))*h/2
NEXT k
PRINT s
PRINT 0.6666666666666666
END



Simpson’s Rule

REM 200V NKIZKBIELIES
REM BE%K sqrt(x) &4 X [0,1]
PRINT " oY NARIZED AL EE"
PRINT "fa[FEHmLEIT M2
INPUT PROMPT "n=": n
LET h = 1/(2*n)
FORk=0TOn-1

LET x = 2*k*h

LET m = (2*k+1)*h

LET y = (2*k+2)*h

LET s=s+ (SQR(X)+4*SQR(M)+SQR(y))*(h/3)
NEXT k
PRINT s
PRINT 0.666666666666666666666
END



Mesh

n=10
n=100
n=1000
n=10000

Trapezoidal
Rule

.660509341706818
.666462947103147
.666660134393675
.666666459197103

Simpson’s rule

.664099589757422
.666585482066722
.666664099383542
.666666585482054



Calculus
of
Two Variables






Xy




Continuity
of
Functions



Continuity

Let D be a domain in R*
A function f (X, y)defined in D
IS continuous at (a,b) e D
&
Ve >0,30 =0((a,b),&) > 0such that
x-a|<d, [y-b|<s=|f(x y)-f(ab)<e




Diterentiation



Partial Differentiability
of

Functions



Partial Differentiability

Let D be a domain in R?
A function f (X, y) defined in D
Is partially differentiable at (a,b) € D

e
Slim f@+h.D) = f@b) _of .\,
h—0 h OX
lim f@brR—f(@ab) _of

k—0 k ay




Total Ditterentiability
of

Functions




Total Differentiability

Let D be a domain in R?

A function f (X, y)defined in D

Is totally differentiable at (a,b) € D
N

da e R, 34 € R such that

f(a+h,b+k)

_ f(a,b)+ah+,8k+o(\/h2+k2)




Geometric Meaning
of

Total Ditterentiability



Tangent Plane

f(a,b)+a(x—a)+p(y-h),

(X
y
(3 )
=1 Db
_f(a,b),

+(x—a)

1
0

¢

+(y-b)




Equation of a Plane

—aX—py+z=d




Total Differentiability

! 4

|Continuity| |Partial Differentiability

s §

|Intermidiate Value Theorem |
Mean Value Theorem




Example of Functions
(Surfaces)



] Continuity Partial Total
Function Differentiability | pifferentiability
Xy X O X

X° + y°
X X
Xy | ©
X2 +y? O O O




Numerical Computing
with
MATHEMATICA






| <y

Z




X2 +y?

= Xy e

Z




Extremes
of Functions




Point

(X, y) (0,0) (1,1 (-1-1) 1-1) (-1,1)
_x2+y2 l 1 _1 _
xye 2 | O A e o e
Behavior | Saddle | Maximal | Maximal | Minimal | Minimal
Point Value Value Value Value




X2 +y?

= Xy e

Z




Canonical Forms
of
Polynomials of second-order



Mean Value Theorem

!

Taylor's Theorem

J

Polynomial Approximation




Polynomial

z = T (X,¥Y)
— ax”® + 2bxy + cy”~




Matrix Form

z = T(X,¥)

— ax® + 2bxy + cy”

m—

ax’® + 2bxy + cy”

- /(a b
- b C/

(% )

Y

(% )

Y/




(minimal point)

2

Z=X"+YVY




(saddle point)




(maximal point)

2

Z=—X"—Y







| agrange s Method
of
Undetermined Multipliers



Lagrange

€ Joseph Louis Lagrange (1736-1813)
Italian and French Mathematician




Joseph Louis Lagrange




Extreme Problem (1)

f(x,y), o(x,y):C" functions
Under the condition

p(X,y)=0
find the extremes of the function

T(xy)




ldea (1)

Introduce the function

F(X Y, 4) = T(X,y) = Ao(X,y)
A .parameter




ldea (2)

Assume that f (X, y) takes an extreme at (a, b)
Then either (1) or (2) holds true :
(1) dF(x,y,4)=0:
f (a,b)— 1 (a,b)=0
f,(a,b)—1g, (a,b)=0
p(a,b)=0
(2) do(X,y) =0:
o, (a,b) =9, (a,b) =0

J\




Example 1

Under the condition

P X+ P, Y = C
find the maximum of the function

z=ax’y', s+t=1,s>0,t>0




Example 2

Under the condition
4x+5y—-6=0, x>0,y>0

find the maximum of the function

7 — X1/3y2/3




Extremes Problem (2)

f(x,y), g(x,y):C" functions
Under the condition

g(x,y)=0
find the extremes of the function

T(XY)




|dea

Introduce the function

F(x,y,2,4) = f(X,y)-4(9(x,y)-2)
Consider the extremes of the function

F(Xx,V,2,/4)
In the half space

Rf:{(x,y,z)eR3:220}




Example

e 2 5 2
Q:<(x,y)eR2::2 | E)/z <1t

. )

Find the maximum and minimum
of the function x+ y In Q.




Extreme Problem (3)

f(x,y), g(x,y), h(x,y):C" functions
Under the two conditions

g(x,y)=0,h(x,y)=0
find the extremes of the function

T(xy)




|dea

Introduce the function
F(X,y,z,wW, A, 1)

= f(x,y)—-1(9(x,y)—2)

—u(h(x, y) —w)

Find the extremes of the function

F(X,Vy,z,W, A, 1)
INn the domain

{(x, y,z,W)eR*:z2>0,w

>0}




Example

Q:{(x,y)eRz:yzO, ySl—XZ}
Find the maximum and minimum
of the function 2x+ y In Q.




Differential
Equations




Bird’s-Eye View

Theme |Mathematics|Mechanics
Differential Second-order Newtonian
Equation Differential Equation of
Equation Motion




List
of
Mathematicians



List of Mathematicians

Isaac Newton (1642-1727) England

Leonhard Euler (1707-1783) Switzerland
Jean-Baptiste Fourier (1768-1830) France
Joseph Louis Lagrange (1736-1813) Italy, France
Augustin Louis Cauchy (1789-1857) France
Thomas Robert Malthus (1766-1834) England
Pierre Francois Verhulst (1804-1849) Belgium




Method
of

Quadrature




Linear Case



First-Order Case

dx

dt

+ p(t)x =q(t)




Variahles Separable
Form



Homogeneous Case

dXx
dt

+ p(t)x=0




General Solution

dxl
dt
E—

p(t)x =0

[ p(s)ds
x(t) =Ce LO

C :Constant




Example 1

dx
dt
—

X(t) = Ce*

ax=0 (aeR)




Structure Theorem (1)

T he solution space of the homogeneous
equation
dx

—4+ p(t)x=0
prraiall SO

forms a one dimensional vector space
spanned by a solution

- ; p(s)ds







Proof (1)

dx

dt
—

dx

X

F p(t)x =0

_ p(t)dt




Proof (2)

adX _ _ pt)dt
X

—

9 pearas

—

log, X = —f p(s)ds +C,




Proof (3)

log, x(t) = —[ p(s)ds+C,

—

i)

t
—jo p(s)ds

X(t) =Ce




Non-Homogeneous Case

dXx
dt

- p(t)x =q(t)




General Solution

dx
—+ P() X =q(t
- HPOx=a(t)
—
t [ p(o)de
X(t) = | a(s)-e™

C : Constant




Example 2

dx
2X = e
dt

—
X(t) =e> +Ce”




Structure Theorem (2)

The solution space of the
non - homogeneous equation
dx

¢~ POx=a(®)

forms aone dimensional affine space
translated by a particular solution

7(t) = j: q(s)-eh PO gs




Image (2)

Z(1)




Method
of

the Variation of Constants



Proof (1)

«(0) = C(e ="

—

dx dC ' pesre
px=2C ek

dt dt




Proof (2)

dC —Lt p(s)ds
e (0)
dt
dx
a1 p(t) q(t)
m—
adC t p(s)ds
= g(t)e "
Ot q(t)




Proof (3)

[NCIGLE

C(t)zj:q(s)-eto ds +C

—>

—It p(s)ds

x(t) =C(t) e o

/

[ a9 a5 1

\

Y




Non-Linear Case




X(t)
J




Logistic Equation

%:a(A—x)x

X(0)=C




General Solution

CA

X(t) =
0 C+(A-C)e™
C : Constant




Variahles Separable
Form






Proof (2)







(eneral Case



Initial-VValue Problem

dx

o= ftx)

x(0) = x, (Initial Condition)




Examples of T (t, x)



Numerical Computing
with
BASIC



Example (1)

(

dx,
dt
dx,
el

= —2X, +2X,

= —2X, + 3X,







Example (2)

( dx

dt
dx,

L dt

L = X, +2X,

— X — X5







Picard’s Method
of

Successive Approximation



Reduction to an Integral Equation

Xt x ()

1 dt
X(0) = X,

Differentiation t l Integration

X(t) = X, + j; f (s, x(s))ds




Initial-VValue Problem

dx

o= ftx)

x(0) = x, (Initial Condition)




Algorithm
for
duccessive Approximation



Successive Approximation (1)

(dx
1= f (t, T
. dt ( Xn—l( ))
X (0) = X,




Successive Approximation (2)

x, (t) = X, +_[; f (s, %, )ds

x, (t) = X, + J'; f (s, %, (s))ds

X, (1) = %o + [ (s, %, ,(s))ds
(Nn-th Approximation)




Successive Approximation (3)

X (t) — 3Ix(t) (Uniform Convergence)

—
% (1) =%, + [ £(5,%,,())ds
= (N> )

X(t) = X, + j; f (s, x(s))ds




Example (1)

" dx
— = ax

s dt
x(0) =1

(Solution : x(t) =e™)




Successive Approximation (1)

X, (t) =1+ a_.‘otlds =1+ at
(at)”

xz(t)=1—|—a_.‘;x1(s)ds=1—|—at | =

X () =1+ ajc: X, ,(s)ds

(at)"
ak

=1+at+----4




Successive Approximation (2)

X (t)=1+at+----4 (at?
NI

— e (N — )




Example (2)

dx

dt

=tx+\/f t>0

X(0) =1




Successive Approximation (1)

t t2 g
X, (t) :1+IO(S+\E)dS =1+

| 2t
3
X, (1) =1+I; (sx,(S) + \/g)ds

2 3 0 !
L | 2 t4+§t2 | 2 2t2
2 4.2 3 (-3

=14




Successive Approximation (2)

x_(t) =1+j; (sx_,(s) ++/s)ds

B = 1 2 (k+1)
=1+> t




Numerical Computing
with
Excel (VBA)



Example

i
4 dt
X(0)=5

(Solution : x(t) =5e"")

2 X




Euler’s Method

Solution of dx/dt=2x
120000

100000 |
80000 |
60000 |

40000 |
20000 |

0
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BASIC



Runge-Kutta Method

x(t) = 5e




Example

X 241
¢ dt

X(0)=0
(Solution : x(t) =tant)




Runge-Kutta Method (1)

REM LU -9y RKIZ KB IEEKE#MDETE
OPTION ANGLE RADIANS
DEF F(t,x) = x"2+1
SET WINDOW 0,P1/2,0,10
DRAW grid
DRAW axes
't #NEAE
LET t=0
I'xD ¥ EA{E
LET x=0
MD1RTYTDEILE
LET h=0.25
M EIETE T HH
LET N=2
FORi=0TO N-1
LET k1 =F(t, )
LET k2 =F(t + h, x + h* k1)
LET x=x+h*(kl1+k2)/2
PLOT LINES: t,x;
SET LINE COLOR 4
NEXT i
PRINT x
END



Runge-Kutta Method (2)

X=0.550499174772995
X-Tan(1/2)=-0.0632930624066609



Successive Approximation
and
Fixed-Point Theorem



Initial-VValue Problem

dX
a9t = T (L, x(1))

' X(0) = x, (Initial Condition)




Reduction to an Integral Equation

Xt x ()

1 dt
X(0) = X,

Differentiation t l Integration

X(t) = X, + j; f (s, x(s))ds




Solution and Fixed-Point

x(t) = X, + j; f (s, x(s))ds

Fx(t) := X, + j; f (s, x(s))ds

—

X = X (Fixed - point of F)




Banach’s
Fixed-Pomnt Theorem




Banach

& Stefan Banach (1892-1945)
Polish Mathematician




Stefan Banach




Banach’s Fixed-Point Theorem

(X,d) Complete Metric Space

F : X —> X Contraction Map:
0<3k <1

d(F(x),F(y)) <kd(x,y), Vx,ye X
—

41z e X suchthat F(z) =z

9




Linear Case



Second-Order Case

u"(t) +2bu'(t) +cu(t) =0,
<u(0) =u,,
u'(0) =u,




(eneral Solufions



General Solution(1)

D/4=b°“—c>0

() =€ Ae e 4 Be )

A, B : Constants




Example

X"(t)—x(t) =t
| x(0) = x'(0) =0

Solution : x(t) = %(et —e ") —t




General Solution(2)

D/4=b°“—c<0O

u(t) =e™ (Acos\/c—bzt + Bsin \/c—bzt)
A, B : Constants




General Solution(3)

D/4=b*—c=0

u() =e ™ (At+ B)
A, B : Constants




Linea Algebra
and
Difterential Equations



Exponential Matrix



Main ldea

[u"(t)+ 2bu'(t) +cu(t) =0| (t) +2bu'(t) +cuft) = 0|
Matrix Representation l I Original Form
dU (t)

— AU (t) = Calculation of e“

dt




Solution (1)

ru1 (t) = U (t)’
lu, () =u'(t)

Uy (1) = u'(t) = u, (1),
u,(t) =u"(t) =—-2bu'(t) —cu(t)
=—2bu, (t) —cu, (t)

J\




Solution (2)

(

4

N

a
dt

(u,(t)"

(u,(0)
\UZ(O)/

LU, (1),

(u,(t)"

_/o 1 )
_\—C —Zb/
/uo\

U

LU, (1),




Solution (3)

D

O 1
A —
[—C —ZbJ

d
LUM=AUQ),

kU (0) :Uo




Solution (4)

U(t)=e"U,

tA)° A"
21 nl
(Exponential Matrix)

e = | +tA+




Example
of
Exponential Matrices



Simple Eigenvalue Cas



Calculation (1)

0 1
A=
(—c —2b]

Al — A=

A —1
C A+2b

—A°+2bA+cC




Calculation (2)

ICase: D/4=Db>—c=0|

2 =-b+b?—c,
A, =—b—+b?—c




Calculation (3)

s s
P = =
b Ay

( 1 1 )

—b+vb*-¢ -b-vb’-c)

P*AP=A (Diagonal)

o o)
0

(b2 —c 0o

0 “h-b?—c,




Calculation (4)

P le"P

2 n
:Pl[l+tA+(tA) +-~+(tA) +--ojP
21 Nt

—P'P +t(P‘lAP)+t2—2|(P‘1AP)(P‘1AP)+---

+tn—n!§P‘1AP)(P‘1AP)---(P‘lAP2+---

h'd

n—times

2 n
=I+tA+(tA) +---+(tA) + - --
21 n!

— etA




Calculation (5)

2 n
e =1 +tA+ (tA|) +---+(tA) + -

nl

Lo (G A)als
0 1 0 A,) 21l 0O
+ﬂ(«” 0}...

nt{ 0 A4,°

e O
"0 e




Calculation (6)

etA _ PetA P—l

1 (1 1)(e* o) 4 -1
/12_%1(11 ﬂzj 0 e* (_ﬂl 1]

[ Aett - e —e™ +e™

12_11

(A, (6% —e*) —net 1 2,e

\

/




Calculation (7)

Case:D/4=Db*-c=0

[ A -ne® ety

T = | Ao (6% € )~ + 28"

)

J




Double Eigenvalue Case



Jordan Canonical Form
of
Matrices



Marie Ennemond Camille Jordan




Jordan

& Marie Ennemond Camille Jordan
(1838-1922)

French Mathematician




Jordan’s Canonical Form

P*AP=A (Jordan Form)
(1 1)
0 4

A=




Calculation (1)

0 1
A=
(—c —2b]

Al - A=

/|
c A+2b

=1 +2bA+cC




Calculation (2)

Case: D/4=b*—-c=0

A =—-—b (Double Root)

1 0\ (1 0)

P —




Calculation (3)

P*AP=A (Jordan Form)

A (2 1) (-b 1)
0 4) {0 -b,




Calculation (4)

P te”P

— Pl[l + tA + (tg\l)z +---+(tA)n +--~jP

n!
— PP +t(P‘1AP)+t2—2|(P‘1AP)(P‘1AP)+---+

+:]—n!(P‘1AP)(P‘1AP)---(P‘lAP)+---

~N"

n—times

(tA)? +m+(tA)” .
21 n!

=1 +tA +

— etA




Calculation (5)

(tA)° . (tA)"
n!

1 O A 1 t2 (A% 24
= +1 = + .-
0O 1 0O A) 21l 0 A2
tn ﬁn nﬂn_l
+ — + .-
ntt O A"

ot ot

e =1 +tA + 4.




Calculation (6)

etA —

Pe' Pt

B

e’ — Ate™
—A% +e

te*)( 1 O
exlt —//L 1

teﬂ,t
(At +1)e”)

J




Calculation (7)

Case:D/4=b*-c=0

U(t)=e"U,,

(UI(t)j_ e — Ate™
Uz(t) - _ 2 4 oMt

teM

(At +1)e™

I

U,
U,

J




)-dimensional
Autonomous dystem



| inear Case

" dX

— =aX+Db
dt y
ﬂzcx—l—dy




Matrix Form

/X(t)\
U (1) .= ,
() LY (1)
—
d
—U (1) = AU (1)

dt

A =

/a b\

C d,




Stability
of
Solutions




Computational
Approach



Numerical Computing
with
BASIC



Example 1 (Unstable Node)

dX—Zx
J dt

dy
T




Signature of Eigenvalues

2 0)
0 1,
Eigenvalues: 2, 1

A —




Unstable Node

AT S S




Example 2 (Saddle Point)

( dXx

— X
] dt
dy
at Y




Signature of Eigenvalues

A=(o 2

Eigenvalues: 1, —1







Example 3 (Unstable Node)

i dx
— X

) dt
dy
_ dt

SC)

= 3X+ 2V




Signature of Eigenvalues

~=(a 2)

Eigenvalues: 1, 2







Example 4 (Stable Node)

C dx
dt

dy
— X —5.5
 at Y

—2 —1.5
A —
[ 1 —5.5j

= 22X —1.5y




Signature of Eigenvalues

—2 1.5
A =
[ &)

Eigenvalues: — 2.5, —5




Stable Node




Example 5 (Saddle Point)

C dx
— 22X+ 2
) dt Y
dy
— 22X+ 3
dt Y




Signature of Eigenvalues

(2 2
2 3
Eigenvalues: 2, —1

A —




Saddle Point




Example 6 (Unstable Node)

C dXx
— 22X +
) at Y
dy
— 2
. at Y




Signature of Eigenvalues

~=lo 2

Eigenvalues: 2, 2




Unstable Node




Example 7 (Center)

C dXx

— X+ 2
T Y
dy

e
at Y




Signature of Eigenvalues

A —

(1

—1

2
_1)

Eigenvalues: /-1, — /-1




Center




Example 8 (Unstable Focus)

i ax = X +VY
J dt
dy

= —2X +
at Y

A-(% 1)




Signature of Eigenvalues

:

1 1
—2 1

J

Eigenvalues: 1+ /2i, 1 /2i




Unstable Node




Example 9 (Degenerate Node)

( dXx
— 22X + 2
) dt Y
dy
= 3X +3
_ dt Y




Signature of Eigenvalues

st

Eigenvalues: O, 5




Degenerate Node




Vector Analysi



Bird’s- Eye View

Theme | Mathematics | Mechanics
Vector Calculus on Continuum
Surfaces Mechanics

Analysis




Line Integrals



Example (1)

27
L2+y2:1xdx — IO cos(d cos6)

1 p2r .
—— | sIin26d@
2 Jo

=(




Example (2)

27
IX2+y2:1 xdy = jo cos@(dsing)

:i 27T
zjo (1+co0s20)d6

= 7T




Example (3)

sz+y2:1 ydx + xdy =0




Green’s Theorem



Green

@ George Green (1793-1841)
British Mathematical Physicist




2-dimensional Domain




Green’s Theorem (1)

I

( of

og

\ OX

oy

dxdy

= fdy + gdx




Example (1)

Q= Hgldxdy

1
= EL@ xdy — ydx




Green’s Theorem (2)

”QdivF dv=|
F=(f,0)

F-n ds




Example (2)

2 2
H or ot dxdy = A s
ol ox° 8y Q0N




Gauss' Divergence Theorem



3-dimensional Domain




Gauss’ Divergence Theorem (1)

(of og  oh’
J‘“‘Q\ax | oy | 8z/dXdydz

= jm fdydz + gdzdx + hdxdy




Example (1)

Q| = ||| 1dxdydz
1

=3 LQ xdydz

ydzdx

zdxdy




Example (2)

j . x°dydz + y°dzdx + z’dxdy

+y“+z°=1

12
=—7
5




Gauss’ Divergence Theorem (2)

j”Ddidev :jaDF.nds
F=(f,qg,h)




Stokes’ Theorem



George Gabriel Stokes
(1819-1903)







Stokes’ Theorem (1)

H oh_ % dydz+(af—ahjdzdx+ g _a
s\oy 0z 0Z OX oX oY

= Ls fdx + gdy + hdz

jdxdy




Example

(2,3,1)
Juns

vy z°dx + 2xyz°dy + 3xy“z°dz = 22




Stokes’ Theorem (2)

” rotF-ndS = F - ds,
S oS
F=(f,g,h)




Differential Forms
(Elie Cartan)



Differential Forms
and
Figures



Duality of Concepts

Degree | Differential | Figures
Forms
O Functions Points
1 dx,dy,dz Segments
2 dxdy,dydz,dzdx | Rectangles
3 dxdydz Cubes




General Form
of
Stokes’ Formula



Manifold with Boundary




Stokes’ Formula

Ida) 2

(M, do)= (oM, o)




Examples of Stokes’ Formula

Figure Differential Contents
Form
Interval Function Fundamental
Theorem of
Calculus
2-Domain One Form Green’s Theorem
3-Domain Two Form Gauss’ Theorem
Surface One Form Stokes’ Theorem




Exterior Dertvation



Gradient

of of of

grad f =| —,——,——
OX oYy OZ




Rotation

rot(f,qg,h)

~(oh og of oh og of
oy 0z 0z OX OX oy




Divergence

div(f,g,h) =

of og oh

@x'c?ylaz




Well-known Formulas

rotograd f =0

diverot v=_0




Green’s Theorem



2-dimensional Domain




Green’s Theorem (1)

I

( of

og

\ OX

oy

dxdy

= fdy + gdx




Green’s Theorem (1) via Differential Forms

JJ,do=]
w = fdy + gdx




Gauss' Divergence Theorem



3-dimensional Domain




Gauss’ Divergence Theorem (1)

(of og  oh’
IIID\GX | oy | 8z/dXdydz

= j@D fdydz + gdzdx -+ hdxdy




Gauss’ Divergence Theorem (1)

via Differential Forms

H do = 0,
D oD
o = fdydz + gdzdx + hdxdy




Application to
Electro-magnetism



Gauss’ Theorem (Magnetic Field)

”aDB(x)-ndS =0
B(x) = Magnetrostatics




Gauss’ Theorem (Electric Field)

.. EConds = 2 ([ pcodx

E (x) = Electrostatic Field
£(x) = Electric Density
s, = INnductive Capacity in Free Space




Stokes’ Theorem






Stokes’ Theorem (1)

H oh_ % dydz+(af—ahjdzdx+ g _a
s\oy 0z 0Z OX oX oY

= Ls fdx + gdy + hdz

jdxdy




Stokes’ Theorem (1) via Differential Forms

” do=| w
S OS
o = fdx + gdy + hdz




Application to
Electro-magnetism



Faraday’s Law



Faraday

& Michael Faraday (1791-1867)
English Scientist




Michael Faraday




Faraday’s Law

_%(”S B(x,1)-nds)=[_E(x1t)-dr,
dr = (dx, dy,dz)




Mathematical Theory
of

Elasticity



Motions and Configurations

X=¢,(X)

>

Reference configuration Body after time t
of a body



Two Descriptions
in
Elastodynamics




Euler’s Description

Surface force t(x,t)

Current configuration

Body force b(x,t)



Lagrange’s Description
Surface force t( X,1t)

Reference configuration f

Body force B( X,t)



Continuum Mechanics (1)

Description |  Conservation Balance Law of

L_aw of Mass Momentum
Euler . o
o+ pdivy =0 | pv=dive + pb
Lagrange 2o (X) oV

~~ =DivP+ p,B
= p(a(x). )3 (x| 7 e &




Continuum Mechanics (2)

Description | Balance Law | Balance Law of Energy
of Angular
Momentum
Euler ot * .
6 = 6 | pe+divg =tr(ed) + pr
Lagrange
Jrang S=15 p02—|f+Din=tr(SD)+poR




Probability
and
Calculus




Weierstrass’ Polynomial
Approximation Theorem



Welerstrass’ Polynomial
Approximation Theorem

Any continuous function defined on a
bounded closed interval may be
approximated uniformly by polynomials.







Example 1




Numerical Computing
with
BASIC






Example 2




Numerical Computing
with
BASIC



e

..1
=
i

S



Example 3




Numerical Computing
with
BASIC






Example 4

log,. (1+ Xx)
NG &
2 3

(—1l< x<1




Numerical Computing
with
BASIC






Example 5

V14 X
1 1X 1X2 | 1
2 8 16




Numerical Computing
with
BASIC






Probabilistic
Approach



Purpose

Any continuous function defined on the
closed interval [0,1] may be

approximated uniformly by Bernstein’s
polynomials.




Bernstem’s Polynomial
Approximation Theorem



Bernstein’s Polynomial
Approximation Theorem

f (x) € C[0,1]
f.(P) :=Zi: f (EJ(D p¥(l— p)"*, 0<p<1

(n—th Bernstein's polynomial)
—
Ve >0,dN = N(g) € N such that

vn=N = max|f(p)— f.(p)|<e

O<px1




Numerical Computing
With
MATHEMATICA






Bernstein’s Polynomial

f(X):

Z kln k)'

1_ X)n—k |

0<x<1




T (X)




T5(X)




Ts (X)




T0(X)




T100 (X)




Probability



Probability Space

Q :Sample Space
B :Completely Additive Class
P :Probability Measure

(22,B,P): Probability Space
X.: Random Variable (Measurable)
E(X,) = _[Q X (w)dP : Mean (Expectation)

V (X;)=E((X; —E(X;))?): Variance




Independent Variables

(X2,B,P): Probability Space
X;, X, Independent

fe—
def

vBorel Sets A, A,
Plo e Q| X, (@) e A, X,(w) € A})
=P{oc Q| X,(v) e A}) PHloeQ| X, (v) e A})




Chebychev’s Inequality

((Q, B, P) Probability Space
: X : Random Variable
E(X?)<oo

—

Ve >0

P({a)eQHX(a)) E(X)\>g}) < V(X)

2
E




Coin Flipping



Bernoulli Distribution

‘probabilityof ahead1: p (0< p<l)
probabilityof ataill0: 1-p

X n-th throw

—

P(X,=1)=p

P(X,=0)=1-p

2

2







Bernstein’s Polynomial
Approximation Theorem

f (x) € C[0,1]
f.(P) :=Zi: f (EJ(D p¥(l— p)"*, 0<p<1

(n—th Bernstein's polynomial)
—
Ve >0,dN = N(g) € N such that

vn=N = max|f(p)— f.(p)|<e

O<px1




Mathematical
Biology



Population Models

B Two predator-prey type species
residing in a common district.

B Two competing species residing In
a common district.




Predator-Prey
Model
(Lotka-Volterra)



Volterra

& Vito Volterra (1860-1940)
Italian Mathematician and Physicist




Vito Volterra




Predator-Prey Model

2@ [ dx
—={d=yO)x()
i || *

(= (L)Y
X(0) = 20
y(0)=2

Model Differential Equations




Predator-Prey Model

dx
o = d-ayO)x®

dy _
o r, (—1+bx(t)) y(t)




X(t) : density of the Prey
y(t) : density of the Predator




Numerical Computing
with
Excel (VBA)



|_otka-Volterra’s Model

Cdx
P (2—y (1)) x(t)

< ‘;—¥ — (=2 + x(1) y(t)
x(0) =10

y(0) =2




Runge-Kutta Method

Lotka—Volterra




Numerical Computing
with
BASIC



Runge-Kutta Method

A(f) : geu2IfA O} U6 bLEe(IfOL

X(0) =10
y(0)=2

|X(t) : density of the Prey |




Trajectories depending on Initial Values

M
-
-
-
-
-
b
-
-
[
-
b1
1
5




Competitive Model
(Volterra)



Competitive Model

% = (1—ax(t) —by(t))x(t)

3_{ =I,(L—cy(t) —dx(t)) y(t)

3




X(t) : density of species 1
y(t) : density of species 2




Competitive Model

>

= L= ax() =byO)x()

N

\<f—l'

=~ r,@—cy(t) - dx(0) y(t)

\ |
dt
Il [|x(0)=
- \y(0)=2

N\

Model Differential Equations



Stability
Oof
Solutions




Numerical Computing
with
BASIC



Coexistence Model

%: (1-0.1x(t) - 0.025y (H)x(t)

j_f: 2(1-0.05y(t) - 0.05x(1)) y(t)




Runge-Kutta Method

DEF F(X,Y)=(1-0.1*X-0.025*Y)*X
DEF G(X,y)=2*(1-0.05*Y-0.05*X)*Y
DEF FF(X,Y)=F(X,Y)/SQR(F(X,Y)"2+G(X,Y)"2)
DEF GG(X,Y)=G(X,Y)/SQR(F(X,Y)"2+G(X,Y)"2)
LET h0=0.005
LET M=50
SET WINDOW 0,M,0,M
LET MS=M/30
DRAW Grid
FOR Y=-M TO M STEP MS
FOR X=-M TO M STEP MS
PLOT LINES
PLOT LINES: X,Y;
PLOT LINES : X+FF(X,Y)*MS/2, Y+GG(X,Y)*MS/2
PLOT LINES : X+(FF(X,Y)+GG(X,Y))*MS/5, Y+(GG(X,Y)-FF(X,Y))*MS/5;
PLOT LINES : X+FF(X,Y)*MS/2, Y+GG(X,Y)*MS/2
PLOT LINES : X+(FF(X,Y)-GG(X,Y))*MS/5, Y+(GG(X,Y)+FF(X,Y))*MS/5;
PLOT LINES : X+FF(X,Y)*MS/2, Y+GG(X,Y)*MS/2
NEXT X
NEXT Y
PAUSE
FOR Y00=-M TO M STEP MS*SQR(5)
FOR X00=-M TO M STEP MS*SQR(5)
FOR K=1TO 2
LET x0=X00
LET Y0=Y00
LET H=(-1)(K-1)*H0
SET COLOR 27k
PLOT LINES
PLOT LINES: X0,YO;
LET COUNT=0
DO WHILE ABS(X0)<2*M AND ABS(Y0)<2*M AND COUNT<1000
LET COUNT=COUNT+1
LET X=X0+F(X0,Y0)*H/2
LET Y=Y0+G(X0,Y0)*H/2
LET X1=X0+F(X,Y)*H
LET Y1=Y0+G(X,Y)*H
PLOT LINES: X1,Y1;
LET X0=X1
LET Y0=Y1
LoOP
NEXT K
NEXT X00
NEXT Y00
END



One Stable Point

wlvuvwlwww#ww#ww#ww.w#..ﬂn
EEEEEEEE A EEEEE]

A - PR Y P L .. WA TP B




Stable Point

dx, _ 0. dy, _ 0
dt dt
—

1—-0.1x_ —0.025y_ =0
1-0.05y, —0.05x,_ =0




Bistable Model

%: (1-0.1x(t) - 0.1y ()X (t)

%: 2(1-0.05y(t) - 0.15x (1)) y (t)







Stable Point (1)

dx, _ 0 dy. _ 0
dt dt
—

(
—

m—

@)

O0.1x_—0.1ly_ =0
=0

1
y
XO()

=10, vy_=0




Stable Point (2)

dx _0 dy_ —0
dt dt
—
‘x_ =0
11—-0.05y. —0.15x_ =0




Dominant Model (1)

%: (1-0.1x(t) - 0.025y (H)x(t)

‘3% = 2(1-0.05y(t) - 0.15x(1)) y (t)







Stable Point (1)

e _o W _g

dt

Kyoo _O
—>
X =10, vy_=0




Dominant Model (2)

2—): = (1-0.1x(t) = 0.1y(t)) x(t)
\
%: 2(1-0.05y(t) - 0.05x()) y(t)




Dominant Model (2)




Stable Point (2)

dx d

it =% o =°
—

‘x_ =0
11-0.05y, —0.05x,
—

x =0, y_ =20

=0




Mathematical Study
of

Population Dynamics



Catchphrase

Population Problem of
Dynamics Population
Growth



Malthus

€ Thomas Robert Malthus (1766-1834)
English Economist

An Essay on the Principle of Population
(1798)




Thomas Robert Malthus




|dea Credited to Malthus

BA population will grow exponentially
until limited by lack of available
resources.




Malthus Model

-

dx

— = ax
3 at
' X(0) =X, (Initial Condition)
X(t) : Population Density

a : Growth Rate




Computational
Approach



Numerical Computing
with
BASIC



Example of Malthus

dXx oy
< dt
X(0) =5
—
X (1) = 5e-"'




Runge-Kutta Method

DEF F(x, y)=2*y

SET WINDOW -0.1,3,-0.1,60
DRAW axes

LET x=0

LET y=5

LET h=0.01

LET N=10

FORi=0TO N STEP 0.01
LET k1 =F(x,y)
LET k2=F(x+h/2,y+h*kl/2)
LET k3=F(x+h/2,y+h*k2/2)
LET k4 =F(x +h,y +h*k3)

LET x=x+h
LET y=y+h*(kl+2*k2+2*k3+k4)/6
PLOT LINES: x,y;
SET LINE COLOR "red"
WAIT DELAY 0.01
NEXT i
END



Runge-Kutta Method

A population will grow exponentially.
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Runge-Kutta Method
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Euler’s Method

Solution of dx/dt=2x
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Verhulst

& Pierre Francois Verhulst (1804-1849)
Belgian Mathematical Biologist
Notice sur la loi que la population
poursuit dans son accroissement (1838)




Pierre Francois Verhulst
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|dea Credited to Verhulst

€ The growth rate of a population will
depend on the effect of crowding within
the population.




L_ogistic Model (1)

X ) Ax(t)
< dt

X(0)=x, (Initial Condition)
X(t) : Population Density

¢ . Intrinsic Growth Rate
A . Coefficient of Intraspecific Competition




Logistic Model (2)

dx X(t)
<E—5X(t)(1 % j

X(0) =X, (Initial Condition)
X(t) : Population Density

K = % . Carrying Capacity




Logistic Model (3)

dx
56" ax(t)(A—x(t))

X(0)=x, (Initial Condition)
X(t) : Population Density

a= % :Growth Rate

A = K : Carrying Capacity of the Environment




Simplified Logistic Model (1)

dx
e (A x(t)) X(t)

X(0) = X,




Simplified Logistic Model (2)

X, A
X, +(A—x,)e"
X, A

> =A (t > +x)
XO

X(t) =




Biological Interpretation

& For small populations, we get
exponential growth with rate aA.

& As x(t) increases, the growth slows
down and the population gradually
reaches the carrying capacity of the
environment.
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Example (Large Initial Data)

dx 1

3 dt 10(
' X(0) =100 > 30

30— x(t)) x(t)

a=—. A=30, x,=100
10




Runge-Kutta Method

DEF F(t,x) =(3-0.1 *x) * x
SET WINDOW 0,10,0,40
DRAW axes

LET t=0
LET x=100

LET h=0.01
LET N=10

FOR i =0 TO N STEP 0.01
LET k1 = F(t, X)
LET k2=F({t+h/2, x+h*kl/?2)
LET kK3=F(t+h/2, x+h*k2/2)
LET kd =F(t +h, x + h * k3)

LET t=t+h
LET x=x+h*(kl+2*k2+2*k3+kd4)/6
PLOT LINES: t,x;
SET LINE COLOR 4
WAIT DELAY 0.01
NEXT i
END



Runge-Kutta Method (Large Initial Data)

X(0) =100

| A= 30|




Example (Small Initial Data)

dx 1
i 10(30 X(t)) x(t)

' X(0)=15< 30

a:i, A=30, X,=15
10




Runge-Kutta Method (Small Initial Data)

-

| A= 30|

x(0) =15
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Example (Large Initial Data)

dx 1
o 10(30 X(t)) x(t)

x(0) =100 > 30

a=— A=30, x =100
10




Runge-Kutta Method (Large Initial Data)

120
100
20 Verhulst’s Credit

60 |

X(t)

40 |

20 |




Example (Small Initial Data)

dx 1
o 10(30 X(t)) x(t)

' X(0)=15<30

a=—.  A=30, x,=15
10




Runge-Kutta Method (Small Initial Data)

39

30

25
20 /Verhulst’s Credit
15

10 |

X(t)
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