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A shear Alfv�en wave at slightly below the ion-cyclotron frequency overcomes the ion-cyclotron

damping and grows because of the strong anisotropy of the ion temperature in the magnetic mir-

ror configuration, and is called the Alfv�en ion-cyclotron (AIC) wave. Density fluctuations caused

by the AIC waves and the ion-cyclotron range of frequencies (ICRF) waves used for ion heating

have been detected using a reflectometer in a wide radial region of the GAMMA 10 tandem mir-

ror plasma. Various wave-wave couplings are clearly observed in the density fluctuations in the

interior of the plasma, but these couplings are not so clear in the magnetic fluctuations at the

plasma edge when measured using a pick-up coil. A radial dependence of the nonlinearity is

found, particularly in waves with the difference frequencies of the AIC waves; bispectral analysis

shows that such wave-wave coupling is significant near the core, but is not so evident at the pe-

riphery. In contrast, nonlinear coupling with the low-frequency background turbulence is quite

distinct at the periphery. Nonlinear coupling associated with the AIC waves may play a signifi-

cant role in the beta- and anisotropy-limits of a mirror-confined plasma through decay of the

ICRF heating power and degradation of the plasma confinement by nonlinearly generated waves.
VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4930216]

Many types of nonlinear phenomena exist in magnetized

plasmas in fusion experiments. These phenomena frequently

play crucial roles in processes such as the self-organization

and sustainment of the global structure, relaxation processes,

and saturation mechanisms.1–5 In the case of radiofrequency

plasma heating, nonlinear phenomena play a major role in

the heating efficiency; for example, parametric instability is

a major concern in fusion research and the problem has been

actively researched.6,7 In the GAMMA 10 tandem mirror,8,9

plasma is generated and heated by the ion-cyclotron range of

frequencies (ICRF) waves. The confined ion energy in the

main confinement region (called the central cell) saturates af-

ter Alfv�en ion-cyclotron (AIC) waves are spontaneously

excited because of strong ion-temperature anisotropy.10 The

precise excitation threshold is discussed in Ref. 10. The theo-

retical approach, in which the finite axial distribution of the

high beta and anisotropic region in the central cell is consid-

ered, shows good agreement with experimental results.

Because there is a strong correlation between the excitation

of the AIC waves and the saturation of the confined energy,

the AIC waves must play some key role, either directly or

indirectly, in the beta-limit of mirror-confined plasmas.

Interaction between the AIC wave and the ICRF waves for

heating would be one saturation mechanism that leads to the

decay of the ICRF heating power. Also, interactions between

each of the AIC waves would be another saturation mecha-

nism that could lead to enhancement of the ion loss produced

by low-frequency waves generated through such interactions.

Coincident occurrence of this saturation and the emergence

of nonlinear coupling are reported in Ref. 11, along with an

observation of the axial transport of high-energy ions that

shows burst-like behavior with the difference frequencies of

the AIC waves rather than steady behavior. Therefore, these

waves are likely to interact with the high-energy ions that

bounce in the mirror field and cause pitch angle scattering to

push the ions into the loss cone. In this paper, clear evidence

of nonlinear coupling between the AIC and ICRF waves and

the radially localized nonlinear generation of these waves

with the difference frequencies of the AIC waves is shown

by applying a bispectral analysis to the density fluctuation

signals that were obtained over a wide radial region in

GAMMA 10 using a reflectometer.

The waves that are treated in this study are a slow

wave for magnetic beach heating at 6.36 MHz (where

the resonance is located near the midplane of the central

cell), spontaneously excited slow waves (AIC waves) at

5.6–5.9 MHz (slightly below the ion-cyclotron frequency

at the midplane), and nonlinearly excited waves. The char-

acteristics of a typical plasma that are produced solely by

ICRF waves in GAMMA 10 can be found in Ref. 12, where

the base plasma is generated using fast waves at 9.9 and

10.3 MHz from Nagoya type-III antennas with hydrogen

gas injection into the hydrogen seed plasma produced by

plasma guns. Acceleration of the electrons by Landau

damping and the oscillating near-field of the Nagoya

type-III antennas both affect the plasma production. These

fast waves are also mode-converted into slow waves

between the central cell and subsequent anchor cells and

are absorbed by the ions in the anchor cells,13 which offers

magnetohydrodynamic (MHD) stability to the entire

plasma because of the minimum-B configuration.14 The

operational regime that was recently extended for thea)Email: ikezoe@prc.tsukuba.ac.jp
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ongoing divertor simulation experiment in GAMMA

10/PDX is presented in Ref. 15.

A reflectometer, which we use for wave detection, is a

useful tool for investigation of the density fluctuation

behavior that occurs inside hot plasma while using a rela-

tively small-sized measurement system. Reflectometers

have been applied to many fusion plasma experiments, with

interests in many topics.16–27 In this study, we use a reflec-

tometer to detect the relatively large-scale structures related

to waves in the ICRF in a cylindrical plasma, where those

excitations are severely restricted by the boundary condi-

tions. The global wave-field structure that satisfies the

boundary conditions can only grow if the wavelength is

comparable to the machine size; this is the case for these

ICRF waves, including the AIC waves, in GAMMA 10.

Electromagnetic waves in the ICRF are theoretically shown

to accompany the corresponding density fluctuations.28,29 It

was shown by comparison of the X- and O-mode reflectom-

eter signals that the magnetic fluctuation level of the AIC

waves is of the order of 10�4, and the level of the accompa-

nying density fluctuations is comparable to that level.17

Because the structure has such a small amplitude and a long

wavelength, the phase modulation ~u can be estimated well

using one-dimensional geometric optics and gives ~u � 1

rad for both the ICRF and AIC waves. Therefore, reflectom-

etry would work well for the intended application. There

have been previous successful demonstrations of ICRF

wave detection by reflectometry.18,19

O-mode microwaves in the frequency range from 8 to

12 GHz are used as the probing microwave signal. The radial

density profile of the GAMMA 10 plasma is a monotonically

decreasing function of the radius and it is maintained almost

constantly, except for discharges using abnormal amounts of

gas injection or other additional heatings, such as electron cy-

clotron heating (ECH) and neutral beam injection (NBI). In

this case, the density profile is closely related to the formed

eigenmode of the ICRF waves,30 which does not vary much

within the normal ICRF power range. The measurement posi-

tion (i.e., the cutoff position) in this study covers a wide radial

region; r/a� 0.8, 0.7, 0.6, 0.5, and 0.3 for O-mode microwave

frequencies of 8, 9, 10, 11, and 12 GHz, respectively, where

r and a are the radius and the plasma radius of the GAMMA

10 central cell (a¼ 0.18 m), respectively.

A density fluctuation measured using an 11 GHz probing

frequency at z¼ 1.12 m is compared with a magnetic fluctua-

tion that was measured at the edge of the same cross-section,

as shown in Fig. 1; z¼ 0 is set on the midplane of the central

cell, and the axial location of the central cell is from

z¼�2.8 m to z¼ 2.8 m. Peaks at 6.36, 9.9, and 10.3 MHz

correspond to the externally applied ICRF waves, and sev-

eral peaks seen in the 5.6–5.9 MHz range are associated with

the AIC waves. As the frequency spectrum of the density

fluctuation clearly shows several peaks appear at the sum

and difference frequencies of the 6.36 MHz wave and the

AIC peak frequencies, and peaks also appear around the sec-

ond harmonic frequencies of the AIC waves, whereas these

peaks are not so clear in the edge magnetic fluctuation. If

we adequately amplify the signal and apply some filtering,

we can also see these peaks in the magnetic fluctuation.

However, Fig. 1 distinctly demonstrates the advantage of

using a reflectometer to investigate these nonlinear phenom-

ena in GAMMA 10 when compared with the commonly

used pick-up coil that is set at the periphery. This difference

can be explained by the measurement position, i.e., the posi-

tion inside or just outside the plasma. Wavenumber matching

for the waves at the difference frequencies of the 6.36 MHz

wave and the AIC frequencies was previously confirmed

using edge pick-up coils, although the results were not so

clear because of the existence of the resonance of the

6.36 MHz slow wave and because of difficulties encountered

in the detection of the nonlinearly excited waves that

emerged inside the plasma, as described above.31 By using

the advantages of the reflectometer and by also applying a

bispectral analysis, we evaluate the nonlinear coupling inside

the plasma in the following. Note that this study is limited to

the frequency space, and thus the wavenumber space is not

included. Detection of the appropriate wavenumbers in the

plasma region using a two-channel reflectometer is currently

under investigation.

For nonlinear coupling of the three-wave interaction, the

wave frequencies and wavenumbers must satisfy the appro-

priate matching conditions: f1þ f2¼ f3 and k1þ k2¼ k3. Also,

a constant phase relationship must hold among the three

interacting waves; otherwise, they are simply independently

excited waves, even if the waves do satisfy the matching con-

dition. When determining whether the waves are independent

or nonlinearly coupled, bispectral analysis is useful (see, e.g.,

Refs. 5, 32, and 33). The squared bicoherence is defined by

b2(k,l)¼E[Xk Xl Xkþl
*]/(E[jXk Xlj2]E[jXkþlj2]), where E is

the expectation operator and Xk is the complex Fourier ampli-

tude of the frequency or the wavenumber of k. A statistically

meaningful calculation of the bicoherence requires appropri-

ate treatment of the expectation operator. The variance is

reduced by a factor of 1/M, where M is the averaging number.

We collect each ensemble from the steady state in three iden-

tical discharges. The total for M for the following calculations

is approximately 900.

FIG. 1. Comparison of the density fluctuation power spectra measured by a

reflectometer and the magnetic fluctuation measured at the edge by a pick-

up coil on the same cross-section at z¼ 1.12 m.
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The calculated squared bicoherence for the dataset that

was obtained using 11 GHz microwave probing is shown in

Fig. 2, with the frequency region expanded around the sum

and difference interactions between the 6.36 MHz ICRF

wave and the AIC waves. The frequency spectra that were

averaged over the same ensembles with those used for calcu-

lation of the squared bicoherence are shown in Figs. 2(a)

and 3. The large peaks that were attributed to three AIC

waves are found in this dataset. At the sum and difference

frequencies between the 6.36 MHz wave and the AIC fre-

quencies, the squared bicoherence remains high after

adequate ensemble averaging. These values lie well above

the statistical noise level, and they produce the waves at the

sum and difference frequencies that are observed in the spec-

tra shown in Fig. 3. These interactions should partly contrib-

ute to the observed saturation of the confined energy; a

proportion of the ICRF heating power is delivered to the

nonlinearly excited waves through coupling with the AIC

waves. In Fig. 3, round peaks are also observed around the

second harmonic of the AIC waves in the 11.4–11.8 MHz

range. Because there are several possible combinations

among the three AIC waves, as indicated by the calculated

bicoherence shown in Fig. 2(b), the spectrum has relatively

complex round peaks caused by the superposition of each

corresponding peak.

Next, we demonstrate the nonlinear excitation of the

low-frequency waves with the difference frequencies of the

AIC waves, which is related to axial transport of high-energy

ions, as mentioned earlier. Figure 4 shows a comparison of

the squared bicoherence of the different datasets that were

obtained near the core (fprobing¼ 12 GHz) and at the periph-

ery (fprobing¼ 9 GHz). This figure focuses on the difference

interaction between the AIC waves. To indicate the frequen-

cies of the AIC waves, the ensemble-averaged spectra are

also shown in Fig. 4(b). The small shift shown in two of the

spectra can be attributed to small variations in the plasma pa-

rameters, which are hard to avoid because of changes in the

uncontrollable wall conditions, although we did perform the

measurements using successive discharges over a single day.

However, this small frequency shift does not play any signif-

icant role in the radial dependence of the three-wave cou-

pling that is considered here. A comparison between (a) and

(c) clearly shows the radial variation of the coupling strength

that generates the low-frequency waves with the difference

frequencies of the AIC waves; the squared bicoherence is

significant near the core (Fig. 4(a)), but less so at the periph-

ery (Fig. 4(c)).

To state the radial dependence that is seen in Fig. 4

clearly, we summed the squared bicoherence values over

all combinations of f1 and f2 to produce a constant f3. This

summation corresponds to an integration along the line

f2¼�f1þ f3 when f3 is fixed. This summed squared bicoher-

ence can indicate the degree to which the nonlinearity is

included in the f3 component, regardless of which

FIG. 2. (a) Ensemble-averaged power spectrum of the density fluctuation as

measured by a reflectometer using 11 GHz O-mode microwaves and the

squared bicoherence of (b) the sum and (c) the difference interactions

between externally applied ICRF waves and spontaneously excited AIC

waves. The calculation region is limited by the Nyquist frequency, which is

12.5 MHz in this dataset, and the symmetry of the bispectrum.

FIG. 3. Ensemble-averaged power spectra of the density fluctuations meas-

ured using a reflectometer with 11 GHz O-mode microwaves in the fre-

quency ranges of (a) 11.4–12.4 MHz and (b) 0–1.0 MHz.
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combinations are particularly dominant. Figure 5 shows the

summed squared bicoherence as a function of f3 for five

microwave probing frequencies. The summed squared bico-

herence has peaks at around 70, 90, and 160 kHz, which are

the exact difference frequencies of the AIC waves, for

12 GHz microwave probing, but the peaks are not so clear at

the other probing frequencies. Because the summed squared

bicoherence is also significant in the outer region for the

waves that were generated via the coupling between the

6.36 MHz ICRF wave and the AIC waves, the localized non-

linear coupling that was found in the low-frequency waves

may be related to the properties of the generated waves. It

should be noted here that because these low-frequency

waves have small wavenumbers under the matching condi-

tion kAICi� kAICj¼ klf, the wavelengths become longer and

the geometric optics approximation of reflectometry also

holds for the low-frequency waves. On the other hand, there

is significant nonlinearity in the low-frequency region below

100 kHz in the peripheral region. Background plasma turbu-

lence may be interacting and causing spectral broadening at

the periphery in this case. However, a detailed evaluation is

required for such a small-scale phenomenon when measured

using a microwave reflectometer, because the microwave

reflection shows complex behavior when influenced by

small-scale turbulence. We have limited our studies to the

emergence of the radial dependence here and have not

attempted a precise assessment of the coupling with the

small-scale turbulence, which seems to occur near the

periphery.

In summary, nonlinear (three-wave) couplings among

shear Alfv�en waves, which are those applied for ion heating

and those that are spontaneously excited because of ion-

temperature anisotropy (AIC waves), and their radial

dependence have been evaluated by applying a bispectral

analysis to the density fluctuations that were measured using

a reflectometer in GAMMA 10. The emergence of several

fluctuations is explained well by three-wave coupling among

the waves of which the driving forces are apparent. The

strength of the three-wave coupling varies in the radial direc-

tion; the bicoherence of the coupling between the AIC waves

required to produce low-frequency difference fluctuations is

significant near the core region but is less significant in

the outer region. This radial dependence could be attributed

to the properties of the generated low-frequency waves,

because another instance of coupling between the AIC waves

and the ICRF wave used for heating also remains high in the

outer region. From the viewpoint of the axial transport of

high-energy ions due to the low-frequency fluctuations, clari-

fication of the properties of these nonlinearly generated

waves is needed and will be addressed in future studies. An

understanding of the nonlinear coupling among ICRF waves,

including AIC waves, will lead to the production of higher-

beta plasma in a mirror field and will also be useful for appli-

cations such as high-power space propulsion systems using

radiofrequency plasma.
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