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Preface

The atomic nucleus is a tiny (~ 107 m) quantum object composed of two kinds of fermions,
neutrons and protons (nucleons), interacting through nuclear force. To study properties of atomic
nuclei, nucleus-nucleus collision experiments utilizing a huge heavy-ion-accelerator is indispensable.
By producing unstable nuclei which do not exist naturally on the earth as well as stable nuclei as an
outcome of the nuclear reaction, we can study properties of nuclei composed of different numbers of
neutrons and protons. From this point of view, we may consider that the nuclear reaction experiment
plays an essential role as a means to study various kinds of atomic nuclei. Because it is basically
a complex quantum many-body problem, however, it is not obvious how we experimentally produce
objective nuclei and we need theoretical considerations. The main aims of this study are (i) to
understand microscopic reaction mechanisms of low-energy heavy ion reactions and (ii) to theoretically
predict optimum reactions, i.e. projectile-target combinations and incident energies, to experimentally
produce objective nuclei. In this thesis, we focus on multinucleon transfer (MNT) and quasifission
(QF) processes which have recently been considered to be a useful means to produce unstable nuclei.

We regard the atomic nucleus as a finite, non-relativistic, self-bound, quantum many-body system
composed of neutrons and protons. Although scales of length and energy as well as interactions
governing the system are very much different from those in atomic/molecular physics or condensed
matter physics, we may expect analogous physics as a many-fermion system. From this point of
view, we consider that MNT and QF processes in low-energy heavy ion reactions would provide us
a unique opportunity for studying a non-equilibrium quantum many-body problem, where structural
properties and time-dependent reaction dynamics are strongly related to each other reflecting the
finiteness of the system and the complexity of the nuclear force. Thus this study is expected to provide
us interdisciplinary information on non-equilibrium quantum transport phenomena in many-fermion
systems.

In this thesis, we investigate MNT and QF processes in low-energy heavy ion reactions at ener-
gies around the Coulomb barrier using a microscopic framework of the time-dependent Hartree-Fock
(TDHF) theory. Although we use a conventional terminology, “TDHF” | it has recently been referred
to as time-dependent density functional theory (TDDFT) or time-dependent energy density functional
approach (TD-EDF). This is because the formalism of the TDHF theory with an effective nucleon-
nucleon interaction has a correspondence to that of the density functional theory which has achieved
great successes in atomic/molecular physics, condensed matter physics, and in the field of quantum
chemistry. To clarify our theoretical formalism, I explain this point in the main text of the thesis.

Despite the fact that continuous efforts have been devoted for improving the method and for
extending applications of the TDHF' theory, limitation of the theory in various applications is not yet
clear. This study aims to reveal applicability of the TDHF theory in describing low-energy heavy
ion reactions at around the Coulomb barrier by performing a number of calculations using massively
parallel supercomputers. We consider that to know the limit of applicability of the TDHF theory will
be useful for developing our understanding of the atomic nuclei and for developing new theoretical
frameworks and experimental conditions for the future investigations. In this thesis, we investigate
MNT and QF processes which, before this work, had not been sufficiently studied in the microscopic
framework of the TDHF theory.



Both MNT and QF processes involve transfer of many nucleons between two colliding nuclei. In
this sense, the QF processes may be regarded as a special case of the MNT processes. Their transfer
dynamics is expected to depend on projectile-target combinations, relative orientations if projectile
and/or target are deformed, angular momenta, and incident energies. In addition, as described in the
main text of the thesis, we found that the amount of transferred nucleons in MNT and QF processes
depends much on the dynamics of a neck formation and its breaking, that is, a time-dependent
dynamics of shape evolution in a composite system of projectile and target nuclei. When the composite
system dissociates, a thick and long neck structure is often observed in TDHF calculations of MNT and
QF processes. We found that a scission point of the neck changes suddenly when we slightly change
the initial condition. The change in the scission point of the neck results in different number /direction
of transfer of many nucleons involved inside the neck region. We will refer to this transfer mechanism
as a neck breaking transfer dynamics. We anticipate that, if we can control the scission point of the
neck, we may be able to produce objective nuclei by choosing the scission point of the neck to induce
transfer of nucleons toward the desired direction. Then, we may regard it as nuclear chemistry, where
we produce objective nuclei as we want through the controlled neck breaking transfer dynamics. We
expect that this work will open the door to study heavy ion reactions along this direction in which we

may access a new generation of nuclear chemistry as one of the subjects of low-energy nuclear physics.

Part of the thesis is based on results reported in publications listed below:
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Abstract

Multinucleon transfer (MNT) reactions and quasifission (QF) processes in low-energy heavy ion
reactions may be regarded as a non-equilibrium quantum many-body dynamics. They have attracted
much interests associated with curiosity for their microscopic reaction mechanisms which may reflect
both static and dynamical properties of colliding nuclei. Recently, they have also attracted much
interests as a new means to produce unstable nuclei whose production is difficult by other methods.
The main aims of this study are to understand microscopic reaction mechanisms of the MNT and
QF processes and to theoretically predict optimum reactions to produce objective unstable nuclei. To
this end, we investigate the MNT and QF processes in low-energy heavy ion reactions employing a
microscopic framework of the time-dependent Hartree-Fock (TDHF) theory.

In this thesis, we first explain the theoretical framework of the TDHF theory and its relation to
the time-dependent density functional theory, TDDFT. We present how to numerically simulate heavy
ion reactions in the TDHF theory and how to implement it into a computational code utilizing MPI
and OpenMP parallelization techniques.

After giving our theoretical framework, we describe results of the TDHF calculations for the MNT
and QF processes as a main part of the thesis. We divide it into two parts. The first part (Part [)) is
devoted to show that the applicability of the TDHF theory in describing the MNT reaction. Before
our study, it was not known whether the TDHF theory can describe the MNT reaction quantitatively
or not. We present our progresses of this work step by step in Part [l

To examine to what extent the TDHF theory describes MNT cross sections quantitatively, we
analyze MNT processes in 4048Ca+1218n, 4°Ca+2%Pb, and ®Ni+2%8Pb reactions, for which precise
experimental data are available. To calculate MNT cross sections, we extract transfer probabilities
from the TDHF wave function after collision employing the particle-number projection (PNP) tech-
nique. From the results, effects of the neutron-to-proton ratio, N/Z, and the charge product, Zp Zr, on
transfer dynamics are discussed. We show that the TDHF theory combined with the PNP technique
can describe MNT cross sections quantitatively, with an accuracy comparable to existing successful
theories, GRAZING, Complex WKB, and a dynamical model based on Langevin-type equations of
motion.

Reaction products generated through MNT reactions can be highly excited, and subsequent de-
excitation processes by particle evaporation should be taken into account. To include the effect of
particle evaporation, we use a statistical model of particle evaporation putting excitation energy of
reaction products evaluated from the TDHF wave function after collision as an input. To evaluate the
excitation energy of reaction products, we develop a theoretical framework to calculate expectation
values of operators in a particle-number projected TDHF wave function after collision. Because the
method enables us to investigate microscopic reaction mechanisms which could not be seen from ordi-
nary expectation values without the PNP, we demonstrate usefulness of the method taking 2*O+'60
reaction as an illustrative example. We then present MNT cross sections including effects of particle
evaporation. We further discuss possible origins of discrepancies and several ways to improve the
description.

From the thorough analyses presented in Part [, we have obtained a confidence that the TDHF
theory provides a reasonable description of the MNT reaction with a certain predictive power in a



sense that the theory microscopically describes many-body dynamics without any adjustable parameter
specific to the reaction. In the second part of the thesis (Part [Il), we further extend its application to
reactions involving more heavier nuclei such as 2**U, where we expect a significant effect of the QF
process in reactions at small impact parameters.

In Part [, we first investigate the MNT processes in 4Ni+233U reaction for which precise mea-
surements of MNT cross sections were performed. From comparisons between MNT cross sections
calculated by the TDHF theory combined with the PNP and those of the measurements, we again
find reasonable agreements. In particular, the TDHF theory describes not only proton-stripping but
also proton-pickup processes. This fact indicates that a reasonable description is possible for a tran-
sitional regime from quasielastic to more complex reactions in a small impact parameter region. The
TDHF theory also describes QF processes involving transfer of several tens of nucleons in dissipative
collisions at small impact parameters. For the 4Ni+238U system, measurements of total kinetic en-
ergy (TKE) of outgoing fragments as well as fragment mass (A) distributions in such a dissipative
collision were achieved. By comparing the measured TKE-A distribution with that of the TDHF
calculation, we find a good agreement between them. We investigate the orientation dependence as
well as the incident energy dependence of the QF dynamics in head-on collisions of 4Ni+238U. We
observe a capture process forming a superheavy nucleus with Z = 120 in the side collisions, while it
never observed in the tip collisions.

As a next application of the TDHF theory to reactions involving 223U, we analyze 238U+100,124,132gy
reactions. For the 228U4-124Sn reaction, production cross sections involving many-proton transfer from
238U to '24Sn were measured. From the TDHF calculation, we find a strong orientation dependence
of the reaction dynamics in 2**U+124Sn. When 233U collides from its tip, a thick and long neck
structure is formed, while the neck formation is substantially suppressed when 233U collides from its
side. Because the neck structure is composed of both neutrons and protons, an absorption of the neck
region when the dinuclear system dissociates results in transfer of both neutrons and protons toward
the same direction. The measured many-proton transfer from 23®U to '24Sn might be originated
from the tip collision in which a thick and long neck formation followed by subsequent absorption of
nucleons inside the neck region results in the many-proton transfer. We also investigate the orientation
and incident energy dependence as well as the N/Z ratio dependence of the QF dynamics in head-on
collisions of 238U+100:124,1329) - We find the so called inverse QF process in the tip collisions, where a
largely deformed transuranium nucleus is generated as a primary product in the TDHF calculation.

As a final topic of the thesis, we investigate the MNT and QF processes in '36Xe+198Pt reaction
which has recently been considered as a candidate to produce neutron-rich unstable nuclei around the
N = 126 region. We conduct a systematic TDHF calculation for 36Xe+198Pt reactions at various
incident energies and impact parameters. From the results, we find that the reaction dynamics shows
a similar behavior if we classify the reaction according to the distance of closest approach of the
Rutherford trajectory, although it shows a complicated dependence on the incident energy and impact
parameter. We also find that the inverse QF process emerges at certain initial conditions, which may
be related to a large binding energy of doubly-magic ?**Pb.

From the thorough analyses of the MNT and QF processes in low-energy heavy ion reactions,
we conclude that the TDHF theory provides a unified microscopic description of not only MNT
processes in peripheral reactions but also QF processes in dissipative collisions without any adjustable
parameters specific to the reaction. We thus consider that the TDHF theory will be a promising
tool to investigate the microscopic reaction mechanisms of the MNT and QF processes and to predict
optimum reactions as well as a novel reaction dynamics to produce exotic unstable nuclei which have
never been produced by other known reactions.
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mected with solid lines, while results for the *®*Ca+'%*Sn reactions are denoted by green|

lopen circles connected with dashed lines. In (a), we also show deflection functions for|

tthe pure Coulomb trajectories by a red dotted line for the *“Ca+'?*Sn reactions and|

[by a green two-dot chain line for the **Ca+'%*Sn reactions. The figure was taken from|

Rel [173]]  « o o o e e e e e e
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|3.2  Difterential cross sections of representative transter channels as functions of scattering]
langle in the laboratory frame for the **Ca-+'?*Sn reaction at E, = 170 MeV. Thel
[Coulomb rainbow angle obtained from the TDHEF trajectories is denoted by blue solid|

[vertical lines, and 1s compared with measured differential cross sections, red filled circles,|
which have been reported in Ref. [40]. The figure was taken from Ref. [173].| . . . ..

[3.3  Snapshots of density distribution of the **Ca+'?*Sn reaction at Ej,, = 170 MeV and|
[b = 3.96 tm, just outside the fusion critical impact parameter. The figure was taken|
ffrom Ref. [173].] . . . . . . .

[3.4 Left panels for **Ca+'**Sn at Ej,;, = 170 MeV and right panels for “®*Ca+"**Sn at|
[Elan, = 174 MeV. (a) and (e): Average number of transferred nucleons from the target|
[to the projectile. (b) and (f): Neutron-to-proton ratios, N/Z, of the PLF and the TLF|
[after collision. (c) and (g): Average number of nucleons emitted to the continuum. (d)|

land (h): Fluctuation of transferred nucleon number. The horizontal axis is the impact|

parameter b. In (b) and (f), the equilibrium N/Z value of the total system is indicated|
|by a horizontal dashed line. The figure was taken from Ref. [173].] . . .. .. ... ..

[3.5 Comparison of calculated results for different initial orientations of 1*Sn in the “°Ca~+"%*Snl

freaction at i, = 170 MeV. (a): Average number of transferred nucleons from the tar-|
lget to the projectile. (b): Neutron-to-proton ratios, N/Z, of the PLF and the TLF]
[atter collision. The horizontal axis is the impact parameter b. The initial orientations|

lof ***Sn are indicated in legends. The figure was taken from Ref. [173].| . .. ... ..

[3.6 Neutron (left panels) and proton (right panels) transfer probabilities as functions of|

impact parameter b. (a) and (b): Results for the reactions of **Ca+'**Sn at Ey,;, =
170 MeV. (c) and (d): Results for the reactions of **Ca+'“*Sn at F},;, = 174 MeV. The
[positive (negative) number of transferred nucleons represents the number of nucleons|

added to (removed from) the projectile. Shaded regions at small impact parameter
(b < 3.95 fm for VCa+*Sn and b < 3.93 fm for 48Ca+124Sn) correspond to the fusion
reactions. The figure was taken from Ref. [173].] . . . .. ... ... ... ... . ...

|3.7 'Transter probabilities in Fig. 3.6 are shown in logarithmic scale. Nucleon transter|

[probabilities opposite to the direction of the charge equilibrium, which are not included|

fin Fig. 3.6, are shown as well. The figure was taken from Ref. [173]| . . ... ... ..

13.8  Cross sections for transter channels classified according to the change of the proton|

mumber of the PLF from “’Ca, as functions of neutron number of the PLF for thel
*Ca+"“*Sn reaction at Fj., = 170 MeV. Red filled circles denote measured cross sec-|
ftransferred protons is indicated as (zp) (—6 < x < +1). The measured cross sections|
lhave been reported in Ref. [40]. The figure was taken from Ref. [173[| . . . . . . . ..

13.9  Cross sections for transfer channels classified according to the change of the proton|

mumber of the PLF from “®Ca, as functions of neutron number of the PLF for thel
[**Ca~+"%Sn reaction at Ej,p, = 174 MeV. Red filled circles denote measured cross sec-|
itions and red solid lines denote results of the TDHE calculations. The number ofl
ftransferred protons is indicated as (xp) (—2 < x < +2). The measured cross sections|
lhave been reported in Ref. [43]. The figure was taken from Ref. [173].| . . .. . .. ..
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[3.10 Deflection function (a) and total kinetic energy loss (b) as functions of impact parameter
[b for the reactions of 10Ca+208Ph at E, = 235 and 249 MeV. Results for the reactions
[at Fran, = 235 MeV are denoted by red filled triangles connected with solid lines, while]
[results for the reactions at Ei,p, = 249 MeV are denoted by green open circles connected|

with dashed lines. In (a), we also show deflection functions for the pure Coulomb|
[trajectories at Fij.;, = 235 MeV by a red dotted line and at Ej,, = 249 MeV by a green|
two-dot chain line. The figure was taken from Ref. [173].| . ... .. ... ... . ...

[3.11 Snapshots of density distribution of the **Ca+*"*Pb reaction at Ej,, = 249 MeV and|
[b = 4.56 tm, just outside the fusion critical impact parameter. The figure was taken|
ffrom Ref. [173].] . . . . . . .

|3.12 Ditterential cross sections of representative transfer channels as functions of scattering|

langle in the center-of-mass frame for the *“Ca+4-*"*Pb reactions at Ey;, = 235 and|
[249 MeV. The Coulomb rainbow angle obtained from the TDHEF trajectories is denoted|
|by red solid (green dotted) vertical lines for Ej,, = 235 (249) MeV. They are compared|
with measured differential cross sections, red filled triangles (green open circles) for
[Erap, = 235 (249) MeV, which have been reported in Ref. [50]. The figure was taken|
ffrom Ref. [173].] . . . . . . .

13.13 The *’Ca+=""Pb reactions at Ej,;, = 235 and 249 MeV. (a): Average number of trans-
[ferred nucleons from the target to the projectile. (b): Neutron-to-proton ratios, N/Z |

lof the PLF and the TLF after collision. (c): Average number of nucleons emitted tol

the continuum. (d): Fluctuation of transferred nucleon number. The horizontal axis is|
[the impact parameter b. Results tor the reactions at Fj,;, = 235 MeV are denoted by|
[triangles, while results for the reactions at Fy,, = 249 MeV are denoted by circles. In|
[(b), the equilibrium N/Z value of the total system, 1.43, is indicated by a horizontall
[dashed line. The figure was taken from Ref. [173[| . . . . ... ... ... ... .. ..

|3.14 Neutron and proton transter probabilities as functions of impact parameter b for the|
(1PCa+2"Pb reactions. (a), (b), (c), and (d): Results at Ej,, = 235 MeV. (e), (f), (g),
fand (h): Results at Fp,p, = 249 MeV. The positive (negative) number of transferred|
mucleons represents the number of nucleons added to (removed from) the projectile.|

[Note that horizontal scales are different between the lett and the right panels. Shaded|
fregions at small impact parameter (b < 3.81 fm for Fy,;, = 235 MeV and b < 4.55 fm|
ffor 1., = 249 MeV) correspond to the fusion reactions. The figure was taken from|

ReL [173]] -« « o o e oe e e e e

[3.15 Transfer cross sections for the **Ca+"*Pb reactions at Fy.,;, = 235 and 249 MeV. Red|
filled triangles (green open circles) denote measured cross sections at Ej,p, = 235 (249))|
[MeV. Red solid (green dotted) lines denote results of the TDHF calculations at Ej.y, =|

235 (249) MeV. The number of transferred protons (positive number for the transfer

from 2°Ph to Ca) is indicated as (zp) (—6 < = < +5). The measured cross sections

lhave been reported in Ref. [50] The figure was taken from Ref. [173]**| . . . ... ..

[3.16 The same transfer cross sections for the **Ca+?"*Pb reactions as those in Fig. 14. The]

mumber of transferred neutrons is indicated as (zn) (=5 < z < 49). The figure was|
taken from Ref. [173].] . . . . . . .. .

[3.17 Deflection function (a) and total kinetic energy loss (b) as functions of impact parameter|
b for the reactions of **Ni+°*Pb at Ej,;, = 328.4 MeV. In (a), we show a deflection|
[function for the pure Coulomb trajectory by a dotted line. The figure was taken from|

ReE [173]]  « o o o e e e e e e
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|3.18 Difterential cross sections of representative transter channels as functions of scattering]
langle in the center-of-mass frame for the °°Ni+?"*Pb reaction at Ei, = 328.4 MeV.|
[The Coulomb rainbow angle obtained from the TDHF trajectories is denoted by blue]

[solid vertical lines, and 1s compared with measured differential cross sections, red filled|

lcircles, which have been reported in Ref. [47]. The figure was taken from Ref. [173].|

[3.19 Snapshots of density distribution of the *®Ni+?*Pb reaction at Ej,p, = 328.4 MeV and|
b = 1.39 tm, just outside the fusion critical impact parameter. The figure was taken|
ffrom Ref. [173].] . . . . . .

[3.20 The °°Ni+“"Pb reaction at Ej,, = 328.4 MeV. (a): Average number of transferred|
nucleons from the target to the projectile. (b): Neutron-to-proton ratios, N/Z, of the|

[PLEF and the TLF after collision. (c): Average number of nucleons emitted to the|

[continuum. (d): Fluctuation of transferred nucleon number. The horizontal axis is the|

fimpact parameter b. In (b), the equilibrium N/Z value of the total system, 1.42, is|
findicated by a horizontal dashed line. The figure was taken from Ref. [173]| . . . ..

13.21 Neutron and proton transfer probabilities as functions of impact parameter b for the|
freactions of *°Ni+“"*Pb at Fl,;, = 328.4 MeV. Figure (a) and (b) show probabilities|
lof neutrons, while figure (c) and (d) show those of protons. The positive (negative)|

[number of transferred nucleons represents the number of nucleons added to (removed|

[from) the projectile. Note that horizontal scales are different between the left and the

right panels. A shaded region at small impact parameter (b < 1.38 fm) corresponds to|

fthe fusion reactions. The figure was taken from Ref. [173].] . ... . ... ... .. ..

[3.22 Transfer cross sections for the °®Ni+“Y*Pb reaction at Ep, = 328.4 MeV. Red filled|
lcrcles denote measured cross sections and red solid lines denote results of the TDHE]
lcalculations. The number of transferred protons (positive number for the transfer from|
[*®*Pb to °°Ni) is indicated as (zp) (—6 < z < +5). The measured cross sections have|
[been reported in Ref. [47]. The figure was taken from Ref. [173[[ . . . . ... ... ..

[3.23 The same transfer cross sections for the *°*Ni+*"*Pb reaction as those in Fig. 21. The|
number of transferred neutrons is indicated as (xn) (—4 < x < 410). The figure was|
taken from Ref. [173].| . . . . . . . . ..

[3.24 Transfer cross sections for the ““Ca+12*Sn reaction at Fj,;, =170 MeV. Red filled circles|
[denote measured cross sections, red solid lines denote results of the TDHEF' calculations,|

land green crosses (blue open diamonds) connected with dotted lines denote calculated|

results using the GRAZING code without (with) the neutron evaporation effect. Thel

mumber of transferred protons is indicated as (zp) (—6 < x < +1). The measured cross|
isections and the GRAZING results have been reported in Ref. [40]. The figure was taken|
ffrom Ref. [173].] . . . . . . .

[3.25 Transfer cross sections for the “°Ca+"**Sn reaction at Fj.;, =174 MeV. Red filled circles|
[denote measured cross sections, red solid lines denote results of the TDHEFE calculations,|

land green crosses (blue open diamonds) connected with dotted lines denote calculated|

results using the GRAZING code without (with) the neutron evaporation effect. Thel

number of transferred protons is indicated as (zp) (—2 < x < +2). The measured cross|
isections and the GRAZING results have been reported in Ref. [43|. The figure was taken|
ffrom Ref. [173].] . . . . . .
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|3.26 Cross sections for transfer channels of pure proton stripping without neutron transter|

|(left) and pure neutron pickup without proton transfer (right) for the °*Ni+2"*Pb re-|

laction at Epp, = 328.4 MeV. Red filled circles denote measured cross sections (47|, red|

[solid lines denote results of the TDHE calculations, blue dotted lines denote results|

lof the Langevin calculation [58], and green open triangles connected with dotted lines|
ldenote results of the CWKB calculation [47]. The figure was taken from Ref. [173].|

13.27 Cross sections for transfer channels of (zp) (=3 < z < —1) for the **Ni+“"*Pb reaction|

lat Fyap, = 328.4 MeV. The horizontal axis 1s the number of neutrons in the PLE. Red|
ffilled circles denote measured cross sections [47|, red solid lines denote results of thel

[TDHF calculations, blue dotted lines denote results of the Langevin calculation (58],

[and green open triangles connected with dotted lines denote results of the CWKHB]|
[calculation [47|. The figure was taken from Ref. [173].| . . . ... ... ... ... ...

11

Single-particle energies of occupied orbitals for neutrons (thick red solid lines) and|

iprotons (thick green dotted lines) in 'O and **O are shown in the panels (a) and|

[(b), respectively. Single-particle energies of unoccupied orbitals are also shown by thin|
[dotted lines. The figure was taken from Ref. [184].] . . . . . ... ... ... ... ...

12

Deflection angle © in the center-of-mass frame (a) and total kinetic energy loss (b) are|

ishown as functions of the distance of closest approach, d = d(F,b). The figure was|
taken from Ref. [I84].| . . . . . . . . . . L

13

Transfer probabilities with respect to the TLF (left) and the PLFE (right) are shown as|

[functions of the distance of closest approach, d = d(E,b). The figure was taken from|

e

14

Expectation values of the angular momentum operator for fragment nuclei in each|

ftransfer channel are shown as functions of the distance of closest approach, d = d(FE, b).|
[The figure was taken from Ref. [184].[ . . . . ... .. ... ... ... ... ...

15

The angular momentum carried into '°O by an added nucleon evaluated by Eqgs. (4.2.2)|

land (4.2.3) is shown as a function of the distance of closest approach, d = d(FE,b). The|
ffigure was taken from Ref. [184[.[ . . . . .. ... ... ... o oo oo

16

Average excitation energies of fragment nuclei in each transfer channel are shown as|

[functions of the distance of closest approach, d = d(F,b). The figure was taken from|

ReE [I84]] .« « o o o e e

[5.1

Average excitation energy of the PLF in the “*®*Ca+"**Sn reaction at Ej,, = 174 MeV |

[Red open circles, green open triangles, blue crosses, purple open squares denote results|

[at impact parameters b = 3.94, 4, 5, 6 tm, respectively. Results in transfer channels|

fwith small probabilities smaller than 10~* are not shown.| . . . . ... ... ... ...

(5.2

Production cross sections of the projectile (*°*Ca) like fragments in *°Ca+'“*Sn reaction|

lat Eiap = 174 MeV. Solid (dotted) line shows cross sections calculated by the TDHE]
{theory without (with) evaporation effects. Measured cross sections [43] are also shown|
by filled circles.| . . . . . . e e e e

/5.3

Average excitation energy of PLF in °°Ni+“"*Pb reaction at Fj.;, = 328.4 MeV. Red|

lopen circles, green open triangles, blue crosses, purple open squares denote results at|

[[mpact parameters b = 1.39, 1.6, 2.75, 4 fm, respectively. Results in transfer channels|

fwith small probabilities smaller than 10~* are not shown.| . . . . ... ... ... ...
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5.4

Production cross sections of the projectile (°°Ni) like fragments in °*Ni-+="*Pb reaction|

lat Fp = 328.4 MeV. Solid (dotted) line shows cross sections calculated by the TDHE]
{theory without (with) evaporation effects. Measured cross sections (47| are also shown|
by filled circles.| . . . . . . . e e e

6.1

Production cross sections for the PLF in the %*Ni+2°°U reaction at Ej,, = 390 MeV.|

[Dots represent measured cross sections, while histograms represent results calculated)|
|by the GRAZING code. The figure was taken from Ref. [45].| . . . . ... ... .. ...

6.2

Yield of measured reaction products in TKE-A plane (upper panels) and a projection|

lof the yield inside the contour lines in the TKE-A plots on to the A axis (lower panels)|
fin the “*Ni+**°U reactions at Epp, = 330, 343, 358, and 382 MeV. These energies|
[correspond to excitation energies of the CN of 19, 31, 43, and 62 MeV, respectively.|
[The figure was taken from Ref. [216]| . . . ... ... ... ... ... ... ...,

(6.3

Schematic picture of the initial configurations of our TDHEF' calculations. We specity|

{the relative orientation by the direction of symmetry axis of “>°U at the initial stage of]

the TDHEF' calculation. In this thesis, we investigate three initial orientations, denoted|

las x-, y-, and z-direction, as shown in the panels (a), (b), and (c), respectively.| . . . .

6.4

Transfer cross sections for the **Ni4+2°°U reaction at Fj., = 390 MeV. Red filled circles|

ldenote measured cross sections reported in Ref. [45]. Red solid, green dashed, and|

[blue dotted lines show results of the TDHF calculations for z-, y-, and z-direction|

[configurations, respectively. Etftects of particle evaporation were not taken into account|

6.5

Average numbers of neutrons (left panels) and protons (right panels) in the lighter|

[(**Ni-like) fragment ((a) and (b)) and in the heavier (*°*°U-like) fragment ((c) and (d))|
[as functions of the impact parameter. Red open circles, green crosses, and blue open|

[diamonds connected with lines show results for different initial configurations, z-, y-|

[and z-direction cases, respectively.| . . . . . . .. ..o oo oL

Time evolution of the density on the collision plane in the **Ni+2°®U reaction at Ej,, =|

[390 MeV and b = 2 fm. Left panels show results for the z-direction configuration, while]

right panels show results for the y-direction configuration. The label ‘¢ = z fm/c|

[denotes the elapsed time started from the initial stage of the TDHFE calculation.|

6.7

The total kinetic energy (TKE) vs. average mass numbers (A) of the PLF and the TLF

lin the TDHF calculation of the 6INi+23( reaction at Ei.p, = 390 MeV. Red open circles
[ereen crosses, blue open triangles denote results at different initial configurations, x-, y-|

[and z-direction configurations, respectively. Gray solid line shows the TKE distribution|
levaluated by Eq. (6.3.1) which is based on the Viola systematics [223].| . .. ... ..

6.8

Incident energy dependence of the fragment’s N and Z in head-on collisions of **Ni+*°°U |

[The ‘z-direction’ means that symmetry axis of *>°U is set parallel to the collision axis|

[(tip collision), while the ‘y-direction’ means that the symmetry axis is set perpendicular]

to the collision axis (side collision). Upper panels ((a) and (b)) show average numbers

of nucleons in the lighter (55Nisq-like) fragment, while lower panels ((c) and (d)) show

those in the heavier (55°U,4-like) fragment. The initial neutron and proton numbers

[in the projectile and target nuclei are represented by horizontal dotted lines.| . . . . .

6.9

Time evolution of the density on the collision plane (xy-plane) in head-on collisions

of *Ni+**U at Ej,, ~ 362.1 MeV. Results for the side collision (y-direction) are
ishown in left panels, while results for the tip collision (z-direction) are shown in right|

[panels. Labels ‘t = x fm/c’ indicate an elapsed time from the initial stage of the TDHF]
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|6.10 Same as Fig. 6.9 but for the case of Ey,p, ~ 470.7 MeV.| . . . . ... ... ... ... 116
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Production cross sections of **Sn-like fragments in the *>*U+'%*Sn reaction at Ej,, =|

[5.7 MeV /nucleon are shown in the A-Z plane. (a-c): Results of the TDHF calculations|
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Chapter 1

INTRODUCTION

Starting from the finding of an atomic nucleus by Rutherford in 1911 [I], we human begins have
explored physics of the atomic nuclei. Within the period of about 100 years, both experimental and
theoretical studies have been extensively developed. Thanks to recent developments of experimental
facilities, equipments, and techniques for nuclear reaction experiments, we are now entering a new era
that we examine properties of unstable nuclei far from stability.

We are interested in nuclear reactions as a quantum many-body dynamics. One of the biggest
goals of our study is to predict optimum reactions to produce objective nuclei based on a microscopic
quantum many-body theory. Such theoretical predictions may provide us an opportunity to study
unstable nuclei which have not been produced so far. This work aims to achieve the goal by developing
our microscopic understanding of low-energy heavy ion reactions, especially, multinucleon transfer
(MNT) and quasifission (QF) processes.

1.1 Our Interests for the Atomic Nuclei

1.1.1 Atomic nucleus as a finite quantum many-body system

The atomic nucleus is a tiny (~ 10~4m) massive entity locating at the center of an atom, which is
responsible for almost all the mass of the atom. The atomic nucleus is composed of neutrons and
protons (nucleons). We distinguish the atomic nucleus according to the number of neutrons (the
neutron number, N) and the number of protons (the proton/atomic/charge number, 7). Each of
them is referred to as a nuclide. We symbolically express a nuclide as éX ~> Where A denotes the total
number of nucleons (the mass number, A = N + Z) and X stands for the symbol for a corresponding
element to the atomic number Z; e.g. a helium nucleus having two neutrons, known as an « particle, is
expressed as 3He, (We often omit subscripts of the proton and neutron numbers for simplicity). Nuclei
which have the same atomic number Z but have a different neutron number N are called isotopes,
while nuclei which have the same neutron number N but have a different atomic number Z are called
isotones. Nuclei having the same mass number A are called isobars.

We may regard the atomic nucleus as a finite, non-relativistic, self-bound quantum many-body
system composed of two kinds of fermions (neutrons and protons) interacting through the nuclear
force. Unlike the atom, there is no core inside the nucleus and it is self-bounded through the nuclear
attractive interaction. The nuclear force is of finite-range with an attractive part up to d ~ 1.4 fm
and a repulsive part at short distance d < 0.5 fm (d is the internucleon distance). It shows unique
properties, e.g., existence of exchange interactions, strong spin-orbit and tensor couplings, spin and
isospin dependences, and significance of the three-body force, and so on [2]. The atomic nucleus
shows a number of interesting properties such as magic numbers [B @ [, saturation properties of the



Chapter 1 Introduction

Deep — inelastic (1)

‘ ‘. d . ~ ! collisions

avy i G | d L .’,,-""
Heavy ion ﬁtore LDNS Quas‘ﬁsslon . (11)

collisions \

Mononucleus \

- - “\ Fl
En o\ Loy ,.n. £ (V)

NG cusion 5
-r"b», e .\' o .\‘
Compound AP meeeseneemesesatatatenennaas
nucleus o \ \
‘CN %OI} (V)
% o—
Evaporation residues O ‘

Figure 1.1: Representative processes in low-energy heavy ion reactions, deep inelastic collision (I),
quasifission (II), fast fission (III), fusion-fission (IV), and evaporation residue formation (V), are
schematically shown. The figure was taken from Ref. [§].

nuclear density (pg ~ 0.16 fm~3) and the binging energy (B/A ~ 8 MeV) [B], strong quantum nature
in a sense that the binding energy is relatively week compared with the zero-point kinetic energy [T,
competition between the pairing and the quadrupole correlations [2], and so on. We are interested in
various phenomena in nuclei as a unique finite quantum many-body system.

1.1.2 Heavy ion reactions

To study properties of the atomic nuclei, nuclear reaction experiments utilizing a heavy-ion accelerator
are indispensable. Since, in such experiments, atomic nuclei whose surrounding electrons are removed
are accelerated, we often refer to the nuclear reaction as the heavy ion reaction.

In heavy ion reactions at low energies around the Coulomb barrier, various different processes take
place depending on the angular momentum (or the impact parameter) and the incident energy. Several
representative processes are schematically shown in Fig. [L.Tl When two nuclei do not approach enough
to each other, elastic and quasielastic reactions take place. The latter may include a small excitation
of reaction products and transfer of few nucleons. When two nuclei are touched, a dinuclear system is
formed connected with a neck structure. Several nucleons are exchanged through the neck structure.
Such processes including transfer of more than one nucleons could be referred to as MNT reactions.
When the incident energy is sufficiently high compared with the Coulomb barrier, two nuclei collide
deeply producing highly-excited reaction products having similar masses to those of the projectile and
target nuclei. Such a process is referred to as a deep inelastic collision (DIC) which corresponds to a
process shown in Fig. [[T] (I). If two nuclei overcome or tunnel through the Coulomb barrier, they get
a chance to fuse forming a compound nucleus (CN), which is referred to as a fusion reaction. However,
on the way to fusion before the CN formation, the dinuclear system can dissociate into two individual
nuclei having different masses compared with those of the projectile and target nuclei. Such a process
is referred to as a QF process which is shown in Fig. [I.T] (IT). The composite system survived against
the QF process may form a mononuclear shape rather than a dinuclear shape because of a long contact
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Figure 1.2: Chart of nuclides specified by the number of neutrons (horizontal axis) and the number
of protons (vertical axis). Each box corresponds to an atomic nucleus. Black filled boxes denote
stable nuclei which exist naturally on the earth. Gray colored boxes show unstable nuclei which were
successfully produced experimentally in the past. Pink filled boxes exhibit unstable nuclei which were
produced at RIKEN for the first time. Cyan shaded area represents nuclei which are expected to
be produced by a projectile fragmentation. Pink shaded area represents nuclei which are expected
to be produced by in-flight fission of uranium nucleus. Yellow shaded area indicates a region where
corresponding nuclei are expected to exist in nature. Neutron (proton) magic numbers, 2, 8, 20,
28, 50, 82, 126, are indicated by blue (red) vertical (horizontal) lines. A possible r-process path is
schematically represented by green arrows. The figure was taken from Ref. [3].

time. It may disintegrate through nuclear fission before or after the CN formation, which are referred
to as fast fission (Fig. [L1 (III)) and fusion-fission (CN-fission) (Fig. [L1] (IV)), respectively. The
survived product nucleus against these processes (I-IV) as well as deexcitation processes of particle
evaporation is called an evaporation residue (EvR) which is usually measured to get an evidence of
the CN formation (Fig. [ (V)).

We may regard these reaction processes as quantum many-body dynamics which reflects both
static properties of colliding nuclei and time-dependent dynamics during the collision. We are very
much interested in microscopic mechanisms underlying those complex quantum many-body dynamics.
In this thesis, we will focus on the MNT and QF processes which have recently been expected to be
a promising tool to produce unstable nuclei whose production is difficult by other methods.

1.1.3 Physics of unstable nuclei

Because of the continuous advances in experimental equipments and techniques, nowadays, radioactive
ions (RIs) can be used as a projectile in nuclear reaction experiments. For instance, Rls are produced
by a nuclear spallation reaction induced by a uranium (92U) beam irradiated on a beryllium (4Be) or
carbon (4C) target. After the nuclear spallation reaction, radioactive unstable nuclei are produced. In
RI beam facilities, produced Rls are re-accelerated and are irradiated on a secondary target. It enables
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Figure 1.3: (a): The north east part of the nuclear chart. Each colored box represents an atomic
nucleus which was produced experimentally. r-process path, S-stability line, and island of stability
are shown schematically. (b): An illustration of voyages from the mainland (left bottom) toward the
island of stability (right top). The most advancing ship represents hot fusion in reactions of calcium
on an actinide target, the second one represents cold fusion, and the third one represents hot fusion
induced by light ions. The sinking ship represents neutron capture reactions. The left figure was taken
from Ref. 29]. The right figure was taken from Ref. [B0].

us to explore more abundant kinds of reactions and nuclei which cannot be studied by experiment
with a stable projectile. In Fig. [[.2] we show the nuclear chart in which newly produced nuclides at
RIKEN are indicated, as an illustrative example.

One of the most striking examples of physics of unstable nuclei would be the finding of neutron
halo structure of ' Li, which was revealed, for the first time, by Tanihata et al. [I0]. In the experiment,
various isotopes of lithium (3Li) and beryllium (4Be) were produced as a secondary beam through a
projectile fragmentation process and interaction cross sections were measured. From the measured
interaction cross sections, matter root-mean-square radius was deduced. The deduced radius showed
a noticeably-large value for 'Li nucleus suggesting a spatially-extended tail of loosely-bound valence
neutrons. Nowadays, such a spatially-extended neutron distribution is referred to as neutron halo, in
an analogy like a halo of the moon, and has extensively studied [II]. Because neutron halo nuclei may
have normal- and low-density regions at the center and the surface of the nucleus, respectively, they are
expected to have both BCS- and BEC-type paired nucleons and have attracted much interests for those
internucleon correlations [[2] (BCS: Bardeen-Cooper-Schrieffer, BEC: Bose-Einstein Condensation).

Another example is the so called shell evolution. Recent measurements have revealed that the magic
numbers of the atomic nuclei would be appeared/disappeared as the number of neutrons increases,
toward neutron-rich nuclei far from the stability line. For example, for neutron-rich oxygen (3O)
isotopes, 20 (N = 20) was found to be unbound and the neutron drip-line was established to be 240
(N = 16) [I3]. Moreover, Ozawa et al. found that an appearance of a new magic number N = 16 for
240 from a systematic measurement of the one-neutron separation energy and the interaction cross
section for neutron-rich sd- and pf-shell nuclei [I4]. Also, N = 34 [I§] was found to be a new magic
number. For neutron-rich nuclei around sodium (;;Na), magnesium (12Mg), and aluminum (33A1)
region, neutron-rich nuclei around N = 20 were found to be deformed indicating disappearance of
the N = 20 magic number [I0 7 I8. This region is called island of inversion (I0I) regarding a
significance of the intruder states in those deformed N ~ 20 nuclei. Significant role of the tensor force
for the shell evolution has recently been advocated based on shell-model calculations [19] 20} 21].

4
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Production of superheavy (SH) nuclei is also of great interests. The heaviest element exists on the
earth is plutonium (94Pu), and thus elements with the atomic number larger than 94 were produced
artificially in nuclear reaction experiments. The limit of existence and chemical properties of SH
nuclei are of crucial interests. Theoretically, the next magic numbers ware predicted as N = 184 and
Z =114 [22 23] 4], which is located on the north east part of the nuclear chart. The region in the
nuclear chart around these magic numbers is called island of stability (I0S) which is schematically
shown in Fig. [[.3] (a). These interests have urged us to synthesize and study physics of SH nuclei.
To synthesize SH nuclei, the so called cold fusion reactions in which 238Pby,q or 239Bijgg target is
utilized 25 26 7] and the so called hot fusion reactions in which an actinide target is bombarded
by 36Cayg projectile 28] have been a useful tool. The situation toward the IOS is represented by a
cartoon shown in Fig. [[3 (b). The island seen at distance represents the IOS. Each ship represents
different reaction: The first and third ships represent hot fusion reactions with *Ca beam and those
with light-ion beam, respectively. The second ship represents cold fusion reactions. The fourth sinking
ship represents neutron capture reactions, because neutron capture reactions with a nuclear reactor
as a neutron source could synthesize SH nuclei up to fermium (;00Fm) isotopes.

As can be seen from Figs. [[.2] and [[.3] (a), however, there still remain many unknown nuclei which
have not been produced so far. Recently, the MNT and QF processes have been considered to be useful
to produce those unstable nuclei. To expand our research field as far as possible from the stability
line and to develop our understanding of the atomic nuclei, this study aims to theoretically predict
how to make those unstable nuclei using the MNT and QF processes.

1.2 New Means to Produce Unstable Nuclei

1.2.1 Multinucleon transfer reactions

In the last three decades, measurements of MNT processes were achieved extensively in heavy ion

reactions at energies around the Coulomb barrier [B1l B2 B3l B4l B5 36l B7 B B9 @0 (A1, @21 E3]
E4 A5 da 47 48, 19 B0 51 52 B3) B4 B5]. We may regard the MNT reaction as a non-equilibrium

quantum transport phenomenon which reflect both static properties and time-dependent dynamics of
colliding nuclei.

Besides fundamental interests in its mechanisms, the MNT reaction has recently considered to be
useful as a means to produce unstable nuclei whose production is difficult by other methods. For
example, a possibility to produce neutron-rich heavy nuclei using RI beam induced MNT reactions
was pointed out by Dasso et al. [B0 B7]. A production of neutron-rich nuclei around A ~ 200 along the
neutron magic number N = 126 has been discussed [29 B8 B9]. The knowledge on structural properties
of those nuclei is crucially important to understand a detail scenario of heavy elements synthesis in the
rapid neutron-capture process (r-process) of the nucleosynthesis [60} [61]. An experiment to produce
such neutron-rich unstable nuclei along N = 126 is now in progress in the reactions of Xe isotopes
on %Pt [62. A theoretical prediction by Zagrebaev 29 for the production of such neutron-rich
nuclei is shown in Fig. [[L4] (a). The figure shows production cross sections of N = 126 isotones as a
function of the charge number of the produced nuclei. Red circles connected with dotted lines show
cross sections associated with high-energy proton-removal processes. While blue squares connected
with solid lines show cross sections for MNT processes in 136Xe+2%Pb reaction. As can be seen from
the figure, cross sections of the MNT reaction is much larger than those of proton-removal reactions.
Recently, a production of neutron-rich light nuclei through MNT reactions has also been discussed by
Zagrebaev [63] and the results are shown in Fig. [[.4] (b). The figure shows production cross sections of
MNT reactions (red squares) and of fragmentation processes (gray circles) as a function of the atomic
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Figure 1.4: Cross sections calculated by a dynamical model based on Langevin-type equations of
motion in comparison with measured cross sections. (a): Production cross sections of nuclei along the
neutron magic number N = 126 for MNT processes in 36Xe+2%8Pb reaction at center-of-mass energy
of 450 MeV (blue squares connected with solid lines) are shown. Measured cross sections associ-
ated with high-energy proton removal processes in 2°Pb+Be reaction [64] are also shown (red circles
connected with dotted lines). (b): Production cross sections of light neutron-rich nuclei for MNT
processes in 80+238U (open squares), 2Mg+23U (filled squares), and 365+233U (open diamonds) re-
actions are shown. Experimental cross sections associated with fragmentation processes of 48Ca+181Ta
at Fi,p, = 128 MeV /nucleon [B] (gray filled circles) and *8Ca+?Be at Ej,, = 345 MeV /nucleon [G6]
(black open circles) are also shown. The figure shown in (a) was taken from Ref. 29]. The figure
shown in (b) was taken from Ref. [G3].

number of the produced nuclei. Again the cross sections of MNT reactions show much larger values
than those of fragmentation processes.

To describe MNT processes theoretically, models based on a direct reaction picture such as
GRAZING [ and Complex WKB (CWKB) [68] have been extensively developed and applied [39]
[0 E3] E4 @5 (40 @7 [9L B, BI]. In these models, MNT processes are treated statistically, using
single-nucleon transfer probabilities calculated by the first-order perturbation theory. A dynamical
model based on Langevin-type equations of motion has also been developed [69 [[0]. This model
describes not only MNT processes but also DICs, QF, fusion-fission, and fusion reactions in a unified
way 29 B8] 69 [70 [7T], 72 [73]. The results shown in Fig. [[.4] were calculated by the Langevin model.

Although the above mentioned approaches have shown reasonable successes, these models are not
fully microscopic but include some model assumptions. To get a fundamental understanding of the
reaction dynamics and to present a reliable prediction for the cross sections, it is highly desired to
develop a fully microscopic description for the MNT processes with minimum assumptions on the
dynamics. To this end, in this thesis, we conduct microscopic investigations of the MNT reaction
employing the time-dependent Hartree-Fock (TDHF) theory.

1.2.2 Quasifission processes

In low-energy heavy ion reactions, fusion reactions take place forming the CN either passing over
or tunnel through the Coulomb barrier. The CN is a composite system of projectile and target
nuclei combined through the nuclear attractive interaction. Because the nuclear interaction makes the
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Figure 1.5: (a) and (b): Mass symmetrizing process in a dinuclear system and its correspondence in a
mass-angle distribution (MAD) plot are shown schematically. (c): Experimental MAD (upper panels)
and its projection onto Mg axis (lower panels) for *Ni+¥4W at Ej.;, = 341 MeV (left), Ti+184W
at Fla, = 245 MeV (middle), and 3*S+13*W at E},, = 180 MeV (right). These figures were taken
from Ref. [T1].

composite system excited with chaotically complex configurations, any information of the entrance-
channel, that is, information of the projectile and target nuclei before the collision, is lost after the CN
formation. Because the CN is highly excited, it would suffer from subsequent deexcitation processes,
particle evaporation and fission. In distinction from the latter process, fusion-fission, there is another
fission process which takes place before the CN formation, the so called QF process.

The QF process hinders the CN formation and thus hinders the occurrence of the fusion reaction.
Especially for heavy systems with the charge product, ZpZr, greater than a critical value around
1600-1800, the fusion reaction is known to be suppressed, because of the strong Coulomb repulsion
and dynamical effects on the barrier penetration process [[4, [[5]. For example, for 19Aryy+35 Hf, g
(—>330Th130) reaction with ZpZ1 = 1296, the experimentally extracted fusion probability agrees with
a prediction of one-dimensional barrier penetration model, where the fusion probability becomes 0.5
when the incident relative energy and the barrier-top energy coincide. While for %(2)4Sn74—|—?18Zr56
(—20Th, 4,) reaction with Zp Zt = 2000, which forms the same CN as the above mentioned reaction,
the fusion probability was found to be substantially suppressed by several orders of magnitude [70].
Such a heavy system with ZpZt 2 1600 requires additional energy to form the CN compared with
the estimation of the one-dimensional barrier penetration model. Such an energy is called extra-push
energy [[4 [[5]. This fission process before the CN formation originated from the fusion hindrance
phenomenon in heavy systems would be regarded as the QF process.

Because the QF process takes place in a much shorter timescale than that of fusion-fission, there
is a characteristic correlation between the fragment mass and the scattering angle. Figure shows
typical examples of such a mass-angle correlation. In Fig. (a), a reaction process after the touching
configuration is illustrated. After two nuclei touched, a dinuclear system connected with a neck
structure is formed. This dinuclear system rotates with symmetrizing the mass of each subsystem.
Thus, if the dinuclear system dissociates before it rotates as large as 360 degree, there will be a
visible correlation between the fragment mass and the scattering angle as schematically illustrated in
Fig. (b). The vertical axis is the scattering angle in the center-of-mass frame, while the horizontal
axis is the mass ratio, Mr = Mprp(TLr)/(Mp + Mt). Red solid (blue dashed) line represents values
for the lighter (heavier) fragment. This plot is called the mass-angle distribution (MAD) plot. In
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processes are schematically illustrated. The figure was taken from Ref. [84].

Fig. (c), measured MAD plots for Ni+18W (ZpZy = 2072), BTi+18W (ZpZr = 1628), and
34S+18W (ZpZt = 1184) reactions are shown, from left to right. As seen from the figure, for two
systems with a large ZpZt value (left and middle panels), we find the mass-angle correlation. While,
for the system with a small Zp Zr (right panels), the mass-angle correlation is lost indicating a longer
sticking time. From the MAD plot combined with an exponential decay model, the timescale of the QF
process was deduced to be 10720-1072! sec [T [78, [[9, BQ. On the other hand, measurements of the
timescale of the QF process based on a crystal blocking technique indicated a timescale of 10718 sec
1 B2). Although the origin of discrepancy has not been fully understood, a possible relevance to the
quantum decoherence phenomena has been advocated [B3].

The QF process attracts much interests for several aspects. First one is the interest for its micro-
scopic mechanisms as in the case of the MNT process, where we may expect much more complicated
reaction dynamics than the MNT process in such a dissipative collision. Second one is related to syn-
thesis of SH nuclei. Since the QF process hinders the CN formation, to understand the mechanisms
of the QF process would have a crucial importance for investigating how to effectively synthesize SH
nuclei. Another interest is a production of unstable nuclei. Since the QF process accompanies a trans-
fer of many nucleons, it would be possible to apply it as a tool to produce unstable nuclei. Especially,
an inverse (or antisymmetrizing) QF process has recently been considered to be useful to produce
neutron-rich transuranium nuclei. A typical example is shown in Fig. Figure (a) shows pri-
mary production cross sections for heavier fragments in **Ca+2*¥Cm (blue solid line) and 233U+24Cm
(black solid line) reactions as a function of the mass number of the fragment nuclei. In the case of
48Ca+248Cm reaction, there appears a shoulder structure at around A = 208. This corresponds to
the QF process driven by the stabilization effect of doubly-magic 2°®Pb in heavier fragments. On the
other hand, in the case of 233U+24¥Cm reaction, the stabilization effect of doubly-magic 2°*Pb affects
to smaller fragments (initial 2**U nucleus). In this case, about 10 protons and 20 neutrons are trans-
ferred from 228U to 248Cm forming SH nuclei heavier than ?*8Cm, which corresponds to the inverse
QF process. These normal- and inverse-QF processes are schematically illustrated in Fig. (b).

The dynamical model based on Langevin-type equations of motion has been extensively applied
and had great successes [29] B8] 69 [[Q] [71] [[2] [[3]. However, the Langevin model contains several
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model parameters. To make a reliable prediction of cross sections in the QF process, it is desirable
to adequately describe not only complex reaction dynamics (energy dissipations, nucleon exchanges,
deformations, surface vibrations, and so on) but also quantum effects with minimum parameters
specific to the reaction. In this thesis, we thus investigate the QF process in the microscopic framework
of the TDHF theory.

1.3 About this Study

1.3.1 Method: The TDHF theory

The TDHF theory is a microscopic theory for nuclear dynamics. The theory of the TDHF was first
proposed by Dirac in 1930 [R5]. Applications of the TDHF theory to nuclear collision dynamics
started in 1970s [86] B7, B [R9 OO 0T 02 O3]. Progresses in the early stage were summarized in
Ref. [@4]. Since then, continuous efforts have been devoted for improving the method and extending
applications [95 06, 07 @8 09, 100, [0T] [02] [03] [04] [05, 006, 107, [08| 09 I10) I11] 012 013 0114
(17l 016l 017 [I8 19 1201 021 022 23] 241 025 [26]. At present, three-dimensional calculations

with full Skyrme functionals including time-odd components are routinely conducted. In most TDHF
calculations, Skyrme-type interactions [[27] are used. Since parameters of Skyrme interactions are
determined to reproduce nuclear properties for a wide mass region, there is no empirical parameter
specific to the reaction.

The TDHF theory may describe both peripheral and central collisions. In peripheral collisions,
the mean-field of the collision partner works as a time-dependent perturbation for the orbitals. This
picture of the transfer dynamics is similar to that in direct reaction models where single-particle
transfer probabilities are calculated either by the perturbation theory [67 [68] or by solving numerically
the time-dependent Schrédinger equation [I28 (29 I30]. In collisions at smaller impact parameters,
the TDHF theory describes macroscopic dynamics such as fusion [@1 B3 @7, 102 006, 109 118
21, QF [I2 013 M20 02T} 024 025, and DICs [§7 BS, BY 00, 02 03 [14} I2I]. Nucleons are

exchanged between projectile and target nuclei through the neck formation. This description of the
MNT processes is similar to the Langevin-type description [69] [[0]. In this way, the TDHF theory is
expected to be capable of describing quite different transfer mechanisms in a unified way.

1.3.2 Aims

One of the main aims of this study is to reveal microscopic reaction mechanisms of the MNT and QF
processes in low-energy heavy ion reactions. As explained in Sec. [[L2] the MNT and QF processes
have recently been considered to be a useful means to produce unstable nuclei whose production is
difficult by other methods. Utilizing the microscopic understanding of these reactions, we aim to
theoretically predict optimum reactions, i.e. projectile-target combinations and incident energies, to
produce objective unstable nuclei.

The semiclassical theories, GRAZING and CWKB, have achieved great successes in describing MNT
reactions, while the dynamical Langevin model has recently been extensively developed and success-
fully applied to both MNT and QF processes. Their successes are noteworthy and they provide us
substantial developments of our understanding of the reactions and related physics. However, a possi-
ble weak point of those successful models is that they are not fully microscopic and contain some model
parameters and assumptions in describing the reaction. To obtain a microscopic understanding of the
MNT and QF processes and to provide a reliable prediction for producing objective unstable nuclei,
we aim to elucidate the feasibility of the TDHF theory as a possible candidate of a fully microscopic
theory with smallest parameters and assumptions in describing the reaction dynamics.




Chapter 1 Introduction

In order to accomplish the aims of this study, we investigate the MNT and QF processes in a
microscopic framework of the TDHF theory. Although there have been substantial efforts in studying
low-energy heavy ion reactions employing the TDHF theory, applicability of the theory to study the
MNT and QF processes was unclear (Very recently, the applicability of the TDHF theory to describe
the QF process has been becoming noticeable [I24] [25]). Because there is no adjustable parameter
specific to the reaction dynamics in the TDHF theory, we do not know a priori that how reasonably
it works in describing those complex reaction dynamics. To show that whether the TDHF theory
describes MNT cross sections quantitatively, we shall make a direct comparison between experimental
and theoretical cross sections. To this end, we calculate transfer probabilities and cross sections from
the TDHF wave function after collision using a particle-number projection (PNP) technique [I15]. By
performing a systematic TDHF calculation for various systems for which precise experimental data of
MNT and/or QF processes are available, we will shed light on the feasibility of the TDHF theory in
describing the MNT and QF processes.

Although the TDHF theory provides us a fully microscopic description of nuclear many-body dy-
namics, it is, of course, not exact but an approximate framework for the nuclear many-body problem
(Even though it has a connection to the time-dependent density functional theory (TDDFT) as ex-
plained in Chapter 2] we do not know a special density-functional which provides an exact description
for various reaction channels). We thus consider that to extend its application as far as possible is
quite important, because it will reveal the limit of application of the theory and will help us when we
develop more sophisticated framework to describe the reaction dynamics. Receiving a benefit from
extensive developments of high performance computing infrastructure (HPCI) which enables us a mas-
sively parallel computing on a supercomputer, we perform TDHF calculations for various systems at
a number of initial conditions in order to achieve the aims and, hopefully, to elucidate a novel reaction
dynamics in the TDHF theory.

1.3.3 Outline of the thesis

The thesis is organized as follows. In Chapter 2, we first give the theoretical formalisms of the
Hartree-Fock (HF) and TDHF theories. A relation of them to the density functional theory (DFT)
and the TDDFT is explained. Computational techniques to simulate heavy ion reactions numerically
employing the TDHF theory is given.

We divide the main part of the thesis into two parts, Part [l composed of Chapters[3], 4, and [l and
Part [Tl composed of Chapters [0, [7} 8, and @l The first part of the thesis (Part [I) is devoted to show
that the applicability of the TDHF theory to the MNT reactions taking into account effects of particle
evaporation from primary reaction products. In the second part of the thesis (Part [I]), we examine
a further extension of the application of the TDHF theory to reactions involving more heavier nuclei
such as 238U, where a significant contribution of the QF process is expected because of a substantially
large Zp Z7 value.

In Chapter Bl we show results of the TDHF calculations for MNT reactions. To the author’s
knowledge, it was the first serious study of the MNT reaction employing the TDHF theory. We
first explain how the MNT processes are described in the TDHF theory as well as the formalism
of the PNP technique. We then apply the TDHF theory to reactions of °Ca+'24Sn at Fj,, =
170 MeV, *Ca+'24Sn at Ej,, = 174 MeV, 0Ca+2%8Pb at Ej,, = 235 and 249 MeV, and *®Ni+208Pb
at Fpa, = 328.4 MeV, for which precise experimental data are available. From direct comparisons
of MN'T cross sections between calculated and measured ones, we show that the TDHF theory can
describe MNT cross sections quantitatively. We also compare our results with those of other theoretical
predictions. We find that the TDHF theory quantitatively describes MNT cross sections with an
accuracy comparable to existing theories. We discuss dependence of MNT processes on the neutron-
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to-proton ratio, N/Z, and the charge product, Zp Z, of colliding nuclei. Light is shed on the existence
of two types of transfer mechanisms, quantum tunneling and neck breaking dynamics, in the MNT
reactions.

Reaction products produced by MNT processes can be highly excited. Because of this fact, MNT
cross sections would be affected by particle evaporation processes. To include effects of particle
evaporation, we need to evaluate excitation energy of reaction products in each transfer channel. To
evaluate excitation energy of reaction products, we have developed a formalism to calculate expectation
values of operators in a particle-number projected TDHF wave function after collision. This method
is useful not only for evaluating excitation energy of reaction products but also for investigating
reaction mechanisms which could not be examined by ordinary expectation values without the PNP.
In Chapter @, we explain an idea and the formalism of the method. We then apply it to 2*O+'90
reaction as an illustrative example to show usefulness of our method. The effects of particle evaporation
on MNT cross sections are examined in Chapter 5l

From the analysis presented in Part [l (Chapters [8] @, and Bl) we get a confidence that the TDHF
theory describes the MNT reaction reasonably well without any adjustable parameter specific to the
reaction. In Part [Tl (Chapters [, [7, [}, and [), we extend its application to MNT and QF processes in
reactions involving more heavier nuclei, as a next step of the study.

We first investigate 54Ni+238U reaction at Ej,, = 390 MeV, for which measurements of MNT cross
sections were achieved. From a comparison between measured cross sections and calculated ones,
we show that the TDHF theory nicely reproduces measured cross sections both proton-stripping and
proton-pickup channels. It is remarkable that cross sections for the proton-pickup channels were un-
derestimated by the existing semiclassical theory, GRAZING, may be due to an insufficient assumption
of the strong absorption of flux from transfer channels to fusion at a small impact parameter region.
This fact may indicate that the TDHF theory would correctly describe the transitional regime from
quasielastic to more complex reaction mechanisms. In addition, TDHF calculations show abundant
cross sections for QF induced MNT processes. In such QF processes, we find that a scission point
of a neck changes suddenly depending on the impact parameter and the relative orientation. To get
further information on the QF dynamics, we examine energy dependence of QF dynamics in head-on
collisions of %4Ni+238U. From the calculation, we find a significant effect of the relative orientation
of colliding nuclei on the QF dynamics. In Chapter [6] we show these results and discuss possible
structural effects of the composite system on the QF dynamics.

We next investigate 233U+124Sn reaction at Fj,, = 1356.6 MeV. Measurements of MNT cross
sections in 238U+124Sn induced dissipative collision were achieved in 1985, where measured MNT
cross sections indicate that many protons (up to around 10) are transferred from 233U to '?4Sn. From
the TDHF calculations, we show that the measured many-proton transfer from 238U to '24Sn might
be originated from the neck breaking dynamics, where a thick neck is formed between two colliding
nuclei and its dissociation and subsequent absorption of the neck region results in transfer of many
nucleons. In Chapter[7l the neck breaking transfer dynamics as well as significant effects of the relative
orientation in 23¥U4-'24Sn reaction are discussed. To examine effects of the incident energy and the
N/Z asymmetry on the QF dynamics, head-on collisions of 238U +190:124,132Gpy are investigated, where
we find inverse QF processes producing transuranium nuclei for certain initial conditions.

In Chapter Bl as a final topic of the thesis, we present tentative results of the application of
the TDHF theory toward a prediction to produce objective unstable nuclei. We show results of a
systematic TDHF calculation for 136Xe+4'%¥Pt reactions at various initial conditions. This reaction
is considered to be useful to produce neutron-rich unstable nuclei around the neutron magic number
N = 126. From the calculation, we find that the direction and amount of transfer at different initial
conditions show a similar behavior as a function of distance of closest approach, although it shows
quite complex behavior as functions of the impact parameter. We find that there appear inverse QF
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processes at initial conditions corresponding to a certain region of the distance of closest approach.
We discuss MNT and QF processes in 30Xe+198Pt reactions in comparisons with the other cases
64Ni4-238U and 238U+100:124,132Gy reactions, in Chapter 8.

Finally, a summary of the thesis and a future prospect of the study are presented in Chapter [0l
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Chapter 2

TDHF THEORY AND TDDFT, AND
THEIR APPLICATION TO HEAVY
ION REACTIONS

In this Chapter, we present theoretical formalisms which will be used to study MNT and QF processes
in low-energy heavy ion reactions in the subsequent Chapters. In Sec. 2.1l we explain the HF theory
and its time-dependent extension (the TDHF theory) with a Skyrme-type effective interaction. We
refer them as the Skyrme HF theory and the Skyrme TDHF theory, respectively. Although the Skyrme
(TD)HF theory has been developed as an approximate framework to describe many-nucleon systems,
we may regard it as the DFT and the TDDFT. In Sec. 2.2] we thus explain basic concepts of the DFT
and the TDDFT, where the Skyrme (TD)HF theory is regarded as the Kohn-Sham scheme based on
the (TD)DFT. In Sec. 2.3 we describe computational techniques for simulating heavy ion reactions
employing the TDHF theory.

2.1 TDHF Theory with a Skyrme Effective Interaction

In this Section, we recapitulate theoretical formalisms of the HF and TDHF theories. In Sec. 2.1.1]
we first explain a basic concept of the HF theory. In Sec. Z.1.2] we introduce a Hamiltonian with
a Skyrme-type effective interaction which has widely been used to study properties of many-nucleon
systems. We will utilize the Skyrme Hamiltonian in our TDHF calculations of heavy ion reactions.
In Secs. 21,3 and 2.1.4] we present the Skyrme energy density functional (EDF) and the Skyrme HF
equation, respectively. In Sec. 2.1.5, we explain the theoretical framework of the TDHF theory.

2.1.1 Hartree-Fock theory

The Schriodinger equation for an N-particle system,

HU(ry, - ,ry) = E¥(ry,---,ry), (2.1.1)

can be derived according to the variational principle:

5
5|

(V[ H]w)
(v|w)

= 0. (2.1.2)

Here and hereafter, we often use the bracket notation, e.g. <\I’}Iﬂ\11> = [dri-- [dryU*(re,- ,7N)
HY(ry,--- ,7ry), to simplify equations. We temporary omit the spin and isospin degrees of freedom
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Chapter 2 TDHF Theory and TDDFT, and their Application to Heavy Ion Reactions

for simplicity. Since it is computationally too demanding to solve the Schrédinger equation exactly,
we need to introduce some approximations in describing the many-body problem. The HF theory
[1311 I32] is one of the approximations to treat a many-body problem, which is based on the variational
principle. In the HF theory, the trial function ‘\Il> for the variation is taken to be a single Slater

determinant,
1
@(rl,...,rN)::A;G§Tdet{¢i@y)}, (2.1.3)
where ¢;(r) (i =1,--- , N) denotes a single-particle wave function of ith orbital. These single-particle

wave functions are orthonormal to each other, <¢i‘q§j> = [dr¢;(r)¢;(r) = b;;. The many-body wave
function Eq. (2.1.3)) is thus normalized to unity in the whole space, (®|®) = 1. The variation of
Eq. (Z1.2)) using the Slater determinant ‘<1>> with a constraint on the orthonormalization condition
for the single-particle wave functions,

0 .
9 a|a|e) - ~( <~—d> —0, 92.1.4
507 (ro) ( ‘ ‘ > %:513 <¢2‘¢J> i ( )
leads the HF equation. &;; denote Lagrange multipliers for the constraint on the orthonormalization

condition. We summarize details of the derivation in Appendix [A. 4l The HF equation takes the
following form:

/dr’ hup(r, 7)di(r') = eips(r) (i=1,---,N), (2.1.5)

hup(r, 7)) = [{(r) + Tu(r)] 6(r — 7') — Tr(r,7’). (2.1.6)

The Hartree potential, I'y(r), and the Fock potential, I'r(r, '), are defined by

N
tur) = [dr'itraiot), )= Jair)], (2.1.7)
i=1
N
Ce(r, 7)) =o(r, v )p(r,r'), p(r,r') = Zgbi(r)gbf(r’). (2.1.8)
i=1

The Slater determinant is invariant under arbitrary unitary transformations for the single-particle wave
functions {¢;}. We used this gauge degree of freedom to diagonalize the single-particle Hamiltonian,
i.€. Ei = E4-

In this way, the Schrodinger equation Eq. (Z.1.0)) is reduced to N coupled non-linear integro-
differential equations in the HF theory. The Hartree-Fock theory is often referred to as a mean-field
approximation, because Eq. (2.1.5]) may be regarded as an equation for independent particles under a
non-local potential which is generated by all the particles in the system.

2.1.2 Skyrme effective interaction

The Skyrme effective interaction [I27] [[33] has been used widely, starting from applications by Vau-
therin and Brink [I34] [[35], and had great successes in describing structural properties of nuclei in
a wide mass region [I30] [37]. Since the Skyrme effective interaction is a contact-type interaction
(v(r,r") < 6(r — r')), the non-local Fock-potential in the HF equation is reduced to a local potential.
The computational cost for the Skyrme HF theory is reduced significantly because of this locality.
The Skyrme Hamiltonian is given by

Hyyrme = T + Z i+ Z Bijk + Vooul- (2.1.9)
i<j i<j<k
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T denotes the kinetic energy operator,

N ﬁQ
T=> -t (2.1.10)
— 2m
where m denotes the nucleon mass and p;, = —ihV,;. VCoul denotes the Coulomb interaction between
protons,
2
N e
Voou = Y méqﬂ’é%‘l" (2.1.11)
. I3 i

The three-body interaction is usually renormalized into the two-body interaction as a density de-
pendent interaction [6]. The two-body interaction with the density-dependent effective three-body
interaction is given by

a(""i + 75

b= : 1
b = 0(riog,mio5) = to(l+aoPs)d(ri — ) + <tz p .

6
1 » ) 7.2 7,12 ) )
+§t1(1+x1Pg){5(rz—rj)k: + k (5(7}—@)}

) (1 + xgpg)é(ri —rj)

(L + ol )R - 8(ry — )k + 1Wo (67 + &) - (K X 8(ri — 7))k},
(2

1.12)

& denotes the ordinary Pauli spin matrices and B, = (1 +6;-6;) denotes the spin exchange operator.
The operators of the relative wave vector, k and k', are defined by

b Yi— Vi B =Yt V¥J (2.1.13)

2 7 2i

The operator k acts on spatial functions located its right side, while the operator k' acts on spatial
functions located its left side. The parameters tg, t1, to, t3, xg, 1, T2, x3, Wy, and « are determined so
as to reproduce static properties of nuclei and some representative properties of nuclear matter (e.g.
binding energy, root-mean-square radius, fission barrier height, properties of the equation of state,
and so on) (see, e.g., Refs. [[38 [39 [40, [41] 042 [43] [44] 045 146, I47).

In our study, we employ Skyrme SLy5 parameter set [I41] in Chapters[3] 4 [ [7, and [§ and Skyrme
SLyII1.0.8 parameter set [[4G] in Chapter [l The SLy5 parameter set was made to reproduce, e.g.
the binding energies and root-mean-square radii (when experimentally known) of doubly magic nuclei
(40 A8Ca, %ONi, 1328n, and 2°8Pb) and properties of infinite nuclear matter (the saturation properties

~ 0.16 fm~3 and E/A ~ —16 MeV, the incompressibility K., =~ 230 MeV, the symmetry energy

~ 32 MeV, and so on). In addition, the ?2 term of the Skyrme EDF is included in the fitting
procedure, which was usually neglected other parameter sets. The SLyIIl.0.8 parameter set was made
starting from the SLy5 parameter set with a particular constraint on the density-dependent term
in the Skyrme EDF. Usually, a fractional-power density-dependence p® (o = 1/3 or 1/6) has been
utilized to reproduce the incompressibility of nuclear matter. However, there arises a problem when
we evaluate an EDF kernel by applying the PNP and/or the angular momentum projection. The
fractional-power density-dependence provides multi-poles in the complex plane and we cannot know
which pole corresponds to the physical anzats (for detailed discussions, see, e.g., Refs. [[48] 49 [I50]
and references therein). Thus the SLyIIl.0.8 parameter set was made constraining o = 1 to avoid the
problem. Since we will evaluate the energy expectation value with the PNP, the SLyIII.0.8 parameter
set will be used in Chapter Bl (The number “0.8” indicates a value of the isoscalar effective mass,
mg/m. There are other parameter sets of SLylll.z.x with .z = 0.7, 0.9, and 1.0.) The SLy5 and
SLyIII.0.8 parameter sets are shown in Table 2.1l
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Table 2.1:  Values of the Skyrme SLy5 [I41] and SLyIII.0.8 [I40] parameter sets.

parameters SLy5 SLyIII.0.8
to (MeV fm?) —2484.88 —1100.272
t1 (MeV fm®) 483.13 359.568
ta (MeV fm®) —549.40 —210.840
t3 (MeV fm3+3%) 13763.0 13653.845
T 0.778 0.445 280
71 —0.328 0.224 693
T —1.000 —0.615015
T3 1.267 0.639947
Wo (MeV fmd) 126.0 110.828
a 1/6 1

2.1.3 Skyrme energy density functional

In the Skyrme HF theory, an EDF, Egpr, and a Hamiltonian density, (), are defined as the energy

expectation value of the Skyrme Hamiltonian:

ESHF[pu T:ja S7T7 <7] = <q)‘ﬁ8kyrnle|(1)> = /dT’H(T)

(2.1.14)

We now introduce the spin and isospin degrees of freedom. We denote the single-particle wave functions

as ¢;(ro), where o denotes the spin coordinate. In the standard HF theory, each single-particle wave

function is assumed to have its own intrinsic isospin, ¢;, where ¢; = n is used for neutrons, while

q; = p is used for protons. The Hamiltonian density is given by (a detailed derivation is given in

Appendix [B.2)
h2
H(r) = o —(r) + Bip*(r) + By > pl9%(r)

+ By [p(rwr) -3 + By b [p<q><r>7<q> (r) = §%(r)

+ Bsp(r) ) + Bs Zp (7) + Brp®(r)p* (r) + Bsp®(r) zq:p(‘m(r)

+ By [p(r)V CI(P) + s(r) - (V X §i(r) + Z{ JD () 4+ 5@ (r). (V X j<q>(r)> }}
+ Bios*(r) + Bu Z sD%(r) 4+ Biap®(r)s*(r) + Bua Z Pl ( (r)

+ Bus(r) =T } + Biss(r) - As(r)

+ 3162{3((1)(7,).1’01)( ) — <7!1)2 }"‘BHZ ) - 28D () + Heou(r),

where the Coulomb energy density, Hoou (), is defined by

Hooulr) = S (s { / ' £ §(j)§[p<p><r>]%}.

(2.1.15)

(2.1.16)

The so called Slater approximation [I5I] was used for the exchange term. In practice, we use the

Hockney’s method [I52] to evaluate the Coulomb potential in the direct term, in which the Fourier
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transformation is achieved in a grid of a box two times larger than that utilized to express the single-

particle wave functions. Some details of the method is given in Appendix [Dl The coefficients By, - - -,

Bi7 are defined as follows:

1 1 1 1 1 1 1
Br=gto(1+gm0) Be=—gto(5+u) Bo=g{n(i+gm) +n(i+g
1 2t0 + 2:130 2 2t0 5 + x 3 1 + 21’1 + 121+ 2332
1 1 1 1 1 1
Bi=—g{n(g+m) —n(g+ae)h B=—g{an(i+gm) —n(1+30)}
4 1 t1 5 + 21 to 9 + Z9 16 + 2%’1 + 2332
1 1 1 1 1
it _16{3t1< tan) (g re)f Br=gote(1 953) s = 1313
1 1 1 1 1
By = —— Big = -t By = ——t Bio = —t Big3 = ——t
9 2W0a 10 4 0Z0, 11 4 0 12 24 3x3, 13 24 3
Bua = < (t11 + tazs), B L (ot 21— toms), Bug = — > (t — ta), Byr = —
14 — ] 171 2X2 15 = 32 171 22 16 — ] 1 2)y 17 — 32

We have introduced several densities p, 7, 7, s, T' and <7 defined as follows [I53]:

i) particle density
0 p(r) = plr.r)

= ) di(ro)gi(ro),

1,0

(ii) kinetic energy density
7(r) = (V-V)p(r,r)

!

> Vi(ro) - Vi(ro),
(iii) spin density s(r) = s(r,r)
= Z ¢; (ro1)¢i(ros)(o1|6|o2),
(iv) current jr) = . (V V') p(r,7') .

— Y i) Ve o) - sira) v o))

= > S[61(ro) Vai(ro)].

(v) spin kinetic energy density
T(r) = (V-V')s(r,r)

r=r/

= Y AV (ror) - Vi(ros)} (o1]6]02),

1,01,02

(vi) spin current pseudotensor

?(r) = % (V-V')®s(r,r)

r=r’

= Z % {9i(ro1)Voi(ros) — ¢i(ro2)Vei(ro1)} ® <gl|&|02>

1,01,02

= Y S[ei(ro)Vei(ro)] @ (o1]6|o).

1,01,02

)}

+~T3>7

(3t1 + t2).

(2.1.17)

(2.1.18)

(2.1.19)

(2.1.20)

(2.1.21)

(2.1.22)
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These densities are real by definition. Density and spin-density matrices are defined by p(r,r’) =
> o p(ro,r'o)and s(r,v') =3 p(roy, T'03)(02|6 |01 ), respectively, where p(ro,r'c’) = 3, ¢i(ro)
¢f(r'0’). Densities p, 7, and are even under the time-reversal operation, while s, T', and j are odd.

(r) is a rank-2 tensor having components J,, (r) = >, . S[¢} (ro1)V,¢i(ro2)](o1]6,|o2). The
density J(r) = (Ji(r), J2(r), J3(r)) in Eq. (2IIF) is the anti-symmetric part of the tensor <7(7‘),
which has components Jx(r) = >, €uwrJuw(r). We note that an inner product of these tensors is de-

fined by <72(1“) = (Jyw (r))z. As(r) in Eq. (2.1.15]) denotes a vector function having components
Asy,(r) (v =1,2,3), that is, the Laplacian acts on each component of s(r).

2.1.4 Skyrme Hartree-Fock equation

By performing the variation of Eq. (ZI.4]) with the Skyrme Hamiltonian, we obtain the Skyrme HF
equation for the single-particle wave functions (a detailed derivation is given in Appendix [B.3]):

N b (roo)gi(ra') = e ¢i(ro), (2.1.23)
where the single-particle Hamiltonian has the following form [I53] [54],

roc’) + h'9 (roo’). 2.1.24
odd

WD (roo’y = — 1 A gy 1)
SHF 2m oo even
The time-even and time-odd parts of the single-particle Hamiltonian are defined by
. 1
Wn(ro0’) = —F - MO (1) 0000 + U (13,0 + o (Vo0 - BOr) + BOr)- §3,)
(2.1.25)

W (roo’) = —¥ - (700 c<q>(r))? + o - SO (r) + %(? D (r) + 1@ () . ?) S
(2.1.26)

We introduced a shorthand notation, o, = <a‘&}a’ > We defined two rank-2 tensors, V which
denotes a tensor having components V,, = >, AV and % which denotes a tensor having com-
ponents V,0,. We note that the differential operators, V and A, act only on a neighboring spatial
function, while ? acts all the spatial functions sitting on the right side of ? Time-even mean-field
potentials are defined by

M@D(r) = Bsp(r)+ BypD(r), (2.1.27)
UD(r) = 2{Bip(r) + Bap (1)} + Byr(r) + Bur?(r)

+ 2 {35 A p(r) + Bg A p9@) (r)} + BV - {J(r) + JO (7))

+ Brla+2)p™ () + Bs {ap" () (o02(r) + 97 (r) + 20 () (1) |

+ ap T () { Bras®(r) + Big (s2(r) + s72(r)) b+ Voou(r) by, (2.1.28)

BW(p) = —2{314?(7“) + BIG?(Q)(T)} - B9${P(T) +pl? ()}, (2.1.29)
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where the Coulomb potential Viou (7) is given by

(p) 3 )
Voou(r) = {/d ’M <i> [p@)(r)}?’}. (2.1.30)

While time-odd mean-field potentials are defined by

ID(r) = —2{Bsj(r) + Bsj D (r)}+ByV x {s(r) + sD(r)}, (2.1.31)
C9(r) = Bus(r)+ Bigs@(r), (2.1.32)
E(q)(r) = 2 {Blos(’l“) + BHS(Q)(T)} + BMT(T) + BlGT(q) (7")

+ o2 {315 A () + Bir A 8@ (r)} + BoV x {ji(r) + 59 (r)}

+20%(r) {Blgs(r) + Bi3s@ (r)} . (2.1.33)

In the static HF calculation, all the time-odd mean-field potentials vanish because of the time-reversal
symmetry. These time-odd components have non-zero values in the case of dynamical Skyrme TDHF
calculations.

2.1.5 Time-dependent Hartree-Fock theory

The TDHF theory [BH] is the time-dependent extension of the static HF theory. The TDHF equation

can be derived in an analogous manner to the derivation of the HF equation. By performing the

time-dependent variation of an action,
0

6¢%(ra,t)

using a single Slater determinant as a trial function, we can derive the TDHF equation. In the case

[/ d (@ (1) m% _ o) | =0, (2.1.34)

of the Skyrme Hamiltonian, we obtain

. 8¢Z‘(TU, t) 2 (qi
ih—g = S hi(rod’ t)i(ro’, 1), (2.1.35)

0./

The time-dependent single-particle Hamiltonian has the same form as in the static HF equation defined
by Eqs. (2.1.24)-(2.1.33) with the time-dependent densities composed of {¢;(ra,t)}.

The Skyrme TDHF equation Eq. (2.1.35]) guarantees some conservation laws. The hermiteness of
the single-particle Hamiltonian leads the conservation of the overlap between two single-particle wave
functions:

nglon0lo) = 3 [ar{ (2500 oo+ aicron) (122520}

- Z/dr{ SHF TUU t)@(ra t)>*¢j(7'0,t)
+ ¢l (ro,t) (ﬁéqﬁ)F (roo’,t)p;(ro’, t)) }

- Z/drqﬁl ra)[ h(SCﬁ)F(raa t) + h(ngI)F(rUU t)} ¢j(ro’)

o,0’

= 0. (2.1.36)
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Eq. (Z1.36) automatically ensures the Pauli exclusion principle during a time evolution. The total
energy is also conserved:

. % (o) Fel (1)) = Z{ 3 Esup (ihﬁ(bi(ra,t)>+ 0 Esnr <iha¢;‘(ra,t)>]

— d¢i(ro,t) ot dp¥(ro,t) ot
_ Z 0Esur  0Egnr  O0Esur  0Eghr
— dpi(ro,t) ¢t (ro,t)  d¢f(ro,t) d¢i(ro,t)
= 0, (2.1.37)

where we regarded Espp = <<I>|JEISkyrme‘<I>> as a functional of {¢;} and {¢}}. We can also show that
the expectation value of any one-body operator which have no intrinsic time-dependence is conserved
in the TDHF theory [@4]. For example, the expectation values of the linear momentum and the
total angular momentum operators are conserved, if the two-body interaction is Galilean invariant,
[Hsur, P] = 0 and [Hsgr, J] = 0, where P =YY p; and J = SN (7 X pi + &)).

In the TDHF theory, a time evolution of a many-particle system is described microscopically
from degrees of freedom of constituent particles of the system. Every particle moves under the time-
dependent mean-field potential which is generated by all the particles in the system. Because the
TDHF equation is the first-order differential equation with respect to time ¢, the many-body wave
function after the time evolution is uniquely determined by a given initial condition.

As explained in this Section, the HF and TDHF theories are an approximated framework to
describe a many-particle system by a single Slater determinant. However, the Skyrme (TD)HF theory
may be regarded as an ezact framework based on the (TD)DFT, if we regard the Skyrme (TD)HF
equation as the (TD)KS equation with a universal density-functional expressed as the Skyrme EDF.
To make the connection between the Skyrme (TD)HF theory and the (TD)DFT clear, we explain the
basic concepts of the (TD)DFT in the next Section.

2.2 Basic Concepts of DFT and TDDFT

2.2.1 Density functional theory

We present basic concepts of the DFT. The DFT is based on a theorem of Hohenberg and Kohn [[55]
which states that there is a one-to-one correspondence between an external potential and a one-body
density. We first explain the Hohenberg-Kohn (HK) theorem in Sec. 2.2.1 [(a)] for a many-particle
system like atoms, molecules, and solids, where an external potential (Coulomb potential of atomic
nuclei) exists which characterizes the system. A constrained search method of Levy [I56] is explained
in Sec. 2.2.1 which supports basic concepts of the DFT. An elegant scheme of Kohn and Sham
[057] is explained in Sec. 2.2.1 which is quite useful for practical calculations based on the DFT.
Because an atomic nucleus is a self-bound finite system without an external potential, we need some
modifications of the original HK theorem. We will describe this point in Sec. 2.2.1 and introduce
recent progresses.

(a) Hohenberg-Kohn theorem

The DFT is based on the theorem of Hohenberg and Kohn [I55] which states a one-to-one correspon-
dence between an external potential v(r) and the one-body density p(r): v(r) < p(r). The proof is
given as follows.

Let us consider two external potentials, v(r) and v'(r), which deffer by more than a constant,
v(r) —v'(r) # const. The ground states under these external potentials will be different because
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they obey different Schrodinger equations. It can be shown by reductio ad absurdum. We define the
Hamiltonian H =T+ W +V and H = T+ W + V'. T is the kinetic energy and W is two-particle
interactions. V = YN w(r;) and V! = S o/(r;) denote the external potentials. Let us assume
that they provide the same ground state ‘\IJO> with eigenvalues Ey and Ej, respectively:

H|To) = Eo|¥o), (2.2.1)
o'|y) = E)|To). (2.2.2)

The subtraction of Eq. (22.2) from Eq. (221 leads V — V' = Ey — E{; = const. which is inconsistent
with the assumption that the external potentials differ by more than a constant. It means that there
is a one-to-one correspondence between the external potential (regarding v(r) + const. as a same
potential) and its ground state: v(r) < |¥p).

We next prove a one-to-one correspondence between the ground state |‘110> and the density p(r):
‘\IIO> < p(r). The proof can again be given by reductio ad absurdum. Let us assume that two different

wave functions, \I'g> and ‘\I'6>, provide the same density p(r). According to the variational principle

(Rayleigh-Ritz’s minimal principle), there holds an inequality
Bo— (ol tlua) < (w||y)
= (Wl H'| W) + (Wo|V — V[ )
= E\+ /d'r p(r){v(r) —'(r)}. (2.2.3)

The same argument holds for Ej, giving another inequality

Ey < Ep + /dr p(r){v'(r) —v(r)}. (2.2.4)

The addition of Eqgs. (22.3) and (2.2.4)) leads inconsistency Ey + Ej < Ey + E{, which verifies the
one-to-one correspondence between the ground state and the density: ‘\I'O> < p(r). This completes
the proof.

To summarize, the proven theorem in the above shows that there hold one-to-one correspondences,
v(r) < |Wo) < p(r). Thus it states the one-to-one correspondence between the external potential
and the density: v(r) < p(r). This theorem is called the 1st Hohenberg-Kohn (HK) theorem. As
a corollary of this theorem, an important consequence is obtained. The 1st HK theorem indicates
a fact that the many-body wave function of the system can be given by a functional of the density,
‘\I!> = }‘l’[p]> It means that any physical observables can also be given by a functional of the density:
Olp| = <\If[p] ‘@‘W[pb Therefore, the energy of the system is also given by a functional of the density
as Ep] (we will refer E[p] as an EDF) and a variation of E|[p] with respect to the density will lead
the energy as well as the density of the ground state:

Ey = Elpo] = m;n Elp]. (2.2.5)

The statement represented in Eq. (2.2.0) is called the 2nd HK theorem. The 2nd HK theorem indicates
that we can use the density p(r) as a basic variable to describe the N-body system. This theorem
thus provides a substantial reduction of the number of coordinates, from 3N to 3, in describing the
N-body system.

(b) Levy’s constrained search method

Up to now, we showed the basic concept of the HK theorem which forms a theoretical foundation
of the DFT. In the proof shown above, however, we implicitly assumed the existence of an external
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potential v(r) as well as an N-body wave function ‘\I/> which actually generate the density p(r). The
former is referred to as v-representability, while the latter is referred to as N-representability. The v-
representability is a strong requirement. Indeed, it was proven that there exists a reasonably-behaved
non-v-representable density [I5§]. The N-representability is more weaker requirement. Indeed, it was
proven that any non-negative (p(r) > 0) differentiable density normalized as N = [ drp(r) would
be N-representable [I59] [60]. Thus, a constrained search method proposed by Levy [I56] has been
a useful prescription to avoid the v-representability problem in performing the minimization of E[p]
with respect to the density p(r).

The Levy’s constrained search method consists of two minimization procedures. We first minimize
the EDF E[p] within a subspace of the Hilbert space in which the sate ‘\I/> generates the trial density
p(r). After that, we minimize the E[p] with respect to the density p(r). The procedure is expressed
by

Eo = Elp] = min | yin £17 | (2.26)

This method mathematically justifies that we can perform the variation of E[p] with respect to the
density p(r) which gives us the ground state energy Fy at the true density po(r) 126 I55].

(c) Kohn-Sham scheme

To describe the shell effect in the atom as well as the atomic nucleus, we need to adequately treat the
kinetic energy of constituent particles of the system. An elegant prescription was proposed by Kohn
and Sham [I57] which magically provides a useful scheme where an auxiliary non-interacting reference
system is introduced whose solution is ezactly equivalent to the interacting system of interest.

According to the HK theorem, the energy of the interacting system described by H=T+W+V
can be expressed as a functional of the density

Bulp] = (V| ¥1e)) = Flol + [ dro(rp(r) (2.2.7)

where F[p] = (¥[p] ‘T + W"I/[p]> is a universal density-functional which contains information of the
N-body interacting system independent from the external potential. Then, Kohn and Sham rewrote
the EDF E,[p] using the kinetic energy of a non-interacting system Tp[p] (which can be a functional
of the density because of the HK theorem) as

Elol =Tl + Glol + [ dro(r)or) (2.238)
where G[p] = F[p| — To[p]. The variational principle for this interacting system with the energy E,[p]
leads
0Ey[p] _  0To[p] _
5o~ op + vks(r) =0, (2.2.9)
G
vgs(r) = wvksp(r)] = (5pp] + v(r). (2.2.10)

One would notice that the condition Eq. (2.2.9) is equivalent to a necessary condition to minimize
energy of a non-interacting system described by Hxs = T + ZZ]\; 1 ks (7;). Therefore, the solution of
simultaneous equations for orbital functions {¢;} in the non-interacting reference system,

h2
—5- O +uks(r) | ¢i(r) = eigi(r), (2.2.11)
vrs(T) = 5%"] +o(r), (2.2.12)
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is ezactly equivalent to the solution of Egs. (2.29) and (Z210) for the interacting system of in-
terest. The density is now given by p(r) = Z@']LWZ-(T)F. The kinetic energy is given by Ty[p] =
—% SN [dréi(r) A ¢i(r) in terms of the orbitals {¢;}. We note that Eqs. (2Z.211) and (2.212)
must be solved self-consistently, because the KS potential is given as a functional of the density
vks(7) = vks|p(r)] which itself depends on the solution of Eq. (Z2.11).

In this way, the Kohn-Sham scheme provides a quite useful formalism to solve ezactly the N-
body interacting system in a solvable way. The functions {¢;} are called the KS orbitals and the
simultaneous equations for them, Eqs. (2.2.11) and (2.2.12]), are called the KS equations. The KS
equations look very similar to the HF equation. While the KS scheme is an ezact method based on
the DFT, the HF theory is just an approximation for the N-body system. The main difference is the
one-body mean-field-like potential. In the KS scheme, the KS potential vkg(r) contains a universal
density-functional G[p] which implicitly includes information of the interacting system of interest. We
note that we do not know a priori the exact form of the universal density-functional G|p].

(d) Application to the atomic nucleus

As we mentioned earlier, we need some modifications of the HK theorem to treat the atomic nucleus,
because the atomic nucleus is a self-bound finite system without an external potential. In practice, we
usually describe an intrinsic state which violates the translational invariance and also the rotational
invariance in case of a deformed nucleus. The original HK theorem is actually treating the density
in the laboratory frame. We thus need a modified HK theorem for the intrinsic state (a wave-packet
state) localized in space which verifies an existence of a universal density-functional with respect to
the density of the intrinsic state.

Recently, extensive efforts have been paid for establishing a theoretical foundation of the DFT for
the atomic nucleus [1 [I61] [[62] [63] 064 I65. Indeed, in Ref. [I64], it was shown that there exists a
density functional for an intrinsic state. The proof can be done in a similar manner as described in
Sec. 2.1.1. We have to pay, however, a particular attention for decomposing the wave function
into a product of intrinsic and spurious components. It can be performed exactly for the case of
translational motion, while it cannot be done exactly for other cases such as rotational motion. For
details of the proof, we recommend reader to see the proof in Refs. [l [64]. Anyhow, the modified HK
theorem justifies the DF'T for the atomic nucleus and the KS scheme provides an ezact self-consistent
mean-field-like description for the atomic nucleus at the limit of zero external potential, v(r) — 0.

2.2.2 Time-dependent density functional theory

The DFT provides an exact formalism to calculate properties of the ground state of an N-body system.
There is a time-dependent version of the DF'T which enables us to calculate excitation, response, and
reaction properties of a many-particle system. The TDDFT is based on the theorem of Runge and
Gross [I66] and we explain it in Sec. 2.2.2 @ In practice, we use time-dependent version of the
KS scheme. The van Leeuwen’s theorem [IG7] guarantees the existence of a non-interacting reference
system which provides the same time-dependent density p(r,t) as the interacting system of interest.
The van Leeuwen’s theorem is explained in Sec. 2.2.2 @

(a) Runge-Gross theorem

We consider the time-dependent Hamiltonian, H(t) = T + W + V(t) and H'(t) = T + W + V'(t).
We assume that the system is in the same ground state |\Ifo> = ‘\I'(to)> at the initial time t = ¢,.
We also assume that the external potentials v(r,t) and v'(r,t) are an analytic function of time ¢
so that they are Taylor expandable about ¢ = t3. The Runge-Gross (RG) theorem states that, for
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v-representable densities p(r,t), there holds a one-to-one correspondence between the time-dependent
external potential v(r,t) and the density p(r,t).

To prove the theorem, we first show that there is a one-to-one correspondence between the time-
dependent external potential v(r,t) and the one-body current j(r,t): v(r,t) < j(r,t). The one-body
current is defined by

= Z:z/d”“'/dw{‘l’*(t)v‘l’(t) —U(H)VE(t)}, (2.2.13)

where we have abbreviated the spatial coordinates {r1,--- ,rx}. We note that the differential operator
V acts only for the 1st coordinates, » = r;. The time derivative of the current j(r,t) at t = ¢y can
be written as

. N 7Ty * * 2 2 * 7Ty *
at_y(r,t)‘ = 2m/er---/drN{(H\IJO)V\IIO—\IIOV(H\IIO)+(H\I!0)V\IIO—\IJOV(H\IIO)}, (2.2.14)

t=to
where the time-dependent Schrb’dinger equation, 1h0; ¥ = H U, (and its complex conjugate) was used.
The difference [j (r) — 7' H bty eliminates the common part proportional to 7'+ W leading a
relation

@Umo—fwiﬂhm:—;Mnmv@QJM—Ummﬂ, (2.2.15)

where p(r,t9) = N [dry--- fderllf()’Q and we used an equality VV (t) = V Zf\il v(ri,t) = Vo(r,t).
The Eq. (2.2.15)) means that, if the time-dependent external potentials, v(r,t) and v'(r,t), differ by
more than a time-dependent constant, v(r,t) —v'(r,t) # c(t), the first time-derivative of the currents,
j(r,t) and j'(r,t), at t = ¢ty must be different. Therefore, j(r,t) and j'(r,t) must be different at a
certain instant ¢ > to. In the same way, we can calculate a difference between a higher-order (more
than one) time-derivative of the currents j(r,¢) and j'(r,t). For the (k 4 1)th time-derivative, we
obtain

oy i, t) — J"(T',t)]‘ = —%p(r,to)vwk(r), (2.2.16)

t=to
where wy(r) = 0f [v(r,t) — v'(r, t)] ‘t:to. Since the external potentials, v(r,t) and v/(r,t), differ by
more than a time-dependent constant, v(r,t) — v'(r,t) # c(t), the right hand side of Eq. (2.2.16)
must again have a non-zero value. Therefore, the Taylor expansion of the currents j(r,t) and j'(r,t)
must be different at a certain order and it guarantees that j(r,t) # j'(r,t). This proves the one-to-
one correspondence between the time-dependent external potential (regarding v(r,t) 4+ ¢(t) as a same
potential) and the current: v(r,t) < j(r,t).

We next prove the one-to-one correspondence between the time-dependent external potential and
the density: v(r,t) < p(r,t). We take the divergence of Eq. (2.2.10]) to get a relation for the densities:

t=to

= ool 1) — (1)) = LV e t) V()] (2.2.17)

t=to m

OV - [j(r,t) 3 (r1)]|

where we used the continuity equation, dyp(r,t) = —V - j(r,t). If the right hand side has non-zero
value, it means that the (k4 2)th time-derivative of the densities, p(r,t) and p'(r, t), must be different.
It can be shown by considering the following equation:

/drV- [wi (1) p(r, to) Vwg (v /d'rp ,to) [Vwg(r /d’rwk - [p(r, to) Vwg(r)].
(2.2.18)

The left hand side of Eq. (2Z.2.18)) vanishes according to the Gauss’s divergence theorem assuming that
p(r, to) "Z3°0. Since the first term in the right hand side of Eq. (2:2.18)) must have a non-zero value,
the second term in the right hand side must also have a non-zero value. Therefore, from Eqs. (2.2.17)

24



Section 2.2 Basic Concepts of DFT and TDDFT

and (2.2.18), we can conclude that a certain-order time-derivative of the densities, p(r,t) and p/(r,t),
at t = to must be different. Thus p(r,t) and p/(r,t) must be different at a certain instant ¢ > ¢ if
v(r,t) —v'(r,t) # c(t). This conpletes the proof.

The RG theorem elucidates that the external potential v(7,t) [modulo ¢(t)] is a functional of the
density and the initial state. It means that the time-dependent many-body wave function can be
expressed as a functional of the density multiplied by a merely phase factor, ‘\If(t)> = ¢~talt) ‘\I/[p(t)]>
with &(t) = c¢(t). Thus, any physical observables can be written as a functional of the density,
Olp(t)] = (¥[p(t)]

In practice, we use a time-dependent version of the KS scheme. The time-dependent Kohn-Sham
(TDKS) equations are defined by

O|¥[p(t)]), because the phase does not affect the expectation value.

'ﬁa i(r,t) = * A t)| i(r,t 2.2.19
1 a(lﬁl(T? )_ _% +UKS(T7 ) ¢Z(T7 ) ( L. )

The density is expressed as p(r,t) = Zi]\il‘@(r,t)f. Because the RG theorem does not tell us a
specific form of the KS potential, how to define the time-dependent KS potential vgg(r,t) would be
a problem. Usually the so called adiabatic approximation is used where the same form of the KS
potential as in the ground state DFT (except for the time-dependent external potential v(r,t)) is
utilized for ¢ > ¢y, which is composed of the TDKS orbitals {¢;(r,t)}. Extensive discussions for
the determination of the time-dependent KS potential can be found in Ref. [I68]. One of the most
important theorems was proven by van Leeuwen [[67] which can be regarded as an extension of the
RG theorem. The theorem guarantees that there exists an external potential v/(r,t) for a system
obeying a different two-particle interaction W’ which provides the density p(r,t) that coincides with
the density in the system with W for all times. Because the non-interacting limit W’ — 0 guarantees
the existence of the non-interacting reference system, we shall follow the van Leeuwen’s theorem in
the next Section.

(b) Van Leeuwen’s theorem

In the case of the DFT, the KS scheme provides an elegant formalism which is quite useful for practical
applications. Because the RG theorem is not based on the variational principle, we need to carefully
prove the existence of an auxiliary non-interacting reference system which provides the same density
as the interacting system for all times, ¢ > tg. It was proven by van Leeuwen [I67] that there
exists a system which gives the same time-dependent density p(r,t), albeit that they have different
interactions, W and W', and different external potentials, V'(t) and V’(t). Since the theorem is valid
even for the non-interacting limit W' =0, it guarantees the existence of the non-interacting reference
system which provides the same density p(7,t) as the interacting system of interest, W 0.

We first derive a relation between the density p(r,t) and the external potential v(r, t) (Eq. (2:2.23))
which will be used to prove the theorem. We again start with a time-derivative of the current,

Aju(r,t) = 2]:;/dr2~~-/drN{(I§(\II*(t))8M\II(t)—\I!*(t)&u(ﬁtll(t))
H(HY(1))0, T (t) — U(1) 0 (HT* (1))}

Here, we focus on a p component of the current j,(r,t), j(r,t) = (jl(r,t), Jo(r,t), jg(r,t)). By
putting H =T + W + V, we obtain [I69]

m Oyju(r,t) = p(r,)0uv(r,t) = > 0, Tyu(r,t) — Wu(r,t), (2.2.20)
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where we define W),(r,t) and the momentum-stress tensor (part of the energy-momentum tensor)
T (r,t) as

W (r,t) EN/er-../drN\IJ*(t) [0, W] ®(t), (2.2.21)

T (r,t) = h2—N dry--- [ dry [@L\P*(t)] [81,\11(75)] + [GM\IJ(t)] [81,\11*(15)] — 1(9“8,, [\IJ*(t)\Il(t)] .
2m 2

(2.2.22)

By taking the divergence of Eq. (2.2.20) and using the continuity equation, we obtain the relation
between the density and the external potential,

moyV - j(r,t) = —mdp(r,t) = -V - [p(r, )Vu(r,t)] — q(r,t), (2.2.23)

where q(r,t) =37, 0,0, Top(r,t) + 3, OuWyu(r, t).

Here, we introduce another system which obeys a different Hamiltonian H' = 7'+ W’ + V' (t) with
a wave function }\Il’ (t)). We prove that there exists an external potential v'(r,¢) which provides the
same density p(r,t) as the system of H =T + W + V(¢) for all times. Let us assume that we have
solved the time-dependent Schrodinger equation with the initial wave function ’\Ifo> so that we know
the density p(r,t) for all times. We then require p'(r,t) = p(r,t) for all times and shall prove that we
can construct v’(r,t) which satisfies the requirement. Because of the requirement, there folds

o (r to) = p(r, to). (2.2.24)

That is, the initial state of these systems,

Ty) and }‘I”0>, has the same density. Since the relation
Eq. (2.2.23) is a second-order differential equation with respect to time ¢, we also require a condition

8tp’(r,t)’ = 8tp(r,t)) ) (2.2.25)

t=to t=to

which is equivalent to V - 5'(r,t9) = V - j(r,tg) because of the continuity equation. Then, the relation
Eq. (2.2.23) for these systems gives the following equations:

mdp(r,t) = V- [p(r, ) Vu(r,t)] + q(r,t), (2.2.26)

mozp(r,t) = V- |[p(r,t)VV (r,t)] +¢(r,t). (2.2.27)
The subtraction of Eq. (Z2.27) from Eq. (2.2.26)) leads
V- [p(r,t)Vuw(r,t)] = ((r,1), (2.2.28)

where we define two functions, w(r,t) = v(r,t) — v'(r,t) and {(r,t) = ¢'(r,t) — q(r,t). This type of
differential equation is known as the Sturm-Liouville type and we can, in principle, uniquely solve the
equation under a boundary condition, w(r,t) —3 0, if p(r,t) and ((r,t) are given.

Using the determination equation of Eq. (2.228), we can show that the existence of v'(r,t) as
follows. For t = ty, we have

V - [p(r, to) Vw(r, to)] = ((r, to). (2.2.29)

Because of the requirements, we know the density p(r,tg). We may calculate ((r,%y) from the wave
functions ‘\I/0> and ‘\116> Thus, in principle, we can obtain w(r,tg) by solving Eq. (2.2.29). We then
also obtain the external potential v'(r, tg) = v(r,tg) — w(r, tg) as well.
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Next, we take a time-derivative of Eq. (Z228)) at t = t;. We then find

v. p(r,to)vatw(r,t)}

} - 8tC(r,t)‘ V. [@p(r,t)‘ vw(r,to)] (2.2.30)

=tp t=to

We already know p(r, ) and Op(r ’ —to (by the assumptions), {(r, ), and w(r, ). Since we have
obtained v'(7, ty) by solving Eq. m@) we may evaluate 0y (r ’ —to
Schrodinger equation. Thus, we can, in principle, calculate d;w(r } t t by solving the Sturm-Liouville
type equation of Eq. (2:2.30)) and can obtain d;v'(r ’t:t = Gtv ‘t ‘0 — (T t)‘t:to'

By repeating this procedure for the 2nd, 3rd, - --, kth time- derlvatlves of Eq. (2:2.28)), we obtain

by solving the time-dependent

V. p(r,t)V@fw(r,t)’t:tJ = QW (r), (2.2.31)

where we define the inhomogeneity

k-1

- GV {35710(7“»15))

=0

Q" (r) = ﬁfg(r,t)‘ Vagw(r,t)]t:to}. (2.2.32)

=tg t=to
We can calculate an arbitrary-order time-derivative of v'(r,t) at t = t( through this procedure. Thus,
we can construct the external potential v(r, ¢) by the Taylor series

— 8kl
-5 dot

(t —to)", (2.2.33)

o

which actually generates the density p(r, o) in the system of H'(tg) = T + W' 4 V(o). After an
infinitesimal time evolution, |¥(tg)) — |¥(t1)), within the convergence radius of the Taylor expansion,
we can conduct the same argument at ¢ = ¢; as for the t = ¢y case. Therefore, we can construct the
external potential v/(r,t) in the system of H'(t) = T + W’ + V'(t) for all times which generates the
density p(r,t) that coincides with the density in the system of H(t) = T 4+ W + V (t) for all times.
This completes the proof.

In the case of W/ = W, the van Leeuwen’s theorem corresponds to the RG theorem. Because
the van Leeuwen’s theorem is also valid for the non-interacting system (W’ — 0), it guarantees the
existence of the non-interacting reference system which can be regarded as the time-dependent version
of the KS system.

As we saw in this Section, the KS scheme based on the (TD)DFT provides a powerful and quite
useful theoretical formalism for describing a many-particle system. The (TD)KS equations have a
very similar form as the (TD)HF equation. We may actually regard the Skyrme (TD)HF theory
as the (TD)DFT regarding the Skyrme EDF as an approximated representation of the wuniversal
density-functional. Moreover, since the Skyrme Hamiltonian with the density-dependent effective
three-body interaction contains p® in the two-body interaction (cf. Eq. (2.1.12])), it is not a many-body
Hamiltonian in a strict sense. This fact also exhibits the DFT-like character of the Skyrme (TD)HF
theory. Indeed, properties of thousands of nuclei in a wide mass region have been successfully described
by a single Skyrme-parameter-set which is adjusted to reproduce properties of several representative
nuclei and the nuclear matter. Let us use, however, the conventional terminology, “the HF theory”
and “the TDHF theory”, to express our theoretical framework throughout the thesis.
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2.3 Application to Nuclear Reactions

In this Section, we present computational techniques which will be used in our study of heavy ion
reactions employing the TDHF theory. In Sec. [2.3.1] we explain a detailed procedure to construct an
initial condition for the simulation of heavy ion reactions in the TDHF theory. Several computational
methods are presented in Sec. 2.3.21

2.3.1 Initial condition
(a) Ground-state calculation: Imaginary-time method

To simulate heavy ion reactions, we need to prepare the many-body wave function of the projectile
and target nuclei in the HF ground state. We use the imaginary-time method to calculate the HF
ground state. In the imaginary-time method, the total energy of the system is minimized by iterative
updates of the single-particle wave functions and the mean-field potential.

Here, we present a basic concept of the imaginary-time method. Let us consider a case where the
system obeys the Schrodinger equation,

H|U,) = E,|U,,). (2.3.1)

‘\I/0> denotes the ground state, while ‘\I/n> (n > 0) denotes excited states. Because the eigenfunctions
{¥,,} form a complete set, an arbitrary state ‘5 > can be expanded by using these eigenfunctions as

16) = Cu|Tn). (2.3.2)
n=0

A multiplication of the imaginary-time evolution operator for a small imaginary-time step A7 = iAt,
e HAT/I to the state |€) may be written as

e-ﬁm/h@ _ che—ﬁm/h‘q,n>
n=0

o0
— ZCne—EnAT/ﬁ}\Pn>

_ —BoAr/h i CeBo=E)AT/H g, (2.3.3)
n=0

We will reach the ground state wave function ‘\Ilo> after a sufficiently long imaginary-time propagation:

lim [e—fﬂf/ﬁ}" 1€) o [Wo) . (2.3.4)

n—o0

Excited states ’\Iln> (n > 0) will be dumped exponentially in a much faster way than the ground state

’\IJO>, because E, > Ey (n > 0) by definition. This is the basic concept of the imaginary-time method.
In the case of the Skyrme HF theory, small changes in the single-particle orbitals ¢;(rc) + d¢;(ro)

(t=1,---,N) vary the EDF, Egpp[®] = <<I>|fISkyrme‘<I>>, up to the first-order of d¢;(ro) to

Esprp[® + 0®] = Espr(® -I-Z/d 6;;81{:0 dpi(r +Z/d 6£EHF 65 (ro). (2.3.5)

If we take the small variation, d¢;(ro), as

AT §Espr[®

8i(ro) = _TW = ZhSHF (roc’)gi(ra’), (2.3.6)
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(a) HF ground states (b) Initial state for TDHF
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Figure 2.1: Schematic figures of the three-dimensional Cartesian grid for the HF calculation (a) and
for the TDHF calculation (b). (a): The HF ground states of projectile and target nuclei are calculated
separately. Because we do not impose any spatial symmetry, those nuclei can be spontaneously
deformed to minimize the energy. (b): We use a rectangular box to calculate reaction dynamics.
The ground states of the projectile and target nuclei are putted inside the box. We note that, the
center-of-mass correction is neglected to use a consistent single-particle Hamiltonian in both HF and
TDHF calculations.

a monotonic decrease of the total energy is guaranteed:

2
dEsur[®]

(5@1 ’I"U < ESHF[(I)]' (237)

2AT
Espp|® + 6®] = Fsup|® Z /

In practice, we use three-dimensional Cartesian grid representation to express the single-particle
wave functions without any symmetry restrictions as schematically shown in Fig.[2.1] (a). We separately
calculate the HF ground state of projectile and target nuclei. We start with an arbitrary Slater
determinant composed of N Gaussian wave packets whose position is determined by a random number.
We then repeat the imaginary-time propagation with a sufficiently small imaginary time-step, Ar. We
perform the Schmidt’s orthonormalization for the single-particle wave functions at each time-step to
ensure <¢i‘¢j> =Y, [dr¢i(ro)¢i(ro) = d;j. Since we deal with an intrinsic wave packet state, the
HF ground sate spontaneously breaks the translational symmetry and the rotational symmetry in case
of a deformed nucleus. Moreover, there may exist local minima on the potential energy surface as
functions of deformation parameters [0l [70]. We indeed perform the imaginary-time calculation with
certain constraints on the center-of-mass position and the principal axes as well as the deformation
parameters. Such a calculation is called the constrained Hartree-Fock (CHF) method [6]. We first
perform the CHF calculations with constraints on the deformation parameters, 5 = 0 and 8 = 0.1
and 0.2 with v = 0°, 30°, and 60°. Then, we release those constraints and re-minimize the energy. We
regard the least energy state as the HF ground state. Some details of the CHF method are summarized
in Appendix [Cl In usual static HF calculation for nuclear structure, the center-of-mass correction is
taken into account by replacing the kinetic energy operator as 7' — T — P2 /(2mA), where pP= > i Di
and A is the mass number of the nucleus [I36]. We note that, however, the center-of-mass correction
is neglected in both the HF calculation of the projectile and target nuclei and the TDHF reaction
calculation, because how to treat the center-of-mass correction in a colliding system is not at all trivial

[102].
(b) Evaluation of the relative momentum

We simulate heavy ion reactions based on the TDHF theory. To save the computational cost in
practice, we solve the TDHF equation using a finite-size numerical-box (typically, several tens of fm)
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(2) Lab frame at t=0 (b) Initial configuration | (C) Wave vectors: Kp+Kr=0

y Projectile My, Z \G.—
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Target Mr, Z1 X0
at rest (t=0)

Figure 2.2: Schematic figures to explain our approach to evaluate the position and the relative wave
vector for the TDHF calculation. (a): Geometric situation of the scattering problem is shown. (b):
The initial configuration at a given separation distance in the z-direction, xg, is illustrated. (c): The
wave vectors of the two colliding nuclei at the initial configuration are illustrated in the center-of-mass
frame.

for the reaction calculation as schematically shown in Fig. 2.1 (b). The initial separation distance,
ro, between the projectile and target nuclei at the initial stage of the TDHF calculation must be
sufficiently shorter than the size of the box. In practice, we place the projectile and target nuclei in
their HF ground state inside the numerical box assuming the Rutherford trajectory neglecting any
Coulomb excitations before they reach the initial separation distance.

Let us denote the mass and charge of the projectile and target nuclei as Mp, Zp and M, Zr,
respectively. We use the mass simply given by Mp = mNp and Mt = mNry, where Np(1) denotes
the total number of nucleons in the projectile (target) nucleus. We consider a situation that the
projectile nucleus is coming from infinity with an incident energy Ej,;, and an impact parameter b in
the laboratory frame. The target nucleus is considered to be at rest initially. We note that the target
nucleus will start to move because of the recoil effect by the Coulomb repulsion. We set the incident
direction parallel to the negative-z direction and the impact parameter vector parallel to the positive-y
direction. The reaction plane is the xy-plane. This situation is schematically illustrated in Fig. 2.2l (a).
It is well known that we can reduce this two-body scattering problem to the one-body problem with
respect to the relative coordinate r = rp — r7 with the reduced mass p = Mp Mt /(Mp + M), where
the trivial center-of-mass translational motion is removed from the problem. For the reduced one-body
problem, we have the equation of trajectory [I71]

r(¥) = -1+ z—:C(l)s(H —a)’ (2.3.8)

where several quantities are defined by

2Bk,
= — = _— — > -9.
l - spE—1) =0, (2.3.9)
2Eb\?
e = 1+(k> > 1, (2.3.10)
k = ZpZye. (2.3.11)

E= ﬁﬂab denotes the incident relative energy. Because of the initial condition (6 = 0) — oo,
the angle « is determined to be o = cos™! (é)
To evaluate the position and the relative momentum of the projectile and target nuclei, we first

specify the initial separation distance parallel to the z-axis, which we denote as g, as schematically
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illustrated in Fig. (b). Using an equality 7 cos fp = xo and the equation of trajectory Eq. (2:3.9),

we find
—coper £ ean/cf + 3 — B (2.3.12)

b
c% —I—c%

cos by =

where ¢y = 29, ¢1 = l—x0, and ¢y = xg(e? — 1)1/2. Because the initial relative distance ro (= xg/ cos 6)
must be positive (rg > 0), we select the positive sign in the denominator of Eq. (2Z.3.12). In this
algorithm, we can arbitrary choose the position of the center-of-mass of the two colliding nuclei,
R 1,.. The initial position of the projectile and target nuclei inside the numerical box is then uniquely
determined by zo and R, for a given Mp(t), Zp(1), Elab, and b.

Ones we obtain the initial relative distance rg, we can evaluate the relative velocity from the
conservation rows for the relative angular momentum and the energy:

b
vp(ro) = o bo; (2.3.13)
b2 2 k
vy (7 = 11— — (I — 2.3.14
NN SO -
ve(rg) = vp(ro) cos by + vg(ro) sin Oy, (2.3.15)
Uy(TQ) = —UT(T()) sin 6y + U@(TQ) cos t, (2,3,16)

where vy = /2E/p denotes the initial relative velocity. wv.(r9), vg(ro), vz(r0), and vy(rp) denote
the radial, azimuthal, z, and y components of the relative velocity at the initial relative distance rq,
respectively. From the relative velocity, we define the relative wave vector at the initial separation
distance by Kiei(ro) = (pvz(ro)/h, pvy(ro)/h).

To describe the whole reaction dynamics within a limited-size spatial box, we choose the center-
of-mass frame, Kp + K1 = 0, where Kp(t) denotes the wave vector of the projectile (target) in the
center-of-mass frame. From an equality for the kinetic energy

RKZL _ WK IPKR WK,

24 2Mp 2Mr 2u
we see that ‘Kp‘ = ‘KT‘ = ‘Krd!. We thus distribute the relative wave vector to the projectile and
target nuclei as
pvalro) vy (ro)
K = — 2.3.17
I e ! (2.3.17)
pog(ro)  poy(ro)
K = — . 2.3.18

These wave vectors are schematically illustrated in Fig. (c).

(c) Galilean boost

After the evaluation of the initial relative momentum, we give the momentum for the projectile and
target nuclei. In the TDHF theory, the translational motion of a nucleus is represented by a collective
translational motion of nucleons inside the nucleus. To see this, we consider a transformation for the
single-particle wave functions {¢;(ro)}

#(ro) = exp Hix : fa} bi(ro), (2.3.19)
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where ¢(ro) represents the transformed single-particle wave function which has the translational
momentum /4K /N. The many-body wave function constructed from the transformed single-particle
wave function takes the following form:

/ _ 1 ! (oo oy .
®(rio1,--- ,*NON) = Wdet{@-(maﬂ)}
1 eiK'Tl/N¢1(r10_1) elK.rN/N(;Sl(TNUN)
€1K.r1/N¢N(,’,10.1) €1K'TN/N¢N(’I‘NO'N)
1 N
= exp[iK- {NZTZH ®(ri01,--- ,TNON)
i=1
= exp[iK - R] ®(ri01, -+ ,TNON). (2.3.20)

R = % Zf\; 1 T; is the center-of-mass coordinate of the nucleus. The transformed many-body wave
function Eq. (2:3:20) may be regarded as a state boosted with the momentum hK.
In practice, we first perform the transformation for each single-particle wave function

1
¢i(ro) = exp [NiK“ . f’] ¢i(ro) for iep(=PorT),
o

where K, is the relative wave vector defined by Eqs. (23.17) and (2.3.18)) and N, is the number of
nucleons in each nucleus. “i € p” means that the ith orbital initially belongs to either the projectile
(u = P) or the target (1 = T) at the initial stage of the TDHF calculation. In our code, 1st, ---,
(Np)th orbitals initially belong to the projectile, while (Np + 1)th, - - -, (Np + N7)th orbitals initially
belong to the target. After that, we construct a single Slater determinant by the boosted orbitals
{¢/} (i =1,---,Np+ N1). We then calculate a real-time evolution by solving the TDHF equation
using the transformed single Slater-determinant composed of {¢;} as an initial wave function. We
note that the TDHF wave function (a single Slater determinant) is invariant under arbitrary unitary
transformations for the single-particle wave functions. Therefore, we may not be able to discuss any
physics, in a strict sense, in terms of the information that which orbitals belonged to which nuclei at
the initial stage of the TDHF calculation, because it is not gauge invariant.

2.3.2 Computational methods
(a) Real-space method

We employ three-dimensional Cartesian grid representation to express the single-particle wave func-
tions. We use a uniform orthogonal mesh having a mesh spacing H. We set H = 0.8 fm in practical
calculations. We have a discreet complex value at each grid point which represents the discretized
single-particle wave function ¢ (z4,y;, 2k, 0,t) at x; = iH, y; = jH, and 2, = kH, where i, j, and k
are zero or positive integers.

To calculate the first and second derivatives, we employ the high-order finite-difference method.
For example, the vth z-derivative of the single-particle wave function at a grid point (z;,y;, z) is

given by [I72]
ay(ba(xi’yjazkva_at) ~ 1
oxv b%)HV

N
> o alws +nH,yj 24, 0,t). (2.3.21)
n=—N

The same formula is utilized for the y- and z-derivative. In practice, we use 11-point finite-difference
formula (N = 5). The coefficients, bg\l,/) and CE\I,”)n, are shown in Table 2.2 for » = 1 and 2 with N = 5.
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Table 2.2:  Coefficients in the high-oder finite-difference formula Eq. (2.3.21), bg\l,’) and cg\l,/)n, for the
first (v = 1) and second (v = 2) derivatives with N =5 (the 11-point formula) [I72].

11-point formula (N =15)

vy % Gl A aky ks
1 2520 0 +2100 600 4150  F25 42
2 25200  —73766 42000  —6000 1000  —125 8

All operations of the gradient, divergence, rotation, and Laplacian in the Skyrme HF equation are
evaluated according to Eq. (2.3.21)).

(b) Real-time method

Using the wave function prepared as described in Sec. 2.3.1] as an initial TDHF wave function, we can
simulate heavy ion reactions numerically. To calculate a real-time evolution, we employ the Taylor
expansion method. In the method, a time evolution from time ¢ to t + At of the single-particle wave
functions obeying the TDHF equation is calculated as

kxnax k
1 (At ~(a, k
$i(rot+At) ~ > k'<1h> ) [hé%)l;(raal,t—l—%)} bi(ro’ 1), (2.3.22)
k=0 o’

where At and kpax denote a small time-step and the maximum order of the Taylor expansion, respec-
tively. We set At = 0.2 fm/c and kpax = 4 in our practical calculations. For the time evolution from
time t to t + At, we use iL(S%)F (roo’,t+ At/2) which is the single-particle Hamiltonian associated with
the single-particle wave functions at time ¢ + At/2 to increase numerical accuracy. This corresponds
to the first-order predictor-corrector method. We note that we encountered a numerical instability
just after a short real-time propagation if we omit the predictor-corrector step. In Fig. 2.3 the time-
evolution scheme with the first-order predictor-corrector method is illustrated. Because the mean-field
potentials in the single-particle Hamiltonian are constructed from the orbitals at each time-step, we
need to calculate the time evolution in a self-consistent manner. A time evolution of the orbitals causes
some changes of the densities and the mean-field potentials. The changes in the mean-field potentials
affect the next time-evolution of the orbitals. In this way, complex many-body reaction processes,
not only single-particle excitations but also corrective excitations, are described microscopically in a
self-consistent manner from nucleons’ degrees of freedom in the TDHF theory.

(c) Parallelization

The recent remarkable progress in computational sciences, not only computational methods but also
architecture, enables us to solve computationally-tough problems numerically on a massively-parallel
supercomputer. Thus, we can now explore new physics by performing large-scale calculations and/or
systematic calculations, which cannot be realized without abundant computational resources and the
massively-parallel supercomputer powered by HPCI systems. It has been recognized that computa-
tional sciences have been one of the essential approaches to study physics in the nature in addition to
the experimental and the theoretical approaches.

In order to perform a large number of TDHF calculations using a full Skyrme EDF including
all the time-odd components without any symmetry restrictions, we parallelize our computational
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code using a hybrid parallelization technique with the massage passing interface (MPI) and the open
multi-processing (OpenMP). Since the time evolution of each single-particle wave function can be
performed independently, we parallelize the code with respect to the single-particle wave functions.
Our parallelization procedure is schematically illustrated in Fig. 2.4. We distribute N single-particle
wave functions ¢; (i = 1,--- ;N = Np + Np) to M MPI processes. To optimize the load balance of
every processor, the number of single-particle wave functions per MPI process is determined as equal
as possible. If we can adopt several CPUs with a shared memory to each MPI process, we further
parallelize the calculation using the OpenMP. We note that communications between MPI processes
are required at each time-step, because we need to update the single-particle Hamiltonian as shown in
Fig. 2.3 (The densities/mean-fields are constructed from all the single-particle wave functions at each
time-step).
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@ w/h(t)

@ w/ h(t + %)

Figure 2.3: Time-evolution scheme from time t to ¢ + At with the first-order predictor-corrector
method is illustrated schematically. The circled numbers indicate the order of procedures. The red
down-arrows at step 1, 3, and 5 represent evaluation of the densities, the mean-field potentials, and
the single-particle Hamiltonian using the single-particle wave functions at each time. The blue solid
curry-arrow at step 2 represents a time evolution from time ¢ to t + At/2 using the single-particle
Hamiltonian at time t. While the pink solid curry-arrow at step 4 represents a time evolution from
time ¢ to t + At using the single-particle Hamiltonian at time ¢ + At/2.
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Projectile Target
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Figure 2.4: Concept of our MPI-OpenMP hybrid parallelization is illustrated. Green boxes represent
MPI processes to which we may distribute several CPUs with a shared memory. Those CPUs are
represented by blue small boxes inside the green box. We distribute N single-particle wave functions
oi(ro,t) (i=1,--- N = Np+Nr) to M MPI processes. The each MPI process is designed to perform
the OpenMP parallelization with respect to the single-particle wave functions utilizing the CPUs with
the shared memory.
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Application of the TDHF theory to
MNT reactions
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Chapter 3

TDHF CALCULATIONS FOR MNT
REACTIONS

In this first part of the thesis (Part [[l), we shed light on the feasibility of the TDHF theory combined
with the PNP technique in describing MNT cross sections.

In this Chapter, we investigate MNT processes in reactions of “°Ca+'24Sn at Ei,, = 170 MeV,
BCa+1248n at Ep,p = 174 MeV, 0Ca+2%Pb at Fj,, = 235 and 249 MeV, and *®Ni+2%8Pb at B, =
328.4 MeV, for which precise measurements of MNT cross sections were achieved [0, B3] E7 B

In addition to the fact that extensive experimental data are available for these systems, analyses
and comparisons of these systems are of much interest because reactions in these systems are expected
to show qualitatively different features. While *®Ca+'24Sn has almost the same neutron-to-proton
ratio, N/Z, between the projectile and target nuclei, other three systems have different N/Z ratios.
We expect that transfer processes toward the charge equilibrium take place in reactions with a large
N/Z asymmetry [[T6] 019 I74]. Moreover, it is well known that the basic feature of the low-energy
heavy ion reactions depends much on the product of the charge numbers of the projectile and target
nuclei, ZpZ7. Fusion reactions beyond the critical value, Zp Z1 ~ 1600-1800, are known to accompany
an extra-push energy [75l [2I]. Analyses of the fusion-hindrance phenomena in the TDHF theory have
been reported in Refs. [IT7 2], showing that the extra-push energy in the TDHF calculation is in
good agreement with that of the Swiatecki’s extra-push model [[4]. The four systems to be analyzed
have different Zp Z values, 1000 for 4%48Ca+124Sn, 1640 for *°Ca+298Pb, and 2296 for 5¥Ni+208pb.

It has been considered that the success of the TDHF theory is limited to observables expressed as
expectation values of one-body operators. Indeed, the particle-number fluctuation in DICs has been
found to be substantially underestimated in the TDHF calculations [88 B9 [03]. Since transfer prob-
abilities in the TDHF calculation may not be given as expectation values of any one-body operators,
it is not at all obvious whether the TDHF calculation provides a reasonable description for MNT
processes. One of the main purposes of this work is to clarify usefulness and limitation of the TDHF
calculation for the MNT processes. We note that Simenel has recently presented a calculation using
the Barian-Vénéroni variational principle [I75] and concluded that the particle-number fluctuation
may not be affected much by the correlation effects beyond the TDHF theory for reactions that are
not as violent as DICs [I70].

This Chapter is organized as follows. In Sec. B.I, we describe a formalism to calculate trans-
fer probabilities from the TDHF wave function after collision. We also describe our computational
method. In Sec. 3.2 we present results of our TDHF calculations for four systems and compare them
with measurements. In Sec. B.3] we compare our results with those by other theories. In Sec. 3.4l a

* This Chapter is essentially based on our publication of Ref. [IT3].
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summary and concluding remarks on this Chapter are presented.

3.1 Formulation

3.1.1 Definition of transfer probabilities

We consider a collision of two nuclei described by the TDHF theory. The projectile is composed of Np
nucleons and the target is composed of N1 nucleons. The total number of nucleons is N = Np + Nr.
In the TDHF calculation, a time evolution of single-particle orbitals, ¢;(ro,t) (i = 1,---,N), is
calculated where r and o denote the spatial and the spin coordinates, respectively. The total wave
function is given by the Slater determinant composed of the orbitals:

1
VN!

where x is a set of the spatial and the spin coordinates, z = (r,0). For the moment, we will develop a

D(xy, - ,xN,t) = det{¢;(z;,t)}, (3.1.1)

formalism for a many-body system composed of identical fermions. An extension to the actual nuclei
composed of two kinds of fermions, neutrons and protons, is simple and obvious.

Before the collision, two nuclei are separated spatially. We divide the whole space into two, the
projectile region, Vli, and the target region, V{;. After the collision, we assume that there appear two
nuclei, a projectile-like fragment (PLF) and a target-like fragment (TLF). We ignore channels in which
nuclei are separated into more than two fragments after the collision. We again introduce a division
of the whole space into two, the projectile region, Vg , which includes the PLF, and the target region,
V., which includes the TLF.

We define the number operator of each spatial region as

N N

N, = /dr Zd(r —7) = Z@T(ri), (3.1.2)
T i=1 i=1

where 7 specifies the spatial region either Vli(f ) or Vrf;(f ). We introduce the space division function,

©.,(r), defined as

1 for rer

O,(r) = ’ 3.1.3

(r) { 0 for ré¢r. ( )

The sum of the two operators, Nvi(f) and Nvi(f), is the number operator of the whole space, N =
P T

NVFZ; + NV{; = Nvf + NVTf In ordinary TDHF calculations, an initial wave function is the direct
product of the ground state wave functions of two nuclei boosted with the relative velocity. The
single-particle orbitals, ¢;(z,t), are localized in one of the spatial regions, Vf; or V{;, at the initial
stage of the calculation. Therefore, the initial wave function is the eigenstate of both operators, ]\7‘/}3

and NVTi , with eigenvalues, Np and N, respectively. At the final stage of the calculation after the

collision, each single-particle orbital extends spatially to both spatial regions of Vg and VTf . Because
of this fact, the Slater determinant at the final stage is not an eigenstate of the number operators,

N, s and NV 7, but a superposition of states with different particle-number distributions.
P T

The probability that n nucleons are in the spatial region Vg and N —n nucleons are in the spatial
region Vlf is defined as follows. We start with the normalization relation of the final wave function
after the collision,

/dml/de|\I](x17 7:1:N)‘2 = 17 (314)

where [dz =" [dr. Here and hereafter, we denote the many-body wave function at the final stage
of the calculation as W(xzq,--- , zn) = det{¢;(x;)}/VN!, and omit the time index. We also omit the
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suffix f from Vg and Vrg . The normalization relation, Eq. (8.4, includes an N-fold integral over
the whole spatial region. We divide each spatial integral into two integrals over the subspaces, Vp and
Vr. We then classify the 2V terms, generated by the divisions of the spatial regions, according to the
number of Vp and the number of V1 included in the integral:

1 = /dwl/ de]\I/(a:l,-~-,xN)|2
VP+VT Vp+Vr

- Z ) /dm /dmwl, )2 (3.15)

0s({m}:vavh—m)

where each subscript 7; (i = 1,---, N) represents either Vb or V. The notation s({r;} : VRV ™)
means that the sum should be taken for all possible combinations of 7; on condition that, in the
sequence of 71,--- ,7n, Vp appears n times and Vp appears N — n times. The number of the combi-
nations equals to yC),. From this expression, we find the probability that n nucleons are in the Vp
and N — n nucleons are in the Vr is given by

= > /d:c1 /da:N]\I/a;l, ) (3.1.6)

({ FVEVE T

Equation (B.1.5)) ensures the relation, ZQ;O P, = 1. From the probability F,,, we may obtain nucleon
transfer probabilities. For example, the probability of n-particle transfer from the projectile to the
target is given by Py, _p.

3.1.2 Particle-number projection operator

Above expression of the probability P, can be represented as an expectation value of the PNP operator
Pn, i.e. P, = <\IJ ‘ P, ‘ \Il> This operator extracts a component of the wave function with particle number
n in the Vp and N — n in the V from the final wave function ¥(zy,--- ,zy). From Eq. (3.1.0), we
obtain the following expression for the PNP operator,

Po= > On(r1) - Ony(ry). (3.1.7)
s({m}: VRV ™)

The projected wave function, PV, is the eigenstate of the number operators, NVP and NVT, with
eigenvalues, n and N — n, respectively. From Eq. (8.1.5]), there follows

||’:]2

-

(@Vp (ri) + @VT(Ti)> =1 (3.1.8)
Recently, Simenel has provided an alternative expression for the PNP operator [I15] which is given
by

2 .
P, = o ), df et =Nvp)d (3.1.9)
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We can easily show that this expression, Eq. (8:1.9), is equivalent to Eq. (8.1.7) as follows:

R 1 2
Pn - dgel(n NVP)9
27
1 in —i
= 27r 9 0 H(@VT 7’@) e@vp(’l‘i))
=1
2m
- Z 27r/ (=49 N O, (r1) - Ory (ry)
=0 s({ri}: V' v

= Z Or, (r1) -+ Ory (Tn).

s({Ti}:VF’,lVrl{V*")

3.1.3 Computation of transfer probabilities

Two expressions for the PNP operator P,, Eq. BI1) and Eq. (B.1.9), have been utilized to calculate
transfer probabilities in the TDHF theory. When we use Eq. (8.1.7), the probability P, is expressed
in terms of the single-particle orbitals as

P, = /dxl---/dxwi‘<w1>---w}‘V(a:mPndet{wi(wj)}
= ngn E)(wnlte ), (on[en ).

s({mp:vpve ™) €

= D det{(wilvy). .}, (3.1.10)

s({m VeVl ™)

where the summation over ¢ is taken for all possible permutations of the index & (i = 1,---, N), and
sgn(§) is a sign depending on the number of permutations. <1/)i’¢)j> = [ dx 4} (x);(x) denotes an
overlap integral in the spatial region 7.

When we use Eq. (8.1.9), we obtain

1 in —i i
Po= o d@e f( \1/|ZH1@ 1O, (ri)0 | )
1 .
- 27r/0 do e det{(vi|tbs)y;, + e (il Ws)y, }- (3.1.11)

Two expressions, Eq. (3.1.10) and Eq. (3.1.11)), should give equivalent results. We indeed confirmed
that both expressions give the same results for light systems. However, the computational cost is rather
different between two methods. Let us first consider the computational cost of Eq. (8110,

Po= Y aet{(uil), }

s({Ti}:VF’,lVrl{V_")

In this expression, it is necessary to calculate the determinants of dimension N many times. For
example, to calculate the probabilities of all possible processes, Py to Py, we need to calculate deter-
minants of dimension N for 2V times. Even for the calculation of the probability without any particle
transfer, we need to calculate the determinants as many as yCpn,. The calculation in this way soon
becomes impossible as N increases and is useful only for light systems. This method has been used in
the 4°Ca+%Ca reaction in Ref. [85]. It has also been used in the electron transfer processes in atomic

collisions [I77, [I7g].
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When we use the expression of Eq. (B.1.1T]),

1 27 . .
Py=o— [ doe™ det{(wilv;)y. +e (i), )

- 2T 0
the computational cost can be significantly small. In this expression, we achieve integral over 6
employing the trapezoidal rule discretizing the interval [0, 27| into M equal grids. To calculate all
the probabilities, Py to Py, we need to calculate the determinants of dimension N for M times. We
find M = 200 is sufficient for systems presented in this Chapter. In our calculations shown below, we

employ Eq. (3.I.11)).

3.1.4 Transfer cross sections

We next derive the formula for cross sections of transfer reactions. We assume that both projectile
and target nuclei are spherical, so that the reaction is specified by the incident energy E and the
impact parameter b.

Up to this point, we derived expressions of transfer probabilities for a system composed of identical
fermions. Since the TDHF wave function is a direct product of Slater determinants for neutrons and
protons, the reaction probability is also given by the product of the probabilities for neutrons and
protons. Let us denote the probability that N neutrons are included in the Vp as P](\;L )(b) and Z
protons are included in the Vp as Pép )(b). Then, the probability that N neutrons and Z protons are
included in the Vp is given by

Py z(b) = P (b) PP (b). (3.1.12)

We calculate the transfer cross section for the channel where the PLF is composed of N, Z nucleons
by integrating the probability Py, z(b) over the impact parameter,
oo
ow(N,Z) = 27T/ b Pn,z(b) db. (3.1.13)
bmin
The minimum of the integration over the impact parameter is the border dividing fusion and binary
reactions. In practice, we first examine the maximum impact parameter in which fusion reactions take
place for a given incident energy. We will call it the fusion critical impact parameter and denote it
as bs. We then repeat reaction calculations at various impact parameters for the region, b > b¢, and
calculate the cross section by numerical quadrature according to Eq. (3-1.13).

3.1.5 Computational details

We have developed our own computational code of the TDHF theory for heavy ion reactions extending
the code developed for the real-time linear response calculations [@9]. As described in Chapter 2 we
employ a uniform spatial grid in the three-dimensional Cartesian coordinate to represent single-particle
orbitals without any symmetry restrictions. The grid spacing is taken to be 0.8 fm. We take a box size
of 60 x 60 x 26 grid points (48 fm x 48 fm x 20.8 fm) for reaction calculations, where the reaction plane
is taken to be the zy-plane. The initial wave functions of projectile and target nuclei are prepared in
a box with 26 x 26 x 26 grid points.

We have tested the accuracy of the code by comparing our results with those by other codes. We
have confirmed that the fusion critical impact parameters of the reactions of '0+190 and %0+280
reported in Ref. [I02] are reproduced within 0.1 fm accuracy by our code. We have also calculated
the fluctuation of exchanged nucleons for *°Ca+4°Ca head-on collisions and confirmed that results
reported in Ref. [IT9] are reproduced accurately.
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3.2 Results

In this Section, we show calculated results for the reactions of 4°Ca+124Sn at the incident energy of
170 MeV, *8Ca+'24Sn at 174 MeV, Ca+2%8Ph at 235, 249 MeV, and *®Ni+2%8Pb at 328.4 MeV.

As for the energy density functional and potential, we use the Skyrme functional including all
time-odd terms [I54] except for the second derivative of the spin densities, As(™P) We encounter
numerical instability in the time evolution calculation if we include the term in the potential. All
the results reported in this Chapter are calculated using the Skyrme SLy5 parameter set [I4I]. This
interaction has been utilized in the fully three-dimensional TDHF calculations for heavy ion reactions
infinsfive}

In the ground state calculations, we find the ground states of “°Ca, 4¥Ca and 2°%Pb are spherical.
The ground state of 24Sn is oblately deformed with 8 ~ 0.11. The ground state of **Ni is prolately
deformed with 8 ~ 0.11.

We take the incident direction parallel to the x-axis and the impact parameter vector parallel to
the y-axis. The reaction is specified by the incident energy and the impact parameter. As an initial
condition, the two colliding nuclei are placed with the distance 16-18 fm in the z-direction. Before
starting the TDHF calculation, we assume the centers of the two colliding nuclei follow the Rutherford
trajectory. For the deformed nuclei, we placed the nucleus with the symmetry axis being set parallel
to the z-axis.

We stop time evolution calculations when two nuclei are separated by 20-26 fm, if binary fragments
are produced. If the colliding nuclei fuse and do not separate, we continue time evolution calculations
more than 3000 fm/c after two nuclei touch. We have not found any reactions in which more than
two fragments are produced after collision.

For each collision system, we first find the fusion critical impact parameter bs. We find them by
repeating calculations changing the impact parameter by 0.01 fm step. We then calculate reactions
for various impact parameters outside the critical value. At an impact parameter region smaller than
7 fm, we calculate reactions of impact parameters with 0.25 fm step. At an impact parameter region
larger than 7 fm, we calculate reactions of b = 7.5, 8, 9, and 10 fm. Close to the fusion critical
impact parameter, we calculate reactions in 0.05 fm and 0.01 fm impact parameter steps. All these
calculations are used to evaluate the transfer cross sections. In calculating transfer cross sections
according to Eq. (B.1.13]), the upper limit of the integral over b is set to 10 fm.

3.2.1 *0.48Ca+12Sn reactions

In this Subsection, we present results for the reactions of °Ca+'2*Sn at Ej,, = 170 MeV (Eepn. ~
128.5 MeV) and *¥Ca+'24Sn at Ei., = 174 MeV (Eem. =~ 125.4 MeV), for which MNT cross sections
have been measured experimentally H0, @3]. The neutron-to-proton ratio, N/Z, is different between
the projectile and the target for “°Ca+'24Sn, while it is almost the same for *¥Ca+'24Sn. Therefore,
we expect different features in the transfer process. As we mentioned in the introduction, the product
of charge numbers of the projectile and the target is important for the fusion dynamics. The present
systems have ZpZt = 1000 < 1600, so that no fusion-hindrance is expected to occur.

To estimate the Coulomb barrier height, we calculate the nucleus-nucleus potential using the
frozen-density approximation neglecting the Pauli blocking effect [[I0} I80 [I8I]. The potential is
given by V(R) = Elp, + pp|(R) — Egs.[pp] — Egs.[py), where R is the distance between the centers-
of-masses of the two nuclei, p,, (p,) denotes nuclear density of the projectile (target) in their ground
state. E[p,+p,](R) denotes the total energy when two nuclei are separated by the relative distance R.
Es s [pp] and Eg s [p,] denote the ground state energy of each nucleus. In the calculation, the Coulomb
barrier height is estimated as Vg ~ 116.3 MeV for °Ca+'24Sn and Vi ~ 115.1 MeV for “8Ca+124Sn,
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Figure 3.1: Deflection function (a) and total kinetic energy loss (b) as functions of impact parameter
b for the reactions of *°Ca+'24Sn at Epp = 170 MeV and **Ca+'24Sn at Ej,, = 174 MeV. Results
for the 4°Ca+'24Sn reactions are denoted by red filled triangles connected with solid lines, while
results for the *8Ca+'24Sn reactions are denoted by green open circles connected with dashed lines.
In (a), we also show deflection functions for the pure Coulomb trajectories by a red dotted line for
the 4°Ca+124Sn reactions and by a green two-dot chain line for the *Ca+'24Sn reactions. The figure
was taken from Ref. [I73].

respectively. Since the initial relative energies are higher than the Coulomb barrier heights, we find
the fusion critical impact parameter, by = 3.95 fm for *°Ca+'?4Sn and by = 3.93 fm for *¥Ca+'24Sn,

respectively.

(a) Overview of the reactions

Before showing detailed analyses of transfer reactions, we first present an overview of the reaction
dynamics. In Fig. B.1], we show the deflection function, ©(b), in (a) and the total kinetic energy loss
(TKEL) in (b), as functions of impact parameter b. Results for the 4°Ca+'24Sn reactions are denoted
by red filled triangles connected with solid lines, while results for the *Ca+'24Sn reactions are denoted
by green open circles connected with dotted lines. In Fig. Bl (a), we also show deflection functions
of the pure Coulomb trajectories by a red dotted line for *°Ca+'24Sn and by a green two-dot chain
line for ¥Ca+1?4Sn.

In practice, the deflection function and the TKEL are calculated in the following way. We denote
the center-of-mass coordinate of the PLF (TLF) and the relative coordinate as Rppp (trr)(t) and
R(t) = RpLr(t) — RrLr(t), respectively. We also denote the mass, charge number, and the reduced
mass at the final stage of the calculation as Mprp (Trr), ZpLF (TLF), and gy = MPLFMTLF/(MPLF +
Mrir). The relative velocity at the final stage of the calculation, t = ¢, is calculated by R(t;) =
(R(t;+At)— R(ty — At)) /2At. We evaluate the TKEL by TKEL = Eq ., — 2 up R(t7)? — Zprr Zrir €2/
|R(tf)|, where E.,. is the initial incident energy in the center-of-mass frame. The angle between
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Figure 3.2: Differential cross sections of representative transfer channels as functions of scattering
angle in the laboratory frame for the °Ca+124Sn reaction at Ej,, = 170 MeV. The Coulomb rainbow
angle obtained from the TDHF trajectories is denoted by blue solid vertical lines, and is compared
with measured differential cross sections, red filled circles, which have been reported in Ref. [A0]. The
figure was taken from Ref. [I73].

the vector R(tf) and the x-axis, or the angle between the vector R(tf) and the x-axis, provides
approximate value of the deflection angle. We estimate the correction for it assuming that both the
PLF and the TLF follow the Rutherford trajectory specified by the coordinates and the velocities at
the final time, t;.

The TKEL increases rapidly as the impact parameter decreases in the region b < 4.5 fm, where the
deflection function, ©(b), decreases appreciably by the nuclear attractive interaction. The deflection
function shows a maximum at b ~ 4.25 fm and decreases inside this impact parameter. The maximum
deflection angle corresponds to the Coulomb rainbow angle, 6,. It is given by 99° for 4°Ca+'24Sn and
100° for *¥Ca+'?4Sn. In Fig. 3.2, we compare the Coulomb rainbow angle for the °Ca+'?4Sn reaction
with measured differential cross sections reported in Ref. [0]. Red filled circles denote measured
cross sections and blue solid vertical lines denote the Coulomb rainbow angle in the laboratory frame.
As seen from the figure, the peak positions of the measured cross sections roughly coincide with the
Coulomb rainbow angle by the TDHF calculation.
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Figure 3.3: Snapshots of density distribution of the *°Ca+124Sn reaction at Ej,;, = 170 MeV and b =
3.96 fm, just outside the fusion critical impact parameter. The figure was taken from Ref. [I73].
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In Fig. 3.3, we show snapshots of density distribution for the °Ca+'24Sn reaction at b = 3.96 fm,
just outside the fusion critical impact parameter, by. We find a formation of a neck between the
projectile and the target during the collision. As will be shown later, several nucleons are exchanged
between the projectile and the target at this impact parameter. We find the formation of a neck for
the impact parameter region smaller than b ~ 4.25 fm where the TKEL becomes appreciable.

We next consider the average number of transferred nucleons and its fluctuation. We denote the
average number of nucleons in the PLF as Nl(;i)F (¢ = n for neutrons, p for protons), which is calculated

from the density distribution at the final stage of the calculation,

N = / dr p@(r), (3.2.1)
around PLF
where p(@ (1) is the density distribution of neutrons (¢ = n) or protons (¢ = p). The spatial integration
is achieved over a sphere whose center coincides with the center-of-mass of the PLF. The radius of the
sphere is taken to be 10 fm. We calculate the average number of nucleons in the TLF in the same way
taking the radius of 14 fm for the TLF. We summarize various expressions for the average number
and the fluctuation of transferred nucleons in Appendix [Al
We denote the neutron (proton) number of the projectile and the target as Nl()q) and NéQ) , respec-
tively. In general, there holds NI(DqI?F + N%}F < Nl()q) + Néq), since some nucleons are emitted to the
continuum by the breakup process. As will be shown later, however, the number of nucleons emitted
to the continuum is very small in the present calculations. The average number of transferred nucleons
from the target to the projectile, Ntlz(q), is given by

NS = N - N, (3.2.2)

Figure [3.4] shows the average number of transferred nucleons, Ng(q), in (a) and (e), the neutron-
to-proton ratios, N/Z, of the PLF and the TLF after collision in (b) and (f), the average number
of nucleons emitted to the continuum in (¢) and (g), and the fluctuation of the transferred nucleon
number in (d) and (h), as functions of impact parameter b for 4%4¥Ca+124Sn reactions.

In Fig. B4 (a) and (e), the average number of transferred neutrons is shown by filled symbols
connected with solid lines, while the average number of transferred protons is shown by open symbols
connected with dotted lines. Positive values indicate the increase of the projectile nucleons (transfer
from 124Sn to 4%48Ca) and negative values indicate the decrease (transfer from 4%:48Ca to 124Sn). As
seen from Fig. 3.4] (a) and (e), a large value of average number of transferred nucleons is seen for
40Ca+124Sn at the impact parameter region close to the fusion critical impact parameter, while the
average number of transferred nucleons is small for ¥¥Ca+124Sn.

We show in Fig. B4 (b) and (f) the neutron-to-proton ratios, N/Z, of the PLF and the TLF.
For the PLF, it is given by NP(’?F /NISZL)F, and for the TLF by N%Z)F /Né?F‘ Before the collision, the
N/Z ratio is given by 1.00 for *°Ca, 1.40 for *®Ca, and 1.48 for '24Sn. The N/Z ratio of the PLF
(TLF) is denoted by filled (open) symbols connected with solid (dotted) lines. We also denote the
N/Z ratio of the total system by a horizontal dashed line in the figure, 1.34 for °Ca+'24Sn and 1.46
for 48Ca+'24Sn. We find the nucleons are transferred toward the direction of the charge equilibrium.
Namely, protons are transferred from %°Ca to 24Sn, while neutrons are transferred from 24Sn to “°Ca
in the 4°Ca+'24Sn reaction. The N/Z ratios of the projectile and the target do not differ much for
48Ca+1%4Sn, and we find a small number of transferred nucleons on average for this reaction. The
average number of transferred nucleons decreases rapidly as the impact parameter increases. For the
impact parameter region larger than b ~ 6 fm, the average number of transferred nucleons almost

vanishes.
In Fig. B4 (c¢) and (g), we show the average number of nucleons emitted to the continuum,
Néggak_up = (NF(,q) + NéQ)) - (ng%)F + N%EF), during the time evolution. The average number of
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Figure 3.4: Left panels for 4°Ca+'24Sn at Ej,;, = 170 MeV and right panels for 48Ca+124Sn at Ej,;, =
174 MeV. (a) and (e): Average number of transferred nucleons from the target to the projectile. (b)
and (f): Neutron-to-proton ratios, N/Z, of the PLF and the TLF after collision. (c) and (g): Average
number of nucleons emitted to the continuum. (d) and (h): Fluctuation of transferred nucleon number.
The horizontal axis is the impact parameter b. In (b) and (f), the equilibrium N/Z value of the total
system is indicated by a horizontal dashed line. The figure was taken from Ref. [I73].

48



Section 3.2 Results

. Oca+'?*sn (=170 MeV)
T "~ T "~ T~ T "~ T " T "]
- 1 Z-direction (n) —*—
2F 3 Zz-direction (p) 4
1E 4 Y-direction (n) —*
) : 1 VY-direction (p) ©
- $ X-direction (n) —*
| 3 ] X-direction (p) ¢~
2F
1.5F o N
X Z-direction (PLF) -
14F Z-direction (TLF) 4~
- Y-direction (PLF) ¢
N 1.3 F Y-direction (TLF) ~©
Z ok X-direction (PLF) —*—
" X-direction (TLF) ~¢-
LL1F
1.0 E. |
3 4 5 6 7 8 9 10
b (fm)
Figure 3.5: Comparison of calculated results for different initial orientations of 24Sn in the

40Ca+1248n reaction at Eyp, = 170 MeV. (a): Average number of transferred nucleons from the
target to the projectile. (b): Neutron-to-proton ratios, N/Z, of the PLF and the TLF after colli-
sion. The horizontal axis is the impact parameter b. The initial orientations of ?4Sn are indicated in
legends. The figure was taken from Ref. [IT73].

neutrons (protons) emitted to the continuum is denoted by filled (open) symbols connected with solid
(dotted) lines. As seen in the figure, the number of emitted nucleons is very small. The maximum
value, about 0.02, is seen at the impact parameter close to the fusion critical impact parameter.

In Fig. B4 (d) and (h), we show the fluctuation of the transferred nucleon number. The expression
for the fluctuation is given by Eq. (A.5.9). The fluctuation of the transferred neutron (proton) number
is denoted by filled (open) symbols connected with solid (dotted) lines. We find the fluctuation
decreases as the impact parameter increases. The fluctuation decreases more slowly than the average
number of transferred nucleons as a function of impact parameter. We also find the fluctuation of
48Ca+1%48n is somewhat smaller than but comparable in magnitude to that of 4°Ca+124Sn, although
the average number is vanishingly small for *Ca-+124Sn.

As mentioned in the beginning of this Section, we placed the '?*Sn nucleus which is oblately
deformed with § ~ 0.11 so that the symmetry axis is perpendicular to the reaction plane in the
initial configuration. Namely, the symmetry axis of 1?4Sn is set parallel to the z-axis. To take fully
account of the deformation effect, we should achieve an average over initial orientations of the 1?4Sn.
However, since calculations of a number of initial orientations require huge computational costs, we
do not achieve the orientation average but show results of a specific initial orientation. We here briefly
discuss the difference of the reaction dynamics depending on the initial orientations.

In Fig. B.5, we show the average number of transferred nucleons in (a) and the neutron-to-proton
ratios, N/Z, of the PLF and the TLF after collision in (b), for three cases of different initial orientations
of 1248n in the 4°Ca+'24Sn reaction. Red triangles are the same results as those shown in Fig. [3.4] (a)
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Figure 3.6: Neutron (left panels) and proton (right panels) transfer probabilities as functions of
impact parameter b. (a) and (b): Results for the reactions of *°Ca+'24Sn at E},, = 170 MeV. (c) and
(d): Results for the reactions of ¥Ca+'?4Sn at E},, = 174 MeV. The positive (negative) number of
transferred nucleons represents the number of nucleons added to (removed from) the projectile. Shaded
regions at small impact parameter (b < 3.95 fm for °Ca+'?*Sn and b < 3.93 fm for *¥Ca+'24Sn)
correspond to the fusion reactions. The figure was taken from Ref. [I73].

and (b) where the symmetry axis of 124Sn is chosen parallel to the z-axis. Green circles correspond to
the cases of the symmetry axis set parallel to the y-axis (the direction of impact parameter vector).
Blue diamonds correspond to the cases of the symmetry axis set parallel to the xz-axis (the incident
direction).

From the figure, we find a rather small difference among three cases of different initial orientations
of 1248n. The prominent difference appears only at small impact parameter region. It comes from
the difference of the fusion critical impact parameters. Since '24Sn is oblately deformed, the Coulomb
barrier height is the largest when the symmetry axis of the 24Sn is parallel to the z-axis (the incident
direction).

(b) Transfer probabilities

We next show transfer probabilities as functions of impact parameter which are obtained from the final
wave functions using the PNP technique of Eq. (B:11)). The nucleon transfer probabilities, P,Sq) (),
are shown in Fig. (linear scale) and in Fig. 3.7 (logarithmic scale). Top panels of Fig. ((a) and
(b)) and top panels of Fig. 3.7 ((a), (b), (c), and (d)) show results of the “°Ca+'2*Sn reaction, while
lower panels of Fig. ((c) and (d)) and lower panels of Fig. B.7 ((e), (f), (g), and (h)) show results
of the #8Ca+'?4Sn reaction. In these figures, shaded regions at small impact parameter (b < 3.95 fm
for 4°Ca+'24Sn and b < 3.93 fm for **Ca+'24Sn) correspond to the fusion reactions. The positive
(negative) number of transferred nucleons represents the number of nucleons added to (removed from)
the projectile.
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Transfer probabilities in Fig. are shown in logarithmic scale.
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probabilities opposite to the direction of the charge equilibrium, which are not included in Fig. 3.6

are shown as well. The figure was taken from Ref. [I73].
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Figure 3.8: Cross sections for transfer channels classified according to the change of the proton number
of the PLF from 4°Ca, as functions of neutron number of the PLF for the °Ca+!?4Sn reaction at
E, = 170 MeV. Red filled circles denote measured cross sections and red solid lines denote results of
the TDHF calculations. The number of transferred protons is indicated as (zp) (=6 <z < +1). The
measured cross sections have been reported in Ref. [0]. The figure was taken from Ref. [I73].

From the figure, we find that probabilities of single-nucleon transfer (green dashed lines) extend
to a large impact parameter region. As the number of transferred nucleons increases, the reaction
probability is sizable only at a small impact parameter region, close to the fusion critical impact
parameter.

The directions of the transfer processes are the same as those we observed in the average number
of transferred nucleons in Fig. 3.4] (a) and (e). Namely, in the case of 1°Ca+124Sn (Fig. (a) and
(b)), protons are transferred from °Ca to '?Sn and neutrons are transferred from 24Sn to 4°Ca, the
directions toward the charge equilibrium. We note that the transfer probabilities toward the opposite
directions, proton transfer from '2*Sn to 4°Ca and neutron transfer from °Ca to '?4Sn, are very
small and are hardly seen in the linear scale figure (Fig. (a) and (b)). In the logarithmic scale
(Fig. B (a), (b), (c), and (d)), we find the transfer probabilities toward the opposite direction to
the charge equilibrium are smaller than those toward the charge equilibrium by at least an order of
magnitude. In the case of 4¥Ca+'24Sn reaction (Fig. (c) and (d), Fig. B (e), (f), (g), and (h)),
the transfer probabilities toward both directions are the same order of magnitude. This is consistent
with the fact that the average number of transferred nucleons is very small as shown in Fig. [3:4] (e).

(c) Transfer cross sections

Integrating the transfer probabilities over impact parameter, we obtain transfer cross sections. The
results are shown in Fig. 3.8 for 4°Ca+'24Sn and in Fig. for ¥ Ca+124Sn.

We first examine the 4°Ca+124Sn reaction. Figure [3.8 shows the transfer cross sections classified
according to the change of the proton number of the PLF from 4°Ca, as functions of neutron number
of the PLF. Red filled circles denote measured cross sections and red solid lines denote results of the
TDHF calculations. We show transfer cross sections of one proton added to (+1p) through six proton
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Figure 3.9: Cross sections for transfer channels classified according to the change of the proton number
of the PLF from “8Ca, as functions of neutron number of the PLF for the **Ca+'?4Sn reaction at
B, = 174 MeV. Red filled circles denote measured cross sections and red solid lines denote results of
the TDHF calculations. The number of transferred protons is indicated as (zp) (—2 <z < +2). The
measured cross sections have been reported in Ref. 3]. The figure was taken from Ref. [IT3).

removed from (—6p) °Ca.

We find the experimental data are reasonably reproduced by the TDHF calculations for cross
sections without proton transfer shown in (Op) panel, although the cross sections are somewhat un-
derestimated as the number of transferred neutrons increases. Zero- to four-neutron pick-up channels
shown in (—1p), (—2p), and (—3p) panels are also reproduced reasonably. The calculated cross sec-
tions toward the direction opposite to the charge equilibrium are small, consistent with the observation
in transfer probabilities shown in Fig. 3.7 (a) and (d).

As the number of transferred protons increases, there appear some discrepancies between the
TDHF calculations and the measurements. When more than one protons are transferred, the TDHF
calculation underestimates measured cross sections of neutron removal channels (N < 20). For five-
and six-proton removal channels, (—5p) and (—6p), the TDHF cross sections become too small com-
pared with the measurements. We also find a shift of the peak position toward the larger neutron
number.

In Ref. HQ], cross sections calculated by the GRAZING code [67] were compared with the mea-
surements. In the GRAZING calculation, a similar discrepancy was observed. As the origin of the
discrepancy, the significance of the evaporation effects has been mentioned [0]. We will compare our
results with those of the GRAZING calculations in Sec. B.3l

We note that particle evaporation processes are not taken into account sufficiently in the present
calculation. In Fig. B (b), we find the TKEL of as large as 25 MeV at a small impact parameter
region where appreciable MNT probabilities are found. The amount of the TKEL is sufficiently large
to emit some nucleons to the continuum. However, as we saw in Fig. B.4 (c), the average number
of nucleons emitted to the continuum is very small, the maximum value is only 0.02. Although we
have not yet estimated the number of evaporated nucleons, the inclusion of the evaporation processes
is expected to reduce the discrepancy as follows. Neutron evaporation processes will shift the peak
position of the transfer cross sections toward the smaller neutron number (left direction in Fig. B.8]).
We may also expect that proton evaporation processes will shift cross section of n-proton removal
channels to (n 4 1)-proton removal channels.

Figure shows transfer cross sections of *Ca+124Sn reaction. The cross sections obtained from
the TDHF calculations are in good agreement with the experimental data for zero- and one-proton
transfer channels, (Op) and (£1p). For two-proton transfer channels (4+2p), however, our TDHF
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Figure 3.10: Deflection function (a) and total kinetic energy loss (b) as functions of impact parameter
b for the reactions of *°Ca+2%Pb at Ey, = 235 and 249 MeV. Results for the reactions at Ej,p, =
235 MeV are denoted by red filled triangles connected with solid lines, while results for the reactions
at Ela, = 249 MeV are denoted by green open circles connected with dashed lines. In (a), we also
show deflection functions for the pure Coulomb trajectories at Fj,;, = 235 MeV by a red dotted line
and at Ep,p = 249 MeV by a green two-dot chain line. The figure was taken from Ref. [I73].

calculations underestimate the cross sections. In the case of two-proton removal channels (—2p), the
peak position shifts toward larger neutron number, while in the case of two-proton pickup channels
(+2p), the peak position shifts toward smaller neutron number. The underestimation in the (—2p)
channels may be remedied by taking into account the neutron evaporation processes as in the case
of ¥Ca+124Sn reaction. However, the underestimation in the (4+2p) channels may not. A similar
discrepancy was reported in the GRAZING calculation [43]. In Ref. @3], more complex mechanisms
such as neutron-proton pair transfer and/or a-cluster transfer have been advocated for the origin of

the discrepancy.

3.2.2 0Ca+2%Pb reaction

In this Subsection, we present results for the reactions of 4°Ca+2%%Pb at Ey,, = 235 and 249 MeV
(Eem. ~ 197.1 and 208.8 MeV), for which measurements have been reported in Ref. [50J. This
system has ZpZt = 1640, close to 1600. Therefore, we expect an appearance of the indication of
the fusion-hindrance. We estimate the Coulomb barrier height of this system using the frozen-density
approximation, giving Vg ~ 178.4 MeV. Since the collision energies are higher than the barrier height,
we find finite values of the fusion critical impact parameter b, as in the 4%48Ca+124Sn reactions. They
are given by by = 3.81 and 4.55 fm at Fj,, = 235 and 249 MeV, respectively.
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Figure 3.11: Snapshots of density distribution of the “°Ca+2%Pb reaction at Fj,;, = 249 MeV and
b = 4.56 fm, just outside the fusion critical impact parameter. The figure was taken from Ref. [I73].

(a) Overview of the reactions

We first present an overview of the reaction dynamics. In Fig. [3.10, we show the deflection function in
(a) and the TKEL in (b), as functions of impact parameter. Results for the reaction at Ej,p, = 235 MeV
are denoted by red filled triangles connected with solid lines, while results for the reaction at Ey,, =
249 MeV are denoted by green open circles connected with dotted lines. In Fig. (a), we also show
deflection functions for the pure Coulomb trajectories at Fj,;, = 235 MeV by a red dotted line and at
Fip = 249 MeV by a green two-dot chain line. In this system, we find an increase of the TKEL up
to around 50 MeV and 60 MeV for the incident energies of 235 MeV and 249 MeV, respectively. This
maximum value of TKEL is about a factor of two larger than the case of 4% 48Ca+124Sn reactions. We
find the difference of the TKEL between these systems, *°Ca+2%Pb and 4%-48Ca+'24Sn, comes from
properties of the neck whose formation is observed when the TKEL becomes substantial.

In Fig. .11, we show snapshots of density distribution for the 4°Ca+2%Pb reaction at Ei,, =
249 MeV and b = 4.56 fm, just outside the fusion critical impact parameter. The neck is seen to be
formed solidly for a long period from ¢ = 200 fm/c to 3000 fm/c. This process may be regarded as a
QF. As will be shown below, a number of nucleons are transferred from 2°®Pb to 4°Ca at this impact
parameter.

The period of the neck formation is longer in the present 4°Ca+2%®Pb case than that in the
40,48Ca+1248n cases. We find the neck formation for the periods of 1000-3000 fm/c and more for the
present system depending on the impact parameter, while it is at most 300 fm/c in the 4%48Ca+1?4Sn
systems. We consider this difference is related to the different ZpZ1 values of these systems. Since
ZpZ71 2 1600 in the present system, fusion reactions are hindered by the QF process. Namely, there
appears a certain impact parameter region in which binary final fragments are produced after a rather
solid neck formation during the collision.

The Coulomb rainbow angle is 8, ~ 99° for the reaction at FEj,, = 235 MeV and 6, ~ 86° for
the reaction at Ej,p, = 249 MeV, respectively. The deflection function becomes negative at the small
impact parameter region, reaching —200° just outside bs. In Fig. B.12] we compare the Coulomb
rainbow angles for the 4°Ca+20Pb reactions at Fj,p, = 235 and 249 MeV with measured differential
cross sections which have been reported in Ref. [50]. Red filled triangles denote measured cross sections
for Fy,, = 235 MeV, while green open circles denote those for Fi,p, = 249 MeV. The Coulomb rainbow
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Figure 3.12: Differential cross sections of representative transfer channels as functions of scattering
angle in the center-of-mass frame for the 4°Ca+2%%Pb reactions at Ep, = 235 and 249 MeV. The
Coulomb rainbow angle obtained from the TDHF trajectories is denoted by red solid (green dotted)
vertical lines for Fj,, = 235 (249) MeV. They are compared with measured differential cross sections,
red filled triangles (green open circles) for Ej,p, = 235 (249) MeV, which have been reported in Ref. [50].
The figure was taken from Ref. [I73].

angle obtained from the TDHF trajectories is denoted by red solid (green dotted) vertical lines for
Eyp, = 235 (249) MeV. We find the peak positions of measured angular distributions are reasonably
reproduced by the TDHF calculation.

Figure .13 shows the average number of transferred nucleons in (a), the N/Z ratios of the PLF and
the TLF in (b), the average number of nucleons emitted to the continuum in (c), and the fluctuation
of the transferred nucleon number in (d), as functions of impact parameter. In each panel, triangles
represent results for Fy,;, = 235 MeV and circles represent results for Ey,;, = 249 MeV.

In Fig. B13 (a), the average number of transferred neutrons is shown by filled symbols connected
with solid lines, while the average number of transferred protons is shown by open symbols connected
with dotted lines. Positive values indicate the increase of the projectile nucleons (transfer from 2°*Pb
to 4°Ca) and negative values indicate the decrease (transfer from °Ca to 28Pb). As seen from the
figure, the average number of transferred protons shows a minimum at a certain impact parameter
(b = 4.0 fm for Ej,, = 235 MeV and b = 5.0 fm for Ej,p, = 249 MeV). Outside this impact parameter,
the nucleon transfer process proceeds toward the direction of the charge equilibrium of the projectile
and the target. Inside this impact parameter, neutrons are still transferred toward the same direction.
However, the number of transferred protons decreases and becomes positive, which corresponds to the
transfer from 2%Pb to 4°Ca.

At first sight, the direction of the proton transfer at small impact parameter region is opposite
to the direction of the charge equilibrium. However, it is not the case as can be understood from
Fig. (b) which shows the neutron-to-proton ratios, N/Z, of the PLF (filled symbols connected
with solid lines) and the TLF (open symbols connected with dotted lines), which are obtained from
the average numbers of the nucleons shown in Fig. (a). Before collision, the N/Z ratio is given
by 1.00 for *°Ca and 1.54 for 2°8Pb. In Fig. (b), the N/Z ratio of the total system, 1.43, is shown
by a horizontal dashed line. As seen from the figure, the nucleon transfer processes proceed toward
the direction of the charge equilibrium for both the PLF and the TLF at all impact parameter region
outside the fusion critical impact parameter. Even though the average number of transferred protons
shows complex behavior at small impact parameter region, the N/Z ratios of the PLF and the TLF
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monotonically approach to the fully equilibrated value of 1.43 as the impact parameter decreases.
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Figure 3.13:  The %°Ca+2%Pb reactions at Fj,, = 235 and 249 MeV. (a): Average number of
transferred nucleons from the target to the projectile. (b): Neutron-to-proton ratios, N/Z, of the
PLF and the TLF after collision. (c): Average number of nucleons emitted to the continuum. (d):
Fluctuation of transferred nucleon number. The horizontal axis is the impact parameter b. Results
for the reactions at Fi,, = 235 MeV are denoted by triangles, while results for the reactions at Ej,p, =
249 MeV are denoted by circles. In (b), the equilibrium N/Z value of the total system, 1.43, is
indicated by a horizontal dashed line. The figure was taken from Ref. [I73].
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The change of sign of the average number of transferred protons at small impact parameter region
is found to be related to the formation of a rather solid neck. When the neck is broken, we find that
most part of the neck is absorbed by the lighter fragment (cf. Fig. B.I1]). Since the neck is composed
of both neutrons and protons, the absorption of the nucleons in the neck region results in the increase
of average number of nucleons in the PLF for both neutrons and protons (see Fig. B13] (a)).

In Fig. B3l (c), we show the average number of nucleons emitted to the continuum during the
time evolution. The average number of neutrons (protons) emitted to the continuum is denoted by
filled (open) symbols connected with solid (dotted) lines. We count it by subtracting the number of
nucleons inside a sphere of 14 fm for the TLF and that inside a sphere of 10 fm for the PLF from the
total number of nucleons, 248. The average number of emitted nucleons is again very small, at most
0.1 around the fusion critical impact parameter.

In Fig. BI3] (d), we show the fluctuation of the transferred nucleon number. The fluctuation of
transferred neutron (proton) number is denoted by filled (open) symbols connected with solid (dotted)
lines. The fluctuation increases monotonically as the impact parameter decreases, reaching the max-
imum value roughly 1.3 around the fusion critical impact parameter. Although the average number
of transferred protons is small at the small impact parameter region, the fluctuation of transferred
proton number has value as large as that of neutrons. This fact indicates that single-particle wave
functions of protons are exchanged actively between the projectile and the target, although the number
of transferred protons is small on average.

(b) Transfer probabilities

The nucleon transfer probabilities, p (b), are shown in Fig. 314l Top panels ((a), (b), (c), and (d))
show results at Ej,p = 235 MeV, while lower panels ((e), (f), (g), and (h)) show results at Fj,;, = 249
MeV. In the figure, shaded regions at small impact parameter (b < 3.81 fm for Ej,, = 235 MeV and
b < 4.55 fm for Ejp = 249 MeV) correspond to the fusion reactions. The positive (negative) number
of transferred nucleons represents the number of nucleons added to (removed from) the projectile. In
the left panels ((a), (c), (e), and (g)), we show transfer probabilities, (On) to (+4n) for neutrons and
(Op) to (—4p) for protons. In the right panels ((b), (d), (f), and (h)), we show transfer probabilities,
(+1n) to (+9n) for neutrons and (—4p) to (+4p) for protons, at small impact parameter regions just
outside the fusion critical impact parameter. Probabilities of neutron transfer from °Ca to 208Pb are
very small and are not shown.

As in the case of 40:48Ca+124Sn reactions, we find that probabilities of single-nucleon transfer
(green dashed lines) extend to a large impact parameter region. Reaction probabilities for MNT
processes become appreciable at a small impact parameter region close to the fusion critical impact
parameter. The transfer probabilities toward the charge equilibrium are large in most cases. At a
small impact parameter region just outside the fusion critical impact parameter, however, we find
substantial probabilities for the proton transfer processes opposite to the charge equilibrium as seen
in the right panels of Fig. B.14 ((b), (d), (f), and (h)). This is related to the increase of the average
number of transferred protons at small impact parameter region which was seen in Fig. B.I3] (a).
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Figure 3.15: Transfer cross sections for the *°Ca+2%8Pb reactions at Fjyp, = 235 and 249 MeV. Red
filled triangles (green open circles) denote measured cross sections at Ej,, = 235 (249) MeV. Red
solid (green dotted) lines denote results of the TDHF calculations at Ejp, = 235 (249) MeV. The
number of transferred protons (positive number for the transfer from 2°°Pb to 4°Ca) is indicated as
(xp) (=6 < x < +5). The measured cross sections have been reported in Ref. [50] The figure was
taken from Ref. [I73]**.

(c) Transfer cross sections

We show transfer cross sections in Figs. and B.16l Each panel of Fig. shows cross sections
classified according to the change of the proton number of the PLF from #°Ca which is indicated by
(xzp) (=6 < x < +5), as functions of neutron number of the PLF. Each panel of Fig. shows
cross sections classified according to the change of the neutron number of the PLF from “°Ca which
is indicated by (zn) (=5 < z < +9), as functions of proton number of the PLF. Red filled triangles
denote measured cross sections for Ej,;, = 235 MeV, while green open circles denote those for Ej,p, =
249 MeV. Cross sections calculated by the TDHF are denoted by red solid (green dotted) lines for
Eyp, = 235 (249) MeV. As seen in the average number of transferred nucleons in Fig. 3.13] (a) and in
the transfer probabilities in Fig. B4l the transfer cross sections toward the direction of the charge
equilibrium dominate.

In (Op) and (—1p) panels of Fig. 315 the TDHF calculation is seen to reproduce the measured

** A mistake was found in Fig. 15 of Ref. [['73]: In panel (—6p) in Ref. [[73], cross sections for (—7p) channel are shown.
Erratum will be published. Figure shows correct cross sections.
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cross sections up to six-neutron transfer. As the number of transferred protons increases, (—2p) to
(—6p), the cross sections in the TDHF calculation show a maximum at a neutron number more than
that of 4°Ca. Compared with measured cross sections, the TDHF results shift toward larger values of
neutron number. This behavior is similar to the case of *°Ca+'24Sn reaction. Looking at the transfer
cross sections for a fixed number of transferred neutrons in Fig.[3.16] the TDHF calculations reproduce
(+1n) and (4+2n) panels rather well.

As seen in Fig. BI85 the TDHF calculations provide substantial cross sections for proton pickup
reactions, (+1p) to (+5p), which is the transfer toward the opposite direction of the charge equilibrium
expected from the initial N/Z ratios. The cross sections show a peak around the neutron number 28.
The TDHF calculations also provide substantial cross sections for many neutron pickup reactions (see
bottom row of Fig. B.16). The cross sections show a peak around the proton number 20. These cross
sections come from an impact parameter region close to the fusion critical impact parameter. As seen
in Fig. BI3 (a), a large average number of transferred neutrons up to 10 is seen while the average
number of transferred protons has small value. We note that the collision close to the fusion critical
impact parameter accompanies large TKEL, and should suffer substantial evaporation effects which
are not treated in the present analyses.

The TDHF calculation systematically underestimates the cross section of neutron transfer pro-
cesses from 4°Ca to 2%®Pb, (—1n) to (—5n) (see top row of Fig. B.I6). Although these processes are
against the charge equilibrium, substantial cross sections are observed experimentally. In the TDHF
calculation, cross sections of neutron transfer channels opposite to the charge equilibrium are several
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Figure 3.17: Deflection function (a) and total kinetic energy loss (b) as functions of impact parameter
b for the reactions of *®Ni+2%8Pb at Ey,;, = 328.4 MeV. In (a), we show a deflection function for the
pure Coulomb trajectory by a dotted line. The figure was taken from Ref. [I73].

orders of magnitude smaller than the measurements. In Ref. [B0], it has been argued that the neutron
evaporation after collision is responsible for these channels.

3.2.3 9Ni+2%Pb reaction

As a final case, we present results for the 58Ni+28Pb reaction at Fj,, = 328.4 MeV (Fem, ~
256.8 MeV), for which measurements are reported in Ref. [7]. Since this system has ZpZp = 2296
exceeding the critical value 1600, we may expect an appearance of the QF process at a small impact
parameter region. Using the frozen-density approximation, the Coulomb barrier height is estimated
to be Vg ~ 247.6 MeV, which is lower than the center-of-mass energy. We find the fusion critical
impact parameter by given by 1.38 fm for this reaction. To decide whether the nucleus once gets fused
eventually decays into fragments or not, we continue to calculate the time evolution up to 4000 fm/c
after two nuclei touches. If the fused system keeps a compact form for this period, we regard the
process as fusion.

(a) Overview of the reaction

We first present an overview of the reaction dynamics. In Fig. B.I7] we show the deflection function
in (a) and the TKEL in (b), as functions of impact parameter. In (a), we also show a deflection
function for the pure Coulomb trajectory by a dotted line. The Coulomb rainbow occurs at the impact
parameter of 2.5 fm and the rainbow angle is 6, ~ 121°. In Fig.[3.18] we compare the Coulomb rainbow
angle with measured differential cross sections which have been reported in Ref. [7]. Red filled circles
denote measured cross sections and blue solid vertical lines denote the Coulomb rainbow angle. From
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Figure 3.18: Differential cross sections of representative transfer channels as functions of scattering
angle in the center-of-mass frame for the °8Ni+208Pb reaction at Ej,, = 328.4 MeV. The Coulomb
rainbow angle obtained from the TDHF trajectories is denoted by blue solid vertical lines, and is
compared with measured differential cross sections, red filled circles, which have been reported in

Ref. [7]. The figure was taken from Ref. [I73].

the figure, we find the measured differential cross sections show rather flat distributions compared with
lighter systems. This may be related to a rather small curvature of the deflection function around the
Coulomb rainbow angle obtained from the TDHF trajectories as seen in Fig. B.17 (a).

The TKEL shows a behavior different from lighter systems. The maximum TKEL is about 50-
60 MeV, similar to the value observed in *°Ca+2%Pb reaction. However, there is a large impact
parameter region, from 1.39 fm to 2.75 fm, in which the TKEL takes approximately the same value.

In Fig. .19, we show snapshots of density distribution for the 5¥Ni4+2%®Pb reaction at the impact
parameter of 1.39 fm, just outside the fusion critical impact parameter. In the course of the collision,
colliding nuclei form a rather thick neck and excurse for a long period connected by the neck. We find
the two nuclei are connected for a period as long as 3600 fm/c. For collisions in the impact parameter
region where the TKEL takes values around 50-60 MeV, we find a formation of a similar thick neck
which persists rather long period. These reactions are considered to correspond to the QF.

Figure[3.20 shows the average number of transferred nucleons in (a), the N/Z ratios of the PLF and
the TLF in (b), the average number of nucleons emitted to the continuum in (c), and the fluctuation
of the transferred nucleons in (d), as functions of impact parameter.

In Fig. (a), the average number of transferred neutrons is shown by red filled circles connected
with solid lines, while the average number of transferred protons is shown by green open circles
connected with dotted lines. Positive numbers indicate the increase of the projectile nucleons (transfer
from 2%%Pb to *®Ni) and negative numbers indicate the decrease (transfer from ®*Ni to 2°®Pb). From
the figure, we find the average number of transferred protons shows a minimum at b = 2.75 fm. We note
that this value coincides with the impact parameter inside which the TKEL becomes almost constant
in Fig. B.I7 (b). A similar minimum was also seen in the *°Ca+2%Pb case, as shown in Fig. B.13] (a).
Outside this impact parameter, nucleons are transferred toward the direction of the charge equilibrium
expected from the initial N/Z ratios. In the impact parameter region, 1.55 fm < b < 2.75 fm, the
average number of transferred nucleons increases as the impact parameter decreases for both neutrons
and protons. A similar behavior was also seen in 1°Ca+2%®Pb reaction as in Fig. (a).

At the impact parameter region b < 1.85 fm, the average number of transferred protons becomes
positive, opposite to the direction of the charge equilibrium of the initial system. However, the nucleon
transfer still proceeds toward the charge equilibrium of both the PLF and the TLF after the collision.
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Figure 3.19: Snapshots of density distribution of the 5*Ni+2%Pb reaction at FEj,, = 328.4 MeV and
b = 1.39 fm, just outside the fusion critical impact parameter. The figure was taken from Ref. [I73].

This is clearly seen in Fig. (b) which shows the N/Z ratios of the PLF and the TLF after collision.
The N/Z ratio of the PLF (TLF) is denoted by red filled (green open) circles connected with solid
(dotted) lines. As seen from the figure, the N/Z ratios of both the PLF and the TLF become closer
to the N/Z ratio of the total system, 1.42, which is represented by a horizontal dashed line.

As mentioned in the case of *°Ca+2%Pb reactions, the change in the average number of transferred
protons across the impact parameter b ~ 3 fm is related to the formation of the neck. Outside b ~ 3 fm,
the neck is not formed and two nuclei are separated even at the closest approach. In such case, nucleons
are transferred toward the direction of the charge equilibrium expected from the initial N/Z ratios.
Inside b ~ 3 fm, the neck is formed between two nuclei. Then the transfer of nucleons proceeds in
two steps. Before the formation of the neck, the transfer of nucleons proceeds toward the charge
equilibrium of the initial system in the same way as that in b > 3 fm. After the formation of the neck,
an exchange of a large number of nucleons occurs at the time of the breaking of the neck. Depending
on the position of the neck breaking, the transfer of nucleons is expected in either directions, from
the target to the projectile or the reverse. Since the neck is formed with both protons and neutrons,
the nucleon transfer in the neck breaking process accompanies both protons and neutrons in the same
direction.

Looking at Fig. (a), we find the increase of the average numbers of transferred nucleons of
both neutrons and protons as the impact parameter decreases below b = 2.75 fm. This indicates that
the neck is broken at the position close to the target. Both protons and neutrons in the neck region
are absorbed by the projectile. This mechanism explains the reason why the number of transferred
protons increases as the impact parameter decreases in Fig. (a). This transfer process associated
with the neck breaking was also seen in the 4%48Ca+4-124Sn and the *°Ca+2°Pb reactions.

At very small impact parameter region, 1.40 fm < b < 1.50 fm, the average number of transferred
neutrons shows a large fluctuation. The average number of transferred protons also shows the fluc-
tuation, correlated with that of neutrons. These fluctuations occur by changes of the breaking point
of the neck. When the neck is broken close to the target, a large number of nucleons are transferred
from the target to the projectile, while the neck is broken at a midpoint between the projectile and
the target, the number of transferred nucleons becomes small.
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The *®Ni+208Pb reaction at FEi,, = 328.4 MeV. (a): Average number of transferred
nucleons from the target to the projectile. (b): Neutron-to-proton ratios, N/Z, of the PLF and the
TLF after collision. (c¢): Average number of nucleons emitted to the continuum. (d): Fluctuation of
transferred nucleon number. The horizontal axis is the impact parameter b. In (b), the equilibrium
N/Z value of the total system, 1.42, is indicated by a horizontal dashed line. The figure was taken

from Ref. [IT3].
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Figure 3.21: Neutron and proton transfer probabilities as functions of impact parameter b for the
reactions of *®*Ni+2%Pb at Ej;, = 328.4 MeV. Figure (a) and (b) show probabilities of neutrons,
while figure (c) and (d) show those of protons. The positive (negative) number of transferred nucleons
represents the number of nucleons added to (removed from) the projectile. Note that horizontal
scales are different between the left and the right panels. A shaded region at small impact parameter
(b < 1.38 fm) corresponds to the fusion reactions. The figure was taken from Ref. [I73].

Figure (c) shows the average number of nucleons emitted to the continuum during the time
evolution. The average number of neutrons (protons) emitted to the continuum is denoted by red
filled (green open) circles connected with solid (dotted) lines. As in other systems, we calculate it
by subtracting the average number of nucleons inside a sphere of 14 fm for the TLF and that inside
a sphere of 10 fm for the PLF from the total number of nucleons, 266. Again the number is rather
small, about 0.12 at the maximum.

Figure (d) shows the fluctuation of the transferred nucleon number. The fluctuation of
transferred neutron (proton) number is denoted by red filled (green open) circles connected with solid
(dotted) lines. They show a different behavior across the impact parameter around 3 fm, indicating
a qualitative change of the dynamics. Outside this impact parameter where protons and neutrons
are transferred in different directions, the fluctuation of transferred neutron number is larger than
that of protons. Inside this impact parameter, although the average number of transferred neutrons
is much larger than that of protons, the fluctuation is almost the same. This indicates that although
the average number of transferred protons is small, there is a strong mixture of single-particle orbitals
of protons because of the formation and breaking of the neck.

(b) Transfer probabilities

We next show transfer probabilities of the *®Ni+2%®Pb reaction as functions of impact parameter,
which are shown in Fig. B.2Il The small impact parameter region (b < 1.38 fm) corresponding to the
fusion reaction are shaded. The positive (negative) number of the transferred nucleons represents the
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Figure 3.22: Transfer cross sections for the *®Ni+2%%Pb reaction at Ei,, = 328.4 MeV. Red filled
circles denote measured cross sections and red solid lines denote results of the TDHF calculations.
The number of transferred protons (positive number for the transfer from 2°*Pb to *®Ni) is indicated
as (zp) (=6 < x < +5). The measured cross sections have been reported in Ref. [T]. The figure was

taken from Ref. [I73].

number of nucleons added to (removed from) the projectile. The upper (lower) panels show neutron
(proton) transfer probabilities for each transfer channel. In the left panels ((a) and (c)), we show
transfer probabilities, (On) to (+6n) for neutrons and (Op) to (—4p) for protons. They correspond to
the transfer processes toward the charge equilibrium of the initial system. In the right panels ((b) and
(d)), we show transfer probabilities, (+7n) to (+13n) for neutrons and (+1p) to (+5p) for protons,
which dominate in the small impact parameter region, b < 2.75 fm. Probabilities of neutron transfer
from °®Ni to 2°8Pb are very small and are not shown.

In contrast to the previous cases of 404 Ca+124Sn and “°Ca+2%Pb, probabilities of transfer pro-
cesses involving more than 6 neutrons are seen in rather wide impact parameter region, 1.39 fm < b <
2.75 fm, where the formation of the thick neck is observed. In Fig. B.I7 (b), a large value of TKEL was
also seen in the impact parameter region of b < 3 fm, indicating the significance of the evaporation
effects.

As in previous cases, probabilities of the processes accompanying small number of exchanged
nucleons show large spatial tail. The transfer probabilities for channels toward the charge equilibrium
are large in most cases. The zero-proton transfer probability (Op, red solid line) in Fig. B.21] (c)
decreases as the impact parameter decreases, shows minimum at b ~ 3 fm, and again increases at
smaller impact parameter region. This behavior is consistent with the behavior of the average number
of transferred protons seen in Fig. (a). Although neutron transfer probabilities to the direction
opposite to the charge equilibrium of the initial system are vanishingly small, we find appreciable
probabilities of proton transfer opposite to the charge equilibrium of the initial system, as is seen from
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Figure 3.23: The same transfer cross sections for the ¥Ni+2%®Pb reaction as those in Fig. 21. The
number of transferred neutrons is indicated as (zn) (-4 < z < +10). The figure was taken from

Ref. [I73].

Fig. [3:221] (d). This feature is again consistent with the behavior of the average number of transferred
protons shown in Fig. B.20 (a).

(c) Transfer cross sections

We show transfer cross sections in Fig. and Fig. Each panel of Fig. shows cross sections
classified according to the change of the proton number of the PLF from 58Ni, as functions of neutron
number of the PLF. Each panels of Fig. shows cross sections classified according to the change
of the neutron number of the PLF from ®Ni, as functions of proton number of the PLF. Red filled
circles denote measured cross sections and red solid lines denote results of the TDHF calculations.
Again, reaction cross sections with relatively large values, such as (Op) and (—1p) panels of Fig. [3.22]
and (+1n) and (+2n) panels of Fig. B.23] are described reasonably well by the TDHF calculation.

In Fig. B.22] as the transferred proton number increases, the calculation underestimates the mea-
sured cross section. The peak position of the cross section shifts toward larger neutron number
compared with the measurements. A similar behavior was also seen in other systems. This discrep-
ancy is considered to be partly originated from neutron evaporation processes which we have not yet
taken into account.

In (Op) and (—1p) panels of Fig. .22, the TDHF calculations overestimate the cross section for
channels accompanying large number of transferred neutrons (neutron number of PLF more than 34).
We also find abundant cross sections for (+1p) to (4+5p) processes, opposite to the charge equilibrium
direction for the initial system and accompanying a large number of transferred neutrons. They come
from reactions at small impact parameter region, b < 3 fm, in which the transfer of nucleons associated
with the neck breaking is appreciable.

In Fig. 323, we find an underestimation of cross sections for negative neutron transfer (—xn)
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Figure 3.24: Transfer cross sections for the ¥°Ca+'24Sn reaction at Ej,p, =170 MeV. Red filled circles
denote measured cross sections, red solid lines denote results of the TDHF calculations, and green
crosses (blue open diamonds) connected with dotted lines denote calculated results using the GRAZING
code without (with) the neutron evaporation effect. The number of transferred protons is indicated
as (zp) (=6 < x < +1). The measured cross sections and the GRAZING results have been reported in
Ref. @0. The figure was taken from Ref. [I73].

(neutron transfer from *®Ni to 2°8Pb). On the other hand, almost constant cross sections are obtained
for positive neutron transfer (+xn) (from 2°®Pb to 58Ni), up to the transfer of 10 neutrons. The
underestimation of the negative neutron transfer channels may be explained by the evaporation effects
as discussed in Ref. [@7]. The cross sections for the positive neutron transfer channels originate from
reactions at small impact parameter which accompany large TKEL. Therefore, they may also suffer
the evaporation effects.

3.3 Comparison with Other Calculations

In this Section, we compare our results of the TDHF calculations with those by other theories. MNT
cross sections have been extensively and successfully analyzed by direct reaction theories such as
GRAZING [67] and CWKB [68]. In both theories, relative motion of colliding nuclei is treated in the
semiclassical approximation. The probabilities of the MNT processes are treated with a statistical
assumption using single-particle transfer probabilities evaluated with the time-dependent perturbation
theory. We compare our results with those of the GRAZING for 40:48Ca+124Sn reactions which have
been reported in Refs. [0 A3].

In Figs. and B.25, we show transfer cross sections for the reactions of “°Ca+'?*Sn and
48Ca+1248n, respectively. Each panel of these figures shows cross sections for transfer channels classi-
fied according to the change of the proton number of the PLF as functions of neutron number of the
PLF. Red filled circles denote measured cross sections and red solid lines denote results of our TDHF
calculations. Green crosses and blue open diamonds connected with dotted lines denote results of

69



Chapter 3 TDHF Calculations for MNT Reactions

Exp. © TDHF —
48 104 GRAZING w/o evap.
3 Ca+ " 'Sn (E,,=174 MeV) GRAZING w/ evap. ¢
10 LN LN 1L RN LIV
10°F  (-20) (-1p) (+2p)

2426283032 2426283032 2426283032 2426283032 2
NEUTRON NUMBER of PLE

26283032

Figure 3.25: Transfer cross sections for the ¥Ca+124Sn reaction at Ej,, =174 MeV. Red filled circles
denote measured cross sections, red solid lines denote results of the TDHF calculations, and green
crosses (blue open diamonds) connected with dotted lines denote calculated results using the GRAZING
code without (with) the neutron evaporation effect. The number of transferred protons is indicated
as (zp) (—2 < x < 42). The measured cross sections and the GRAZING results have been reported in
Ref. [@3]. The figure was taken from Ref. [I73].

the GRAZING calculation. The latter symbols, blue open diamonds, show cross sections including the
neutron evaporation effect, while the former symbols, green crosses, without the evaporation effect.

For the 4°Ca+'24Sn reaction shown in Fig. 3.24], one find that the cross sections by our calculation
and those by the GRAZING are very close to each other for the processes shown in the panels of
(Op), (—1p), (—2p), (—3p), (—4p), and (—5p). Cross sections accompanying many proton transfer,
(—6p), are better described by the GRAZING compared with the TDHF. In both TDHF and GRAZING
calculations, the peak positions of the cross sections are shifted toward large number of neutrons in the
(—5p) and (—6p) panels. The discrepancy is slightly remedied by including the neutron evaporation
effect in the GRAZING calculation.

For the 48Ca+1%4Sn reaction shown in Fig. B.25, we again find a good coincidence between the
TDHF results and those of the GRAZING for (0p), (+1p), and (—2p) channels. For (4+2p) channels,
TDHF calculation gives better description than the GRAZING. In both TDHF and GRAZING calcula-
tions, the cross sections shift toward the direction of small neutron number for (42p) panel compared
with measurements, while toward the direction of large neutron number for (—2p) panel. In Ref. [3],
the effect of the neutron evaporation has been evaluated to be small for this system.

We notice that there are similar failures in the TDHF and the GRAZING calculations for the
cross sections of channels accompanying transfer of large number of protons. It seems that they
are caused by a common problem, although two theories are relied upon very different basis. One
possible origin of the failure is an insufficient inclusion of the correlation effects beyond the mean-field
theory. In the TDHF calculation, the many-body wave function is always assumed to be a single Slater
determinant and correlations beyond the mean-field is not included. In the GRAZING calculation, MNT
probabilities are evaluated from single-nucleon transfer probabilities with a statistical assumption,
ignoring correlation effects among nucleons.

We next consider an approach based on Langevin-type equations of motion which has been orig-
inally developed for and applied to fission dynamics [I82 [I83] and has been recently extended to
apply to MNT reactions [69 [0]. We consider the ¥Ni+2%®Pb reaction for which an application of
the Langevin approach has been reported in Ref. [5§].

In the Langevin approach, MNT processes are treated as sequential processes of single-nucleon
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Figure 3.26: Cross sections for transfer channels of pure proton stripping without neutron transfer
(left) and pure neutron pickup without proton transfer (right) for the *Ni+2%8Pb reaction at Ei,}, =
328.4 MeV. Red filled circles denote measured cross sections [T], red solid lines denote results of the
TDHF calculations, blue dotted lines denote results of the Langevin calculation [B8], and green open
triangles connected with dotted lines denote results of the CWKB calculation [7]. The figure was
taken from Ref. [I73].

transfers. In the theory, an empirical parameter describing nucleon transfer rate is introduced. Fig-
ure shows cross sections for transfer channels of pure proton-stripping without neutron transfer
(left) and pure neutron-pickup without proton transfer (right). Red filled circles denote measured
cross sections, red solid lines denote results of our TDHF calculations, and blue dotted lines denote
results of the Langevin approach reported in Ref. [5§].

In the case of pure neutron-pickup channels, (Op), the TDHF calculation gives a better description
than the Langevin theory for cross sections up to four-neutron transfer. The TDHF calculation
overestimates the cross sections for more than three neutrons, because of the QF process at small
impact parameter region as discussed in Sec. On the other hand, cross sections of pure proton-
stripping channels, (On), are much better described by the Langevin theory than the TDHF, except
for one-proton transfer channel.

Figure [3.27 shows transfer cross sections for several proton stripping channels. Again, red filled
circles denote measured cross sections, red solid lines denote results of our TDHF calculations, and
blue dotted lines denote results of the Langevin approach. For these channels, the Langevin calculation
gives a much better description for the transfer cross sections than the TDHF calculation. We should,
however, note that an adjustable parameter describing the nucleon transfer rate is introduced in the
Langevin approach, while no empirical parameter is introduced in the TDHF calculation once the
Skyrme interaction is specified. In the calculation of the Langevin theory, evaporation effects are
already included in the calculation.

For the ?®Ni42%%Pb reaction, an analysis using the CWKB theory has also been reported in
Ref. @. In the CWKB theory, the MNT processes are treated in a similar way to the GRAZING
theory, evaluating statistically using single-nucleon transfer probabilities which are calculated by the
first-order perturbation theory. In Figs. and [3.27] the CWKB cross sections are shown by green
open triangles connected with dotted lines. In Ref. HT], three results of cross sections have been
reported: in a simple CWKB theory, adding the proton pair transfer effect, and taking account of
evaporation effects in addition to the proton pair transfer effect. We show in these two figures the
simplest version of the calculation without the proton pair transfer effect and the evaporation.

As seen from Fig. B.26] the CWKB cross sections are very close to those of the TDHF except for
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Figure 3.27: Cross sections for transfer channels of (xp) (=3 < o < —1) for the **Ni+28Pb reaction
at Eup = 328.4 MeV. The horizontal axis is the number of neutrons in the PLF. Red filled circles
denote measured cross sections [A1], red solid lines denote results of the TDHF calculations, blue

dotted lines denote results of the Langevin calculation [G8], and green open triangles connected with
dotted lines denote results of the CWKB calculation [47]. The figure was taken from Ref. [I73].

AN > 5 in the (Op) panel. In Fig. B.227] the CWKB cross sections are seen to be too small as the
number of transferred protons increases. In Ref. 7], proton pair transfer processes are introduced and
added to the simple CWKB cross sections to examine the effect as a possible origin of the discrepancy.

3.4 Summary and Concluding Remarks on Chapter 3

In this Chapter, we showed results of fully microscopic calculations for the MNT processes in low-
energy heavy ion reactions in the TDHF theory. We performed calculations for the reactions of
40,48Ca+1248n at By, = 170, 174 MeV, 0Ca+2%8Pb at Ep,p, = 235 and 249 MeV, and *8Ni+208Pb at
Epp = 328.4 MeV, for which MNT cross sections were measured experimentally HQ, B3] @7 B0 We
used the PNP technique [II3] to calculate the transfer probabilities as functions of impact parameter
from the TDHF wave function after collision. From the reaction probabilities, we evaluated cross
sections for various transfer channels.

The systems we investigated, 4%4®Ca+124Sn, 4°Ca+2%Pb, and 8 Ni+2%Pb showed different be-
haviors in the MNT processes characterized by the N/Z ratios of the projectile and the target, and
by the product of the charge numbers, Zp Zr.

In the collisions with different N/Z ratios between the projectile and target nuclei (*°Ca+'24Sn,
40Ca+2%8Pb, and 58Ni+208Pb), we find a fast transfer of a few nucleons when the impact parameter
is sufficiently large. The nucleons are transferred toward the direction of charge equilibrium expected
from the N/Z ratios of the projectile and the target. This means that protons and neutrons are
transferred in the opposite directions. When the N/Z ratios are almost equal between the projectile
and target nuclei (**Ca+'24Sn), we find a few nucleons are exchanged symmetrically.

As the impact parameter decreases, a neck is formed at the contact of two nuclei. Then the transfer
process proceeds in two steps. At the beginning of the reaction before the formation of the neck, a
few nucleons are transferred in the same way as described above. After forming the neck, the transfer
of a number of nucleons occurs as a result of the neck breaking when two nuclei dissociate. Because
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both neutrons and protons in the neck are transferred simultaneously in this mechanism, neutrons
and protons are transferred in the same direction.

As the charge number product ZpZT increases, there appears an impact parameter region where
a thick neck is formed. We may regard these reactions with a thick neck formation as an indication
of emergence of the QF process reflecting the suppression of the fusion reaction. As mentioned above,
both neutrons and protons are transferred in the same direction when the neck is broken at the time
of dissociation. A large energy transfer is also accompanied from the nucleus-nucleus relative motion
to the internal excitations.

Comparisons with measured cross sections show that the TDHF calculations describe cross sections
reasonably well for transfer processes of a few nucleons between the projectile and the target. As the
number of exchanged nucleons increases, the agreement becomes less accurate. When more than a
few protons are transferred, cross sections as functions of the number of transferred neutrons show a
peak at the neutron number more than that in the measurements. The magnitude of the calculated
cross sections becomes too small compared with the measurements. This discrepancy is expected to
be, to some extent, resolved when we introduce nucleon evaporation effects in our calculations. We
will address this problem in the following Chapters (Chapters 4 and [5).

We have compared transfer cross sections of the TDHF' calculations with those by other theories.
We find that results of the TDHF calculations are rather close to those of direct reaction model
calculations such as GRAZING and CWKB. We should note that the Skyrme Hamiltonian used in the
TDHF calculation is entirely determined from the ground state calculations and there is no parameter
introduced to describe nuclear dynamics. We thus conclude that the fully microscopic TDHF theory
can describe the MNT cross sections in the quality comparable to existing direct reaction theories.

As mentioned above, there are several discrepancies between the calculated cross sections and the
measurements. Among possible origins of the discrepancy, we should first take into account effects of
particle evaporation. Because the evaporation processes take place in a much longer timescale than the
reaction mechanism shown here, it is not realistic to achieve a direct evaluation of those deexcitation
processes by following the TDHF time-evolution for such a long time. Instead, we will estimate them
using a statistical model, using excitation energy of the final fragments calculated from the TDHF wave
function after collision as inputs. To this end, in Chapter @ we will develop a formalism to calculate
excitation energy of reaction products in each transfer channel by extending the PNP technique. In
Chapter B, we will examine the effects of particle evaporation on MNT cross sections employing a
statistical model using the excitation energy evaluated by the extended PNP method as an input.
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Chapter 4

EXTENSION OF THE PNP
METHOD TO STUDY PROPERTIES
OF REACTION PRODUCTS

In Chapter [3] we have shown that MNT cross sections can be quantitatively described by the TDHF
theory combined with the PNP technique with an accuracy comparable to calculations by other exist-
ing theories such as GRAZING [67] and CWKB [6]], which are based on semiclassical approximation,
and the dynamical model based on Langevin-type equations of motion [69 [[0]. However, we have
not taken into account effects of particle evaporation from primary reaction products. Since reaction
products in MNT processes would have a substantial excitation energy, secondary deexcitation pro-
cesses through transfer-induced fission, particle evaporation, and ~y-particle emissions will take place
before they are detected by an experimental apparatus. A significance of evaporation effects has been
advocated both experimentally [0 A3} A7 BJ] and theoretically [56] B1].

In this Chapter, we develop a theoretical framework to calculate excitation energy of produced
nuclei which is needed to evaluate the effect of particle evaporation on production cross sections in
the TDHF theorym

Since a timescale of particle evaporation is several orders of magnitude longer than the reaction
timescale which is simulated in the usual TDHF calculation, a direct calculation of evaporation pro-
cesses solving the TDHF time evolution would be computationally demanding. A possible alternative
approach to include effects of particle evaporation is use of a statistical model of particle evaporation.
The basic inputs of the statistical model are excitation energy and angular momentum of a decaying
excited nucleus [I85]. The above mentioned existing theories also use some statistical model to include
effects of particle evaporation [67] 68 [69] [70].

To evaluate effects of particle evaporation on MNT cross sections in the TDHF theory, we need to
calculate excitation energy and angular momentum of reaction products in the TDHF wave function
after collision. In this Chapter, we develop a theoretical framework to calculate expectation values
of arbitrary operators in the TDHF wave function after collision extending the PNP technique. The
main idea of the method is to define an operator for one of reaction products in the TDHF wave
function after collision. By taking an expectation value of the operator as commonly performed in
nuclear structure calculations [I36], we will get information on properties of reaction products in each
transfer channel.

To show how our method works in practice, the method is applied to 22O+'60 reactions for
two quantities, angular momentum and excitation energy. From the results of PNP analysis, we

TThis Chapter is essentially based on our publication of Ref. [[84].
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find reasonable transfer mechanisms in the TDHF calculation. These features could not be seen from
ordinary expectation values without the PNP. Using the extended PNP method and a statistical model
of particle evaporation, the effects of particle evaporation on MNT cross sections will be examined in
Chapter Bl

This Chapter is organized as follows. In Sec. 4.1l we describe a general formalism to calculate
expectation values of operators in the TDHF wave function after collision with the PNP. In Sec. [4.2],
we apply the method to 220+160 reactions, as an illustrative example. In Sec. .3 a summary and
concluding remarks on this Chapter are presented.

4.1 Formulation

4.1.1 Particle-number projection method

We consider microscopic TDHF calculations of low-energy heavy ion reactions in which two fragments,
a PLF and a TLF, are produced. In this Section, we develop a general formalism to calculate expecta-
tion values of operators for one of the fragments, either PLF or TLF, with the PNP. We first describe
the formalism assuming that the system is composed of IV identical fermions. An extension to include
two kinds of fermions, neutrons and protons, is straightforward.

We assume that the fragments are well separated spatially after collision at the final stage of the
TDHF calculation. We define two spatial regions, V and V. The spatial region V includes a fragment
to be analyzed. V is the complement of V, which includes the other fragment.

We denote the TDHF wave function after collision as ¥(z1,--- ,zy), where x denotes a set of the
spatial and the spin coordinates, z = (r,0). The wave function VU is, in general, not an eigenstate
of the particle-number operator in the spatial region V but a superposition of states with different
particle numbers in V. It can be expressed as

N
Uiar,-an) = 3 Ualwr, - ,an), (4.1.1)

n=0

where ¥,, denotes a particle-number projected wave function,
(21, xy) = PoU(zy, -, xy). (4.1.2)

W, is a component of ¥ having n particles in the spatial region V and N — n particles in the spatial
region V. The operator P, is the PNP operator defined by 13 I73]

By = ) 04(r)--O.(rn) (4.1.3)
s({m}: VRV —™)
R T
= — dh e V)8, (4.1.4)
27T 0

where s({7;} : VFV4'~™) indicates that a sum over the sequence 7172 --- 7y should be taken for all
possible combinations that V appears n times and V appears N — n times. We have introduced a

space division function, ©,(7), and a particle-number operator in the spatial region 7, N, which are
defined by

1 if rer
(r) = ’ 4.1.
Or(r) { 0 if r¢r, (4.1.5)
and
. N N
NT:/er(S(rri) = 0.(ri), (4.1.6)
T =1 i=1
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where 7 represents the spatial region either V or V.
We consider a general operator O and decompose it into two operators according to the spatial
regions:
0= @V + @f/. (4.1.7)

The operator Oy represents a part of the operator o acting to the particle when it is in the spatial
region V. The operator @‘7 represents the remaining part of the operator 0. Any one-body operator
which is local in space, O = Zf\il 6N (r;04), can be decomposed as

N
Om = S (v (r) +0p(r)) oV (ricy)

=1
oW + oW, (4.1.8)

where o; denotes the spin coordinate of a particle ¢. In the same way, a two-body operator, 0@ =
Zf\ij 63 (r;0;,7j0;), can be decomposed as

N
o = Z(G’V(”) + @V("’i)) (@v(rj) + 9v(?ﬁ7)> 02 (rioi, 7o)
NJ
= Z(ze(v“i)@v(rj) + Oy (ri)Op(r))
1<j
+Ov (1)0p (1)) + Op(r)Ov (1)) 67 (i, 7j0,)

= 0+ 0P + 0. (4.1.9)

The first (second) term represents two-body interactions which act when both particles ¢ and j are in
the spatial region V (V). The third term represents two-body interactions which act when a particle
i is in the spatial region V and a particle j is in the spatial region V. For wave functions after
collision in which two fragments are well separated, the third term can be ignored if the operator
is short-range two-body interactions. When we calculate excitation energies of fragment nuclei, we
ignore long-ranged Coulomb interactions acting protons belonging to different fragments.

The expectation value of the operator O in the fragment which is composed of n particles and
locates in the spatial region V is given by the expectation value of the operator Ov in the wave
function ¥, )

or _ (Bl0v]1.)

= 4.1.10

The bracket <ﬁln‘év‘\ﬂn> is defined by

N

<\I'n‘(§V’\IJn> = /dm . -/dmN U (z1,- - ,zn) Oy VUp(z1, - ,2N), (4.1.11)

where the integral over 2 includes an integration over space and a sum over spin states, [dz =Y [ dr.
Here and hereafter, we often use the bracket notation to simplify equations.

The expectation value of the operator Oy without PNP is given by Oy = <\IJ|@V‘\11> It is related
to @X by

N
Oy =Y POy, (4.1.12)
n=0

where P, is defined by P, = <\Ifn’\Ifn> = <\I’}15n‘\11> To derive Eq. (4.1.12), we used identities
27]1\[:0 b, =1, P,Py = 6,,P,, and [@V, Pn] =0.
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Chapter 4 Extension of the PNP Method to Study Properties of Reaction Products

4.1.2 Formulae for the Slater determinant

We present formulae of expectation values which are useful for the TDHF wave function ¥ given by
a single Slater determinant composed of single-particle wave functions ;(x),

U1, an) = \/%det{w(xj)}. (4.1.13)

Using the PNP operator of Eq. (4&.1.4), the probability P, can be calculated as [II5] 73]
L[ e iy 0
— mn —1
P, = 2W}£ dg e (W|e NV )

1 21 .
= — [ dbe"™ det B(6). (4.1.14)
2 0

B(9) denotes an N-dimensional matrix,
(86)), = [ dwvi@p,e.0), (4.1.15)
where 1;(z,0) is defined by
bi(2,0) = (Op(r) + e O (1) ) i), (4.1.16)

Using Eqs. (£1.4) and (ZI1.10), the expectation value O is expressed as

oY = 5nF. / d6 ¢ (W Oy e WO T, (4.1.17)

In the case of one- and two-body operators, (’59) and @%,2), in Eqs. (A1.8) and (£I19), expectation
values can be calculated by [I30]

1 2w . N -
oy — /deem"dets /dw )61 ()i (x, 6), 4.1.18
2P, ), ; g ()¢, 0) ( )
1 2T . N
ove - L /0 46 e det B( Z{ / di / da' i ()0 (') 6 (a, ) B, 0)3dy (o, 0)
n 1<)

- T 2t ()t (2)) 6P (z, ') i (x, 0) i ()
[ o [ vi@w;) 0¥ ) ds(e 00 0) .
(4.1.19)

where (, 0) is defined by
N
6) = Z¢k(x, 9) (8‘1(9)>M. (4.1.20)

We note that {¢;} are biorthonormal to {u;}, i.e. [dx?(z)ii(z,0) = &j, as described in Ap-
pendix [A.6l

4.1.3 Application to the TDHF wave function

In actual TDHF calculations, the many-body wave function ¥ is given by a product of two Slater
determinants, ¥ = ¥, ¥, where ¥, is for neutrons and W, is for protons. We present formulae of

(n)

expectation values for this wave function. We denote the PNP operator for neutrons (protons) as P
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(]Sép )), where N (Z) is the number of neutrons (protons) in the spatial region V. The probability that
N neutrons and Z protons are in the spatial region V is then given by a product of probabilities for
neutrons and protons,

Pz = (U|PyPY|v)
= (0[P |) (| P | )
= pMpY), (4.1.21)

We first consider expectation values for a one-body operator. We note that any one-body operator
can be written as a sum of operators for neutrons and for protons, @8 ) = @8 ) + @8 #) Thus the
expectation value of the one-body operator @S) is given by a sum of two terms. For the fragment

nucleus specified by N and Z, we have

(B[O PP P )

ovy
T

_ (w|OPTRY R (|05 P e,
(| Py |0, (Ue| P W)

— oyt oyte), (4.1.22)

(’),‘1/ (1.4) is defined by
1 27 in N , i o (q)
oY) = s [T o O, (1123

where N‘(/Q) denotes the particle-number operator for neutrons (¢ = n) and for protons (¢ = p) in the
spatial region V. We will use these formulae, Eqs. (£1.22)) and (£1.23)), to calculate expectation values
of the kinetic energy operator included in the Hamiltonian and of the angular momentum operator.

For a two-body operator, expectation values are not simply given by a sum of neutron and proton
contributions, since two-body operators act between neutrons and protons. Therefore, we apply the
PNP operators for both neutrons and protons simultaneously,

1 21 21 .
OX[,(? _ /0 da/o d(,O 61(N9+Zgo)<\1}

A2) —i (N o+ NP )
(27)2P() pl) Oy e MMVIEHNTRNg) . (4.1.24)

We will use the above formula to evaluate excitation energy of nuclei produced through transfer
processes.

To evaluate the excitation energy, we need to exclude the energy associated with the center-of-mass
motion. For this purpose, we calculate the energy expectation value using Eqs. (LI1.21)-(£1.24) in
the coordinate system which moves with the fragment nucleus. In practice, we multiply all the single-
particle wave functions by e 1 Ku7/4u wwhere K, is given by K, = MMRu(tf)/h, with M, A,, and
Ru(t ) being the average mass, the average nucleon number, and the average velocity of the fragment
(v = PLF or TLF) in the spatial region V' at time ty. We calculate the velocity of the fragment by
R, (ty) = [Ru(ty + At) — R, (ty — At)]/(2A¢).

We denote the calculated energy expectation value in the fragment nucleus composed of N neutrons
and Z protons as 5]‘\/,7 . We separately achieve ground state calculations for the fragment nucleus
composed of N neutrons and Z protons, which we denote as Ejgst We evaluate an excitation energy
of the fragment nucleus by

EN7(E,b) = €% 7(E,b) — EX’, (4.1.25)
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Figure 4.1: Single-particle energies of occupied orbitals for neutrons (thick red solid lines) and protons
(thick green dotted lines) in 0 and 24O are shown in the panels (a) and (b), respectively. Single-
particle energies of unoccupied orbitals are also shown by thin dotted lines. The figure was taken from

Ref. [I¥4].

where E and b denote the incident relative energy and the impact parameter, respectively.
In the ground state calculation, we employ a mass correction in the kinetic energy operator,
% — %(1 — ﬁ), to take into account the center-of-mass correction. The same correction is

applied in evaluating the expectation value of the kinetic energy operator using Eqs. (£1.22) and
(41.23), depending on numbers of neutrons and protons, N and Z, in the fragment nucleus.

4.2 An Illustrative Example: 2*O+'0 Reaction

To illustrate usefulness of the PNP method described in Sec. [41], we analyze properties of fragment
nuclei in 220+190 reactions described by the TDHF theory. For 22O, pairing correlation may be
important. In Ref. [I87], the pairing interaction is reported to be negligible in the ground state,
while finite contribution is reported in Ref. [I8§]. In this Chapter, we restrict ourselves to treatments
ignoring pairing effects. We note that reactions including neutron-rich oxygen isotopes have been well-
studied in the TDHF theory as a typical reaction involving light unstable nuclei [06} [@7] [[02] I89]. We
will investigate expectation values of the angular momentum operator and average excitation energies.

We consider reactions in which two fragments are generated after collision. We call the 24O-like
fragment nucleus as the PLF and the '0O-like fragment nucleus as the TLF. We describe the reaction
in the center-of-mass frame. We choose xy-plane as the reaction plane setting the incident direction
parallel to the z axis. The projectile, 20, moves toward the negative-z direction, while the target, 60,
moves toward the positive-x direction. The impact parameter vector is set parallel to the positive-y
direction.

4.2.1 Computational details

We use our own computational code of TDHF calculation for nuclear reactions, as in Ref. [I73]. For
this study, we use spatial grid points of N, x N, x N, =90 x 80 x 26 with 0.8-fm mesh spacing. As
an initial condition, two nuclei are placed at the distance of 32 fm in the x direction. The initial wave
functions of projectile and target nuclei are prepared in a box with N, x Ny x N, = 40 x 40 x 26 grid
points. We calculate time evolution until a distance between the centers of the PLF and the TLF

80



Section 4.2 An Illustrative Example: 220+160 Reaction

-~ T 1 1 - 1 ]

3(5) - b e

/go O —_ . P g ...... g ...... _E;
L 0 ]

T -25F & ]
-50 - & .

® -5 (a) -
-100 =<> ey
% 50 '_ @ b:O —e—__
= 0 » E=D o]
— 30 - i =4 B 5
2 20f B8 o
N 10 - 2} (b) -
= ol oo b

Figure 4.2: Deflection angle © in the center-of-mass frame (a) and total kinetic energy loss (b)
are shown as functions of the distance of closest approach, d = d(E,b). The figure was taken from

Ref. [I¥4].

exceeds 32 fm. For the PNP analysis, integrals over 8 are performed by employing the trapezoidal rule
discretizing the interval [0, 2] into M equal grids. We find that M = 30 is sufficient for the 220+!60
system. All the results reported here are calculated using the Skyrme SLyIII.0.8 parameter set [[46].

4.2.2 Ground states

We calculate ground states of 0 and 2*O nuclei, which are both spherical in the self-consistent
solutions. Figure 4] shows single-particle energies of neutrons (red solid lines) and protons (green
dotted lines) in 60 in panel (a) and in 2#O in panel (b). Occupied orbitals are shown by thick lines,
while unoccupied orbitals are shown by thin lines. As recognized from the figure, there are neutron
orbitals characterized by small binding energies in neutron-rich 22O nucleus. All proton orbitals in
240 are deeply bound.

4.2.3 Reaction dynamics

We first provide an overview of the reaction dynamics in 2#O+190 reactions. In Fig. [£2], the deflection
angle © in the center-of-mass frame and the TKEL are shown in the panels (a) and (b), respectively,
as functions of the distance of closest approach, d. We evaluate ©® and TKEL from the momenta of
two fragment nuclei and the Coulomb energy between them at the final stage of the TDHF calculation
where two nuclei are well separated.

We employ the distance of closest approach d, instead of the impact parameter b. They are related
by

_ ZpZye? \/ZPZTe2 2
d= 5F + ( 5E )+b, (4.2.1)

where E denotes the incident relative energy. Zp and Zt denote the proton numbers of the projectile
and the target, respectively. We consider it is useful to use d, because transfer reactions take place
at around the distance of closest approach. For head-on collisions, calculated results are indicated by
b= 0 and are plotted against d which is related to the incident relative energy E by d = ZpZre?/E.
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We find the fusion reaction takes place at d = 9.4 fm for head-on collision (b = 0) which corresponds
to the incident energy of Ei,p, ~ 24.5 MeV. For non-central collisions at incident energies of Fy,, = 2, 4,
and 8 MeV /nucleon, the fusion reaction is found to take place at d = 8.7, 8.3, and 7.5 fm, respectively.

The deflection angle is positive for reactions at the incident energy of 2 MeV /nucleon because of
the Coulomb repulsion, as seen in Fig. (a). As the distance of closest approach decreases, the
nuclear attractive interaction acts to decrease the deflection angle. It becomes negative for d < 8 fm
at the incident energy of 8 MeV /nucleon. In the panel (b), we see an increase of the TKEL at the
small-d region where we observed negative deflection angles.

4.2.4 Transfer probability

In Fig 4.3, we show transfer probabilities calculated using Eq. (£1.21]). Red circles show probabilities
for head-on collisions (b = 0) with several values of d. Green triangles, blue squares, and purple
diamonds show probabilities as functions of d for incident energies E,p, = 2, 4, and 8 MeV /nucleon,

respectively.

In the calculations, we adopted two choices for the spatial region V. For the probabilities observing
a PLF, which are shown in the right panels of Fig. [4.3] we adopted a sphere with a radius of 16 fm
around the PLF for the spatial region V. For the probabilities observing a TLF shown in the left
panels of Fig. [43] a sphere with a radius of 16 fm around the TLF is used. We have confirmed that
obtained results are almost independent of the chosen radius R of the spatial region V, if R is taken
in the range of 15 fm < R < 20 fm. We will use this radius for evaluation of expectation values of
angular momentum and excitation energies.

Figure d4.3] (a) and (b) show probabilities of one-proton transfer processes, while (c¢) and (d) show
probabilities of two-proton transfer processes. We note that, from the above choices of V' for the PLF
and the TLF, the probabilities of proton removal from 0 ((a) and (c)) should be coincide with the
probabilities of proton addition to 2O ((b) and (d)), if the breakup processes can be neglected. As
seen from the figure, (a) and (b) are very close to each other, indicating that the breakup processes
are indeed negligible. We also find that (c) and (d) are close to each other. On the other hand, in the
case of neutron transfer channels, one-neutron transfer in panels (e) and (f) and two-neutron transfer
in panels (g) and (h), we find that the probability of neutron removal from 24O is much larger than
that of neutron addition to 160, especially for reactions at Ej,, = 8 MeV /nucleon. This fact indicates
that there are substantial probabilities of breakup processes for neutrons.

In Fig.4.3] we find that transfer probabilities decrease as the incident energy increases. Comparing
probabilities of neutron and proton transfer processes, neutron transfer probabilities are much larger
than proton transfer probabilities at the same distance of closest approach and the same incident
energy. We also find that the slope of probabilities for protons against the distance of closest approach
is much steeper than that for neutrons. These features are consistent with orbital energies of the
two colliding nuclei in their ground states which are shown in Fig. 1l Since there are neutrons
bound weakly in 220, transfer probabilities of neutrons are much larger than those of protons. Since
these weekly bound neutrons are spatially extended in 240, we find a long tail of neutron transfer
probabilities.

At the highest incident energy of Ej,;, = 8 MeV /nucleon, the proton transfer probability is maxi-
mum around d = 8 fm. The probability decreases as the distance of closest approach decreases. The
decrease at the small-d region indicates the increase of probabilities for other channels with transfers
of a larger number of protons.
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Figure 4.3: Transfer probabilities with respect to the TLF (left) and the PLF (right) are shown as
functions of the distance of closest approach, d = d(E,b). The figure was taken from Ref. [I84].
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4.2.5 Angular momentum

In this Subsection, we investigate expectation values of the angular momentum operator in the frag-
ment nuclei. We will use the same definition for V' as that in the previous Subsection, spheres with
a radius of 16 fm around the center-of-mass of the PLF and the TLF. We consider the angular mo-
mentum operator in the spatial region V, jv = j‘(/n) + j‘(/p ). The operator j‘(/q) denotes the angular
momentum operator for neutrons (¢ = n) and for protons (¢ = p) in the spatial region V', given by
JA‘(/q) = Zieq Oy (r;) jz = Zieq Oy (r;) [(f‘Z - R,) xp;+ .§J R, is the center-of-mass coordinate of the
fragment (u = PLF or TLF).

Figure [4.4] shows expectation values of the angular momentum operators in the PLF and the TLF
composed of specific numbers of neutrons and protons. A component perpendicular to the reaction
plane is shown. Left panels show expectation values in the TLF, while right panels show those in the
PLF. For reactions at Ej,;, = 8 MeV /nucleon, expectation values at the small-d region, d < 8 fm, are
always positive irrespective of the numbers of transferred nucleons. This fact supports a macroscopic
picture of a friction converting the angular momentum from the nucleus-nucleus relative motion to
the internal ones.

In the following, we discuss results at relatively large-d region (d > 9 fm). In these reactions, the
distance of closest approach is much larger than the sum of radii of two colliding nuclei, and transfer
processes are considered to proceed as single-particle dynamics. TDHF calculations may describe
either above-barrier transfer or quantum tunneling below the barrier. In nucleon removal channels
((a), (c), (f), and (h)), we find that the expectation values of the angular momentum operator are very
small irrespective of either neutron(s) or proton(s) is(are) removed, either from 60 or 240. This fact
may be understood from properties of orbitals. For 60, orbitals of the smallest binding energy are
1py /o for both neutrons and protons. For 240, they are 2s; /2 for neutrons and 1p, /5 for protons. We
thus find that the orbitals of the smallest binding energy are characterized by small angular momenta.
Since nucleon removals from spatially extending single-particle orbitals are expected to take place for
orbitals with the smallest binding energy, removal of nucleons from these orbitals may not leave large
values of angular momentum in nucleon removed nuclei.

In nucleon addition channels ((b), (d), (e), and (g)), we find finite positive values of angular
momentum in all channels. The expectation values increase as the incident energy increases. They
do not depend much on the distance of closest approach d. These features may be understood by
the following intuitive considerations. Let us consider a transfer of one nucleon from 24O to 0. We
assume that the nucleon transfer takes place when two nuclei are at the distance of closest approach.
Ignoring the interaction potential by nuclear force, the relative velocity of two nuclei is approximately

2 ZpZre?
Urel = \/ <E _ fpere )7 (422)
W d

where E and p denote the incident relative energy and the reduced mass, respectively. In the rest

given by

frame of %0 nucleus, we assume that the transferred nucleon has the same velocity as the relative
velocity vy, ignoring the internal motion in ?*O. This may be reasonable, since we observed very
small expectation values of the angular momentum in nucleon removed fragments, as seen in Fig. [4.4]
(a), (c), (f), and (h). If the transferred nucleon stays at the surface of 190, the transferred nucleon
brings the angular momentum,

[, = Rmuye, (4.2.3)

into 160, where m is the nucleon mass and R is the radius of "0 which we estimate by a simple
formula, R = rgAY/3, with 7y = 1.2 fm and A = 16.

In Fig. 4.5, we show the angular momentum [, evaluated using Eqs. (£.2.2) and (4.2.3) as func-
tions of the distance of closest approach d for several energies. The estimated values of the angular
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Figure 4.4: Expectation values of the angular momentum operator for fragment nuclei in each transfer
channel are shown as functions of the distance of closest approach, d = d(E,b). The figure was taken
from Ref. [I84].
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Figure 4.5: The angular momentum carried into 10 by an added nucleon evaluated by Eqs. (£2.2)
and (£.2.3)) is shown as a function of the distance of closest approach, d = d(FE,b). The figure was
taken from Ref. [I84].

momentum coincide quantitatively with the calculated results in channels of one-neutron addition to
160, shown in Fig. 4.4 (e). The estimated angular momentum depends little on the distance of closest
approach d, since the Coulomb potential in Eq. (£.2.2)) gives only a minor effect except for a case of
very low incident energy. The angular momentum is roughly proportional to the square root of the
energy. In the case of two-nucleon transfer, the angular momentum carried into 60 is given by twice
of [,. This reasonably explains the observation in the panel (g).

4.2.6 Excitation energy

In Fig. 4.6 we show excitation energies of fragment nuclei evaluated using Eq. (£.1.25) as functions
of the distance of closest approach d. Left panels show the excitation energies of the TLF, while
right panels show the excitation energies of the PLF. As in previous figures, there are two kinds of
calculations: Red circles show results of head-on collisions (b = 0) varying the incident energy. Green
triangles, blue squares, and purple diamonds show results for fixed incident energies, Ei,p, = 2, 4, and
8 MeV /nucleon, respectively, changing the impact parameter b.

As we mentioned below Eq. (£1.25]), we take into account the center-of-mass correction in cal-
culating energies of fragment nuclei and reference energies of ground states in Eq. ({1.25]), while we
ignore it in the time evolution calculations. For the quasielastic channels without nucleon transfer,
we find very small average excitation energies at large-d region, d > 9 fm, as shown in the panels (i)
and (j). This fact may indicate that the inconsistency between the treatments of the center-of-mass
correction in evaluating excitation energies will not bring any serious problems.

In all channels, we find an increase of the excitation energy in a small-d region, d < 8 fm, where
we find an appreciable TKEL in Fig. 4.2 (b). At a large-d region, d > 9 fm, we have found the
small TKEL in Fig. (b). However, behavior of the excitation energy depends much on the transfer
channels, as is evident from Fig.

In nucleon removal channels ((a), (c), (f), and (h)), we find that excitation energies are rather
small. In either one-neutron removal from 240 in (f) or one-proton removal from 60 in (a), the
average excitation energy is less than 3 MeV. This indicates that the nucleon is removed dominantly
from the highest occupied orbital. In two-nucleon removal channels ((c) and (h)), the excitation energy
becomes somewhat large, about 5-10 MeV in two-proton removal from 60 in (c). The excitation
energies after nucleon removal are almost independent of the incident energy. This suggests that
nucleons are removed gently even at higher incident energies.

Contrarily, in nucleon addition channels ((b), (d), (e), and (g)), we find that excitation energies
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depend much on the incident energy. A similar feature was also seen in the angular momentum shown
in Fig. 44 where the added nucleon carries an angular momentum associated with the translational
relative motion into the fragment. The expectation values of the angular momentum were also found
to increase as the incident energy increases. This fact may be related to the increase of the excitation
energies as the incident energy increases in nucleon addition channels: The transferred nucleons must
stay at orbitals of higher angular momenta as the incident energy increases. The energies of orbitals
with higher angular momenta are high.

For nucleon addition channels ((b), (d), (e), and (g)), we observe an increase of excitation energies
as the distance of closest approach increases. One may consider that this fact contradicts to an
intuitive picture that an excitation energy will be smaller as the distance of closest approach increases
since two nuclei cannot collide violently. We examine this behavior for head-on collisions (b = 0).
As shown by red circles in the panels (b), (d), (e), and (g), the excitation energies are very small at
d = 9.5 fm. This distance of closest approach corresponds to slightly outside the boundary of the
fusion reaction. As the distance of closest approach increases (this corresponds to a decrease of the
incident energy in the head-on collision), the excitation energies increase.

This puzzling behavior can be understood by the following consideration. As we have shown in
Fig. &1l the Fermi energies of neutrons and protons in 20 and 'O are rather different because of
the excess neutrons in neutron-rich 2*O. When a nucleon is transferred at a large distance of closest
approach which is much larger than the sum of the radius of two colliding nuclei, the nucleon transfer
is expected to take place between orbitals which are close in energy. The energy-conserving transfer
processes must cause excitations of produced fragments if a neutron-rich nuclei is involved in the

reaction.

Let us consider one-proton transfer from 0 to 24O in head-on collisions, which are shown by red
circles in the panel (b). The transfer takes place dominantly for a proton in the highest occupied orbital
of 160, 1p1/2 at —10.6 MeV as shown in Fig.[4.1l (a). In Fig.[A.1](b), we find proton orbitals at a similar
orbital energy, 2515 at —9.9 MeV. The proton highest occupied orbital of 240 is 1p, /2 at —24.3 MeV
and there are 1ds5/, unoccupied orbitals at —15.8 MeV. Since one of the 1d5; orbitals is occupied in the
ground state of 2°F, we expect the excitation energy, E* ~ ¢(?4O; m281/3) — e(*0; mlds)p) = 5.9 MeV.
This energy difference almost coincides with the average excitation energy of 2°F shown in the panel
(b) at the large-d region.

We next consider one-neutron transfer from 2*O to 'O in head-on collisions, which are shown
by red circles in the panel (e). The highest occupied neutron orbital in 24O is 2s; s2 at —3.1 MeV
as shown in Fig. @1l (b). In Fig. @1l (a), there are neutron unoccupied orbitals in 160 at a similar
energy, 2sy/o at —2.4 MeV. Since the lowest neutron unoccupied orbital in 160 is lds5/ orbital at
—5.5 MeV which is occupied in the ground state of 7O, we expect the excitation energy, E* ~
e(10;v2s /2) — e(10; v1d; s2) = 3.1 MeV. This energy difference almost coincides with the average
excitation energy of 17O shown in the panel (e) at the large-d region.

In the above considerations, we may understand the transfer mechanism in terms of orbital prop-
erties in the ground state: the highest occupied orbitals dominantly contribute to the transfer process.
We note that, in Ref. [I89], single-particle transfer dynamics in 2#O+1°0 reaction has been examined
analyzing density contributions from individual orbitals. The result reported in Ref. [I89] is consistent
with the above conclusion.

We make a final comment on an abrupt increase of excitation energy seen at the largest d value,
12 fm, and the highest incident energy, 8 MeV /nucleon in panels (b) and (d). We consider that
they are due to a numerical failure. We note that probabilities of these processes are very small, as
confirmed in Fig. [4.3]
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functions of the distance of closest approach, d = d(E,b). The figure was taken from Ref. [I&4].
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4.3 Summary and Concluding Remarks on Chapter 4

In the TDHF theory, low-energy heavy ion reactions are described by a time evolution of a single
Slater-determinant wave function. At the final stage of calculation, the wave function can be regarded
as a superposition of a number of channels with different particle numbers and quantum states. To
obtain detailed information on reaction products, projection operator techniques will be useful. In
this Chapter, we developed a method to calculate expectation values of operators with the PNP to
investigate properties of reaction products after collision.

To demonstrate usefulness of our method, we applied the method to one- and two-nucleon transfer
processes in 220+160 reactions. We analyzed expectation values of the angular momentum operator
and average excitation energies of produced nuclei. For fragment nuclei after nucleon removal, we found
small values of angular momentum and excitation energy, suggesting a gentle removal of nucleons. For
fragment nuclei with added nucleons, we found substantial expectation values of angular momentum
and average excitation energies. We have found that the expectation value of the angular momentum
of produced nuclei is proportional to the relative velocity of the two colliding nuclei at the turning
point. The excitation energy can be understood by a transfer of nucleons between approximately
degenerate orbitals of projectile and target nuclei.

The above example clearly shows the usefulness of the present method for microscopic investiga-
tions of reaction mechanisms in heavy ion reactions. The formalism will also be useful to estimate
effects of particle evaporation after MNT processes, which are difficult to describe directly in the
TDHF calculation because of the very long timescale of the evaporation processes. In the next Chap-
ter (Chapter [B]), we will examine effects of particle evaporation on MNT cross sections utilizing the
method developed in this Chapter.

89






Chapter 5

EFFECTS OF PARTICLE
EVAPORATION ON MNT CROSS
SECTIONS

In Chapter Bl we presented results of the TDHF calculations for MNT processes in 4048Ca+1248n,
40Ca+208Ph, and °Ni+298Pb reactions. From the results, we found that the TDHF calculations can
reproduce measured cross sections quantitatively, when the number of transferred nucleons is small.
However, as the number of transferred nucleons increases, a peak position of the calculated cross
sections shifts toward larger neutron and proton number sides compared with the measurements. One
of possible origins of the discrepancy is an insufficient description of particle evaporation processes
in our TDHF calculations. Because we calculated the transfer probabilities and the cross sections
from a TDHF wave function just after two nuclei reseparates (typically, order of 1072! s after the
reseparation), effects of secondary evaporation processes which occur in a much longer timescale were
not included in the calculated cross sections.

To estimate how many nucleons are to be evaporated from produced fragment nuclei, we need to
evaluate excitation energy of the fragment nuclei in each transfer channel. In Chapter [, we have
developed a formalism to calculate expectation values of operators in the TDHF wave function after
collision with the PNP. The method enables us to evaluate the average excitation energy and the
expectation value of the angular momentum operator, which are the basic inputs of statistical models
of particle evaporation. In this Chapter, we evaluate effects of particle evaporation using a statistical
model [[90] in which the excitation energy obtained from the projection analysis can be used as an
input quantitym.

It is certainly true that correlation effects included in the TDHF theory are somewhat limited. For
example, isoscalar and isovector pair transfers, a-cluster transfer are not treated. We consider that
MNT cross sections with improved treatment of evaporation processes will help us to uncover what is
lacking and what is needed in our description of the MNT processes. The aim of this Chapter is to
clarify to what extent the TDHF theory can describe MNT cross sections quantitatively, if we include
the effects of particle evaporation.

This Chapter is organized as follows. In Sec. 5.1l we present an outline of our formalism to include
the effects of particle evaporation in the calculation of the production cross sections. In Sec. (.2
we show calculated production cross sections for *®Ca+'24Sn and %®Ni+2%%Pb reactions with and
without particle evaporation effects. Possible ways to improve the description of the MINT processes
are discussed. In Sec. 5.3 a summary and concluding remarks on this Chapter are presented.

¥ This Chapter is based on our analysis reported in Ref. [[91].
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5.1 How to Evaluate Effects of Particle Evaporation

5.1.1 Excitation energy of reaction products

In Chapter 4], we have extended the PNP technique to calculate expectation values of operators, in the
particleenumber projected TDHF wave function after collision. Using the method, we can calculate
energy expectation value of a fragment nucleus composed of N neutrons and Z protons by

u _<\I/|I§TV15](\?)]5¥)‘\I/>
M ] p PPy

(5.1.1)

where p denotes either PLF or TLF, a fragment nucleus to be analyzed included in the spatial region
V.Hy=Tv+Vy = > Ov(ri) t;+ EK]- Oy (r;)Ov (r;) v;; denotes a Hamiltonian acting only for the
fragment nucleus. As explained in Chapter 4] we remove the energy associated with the center-of-mass
motion of the fragment nucleus by changing the coordinate system to the rest frame of the fragment.

We evaluate the energy expectation value using Eq. (5.1I). The kinetic energy term for the
fragment nucleus composed of N neutrons and Z protons can be calculated as

Ty =T + T, (5.1.2)
where
27 2 ~
T@r = b / de eingdetB(q)(H)h— > / dr Vi (ro) - Vipi(ro,0).  (5.1.3)
or P9 Jo 2m icqs IV

Yi(ro,0) is defined by ¢;(ro,0) = > keq (B(%)(g)) Akllﬁk(ra)' The center-of-mass correction is simply
taken into account by considering the one-body telrm, replacing the coefficient of the kinetic energy
operator % with %(1 — %), where A = N+ Z denotes the mass number of the fragment nucleus. The
interaction part is calculated using transition densities, (e.g. the transition proton density is given by
PP (r,0) = diep.o V¥ (ro)ii(ro,)). The two-body and three-body interaction terms for the fragment
composed of N neutrons and Z protons are calculated as

1 2 2 ) B
er .= / do | dp eN0T29) qet B, / dr V[r,0, o], 5.1.4
N,Z,int (2W)2P](\;1)Pép) 0 0 ( ) v [ ] ( )
where det B(6,¢) = det B™(8) det BP)(¢). The Coulomb energy is evaluated using the transition
proton density, 5 (r, ), inside the spatial region V.
We then define the excitation energy of the PLF composed of N neutrons and Z protons by

EN'7(E,b) = Ey 7(E,b) — ER, (5.1.5)
where
51‘[\?,Z = T]QL,Z + SJF\LLZJnt + gg,Coul (516)

denotes the energy expectation value of the fragment nucleus. E}g\}?'Z is the ground state energy of the
nucleus composed of N neutrons and Z protons. In order to evaluate the excitation energy of reaction
products in various transfer channels, we performed ground state calculations for isotopes with the
atomic number 14 < Z < 35 using the Skyrme SLy5 parameter set. Properties of the HF ground
states for those nuclei are summarized in Appendix [El

In this Chapter, we will evaluate effects of particle evaporation on production cross sections for
4BCa+124Sn and %®Ni+298Pb reactions which were analyzed in Chapter Bl Thus, we have already
calculated TDHF wave functions after collision using the SLy5 parameter set [I4I]. However, there is
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a mathematical problem in evaluating EK,’ Z,int? Eq. (5:I4), using a Skyrme EDF with the fractional-
power density [[48) [[49] I50], as we mentioned in Sec. Since the SLy5 parameter set contains a
fractional-power density, we performed the following two types of calculations to examine reliability
of our calculation:

(¢) : We evaluate both &Y, .
used for the TDHF calculations and for the HF ground state calculations becomes the same.

and E%, using the SLy5 parameter set. In this case, the Skyrme EDF

However, there remains the ambiguity because of the use of the fractional-power density.

(¢) : We evaluate € ]‘\‘, Z,int With the SLyIIL.0.8 parameter set [[46] using the same TDHF wave function
after collision as in the method (i) (calculated with SLy5). Correspondingly, we evaluate E]g\;?‘z
with the SLyIIl.0.8 parameter set using the same HF ground state wave function as in the
method (i) (calculated with SLy5). Since the SLyIII.0.8 parameter set contains only integer-
power densities, we can avoid the mathematical problem in evaluating 6’]’{,7 Z,int"

Although the method (ii) avoid the problem, there arises a mismatch between the Skyrme EDF and
the wave functions. As a result, we find constantly larger energy of 5]’“\”,’ Zint (about 5-10 MeV) than
the energy evaluated by the method (¢) for all transfer channels. We thus also evaluate Ejg\f'z in a
similar way to obtain consistently large ground state energies in the method (i7). The ground state
energies evaluated by the methods (i) and (iz) are shown in 3rd and 11th columns of Tables
in Appendix [E] respectively. We note that the both methods () and (ii) give similar values of the
excitation energy and resulting cross sections are almost the same. In the following, we will show
results obtained by applying excitation energies evaluated by the method (7).

5.1.2 Particle evaporation probabilities

We evaluate the effects of particle evaporation employing a statistical model developed by Dostrovsky
and his coworkers [[30). In this model, evaporation of neutrons, protons, deuterons, tritons, 3He, and
« particles are taken into account. An input of the model is the excitation energy of a nucleus to
be disintegrate by particle emission. For more detail explanation of the model, see Ref. [I90] and
references therein.

Using the average excitation energy evaluated from the TDHF wave function after collision using
Eq. (5.1.5) as an input, we simulate evaporation processes. Starting from the excited fragment nucleus,
all possible decay sequences are calculated until emissions of any particle are energetically prohibited.
A decay chain of the evaporation processes from an initial excited state to a final state is called
an evaporation cascade. In each evaporation cascade, kinds and energy of emitting particles are
determined stochastically.

As an example, let us consider a case that we calculate evaporation processes from an excited
fragment nucleus composed of N neutrons and Z protons with excitation energy of E;,“ - 1f a nucleus
composed of N’ neutrons and Z’ protons is formed at the end of an evaporation cascade, the total
numbers of evaporated neutrons and protons are given by N — N’ and Z — Z’, respectively. We count
the number of cases in which n neutrons and z protons are evaporated until the end of an evaporation
cascade among all the evaporation cascades examined. We then define the evaporation probability for
n-neutron and z-proton emissions by
Nn,z

PR [ (b)] = 5
1 [ N’Z( >] Ncascade

(5.1.7)

N, . denotes the total number of processes in which n neutrons and z protons were emitted until the
end among all the evaporation cascades. Ncascade denotes the total number of evaporation cascades
examined. We note that, because the excitation energy, E]*V“ »» depends on the impact parameter,
resulting evaporation probabilities, P, , also depend on the impact parameter.
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Figure 5.1: Average excitation energy of the PLF in the **Ca+'24Sn reaction at Ej,, = 174 MeV.
Red open circles, green open triangles, blue crosses, purple open squares denote results at impact
parameters b = 3.94, 4, 5, 6 fm, respectively. Results in transfer channels with small probabilities
smaller than 10~* are not shown.

5.1.3 Transfer cross sections with evaporation effects

In Chapter Bl we calculated a transfer cross section for the channel in which a fragment nucleus
is composed of N neutrons and Z protons by integrating the probability Py z(b) over the impact
parameter,

(N, Z) = 27 / " b Py (b) db. (5.1.8)

bmin

The minimum impact parameter of the integration was taken to be a border dividing fusion and binary
reactions. We assumed that both projectile and target nuclei are spherical, so that the reaction is
specified by the incident energy F and the impact parameter b. In practice, we first examined the
maximum impact parameter, bg, in which fusion reactions take place for a given incident energy. We
then repeated reaction calculations at various impact parameters for the region, b > b¢, and calculated
the cross section by numerical quadrature according to Eq. (5.1.8).

To include effects of particle evaporation into the cross sections, we simply extend the expression of
the cross sections by using the evaporation probabilities obtained from the statistical calculation. Let
us denote the evaporation probability for n-neutron and z-proton emission from a fragment p composed
of N +n neutrons and Z + z protons having excitation energy of E}kv’j_n 74, A8 P [E;‘VT;EZ 4 Z} . The
residual nucleus after the particle evaporation is composed of N neutrons and Z protons. We calculate
the cross section for a channel where the fragment nucleus is composed of N neutrons and Z protons
including effects of particle evaporation by

olP(N,Z) = 2m / b Prninz=(b) PO2P (B, 4. (D)] db, (5.1.9)

bmin n,z

where the summation is taken for all possible n-neutron and z-proton evaporation processes.
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Figure 5.2: Production cross sections of the projectile (**Ca) like fragments in **Ca+124Sn reaction
at Epp = 174 MeV. Solid (dotted) line shows cross sections calculated by the TDHF theory without
(with) evaporation effects. Measured cross sections (3] are also shown by filled circles.

5.2 Results and Discussion

We show the effects of particle evaporation on production cross sections in the *®Ca+'24Sn and
58Ni+208Pb reactions which we analyzed in Chapter B] as illustrative examples.

In Fig. 5.1, we show average excitation energy of the PLF in the 48Ca+'24Sn reaction at Fj,, =
174 MeV evaluated by Eq. (5.1.5). Each panel shows excitation energy of specific isotopes in each
proton transfer channel. Horizontal axis is the neutron number of the PLF. Results for reactions at
several impact parameters are shown for comparison. Red open circles, green open triangles, blue
crosses, and purple open squares denote results at impact parameters, 3.94 fm, 4 fm, 5 fm, and 6 fm,
respectively. Excitation energy of nuclei with a small production probability smaller than 10~ is not
shown.

When the impact parameter is small just outside the fusion critical impact parameter (b = 3.94 fm),
we find a finite excitation energy of about 6 MeV for all transfer channels. We find a similar result
for b = 4 fm case. As the impact parameter increases (b = 5 and 6 fm), excitation energy becomes
very small at most 2 MeV. Because the excitation energy of the fragment nuclei for the **Ca+'?4Sn
reaction is not so large, we expect a small effect of particle evaporation for this system.

In Fig. 5.2, we show production cross sections of the PLF in the *®Ca+'?4Sn reaction with and
without the effect of particle evaporation. Red filled circles show measured cross sections [3], while
red solid (blue dotted) lines show results of the TDHF calculation without (with) the evaporation
effect. Cross sections are classified according to the number of transferred protons indicated by (fxp)
in the figure. Horizontal axis is the number of neutrons in the PLF.

From the figure, we find that the effects of particle evaporation are somewhat small as expected
from the observation of small excitation energy in Fig. 5.1l We find a visible effect in the two-proton
removal channel (—2p). Although the particle evaporation modifies the cross sections of the two-
proton removal channel toward a direction consistent with the experimental data, the calculated cross
sections still underestimate the measured cross sections when the number of neutrons in the PLF
becomes small. We note that the GRAZING calculation reported in Ref. 3] shows similar results
indicating a minor effect of particle evaporation (cf. Fig. B.25).

Next, we show results for the 5®Ni4+2%%Pb reaction at Ej,, = 328.4 MeV. In Fig. (.3, we show
average excitation energy of the PLF in the 58Ni4+2%Pb reaction evaluated by Eq. (5.L5). As in
Fig. 5.1l results for different proton transfer channels are shown in different panels and horizontal
axis denotes the number of neutrons in the PLF. Results for reactions at typical impact parameters,
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Figure 5.3: Average excitation energy of PLF in *®Ni4+2%®Pb reaction at Ej,;, = 328.4 MeV. Red open
circles, green open triangles, blue crosses, purple open squares denote results at impact parameters
b =1.39, 1.6, 2.75, 4 fm, respectively. Results in transfer channels with small probabilities smaller
than 10~* are not shown.

b = 1.39, 1.60, 2.75, and 4 fm are shown. Excitation energy of nuclei with a small production
probability smaller than 10~ is not shown.

When the impact parameter is small just outside the fusion critical impact parameter (b = 1.39 fm),
proton-pickup reactions occur through the neck breaking transfer dynamics. Because the neck breaking
dynamics accompanies a large amount of TKEL as shown in Fig. B.17 (b), we expect a substantial
excitation in reaction products generated through the neck breaking dynamics. From the figure,
we indeed find a large excitation energy up to around 40 MeV for those nuclei. When the impact
parameter is slightly large (b = 1.6 fm), we find a similar excitation energy for reaction products in
proton-pickup channels. As the impact parameter increases, excitation energy of reaction products
decreases. At an impact parameter of 4 fm, we find somewhat small excitation energy of reaction
products. We find that the average excitation energy is not so much dependent on the number of
transferred nucleons in reactions at a given impact parameter.

In Fig. 5.4, we show production cross sections in the ®Ni+2%Pb reaction classified according to
the change of the proton number of the PLF from °®Ni, as functions of the neutron number of the PLF.
Red filled circles denote measured cross sections [A7] and red solid (blue dotted) lines denote results of
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Figure 5.4: Production cross sections of the projectile (**Ni) like fragments in *Ni+2%8Pb reaction
at Elap = 328.4 MeV. Solid (dotted) line shows cross sections calculated by the TDHF theory without
(with) evaporation effects. Measured cross sections 1] are also shown by filled circles.

the TDHF calculations without (with) effects of particle evaporation. As can be seen from the figure,
the inclusion of effects of particle evaporation modifies the cross sections slightly toward lower neutron
number side consistent with the experimental data. However, as the number of transferred nucleons
increases, there appear discrepancies even when we include evaporation effects.

We conceive several possible origins of the discrepancy as follows. (i) We may consider that,
if there were more particle evaporation of not only neutrons but also protons, the calculated cross
sections would shift toward the desired direction indicated by the experimental data. Because we only
performed the PNP when we evaluate excitation energy of reaction products, the evaluated excitation
energy is averaged over all possible quantum states of the fragment nucleus. We anticipate that there
are certain states having higher excitation energies compared with the average excitation energy. These
states would emit more particles than the average state which we used to evaluate the evaporation
effects. We note that to calculate an excitation-energy distribution by an energy projection is difficult
and we could not investigate this possibility yet. In addition, we assumed that each primary reaction
product becomes a CN keeping its mass and excitation energy. There would also be fast preequilibrium
particle emissions which are not considered in our treatment. Such preequilibrium particle emissions

may also increase the number of emitted particles.

Another possible origin of the discrepancy is (ii) an insufficient description of the MNT processes
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because of the mean-field nature of the TDHF theory. In the TDHF theory, MNT processes are
described by transfer of single-particle wave functions in a single time-dependent mean-field potential.
In reality, we expect a transfer-channel dependent potential. That is, the depth of the potential
would be changed depending on the number of transferred nucleons between two colliding nuclei. For
example, in the 5¥Ni+2%Pb case, when many protons are removed from %®Ni, the depth of the potential
for nucleons inside the projectile-like nucleus should become shallower and it would suppress neutron
transfer from 298Pb to 5®Ni. This kind of transfer-channel dependence of the mean-field potential
is not sufficiently included in the description of the TDHF theory. A promising way to improve
the description is a use of time-dependent generator coordinate method (TDGCM) [192] [93]. The
TDGCM is a time-dependent extension of the generator coordinate method (GCM) which has widely
succeeded in calculating static nuclear properties including many-body correlations beyond the mean-
field level [I36]. The method based on a time-dependent variational principle with a trial function
which is given by a superposition of time-dependent many-body wave functions. The coefficients of
those time-dependent basis functions (generator coordinates) are determined obeying the variational
principle. By choosing the time-dependent basis functions as a superposition of TDHF wave functions
with a constraint on average number of transferred nucleons or TDHF wave functions for different
projectile-target combinations (e.g. °"Co+2%Bi, 56Fe+-2'9Po, and so on, for the 5¥Ni4+2%Pb system),
we may get a more sufficient description of the MNT processes. Although we recognize a difficulty
concerning the absence of the many-body Hamiltonian in the TDHF theory with a density-dependent
Skyrme EDF [I93], recently, a density-independent functional has been developed [[94]. Since the
TDGCM calculation requires only about 10 times larger computational cost compared with the TDHF
theory (of course, it depends on how may generator coordinates we use) and there is a development of
the density-independent functional, it will be a promising tool to improve our description of the MNT
processes.

The other possible origin of the discrepancy is (7i7) a luck of correlation effects beyond the mean-
field level. For example, the pairing correlation is known to be important in nuclear structure at
low excitation energy. Although effects of pairing correlations on reaction dynamics have not been
fully understood yet, significant effects on MNT processes have been advocated [A7 B0]. The time-
dependent Hartree-Fock-Bogoliubov (TDHFB) theory would provide us a sufficient description of
nuclear dynamics including effects of the pairing correlation [195 96 [97 M98]. However, because
it requires a tremendous computational cost, the application of the TDHFB theory to the nuclear
collision dynamics is a challenging subject. Recently, a simplified version of the TDHFB theory,
referred to as TDHF+BCS, has been developed and successfully applied to linear responses and
nuclear reactions [199 200, 20Tl 202 203] 204 205 206 207, R08]. A similar analysis of the MNT
reaction using the TDHF+BCS to examine effects of pairing on reaction dynamics is of great interests.
Another possibility is use of the Barian-Vénéroni variational principle which is equivalent to the time-
dependent random phase approximation (TDRPA), which will give us a more better description of
the width of mass distributions in the MNT reaction at a small impact parameter region [I76]. Other
sophisticated approaches such as time-dependent density matrix (TDDM) 209 210, P11 PT2] and
stochastic mean-field (SMF) [I79] 213 214] PT5] theories would provide us a promising foundation to
include further many-body correlations into the description. Application of these theoretical models
to the MNT reaction is one of the future subjects of this work.
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5.3 Summary and Concluding Remarks on Chapter 5

In this Chapter, we have presented the effects of particle evaporation on MNT cross sections within the
framework of the TDHF theory combined with the PNP. We evaluated excitation energy of a fragment
nucleus in each transfer channel using the extended PNP technique which we have developed in
Chapter @l As illustrative examples, we showed MNT cross sections for **Ca+'?4Sn and *®Ni+2%%Pb
reactions with and without the effect of particle evaporation, and compared them with measured
cross sections. We have found that the inclusion of the effects of particle evaporation improves the
cross sections toward the direction that the experimental data suggested. However, calculations still
underestimate measured cross sections when a number of protons are transferred. Possible origins of
the discrepancy and some ways to improve the description were discussed.

In summary, in the first part of the thesis (Part [} Chapters 3, 4, and [Bl), we have examined
whether or not the TDHF theory describes MNT cross sections quantitatively. From the results of
the thorough analyses of MN'T processes in several systems for which extensive experimental data are
available, we draw a conclusion that the TDHF theory is capable of describing the MNT reaction
in low-energy heavy ion reactions at energies around the Coulomb barrier reasonably well with an
accuracy comparable to the existing theories, GRAZING, CWKB, and the Langevin-type dynamical
model.

In the next part of the thesis (Part Chapters [0l [7, B, and @), we will extend the application
of the TDHF theory to reactions involving more heavier nuclei such as 233U. Because of the large
charge product ZpZt of the system, we will find a substantial contribution from the QF process.
Applicability of the TDHF theory to the MNT and QF processes in reactions of very heavy nuclei will
be discussed in Part Il
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Part 11

Application of the TDHF theory to
MNT and QF processes in reactions
involving more heavier nuclei
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Chapter 6

MNT AND QF PROCESSES IN
64N+ 233U REACTION

In the first part of the thesis (Part It Chapters[3],[4], and []), we have investigated MNT processes in low-
energy heavy ion reactions for several systems employing the TDHF theory. In Chapter [3] we showed
that MNT cross sections can be reasonably described by the TDHF theory combined with the PNP
technique. In Chapter [, we developed a formalism to calculate expectation values of operators in the
TDHF wave function after collision with the PNP. This method enables us to examine properties of
reaction products. In Chapter Bl we examined effects of particle evaporation on MNT cross sections by
employing a statistical model using excitation energy of reaction products calculated from the TDHF
wave function after collision as an input. From the thorough analyses of MNT processes, we concluded
that the TDHF theory can quantitatively describe the MNT reaction with an accuracy comparable to
other existing theories. Because the TDHF calculation can describe microscopic many-body dynamics
without any artificial parameters adjustable for each colliding system, we consider that the TDHF
theory will be a useful tool for providing a reliable prediction of MNT cross sections.

In this second part of the thesis (Part [It Chapters |6l [7, [8, and [@), we extend the application of the
TDHF theory to reactions involving more heavier nuclei such as 233U. In reactions of heavy nuclei, the
QF process is expected to be a dominant process at a small impact parameter region, because of the
substantial suppression of the fusion reaction by the strong Coulomb repulsion. The main purpose of
this second part is to examine how feasibly the TDHF theory describes the MNT and QF processes
in reactions involving heavy nuclei.

In this Chapter, we investigate MNT and QF processes in 4Ni+23U reaction as our first appli-
cation to reactions involving 23%U. The 6*Ni+238U reaction at energies around the Coulomb barrier
has been extensively studied experimentally [5] [[91 PT6l 217]. MNT cross sections were measured by
Corradi et al. E3] in INFN-LNL, Legnaro, Italy. In Fig. [6.Il we show the measured cross sections
(black dots) classified according to the number of transferred protons indicated by (+xp). The minus
sign corresponds to transfer from %4Ni to 233U, while the plus sign corresponds to transfer from 238U
to %4Ni. Their precise experimental data show not only proton-stripping channels but also proton-
pickup channels. The latter process is not expected from the N/Z ratios of the projectile and target
nuclei before the collision. Theoretical analysis using the GRAZING code was also reported in Ref. [43],
which are shown in Fig. by histograms. The GRAZING calculation reproduced measured cross
sections reasonably for (Op), (—1p), and (—2p) channels with a similar accuracy for lighter systems
examined in Chapter Bl However, the GRAZING calculation underestimated measured cross sections
for proton-pickup channels, may be due to an inappropriate assumption of the strong absorption in a
small impact parameter region. The 64Ni+238U system has the charge product of ZpZyp = 2576 and
the assumption would not be valid if a substantial suppression of the fusion reaction takes place.
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Figure 6.1: Production cross sections for the PLF in the %Ni+238U reaction at Ej,; = 390 MeV.
Dots represent measured cross sections, while histograms represent results calculated by the GRAZING
code. The figure was taken from Ref. [45].
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Figure 6.2: Yield of measured reaction products in TKE-A plane (upper panels) and a projection of
the yield inside the contour lines in the TKE-A plots on to the A axis (lower panels) in the 54Ni4238U
reactions at Ej,p, = 330, 343, 358, and 382 MeV. These energies correspond to excitation energies of
the CN of 19, 31, 43, and 62 MeV, respectively. The figure was taken from Ref. 2I6].
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Thus, if the TDHF theory can describe the cross sections for proton-pickup channels, it will be an
indication of a better description of transfer dynamics in the small impact parameter region. To clarify
this argument is one of the main motivations of this investigation.

The %4Ni+238U reaction has also attracted much interests as a possible candidate for producing a
SH nucleus with atomic number Z = 120. To examine whether the reaction $gNizs+235U, ;6 —392Ubn, g,
is promising or not to produce the SH nucleus with Z = 120, fission fragment mass distributions were
measured at several incident energies by Kozulin et al. 2I60]. In Fig. [6.2] we show the measured
fragment mass distributions in the %4Ni4+233U reaction at four incident energies. Upper panels show
the fragment mass distributions in total kinetic energy (TKE) vs. fragment mass (A) plane. While
lower panels show a projection of the yield inside the contour line in the TKE-A plot onto the A axis.
As the incident energy increases, the measured mass distributions show a mass drift mode toward
the mass symmetry. However, even at the highest incident energy examined, Ej,;, = 382 MeV, which
corresponds to 62 MeV excitation energy of the CN, completely mass symmetric fragments around
A ~ 151 were hardly produced. We may expect substantial yields of the mass symmetric fragments
if the CN was formed. Therefore, regarding the experimental results, Kozulin et al. concluded that
this reaction is not suitable for producing the SH nucleus with Z = 120. We are interested in to
what extent the TDHF theory reproduces measured trends of QF processes. From comparisons of
calculated cross sections and TKE-A distributions with those of measurements, we discuss reaction
dynamics of MNT and QF processes in the TDHF theory.

This Chapter is organized as follows. In Sec.[6.1], we briefly describe some computational details of
the TDHF calculations presented in this Chapter. In Sec. 6.2, we show MNT cross sections calculated
by the TDHF theory combined with the PNP in comparison with the experimental data. In Sec. [6.3],
we make a further comparison of the TKE-A distribution evaluated by the TDHF calculation with
the measurements. In Sec. [6.4] we investigate energy dependence of the QF dynamics in head-on
collisions of 94Ni4+233U for two orientations of 238U, the tip and side collisions. In Sec. 6.5} a summary
and concluding remarks on this Chapter are presented.

6.1 Computational Details

We use our computational code of the TDHF calculation for heavy ion reactions as in Part [[l. We use
a Skyrme EDF with the SLy5 parameter set [I4I]. We use a numerical box with 30 x 30 x 30 grid
points to calculate HF ground states of projectile and target nuclei. The mesh spacing is set to be
0.8 fm. For the TDHF calculation, a numerical box with 70 x 70 x 30 grid points is used. The initial
separation distance is set to be 24 fm in the incident direction (parallel to the z-axis). The impact
parameter vector is set parallel to the positive-y direction. For the time evolution operator, the Taylor
expansion method of 4th order is used with a small time step of At = 0.2 fm/c. We stop the time
evolution calculation when the relative distance between two fragment nuclei exceeds a critical value,
26 fm. We have performed the TDHF calculations for an impact parameter region 0 fm < b < 10 fm.
We calculate the reaction with 0.5-fm step for 0 fm < b < 5 fm, while we calculate the reaction with
1-fm step for b > 5 fm. For the PNP analysis, we discretize the integral over the phase factor 6 into
M = 300 equal grids and evaluate it utilizing the trapezoidal rule.

From the ground-state calculation, the HF ground state of 233U turns out to be prolate shape with
B ~ 0.27, while that of ®*Ni turns out to be oblate shape with 3 ~ 0.11. Concerning the relatively
large deformation of 2**U, we performed the TDHF calculations of the 54Ni+238U reaction at three
different initial orientations. We set the symmetry axis of 238U parallel to the 2-, y-, and z-axis, while
the symmetry axis of 4Ni is always set parallel to the z-axis (perpendicular to the collision plane).
These initial configurations for the TDHF calculation are shown in Fig. 6.3
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Figure 6.3: Schematic picture of the initial configurations of our TDHF calculations. We specify
the relative orientation by the direction of symmetry axis of 23*U at the initial stage of the TDHF
calculation. In this thesis, we investigate three initial orientations, denoted as x-, y-, and z-direction,
as shown in the panels (a), (b), and (c), respectively.

6.2 MNT Processes

We first present MNT cross sections calculated by the TDHF theory combined with the PNP technique.
Because both projectile and target nuclei are deformed in their HF ground states, we should take an
orientation average to take full account of effects of deformation on MNT cross sections. However,
since the orientation average requires a huge computational cost, we have not achieved the orientation
average. Here we just show contributions from each initial configuration.

In Fig. [6.4), we show MNT cross sections obtained from the TDHF calculations combined with
the PNP in comparison with the experimental data. Red filled circles denote measured cross sections
reported in Ref. [3]. Red solid, green dashed, and blue dotted lines show results of the TDHF
calculation for different initial configurations, the z-, y-, and z-direction configurations, respectively.
Each panel shows cross sections for specific proton transfer channels. The (—zp) indicates that x
protons are transferred from %4Ni to ?**U (proton-stripping channels), while the (4+zp) indicates that
x protons are transferred from 233U to 4Ni (proton-pickup channels). The horizontal axis is the mass
number A of the lighter (°4Ni-like) fragment.

From the figure, we find that the TDHF theory reasonably reproduces measured cross sections for
both proton-stripping (—xp) and proton-pickup (4+xp) channels. For the proton-stripping channels,
the TDHF theory quantitatively describe measured cross sections up to around two-proton stripping
reactions (—2p). As the number of removed protons increases, the peak position sifts toward larger
neutron number side compared with that of the measured cross sections. For (—3p), (—4p), (—5p),
and (—6p) channels, we find that cross sections contributed from the y- and z-direction configurations
are much larger than those contributed from the z-direction configuration. When many protons are
transferred, the TDHF calculation underestimates the measured cross sections (see (—4p), (—5p), and
(—6p) panels). This behavior is similar to the cases of MNT processes in lighter systems shown in
Chapter Bl By comparing transfer cross sections of proton-stripping channels (—zp) calculated by the
TDHF theory with those of GRAZING shown in Fig. [6.1 we get the same conclusion as in Chapter
that the TDHF theory describes MNT cross sections reasonably well with an accuracy comparable to
the GRAZING calculation.

In contrast, for the proton-pickup channels (+zp), the TDHF theory gives quantitatively much
better descriptions compared with the GRAZING calculation (cf. Fig. [6.1]). In the TDHF calculation,
we obtain substantial cross sections not only for one-proton pickup (+1p) but also two-proton pickup
(+2p) channels. The GRAZING calculation underestimates those cross sections, e.g. about two orders

106



Section 6.3 QF Processes

Exp. e
X-direction
y-direction -------
Z-direction e

10] §
107
2 10
E 107}
=10
SET

1073 b

238 50 60 70

“Ni+> U (Eyyy=390 MeV)

N R LR ALK ARES MR RARES M UL KRN RAARS RARK AREN RS AN RN T T
08 " ComTHE  (5p VT (4psCr) <3p, Mn) (Op:fy Ni)’
< 10, F ey 1
0 E Ty, o
%11()01 . N ‘!?" ) %
S) 10 2 2 i ‘
10:431 r ' ¥ H i 3 1
107550760 70 50 60 70 50 60 70 50 60 70 50 60 70 50 60 70 50 60 70

MASS NUMBER of PLF

Figure 6.4: Transfer cross sections for the 54Ni4+233U reaction at El, = 390 MeV. Red filled circles
denote measured cross sections reported in Ref. [45]. Red solid, green dashed, and blue dotted lines
show results of the TDHF calculations for x-, y-, and z-direction configurations, respectively. Effects
of particle evaporation were not taken into account in our calculation.

of magnitude smaller values than the measurements for the two-proton pickup channel (+2p). This
fact may be caused by an insufficient description of a small impact parameter region in the GRAZING
calculation. In the GRAZING code, contributions from the small impact parameter region are neglected
assuming the strong absorption of the flux from MNT channels to more complex mechanisms. Because
of the large charge product, ZpZt = 2576, there may remain a significant contribution to MNT
processes from the small impact parameter region. Because the TDHF theory dose not include any
artificial assumption on the reaction dynamics, we expect more reliable descriptions of the reaction
dynamics in the small impact parameter region. This is one of the advantages of our approach and we
have got a confidence from the much better description of the cross sections of proton-pickup channels
in the %Ni+238U reaction.

6.3 QF Processes

As a matter of fact, the TDHF calculation gives much more abundant cross sections for proton-pickup
channels not only the one- and two-proton pickup channels, (+1p) and (+2p) shown in Fig. [6.4] but
also channels which correspond to transfer of many protons up to 12-20 from 233U to %4Ni producing
nuclei with Z ~ 40-50. Transfer cross sections for such a many-proton transfer from 233U to 54Ni were
not measured in the experiment of Ref. I5]. We note that, in Ref. 5], Corradi et al. mentioned
that they actually observed reaction products with the atomic number around Z ~ 40. However,
quantitative estimates of cross sections could not be achieved, since the experimental setup was not
optimized for those fragments. These reaction products associated with the many-proton transfer
from 238U to %4Ni were interpreted as a contribution from QF processes [AH].

In Fig. [6.5, we show average numbers of nucleons in the lighter (5Ni-like, upper panels) and the
heavier (238U-like, lower panels) fragments as functions of the impact parameter, b. Red open circles,
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Figure 6.5: Average numbers of neutrons (left panels) and protons (right panels) in the lighter (64Ni-
like) fragment ((a) and (b)) and in the heavier (23®U-like) fragment ((c) and (d)) as functions of the
impact parameter. Red open circles, green crosses, and blue open diamonds connected with lines show
results for different initial configurations, z-, y-, and z-direction cases, respectively.

green crosses, blue open triangles denote results at different initial orientations, the z-, y-, and z-
direction configurations, respectively. When the impact parameter is sufficiently large (b > 5 fm),
the average numbers of nucleons almost coincide with the initial values, N = 36 and Z = 28 for
the %4Ni-like fragment shown in the panels (a) and (b), and N = 146 and Z = 92 for the 23®U-like
fragment shown in the panels (c¢) and (d). What we observed in the cross sections shown in Fig.
would be contributions from this relatively large impact parameter region, b = 5 fm. We note that
the slightly different behavior at b ~ 5 fm shown in the panel (b) results in the difference of cross
sections for (—4p), (—5p), and (—6p) channels. The mass drift mode in the small impact parameter
region b < 5 fm is regarded as the QF process.

As the impact parameter decreases, the average number of nucleons in the fragment nuclei changes
suddenly at around b ~ 5 fm. Both neutrons and protons are transferred from 23*U to 4Ni toward the
mass symmetry in the small impact parameter region, b < 5 fm. The behavior of the average numbers
of nucleons as functions of the impact parameter depends much on the initial orientations. When the
symmetry axis of 22U is set perpendicular to the collision plane (z-direction case, shown by blue open
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Figure 6.6: Time evolution of the density on the collision plane in the *Ni4+238U reaction at Ejny, =
390 MeV and b = 2 fm. Left panels show results for the z-direction configuration, while right panels
show results for the y-direction configuration. The label ‘¢ = z fm/c’ denotes the elapsed time started
from the initial stage of the TDHF calculation.
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Figure 6.7: The total kinetic energy (TKE) vs. average mass numbers (A) of the PLF and the
TLF in the TDHF calculation of the %4Ni4+233U reaction at Ej,p, = 390 MeV. Red open circles, green
crosses, blue open triangles denote results at different initial configurations, x-, y-, and z-direction
configurations, respectively. Gray solid line shows the TKE distribution evaluated by Eq. (6.3.1]) which
is based on the Viola systematics [223].

triangles), the change in the average nucleon number is moderate. On the other hand, in the case of
z- and y-direction configurations, the change is dramatic. At around b ~ 4 fm, the average numbers
of nucleons in the fragment nuclei jump up to N ~ 56-60 and Z ~ 30-40 in the lighter fragment and
N ~ 122-126 and Z ~ 80-82 in the heavier fragment. In the z-direction case (red open circles), we find
a prominent plateau persisting a wide impact parameter region smaller than 4 fm. A similar behavior
was reported in Ref. [[24]. We suspect that a substantial structural effect related to a relatively large
binding energy of spherical 2°Pb and prolate °~100Z; 218 BT9, P20] may responsible for this process
as mentioned in Ref. [[25]. We note that, in the Langevin approach, substantial effects of structure
were often observed, e.g. effects of large binding energy in doubly magic 2°*Pb on fission fragment mass
distributions 29, B9 70, [7T, 2, B4]. The substantial effect of doubly magic 2°Pb on QF dynamics
is also observed experimentally [22I] 222]. While in the y-direction case (green crosses), behavior is
somewhat different showing a massive nucleon flow up to transfer of 56 nucleons from 238U to 54Ni.
This trend is consistent with a statement in Ref. [I25]. We note that, for head-on collision (b = 0 fm),
the average number of nucleons changes suddenly in the y-direction configuration. These behaviors
may be understood from a simple geometrical consideration with a very thick neck formation between
two colliding nuclei. In the case of y-direction case, thickness of the neck can be much larger than that
in z-direction case at the small impact parameter region (see, e.g., panels with 800 fm/c in Fig. [6.6]).
The thick and long neck formation is substantially suppressed in the head-on collision, because the
system keeps an initial spatial symmetry. Figure shows snapshots of the density distribution on
the collision plane for typical two cases of 4Ni+238U reaction at b = 2 fm, from which we may get an
intuitive understanding of the above discussed behavior in x- and y-direction configurations.

To investigate the reality of the QF process obtained from the TDHF calculations, in Fig. [6.77,
we show an average TKE-A plot obtained from the TDHF calculations. It can be compared with
measured TKE-A plot shown in Fig. The horizontal axis A is the average number of nucleons
in the lighter (%4Ni-like) and the heavier (?3®U-like) fragments. Red open circles, green crosses, and
blue open triangles connected with lines show results for different initial orientations, the z-, y-, and
z-direction configurations, respectively.

The incident energy of Ej,, = 390 MeV corresponds to the incident relative energy of 307.4 MeV.
Thus the maxima of TKE around Ap, ~ 64 and Ay ~ 238 correspond to the quasielastic scattering.
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Here we have introduced A, and Ay which represent the average mass number of lighter and heavier
fragments, respectively. From the figure, we find that, when the TKE becomes smaller than around
240 MeV, the average mass numbers change suddenly toward the direction of the mass symmetry.

For comparison, we also plot the TKE distribution evaluated based on the Viola systematics [223]
including mass-asymmetry dependence [224] 225]. The formula is given by

0.755 21,7
TKEvigla = — ot 1 73 MeV, (6.3.1)

AR 4+ A

where Zy,y) is the proton number of the lighter (heavier) fragment. We have assumed that the Z/A
ratio of the fragment nuclei equals to that of the CN and any particle emissions are neglected. As
seen from the figure, we find a reasonable agreement between the TKE obtained from the TDHF
calculations and the Viola systematics. It indicates that the so called full momentum transfer from
the relative energy to internal excitations is achieved and the TKE is roughly determined by the
Coulomb energy at a scission configuration of the dinuclear system.

As shown in Fig.[6.2] we also find a similar mass drift mode in the forth column of the figure which
corresponds to a similar incident energy of Ej,, = 382 MeV. The two peaks in the measured fragment
mass distributions correspond to Ay, ~ 90 and Ay ~ 210. The TDHF calculation shows a similar
mass drift mode in dissipative processes in the %4Ni+23%U reaction at the small impact parameter
region, b < 5 fm.

From the results, we conclude that the TDHF theory is capable of describing not only the MNT
process but also the QF process in %4Ni4+?3%U reaction. We have found a reasonable agreement of the
TKE-A distribution obtained from the TDHF calculation with those of the Viola systematics and the
experimental data, which indicates that a sufficient energy dissipation could be described by the so
called one-body dissipation dynamics in the TDHF theory.

6.4 Energy Dependence of QF Dynamics

To get more deeper understandings of the QF processes, we examine energy dependence of the QF
dynamics in 4Ni+238U reaction. For simplicity, we only consider head-on collisions (b = 0 fm). To
examine orientation dependence of the QF dynamics, we calculate head-on collisions at two different
configurations, the z-direction configuration in which the symmetry axis of 23U is set parallel to the
collision axis (corresponds to the tip collision) and the y-direction configuration in which the symmetry
axis of 288U is set parallel to the y-axis (corresponds to the side collision).

In Fig. [6.8, we show average numbers of neutrons and protons in the lighter (%4Ni-like) fragment
((a) and (b)) and the heavier (?3®U-like) fragment ((c) and (d)) as functions of the incident energy.
Red open circles connected with lines show results for the tip collisions, while green crosses connected
with lines show results for the side collisions. The initial neutron and proton numbers of the projectile
and target nuclei are represented by horizontal dotted lines.

As seen from the figure, we find a substantial orientation dependence as well as the incident energy
dependence of the QF dynamics. When the incident energy is sufficiently small, the average numbers
of neutrons and protons in reaction products almost coincide with the initial values. However, when
the incident energy becomes higher than the Coulomb barrier, a drastic change of the neutron and
proton numbers of the fragment nuclei is observed. In tip collisions (red open circles), the neutron and
proton numbers of the fragment nuclei saturate at certain values. In tip collisions, two nuclei cannot
form a compact configuration and the composite system always elongated forming an asymmetric
dumbbell-like shape. Because of the asymmetric dumbbell-like shape, a neck is always developed
forming mass asymmetric fragments.
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On the other hand, results for the side collisions show different behavior. In side collisions (green
crosses), the composite system of the projectile and target nuclei tends to form a compact configura-
tion. In other words, the thickness of the neck formed between colliding nuclei becomes substantially
large forming a mononuclear configuration. Because of the compact mononuclear configuration, a
neck is developed forming mass symmetric fragments. We find a somewhat longer sticking time in
side collisions compared with tip collisions. Especially, we observed capture processes in side collisions
at Fj,p 2 450 MeV, while, we have never observed any capture processes in tip collisions.

To give an intuitive understanding of the QF dynamics, we show the time evolution of the density
in reactions at typical two incident energies, Ej,;, = 362.1 MeV and Ej,, = 470.7 MeV. Figure
shows typical QF dynamics for the tip and side collisions in reactions at Ejp, = 362.1 MeV. In
both cases, a very thick neck is formed between two colliding nuclei (320-480 fm/c). In the side
collision, the dinuclear system keeps its configuration up to around 1600 fm/c. After that, the neck
structure starts shrinking and, eventually, it dissociates (2560 fm/c). On the other hand, in the tip
collision, the dinuclear system forms an elongated neck (480-960 fm/c) and dissociates showing a
relatively short sticking time. A similar dynamics is observed in the plateau region emerged at around
350 MeV < Ej,p, < 500 MeV in Fig.

In Fig. [6.10, we show a similar contour plots of the density in reactions at Fj,, = 470.7 MeV.
As mentioned above, in the tip collision, we see a quite similar behavior of the QF dynamics as
shown in Fig. Not only the time-dependent shape evolution but also the sticking time are very
similar to each other. On the other hand, in the side collision, we find a different behavior of reaction
dynamics. Since the incident energy is higher than that of the previous example, two nuclei collides
more deeply (320 fm/c). Then the composite system of the projectile and target nuclei forms a compact
mononuclear configuration (480-6000 fm/c). It is remarkable that, in the side collision, we observed a
capture process forming the SH composite system of Z = 120. We observed similar capture processes
for side collisions at incident energy of Ei,p, > 470.7 MeV. While any capture process has never been
observed in the tip collisions, even if we increase the incident energy up to around 700 MeV.

From these results, we realize that the QF dynamics depends much on the relative orientation of
the two colliding nuclei. In Refs. 226 227 228 P29 230], it was argued that the side collision tends
to form a compact shape leading to a CN formation, while the tip collision would form an elongated
dinuclear system with substantial components of QF processes, consistent with our observed behavior
in the TDHF calculations.
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Figure 6.8: Incident energy dependence of the fragment’s N and Z in head-on collisions of %Ni+23¥U.
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6.5 Summary and Concluding Remarks on Chapter 6

In this Chapter, we have investigated %*Ni+238U reaction at energies around the Coulomb barrier to
examine to what extent the TDHEF theory is feasible in describing MNT and QF processes in such a
heavier system. For the 4Ni+238U reaction, extensive measurements were performed for both MNT
and QF processes [3] [[9 RI6l 217

Because the HF ground state of 23®U is largely deformed in prolate shape, we performed TDHF
calculations for an impact parameter region 0 fm < b < 10 fm by taking three different initial ori-
entations of 233U. We applied the PNP technique to calculate MNT cross sections and compared
them with experimental data [5]. From the comparison, we have found that the TDHF theory again
nicely reproduces the experimental data with an accuracy comparable to the GRAZING calculation. A
remarkable thing is that the TDHF theory quantitatively reproduce the measured cross sections not
only for proton-stripping channels (®*Ni—233U) but also proton-pickup channels (4Ni«238U), where
the latter process is opposite to the direction expected from N/Z ratios of projectile and target nuclei.
The semiclassical GRAZING calculation underestimates the measured cross sections of proton-pickup
channels, because of neglected contributions from the small impact parameter region. This result will
be an evidence of a reasonable description of a transitional regime from quasielastic to more complex
reaction channels in the TDHF theory.

At a small impact parameter region, we found a mass drift mode toward the direction increasing
the mass symmetry in the TDHF calculation. By comparing an average TKE-A distribution obtained
from the TDHF calculations with available experimental data, we found that the mass numbers of
the fragment nuclei in the mass drift mode roughly coincide with the measured TKE-A distribution.
This fact indicates that the TDHF theory is capable of describing QF processes reasonably without
any parameters specific to the reaction dynamics.

To get deeper insight into reaction mechanisms, we have investigated energy dependence of the
QF dynamics in head-on collisions of 4Ni+23¥U. From the results, we found that the QF dynamics
is strongly affected by the initial orientations of 233U. In side collisions, the composite system of the
projectile and target nuclei tends to form a compact mononuclear-type shape, while an asymmetric
dumbbell-like elongated dinuclear shape is formed in tip collisions. Especially, in side collisions, we
observed capture processes forming a SH nucleus with Z = 120 at incident energies larger than
B ~ 450 MeV. Similar effects of the relative orientation on reaction dynamics were extensively
discussed [226] 227 228 P29 230] and consistent with our calculations.

In the QF process, we observed some stabilizing effects which may be related to structure of
fragment nuclei, e.g. a large binding energy of doubly magic 2°®Pb. In the dynamical model based
on Langevin-type equations of motion, the QF dynamics is described by Langevin dynamics on a
multidimensional potential energy surface (PES) of the composite system [69, [[Q]. In the model,
significant effects of nuclear structure were observed, especially influence of a large binding energy of
doubly magic nuclei such as 2°Pb or "®Ni. Such structural effects generate some substantial valleys on
the landscape of the PES [29] 691 [70} [7T] [72] B4], which gather dynamical trajectories. We can calculate
such a PES of the composite system employing the CHF method. We consider that a comparison
between a landscape obtained from the static CHF calculation and the QF dynamics obtained from
the TDHF calculation will be useful for developing further understanding of the QF process.

The results reported in this Chapter show the feasibility of the TDHF theory in describing not only
MNT reactions at peripheral collisions but also QF dynamics in damped collisions at a small impact
parameter region in a microscopic way without any adjustable parameter for the reaction dynamics.
In the next Chapter (Chapter [7)), we will show another application of the TDHF theory to reactions
involving 238U, i.e. 238U+-100:124:132Gp yeactions.

114



Section 6.5 Summary and Concluding Remarks on Chapter 6

64Ni+2%8U, b=0 fm, Fiap~362.1 MeV (d=13 fm)

y-direction

y (fm)

y (fm)

t=160 (fm/c)

y (fm)

t =320 (fm/c)

y (fm)

t =480 (fm/c)

10

t = 640 (fm/c)

§ Oo
10

t =800 (fm/c)

10

t =960 (fm/c)

i O
10

t=1120 (fm/c)

y (fm) y (fm) y (fm)

y (fm)

-~ 10
t = 1280 (fm/c)

30

=~ 10
0 t = 1440 (fm/c)

0 10 20 30 40 50
x (fm)

10 20 30 40 50

t = 1600 (fm/c)

t=1760 (fm/c)

o

t =1920 (fm/c)

o

t = 2080 (fm/c)

o

t = 2240 (fm/c)

o

t = 2400 (fm/c)

Do

t = 2560 (fm/c)

-,

t=2619.4 (fm/c)

x (fm)

0.16 p (fm?)

x-direction

SNe

t=0 (fm/c)

@

t=160 (fm/c)

o

t =320 (fm/c)

o

t =480 (fm/c)

0 -

t = 640 (fm/c)

(O

t =800 (fm/c)

=0

t =960 (fm/c)

OO

t=1120 (fm/c)

O

t = 1280 (fm/c)

O O

t= 1461 (fm/c)

0 10 20 30 40 50

x (fm)

Figure 6.9:

Time evolution of the density on the collision plane (zy-plane) in head-on collisions of
64Ni4+238U at Ejp ~ 362.1 MeV. Results for the side collision (y-direction) are shown in left panels,
while results for the tip collision (z-direction) are shown in right panels. Labels ‘¢ = = fm/c’ indicate
an elapsed time from the initial stage of the TDHF calculation.

115



Chapter 6 MNT and QF Processes in %Ni+238U Reaction
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Figure 6.10: Same as Fig. but for the case of Fj,, ~ 470.7 MeV.
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Chapter 7

MNT AND QF PROCESSES IN
238U—|—1OO’124’1328I1 REACTIONS

In the second part of the thesis (Part [[I), we have examined to what extent the TDHF theory rea-
sonably describes MNT and QF processes in reactions involving heavy nuclei. In Chapter [6] we have
investigated 54Ni4-238U reaction as the first consideration. From the results, we have found that the
MNT processes are again quantitatively described by the TDHF theory combined with the PNP. It is
worth emphasizing that the TDHF theory reasonably well describes not only proton-stripping chan-
nels, which are expected from N/Z ratios of the initial system, but also proton-pickup channels, which
correspond to the opposite direction. From a comparison of TKE-A distributions obtained from the
TDHF calculations and those of available experimental data, we have found a reasonable agreement
between them. Because the TDHF theory nicely reproduces a measured mass drift mode toward the
mass symmetry which has considered as QF processes, we have got a confidence that the TDHF the-
ory is capable of describing both MNT and QF processes based on a unified microscopic description
without any adjustable parameter specific to the reaction dynamics.

In this Chapter, we investigate 238U+100:124.132G) reactions as a next example@. About 30 years ago,
pioneering measurements of MNT cross sections in 238 U-induced dissipative collisions were achieved by
Mayer et al. at GSI, Darmstadt, Germany [32]. In the measurements for 23¥U+'24Sn reaction, MNT
processes accompanying more than ten protons from 233U to 124Sn were observed. Possible structural
effects were advocated to explain the fact that lighter fragments with neutron number approximately
equal to N = 82 were produced abundantly. Although there have been extensive efforts to clarify the
reaction mechanism both experimentally and theoretically, the origin of the transfer of many protons
had not been clear. One of the main aims of this work is to clarify whether or not the TDHF theory
can reproduce the measured many-proton transfer from 2**U to '?4Sn, which might be contributed
from the QF induced MNT processes.

To get deeper understanding of the QF process, we also investigate energy dependence of head-
on collisions in 238U 41001241329y gystems. Since the N/Z ratios of °°Sn (1.00) , '?*Sn (1.48), and
1328n (1.64) are much smaller than, similar to, and larger than that of 23%U (1.59), respectively, we
expect some different features in the QF dynamics. This analysis aims to obtain more information on
microscopic reaction mechanisms of the QF dynamics.

This Chapter is organized as follows. In Sec.[Z.1l we describe some computational details utilized for
the TDHF calculations presented in this Chapter. In Sec. [[.2] we investigate MNT and QF processes
in the 2%¥U+124Sn reaction for which experimental data are available. In Sec. [7.3} results of TDHF
calculations for head-on collisions of 238U+-100:124.1328p are shown. Incident energy dependence as well

SPart of this Chapter is based on results reported in our publication of Ref. 231].
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as the system (N/Z ratio) dependence of the QF dynamics are discussed. In Sec.[(4] a summary and
concluding remarks on this Chapter are presented.

7.1 Computational Details

To describe 238U+100:124,132Qy, reactions, we use the computational code of TDHF calculations for
nuclear reactions as in Chapters BHol The projectile and target nuclei are calculated using a box with
30 x 30 x 30 grid points. For reaction calculations, we use a box with 70 x 70 x 30 grid points for non-
central collisions and 90 x 40 x 30 grid points for central collisions. We choose the incident direction
parallel to the x-axis, and the direction of the impact parameter vector parallel to positive-y direction.
The reaction plane is thus zy-plane. As the initial condition, we place wave functions of two nuclei
separated by 24 fm in the incident direction. Because the total number of protons included in the
projectile and target nuclei is very large, Z = 92 + 50 = 142, no fusion reactions have been observed
at any impact parameters. At the final stage of calculations, there always appear two fragments, a
PLF and a TLF. We continued time evolution calculations until the relative distance between the two
fragments becomes larger than 28 fm. For all calculations reported in this Chapter, we use Skyrme
SLy5 parameter set [I41], as in Ref. [I73].

The ground state of 238U is prolately deformed with § ~ 0.27 and the ground state of '?4Sn
is oblately deformed with B ~ 0.11. The ground state of doubly magic '9%132Sn is of spherical
shape. For the 22®U+124Sn reaction, we performed TDHF calculations for three initial configurations
characterized by different orientations of 238U, as in Chapter Bt The symmetry axis of 23U set parallel
to the z-axis (parallel to the collision axis), y-axis (parallel to the impact parameter vector), and z-axis
(perpendicular to the collision plane). The symmetry axis of a slightly deformed ?4Sn is always set
parallel to the z-axis. For a quantitative comparison with the measured cross sections, we should take
an average with respect to all possible orientations. However, since the orientation average requires
excessive computational costs, we have not performed yet. Below, we show cross sections for each of
the three initial conditions without the average, as in Chapter [6l

7.2 MNT and QF Processes

In Fig. [T, we show production cross sections of 1?4Sn-like fragments in the A-Z plane. In Fig.[7.1] (a),
(b), and (c), we show cross sections calculated using the PNP technique for different initial configu-
rations. From the results shown in the panels (a), (b), and (c), we find that the distributions of the
calculated cross sections depend much on the initial orientations of the deformed 238U.

When the symmetry axis of 238U is set parallel to the collision axis (z-direction in panel (a)), we
find abundant cross sections widely spreading in the A-Z plane. For a fragment l}lgRun produced by
a transfer of two neutrons and six protons from 23Sn.,, we find a cross section of 10~% mb. For a
fragment 1(532(}d86 produced by a transfer of twelve neutrons and fourteen protons to 1%38n74, the cross
section is again the same order of magnitude, 1072 mb.

When the symmetry axis of 238U is set perpendicular to the collision axis (symmetry axis in y- and
z-directions, shown in panels (b) and (c), respectively), the calculated cross sections do not so much
extend in the A-Z plane compared with the case of z-direction shown in panel (a). Cross sections
producing lighter nuclei in the transfer from 24Sn to 238U are almost the same as those in the z-
direction case. However, cross sections to produce heavier nuclei in the transfer from 23%U to 1?4Sn
is substantially suppressed compared with the z-direction case. For example, we find a cross section
of 1073 mb for the production of 1§§Ba7g which corresponds to a transfer of four neutrons and six
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Figure 7.1: Production cross sections of ?4Sn-like fragments in the 233U+124Sn reaction at Ey, =
5.7 MeV /nucleon are shown in the A-Z plane. (a-c): Results of the TDHF calculations for three
different relative orientations. (d): Experimentally measured cross sections, which was taken from
Ref. [232]. The figure was taken from Ref. 231].

protons to 1%%81(174. The number of transferred nucleons with the similar magnitude of cross section is
much smaller than the cross section shown in panel (a).

To obtain an intuitive picture for the reaction dynamics, we show, in Fig.[7.2] time evolutions of the
calculated density distribution in the collision plane (zy-plane). We show results of head-on collisions
(b = 0 fm) with two different initial orientations. In the z-direction case, the symmetry axis of 233U
is set parallel to the collision axis. In the y-direction case, symmetry axis of 22U is set perpendicular
to the collision axis. The top panels show initial configurations. We show several snapshots below.

In both z- and y-direction cases, two nuclei touch at around 320 fm/c. In the x-direction case (right
panels), a thick neck is developed between the two colliding nuclei forming an elongated dinuclear
system (480-800 fm/c). When the dinuclear system dissociates (~ 928 fm/c), the neck is cut at
a position closer to the larger fragment. Consequently, a lot of nucleons in the neck region are
absorbed by the smaller fragment. Since the neck region is composed of both neutrons and protons,
the absorption of nucleons in the neck region results in the transfer of both neutrons and protons in
the same direction. We find that about 11 neutrons and 7 protons are transferred on average in this
reaction, producing fragments resembling 1§%Lag5 and 2§2At134. In the y-direction case (left panels), on
the other hand, the neck is not so much developed compared with the z-direction case (320-640 fm/c).
As a result, only one-neutron and one-proton are transferred on average from 238U to 124Sn.

In Fig. [T1 (d), we show measured production cross sections for !?*Sn-like fragments in the
238U +1248n reactions reported in Ref. [232]. As seen in Fig. [T (d), measured cross sections ex-
tend to the mass number A ~ 148 and the proton number Z ~ 64. It corresponds to a transfer of 8
neutrons and 14 protons from 238U to 124Sn. As seen in Fig. [Tl (a), (b), and (c), the large number of
transferred nucleons from 238U to '24Sn in the measurement can only be explained by the z-direction
configuration, the tip collision of a deformed ?**U, among the examined three configurations. Our
TDHF calculations strongly suggest that the large number of transferred nucleons, more than ten
protons, from 233U to '?4Sn in the measured MNT processes can only be explained in the tip-collision-
induced transfer, associated with the formation and absorption of the elongated thick neck during the
collision.
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223].

7.3 Energy and System Dependence of QF Dynamics

To get further information on reaction mechanisms of the QF process, we examine system as well as
energy dependence of the QF dynamics. As in Chapter[6l for simplicity, we consider head-on collisions
(b = 0 fm) at two different initial configurations, the z- and y-direction cases, corresponding to the
tip and side collisions, respectively. We investigate three systems, 238U+100:124132Gy ' to examine,
especially, the N/Z ratio dependence of the QF dynamics. We note that the N/Z ratios of 1°°Sn,
1248n, and '32Sn are 1.00, 1.48, and 1.64, respectively, while that of 22U is 1.59. Therefore, we expect
emergence of different features in the reaction dynamics.

7.3.1 Global trends

We performed many TDHF calculations of head-on collisions of 233U+-100:124.1329 by changing the
incident energy. From the results, we can construct the average TKE-A plot from the TDHF cal-
culations. In Fig. [[.3, we show obtained average TKE-A plot for each system. Red open circles
show results for the tip collisions (z-direction), while green crosses show results for the side collisions
(y-direction). The Viola systematics [223] evaluated by Eq. (6.3.1]) is also shown by a gray solid curve.

From the figure, we can see a global trend of the reaction dynamics. In side collisions (green
crosses), the average mass numbers of lighter and heavier fragments do not change largely and only
a decrease of TKE is seen. On the other hand, in tip collisions (red open circles), we find that
the average mass numbers of fragment nuclei show a substantial TKE dependence. As seen from
the figure, the fragment mass tends to be more mass asymmetric compared with the initial mass
asymmetry. This asymmetrizing trend indicates that there appear inverse QF processes in tip collisions
of 238U4100,124,1329y  We note that the average TKE-A distribution follows reasonably the Viola
systematics. To get more deeper insight into the reaction dynamics, let us see in some detail the
energy dependence of the reaction dynamics in respective systems.
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Chapter 7 MNT and QF Processes in 238U~+100:124,1329 Reactions

7.3.2 Z8U+12Snp reaction

In Fig. [7.4, we show the average numbers of nucleons in the fragment nuclei in head-on collisions of
Z8U+1248n as functions of the incident energy. Upper panels show the average numbers of neutrons
(a) and protons (b) in the heavier (**®U-like) fragment. Lower panels show the average numbers of
neutrons (c) and protons (d) in the lighter (*?4Sn-like) fragment. Red open circles show results for the
tip collisions, while green crosses show results for the side collisions. The initial neutron and proton
numbers of the projectile and target nuclei are shown by horizontal dotted lines.

Let us first focus on the side collisions represented by green crosses. From the figure (Fig. [(4]), we
find that the average number of nucleons in side collisions (green crosses) is not so much dependent
on the incident energy. The larger decrease in the neutron number of the heavier fragment shown
in (a) compared with the increase in the lighter fragment shown in (c) indicates substantial neutron
emissions to the continuum from 238U. This behavior is very much different from the $4Ni4+23¥U
reaction examined in Chapter Bl For the %¥Ni+238U reaction, we observed a substantial mass drift
mode toward the direction increasing the mass symmetry (Fig. [6.8). This difference may come from
the different total number of protons included in the system. Because, in the %Ni423%U reaction,
total number of protons of the system is Z = 120, the composite system still has a chance to form
a mononuclear shape resulting in a capture process. Such a compact mononuclear shape eventually
dissociates producing mass symmetric fragments. In contrast, the 238U+'24Sn system contains 142
protons in total and the composite system may no longer have any chance to form a mononuclear
system which corresponds to a capture process.

On the other hand, in the tip collision case, the situation is quite different. When the incident
energy is sufficiently small, the average number of nucleons coincides with the initial values, N = 146
and Z = 92 in the heavier fragment and N = 74 and Z = 50 in the lighter fragment. As the incident
energy increases, the average number of nucleons changes suddenly at around Ej,, = 5.5 MeV /nucleon.
At an energy region, 5.5 MeV /nucleon < Ej,;, S 7 MeV /nucleon, the average number of nucleons in the
fragment nuclei shows a prominent plateau as a function of the incident energy. We observed a similar
sudden jump and a plateau structure in 94Ni+23%U reaction as shown in Figs. and[6.8. Furthermore,
in the 238U+1248n reaction, the QF dynamics changes dramatically when the incident energy becomes
higher than F,;, ~ 7 MeV /nucleon. As the incident energy increases from Ey,p, ~ 7 MeV /nucleon, the
direction of transfer is inverted. At Fj,, ~ 9 MeV /nucleon, the average number of nucleons reaches
a maxima/minima in the heavier/lighter fragment. In this case, the QF process proceeds toward the
direction increasing the mass asymmetry, corresponding to the inverse QF process.

In Fig. [[7, we show time evolution of the density on the collision plane in ***U+!24Sn reaction
at Flap ~ 9 MeV /nucleon, where we observed the inverse QF process for the tip collision. In the side
collision (left panels), the neck structure is not so much developed as in lower incident energy case
shown in Fig. In this case, the average number of transferred nucleons is very small on average.

On the other hand, in the tip collision (right panels), we find completely different behavior in the
transfer dynamics. After two nuclei collide, the surface of the density of the composite system vibrate
strongly showing two nodes at different positions (¢ = 320 fm/c). Then, one of the nodes located
at lighter nucleus side (the left side in the figure) develops suddenly to form a neck structure and it
eventually dissociates at a position close to the lighter nucleus (¢ = 320-960 fm/c). In this case, about
16 neutrons and 12 protons are transferred from ?*Sn to 238U producing 2$$Rf 4, on average. This
is a typical dynamics of the inverse QF dynamics in 233U+190:124,132Qy reactions. We anticipate that
there may be a substantial stabilizing effect for a large octopole deformation in Z ~ 100 region, which
may partly responsible for the appearance of the inverse QF process.

To examine system dependence of the QF dynamics, let us next show results for other two systems,
238174.100,132Gy,
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Chapter 7 MNT and QF Processes in 238U~+100:124,1329 Reactions

7.3.3 23U+1'32Sn reaction

In Fig. [Z.5], we show the same quantities as in Fig. [[.4, but for 223U+!32Sn reaction: Upper panels
for the heavier (23®U-like) fragment, while lower panels for the lighter (1*2Sn-like) fragment. Red
open circles and green crosses show results for the tip and side collisions, respectively. Left panels
show the average number of neutrons and right panels show the average number of protons in each
fragment. The initial neutron and proton numbers in the projectile and target nuclei are represented
by horizontal dotted lines.

From the figure (Fig. [Z.5)), in the side collision case, we again find that the average number of
nucleons is not so much dependent on the incident energy, as in the 233U+124Sn system shown in
Fig. [[4l In the tip collision case, we find a similar behavior, a sudden jump and a plateau structure
followed by inverse QF processes as in the 238U+124Sn system, except for two cases at Ep, ~ 8.5
and 10 MeV/nucleon. It is worth mentioning that, nevertheless the N/Z ratio of 132Sn exceeds
that of 238U, the direction of nucleon transfer at the plateau region is the same as in the case of
238412480, It indicates that, in the QF process where two nuclei stick together for a relatively long
timescale compared with that of nucleons’ internuclear motions, the QF dynamics with a thick neck
formation would responsible for the direction of nucleon transfer rather than the initial N/Z ratios of
the projectile and target nuclei (Of course, the charge equilibration process takes place, but the neck
breaking dynamics determines the direction of transfer of both neutrons and protons).

It is remarkable that a neutron-rich fermium isotope, 23aFm,g,, is generated through the inverse
QF process at Fj,, ~ 8 MeV /nucleon, as a primary fragment in the TDHF calculation. Although such
fragments produced by inverse QF processes must accompany huge excitation energy and suffer from
disintegration processes, this result is encouraging for the further investigations to produce neutron-
rich transuranium nuclei whose production is difficult by other reactions.

In Fig. [(.8, we show time evolution of the density on the collision plane in the tip collisions of
238U+1328n at three different incident energies, Ei., ~ 7, 8, and 9 MeV /nucleon. As shown in Fig. [7.5]
these incident energies show quite different numbers of nucleons in the fragment nuclei.

Let us first take a look at the Ej,, ~ 7 MeV /nucleon case shown in the left panels of the figure.
This reaction shows an ordinary QF process, a mass transfer toward the mass symmetry. We find
that the shape evolution is very similar to the case of 238U+124Sn at Ej,j, = 5.7 MeV /nucleon shown
in Fig.

In the middle panels, we show the Fj,, ~ 8 MeV /nucleon case which results in the inverse QF
process. This shape evolution is very similar to the case of 223U+124Sn at Ej,;, = 9 MeV /nucleon shown
in the right panels of Fig. [[’7l Again, the tip collision induces a rippling mode of the density and
forms a neck structure at a position close to the smaller nucleus showing quite asymmetric structure
during the collision (¢ = 320-1120 fm/c).

In the case of Epp ~ 9 MeV/nucleon shown in the right panels of the figure, the dynamics is
somewhat different from the previous case. After the collision, a similar surface rippling mode is seen
(t = 320 fm/c). After that, up to around ¢t = 640 fm/c, the system develops in a similar way to the
previous case. However, at ¢ = 800 fm/c, the neck structure changes slightly and starts to dissociate
forming more mass symmetric fragments (¢ = 960-1280 fm/c).

In this way, appearance and disappearance of the inverse QF process show a sensitive incident
energy dependence in the tip collisions of 233U+132Sn. From careful observations, we suspect that there
are interplays between (i) the surface vibration mode induced by the collision which may responsible
for a determination of the position of a neck formed at the initial stage of the dinuclear system
formation, (éi) internuclear motions of nucleons inside the deformed mean-field potential, (iii) some
structural effects of the composite system and those in the fragment nuclei. We note that Zagrebaev
et al. predicted an mechanism of inverse QF process which originates from a substantial stabilization
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effect of doubly magic 2°®Pb in the exit channel 29 B3 [0, 7T, 72 B4]. Whereas the inverse QF
dynamics we observed in the TDHF calculations for 233U4-100:124,132G) ig expected to have a different
origin which, to the author’s knowledge, has not been investigated so far.

7.3.4 238U+'98n reaction

In Fig. [.6, we show results of the TDHF calculation for head-on collisions of 23¥U4-°Sn. Since the
N/Z ratio of 19°Sn, 50/50 = 1.00, is very much different from that of 233U, 146,/92 ~ 1.59, we expect
substantial transfer modes toward the direction of the charge equilibrium of the system.

First, we focus on results of the side collisions, where we have observed a week incident energy
dependence in the previous 233U+-1241328n cases shown in Figs. [7.4]and From the figure (Fig. [7.6]),
we find different behavior of the average numbers of nucleons in the fragment nuclei as functions of
the incident energy. In this case, we find that neutrons and protons tend to transfer toward the
opposite directions, the direction of the charge equilibrium of the system (238U—1%Sn for neutrons,
238U«-100Gn for protons), at least for Ep;, < 10 MeV /nucleons. As the incident energy increases, the
proton transfer toward the direction of the charge equilibrium of the initial system is suppressed. A
similar behavior has been observed in the case of MNT processes examined in Chapter [3, indicating a
significant effect of the neck breaking dynamics after a sufficient charge equilibration, which induces
transfer of both neutrons and protons in the same direction.

In the tip collision case, we find to some extent similar behavior to those in the 233U-+124:1328p
systems, although the average number of protons looks different because of the substantial charge
equilibration process. As the incident energy increases, the average number of neutrons shown in
(a) and (c) changes rapidly as a function of the incident energy, while the change is somewhat small
in the case of protons shown in (b) and (d). In the intermediate energy region, 6.5 MeV /nucleon
< Elap S 9 MeV /nucleon, the average number of nucleons takes a similar value (except for a hump at
around Ej,p, ~ 7 MeV /nucleon). When we increase the incident energy further, inverse QF processes
take place. Because °9Sn is of neutron-deficient compared with ?4132Sn and the neck breaking
transfer dynamics takes place after a sufficient charge equilibration, the average number of neutrons
is almost the same as that of the projectile and target nuclei in this inverse QF process. Therefore,
only the proton number is changed drastically compared with the initial nuclei, °°Sn and 23%U.
It is worth mentioning that we find neutron-deficient transuranium nuclei, e.g. 253Rf),5 at Eap ~
12 MeV /nucleon, as a primary fragment in the TDHF calculation. In this way, we expect that the
inverse QF process will be a unique tool to produce exotic unstable nuclei which have not been
produced by other reactions.

125



Chapter 7 MNT and QF Processes in 238U~+100:124,1329 Reactions

Average number of nucleons in the 238 like fragment

160 (a) Neutron 104 b (b) Proton

}23 3 Q.. 1 100F Q
Z 148 F """""""" od N 96 @
144 OO R T R RBseosp. )/
Mok e RN : -

C 0P K X 84 ) ]
gg - % %o E 80 F E
1 | 1 | 1 | 1 | 1 76 1 | 1 | 1 | 1 | 1

4 6 8 10 12 14 4 6 8 10 12 14
E,,;, MeV/nucleon) E., (MeV/nucleon)

Average number of nucleons in the 13280 like fragment

T T T I 72 ! I T T T
2 F ool 50 ! | | N | | | |
38 00 (c) Neutron - gi 3 (d) Proton -
g0 P00 L g 0 5 09 yedirection x-

= 76 4 N : ' Ry Mg

oE 7 e d N B X
68 | o E 48 | L e

- - — ® -

64 - ] 44 o b

60 | © = o
1 | 1 | 1 | 1 | 1 36 1 | 1 | 1 | 1 | 1

4 6 8 10 12 14 4 6 8 10 12 14
E,,;, MeV/nucleon) E,, (MeV/nucleon)

Figure 7.5: Same as Fig. [7.4] but for the 233U+132Sn system.

126



Section 7.3 Energy and System Dependence of QF Dynamics

Average number of nucleons in the 238 like fragment
T T T T T T T ] N2 717

156

152 [-() Neutron 1 1% E®Poon oo 3
ijﬁ o @& 966 100 F @y.»@ """"""""""""" ©
- T X ’ . - X 28 _
Z 140 F %% @*“"‘@ 1 N gg ;égx'"”‘x”,, ]
132 %0 . ox. ] 2481 o 3
128 £ X, . 80 - E
124, v v v S R R R R B B

4 6 8 10 12 14 16 4 6 8 10 12 14 16

E,,;, MeV/nucleon) E., (MeV/nucleon)

Average number of nucleons in the 1005 -like fragment
68

72 | 1 | 1 | 1 | 1 | 1 | 1 _] B 1 | 1 | 1 | 1 | 1 | 1 i
68 | (¢) Neutron - 64 I (d) Proton
64 L oo, X 60 - N =

N 9 X x . 56 X-direction @

60 e - At O e 1
C i xEenX 52 F y-direction ¥
Z 56 X Qa.,} 4 N 48 I A7 C 7 RS ——

52 . R "'Q N - %Xo X ¢ E
wE & E 44 oy

: o-0me® 40 | o, .
o E 1 36F ‘g0
L0 R T R R R L 1 v

4 6 8 10 12 14 16 4 6 8 10 12 14 16

E,,;, MeV/nucleon) E,, (MeV/nucleon)

Figure 7.6: Same as Figs. [[.4] and but for the 238U+1%Sn system.

127



Chapter 7 MNT and QF Processes in 238U~+100:124,1329 Reactions
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Figure 7.7: Time evolution of the density on the collision plane in head-on collisions of *¥U-+124Sn
at Flap ~ 9 MeV/nucleon (d = 9 fm). Left panels show result for the y-direction configuration
(side collision), while right panels show results for the z-direction configuration (tip collision). Labels
‘t = x fm/c’ indicate an elapsed time from the initial stage of the TDHF calculation.
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7.4 Summary and Concluding Remarks on Chapter 7

In this Chapter, we have investigated the MNT and QF processes in 238U +100:124,132Qy, reactions, as
a next application of the TDHF theory to reactions involving 23%U. For the 238U+124Sn reaction at
Eypp, = 5.7 MeV /nucleon, measurements of MNT processes were achieved [232], showing substantial
MNT cross sections accompanying more than ten-proton transfer from 238U to '24Sn. From the
calculation, we have found that the amount of transferred nucleons depends much on the relative
orientation between the deformation axis of 238U and the relative vector connecting centers of 238U
and '24Sn nuclei. We have found a formation of thick neck when the 238U collides from its tip with
12481, However, the neck formation is substantially suppressed when 238U collides from its side. We
have found that a large number of protons are transferred in the tip collision. This is caused by the
breaking of the neck and subsequent absorption of nucleons in the neck region. We thus conclude that
the measured MNT processes involving about ten protons originate from the neck breaking transfer
dynamics in the tip collisions of a deformed ?3*U nucleus. This correspondence between the results of
the TDHF calculations and experimental data will also be an evidence which shows the applicability
of the TDHF theory in describing MNT and QF processes in reactions involving heavy nuclei.

To get further insight into the transfer dynamics associated with the neck breaking dynamics, we
investigated incident energy dependence of head-on collisions of 223U+124Sn taking two different initial
orientations of 233U corresponding to the tip and side collisions. From the results, we have found that
the neck formation is always suppressed irrespective of the incident energy when 233U collides from
its side. On the other hand, when ?*®U collides from its tip, a drastic change in the transfer dynamics
is observed. When we increase the incident energy, a breaking point of the neck changes suddenly
resulting in a change of direction of nucleon transfer. A number of nucleons inside the neck region are
transferred to heavier nucleus, the 233U-like fragment, forming transuranium nuclei after the collision.
It corresponds to the inverse QF process.

To investigate a projectile-target combination dependence, especially, the initial N/Z ratio depen-
dence of the QF dynamics, we also performed similar calculations for head-on collisions of 238U+-100,132Gy
238U and '2*Sn have a similar value of N/Z ratio, 1.59 and 1.48, respectively. Since '°°Sn has N/Z
ratio of 1.00, we expect a significant effect of the charge equilibration process in the 233U+19°Sn reac-
tion. While, since 132Sn has N/Z ratio of 1.64 which is greater than that of 238U, we expect transfer
of neutrons and protons toward the opposite direction to other two cases. From the results, we find
that a globally similar behavior of the average number of nucleons in the fragment nuclei. In the
28U +41008y system, we have found an emergence of the charge equilibration process as expected from
the quite different N/Z ratios between the projectile and the target.

We note that for all three systems, 238U+100:124132G, e have observed the inverse QF process in
which reaction products become more mass asymmetric compared with initial masses of nuclei before
the collision. In the inverse QF process, we have found productions of neutron-rich transuranium
nuclei in 238U+1241328n and neutron-deficient transuranium nuclei in 233U+1%98n as primary reaction
products in the TDHF calculations. We consider that these results are encouraging to search for a
peculiar QF dynamics in the TDHF theory, which enables us to access exotic unstable nuclei whose
production have not been achieved by other reactions.
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Figure 7.8: Time evolution of the density on the collision plane in head-on collisions of 23¥U+-132Sn.
Results for the z-direction configuration (tip collision) at three different incident energies are shown
for comparison. Panels in the left and right columns show results at Ej,p ~ 7 and 9 MeV /nucleon,
respectively, resulting in ordinary QF process. While panels in the middle column show results at
Ep ~ 8 MeV /nucleon, resulting in an inverse QF process. Labels ‘¢ = x fm/c’ indicate an elapsed
time from the initial stage of the TDHF calculation.
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Chapter 8

SEARCH FOR OPTIMUM
CONDITIONS FOR 136Xe+198p¢
REACTION TO PRODUCE
OBJECTIVE UNSTABLE NUCLEI

In this second part of the thesis (Part [I)), we have investigated MNT and QF processes in reactions
involving heavy nuclei such as 238U employing the TDHF theory. In Chapter 6], we analyzed 54Ni4238U
reaction for which extensive experimental data of both MNT and QF processes are available [45]
[[9 216 PT7]. From the results, we found that the TDHF theory is capable of describing not only
MNT reactions in peripheral collisions but also QF processes in dissipative collisions of heavy nuclei.
The measured MNT cross sections for the %4Ni+238U reaction have been nicely reproduced by the
TDHF theory combined with the PNP technique. By comparing an average TKE-A distribution
obtained from the TDHF calculations with available experimental data, we found that the TDHF
theory reasonably describes a mass drift mode toward the direction increasing the mass symmetry,
which has been considered as QF processes. This fact shows the applicability of the TDHF theory to
such dissipative collisions in reactions involving heavy nuclei.

In Chapter [7, we analyzed 238U+100:124.132Qy, reactions. For the 223U+124Sn reaction, production
cross sections for the lighter (124Sn-like) fragment were measured experimentally [Z32]. The exper-
imental data indicate that about 10 protons were transferred from 22%U to '?4Sn. From the TDHF
calculations, we revealed that the measured many-proton transfer from 2**U to 1?4Sn can be explained
by a tip collision induced neck breaking transfer dynamics. When 238U collides from its tip, a thick and
long neck is formed between two colliding nuclei, while the neck formation is substantially suppressed
when 232U collides from its side. After the thick and long neck formation, the dinuclear system disso-
ciate producing two individual nuclei. Depending on the scission point of the neck, nucleons involved
in the neck structure are absorbed by one of the fragments. This neck breaking transfer dynamics
explains the measured massive proton-flow from 238U to 1?4Sn.

From these analyses, we have gained a confidence that the TDHF theory gives us a reasonable
description of both MNT and QF dynamics in dissipative collisions of heavy nuclei. Because the TDHF
theory provides a unified microscopic description of the reaction dynamics without any adjustable
parameters, the TDHF theory would be a promising tool for predicting optimum conditions to produce
objective nuclei. As a final topic of the thesis, we present tentative results of the TDHF calculations on
the way to achieve our main aim, a theoretical prediction of optimum conditions to produce objective
nuclei. In this Chapter, we investigate 6Xe+'%®Pt reaction which is considered to be useful to

131



Chapter 8 Search for Optimum Conditions for 36Xe+419¥Pt Reaction to Produce Objective . ..

produce neutron-rich unstable nuclei around the neutron magic number N = 126 whose properties
have a crucial impact on the r-process path of the nucleosynthesis.

This Chapter is organized as follows. In Sec. 8], we show some computational details utilized in
the TDHF calculations shown in this Chapter. In Sec.[8.2] we show results of a systematic calculation
of MNT and QF processes in 2Xe+!98Pt reactions for various initial conditions. In Sec. B3, a
summary and concluding remarks on this Chapter are presented.

8.1 Computational Details

We use our own computational code of the TDHF calculations of heavy ion reactions as in the previous
Chapters. We discretize three-dimensional Cartesian coordinates into a uniform mesh to represent
single-particle wave functions without any symmetry restriction. For the static HF calculation of
projectile and target nuclei, we use 30 x 30 x 30 grid points with a mesh spacing of 0.8 fm. The
11-point finite difference-formula is used to calculate first and second derivatives. For the TDHF
calculations, we use a numerical box with 70 x 70 x 30 grid points. The initial separation distance
is set to be 25 fm in the incident direction parallel to the z-axis. For the time evolution operator,
the fourth-order Taylor expansion method is utilized with At = 0.2 fm/c. Because the total number
of protons in the 136Xe+198Pt system is very large, Z = 54 + 78 = 132, we have not observed any
capture process at all initial conditions examined. We calculate the TDHF time evolution until the
relative distance between centers of two fragment nuclei exceeds 27-30 fm, where two fragment nuclei
are well separated spatially.

8.2 MNT and QF Processes

To find optimum conditions to produce objective nuclei, we performed a systematic TDHF calculation
for 136X e+198Pt reactions at various incident energies and impact parameters. We calculated reactions
at By, =6, 7, 8,9, 9.5, and 10 MeV /nucleon and b = 0-10 fm.

In Fig. B we show the time evolution of the density of the two colliding nuclei in 36Xe+ %Pt
reactions at three typical initial conditions. From left to right, we show results at Ej,, = 8, 9,
10 MeV /nucleon and b = 5, 4, 3 fm, respectively. The label ‘z fm/c’ in each panel indicates an elapsed
time started from the initial stage of the TDHF calculation shown in the top panels (0 fm/c).

Let us first focus on the Ej,, = 8 MeV /nucleon and b = 5 fm case shown in left panels of Fig. 811
After tow nuclei collide, a very thick neck structure is formed between tow colliding nuclei (t = 200-
800 fm/c). When the composite system dissociates, the greater part of the neck is absorbed by the
lighter nucleus located on the left-top side of the panel (¢ = 800-1000 fm/c). As a result of the
absorption of nucleons inside the neck region, about 10 neutrons and 6 protons are transferred from
198pt to 136Xe producing $32Ndg, on average. This process would be regarded as an ordinary QF
process, a mass drift mode toward the mass symmetry of the system.

Next, let us take a look at the Fj,, = 9 MeV/nucleon and b = 4 fm case shown in middle panels
of the figure. Compared with the previous case, the incident energy becomes higher and the impact
parameter becomes smaller. Because of this change in the initial condition, two nuclei collide more
deeply inducing a rippling mode on the surface of the density distribution of the composite system
(t = 200-400 fm/c). After that, a neck structure start to develop at a position close to the lighter
nucleus (¢ = 400-800 fm/c). When the neck dissociates, the most part of the neck structure is, in
this case, absorbed by the heavier nucleus located on the right-bottom side in the panels (¢ = 800-
1241 fm/c). As a result of the absorption of nucleons inside the neck region, about 5 neutrons and 4
protons are transferred from ¥6Xe to %Pt producing 29"Pb,,s on average. Thus, unlike the previous
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case, there emerges an inverse QF process, a massive nucleon transfer toward the direction increasing
the mass asymmetry.

The final typical example is the Ep,p, = 10 MeV /nucleon and b = 3 fm case shown in right panels
of the figure. Compared with the previous two cases, again, the incident energy becomes higher
and the impact parameter becomes smaller. Because of this change, two nuclei collide much more
violently and form an almost mononuclear-type configuration as seen in panels ¢ = 200-600 fm/c.
That is, the composite system has no clear necking structure and we hardly regard it as a dinuclear
system composed of two subsystems of projectile-like and target-like nuclei (¢ = 600 fm/c). Then the
composite mononuclear system starts to dissociate making a neck structure at almost the middle point
of the system (¢ = 1000-1600 fm/c). In this case, about 19 neutrons and 10 protons are transferred
from 8Pt to 3Xe producing égE’del on average. In this case, the system approaches toward the
mass symmetry reflecting the formation of the mononuclear configuration of the composite system,
which may correspond to a deep QF process [233] 234] 235 230 237].

As we saw in the typical three examples, the direction of transfer as well as the amount of trans-
ferred nucleons depend much on the initial condition. In Fig. 8.2 we show the average number of
nucleons in the heavier fragment obtained from the systematic TDHF calculation of 36Xe+198Pt re-
actions for various incident energies and impact parameters. Red open circles, orange down-pointing
open triangles, green open triangles, blue open squares, magenta crosses, and purple open diamonds
connected with lines show results at Ej,, = 10, 9.5, 9, 8, 7, and 6 MeV /nucleon, respectively. The
horizontal axis is the impact parameter, b, and results at the same incident energy are connected with
lines and are represented by the same color.

From the figure, we find quite complex behavior of the average number of nucleons in the heavier
fragment. Let us explain the results in order. Because the heavier nucleus, '¥*Pt has N = 120 and
Z = 78, the average numbers of neutrons and protons coincide with those values when the impact
parameter is sufficiently large (b 2 8 fm), corresponding to the quasielastic reactions. As the impact
parameter decreases, two colliding nuclei touch on the course of the reaction. Then, for all incident
energies higher than 6 MeV /nucleon, the average numbers of nucleons in the heavier fragment decrease
compared with the initial values N = 120 and Z = 78. The decrease of the number of nucleons in
the heavier fragment means that those nucleons are transferred from 8Pt to 136Xe, from the heavier
nucleus to the lighter one.

When the incident energy is lower than 9 MeV /nucleon, the average numbers of nucleons in the
heavier fragment tend to approach to the initial values as the impact parameter decreases. On the
other hand, when the incident energy is higher than or equal to 9 MeV /nucleon, the behavior is
markedly different. As the impact parameter decreases, the average numbers of neutrons and protons
in the heavier fragment increase suddenly and exceed the initial values at around b ~ 5 fm. This
increase of the number of nucleons in the heavier fragment corresponds to the transfer of nucleons
from ¥%Xe to 8Pt, from the lighter nucleus to the heavier one, corresponding to the inverse QF
process.

At an impact parameter region around b ~ 4-5 fm, the average numbers of nucleons show a
prominent plateau at around N = 126 and Z = 82. Although we need further detailed analyses
to understand generation mechanisms of the inverse QF process, it would be worth mentioning that
the plateau corresponds to a production of doubly magic 2°®Pb on average. It may indicate that
there exists certain influence of structural properties of the fragment nuclei in the exit channel on the
QF dynamics. We note that, in analyses based on the dynamical Langevin calculation, substantial
structural effects of the composite system are routinely observed [29] [69] [[Q) [71], [72] B4]. Also in some
experiments, e.g. 3436S+4+238U reactions reported in Refs. 28, 229], a peak at around A ~ 208 in
fission fragment mass distributions was observed. It could be interpreted in the Langevin model as
a substantial stabilization effect of 2°Pb producing a valley on a landscape of PES which gathers a
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Figure 8.1: Time evolution of the
density on the collision plane (zy-
plane) in 136Xe+198Pt collisions at dif-
ferent initial conditions. Panels on the
left column show results at Fp;, =
8 MeV/nucleon and b = 5 fm. Panels
on the middle column show results at
Epp = 9 MeV/nucleon at b = 4 fm.
Panels on the right column show re-
sults at Eja, = 10 MeV/nucleon and
b = 3 fm. Labels ‘z fm/c¢’ indicate an
elapsed time from the initial stage of the
TDHF calculation.
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Figure 8.2: Average numbers of neutrons (left) and protons (right) in the heavier (1%*Pt-like) fragment
in 136Xe+198Pt reactions at various initial conditions. The horizontal axis is the impact parameter,
b. Red open circles, orange down-pointing open triangles, green open triangles, blue open squares,
magenta crosses, and purple open diamonds connected with lines show results at Ej,, = 10, 9.5, 9, 8,
7, and 6 MeV /nucleon, respectively.

bunch of dynamical trajectories. We note that, Zagrebaev et al. extensively discussed similar inverse
QF processes caused by structural effects of 2°Pb in 10Gd+186W reaction [77].

In a small impact parameter region (b < 4 fm), the direction of transfer again changes dramatically
for Ej,p > 9 MeV /nucleon cases. The average numbers of neutrons and protons in the heavier fragment
decrease compared with the initial values N = 120 and Z = 78. This corresponds to the transfer of
nucleons from ?8Pt to 136Xe. These mass drift modes emerging in the small impact parameter region
are originated from a mononuclear shape formation followed by a symmetric dissociation, the deep
QF process, similar dynamics shown in right panels of Fig. 8.1l

Regarding the results shown above, we might conclude that the QF processes in 36Xe+!9¥Pt
reaction are very much complicated showing the complex initial condition dependence. We note that,
however, we find another aspect of the QF process, which would provide us a much simplified picture
of the reaction dynamics.

In Fig. R3] we show the same results as shown in Fig. 8.2 the average number of nucleons in the
heavier fragment, but now, we have changed the horizontal axis from the impact parameter b to the
distance of closest approach d = d(E,b) (Eq. (£2.1))) of the Rutherford trajectory. We then find that

130 : T I T I T I T I T I T I T 85 [ T I T T T T I T I T ] 136 198
125 £ (@) 98 Neutron C o ] Xe+ Pt
g il 80 [ 1| Epap MeV/A)
120 C |
Z 115 EF N 75 F 3
110 £ F ]
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105 F % - ]
100 E 1 || | 1 | 1 | 1 | 1 | 1 65 [ | 1 | 1 | 1 | 1 | 1 | L]
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
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Figure 8.3: The same results as Fig. but the horizontal axis is changed to the distance of closest
approach of the Rutherford trajectory, d, specified by Fj,, and b.

135



Chapter 8 Search for Optimum Conditions for 36Xe+419¥Pt Reaction to Produce Objective . ..

500 136+, 198
Xe+ Pt

450 E,,, (MeV/A)
10 ——

400

350

TKE (MeV)

300

250

Figure 8.4: Total kinetic energy (TKE) and average fragment mass (A) in the TKE-A plane ob-
tained from the TDHF calculations for 3Xe+198Pt reaction at various incident energies and impact
parameters. Gray solid line shows the TKE distribution evaluated by Eq. (6.3.1) which is based on
the Viola systematics [223].

the average numbers of nucleons at different incident energies and impact parameters show a similar
behavior as a function of the distance of closest approach, d. As the distance of closest approach
decreases, the direction of nucleon transfer changes at certain d-values, d ~ 12 fm (1%¥Pt—136Xe),
d ~ 10 fm (1¥Pt+136Xe), and d ~ 9 fm (1*®Pt—130Xe). This fact may indicate that the angular
momentum carried into the composite system is not important in determining the QF dynamics.

The QF dynamics may be characterized by the radial motion of the two colliding nuclei. As we
saw in Fig. 81l the shape of the composite system of the projectile and target nuclei depends on the
violentness of the collision, reflecting induced rippling motion on the surface of the density distribution.
Combined with the observation of the inverse QF processes producing 2°®Pb-like nucleus and the
systematic behavior shown in Fig. 8.3 we anticipate that some structural properties of the composite
system at the turning point, e.g. shape of vibrating surface of the composite system, elongation,
thickness, and position of the necking structure, would determine the fate of the composite system
dissociating in the QF dynamics. A possible way to examine such structural effects of the composite
system is to calculate a PES of ?géxzoga e.g. in QQo0-Q30 plane, by the CHF method. Comparisons
between the dynamical trajectories obtained from the TDHF calculations with the PES will provide
us a more deeper understanding of the QF process. To understand microscopic reaction mechanisms
and to predict optimum conditions to produce objective nuclei, we hope to try such analyses in future.

Next, let us take a look at the TKE-A distribution. In Fig. [8.4] we show the average TKE-A
distribution in the '36Xe+198Pt reactions. Red open circles, orange down-pointing open triangles,
green open triangles, blue open squares, magenta crosses, and purple open diamonds connected with
lines show results at Fj,, = 10, 9.5, 9, 8, 7, and 6 MeV /nucleon, respectively. Results at the same
incident energy are connected with lines and are represented by the same color. We also show the
Viola systematics [223] evaluated by Eq. (6.3.1]) by a gray solid curve.

From the figure, we find a reasonable agreement between the TKE-A distributions obtained from
the TDHF' calculations and that of the Viola systematics. We find that the ordinary QF process
observed at a relatively large-d region (d ~ 11 fm, see Fig. 83) occurs before the full momentum
transfer is achieved. On the other hand, the inverse QF processes, the mass drift mode toward
the direction increasing the mass asymmetry, and the deep QF process producing mass symmetric
fragments take place after the full momentum transfer is achieved.
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Figure 8.5: Primary production cross sections for the heavier (1%8Pt-like) fragments in ¥6Xe+!98Pt
reaction at Ejp = 8 (lower panels) and 10 MeV /nucleon (upper panels) obtained from the TDHF
calculation combined with the PNP. Left panels ((a) and (c¢)) show cross sections for proton-pickup
channels, while right panels ((b) and (d)) show cross sections for proton-stripping channels. Horizontal
axis denotes the mass number of the fragment. Cross sections of 0- to +10-proton transfer channels

are shown.

As a final topic of this Chapter, we show production cross sections for primary fragments of
heavier (18Pt-like) fragments in the 39Xe+1%Pt reactions at typical two incident energies, Fj,, = 8
and 10 MeV /nucleon. Figure shows the cross sections calculated by the TDHF theory combined
with the PNP technique. Upper panels show results at Ej,;, = 10 MeV /nucleon, while lower panels
show results at Ej,;, = 8 MeV /nucleon. Left panels ((a) and (c¢)) show cross sections for proton-pickup
channels (transfer from 98Pt to 13Xe), while right panels ((b) and (d)) show cross sections for proton-
stripping channels (transfer from 13Xe to 198Pt). Horizontal axis is the mass number of the primary
reaction products.

In the lower incident energy case (Epp = 8 MeV /nucleon, lower panels), the cross sections dis-
tribute around the initial mass number, A = 198. Because of the ordinary QF process observed at a
large-d region (d ~ 11 fm), the cross sections have larger values for proton-pickup channels shown in
(c). On the other hand, in the higher incident energy case (Fja, = 10 MeV /nucleon, upper panels),
the resulting cross sections for primary fragments show apparently different distributions. Because
of the existence of the inverse QF process at an intermediate-d region (d ~ 10 fm) and the deep QF
process at a small-d region (d < 9 fm), the cross sections extend much wider than those of the lower
incident energy case. We note that, although the higher incident energy case shows much larger and
abundant cross sections for various kinds of nuclei, the reaction products in the inverse and deep QF
processes must have a high excitation energy and will suffer from subsequent disintegration processes.
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Thus, we should consider a trade-off condition, smaller production cross sections with smaller effects
of disintegration processes or larger production cross sections with larger effects of disintegration pro-
cesses. To make a reliable prediction of the cross sections, we should estimate effects of subsequent
decay processes not only particle evaporation but also induced fission. It is one of the subjects which
we hope to investigate in future.

8.3 Summary and Concluding Remarks on Chapter 8

From the results shown in the other Chapters, we have obtained a confidence that the TDHF theory
can reasonably describe not only MNT reactions at peripheral collisions but also QF processes in
dissipative collisions of heavy nuclei at a small impact parameter region. In this Chapter, we presented
tentative results toward the main goal of this study, a theoretical prediction of optimum conditions to
produce objective nuclei. To this end, we performed a systematic TDHF calculation for 36Xe+198pPt,
reactions at various initial conditions. The '36Xe+198Pt reaction has been considered as a candidate
to produce neutron-rich unstable nuclei around the neutron magic number N = 126 whose properties
have a crucial impact on the r-process path of the nucleosynthesis.

From the results, we have found that the direction of nucleon transfer and the scission point of
the neck structure depend much on the initial condition, incident energy and impact parameter. At
a certain initial condition, we observed ordinary QF processes, the mass drift mode to produce mass
symmetric fragments. In addition, we also observed inverse QF processes, where many nucleons are
transferred from the lighter nucleus to the heavier one. The appearance of QF and inverse QF processes
seemed to depend both incident energy and impact parameter, and the QF dynamics showed complex
behavior as functions of the impact parameter.

A remarkable fact is that the average numbers of neutrons and protons in the fragment nuclei
show a similar behavior as a function of the distance of closest approach of the Rutherford trajectory.
This fact suggests us some important messages about mechanisms of the QF process. It indicates
that the angular momentum carried into the composite system plays a minor role in determining a
dynamical path of the QF process. In other words, it indicates that the radial motion of the two
colliding nuclei is an important factor which characterizes a scission point of the neck. The value
of distance of closest approach would be a measure of how deeply two nuclei collide. From careful
observations of the density distribution, the violentness of the collision seems to be related to a surface
vibration mode induced by the collision. We anticipate that the shape of the composite system at
the turning point is one of the key ingredients which determines the path of the QF process. The QF
dynamics seems also to be related to an interplay between such a macroscopic shape of the mean-field
potential and microscopic internal degrees of freedom. Structural properties of the composite system
as well as quantum states of nucleons and their dynamics would responsible for the QF path. We note
that the inverse QF process in the Xe+198Pt reactions observed in the TDHF calculation would be
related to doubly magic nature of 28 Pb in the exit channel, consistent with results of the successful
Langevin calculations [72].

At present, still we have not understood the detailed underlying mechanisms of the QF and inverse
QF processes, we expect that further investigations of QF dynamics in the TDHEF theory will provide
us useful information on the QF processes. Because the TDHF theory provides a parameter-free
microscopic description of the complex reaction dynamics, we consider that the TDHF theory will be
a promising tool to elucidate novel reaction dynamics which enables us to produce exotic unstable
nuclei whose production has not been achieved by known reactions. To predict quantitative cross
sections for reaction products of the QF processes, we should include not only effects of particle
evaporation but also effects of induced fission, which we have not yet included in the present analyses.
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Chapter 9

SUMMARY AND PROSPECT

The main aims of this work are (i) to develop microscopic understandings of multinucleon transfer
(MNT) and quasifission (QF) processes which have recently been considered to be a useful means
to produce unstable nuclei whose production is difficult by other methods and (ii) to theoretically
predict optimum conditions, i.e. projectile-target combinations and incident energies, to produce those
objective unstable nuclei.

To achieve these aims of this work, we have investigated MNT and QF processes in heavy ion
reactions at low energies around the Coulomb barrier employing a microscopic framework of the time-
dependent Hartree-Fock (TDHF') theory. The TDHF theory provides a fully microscopic description
of nuclear dynamics and has been successfully applied to study giant resonances and heavy ion reac-
tions. Although continuous and extensive efforts have been devoted for improving the method and
for extending its applications, MNT and QF processes had not been studied seriously in the TDHF
theory (very recently, some works on QF in TDHF were reported). It was not at all obvious whether
the microscopic TDHF theory describes the MNT and QF processes reasonably. Therefore, we first
tried to investigate the applicability of the TDHF theory in describing the MNT reaction.

To examine the feasibility of the TDHF theory in describing the MNT reaction, we investigated
MNT processes in 4048 Ca+124Sn, 9Ca+208Pb, and ¥ Ni+2%Pb reactions, for which precise measure-
ments of MNT cross sections were achieved. In addition to the fact that the extensive experimental
data are available for these systems, we considered it will be interesting to examine different features
depending on the N/Z asymmetry and the charge product Zp Zp. It is well known that a charge equili-
bration process takes place in heavy ion reactions with a large N/Z asymmetry between projectile and
target nuclei. Since the examined systems have different N/Z ratios (*°Ca+'24Sn, 4°Ca+2%8Pb, and
8Ni+208Ph systems have large N/Z asymmetries, while “*Ca+124Sn does not), we expected different
properties of the reaction dynamics. It is also well known that the charge product, ZpZr, affects
much on the reaction dynamics. When the value of ZpZt exceeds a critical value around 1600-1800,
emergence of fusion reactions are substantially suppressed and the system needs an extra energy to
get fused. Because the examined systems have different Zp Z1 values, 1000 for 4048Ca+124Sn, 1640
for 40Ca+2%%Pb, and 2296 for 5*Ni+2%8Pb, they are expected to show different features of the reaction
dynamics.

From the results, we found different features of reaction dynamics as expected. When the N/Z
asymmetry is small (¥Ca+'24Sn), transfer processes proceed symmetrically showing very small av-
erage numbers of transferred nucleons. On the other hand, when the N/Z asymmetry is large
(4°Ca+124Sn, 9Ca+2%8Phb, and 58 Ni+2%®Pb), neutrons and protons are transferred in opposite di-
rections, toward the direction of the charge equilibrium of the system. We also found that, as the
charge product ZpZ7 increases, two nuclei are reseparated after a thick neck formation, indicating
the suppression of fusion reaction. We found that, when the dinuclear system connected by the thick
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neck dissociates, nucleons inside the neck region are absorbed by the smaller fragment. Because the
neck region is composed of both neutrons and protons, the absorption of the neck region results in
transfer of both neutrons and protons in the same direction. We regarded the appearance of the neck
breaking dynamics as an indication of the QF process. We consider that this process is intimately
related to the suppression of the fusion reaction.

To make a direct comparison between the results of the TDHF calculations and measurements,
we need to calculate cross sections for each transfer channel. To calculate MNT cross sections, we
extracted transfer probabilities from the TDHF wave function after collision using a particle-number
projection (PNP) technique. By extending the PNP technique, we also evaluated average excitation
energy of reaction products in each transfer channel. Combining transfer probabilities with evapora-
tion probabilities which were evaluated by employing a statistical model using the excitation energy
obtained from the TDHF wave function as an input, we calculated MNT cross sections including ef-
fects of particle evaporation. From the comparison, we concluded that the TDHF theory can describe
MNT cross sections quantitatively with an accuracy comparable to the existing successful theories,
GRAZING, complex WKB, and a dynamical model based on Langevin-type equations of motion.

The extended PNP method enables us to calculate expectation values of arbitrary operators for
reaction products described by the particle-number projected TDHF wave function after collision.
Using the method, we can analyze properties of reaction products, which could not be achieved by
analyzing ordinary expectation values without the PNP. To show usefulness of the method, we ana-
lyzed 220+160 reaction as an illustrative example. We calculated expectation values of the angular
momentum operator and average excitation energies using the particle-number projected TDHF wave
function after collision. From the results, we obtained following microscopic understanding of transfer
processes. When nucleons are added to a nucleus, the transferred nucleon carries an angular mo-
mentum associated with the relative motion of colliding nuclei into the nucleus which received the
transferred nucleons. When nucleons are removed from a nucleus, a very small change is found for
angular momentum in the nucleus from which the nucleons are removed. This fact may be explained
by a picture that the highest occupied nucleons, which are in 2s;/9 or 1p;/, orbitals in the present
case, are dominantly transferred in the nucleon removal processes. Because those highest occupied
orbitals have a small orbital angular momentum, a gentle removal of those nucleons may not cause a
large change of angular momentum in the nucleon removed nucleus.

From the average excitation energy, we obtained a picture for transfer processes consistent with
that mentioned above, namely, the gentle removal of valence nucleons induces a very small excitation in
the nucleon-removed nucleus. On the other hand, the nucleon-received nucleus gets a finite excitation
energy, because the added nucleons stay at higher-energy single-particle orbitals compared with those
of the ground state. We note that it is very difficult to obtain these microscopic transfer mechanisms
in ordinary analyses using expectation values without the PNP.

Regarding the results described above, we are confident that it is feasible to study MNT processes
in low-energy heavy ion reactions employing the TDHF theory. As a next step, we investigated the
applicability of the TDHF theory to QF processes in reactions involving more heavier nuclei such as
2387, We studied %4Ni+238U and 238U+100:124.132G reactions for which extensive measurements were
performed (except for reactions involving 19%-1328n).

For the 4Ni4+233U reaction, precise experimental data of MNT cross sections are available. We
calculated MN'T cross sections using the TDHF theory combined with the PNP technique. Because
2387 nucleus is largely deformed in prolate shape, we performed TDHF calculations for three different
initial orientations of 238U. From the results, we again found that the TDHF theory reproduces
measured MNT cross sections quantitatively with a similar accuracy to the lighter systems examined
previously. In this case, the TDHF theory reasonably describes measured MNT cross sections not only
proton stripping-channels, which are expected as a charge equilibration process, but also proton-pickup
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channels, which are underestimated by the semiclassical GRAZING calculation. The underestimation
of proton-pickup cross sections by the GRAZING calculation may be due to a neglected contribution
from reactions at small impact parameters. Because the present system has a large charge product,
ZpZt = 2576, there could be certain contributions to MNT processes from reactions at small impact
parameters. We consider that this result will be an evidence of a reasonable description of a transitional
regime from quasielastic to more complex reaction channels in the TDHF theory.

For the 54Ni+238U reaction, measurements of fission fragment mass distributions including contri-
butions from QF processes were achieved. In those experiments, a mass drift mode toward the mass
symmetry was observed. We found that the TDHF theory describes the mass drift mode in reactions
at small impact parameters. By comparing the total kinetic energy (TKE) vs. the fragment mass
(A) plots of measurements with those obtained from the TDHF calculations, we found a reasonable
agreement between them. We also found that the TKE-A distribution obtained from the TDHF calcu-
lation follows nicely the well-known Viola systematics. This fact also supports that the TDHF theory
can provide us a unified microscopic description of the dissipative QF process without any empirical
parameters specific to the reaction dynamics. We note that results of the TDHF calculation showed
a prominent plateau behavior in average number of nucleons of fragment nuclei as a function of the
impact parameter, which might be related to a substantial stability of doubly magic 2°®Pb in the exit
channel.

To get further understandings of the QF process, we investigated incident energy dependence of
the QF process in head-on collisions of 4Ni+238U. Calculations were performed for two orientations of
2381, the tip collisions where the symmetry axis of prolately deformed 238U is set parallel to the collision
axis, and the side collisions where the symmetry axis of 233U is set perpendicular to the collision axis.
From the results, we found different nature of the QF dynamics depending on the orientations of
2387, In the side collisions, the composite system of the projectile and target nuclei tends to form
mass symmetric fragments. We found that, in side collisions, the composite system forms a compact
configuration when two nuclei collide making a very thick neck structure. The formation of the very
thick neck causes mass transfer from 238U to %Ni through the neck breaking transfer dynamics. As the
incident energy increases, we found occurrence of capture processes producing a superheavy nucleus
with atomic number Z = 120, $4Nizs+238U, 6 —392Ubn, gy, consistent with the symmetrizing trend.
On the other hand, in tip collisions, we observed different QF dynamics. The composite system cannot
form a compact configuration. The composite system always has an elongated shape irrespective of
the incident energy. As a result, we never observed any capture processes in the tip collisions. In this
way, the QF dynamics in the TDHF theory shows a strong orientation dependence of the reaction
dynamics.

For 238U+124Sn reaction, production cross sections were measured experimentally about 30 years
ago. The experimental data show a mass drift mode toward the mass symmetry including about ten-
proton transfer from 238U to 124Sn. However, the reaction mechanism of such proton transfer processes
had not been clear. We thus performed the TDHF calculations for 238U+'24Sn reaction at three
different initial orientations of ?33U. From the results, we again found a strong orientation dependence
of the reaction dynamics in 2**U+124Sn. In the tip collisions, a thick and long neck structure is
formed between the two colliding nuclei, while the neck formation is substantially suppressed in the
side collisions. In the tip collisions, the thick and long neck formation and its breaking induce transfer
of both neutrons and protons inside the neck structure from 238U to '?4Sn. We concluded that
the experimentally measured massive nucleon transfer from 23*U to !?4Sn is originated from the tip
collision. That is, the neck breaking transfer dynamics, a thick and long neck formation followed by
subsequent absorption of the nucleons inside the neck region, is responsible for the observed massive
nucleon transfer.

We also investigated incident energy dependence of the QF dynamics in head-on collisions. To
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investigate system dependence of the QF dynamics, especially initial N/Z ratio dependence, we per-
formed the TDHF calculations for 238U4-100:124:132G) reactions for two initial orientations of 23U, the
tip collisions and the side collisions. From the results, we observed several new features of the QF
dynamics. In the side collisions of 2*8U+1241328n we found that the number of transferred nucleons
is always small irrespective of the incident energy. Even when two nuclei collides violently, the neck
is not so much developed. After the collision, nuclei similar to projectile and target, U- and Sn-like
fragments, were produced. This trend is different from the 54Ni+238U system for which we observed
a symmetrizing trend in side collisions. The difference may be due to the quite large total number of
protons in the 238U++124132Gn systems, Z = 142. In this case, the composite system may no longer
have a chance to form a compact mononuclear configuration leading to a capture process because of
the strong Coulomb repulsion.

In the tip collisions of 238U+124132Gn we observed different QF dynamics from that observed in
the side collisions. As the incident energy increases, we found an emergence of an inverse QF process,
a mass drift mode toward the direction increasing the mass asymmetry compared with that before the
collision. Transfer of many (up to about 26) nucleons from 241328n to 233U was observed, producing
neutron-rich transuranium nuclei as primary reaction products, e.g. 254Fm; g, in the 23¥U+1328n colli-
sion. Of course, the reaction products produced through the inverse QF process must be highly excited
and suffer from substantial disintegration processes of fission and particle evaporation. However, we
consider that this result is encouraging for extending the TDHF calculations further to find a novel
reaction dynamics to produce exotic unstable nuclei.

In the case of 238U+19Sn, we observed substantial effects of charge equilibration processes at
incident energies around and above the Coulomb barrier, because of the large N/Z asymmetry. In both
tip and side collisions, neutrons and protons are transferred toward the direction of charge equilibrium
of the system. As the incident energy increases, we again observed the inverse QF process. It is worth
mentioning that, in this case, neutron-deficient transuranium nuclei, e.g. %ginMg, are produced as
primary reaction products. In this way, the inverse QF process may provide us a unique opportunity
to produce new transuranium nuclei which have not yet been produced by other reactions.

Finally, as one of main goals of this work, we have conducted a search for optimum conditions
to produce objective unstable nuclei in 36Xe+198Pt reaction which has been considered to be a
useful means to produce neutron-rich nuclei around the N = 126 region. We performed a systematic
TDHF calculation for ¥Xe+!8Pt reactions at various incident energies and impact parameters.
From the results, we found that the QF dynamics in the 36Xe+198Pt reaction depends much on the
initial conditions. At certain initial conditions, we observed the inverse QF process producing 2°*Pb-
like heavier fragment on average. We also found that the results at different incident energies and
impact parameters can be summarized into one figure if we plot them as a function of the distance
of closest approach of the Rutherford trajectory. It indicates that the angular momentum carried
into the composite system plays a minor role in determining a dynamical path of the QF process.
We anticipate that the QF dynamics is characterized by some structural properties of the composite
system of the projectile and target nuclei at the turning point, e.g. shape with vibrating surface,
elongation, thickness of the neck, mass asymmetry, and so on. From these results, we consider that
we should take into consideration not only initial N/Z ratios of the projectile and target nuclei but
also structural properties of the composite system during the collision, to find optimum conditions for
producing objective nuclei through QF processes.

There remain several subjects which we hope to address in future as natural extensions of the
present work.

(i) Estimation of transfer induced fission. In this work, we only considered particle evaporation
processes as deexcitation processes. However, reaction products, especially heavier ones, may also
decay through fission. Because now we can calculate the expectation value of the angular momentum of
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reaction products in each transfer channel using the extended PNP method, we can, in principle, adopt
some statistical model to estimate effects of transfer induced fission as well as particle evaporation. In
recent experiments, detections of both projectile-like and target-like fragments are becoming feasible,
which enable us to estimate survival probability against fission 7). Inclusion of transfer induced
fission processes will provide us a more realistic prediction of cross sections. From detailed comparison
between the prediction and measurements, we will be able to get further information on the reaction
mechanisms.

(ii) Investigation of effects of structure of a composite system of projectile and target nuclei and
reaction products. In the results for 238U4100:124,132Qy) reactions, we observed the inverse QF process in
which exotic transuranium nuclei were produced as a primary reaction product. From time evolution
of the density of colliding nuclei, we found possible effects of surface vibration modes induced by the
collision and a large octupole deformation of produced transuranium nuclei. We also observed inverse
QF processes in 136Xe+4-1%8Pt reaction which may be related to a stabilization effect of doubly magic
208Ph in the exit channel. These results indicate an importance of structural effects of the composite
system and the fragment nuclei in the exit channel in determining dynamical paths of the QF processes.
We consider that, to examine those structural effects on the QF dynamics, calculations of PES of the
composite system by the CHF method will be useful. By comparing dynamical trajectories obtained
from the TDHF calculations with the landscape of the PES, we may get further insight into microscopic
mechanisms of the QF process.

(iti) Extension of the projection analysis to include the parity and angular momentum projections.
We extended the PNP method to calculate expectation values of operators in the particle-number
projected TDHF wave function after collision. The method enables us to examine properties of
reaction products in each transfer channel. In principle, it would be possible to include not only
the PNP but also the parity and angular momentum projections in our formalism. Recently, ~-ray
spectroscopic study of reaction products of MNT processes were achieved 8 B]]. In the measurements
reported in Ref. [BI], reaction products with small total kinetic energy loss show ~-ray spectra from
low-lying J™ = 27 and 47 states, while those with large total kinetic energy loss show much abundant
spectra corresponding to transitions between high-spin states up to 16 state. We anticipate that if we
include the parity and angular momentum projections in addition to the PNP in our formalism, we can
investigate which states are populated through MNT processes directly from the TDHF wave function
after collision. Such analyses will also provide us further information on the reaction mechanisms.

(iv) Eztension of the theoretical framework. In the present work, we investigated the applicability
of the TDHF theory to MNT and QF processes in low-energy heavy ion reactions. Of course, the
TDHF theory is an approximate framework and the description is not fully realistic. We consider
that we can develop more realistic theoretical frameworks. One of the most important missing physics
in the TDHF theory is the pairing correlation. Although it is yet unclear to what extent the paired
nucleons survive during the heavy ion reactions, their existence and importance have been well estab-
lished in various properties of nuclei in their ground state and low-energy excited states. To include
the pairing correlation in nuclear dynamics theoretically, the time-dependent Hartree-Fock-Bogoliubov
(TDHFB) theory would be the best candidate, although it requires a vast computational cost. Re-
cently, TDHF+BCS theory which is a simplified version of the TDHFB theory has been developed
(BCS: Bardeen-Cooper-Schrieffer). Analyses of MNT and QF processes in low-energy heavy ion reac-
tions including the pairing correlation employing these models would be an important subject. Other
possible extensions of the theoretical framework are use of theories beyond the mean-field, e.g. Barian-
Vénéroni variational principle which is equivalent to the time-dependent random phase approximation
(TDRPA). The TDRPA method will improve the description of fluctuation of the number of trans-
ferred nucleons. The time-dependent generator coordinate method (TDGCM) is another candidate.
The TDGCM would improve description of MNT processes by introducing different mean-field poten-
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tials associated with time-dependent generator coordinates depending on the number of transferred
nucleons. Other sophisticated formalisms such as time-dependent density matrix (TDDM) or the
stochastic mean-field (SMF) theories which may contain rich many-body correlations in describing
nuclear dynamics will also be a promising tool to get further insight into reaction mechanisms.

In conclusion, the TDHF theory turns out to be a valuable tool to study both MNT reactions
and QF processes in low-energy heavy ion reactions at energies around the Coulomb barrier. As is
well known, the TDHF theory provides a reasonable description of expectation values of a one-body
operator such as the average number of transferred nucleons. With the aid of the PNP technique,
we can get transfer probabilities around the average value. We can obtain transfer cross sections by
integrating the transfer probabilities over the impact parameter. Thus, the calculated cross sections
are expected to be reliable for main transfer channels with large probabilities around the average value.
In reactions of very heavy nuclei, fusion processes become no longer possible because of the strong
Coulomb repulsion. Then, the QF process becomes the most dominant process. Such a dominant
process can be reasonably described by the average trajectory in the TDHF theory. In this way, the
TDHF theory can provide us reasonable descriptions of MNT and QF processes, as demonstrated in
the present thesis.

To appropriately describe the MNT and QF processes, various complex physics should be taken into
account, e.g. time-dependent deformation of fragment nuclei as well as deformation of the composite
system, dynamics of the neck formation and its breaking, nucleon transfer, energy dissipations, nuclear
shell effects, and so on. Because the TDHF theory provides a parameter-free unified microscopic
descriptions of nuclear many-body dynamics, it will be a promising tool to study complex low-energy
nuclear dynamics. To get a microscopic understanding of reaction mechanisms and to find novel
reaction dynamics for producing exotic unstable nuclei, we shall extend this study as far as possible.
We hope readers will find something interesting from the thesis and this work will contribute to extend
our understandings of the nature as well as the atomic nuclei.
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Appendix A

Useful Formulae for the Slater
Determinant

In the HF theory, a many-body wave function of the system with IV particles are described by a single
Slater determinant,

. ¢1(r1) -+ ¢i(rn)
O(ry,---,7 = — : :
(71 N) Nicii : :
on(r1) - on(rw)
1
= =D sgn(§) ¢ (r1) -~ dey(Tn)
S @) e, () -
v N! :
= det{au(ry))
= i et{¢i(r;)},
where the spatial functions ¢;(r) (i = 1,---, N) denote the single-particle wave functions which are

orthonormal to each other. The spin and isospin degrees of freedom are neglected for simplicity. The
notation det{¢;(r;)} appearing in the right hand side of above equation represents a determinant of
an N-dimensional matrix which has a matrix element ¢;(r;) on ¢th row and jth column. In this
Chapter, we present several treatments for the Slater determinant.

A.1 Overlap between two Slater determinants

We consider an overlap between two different Slater determinants, ®(r1, - -+ ,ry) = -~ det{¢;(r;)}

VNI
and U(ry, - - ,ry) = \/ivil det{t;(r;)}, which is given by

@10) = [draeee [y Ssen(© o, () o, (o) det{i(rp)}, (AL)
3

where £ represent a sequence of {&1,--- ,&{n}. The summation over £ refers all possible permutations
of the sequence {{1, - ,&n}, i.e., N! patterns. The sgn(§) multiplies (—1) when two single-particle
wave functions are exchanged. Using the fact that the absolute value of a determinant is unchanged
under the exchange of two rows or two columns, we can show that all N! patterns of the permutations
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have the same value of the integral of Eq. (A.L.1). We find
@) = [ary [ary o) i) detfvir)}
= Yosen(©) [ drioitrvg () [ drwo(r)ve ()
3
(Prlv1) - (en|Yw)

<¢N"¢l> <¢N“¢N>
= det{(¢i|¢)j)}. (A.12)

In the case of ®(r1,--- ,ry) = ¥U(ry, -+ ,rN), Eq. leads (®|®) = 1 because of the orthonor-
mality of the single-particle wave functions. It represents the normalization of the many-body wave
function in the whole space.

A.2 Expectation value of a one-body operator

Let us denote an arbitrary one-body operator as T = Zf\i 1 t(r;). Here we consider the expectation
value of the one-body operator for the Slater determinant,

(BT |®) = ]\1”/dr1~~/drNngn(§) OF, (1) -+ ¢, () T det{i(r;) }. (A.2.1)
3

Since the one-body operator T has nothing to do with the exchange of coordinate indexes, we can
show that the equivalence of the all possible terms in the summation over £ because of the same reason
that Eq. could be Eq. (A.1.2)). We find

(@|T|B) = / dry - / dry 61(r1) - 6 () T det{ ()}

N

= YD sen(©) (b1lder) - (Dimt|de, ) (Dil E|de) (D |deia) -~ (dnley)
i=1 ¢
N

- Z Z sgn (&) tig; O1.¢, - Oi-1.610i+ 1,641 " ONens (A.22)
i=1 ¢

with the one-body matrix elements,
= [ dr o n)iror). (A.2.3)

Eq. (A.2.2)) has nonzero value only if & =i (i =1,--- , N). We then obtain

N

(BT |®) =t (A.2.4)

i=1

In this way, the expectation value of the one-body operator for the Slater determinant is given by a
sum of expectation values for the single-particle wave functions.
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A.3 Expectation value of a two-body operator

Let us denote an arbitrary two-body operator as V = Yic j 0(ry, ;). We next consider the expectation
value of the two-body operator for the Slater determinant,

@V [0) =y [y [[dry Y sen(©) ¢4, (ra) 64, () V det ). (A3.1)
3

Assuming that the two-body operator (71, r2) equals to 0(r2,71), we obtain, in an analogous way for
the one-body operator,

(@|V]e) = /dﬁ~--/dTN¢1‘(T1)~--¢7v(mv)‘7det{¢i(7’j)}
- Zzsgn vZ]ész ¢1‘¢£1> <¢i—1|¢&,1><¢i+1‘¢5i+1>

i<j £
a <¢j—1‘¢€jfl><¢j+1‘¢€j+1> T <¢N‘¢§N>
= Z Z sgn(§ vij&&j 51761 T 5i—1,§i—15i+1,§i+1 T 5j—17§j—15j+1,§j+1 T 5N75N7 (A.3.2)

1<j

with the two-body matrix elements,

Viiht = /w/w¢ () (7)o () by (7). (A.3.3)

Eq. (A.3.2) has nonzero value for two cases: One is the case that { =14, §§ = j, and & =k (k # i, )
without permutation, the other is the case that & = j, § = ¢, and & = k (k # 4,j) with one
permutation. We then obtain

(BIV[®) = i, (A.3.4)

1<j

where we introduce the anti-symmetrized two-body matrix elements, 0;jx = vijr — Vijik-

A.4 Derivation of the Hartree-Fock equation

Egs. (A.2.4)) and (A.3.4) show that the expectation value of the Hamiltonian,
N
H= Zf ri) + Z 0(rg, rj), (A4.1)
=1 1<J
for the Slater determinant takes the following form:
(D H |®) = Zt” +) i (A.4.2)
1<j

We can derive the HF equation by performing a variation of Eq. with respect to the single-
particle wave functions, i.e.,

5
5¢;(r)[‘1"H‘I’ Z%<<¢z\¢y - J)] =0, (A.4.3)
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where ¢;; are Lagrange multipliers to ensure the orthonormalization condition for the single-particle
wave functions. The variation of the expectation value of the one-body operator Eq. (A2.4]) leads

,r/

d a /
oy @) = Z/dr Sy [0

_ Z / dr' b5 3(r — 7/)i(r')55(+")

= i(r)g(r). (A.4.4)

In the same way, the variation of the expectation value of the two-body operator Eq. (A3.4) is

calculated as
0 ¥ _ r " 5¢k(rl " * (! 5¢7(T//)
oy @IV 1) = M/d [ar {M*(T ) + i >5¢;(r)}
xo(r', ") (¢u(r" )i (r") — oy (v") i ("))

- *Z [ar' [ @ {sviote 101+ 5str i)}
xo(r',r") (dr(r")dr (") — gu(r") i ("))

- 72 / dr'{ ) (61(F) by (') — 65 ()i ()
£ 1) (05 )6i(r) — 6i(05(r) ). ()

Since the two terms appearing in the parentheses, { }, of the last row are equivalent to each other, we
find

5 X al : I\
o V1% = Ezj{/d o165 ()05 r)6u(r) — [ a0, )ar) 6507607}

L (r)pi(r) — / dr' Tp(r, ") gi('). (A.4.6)

We have introduced the so called Hartree potential I'y(r) and Fock potential I'g(r, ') as follows:

N
Ty (r) = / dr'o(r, ) p(r'), o) = S Joitr)|, (AAT)
=1

N
Le(r,r') = o(r,r")p(r, 1), plr,r') = di(r)gi(r'). (A.4.8)
i=1
In this way, we obtain the relation
i(r)os(r) + Pu(r)outr) — [ dr'e(r,ron(r wa% (A.4.9)

where the term appearing on the right hand side is originated from the term for the constraint on
the orthonormalization condition. We note that the many-body wave function is unchanged under
arbitrary unitary transformations for the single-particle wave functions. We thus use this gauge degree
of freedom to diagonalize the single-particle Hamiltonian. As a result, we obtain the HF equation

/ dr' hyp(r, 7)) g (r') = e (1), (A.4.10)
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where e; = €. The single-particle Hamiltonian is defined by

hap (r, ) = [i(r’) + fH(r')} 5(r — ') — Dp(r, ). (A4.11)

A.5 Average number of transferred nucleons and its fluc-
tuation

To evaluate the average number of transferred nucleons, we introduce the number operator in a spacial
region V as

Ny E/ dr n(r Z@V ). (A.5.1)
N

The n(r) represents the number density operator,

N
=> 6(r—mi). (A.5.2)
i=1
The Oy (r) is a space division function defined by

1 for rer
() = ’ A5,
O:(r) { 0 for r¢r. (4.5.3)

Because the number density operator is a one-body operator, we can evaluate the expectation value
for the Slater determinant in the same way as Eq. (A:2.4). We find

(@] Ny [B) = /V dr (®| a(r) |2)

N
= > (#ilOv e

= /dr p(r). (A.5.4)
1%

The average number of transferred nucleons is evaluated by comparing the expectation value of
Eq. (A.5.4) with the number of nucleons of the nucleus before the collision. If we take the spacial
region V as the whole space, Eq. (A.5.4)) becomes

N
(BIN|®) = (¢les) = N. (A.5.5)
=1

That is, it coincides with the total number of nucleons of the system.
We can also evaluate the fluctuation in the average number of transferred nucleons,

o= /(@] (Ny)? @) — (0] Ny 0) (A.5.6)

The expectation value of the square of the number operator in the spatial region V is evaluated as

N
(@ (Ny)* @) = > (@0 (r)0y(r) @)
&
N
= Z (@] Oy (ri) [®) + > (®| Oy (r)Ov (r;) | D), (A5.7)
i=1 i#j
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where the first term after the last equality represents the i = j part, which coincides with Eq. (A.5.4]).
We have used a relation [@V(ri)]2 = Oy (7r;). The second term in the last row of Eq. (A5.7) can be
regarded as a two-body operator. We find

N
> Hovtievtn)I®) = ¥ [ [ i) {6o7) - or)entr)
7 X0y (r)Ov(r')

= [arpmev(r) [ drsaev(r)

B / dr gt (r)é; (1)Ov (1) / dr' 5 ()i (') O (')
ij
UL M (A55)
From Egs. (A.5.7) and (A5.8), we obtain

o= \/ [arotr) =S Loy (A59)
ij

Let us slightly rewrite Eq. (A.5.9) as

N
g = {Z ¢z|¢z Z‘ ¢z|¢] }
=1

N
= {Z ¢z|¢z ¢z|¢z> ) Z’ (bz‘gbj V‘ } (A'5'10)
i=1 i#]

l\’)\»—t

I\J\b—l

which has maximum value o = /& when (diloj)y, =0 (i # j) and (¢i|ps)y, = 0.5 (i = 1,--- ,N).
Experimentally, widths of fragment mass distribution were measured which exceed the upper limit.
Thus this upper limit of the fluctuation of an expectation value of a one-body operator is known as
one of the drawbacks of the HF theory. If we take the spatial region V' as the whole space, Eq. (A.5.9])
becomes

- \/@INV )~ S [toon| = /@l Ny l@) v =0 (A5.11)

A.6 Formulae for two different Slater determinants

We consider two Slater determinants ® and ¥, which are composed of different sets of single-particle
wave functions {¢;} and {v;}, respectively. When these two sets of single-particle wave functions are
not orthonormal to each other, i.e. <¢>i‘1/}j> # 0,5, we cannot adopt formulae presented in the previous
Sections. We actually encounter such a situation, for example, when we calculate expectation values
of operators in a particle-number projected TDHF wave function after collision. It is then useful
to introduce a transformation for single-particle wave functions {t;} to be orthonormal to {¢;}, as
follows.

We introduce a new set of single-particle wave functions {t;}. They are related to {1} by a
transformation,

ij ]z ’ (A61)
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A .6 Formulae for two different Slater determinants

where B is an N-dimensional matrix. B! denotes the inverse matrix of the B. At present, we do not
know the explicit form of the matrix B. We shall determine the form of B so as to fulfill the relation,

($i]i) = 4. (A.6.2)
Recalling the identity
5;11 3;21 ij\l, By Bia - By
515 — By By - Boy Boy By -+ Ban
Byt By -+ Byy) \Bwvi Byz oo Bww
B Bu By Bz o Xy By By
BB BB, - BB
_ |2 2% kL 2k 20k 2 U (A.6.3)
ZkBK/}chl ZRBR[}chQ ZkBK/}gBkN

we see Y, B! By = 6;;. Multiplying Eq. (A.6.1)) by Bi; and taking a summation over the index 4, we

find
N N
D hi(r)Bi =D y(r Z B;;'Bi, = ¢ (r). (A.6.4)
i=1 Jj=1 ,

=5k
We then multiply ¢;(r) from the left side of Eq. and integrate over the coordinate r to
determine the matrix elements of B:

N
Z<¢z’7f%>5’z‘k = B = (S| von), (A.6.5)
=1

where the first equality follows from the requirement, Eq. (A.6.2)).
Ones we get the explicit form of the matrix B, we can construct a set of biorthonormal single-
particle wave functions {¢;} by Eq. (A.6.1]). The Slater determinant ¥ turns out to be

1
U(ry, - ,ry) = mdet{wi(r] } Fdet{zk@bk r])Bm}
_ 1 t _ _
= mdet{AB}— mdetA det B = mdetA det B
= det BU(ry,---,7N), (A.6.6)

where we introduced an N-dimensional matrix A composed of matrix elements A;; = @i('rj), just for
convenience. V is defined by

1
\P(Tlf";IrN):\/ﬁ

Using Eq. (A.6.0), we can rewrite any transition matrix elements as

det{t;(r;)}. (A.6.7)

(®|O|¥) = det B (@|O|T). (A.6.8)

Because now ® and ¥ are composed of single-particle wave functions {¢;} and {1[}1}, respectively,
which are biorthonormal to each other, we can evaluate <<I>‘(§’\I’> using formulae given in the previous
Sections.

155






Appendix B

Detailed Derivation of the Skyrme
Hartree-Fock Equation

In this Chapter, we present a detailed derivation of the HF equation with a Skyrme-type effective
interaction. In Sec. [B.I we give definitions of various densities and relations between them which are
useful to derive the Skyrme HF equation. In Sec. [B.2] we derive the expression of the expectation
value of the Skyrme Hamiltonian, the Skyrme EDF. In Sec.B.3| we perform a variation of the energy
expectation value to derive the Skyrme HF equation.

B.1 Preparation

Before deriving the Skyrme EDF and the Skyrme HF equation, we first define the following densities:

o) = 3 61ra)6ro), (B.11)
sr) = 3 oi(ron)oitron) (o] 610 (B.12)
() = Y Vi(ro)- Veilro), (B.L.3)
T(r) = 3 {V6(ron) - Voilron)} o1]6 o). (B.1.4)
1) = g5 D60 Valro) ~ 6(r0) Vi (ro)} (B.15)
Inkr) = g 3 6070067~ ireddiron} @l vl (L)
J(r) = (J2327°)2—J32(7°), Ja1(r) — Jiz(r), le('r)—ng('r)). (B.1.7)

The function ¢;(ro) denotes a spin o (1 or |) component of the single-particle wave function of i th

nucleon (i =1,---,A),

¢i(r 1)\ _ 1 ' 0 | ,
(@'(7‘ i)) =¢i(r 1) (O) + oi(r 1) <1> = ;qbz(ra)xg(z). (B.1.8)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

Xo (%) denotes the spin part of the single-particle wave function of ith nucleon, which is an eigenstate
of S, = &./2 with eigenvalues o = +1/2:

(1) for o=+1/2 (1),

o) = X0 = (B.1.9)

<(1)> for o =-1/2 (}).

The operator 6 = (64,6y,6,) denotes the Pauli spin matrices,

. 01 . 0 i . 1 0
Op = (1 0> , Gy = <—i 0) , 6, = (0 _1> , (B.1.10)

which act only on the spin space. From these definitions, we find the following relations:

6z|0) = |-0o), (B.1.11)
6ylo)y = 2io|-0), (B.1.12)
6.l0) = 20|0). (B.1.13)

The bracket in s, T, and J,,, is defined as <01‘&‘02> = Xllé’x@. For each component of the Pauli
spin matrix, we find

(o1]6|on) = (501_02, 210109,y 2g1501(,2). (B.1.14)

In the standard HF theory, each single-particle wave function is assumed to have its own intrinsic
isospin ¢;, where ¢; = n for neutrons or ¢; = p for protons. It is crucial when we calculate the exchange
term in the expectation value of a two-body operator, because this assumption eliminates exchange
terms between nucleons with different isospins. We will comeback to this point later. The operator
V = (8/ 0x,0/0y,0/ 82) denotes a nabla operator which acts only on a neighboring spatial function
sitting on its right side, i.e. Vf(r)g(r) = g(r)V f(r). These densities p, 7, j, s, T, and J,, are
referred to as (matter) density, kinetic energy density, current (density), spin density, spin kinetic
energy density, and spin current pseudotensor (density), respectively. J(r) denotes the antisymmetric
part of the spin current pseudotensor J,, having components Jy(r) = EW exwduw(r).  All these
densities are real by definition.

We also define following densities with isospin dependence
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B.1 Preparation

P = D ¢i(ro)gi(ro), (B.1.15)
icqo
sO(r) = Y ¢i(ro1)di(roz) (o1] 6 |oa), (B.1.16)
1€Eq o1 02
() = Y Vgi(ro)- Vei(ro), (B.1.17)
icqo
TW(r) = > {V¢i(ro1) - Vei(ros)}(o1| 6 |oa), (B.1.18)
icqor o
iO(r) = 7 Z {67 (ro)Voi(ro) — ¢i(ro)Ve;i(ro)}, (B.1.19)
icqo
JW(r) = % > {e5(ro1)dudi(ros) — ¢i(ro2)d,us; (ro)} (o1| 6y lo2),  (B.1.20)
icqor o
JO@) = (1) s @), K ) = 1Y), JY ) - KD ()), (B.1.21)
and with spin dependence
Poioa(r) = D &i(ron)di(roz), (B.1.22)
P, () = > i (ron)gi(ros), (B.1.23)
ica
Toa(r) = ) Voi(ror) - Voi(raz), (B.1.24)
9 (r) = li Vi (ror) - Vi(ros), (B.1.25)
i€gar o3
Joroo(T) = ;iz{czﬁ(ml)wi(?‘@)¢i(r02)V¢2‘(7‘01)}, (B.1.26)
i, (r) = %Z{Qﬁ(rm)wi(r@)—¢i(r02)V¢Z‘(7°01)}, (B.1.27)
1€q

where the summation )

1€q

particle should coincide with the isospin ¢, i.e. ¢; = q.

is taken over particle index ¢ with a condition that the isospin of ith

We next derive relations among these densities which are useful to derive the Skyrme EDF and
the Skyrme HF equation. From Eq. (B.1.14]), there follows a relation

(o]o|o2) - (oslolon) = > (o1|6ulo2)(os|0u]o)

I

= 50’170’260370'4 - 40_103(50170250’370'4 + 40_1036010250304

2501 —02—0304 + 501020304 - 601027037047

(B.1.28)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

where we have introduced a shorthand notation, du,5y0504 = 0o1099050400105- Using Eq. (B.1.28]), we
can rewrite a squared spin density s2(r) as

s(r) = > ¢i(ro))gi(ro)(o1|6loa) - > ¢i(ros)g;(roa){os|&|ou)

= Y {201r0)0ilr — )65 (r — 9)5(r0) + 65 (r)u(r )5 () r0)
T 6 r0)6i ()05 (r — 0)65(r — )]
= 23 {61(ro)an(r — 0)63(r — 0)65(ro) + 61 (ro)x(ro) s (ro)as(ro)

ijo

=S {60015 )y (r — 0) + 61 (r)s(ro) 65 (rr)o )}
= 2 ) {61(ron)eilron)o;(ron)e;(ron)}

=3 b)) {65 — il — o) + 6701
- QZZ@ ro1)gi(rog Z(ﬁ ro2)pi(ror)

—21:2¢: (ro1)gi(roy Z(bj r02)d;(ro2)

ioy Jjo2

= 2 Z Poroa (T) ooy (T) — p2(r),

where, in the forth equality, we changed a summation over ¢ to summations over o; and o3. We then
obtain following relations:

SQ(T) = 2 Z Po10s(T) Posor (T) — pQ('r)a (B.1.29)
0109

s@2(r) = 2>l (r)plD,, (r) — plP%(r). (B.1.30)
01092

In the same way, we can also obtain

T?(r) = 2 Z Toros (T) Towe (1) — T2 (1), (B.1.31)
o102

T (r) = 23 749 (r)rl8) (r)—72(r), (B.1.32)
0102

s(r)-T(r) = 2 Z Po105(T)Tore, (1) — p(T)7(7), (B.1.33)
0102

S(q) (T) : T(q) (T) = 2 Z po’10’2 0'20'1 T) - p(q) (T)T(q) (T) (B134)
o102

Noting the following expressions of tensor components

Ousu(r) = > 0upoioy(1){01]6,|02), (B.1.35)
0102
Tuw(®) = Y Jperes(r){o1|6,|02), (B.1.36)
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B.1 Preparation

we find similar relations for the sum of square of these tensor components,

Z(a“s,,(r)f = Z{Z Opporos(1)(01|67|02) - Z 8up0354(r)<03|&|a4>}

pv 1] 0102 0304
= 22X 10 (1) (0001)
2 0102
= 23 Vorios(r) - Voo () — (Vi) (B.1.37)
g102

We can rewrite >, (Jw,(r))2 in the same way. We then obtain

Z(ﬁusy(r))z = 23 Vo0s(r) - Voyor (1) — (Vp(r))Q, (B.1.38)
v 0102
S (0,50()" = 23 V() Volth, () (Vo) (B139)
v 0102
S () = 23 o) - s () — 320, (B.1.40)
v 0102
S(Hm) = 23 ) -5, ()~ 5% (B.141)
v 0102
From equations for the gradient of the matter densities p(r) and ps,s,(7) and the spin density s(r),
Volr) = Z{qﬁi(ra)Vqﬁf(ra) + ¢} (ro)Vei(ro)}, (B.1.42)
Vpoi0,(1) = Z{@(m)w;(ml) + ¢} (ron) Veoi(ros) }, (B.1.43)

Ousu(r) = Y {i(ro2)0ue;(ror) + ¢} (ro1)dudi(ras) }{o1|6v|o2), (B.1.44)

10102

combined with the definitions of j(r) Eq. (B.LH), js0,(r) Eq. (B.1.26), and J,,(r) Eq. (B.L6), we
find

SV i) = 3 6(ra) Varo) (B.1.45)
SV i) = Y 6iro)Vei(ro) (B.1.46)
;V,Ogl@( )+ iJoi0, (1) = qu;(ml)wi(m), (B.1.47)
SV o)~ iman(r) = 3 6i(ron) Vi (rou), (B.1.45)
%0#81,(1‘)+1JW(T) = Y Giro)duditron) (oo o), (B.1.49)
%ausy(r)—ijw(r) = 3 Gilrow)du6i(ror)(1]6foz). (B.1.50)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

We denote a Laplacian operator as A = V2 = 92/92% + 8?/0y* + 0?/02? which acts only on a
neighboring spatial function sitting on its right side, i.e. Af(r)g(r) = g(r) A f(r). Using an equation
for the Laplacian of the matter density,

Dplr) = S {i(ra) & ¢i(ro) + ¢ (ro) & gi(ro) +2V i (ro) - Vey(ro)},  (B.L5L)

io

and the definition of 7(r), Eq. (B.1.3]), we find

Ap(r)—27(r) = Z{QS;‘(TU) A ¢i(ro) + ¢i(ro) A gb;‘(TJ)}, (B.1.52)

DNpoyoy (1) = 275,6,(T) = Z{qﬁf(ral) A ¢i(rog) + ¢i(roz) A <Z>;k(rc71)}. (B.1.53)

Recalling the formulae of the vector analysis
VX (fA) = f(VXA)—-AX(Vf), (B.1.54)
Vx(Vf) =0, (B.1.55)

where f = f(r) and A = A(r) denote arbitrary scalar and vector spatial functions, respectively, we
find

Vi) = 5 SV x {61ro)Voilra) - i(ro)Vi(ro)}

= % ' {éf’f(m)v X (V¢i(ro)) — Vi(ro) X Vi (ro)

—i(ro)V x (Vi (r0)) + Vi (ro) x V¢i(r0)}

= 1Y Veilro) x Véi(ro)

and

V.-Jr) = ZE)\,WBAJ/W(T)

Ay
= %ZQW > 3A{¢f(7“01)3u¢i(7“02)—¢i(7“02)8u¢f(?“01)}<01|f3u\02>
Apv 10102

- %ZQ‘W 2. {8@;(7401)8#@@02) + ¢; (ro1)0x\0udi(ro2)

Apv 10102
—0r0i(102)0,01 (101) = 61(ro2)0n0,u 65 (o) } (1] 5 |ora)

= 1Y S el (rodubilron) (o1l 6y o)

10102 AV

_ % > {Vsitron) x Voilran)} - (16 o),

10102

where, in the fourth equality, we used anti-symmetric nature of the Levi-Civita tensor, which leads
eExuw 0,0, f(r) = 0. To summarize, we have
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iV xjr) = ZV(ﬁf(ro)ngﬁi(ra), (B.1.56)
iV xj @) = ;Vqﬁf(ra)ngi)i(ra), (B.1.57)
iv.Jr) = 'Z {ng;‘(ral)XV¢i(r02)}-<01|6’\02>, (B.1.58)
iv.-JOr) = EZ {quz‘(ral)xV¢i(r02)}-<01|&|02>. (B.1.59)

B.2 Derivation of the Skyrme energy density functional

In this Section, we derive the Skyrme EDF using the relations presented in the previous Section.
We describe the expectation value of the Skyrme effective interaction, Eq. (2.1.12]), for the Slater
determinant. What we need to calculate is the expectation value of a two-body interaction operator
given by
N 1 . .
(@|V]@) = 5> {(8:0s 010165 — (@194l 0]659) | (B.2.1)

ij

direct term exchange term
where we refer to the first (second) term as the direct (exchange) term.

Here we use a bracket notation defined as follows: We suppose that each single-particle wave
function is represented by a two-component spinor,

e = (F(r ‘(e 5 (r) — pi(r 1)
ol = (¢1(r 1) 61(r 1)), dilr) (@-(r ¢)>. (B.2:2)

We define a bracket notation for the single-particle expectation value of arbitrary one- and two-body
operators, respectively, as

0

(¢i

o) = [drdlrodr) (B.2.3)

(didj|o|oxdr) = /dr/dr’ AL ()l (r") 6 dr(r)u(r). (B.2.4)
When those operators have no spin-dependence, we have

($ilolos) = 3 / dr 6% (ro)o(r); (o), (B.2.5)

0

0

Z /d’l"l /d’l"Q gb;‘(rlal)qb; (’I“QO'Q) (3(’)"1, ?“2) ¢k(T101)¢l(T202). (B26)

0102

(i

Prdr)

When those operators have spin-dependence, e.g. 6(r)é and o(r, r’) (é’ + &’), we have

(pilo|p;) = Z/dm;(ml)a(r) ¢;(roz)(o1|6|os), (B.2.7)
(9igjl6(0 + &) |ontr) = Z /drl/dTQ ¢ (1101) ¢} (1r202) 6(71,72) dr(r107) i (120%)

x<<01’6”0’1>5(,w§ +5010/1<02‘6"U§>>. (B.2.8)

In the following, we calculate the expectation value Eq. for the Skyrme effective interaction
given in Eq. (2.1.12).
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The ty and t3 terms (central and density-dependent
terms, respectively)

First, we calculate the expectation values of the ty and t3 terms,

Vo = Zto(l—kxopg)é(ri—rj),

1<J

A 1 r, +7; A

V3 = Z 6753 pa(%) (1 + $3PU>5(Ti — ’l"j).
1<J

We first calculate the direct term in <<D‘V[)|<I>>. The first and second terms in ‘70 without and with the
spin exchange operator P, lead, respectively,

S (oislotr —r)owss) = 53 / dr [ ar' 61(r0)65(0'0") 8(r = ') 64(r)o ('

1<J zjoa

-5/ drgqb:(mm(ra);qs;f(m’m(m/)

_ ;/dr,oQ(r), (B.2.9)

and

(0, ls(r — 1) Pufoi0y) = %Z [ [ 60016570 8~ 1) éu(ro' )6 5"0)
- 3 / ar 3" 61(ro)on(re’) Y 6505 ()
oo’ i J

_ % / drz,pmwr)pg/g(r)

- % / dr[sz(r)—i—pQ(r)]. (B-2.10)

In the last equality, we have used Eq. (B.1.29). When we calculate the exchange term, we use the
identity, |qu¢)i> = 15,,]30]57|¢i¢j> = Prﬁaéqiqj‘¢i¢j>. The last equality reflects the fact that, in our
formalism, each nucleon has its own intrinsic isospin and the exchange term can act only for nucleons
with the same isospin. The exchange term in <<I>‘VO}CI>> without and with the spin exchange operator
P, are, respectively, calculated as

Z<¢Z¢]‘5(r - T,)’¢j¢i> = Z<¢1¢j ‘5 r— ’I“ qlqj |¢z¢]>

i<j 1<j
- i/dr%:{s@?(r)+p<q>2(r)}, (B.2.11)
where we have used Eq. (B:1.30), and
Y ($idglo(r =) Boldjii) = Y (4idg|6(r — v) Prdyq, | didy)

1<j 1<j
1 2
= Q/dr Eq P D2 (). (B.2.12)

We have used the identity, (lf’g)2 = 1. We note that the existence of the spatial coordinates ex-
change operator, PT, does not affect the calculation, because now interactions are symmetric under
the exchange of the spatial coordinates.
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B.2 Derivation of the Skyrme energy density functional

Although the t5 term, 173, contains an additional density dependence p® compared with the VO, we

can calculate the expectation value of the V3 in the same way as the tg term case. By summing up
these results, Eqs. (B.2.9)-(B.2.12), multiplying by proper coefficients, the expectation values of the

to and t3 terms are found to be

to term :
1<J
1
= —t d
2 0/ "

t3 term :

i<j

1 (e}
— igts [ drpt(r)

<¢Wo}<1>> = <<I>|Zto(1+mo]50)5(ri—rj)‘c1>>

(14 50) %) + ans?(r) = S{ (5 + 70) #9%(r) + 1s<q>2<r>}] . (B213)

(@|is]2) = (23 cts 0

(1 n %$3>p2(r) " %xng(r) _ Z{(l + $3)p(q)2(r) n %S(m(r)} '
q

2 2

q

T+ 7T

9 >(1 —1—1'3]50)(5(7“,' —Tj)‘q)>

2

(B.2.14)
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The t; term (one of the non-local term)

We next consider the expectation value of the ¢; term,

. 1 . SO
Vi= S0 St i B {5r — ) B2 + B2 5(r — )}, (B.2.15)
1<J

Again, we first calculate the direct term in <<I>‘171}<I>> The direct term of the first term without the
spin exchange operator P, is calculated as

Z<¢z¢j\{ r— )k + k26 (r }\¢Z¢J>

1<j
=) / dr / ar' {67(r0)63(r'0") 6 — 7') (V2 + 92 - 2 - 9") 6u(r0)o(s"")
8 oot
+61(r0)¢5 (") (V2 + 972 =2 - 9')3(r — ') 6u(ro) g (r'")}

= 1 X [ar{eilro) & 6(r0) 6r)6,r0') — 67(r0) V() - 65 (0") Vi)

ijoo’

+ B 61(ro)6i(ra) 6}(ro)oj(ra’) — Vi (r0)éi(ro) - V6 (ro’)o;(ro’) |

- 2 / dr{z (61(r0) & i(ro) + 6i(ro) £ 61 (1)) 3 63 (r0")5(ro)

0 jo!

—ng)z ro)Vo;(ro) quj ra’\Vo;(ro’)

]U'

—quz ro)Voi(ra) Y ¢;(re')Ve; (m)}

-
= 1 [ (201 = 200} ptr) = (5900 +10)) = (590t~ 1)}

- -1/ dr{pm 2 plr) — 2p(r)r(r) — (V) + 2a'2<r>}

- % /dT[ _z p(r) A p(r) + p(r)r(r) — jg(r)] , (B.2.16)

where, in the fourth equality, we have used Egs. , , and . In the last equality,
we have taken integration by parts

/dr Vp(r) - Vp(r) = p(r)Vp(r)

— /dr p(r) A p(r), (B.2.17)

00

where the first term vanishes because of the finiteness of the density distribution, p(r) — 0. The
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B.2 Derivation of the Skyrme energy density functional

direct term of the second term with the spin exchange operator P, is calculated as

Z<¢)l¢3}{6(’l" — 7“’)’232 + k’25(r — ’T‘/)}po-’gf)igbj>

1<j

= —Z/dr/dr lox ra¢]( 5(r—1') (?2 3/2 2? 3)@ (ra’)p;(r'o)
+¢; (ro)e;(r (%24—%/2 AV %) (r—7') gzﬁz(ra)qﬁj(ra)}

_ —Z/C“’{ G1(r0) A gi(r’) + gi(ro’) A 6 (ro) )Zdy (ro")g;(ro)
—Z¢ ro)Ve;(ro’) Zgb ro' )V éi(ro)
Y 6i(ro) 61 (o) Z¢j<ra>V¢§<ra’>}

_ % Z/dr{ (Ap(m/(r) — 2Ty ('r)>pa/a(1°)

Il
|
= |
QU
ﬁ
—
|
| w
s
q
Q\
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i
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s
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q
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s
q\
q
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SN—
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q
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q
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q
q
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+<p(r)7'(1°) - j%«)) n (s(r) T(r) — 72(7'))} , (B.2.18)

where, in the third equality, we have used Eqs. (B.153), (B.1.47), and (B.1.48) and, in the sixth
equality, we have used Eqs. (B138), (B1.33)), and (B.1.40). In the last equality, we have taken
integration by parts of Eq. (B:22.17)) and

T—00

/era sy(r)0ys,(r) = Zsy )Ousu(r —/dr%}:sy(r)(‘ﬁs
_ —/drs(r)-As(T). (B.2.19)

The Laplacian of the spin density, As(r), denotes the spin density with components As,(r), that
is, the Laplacian is considered to act to each component of s(r). The exchange terms in (®| V7 |P)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

without and with the spin exchange operator P, are, respectively, calculated as

S~ (sioil {o(r = k2 + K250 — 1) b y0)

- Z<¢i¢j‘{6(r — r’)lg:2 + 12:’2(5(7’ — r')}[f’ ) Sg;q; ‘¢Z¢]>
i<j
- /dr {_pq)( )Ap(Q)('r)—Zs(q)(r)-As(Q)(r)
+(p(Q)(r)7-(Q) (r) — j(q)2(r)> + <S(q) (r) - T@(r) — ?(Q)Q(r))} (B.2.20)
and

Z<¢l¢]’{5(r — ’l“’)i(:Q + ’%/2(5(7' - T/)}pg‘d)j¢i>

1<J
= Z<¢i¢j‘{5(r — )k + k26 (r — T/)}pr%q]' |pid;)
1<j
10> {— PO ) 2 p0r) 4§D )19 ) - %) . (B.2.21)

We note that the existence of the spatial coordinates exchange operator, Pr, does not affect the
calculation, because the operator is symmetric under the exchange of the spatial coordinates as in the
case of ty and t3 terms.

By summing up these results, Eqgs. (B.2.16), (B.2.18)), (B.2.20), and (B.2.21)), multiplying by proper

coefficients, the expectation value of the ¢; term of the Skyrme effective interaction is found to be

t1 term :

(®|Vi]@) = <¢\Z%t1(1+xlﬁg){5(m—rj)ie2 k25(r; — 7 }|<1>>

= %tl /dr[ —%(1 + %m)p(r) A p(r) — gxls(r) - As(r)

+%{s(q) (r) - TD(r) — 7@)2(7“)}}]- (B.2.22)
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B.2 Derivation of the Skyrme energy density functional

The t; term (the other non-local term)

We next calculate the expectation value of the to term,

Vo= to(1+z2P)K - 6(ri — 1)) k. (B.2.23)

1<j

We first consider the direct term in <<I>‘V2‘<I>>. The direct term of the first term in V5 without the spin
exchange operator P, is calculated as

D (is| K - 6(r —v)k|did;)

1<j

= % Z /dr/dr’gb;‘(ra)(ﬁ;(r/a’) (% — %’) “o(r—7") (é — é’)cbi(ra)gbj(r’o')

ijoo’!

= 13 [ar{(Verenrsiiee) - bitro) Vs

ijoo!

(Vertra)os(ro') - astra) Vi re')) |

== é Z /dr{ng;‘(ra) - Voi(ro) ¢;(ra’)gi(ra’) — Vi (ro)pi(ra) - ¢3(ra’)Ve,(ra’)
ijoo’
—¢; (ro)Vei(ro) - Voj(ra')¢;(ra’) + ¢; (ro)¢i(ra) Vej(ro’) - Véf’j(m’)}
1 * * / /
= 3 / dr{% Véi(ro) - V@(m);qu(m )pi(ra’)
=D 4iro)Vi(ra) - 3 6i(ra’)V;(ro’)
=Y 60V ei(ro) - 3 65(ro) Vo5 (ro’)

30 61r0)oi(ro) Y V6 (o) wj(ro')}

jo’

- i / dr{p(T)T(’P) - (%V,O(r) - ij(r)) : (%Vp(r) +ij(r))}

= % /dr { p(r)T(r) — §*(r) + %p(r) A p(r)} , (B.2.24)

where, in the fifth equality, we have utilized the relations of Egs. and . In the last
equality, we have taken the integration by parts of Eq. . The direct term of the second term
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in Vs with the spin exchange operator P, is calculated as

> (pids|k - 6(r — 'k By | ¢:0;)

= § X [ar [ar'eira)eio'e) (¥ -9 -5 - ) (F = F)oulro')oy ')
— /dr{zv¢ ro) - Voi(ro' Z¢ ro’)p;(ro)
o
—Z@ (ro’)Vo;(ro) Z¢ (ro’)Vo;(ro)

—Z@ (ro)Vei(ra’) - > ¢;(ro)Ve;(ra)

jO’

+ Z &5 (ro)pi(ra’) Z V¢i(ro') - Vo, (ra)}
i0 jo!

— ;;/d’f‘{pa’a(r)ﬂ;a’('r) - (%me,/(r) —ijw/(r)> . vag,a(r) +ij0/(,(r))

1

~(5V 0 () + G () - (5

3 Vbura(r) = o) + prar (1)) |

= i;/dr{pao’ (r)Torq(T) — ivpaa/("“) *Vpoio(T) = Joor (T) - j"/a(r)}

= 1 | {7}

(o) + S0} = 5{# 00+ S (i)}

(B.2.25)

where, in the third equality, we have used the relations of Eqs. (B.148)) and (B.L47). In the fifth
equality, we have used the relations of Egs. (B.1.33]), (B.1.38), and (B.1.40). The exchange terms of
the first and second terms in Vs without and with the spin exchange operator are calculated as

Z<¢i¢j”2§, <o(r — r’)lzz‘¢j¢i>

1<j

= Z<¢Z¢J‘k/ . (5(1" — ’I"/)’% P’,"Pgéqiqj ‘¢Z¢]>

1<j

= /drz

oo \

3i2 (p<q) (r) A pD(r) + 59D (r) - As@ (7’))} (B.2.26)
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B.2 Derivation of the Skyrme energy density functional

and

Z<¢z¢j|iﬂ/ o(r — 1k Py | i)
1<J
= > (iK' - 5(r — vk Prygiq,| i)
1<j
— —1/dr2{ () (@ (p) — (02 1 @ A p@ B
- -3 P (r)7D(r) = §D(r) + oD (r) 2 oD (r) | (B.2.27)
q

We note that the existence of the spatial coordinates exchange operator, PT, in this case, generates an
additional minus sign for the whole result compared with the direct term, because now the operator
V» contains k acting to the right which is antisymmetric under the exchange of the spatial coordinates

in the ket states.

By summing up these results, Egs. (B.2.24))-(B.2.27), multiplying by proper coefficients, the ex-
pectation value of the t2 term of the Skyrme effective interaction is found to be

ts term :

(0| @) = (DD ta(1+aaPp)k - 3(r; — v;)k|®)

1<j
/dr{ é(l + %xz) p(r) A p(r) + %wgs(r) - As(r)

—|—%<1 + %a@) {p(r)r(r) - j2(7’)} + ixg{s(r) -T(r) — <72(r)}

+ Z{ %(% + m2>p(q)(r) A p\D(r) + % sO(r) . AslD(r)
+% (% + xz) {pD(r)r D(r) — j@O%(r)}

J&{S(q) (r) - T (r) — <7(11)2(,.)}}} : (B.2.28)
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The Wy (or t4) term (the spin-orbit term)

Finally, we consider the expectation value of the spin-orbit term,

Vio = ) _iWo(6i + &) - {k' x 6(r; — 7))k} (B.2.29)

i<j

The direct term in <®‘Vso|<1>> is calculated as

Z<¢z¢j

i<j
1

=5 Z //dr/dm{gzb ro1)¢(r'os) (¥ = V') x 6(r — ') (V = V') (1o} ) s (')}
-(<alw&\al (o2]s) + (1|01 ) (| ))
= 3 > [ ar(Voirasiron) - i) Veiro))
TR X (Vairal)s(rah) - 6i(rat)Vayray) ) - ((91]6]01) 00,0, + G0, (2] 6|%))
=1 X [ar{veite) x Vo)) 65 (ron)s )
Vs ronaitrat) x 65(rox) Vv }
-(<Gl\ff\0’1>5mg + 5oma<02|ff|ffé>)

- 1 / d’“{ > Véiro) X Voi(rat)(o[o]or) | ¢j(roe)és(ros)

(6+6") - {k' x3(r —r)k}|pid;)

ioy107 jo2

+> Vi (ror) X Vei(ror) > ¢5(roa);(ros){oa|6|oh)
101 joao’

+ > ¢i(rol)Vei(ron) x (a1|é|ol) - Y ¢5(ro2) Voj(ros)
io107 jo2

- X 6302 Vey(r5) x (oo} - 3 extr) Vi ro) |
jO'QUé 101

= i/dr{ip(r)V-J(T)—i-iS(’r)V X j(r)

+Zew( D) —17,(r)) <%8,\p(r) Fiir(r)

Apv

— Z5AW< Ousy(r) +iduw(r )) (%&\P(T) - ij)\(r)) }

Apv

= ;/d’l"{p(T)V'J(T‘) s(r) -V x j(r +Z€Auu{8 su(r)ia(r) —J, l,(r)é?)\p(r)}}

Ay

= jl/dr{p(r)v cJ(r)+s(r)- V x j(r)+ Z@““’{ )Ouv(T) + aAJW(T)P(T)}}

Ay
= ;/dr{p(r)V -J(r)+s(r)-V x j(r)}, (B.2.30)
where, in the fourth equality, we have used the identity of triple vector products, (A X B) - C =

(BxC)-A=(C x A)-B. In the fifth equality, we have used the relations, Eqs. (B.1.58)), (B.1.56l),
(B.1.50)), and . In the seventh equality, we have taken two integrations by parts.
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B.2 Derivation of the Skyrme energy density functional

The exchange term in (®| Vi, |®) can be calculated in the same way as the direct term. We note
that the existence of the spatial coordinates exchange operator, ]5,., generates an additional minus
sign for the whole result compared with the direct term, because the operator Vio contains k acting to
the right which is antisymmetric under the exchange of the spatial coordinates in the ket states. We
also note that the spin exchange operator P, does not affect the calculation, because the spin part of
the operator Vio is (65 + 6j) which is symmetric under the exchange of the spin coordinates in the
ket states. Thus the result is given by

> (pig;

(6+06") - {K xd(r—vk}|o;0:)

1<j
= > {¢igj|(6 +6&") - {K x (r — vk} P PPy, | dih; )
1<j
- /drzq:{p@(r)v D) + 59 (r) - ¥ x O ()}, (B.2.31)

The expectation value of the spin-orbit term of the Skyrme effective interaction, which proportional
to the coefficient Wy, leads

spin-orbit term :

<‘1>}ZIWQ(6'1 + c}]) . {123/ X 5(T1 — T’])I;Z}l(b>

= —;Wo/dr[p(r)v ~J(r)+s(r)-V x j(r)

+ Z{p@(r)v cJD(r) 4+ 59D(r) . V x j<q>(1~)}] : (B.2.32)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

The kinetic and Coulomb terms

In the HF theory7 the Hamiltonian of the system contains the kinetic energy operator T =
Sit(r) = Zz T Al, where m denotes the nucleon mass and A; is a Laplacian operator for the
coordinates r;. Since T is a one-body operator, its expectation value is calculated as

R 2
(®|T|®) = —;n/er@(ra)Ad)i(ra)

h2
= - / dr%:ws;‘(m).v(m(m)

— ﬁ dr T(’l‘), (B.2.33)

2m

where, in the second equality, we have taken an integration by parts.
In addition to the nuclear force, the Coulomb interaction acts between protons. The Coulomb
interaction is given by

‘A/Coul = Z @Coul(ria r] Z | %P q]p (B234)
1<j i<j i =T

The direct term in <<I>‘Vcou1}<1>> is calculated as

By = D {it|icou|did;)

1<j
- 62 /(ﬁ:(’r’o')(ﬁ;(T’U,)¢i(TU)¢j(T/U/)
= EZ dr/dr ‘r—r"
i,jEp, 00’
:/ergZ)ZragzﬁZra/dr Z% ‘o)
1EP, 0 j€Ep, o’

2 ()
= e/drp(p)( )/d P2 (B.2.35)
2 ’r -7 ‘
The exchange term in <<I>’f/cou1‘fl>>,

B = S0 licanlo) =5 Y [ar [an EEDUETIORONTT),

— ‘,r —7‘”
<] i,j€Ep, o0’

is usually approximated by the so called Slater approximation [I5I]. By using the Coulomb exchange
energy for a homogeneous nuclear matter which is corresponding to the so called local-density approx-
imation (LDA), we obtain

1
exc, LDA 3(3 ’ 2 (p) %
EGon =—7\ =) ¢ [dr PP (r)]3. (B.2.36)
We thus calculate the Coulomb energy as

Ecou = / dr Hoow(r), (B.2.37)

where the Coulomb energy density, Hoou (), is defined by

e2 @) (¢ 3 1
Heou(r) = 2p(p)(r){/dr’p() _ ;(P’) [p(p)(r)]3}. (B.2.38)

]
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B.2 Derivation of the Skyrme energy density functional

The resulting Skyrme EDF

By summing up these equations derived above, we obtain the Skyrme EDF":

ESHF[% 7,3,8,T, <7] = <(I)‘IA{Skyrme’q)> = /dTH(T)> (B239)

with the Skyrme Hamiltonian density, #(r), which takes the following form:

H(r)

(1) + Bip(r) + B2 3 p92(r)

2
" 2m

+ Bs[p(r)r(r) = 5%(r)| + By [p<q><r>7<q> (r) = §%(r)
q

+ Bsp(r) ) + Bs Z P9 (r) (r) + Brp®(r)p*(r) + Bsp®™(r) >_ p?(r)
q
+ B, [p(r)v CJ(r) 4 s(r) - (V X §(r +Z{ JD(r) + sD(r). (V X j(q)(r)) }}
+ Byps?(r) + By Z s ) + Bi2p®(7) ) + Bis Z Pl (r)
n BM[ T2 } + Buss(r) - As(r)
+ Big Y [s9r) - TO(r) = T @(r)] + By z )- AsD(r) + Hoou(r).  (B.2.40)
q
The coefficients By, - - , Bi7 are defined as follows:
b= ). ol =l b))

1 1 1 1 1 1
Bi=—g{n(g+m) —n(g+ae)h Bs=—g{sn(i+gm) —n(1+30)}
4 1 t 5 + 21 to 5 + 22 5 16 3t 1+ 2%’1 to( 1+ 2x2

1 1 1 1 1 1 1
Bg :1—6{3t1<§—|—x1) +t2<§+x2>}, B; = 7753(1_’_ xg) Bgz—ftg(*—i-.%'g),

12 2 12°\2
1 1 1 1 1
By = —-Wy, Big=-t By =—-ty, Bio=—1 Big = ——t
9 2 0 10 4 0Z0, 11 4 0 12 24 33, 13 24 3

1 1 1 1
By = —(t t Bis = —— (3t —t Big=—(t1 —t Bi7 = — (3t to).
1= g (t1z1 + taxa), Bis 39 (3tix1 — taxa), Big 5 (t1 —t2), Bir 3 (3t1 + t2)

In the following, we shall perform the variation of Eq. (A.4.3) with the Skyrme EDF, Eq. (B.2.39)), to
derive the Skyrme HF equation.
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

B.3 Derivation of the Skyrme Hartree-Fock equations

In this Section, we perform the variation calculations for the Skyrme EDF Eq. (B.2.40) for each term.

The kinetic term

The kinetic term is proportional to the kinetic energy density 7(r). The variation of the kinetic
energy density 7(r) is calculated as

d / noo_
i [ = e [ V) Vo)

‘W '
_ / Z o) Agf)j(ra)
= — A gbi('l"O'), (B31)

where, in the second equality, we have taken an integration by parts to remove a nabla operator, V,
from the gb; (r'c’). Here and hereafter, we frequently employ an identity,

(5¢;~(r’a’)

P _ ! .. ’.
507 (ro) O(r —1")0ij060

The Coulomb term

From the variation of the Coulomb term, we readily obtain
5/dr'7—l (r') = /d PP (3 é[p(p)(r)]
56; (r0) o r=r] A=

The Bl, B2, BS—S terms

The B; and B; terms are proportional to the square of the densities, p?(r) and Z p\ D2 (), respec-

i

}%-p ¢i(ro). (B.3.2)

tively. The Bs and Bg terms are proportional to the product of the matter density and its Laplacian,
p(r) Ap(r) and >, p\D(r) A plD(r), respectively. The By and By terms are proportional to the prod-
uct of ath power of the matter density and the squared density, p®(r)p?(r) and p®(r) >4 pD2(7),
respectively. Since they are composed only of the product of densities p(r), we can simply evalu-
ate variations of them using a formula for the variation of the density. The variation of the density

p(r') =35 &5 (r'0")p;(r'0’) is calculated as

M*(m)p(r’) = 4(r—1') di(ro), (B.3.3)
5¢’f((5rg)'0(q) (r') = 6(r —7")dqq, Gi(ro). (B.3.4)

Then, using the Eq. (B.3.3), the variation of the squared density p2 (r) is calculated as

L v o2(r) = r )
5¢;<w>/d 2y = 2 [, S ro)
= 2p(r) di(ro). (B.3.5)




B.3 Derivation of the Skyrme Hartree-Fock equations

In the same way, using the Eq. (B.3.4]), we obtain

el 'S0 =24 o) (B.5.6)

The variation of p(r) A p(r) and >, p\D(r) A plD(r) are, respectively, calculated as

° / dr'p(r') A p(r') = / dr’{ () sy + Apry 22T }

St (ro) dp¥(ro) St (ro)
— 24 p(r) i(ro), (B.3.7)
el S 40 = 280000 (B.38)

where, in the first equality, we have taken an integration by parts to remove the Laplacian operator
A from p(r') sitting on the right side. Lastly, the variation of p®(r)p%(r) and p®(r)p'D%(r) are,
respectively, calculated as

g P (0+2) ~ (a 1 (0t 1) op(r’)
5¢;<m>/d Py = +2>/d P

= (a+2)p"tV(r) ¢i(ro), (B.3.9)

L ' 0% (p! (9)2 r) = o (a—1) ’ 5P(r/) (@2 "
5¢*(ra)/d p(r') Y pl D% (r') /d {p ( )W(m);p (r')

g q

In this way, we have obtained the following expressions for the variations of By, By, and Bs_g

terms:
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B; term : &45;?7"0) /dr’pQ(r’) = 2p(r)pi(ro), (B.3.11)
B term : 5¢* / Z P D2y = 2p09)(r)gi(ro), (B.3.12)
5 / / /
Bj term : 567 (r0) /dr p(r') A p(r’) = 24 p(r)pi(ro), (B.3.13)
B term : 5¢* / Z PD) A D) = 24 p9) (r)gi(ro), (B.3.14)
By term : 0 /dr’p(a+2) () = (a+2)p*V(r)pi(ro) (B.3.15)
d¢t(ro) ’
8 o
Bg term : 567 (ro) / Z P2y = apleN(p) Zq: P\ D2(r) s (ro)
+2p%(r)pl%) (r) i (ro). (B.3.16)

The B10_13, B15, and Bl7 terms

In the above Subsection, we have calculated the variations of By 2 5_g terms in the Skyrme EDF,
where we just used a formula of the variation of the density p(r). There are similar terms in the
Skyrme EDF for the spin density s(r). The Bjg and Bj; terms are proportional to the square of
the spin densities, s?(r) and Zq S(q)2(’l“), respectively. The Bis and Bj7 terms are proportional to
the product of the spin density and its Laplacian, s(r) A s(r) and >, 5D (r) A s (r), respectively.
The B and Bz terms are proportional to the product of ath power of the matter density and the
squared spin density, p®(r)s?(r) and p®(r) > s@2(r), respectively. Since they are composed only
of the product of matter and spin densities, p(r) and s(r), we can again simply evaluate variations
of them using the formulae for the variation of the matter density and that of the spin density. The
variation of the spin density s(r') =3, ,, ¢; (r'01)¢;(r'o2){o1|6|02) is calculated as

5¢;TU>S(T/) = o(r— r’)Z(a\&\a’> bi(ra’), (B.3.17)
° s@(@) = r—r oleld’) ¢i(ro’
57 (ro) (r) = o )%ZX |&|0”) di(ra”). (B.3.18)

Using these equations, Egs. (B.3.17) and (B.3.18), we calculate the variation of s*(r) and )~ s(@2(7)

d P S2(r) — ' s(r! 53(7")
565 (ro) / dris’(r) = 2 / drs(r) 5 5 (ro)
= 2s(r)- Y (o|6|o) gi(ro’), (B.3.19)

5¢* / Z sD2(py = 250@)(y). Z<a‘&‘a’> ¢i(ra’). (B.3.20)

O./
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In the same way, the variations of s(r) - As(r) and ), 5D (r) . AsD(r) are calculated as

5) / dr's(r') - As(r!) = / dw{ 05(r) | psr) + nsry - 25T }

dpt(ro dpt(ro) dpt(ro)
= 2As( Z<a}a}a ¢i(ra’) (B.3.21)
5¢* /dr Z NSOy = 248 (r). Z<U‘&‘UI> di(ra’), (B.3.22)

g
where, in the first equality, we have taken two integrations by parts to remove the Laplacian operator

from s(r') sitting on the right side. Lastly, the variations of p®(r)s?(r) and p®(r) >y s(D2(r) are
calculated as follows:

g oo (P2 (1) = ' o@D (! p(r') s2(r! (s () - ds(r’)
sty Aot = e Ve SR 2 st - S
= ap'®D(r)s*(r) ¢i(ro)
+2p%(r)s(r) - Y (o] & |o") gi(ra’), (B.3.23)
5 ! o / / _ a
3¢ (ro) / dr'p <r)§q:s(‘l>2(r> = Dr ijs r) ¢i(ro)
+2p%(r)s(%) (r) Z<a o’y ¢i(ra). (B.3.24)

In this way, we have obtained the following expressions for the variations of B1g_13,15,17 terms:

B term : (sd);zm/dr’SQ(r/) = 2s(r)- Z<a‘&‘0'> di(ra’), (B.3.25)
Bj1 term : 5(;5;“(7'0 / Z s = 2s@)(p). ;<a}&}a’> ¢i(ro’), (B.3.26)
B2 term : 507 ((sro') /dr'po‘(r')SQ(r') = ap @ V(r)s?(r) ¢i(ro)

+20°(r)s(r) - Y _ (| & |o") di(ra”),
B3 term : o (B.3.27)

d !t q noo_ a— q .
el TS = el >Zs< 2(r) gi(ro)
+2p%( (r) Z<J}J |U ¢i(ra)
(B 3.28)
0

Bj5 term : 597 (ro) /dr s(r')-As(r') = 2As(r Z(a!a{a bi(ra’) (B.3.29)
Bi7 term :

(W / qu> NSO = 2459 (r) > (o]6]o’) ¢i(ra’).  (B.3.30)

O'l
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The B3 and B, terms

The Bz and By terms in the Skyrme EDF are proportional to p(r)7(r) — j(r) and PO p\D (1)
7@ () — j@2(r), respectively. Here we consider the first term, p(7)7(r), and the second term, 52(r),
separately. The variation of the first term can be expressed as

J o V(') = r 5p(rl) (v r 57—(7J>
steey J arte o) = [ar {0 ey maa

Using the variation of p(r) Eq. (B.3.3)), the first term in the curly brackets is calculated as

/drlé(;g((:g)T(r’) =7(7r) ¢i(ro). (B.3.32)
The second term in the curly bracket in Eq. (B.3.31)) is calculated as follows:
[ ot 5‘;((3) -/ dr’p(r')&b;zm) ;{w;f(r’o’) Vo,(r')}
- / 2{652* (ro) (p(r')ngj(r’o’))}
- {?p ?} bi(ro), (B.3.33)
where we have introduced the operator é which acts on all the spatial functions sitting on the right

side, i.e. ?f(r)g(r) = Vf(r)g(r) + f(r) Vg(r). The variation of the remaining second term 52(r)
is calculated as

0 [ oy 0d()
sy | A = 2 farie - S
= il/d"“'j( ) M)*((Sm) Z{Qﬁ}f( ' \Vi(r'c) —(ﬁj(’r‘/U/)V¢;(r’g’)}

= i j(r) - Voi(ro) / 2{6;;; o) Y (j(r/)qﬁj(r'a'))}
= —i{V i) +ir) -V} eilro) (B.3.34)

The B4 term can be calculated in the same way as the B3 term. Summarizing above equations, the
variation of B3 and By, is expressed as

B3 term : 5@‘((57’0) /dT/{P(T/)T(T’) - j2(r’)}

= [9ot) T o) +5{F 300+ 300 T o), (B.3.35)

B, term : 5¢* / Z (q F@ () — j<q)2(r/)}

= [-9020)- B 400 11T 1)+ 500 - FY (v,

(B.3.36)
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B.3 Derivation of the Skyrme Hartree-Fock equations

The spin-orbit term (the By term)

The spin-orbit term in the Skyrme EDF, Ers = [ drHis(r), contains a Hamiltonian density,
Hig(r) = Bg{p(T)V-J(T) s(r) -V x j(r —I—Zp PV T (r) + 59D (). V xj(q)(r)}. (B.3.37)

The variation of the first term in Frg can be expressed as

0 (P - T () = , op(r') T — o). SJ(r")
(W/drp(r)v J( )—/d {&b;‘(m)v J(r') — Vp(r') 5¢;‘(m)}' (B.3.38)

Using the variation of p(r) Eq. (B.3.3)), the first term in the curly brackets is calculated as

, Op(r ) LT = T bi(ro
/d g ¥ T = )6l (B.3.39)

The second term in the curly bracket in Eq. (B.3.38)) is calculated as

/ / 6J (7'
- / dr'Vp(r') - < ¢f§:a)) = 21 dr’ %swaw g;fm!au\aﬁ
S 90,0, (5'02) = 0,07 22)0,5 ')
= _725)\u1/8)\p Z< ‘UV‘0—>au¢z TJ)
Ay
= —iVp(r)- ) (o|&]o’) x Vei(ro'), (B.3.40)

o./

where, in the second equality, we have taken an integration by parts for the second term in the curly
bracket and used the antisymmetric nature of the Levi-Civita tensor which leads €,,0,0xp(1") = 0.
The variation of the second term in Epg is expressed as

4 / / N
(Wm/drs(r)~v><g(r) = 6¢* /dr %6,\”,,3)\ Duju(r")
S !

Ay
(B.3.41)

The first term in the curly bracket in Eq. (B.3.41)) is calculated by using the variation of s(r)

Eq. (B.3.17) as
/dr Z W;;j duju(r’) = )\z:e,\waﬂjl,(r)Z<J|6>\}U'>¢i(ra’)
Hv o’

= Vxjr Z<a\a\a ¢i(ro’) (B.3.42)

The second term in the curly bracket in Eq. is calculated as
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

6 v
/dT 26)\“,, HS)\ 5(';:(( )) — 211 d'r ZE,\M,,(? S,\( )Z

Ay Apv jo!

6 ! ! ! _/ ! ! * ! !
53] L9004 = 65(+700,65(r'7') |
= _11;5/\#1/6#3)\(7')81/¢i(710)
iz
= iV x s(r) - Vgi(ro), (B.3.43)

where, in the second equality, we have taken an integration by parts and used the antisymmetric
nature of the Levi-Civita tensor. The variations of the third and forth terms in Frg can be calculated
in the same way. By combining the above results, we obtain

Bg term :

MIZU)/MI}ZLS(T[) = BQZ[{ r)+ V. J@) (p )}500,

—i{V,o(r) + Vp@i)(r)} {ole|o’y x ¥

o

o’)

HV % i)+ xj @)} (o

—i{V x (1) + V x s(qi)(r)} . vam,,} bi(ra’).

(B.3.44)

The B4 and Bjg terms

Lastly, we consider the Bj4 and Big terms in the Skyrme EDF, which are proportional to s(r) -
T(r) — J2(r) and >y s (r) . TW(r) - 7(‘1)2(7“), respectively. The variation of the first term
s(r) - T(r) is expressed as

(S)/dr’s(r’)-T(r’):/dr/{ Os(r') -T(r') + s(r') - 0T (r') } (B.3.45)

d0¢; (ro d¢;(ro) dpr(ro)
The variation of the first term in the curly bracket in Eq. (B.3.45) is calculated by using Eq. (B.3.17)
as Salr!
/dr’5¢;((za)) “T(r') =T(r)- Z<" oo’ ¢i(ra’). (B.3.46)

a-/

The variation of the second term in the curly bracket in Eq. (B.3.43) is calculated as

/ / 5T(T/) _ / / 0 x (! / A
/dT S(T)' (5¢2‘(’r0) - /dT ZSV(T)W .ngz{v¢j(r 01)'Vd>j(7' 02)}<01‘UV‘0‘2>
(5(Z) 7"(71

= WS S Ty v (Ve o)

vV joi0og

- Y Y v. (SV r’)V)<U‘&V‘0'>¢i(ra/). (B.3.47)
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B.3 Derivation of the Skyrme Hartree-Fock equations

The variation of the second term is calculated as follows:

e | T

_2/dr ZJW 5¢* ))
—/d’f‘ ZJ/“/ Z 0'1‘5',/‘0'2>

]0'10'2

J
37 (ro)

ZJ/W Z J’6V}U,> Oudi(ra’)

p

—|—IZZ<U|O‘U‘O‘ ( r)p;(ro’ ))

nv o’

Z{? J (1) + Ju(r }Z<J’0V}U ¢i(ra’)

%

- {¢ (1100)06;(r'02) = 6,(1"02)05(1"01) }

(B.3.48)

where, in the third equality, we have taken an integration by parts for the second term in the curly

brackets. The Big term can be calculated in the same way as the Biy term. We then obtain the

following expressions for the variations of the B4 and Big terms in the Skyrme EDF":

Bq4 term :

_ Z‘:{ Vs (!

Big term :

(5@“((;7“0) /dr{s(’r)

)-?%—Ty(r

&b;ra)/drzq:{s(q) r

=3 [ SV (1) VT ) 1Y { T ) + J,sw)%}} (o] 6 [0") du(ra").

0"y ¢i(ro’),
(B.3.49)

— 7@)2(,0)}

' (B.3.50)
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

The resulting Skyrme HF equation
As a result, we obtain the Skyrme Hartree-Fock equations for single-particle wave functions:
ZhéqﬁF (roo’)¢i(ra’) = e; di(ro), (B.3.51)
where the single-particle Hamiltonian is given by

~ 2 ~
W (r00') = =5 8 oy + 8y (r00") + KB (), (B.3.52)

The time-even and time-odd parts of the single-particle Hamiltonian are defined by

Wl (roo’) = =9 - MO@) Vb5 + 0D (13,00 + o (Vo0 - B ) + BOGr) - T,
(B.3.53)

Wlroe’) = =9+ (00 OO 40 S0(0) 4 5 (100 + 10(r) - F )
(B.3.54)

We introduced a shorthand notation, o, = <a}a}a > We defined two rank-2 tensors, ‘V which

denotes a tensor having components V,, = >, E“l,)\€ » and V)M/ which denotes a tensor having
components V0, 5,. We note that the differential operators, V and A, act only on a neighboring
spatial function, while ? acts all the spatial functions sitting on the right side of V. Time-even
mean-field potentials are defined by

M@D(r) = Bsp(r)+ Byp(r), (B.3.55)

UD@r) = 2 {Blp(r) + Bypl) (r)} + Byr(r) + Byr@(r)
+ 2 {35 A p(r) + Bg A p(Q)(T)} +ByV - {J(r) + JO(r))
+ Brla+2)p""(r) + By {ap™ ™ (r) (p2(r) + pP2(r)) + 20%(r)p @ (7) }

+ ap”i(r) {B1282(T) + Bis (S(n)Q(T) + S(p)Q(T))} + Veoul(r) dgp, (B.3.56)

B@(r) = —2{Bu'T (r)+ B 7 D)} — By ¥ {p(r) + p@(r)}, (B.3.57)

where the Coulomb potential Viou (7) is given by

@) (¢! % 1
Veoul(r) = {/d /M (i) [p(p)(r)]3}. (B.3.58)
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B.3 Derivation of the Skyrme Hartree-Fock equations

While time-odd mean-field potentials are defined by

I9D(r) = —2{B3j(r) + Bsj D (r)} +BoV x {s(r) + sD(r)}, (B.3.59)
C9(r) = Bus(r)+ Bigs'9(r), (B.3.60)

@) = 2 {Blos(r) + B11S(q)(’l“)} + BuT(r) + BigT (r)
+ 2{Bis As(r) + Bir £ 59(r) | + ByW x {j(r) + 5 (r))

+o20%(r) {Blgs(r) + Byys(@ (7')} . (B.3.61)

To simplify the notation of the single-particle Hamiltonian, we have used relations for tensorial func-
tions. As a matter of principle, we describe below some notations used to define the Skyrme single-
particle Hamiltonian.
The scalar product between two tensors, A and B , having components, A, and B,,,, respectively,
is defined by - o
A B =) AuBu. (B.3.62)

We have introduced two tensors, WM/ and ? The <V—(>7M/ has components ?MO},’ so's While the
tensor has components

vw/ = ngl/)\e)\‘ (B363)
A
There follows the following relation:
<
VA =3Vl = cunVad = V- 4, (B.3.64)
uv 7122

<
where A = (A23 — Ago, Ag1 — Ai3, A1g — Agl) is the antisymmetric part of the tensor A . Using
above relations, we find

%(ng, B (r) + ‘B () - ﬁw,)
— 1 {?uau’ oo B/(ﬂy) (r)+ Bfﬂ) (r) ?MUV, Ug/}

2i
pv
1
= 5 Z Oy, aa’{?uB/(qu) (Ir) + B,l(LqV) (T)ell}
v

=i S {BuV i Ju(r) + BV I8 (1) + Buudu(1) ¥ + Bia T 1)V oy oo

1%

52 S Bocun{ T (plr) + 90 0)) + Vs (6l0) + 90 (1)) ¥, } 01,

LA
13142{? T (1) + T () }+1316Z{? JO(r) + 0V, )
—iBgV(p(r) + ol >(r)) Gyt XV, (B.3.65)

which coincide with the third terms in Eqgs. and and the second term in Eq. .
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Appendix B Detailed Derivation of the Skyrme Hartree-Fock Equation

Finally, we make a small proof for the notation of the single-particle Hamiltonian containing the
mean-field I(r):

(V- 196) 1 19(r) - 9)
- 133{? CF )+ () - ?} +iB4{€7> D)+ §(r) D ?}

+%Bg(v -V x {s(r) + s D(r)} +2V x {s(r) + 5D (r)} - V), (B.3.66)

=0

which coincide with the third terms in Eqgs. and and the fourth term in Eq. .
Other mean-field potentials, M (9 (r), U@ (), C9(r), and (@ (r), are defined straightforwardly.
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Appendix C

Constrained Hartree-Fock Method

We are interested in not only a ground state of nuclei but also states with different properties such
as energies, deformations, angular momenta, and so on. For example, to investigate adiabatic fis-
sion paths, we calculate a multidimensional PES as functions of e.g. nuclear elongation, asymmetry,
deformation of fragments, and thickness of a neck. To calculate such a PES, we need to minimize
energy with certain constraints, namely, we minimize energy requiring some expectation values to
be specific values. In this Chapter, we explain how to achieve such a Hartree-Fock calculation with
certain constraints.

C.1 Linear constraint

The most simple way to minimize energy with certain constraints is a variational calculation with
Lagrange multipliers. Here, we consider the case where we require expectation values of one-body
operators Q) = vazl gr(r;) become g, (k=1,---,N¢)

(®|Q|®) =g, (C.1.1)

where ‘<I>> is a many-body wave function of the system. To achieve this, we transform a Hamiltonian
of the system, H , as follows:
H=H-X-Q, (C.1.2)

where A = (Aq,---,An,) is a set of the Lagrange multipliers. Denoting the expectation value of
transformed Hamiltonian as E’(\), there follows

E'N) = (2(N)|H'|2(N))
= (BN)[H|®(N)) — X+ (2(N)|Q|®(N))
= EA)—-X-QN), (C.1.3)

where Q = ZZJ\; 1<¢>i‘¢j’¢i> and ¢; denotes the single-particle wave function. According to the varia-

tional principle, we require E’ to be stationary under any variations,

SE' = §(D(N)[H|®(N)) — X 3(2(N)|Q[2(N)) = 0. (C.1.4)
If we conduct variations of E’ for ¢, we find
OF 0Qy
— = == = M. C.1.5
o0~ M og (C.1.5)

At the last equality, we used the required relation, <<I>{Qk‘<1>> = qi. Above relation indicates that, in
the CHF approach with liner constraints, we calculate a state which satisfies 0E/Jq, = A for a given
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Appendix C Constrained Hartree-Fock Method

7 7 >

Figure C.1: Schematic picture for the constrained Hartree-Fock calculation with a linear constraint.
A solid curve denotes energy surface of the original system.

fixed value of A\;. Figure shows a schematic picture of CHF calculation with a linear constraint.
In the figure, we show an energy surface F(q) as a function of ¢q. For a fixed value of A\ = A, we can
calculate a state at OE(q)/0q = A¢. It corresponds to an energy minimization calculation on a new
potential energy surface E’ rotated by o = tan A..

We note that, in the CHF calculation with linear constraints, what we can adjust is not the
expectation values g = <®‘Q‘@> but the slope of energy surface, 0FE/dq. According to this fact, the
CHF approach with linear constraints no longer works, when the fixed A locates at a vicinity of the
inflection point or the energy surface E(q) has a positive second derivative. In the former case, there
are many solutions with same A having slightly different values of ¢q. In the latter case, there is no
stationary solution around such an energy maximum.

C.2 Quadratic constraint

Contrary to the case of linear constraints, we can calculate the energy for any values of ¢ by adopting
quadratic constraints. In the CHF approach with quadratic constraints, we consider a minimization
problem of the following energy:

E"(q) = (2(q)|H|®(q)) + %0(<<I>(q)IQ\<I>(q)> - M)Q, (C.2.1)

where p = (u1,---,un,) is a set of arbitrary parameters. In Fig. [C.2] we schematically show the
new energy surface E” as a function of ¢q. As seen in the figure, we can calculate a state with
qr = <@‘Qk’<1>> ~ p. By conducting a variation of E” for ¢, we find

OE"(q) _0E(q)
oqx, 0qx.

+C((2(q)|Qklo(@) - ) =0, (C22)

where we again used the required relation, <<I>‘Qk|<l>> = q;x. The above equation is equivalent to the
linear constraints with A = —C (<(I>‘Q|<I>> — u). Thus this CHF calculation with quadratic constraints
gives the same energy surface to that calculated with linear constraints. Calculating variation of
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C.3 Constrained imaginary-time method

Figure C.2: Same as Fig. but for a quadratic constraint.

Eq. (C2:2)) for g, we obtain
% _ 1 aQE//( )

= , C.2.3
Aq C 3qk ( )

where 1 = 0Qy/0qy. Therefore, for sufficiently large value of C' satisfying C' > W becomes

monotonic function of ¢x. It ensures the existence of stable solution at a given .

C.3 Constrained imaginary-time method

Another way to achieve minimization with certain constraints is the constrained imaginary time
method. In the method, we determine the Lagrange multipliers so as to satisfy <<I>‘Q|‘I>> = q at
every imaginary-time step. As we done in practice, we give formulae for the constrained imaginary
time method putting constraints on <<I>‘Q‘q>> = q and orthonormality of single-particle wave functions,
<¢i}q§j> = 0;j. The variational principle with these constraints requires the following relation:

(®|H|®)
5!<<‘I>|<il> Zﬁk( ‘P}Qk’q’ ) Z5zj< ¢z‘¢g - Z])] =0, (C.3.1)

where 7, and ¢;; are the Lagrange multipliers. By conducing the variation Eq. (C.3.0)) with respect
to the single-particle wave function, ¢} (ro), we find

OFE
567 (ra) an% )pi(ro) Z&?zjqﬁj ro) =0, (C.3.2)
i k

where E denotes the total energy, £ = <<I>|ﬁ ‘(I>> / <<I>|<I>>. Then, the infinitesimal imaginary time
evolution is given by

6" V(@) = 6" () — AT g (@), (C.33)
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where z denotes a set of the spatial and the spin coordinates, z = (r,¢). The superscript (n) indicates
imaginary time, 7 = inAt. The function ggn) (x) is defined as

S
2
—
8
SN—
Il

anqk 251J¢ (C.3.4)

SE™ 5 (2™|H|eM)
0¢;(x) — 0¢3(x) (2M]@M)

Sh
2
—
S
S—
|

(C.3.5)

where E(™ and & are the total energy and the many-body wave function at imaginary time 7 =
inAt. In the following, we shall determine the Lagrange multipliers 7, and ¢;; so as to satisfy subsidiary
conditions, <<I>‘Qk|<I>> = Q) and <¢i‘¢j> = 0j-

We first require that the condition <<I>‘Qk}¢>> = (i is satisfied after an imaginary time evolution:

<¢Z(n+1) |(jk:

> {6l

(n+1)>

)

M=

< H(n+1) Q (I>(n+1>

—1

=

Il
NS

)

elo™) = A (¢ ailo™) + (9" d
(Aol arlal™) |

- (@) = a3 (A + )

=1

A
+ A7 S (mlo |ava| o™ ) + i (6" el 6™))

=1 1

N CICRTERESICHLR)

~.

= (@)-a Z(<¢ )+ (1 @k o™))
=1
A
2073 m Y (6 |dkar] o) + 287> 2 (6 k|0l
l i=1 p
- o (C.3.6)

where, in the third equality, we have assumed that 7 is real, n; = 1. In the fourth equality, we have

assumed that constraint operators commute each other, [Gx,§] = 0, and €;; is hermitian, g;; = eﬂ

In the same way, we require that the condition <¢i‘¢j> = 0j; is satisfied after the imaginary time
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C.3 Constrained imaginary-time method

evolution:

(el = (o lof) -ar ({17 + (17167)
=8ij

#2873 (o) el o))
k

A
+A7 Y (2 (6 |0l) +ei (67 [05) )

k=1
:5zk :6kj

= b= A1) + (1716))
+2AT Z T]k<d>z(»n) }@k‘¢§n)> +2ATej;
k

dig (C.3.7)

where we have assumed that the orthonormality of single-particle wave functions at imaginary time
T = inAt, <¢En) ‘¢§n)> = 0;j, is satisfied. Because of this assumption, in practical calculations, we have
to ensure the orthonormality employing the Schmidt’s orthogonalization method at every imaginary-
time step.

We make small modifications for Eqgs. (C.3.6) and (C.3.7)). From the requirement for the expecta-
tion values of Q, Eq. ((C3.6), we find

A N)|~ » n ]- A n ]. A n
ZU!Z@E )\Qk(ﬂ\@( )> = E(Qk - <Qk>( )) + §Z<<¢f g
= i—1
_Zgji< j |
ij

)+ (1 o))

oM. (C.3.8)

From the requirement for the orthonormal relation, Eq. (C.3.7), we find
1 £ OIPRPIO)
eji =5 ((O117) + (171607) ) = om0l lael o™, (€:3.9)
k

By substituting Eq. (C.3.9) into Eq. (C.3.8) to eliminate ¢j;, we obtain a linear equation to determine
the Lagrange multipliers 7, which ensures the requirements, Egs. (C.3.6) and (C.3.7):

f( )> <f( n)

"))

o)

Zmz <75( )|QkQZ‘¢ ) = (Qk - <Qk>(n> Z(< dk

=1

Rk (<¢ 157)+ 1)) = el lade™) o5l
@Zm{fﬁwﬁ’\qqu ) 3l ) (o ol }

= o (@ (@™ + i%R 0] = 305 (1) + 1657 ) 0

)

<~ Z Akl m = Bk, (0310)
l
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where
A

A = Y (6 |awa|ol™) Z<¢> MY (o
i=1

B = g0 (@) + SRl a7
=3 S (@15 + 16 ) (04 a

)

> (C.3.11)

M. (C.3.12)

By solving Eq. (C.3.10)) for nmg, we can get the Lagrange multipliers which ensure requirements,
<(I>("+1) > = @ and <¢i|¢j> = 0;;, at each imaginary-time step. In practice, we calculate
the inverse of the matrix A to solve the equation Eq. (C.3.10) for n.

C.4 Constraint operators

We have used the following constraint operators in practical calculations.

e Center-of-mass coordinates:
T, U, 2. (C.4.1)

These constraints are used to fix a nucleus at the center of a numerical box.

e Principal axes:
&g, 93, 2. (C.4.2)
We usually require (23) = (§2) = (£2) = 0 in order to set principal axes of a nucleus parallel to
the z-, y-, and z-axis.

e Multipole moments:

. 5 7 0 o

on - (i) cas
A 15 /. .

Q2 = (/16— (3?2 - y2), (C.4.4)
A T (952 _a:2 _ as2):

@0 = \/{5- (22 —33% -39 )z, (C.4.5)

In practice, we use constraints on ng and Qgg in order to impose constraints on deformation
parameters, 8 and . They are given by

47 1 A 2
8 = 5 A \/<Q20> + (Q22)", (C.4.6)
N (Q22) | 360
v = arctan [<Q20>] 5 [deg], (C.4.7)

where (r) denotes the root-mean-square radius. In a static HF calculation, we first calculate
states imposing constraints on § = 0 and 5 = 0.1 and 0.2 with v = 0°,30°, and 60°. We then
release those constraints and re-minimize the energy. After getting convergent results, we regard
a least energy state as a HF ground state.
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Appendix D

Calculation of the Coulomb Potential

for an Isolated System

In this Chapter, we present a method to calculate the Coulomb potential V(r) of a charge density
distribution p,(r) in the finite numerical box of

O0<x<L,, 0<y<L,, 0<z<L,.

The Coulomb potential takes the form

2

V(r) = /dr'r_ﬂpp(r’).

This method is known as Hockney’s method [152].

D.1 Preparation

D.1.1 Decomposition of the Coulomb potential

We decompose the Coulomb potential into two parts, the long-range part and the short-range part.

Using error function, we define these two parts as follows:

1 1 T 1 r
= GE(r)+G%(r) (D.1.1)
with
1 r
Liry = —erf(—- D.1.2
GHr) = erf(g), (D.12)
1 T
s - = .
G°(r) = rerfc(Rc). (D.1.3)
The error functions are defined by
erf(r) = 2/36 e dt (D.1.4)
VT Jo ’ -
erfe(r) = 1—erf(r). (D.1.5)
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D.1.2 Assumption of periodicity

We assume that p,(r) is a periodic function of a length 2L,

pp(r) (0<r <L),
p(r) = (D.1.6)
0 (L<r<2L).
Then we can represent p(r) and G (r) as a Fourier series

o) = D0 BT pe=gp [ dep@e (D.1.7)

k=—oc0

> 2rk ~ 1 i 27k

Glz) = kZ GLkelsrr | GE = o5 | deL( Je 1oL, (D.1.8)

=—00

Here, we consider one-dimensional case for simplicity. An extension to three-dimensional case is
straightforward. Actually, the spatial integral for the inverse transformation is performed by discretiz-
ing the interval of the integral. Defining these quantities,

pi=p(x) , Gf =GHx), (D.1.9)
i=1,-- 2N , x;=iH , 2NH=2L | (D.1.10)
we find
1 & 2
Pe = %;pie‘lzﬁ
_ 1 Z =i G (D.1.11)
- w2 pie : 1.
GL = Z GLe 15N (D.1.12)
—N+1

Since p; = 0 (N < i < 2N), the summation over grid points i takes i = 1,--- | N.

D.2 Calculation of the long-range part of the Coulomb
potential

We denote the long-range part of the Coulomb potential as V% (z) which takes the form

2L
VE(z) = 62/0 de'GE(x — 2"\ p(2). (D.2.1)

It is difficult to evaluate the spatial integral in the infinitely large space because of the long-range
nature of the Coulomb interaction. We thus substitute the Fourier series representation of p(x) and

G*(z) into Eq. (D.2.1)). We find

L 2 2k / = AL i ZEE (p—a') = i2mly
Vix) = e dz Z Gie Z pre' 2L
0

k=—o00 l=—00
Ea v [2F 2m(k—1)
~ 27r ™
= 2 Z Z G% 2L$/ do'e i "
k=—o00l=—00 0
1Mm

= Z GEpre'an (D.2.2)

k=—o00
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D.3 Calculation of the short-range part of the Coulomb potential

D.3 Calculation of the short-range part of the Coulomb

potential
We denote the short-range part of the Coulomb potential as V*(z) which takes the form
VS(x) = 62/daz'GS($ — ') p(a'). (D.3.1)
In this case, we first perform the Fourier transformation for p(z) and G°(x)
pa) = 5o [dap@e 5o = [doptreion (032)
GS@) = % dqGS (e | G(q) = / da G5 ()97 (D.3.3)

We also use the Fourier series representation of Eq. (D.I.11)) for the inverse transformation of p(r).
We then find

ple) = > ﬁk/d$€_i(q_2£€x)

k=—0o0
= 21 > pd(g— wk/L). (D.3.4)
k=—o0

Using Egs. (D.3.2), (D3.3), and (D.3.4), the short-range part of the Coulomb potential is calculated

as
2L ~ : ’ P
viw = ¢ [ { [ucswet b [agper
e? 1 AS ~/ I\ iqx 1 ,—i(qg—¢' )z’
= W/dQ/qu(Q)P(Q)e /dl"@

62 ~ ~ iqx
= 5 /quS(Q)p(q)eq
v

= ~ ~ igz mk
= ) pk/quS(q)eq JC!
k=—o0
2 S ~S k. iThy
= e Z G (f)pke L
k=—o0
= 2L Y Giae T (D.3.5)
k=—oc0
We have introduced a notation ) L
58 _ ~8 T
= __ Y D.3.
Gf = -G (D.3.6)

D.4 Calculation of the Coulomb potential for the iso-
lated system

To summarize, the Coulomb potential V(z) can be calculated as

Viz) = Vi) +V5)

= 2Le® ) (Gr+GY)ne' =™ (D.4.1)

k=—o00
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Appendix D Calculation of the Coulomb Potential for an Isolated System

For three-dimensional calculation, the Coulomb potential of the charge density pq(r) is calculated as

follows:
ip=1,-- Ny , iy=1,---,N, , i,=1,---,N,
Ly=N,H , L,=N,H , L.=N.H,
N ) ) )
- kpiz  kyiy kil
= (2L, 2L2L

Vi) = ﬁZ 5)5e xp[ (Nm+Ny ik

k=—N+

. 1  (hain | kyiy ki
i = 2Nx2Ny2NzZpi eXp[ ”T<Nx TN, TN

1=

~ kot kyi ki
L L . xlx yly zlz
OF = 2N2N2N Z G eXp[ 17T<N Ny+NZ>]’
—N+1
- 1 rk
e
; 2L,2L,2L, I

In practice, we work with the following relations:

1 r 12 [/,
Cerf ([ — ) = -— ~at
rerf(R) rﬁ/o ‘

2

VTR

GL(T) =

1

/ dr G5 (r)e™ 2"

= / dr / rdf / r sinf d(p erfc < R > —iqreosd

r
= — d fi
rsin(qr) erfc (Rc>

qa Jo

= 47TRC/ drsin(qR.x) erfe(x) (x =7r/R.),
a4 Jo

47rR3/ dz x erfe(x).
0

)]

(D.4.2)

(D.4.3)

(D.4.4)

(D.4.5)

(D.4.6)

(D.4.7)

(D.4.8)

(D.4.9)

(D.4.10)
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Appendix E

Ground State Properties Calculated
with the Skyrme SLy5 Parameter Set

In Chapter [5, we examined effects of particle evaporation on MNT cross sections for 48Ca+124Sn and
98Ni+2%8Pb reactions. To calculate average excitation energies of reaction products in each transfer
channel, we calculated the energy of HF ground state for each nucleus. Here, we present properties of
HF ground states obtained from the calculations.

To calculate HF ground states, we performed -y CHF calculations. We first minimize the total
energy imposing constraints of # =0 and 8 = 0.1 and 0.2 with v = 0°,30°, and 60°. We then release
those constraints on g and « and re-minimize the energy. We regarded a least energy state as the HF
ground state.

For odd-even, even-odd, and odd-odd nuclei, we adopted the so called equal-filling approximation,
where the occupation probability of the last occupied nucleon is forced be 0.5 so as to equally fill
both the highest occupied orbital and its time-reversal partner. We then calculate densities with the
occupation probability, e.g. p(r) = >, ni‘¢i(ra)}2, where n; denotes the occupation probability of
1th orbital.

In Tables [E.THE.20, we summarize obtained results for every nucleus. We denote the ground state
energy calculated by using SLy5 parameter set [IZI] as Egs which is shown in 4th column in the
table. The E, . (SLyIII.0.8) shown in 11th column of the table is defined by

Eygs.(SLyITL0.8) = (@, . (SLy5)| Hsiyrme (SLyIIL.0.8)| @4 5. (SLy5) ), (E.0.1)

where ‘q)gls,(SLy5)> denotes the wave function in the HF ground state calculated by using SLy5
parameter set. I:ngyrme(SLyHI.OB) denotes the Skyrme Hamiltonian with SLyIIl.0.8 parameter set
[[46]. The energy E, (SLyII1.0.8) was used to evaluate the average excitation energy of reaction
products presented in Chapter Gl
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.1:  Ground state properties of silicon (upper table) and phosphors (lower table) isotopes
calculated with Skyrme SLy5 parameter set [I4I]. We use N, x N, x N, = 26 x 26 x 26 grid points

with 0.8-fm mesh. The 11-point high-order finite difference method is used for derivatives. The

one-body center-of-mass correction was taken into account.

1451
Z N A Egs. B v (deg) en(l) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
14 14 28 -234.324 0.274 60.0 -45.751 -39.587 -15.723 -10.434 -230.223
14 15 29 -244.242 0.179 60.0 -46.538 -41.257 -11.036 -11.268 -239.873
14 16 30 -255.705 0.002 g -47.392  -42.729 -12.253 -12.832 -249.875
14 17 31 -263.305 0.087 60.0 -46.628 -43.242 -8.382 -13.546 -258.047
14 18 32 -271.244 0.137 60.0 -45.846 -43.664 -8.578 -14.556 -266.427
14 19 33 -278.141 0.051 60.0 -45.642 -44.559  -7.765 -15.774 -273.317
14 20 34 -285.612 0.000 g -45.187 -45.198 -8.141 -17.044 -280.840
14 21 35 -288.995 0.067 60.0 -45.307 -45.933 -4.087 -17.753 -284.245
14 22 36 -292.927 0.163 0.2 -45.311 -46.472 -5.033 -17.606 -287.868
14 23 37 -297.143 0.201 0.4 -45.416 -47.146 -4.748 -18.174 -291.979
14 24 38 -301.510 0.237 0.0 -45.515 -47.794 -4915 -18.718 -296.154
14 25 39 -304.743 0.230 11.3 -45.703 -48.508 -3.796 -19.873 -299.254
14 26 40 -308.351 0.247 25.1 -45.652 -48.895 -4.281 -21.051 -302.343
14 27 41 -311.129 0.243 45.2 -45.672 -49.332 -3.745 -23.068 -304.673
14 28 42 -314.935 0.265 60.0 -45.606 -49.694 -4.472 -24.703 -307.716
14 29 43 -315.640 0.233 59.8 -45.991 -50.455 -1.284 -25.268 -308.043
14 30 44 -316.777 0.208 44.5 -46.287 -51.166 -1.864 -25.451 -308.620
15P
Z N A Eg . B v (deg) en(1) ep(1)  en(N) €p(Z) | Egs.(SLyIIL.0.8)
15 14 29 -238.859 0.184 60.0 -47.330 -39.804 -16.505 -5.422 -233.984
15 15 30 -251.050 0.000 g -47.833 -41.202 -12.878 -7.287 -245.870
15 16 31 -263.312 0.000 g 47776 -41.887 -12.822  -7.905 -256.627
15 17 32 -272.102 0.074 59.5 -47.146  -42.452 -9.478  -9.050 -266.062
15 18 33 -281.144 0.120 59.9 -46.495 -42.941 -9.643 -10.126 -275.676
15 19 34 -289.276 0.048 59.2 -46.206 -43.706 -8.895 -11.283 -283.866
15 20 35 -297.855 0.000 g -45.788  -44.326  -9.202 -12.341 -292.573
15 21 36 -302.222 0.061 59.4 -45.952 -45.088 -4.983 -13.314 -297.053
15 22 37 -307.258 0.169 0.6 -45.927 -45.620 -6.056 -14.445 -302.207
15 23 38 -312.590 0.209 0.3 -46.014 -46.283 -5.859 -15.563 -307.633
15 24 39 -318.081 0.245 0.0 -46.098 -46.922 -6.021 -16.680 -313.098
15 25 40 -322.348 0.234 0.0 -46.332  -47.694 -4.676 -17.710 -317.407
15 26 41 -326.602 0.235 13.6 -46.443 -48.298 -4.836 -18.516 -321.440
15 27 42 -329.512 0.216 34.3 -46.592 -48.882 -3.799 -18.703 -323.860
15 28 43 -333.461 0.227 59.5 -46.652 -49.344 -4.923 -18.768 -326.805
15 29 44 -335.437 0.206 46.4 -46.867 -49.988 -2.611 -20.074 -328.507
15 30 45 -337.937 0.193 30.6 -47.067 -50.630 -3.174 -21.402 -330.417
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Table E.2: Same as Table [E.1l but for sulfur (upper table) and chlorine (lower table) isotopes.

165
Z N A Egs. Ié] v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIIL.0.8)
16 14 30 -244.497 0.000 g -48.815 -40.125 -18.145 -6.275 -237.732
16 15 31 -257.545 0.000 g -48.414 -40.656 -13.503 -6.873 -250.423
16 16 32 -270.433 0.000 g -48.225 -41.233 -13.398 -7.461 -262.091
16 17 33 -280.369 0.069 59.3 -47.673 -41.804 -10.568 -8.560 -272.873
16 18 34 -290.496 0.111 59.7 -47.114  -42.314 -10.693 -9.606 -283.852
16 19 35 -299.761 0.048 59.4 -46.794 -43.031 -9.953 -10.692 -293.019
16 20 36 -309.392 0.000 g -46.410 -43.648 -10.223 -11.705 -302.759
16 21 37 -314.752 0.081 1.3 -46.558 -44.350 -6.155 -12.706 -308.683
16 22 38 -320.926 0.179 0.2 -46.524 -44.845 -7.126 -13.812 -315.687
16 23 39 -327.392 0.220 0.2 -46.588 -45.478 -6.981 -14.940 -322.508
16 24 40 -334.009 0.256 0.0 -46.654 -46.098 -7.125 -16.055 -329.278
16 25 41 -339.303 0.246 0.0 -46.863 -46.838 -5.672 -17.065 -334.711
16 26 42 -344.523 0.237 0.0 -47.059 -47.538 -5.616 -18.040 -340.001
16 27 43 -348.332 0.262 0.0 -46.940 -47.942 -4.337 -19.035 -342.977
16 28 44 -351.713 0.181 45.2 -47.614 -48.973 -4.929 -18.637 -345.883
16 29 45 -355.456 0.236 0.0 -47.301 -49.215 -3.612 -20.580 -348.876
16 30 46 -358.881 0.185 0.0 -47.765 -50.065 -4.022 -21.094 -351.991
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Egs.(SLyIIL.0.8)
17 14 31 -246.224 0.091  59.7  -49.175 -39.030 -18.747 -2.373 -239.489
17 15 32 -260.432 0.076  59.3  -48.849 -39.690 -14.623 -3.437 -253.418
17 16 33 -274.445 0.068 59.6 -48.677 -40.342  -14.478  -4.497 -266.432
17 17 34 -286.200 0.109  59.9  -48.077 -40.861 -12.265 -6.194 -279.194
17 18 35 -297.962 0.135  60.0 -47.517 -41.366 -12.239 -7.740 -291.786
17 19 36 -308.147 0.074  60.0  -47.244 -42.111 -10.888 -8.629 -301.876
17 20 37 -318.752 0.027 583  -46.886 -42.748 -11.195 -9.561 -312.569
17 21 38 -325.417 0.076  60.0  -47.042 -43.478 -7.147 -10.848 -319.684
17 22 39 -332.248 0.151 0.9 -47.087 -44.080 -7.679 -11.510 -326.887
17 23 40 -339.427 0.187 0.6 47187 -44.741  -7.642  -12.239 -334.380
17 24 41 -346.686 0.221 0.2 -47.280 -45.381 -7.732 -12.884 -341.799
17 25 42 -352.925 0.212 0.2 -47.499 -46.121 -6.593 -13.814 -348.211
17 26 43 -359.062 0.204 0.3 -47.707 -46.824 -6.509 -14.717 -354.454
17 27 44 -363.837 0.171 28.5 -47.959 -47.540 -5.482 -16.288 -359.216
17 28 45 -369.283 0.159 59.9 -48.232  -48.250 -6.237 -17.645 -364.056
17 29 46 -373.032 0.163 42.5 -48.231 -48.706 -4.288 -18.160 -367.310
17 30 47 -377.094 0.173 29.2 -48.253 -49.173 -4.614 -18.507 -370.470
17 31 48 -379.894 0.153 42.4 -48.331 -49.632 -3.329 -19.498 -372.213
17 32 49 -383.026 0.139 59.2 -48.425 -50.082 -3.583 -20.275 -373.917
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.3: Same as Tables and but for argon isotopes.

18AT
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
18 14 32 -248.047 0.144 60.0 -49.417 -37910 -19.680 -2.317 -241.193
18 15 33 -263.303 0.123  59.8  -49.197 -38.706 -15.654 -3.333 -256.302
18 16 34 -278.363 0.111 99.9 -49.057 -39.448 -15.487 -4.343 -270.667
18 17 35 -291.748 0.135  60.0  -48.461 -39.959 -13.807 -5.883 -285.039
18 18 36 -305.027 0.153  60.0  -47.911 -40.465 -13.692 -7.334 -299.152
18 19 37 -316.101 0.096 60.0 -47.672 -41.230 -11.774 -8.197 -310.183
18 20 38 -327.625 0.048  59.3  -47.345 -41.889 -12.128 -9.078 -321.789
18 21 39 -335.560 0.092  59.8  -47.474 -42.594 -8.355 -10.315 -330.286
18 22 40 -343.479 0.128  60.0  -47.575 -43.245 -8.335 -11.467 -338.803
18 23 41 -351.073 0.150 29.6 -47.731 -43.976 -8.116 -12.140 -346.410
18 24 42 -358.954 0.189 0.2 -47.892  -44.712  -8.357 -12.477 -353.721
18 25 43 -366.129 0.182 10.7 -48.094 -45.425 -7.526 -13.448 -361.255
18 26 44 -373.235 0.183  20.5  -48.235 -46.057 -7.487 -14.434 -368.716
18 27 45 -379.534 0.162  42.0  -48.435 -46.724 -6.894 -15.894 -375.344
18 28 46 -386.197 0.164  60.0 -48.612 -47.366 -7.063 -16.961 -381.891
18 29 47 -389.649 0.105 0.1 -48.943 -48.136  -4.882 -17.064 -384.203
18 30 48 -395.114 0.159  59.9  -48.787 -48.407 -4.876 -18.365 -389.232
18 31 49 -398.843 0.158  59.8  -48.710 -48.816 -4.127 -19.040 -391.953
18 32 50 -402.664 0.158  60.0 -48.666 -49.222 -4.216 -19.692 -394.593
18 33 51 -404.969 0.183  60.0 -48.158 -49.399 -2.764 -20.772 -396.930
18 34 52 -407.507 0.203  60.0  -47.686 -49.585 -2.974 -21.715 -399.338
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Table E.4: Same as Tables but for potassium isotopes.

19K
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
19 14 33 -248.466 0.054 57.8 -50.249 -37.370 -20.874 -1.160 -241.010
19 15 34 -264.964 0.050 99.5 -49.872 -38.066 -16.812 -2.282 -257.462
19 16 35 -281.162 0.047 59.7  -49.679 -38.766 -16.577 -3.335 -272.840
19 17 36 -295.452 0.074 60.0 -49.123 -39.311 -14.684 -4.255 -288.108
19 18 37 -309.616 0.097 60.0 -48.596 -39.837 -14.556 -5.128 -303.162
19 19 38 -322.796 0.054 60.0 -48.223 -40.478 -13.678 -7.036 -316.699
19 20 39 -336.085 0.021 60.0 -47.829 -41.067 -13.736 -8.666 -330.414
19 21 40 -344.593 0.059  60.0 -47.980 -41.804 -8.868 -9.272 -339.393
19 22 41 -352.998 0.092 99.8 -48.108 -42.492 -8.775  -9.788 -348.324
19 23 42 -361.404 0.119 5.1 -48.275 -43.242 -8.938 -10.627 -356.704
19 24 43 -369.924 0.148 0.2 -48.412  -43.926 -8.910 -11.225 -365.402
19 25 44 -378.032 0.140 0.3 -48.626 -44.655 -8.415 -12.155 -373.794
19 26 45 -385.985 0.133 0.4 -48.830 -45.349 -8.279 -13.057 -381.964
19 27 46 -393.308 0.085 0.2 -49.125 -46.096 -7.783 -14.423 -389.575
19 28 47 -400.896 0.056  59.9  -49.347 -46.768 -8.059 -15.466 -397.435
19 29 48 -405.761 0.082 589  -49.350 -47.259 -5.274 -15.732 -401.545
19 30 49 -410.731 0.105 329  -49.379 -47.740 -5.459 -16.148 -405.355
19 31 50 -415.183 0.089  59.1  -49.450 -48.224 -4.850 -16.896 -408.847
19 32 51 -419.729 0.073  59.7  -49.562 -48.704 -4.930 -17.765 -412.067
19 33 52 -422.844 0.047 08.6 -49.418 -49.037 -3.498 -18.723 -414.119
19 34 53 -426.057 0.038  50.4  -49.250 -49.334 -3.573 -19.453 -416.010
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.5: Same as Tables but for calcium isotopes.

20Ca
Z N A Eg . B v (deg) en(l) ep(1)  en(N) ep(Z) | Eqs (SLyIIL.0.8)
20 14 34 -249.225 0.000 d -50.775 -36.584 -22.078 -1.294 -241.231
20 15 35 -266.805 0.010 d -50.379 -37.309 -17.846 -2.327 -258.860
20 16 36 -284.036 0.001 0 -50.187 -38.036 -17.575 -3.317 -275.285
20 17 37 -299.278 0.027  59.5  -49.662 -38.599 -15.598 -4.268 -291.481
20 18 38 -314.347 0.049 59.5  -49.168 -39.148 -15.426 -5.186 -307.424
20 19 39 -329.293 0.021 594  -48.718 -39.722 -15.306 -6.795 -323.072
20 20 40 -344.125 0.000 U -48.292 -40.2Y8 -15.182 -8.241 -338.533
20 21 41 -353.274 0.032 99.9 -48.452 -41.031 -9.444  -8.905 -348.147
20 22 42 -362.231 0.061  59.9  -48.599 -41.743 -9.278  -9.480 -357.595
20 23 43 -371.489 0.081 3.0 -48.756  -42.467 -9.580 -10.342 -367.194
20 24 44 -380.629 0.107 0.0 -48.901 -43.157 -9.485 -10.969 -376.653
20 25 45 -389.665 0.100 0.0 -49.100 -43.874 -9.320 -11.885 -386.055
20 26 46 -398.521 0.094 0.0 -49.292  -44.558 -9.157 -12.775 -395.208
20 27 47 -407.187 0.047 0.0 -49.543 -45.269 -9.090 -14.083 -404.229
20 28 48 -415.991 0.000 0 -49.760 -45.938 -9.264 -15.335 -413.273
20 29 49 -421.191 0.033 0.1 -49.794 -46.474 -5.640 -15.722 -417.691
20 30 50 -426.578 0.067 0.4 -49.845 -46.986 -5.865 -16.078 -421.900
20 31 51 -431.858 0.033 0.2 -49.962 -47.516 -5.706 -16.972 -426.292
20 32 52 -437.326 0.001 0 -50.096 -48.025 -5.896 -17.829 -430.530
20 33 53 -441.157 0.000 U -49.849 -48.322 -4.168 -18.469 -433.119
20 34 54 -445.015 0.002 0 -49.650 -48.618 -4.191 -19.089 -435.591
20 35 55 -447.822 0.037  59.1  -49.323 -48.906 -3.248 -19.529 -438.511
20 36 56 -450.870 0.064 60.0 -48.992 -49.182 -3.463 -19.937 -441.597
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Table E.6: Same as Tables but for scandium isotopes.

leC
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIIL.O.8)
21 17 38 -299.023 0.763  59.5  -50.275 -38.356 -16.892 -0.097 -291.105
21 18 39 -315.372 0.092 59.8  -49.762 -38.881 -16.670 -1.309 -308.435
21 19 40 -330.884 0.059 59.8 -49.360 -39.477 -15.911 -1.811 -324.558
21 20 41 -346.361 0.032 59.6 -48.958 -40.041 -15.852 -2.391 -340.662
21 21 42 -357.187 0.061  59.5  -49.102 -40.775 -11.088 -4.031 -351.929
21 22 43 -367.835 0.118 0.8 -49.180 -41.429 -11.256 -5.971 -362.800
21 23 44 -378.462 0.144 0.5 -49.312  -42.125 -10.943 -7.343 -373.772
21 24 45 -388.967 0.169 0.4 -49.439 -42.796 -10.849 -8.696 -384.536
21 25 46 -398.629 0.158 0.1 -49.654 -43.528 -9.943  -9.273 -394.622
21 26 47 -408.119 0.147 0.4 -49.860 -44.226 -9.790  -9.858 -404.477
21 27 48 -417.004 0.096 2.3 -50.125 -44.951 -9.319 -10.030 -413.828
21 28 49 -426.166 0.056  60.0  -50.349 -45.629 -9.682 -10.412 -423.334
21 29 50 -432.365 0.074  59.5  -50.371 -46.174 -6.557 -11.359 -428.756
21 30 51 -438.813 0.112 0.5 -50.353 -46.647 -6.934 -12.403 -433.982
21 31 52 -444.410 0.078 58.8 -50.482 -47.203 -6.174 -12.749 -438.702
21 32 53 -450.270 0.067  59.9  -50.572 -47.694 -6.207 -13.254 -443.269
21 33 54 -454.632 0.051  59.3  -50.393 -48.040 -4.709 -13.639 -446.624
21 34 55 -459.123 0.077 2.5 -50.134 -48.339 -4.921 -14.484 -450.490
21 35 56 -462.913 0.070 582  -49.855 -48.632 -4.261 -15.131 -453.927
21 36 57 -466.950 0.092 59.9  -49.498 -48.892 -4.445 -16.084 -458.155
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.7: Same as Tables [E..6] but for titanium isotopes.

22 Ti
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIIL.0.8)
22 17 39 -298.744 0.157 1.4 -50.740 -38.006 -17.504 -0.436 -290.553
22 18 40 -316.122 0.129 60.0 -50.293 -38.592 -17.823 -1.034 -309.195
22 19 41 -332.103 0.092 59.8 -49.944  -39.216 -16.416 -1.454 -325.718
22 20 42 -348.136 0.060 0.1 -49.583 -39.797 -16.596 -2.017 -342.276
22 21 43 -360.651 0.119 0.1 -49.660 -40.463 -13.022 -3.941 -355.031
22 22 44 -373.470 0.184 0.0 -49.666 -41.048 -13.408 -6.095 -367.933
22 23 45 -385.460 0.207 0.1 -49.791 -41.731 -12.288 -7.432 -380.247
22 24 46 -397.311 0.231 0.0 -49.911 -42.391 -12.173 -8.750 -392.325
22 25 47 -407.509 0.216 0.1 -50.142  -43.140 -10.479 -9.247 -403.011
22 26 48 -417.549 0.202 0.1 -50.363 -43.854 -10.339 -9.755 -413.488
22 27 49 -426.572 0.151 1.8 -50.637 -44.596 -9.455  -9.862 -423.079
22 28 50 -436.125 0.112 60.0 -50.834 -45.289 -10.291 -10.228 -433.025
22 29 51 -443.206 0.124 31.0 -50.842 -45.819 -7.589 -11.040 -439.377
22 30 52 -450.744 0.161 0.1 -50.776  -46.258 -7.992 -12.163 -445.928
22 31 53 -456.649 0.128 349  -50.868 -46.822 -6.566 -12.433 -450.890
22 32 54 -463.069 0.117  59.8  -50.914 -47.305 -6.773 -12.982 -455.984
22 33 55 -467.919 0.143 59.8 -50.434 -47.511 -5.238 -14.014 -461.149
22 34 56 -473.200 0.128 0.1 -50.544 -47.997 -5.814 -14.279 -465.452
22 35 57 -477.571 0.118 381  -50.217 -48.284 -5.001 -14.851 -469.679
22 36 58 -482.441 0.117 60.0  -49.964 -48.587 -5.289 -15.499 -474.190
22 37 59 -486.384 0.108  59.3  -49.673 -48.870 -4.280 -16.006 -478.101
22 38 60 -490.420 0.099 60.0 -49.383 -49.142 -4.370 -16.514 -482.036
22 39 61 -493.918 0.064 59.0 -49.183 -49.448 -4.021 -16.710 -485.080
22 40 62 -497.873 0.029 6.3 -48.951 -49.739 -4.532 -17.006 -488.592
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Table E.8: Same as Tables but for vanadium isotopes.

23V
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
23 20 43 -349.899 0.083 0.4 -50.208 -39.556 -17.285 -1.943 -343.859
23 21 44 -363.780 0.146 0.0 -50.264 -40.199 -14.400 -3.304 -357.921
23 22 45 -377.977 0.209 0.0 -50.258 -40.774 -14.770 -4.664 -372.180
23 23 46 -391.218 0.232 0.1 -50.366 -41.440 -13.522 -5.899 -385.759
23 24 47 -404.299 0.256 0.0 -50.470 -42.083 -13.384 -7.110 -399.085
23 25 48 -415.372 0.242 0.0 -50.698 -42.826 -11.340 -7.976 -410.628
23 26 49 -426.268 0.228 0.2 -50.915 -43.534 -11.182 -8.824 -421.945
23 27 50 -435.692 0.179 0.7 -51.187 -44.277 -9.841  -9.217 -431.964
23 28 bH1 -445.332 0.120 59.2 -51.406 -44.999 -11.044 -9.229 -442.070
23 29 52 -453.669 0.158 3.2 -51.345 -45.462 -8.789 -10.569 -449.759
23 30 53 -462.206 0.188 0.0 -51.257 -45.910 -8.959 -11.542 -457.370
23 31 54 -468.462 0.175 157  -51.189 -46.381 -6.792 -12.027 -463.023
23 32 55 -475.151 0.128 59.7 -51.421 -47.005 -7.423 -12.087 -467.911
23 33 56 -480.890 0.150 179  -51.133 -47.294 -6.245 -13.122 -474.003
23 34 57 -487.028 0.156 0.8 -50.991 -47.660 -6.686 -13.903 -479.733
23 35 58 -491.805 0.141  25.1  -50.685 -47.958 -5.391 -14.316 -484.348
23 36 59 -497.121 0.125 59.5  -50.468 -48.297 -5.854 -14.661 -489.130
23 37 60 -501.704 0.115  59.9  -50.175 -48.578 -4.914 -15.290 -493.771
23 38 61 -506.375 0.105  59.8  -49.883 -48.847 -4.999 -15.914 -498.436
23 39 62 -510.284 0.069 59.8  -49.703 -49.166 -4.469 -16.312 -501.909
23 40 63 -514.708 0.038 6.3 -49.475 -49.458 -5.003 -16.790 -505.953
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.9: Same as Tables [E.8 but for chromium isotopes.

24Cr
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
24 22 46 -382.068 0.233 0.0 -50.824 -40.500 -16.107 -4.274 -375.923
24 23 47 -396.537 0.257 0.0 -50.916 -41.150 -14.732 -5.483 -390.750
24 24 48 -410.821 0.280 0.0 -51.005 -41.779 -14.569 -6.668 -405.305
24 25 49 -422.758 0.266 0.0 -51.231 -42.515 -12.190 -7.521 -417.696
24 26 50 -434.502 0.253 0.0 -51.444 -43.216 -12.014 -8.360 -429.846
24 27 51 -444.316 0.205 0.6 -51.713  -43.959 -10.217 -8.743 -440.282
24 28 52 -454.281 0.153 0.0 -51.966 -44.670 -10.424 -9.102 -450.852
24 29 53 -463.658 0.185 0.1 -51.836 -45.128 -9.773 -10.087 -459.576
24 30 b4 -473.169 0.214 0.0 -51.719 -45.561 -9.913 -11.056 -468.278
24 31 55 -480.103 0.222 3.2 -51.454 -45.895 -7.295 -11.826 -475.077
24 32 56 -487.165 0.225 11.1 -51.255 -46.265 -7.462 -12.461 -481.777
24 33 57 -493.695 0.209 2.7 -51.265 -46.754 -6.944 -13.054 -487.779
24 34 58 -500.402 0.186 0.0 -51.374 -47.290 -7.071 -13.486 -493.564
24 35 59 -505.697 0.173 0.1 -51.129 -47.605 -5.608 -14.076 -498.874
24 36 60 -511.263 0.154 285  -50.822 -47.906 -6.073 -14.324 -504.055
24 37 61 -516.391 0.121  60.0  -50.653 -48.282 -5.538 -14.668 -508.795
24 38 62 -521.687 0.111  60.0 -50.360 -48.550 -5.618 -15.287 -514.173
24 39 63 -525.995 0.074  59.5  -50.197 -48.880 -4.895 -15.666 -518.072
24 40 64 -530.911 0.050 0.5 -49.974 -49.171 -5.428 -16.164 -522.646
24 41 65 -534.688 0.232 0.0 -50.535 -49.551 -4.823 -18.149 -526.054
24 42 66 -539.346 0.260 0.1 -50.555 -49.889 -5.032 -19.083 -530.610
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Table E.10: Same as Tables .9 but for manganese isotopes.

25 Mn
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
25 24 49 -414.728 0.268 0.0 -51.658 -41.595 -15.441 -4.015 -409.085
25 25 50 -427.827 0.255 0.0 -51.860 -42.309 -13.333 -5.159 -422.638
25 26 H1 -440.704 0.243 0.0 -52.052 -42.988 -13.129 -6.274 -435.924
25 27 52 -451.415 0.194 0.1 -52.318 -43.726 -11.112 -7.159 -447.247
25 28 53 -462.283 0.142 0.4 -02.066 -44.429 -11.330 -8.054 -458.710
25 29 54 -472374 0.176 0.1 -52.433 -44.892 -10.491 -8.752 -468.095
25 30 55 -482.613 0.206 0.2 -52.315 -45.327 -10.643 -9.467 -477.445
25 31 56 -490.304 0.216 3.8 -52.022 -45.646 -8.045 -10.211 -485.111
25 32 57 -498.147 0.220 14.3 -01.819 -46.012 -8.261 -10.997 -492.618
25 33 58 -505.324 0.207 2.8 -51.772 -46.475 -7.616 -11.629 -499.463
25 34 59 -512.695 0.188 0.0 -51.835 -46.990 -7.717 -12.303 -506.070
25 35 60 -518.661 0.171 0.1 -51.629 -47.326 -6.275 -12.950 -511.994
25 36 61 -524.801 0.158 244  -51.330 -47.613 -6.652 -13.525 -517.827
25 37 62 -530.345 0.129 32,5  -51.157 -47.977 -5.980 -14.008 -523.034
25 38 63 -536.189 0.107  57.5  -50.888 -48.281 -6.245 -14.456 -528.925
25 39 64 -541.225 0.076 0.0 -50.763 -48.617 -5.727 -15.270 -533.283
25 40 65 -546.825 0.047 0.0 -50.487 -48.903 -6.033 -15.862 -538.984
25 41 66 -550.983 0.082 4.2 -50.525 -49.265 -4.571 -16.349 -543.264
25 42 67 -555.934 0.252 0.0 -51.094 -49.647 -5.544  -16.549 -547.600
25 43 68 -560.316 0.219 0.0 -50.859 -49.958 -4.833 -17.130 -552.183
25 44 69 -565.084 0.186 0.0 -50.618 -50.258 -5.221  -17.726 -557.039
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.11: Same as Tables but for iron isotopes.
seke
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
26 24 50 -418.160 0.256 0.0 -52.272  -41.405 -16.291 -3.561 -412.348
26 25 51 -432.390 0.244 0.0 -52.452  -42.097 -14.445 -4.673 -427.035
26 26 52 -446.372 0.233 0.0 -52.621 -42.755 -14.215 -5.760 -441.426
26 27 53 -457.964 0.184 0.1 -52.885 -43.487 -11.993 -6.632 -453.619
26 28 54 -469.724 0.130 0.1 -53.126  -44.182 -12.220 -7.514 -465.958
26 29 55 -480.512 0.167 0.1 -52.995 -44.653 -11.195 -8.197 -475.992
26 30 56 -491.467 0.198 0.0 -52.879 -45.092 -11.418 -8.898 -485.971
26 31 57 -499.908 0.209 9.1 -52.580 -45.408 -8.863  -9.652 -494.437
26 32 58 -508.548 0.220 16.2  -52.311 -45.722 -9.041 -10.438 -502.928
26 33 59 -516.349 0.204 6.0 -52.273 -46.206 -8.256 -11.051 -510.459
26 34 60 -524.406 0.188 0.0 -52.280 -46.693 -8.393 -11.726 -517.938
26 35 61 -531.015 0.170 0.1 -52.098 -47.041 -6.920 -12.356 -524.486
26 36 62 -537.755 0.160 20.3  -51.822 -47.325 -7.207 -12.944 -530.980
26 37 63 -543.791 0.132 24.1 -51.655 -47.692 -6.466 -13.447 -536.661
26 38 64 -550.102 0.108 31.2  -51.435 -48.015 -6.705 -13.940 -542.799
26 39 65 -555.908 0.074 0.0 -51.255 -48.349 -6.312 -14.663 -548.244
26 40 66 -562.102 0.046 0.3 -50.976 -48.632 -6.612 -15.227 -554.641
26 41 67 -566.747 0.076 8.6 -51.017 -48.999 -5.019 -15.735 -559.448
26 42 68 -571.924 0.243 0.3 -51.604 -49.401 -6.060 -15.964 -563.963
26 43 69 -576.910 0.146 0.7 -51.088 -49.675 -5.513 -16.646 -569.563
26 44 70 -582.256 0.176 0.2 -51.125 -50.008 -5.703 -17.139 -574.783

208



Table E.12: Same as Tables but for cobalt isotopes.

27Co
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
27 28 55 -476.256 0.074 0.1 -53.727  -43.979 -14.030 -6.796 -472.389
27 29 56 -487.1656 0.118 0.1 -53.647 -44.496 -11.343 -6.860 -482.474
27 30 57 -498.296 0.154 1.2 -53.570  -44.963 -11.555 -6.996 -492.499
27 31 58 -507.424 0.157 193  -53.406 -45.369 -9.600 -7.830 -501.216
27 32 59 -516.799 0.164 287  -53.261 -45.755 -9.747  -8.666 -509.869
27 33 60 -525.258 0.144 193  -53.233 -46.246 -8.850 -9.312 -518.068
27 34 61 -534.005 0.140 0.1 -53.110 -46.657 -9.158  -9.817 -526.531
27 35 62 -541.437 0.134 183  -52.783 -46.915 -7.863 -10.643 -534.183
27 36 63 -549.139 0.133  36.3  -52.462 -47.165 -8.055 -11.588 -541.807
27 37 64 -556.123 0.110 40.3 -52.239 -47.499 -7.349 -12.418 -548.826
27 38 65 -563.291 0.093 57.6  -51.944 -47.776 -7.498 -13.194 -556.305
27 39 66 -569.907 0.050 1.4 -51.784 -48.125 -7.274 -13.994 -562.436
27 40 67 -577.049 0.022 0.7 -51.482 -48.386 -7.538 -14.927 -569.914
27 41 68 -581.986 0.050 24.6  -51.522 -48.757 -5.281 -15.256 -575.074
27 42 69 -587.128 0.082 249  -51.549 -49.093 -5.525 -15.528 -580.360
27 43 70 -592.531 0.115 2.9 -51.593 -49.446 -5.731 -15.642 -585.737
27 44 71 -598.096 0.145 0.0 -51.628 -49.779 -6.111 -15.846 -591.222
27 45 72 -603.088 0.150 0.0 -51.691 -50.156 -5.227 -16.304 -596.317
27 46 73 -608.055 0.157 0.0 -51.748 -50.519 -5.212 -16.747 -601.313
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.13: Same as Tables but for nickel isotopes.

28 Ni
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
28 28 56 -482.762 0.000 0 -54.269 -43.748 -16.019 -6.936 -478.680
28 29 57 -493.654 0.061 0.1 -54.254  -44.324 -11.398 -6.779 -488.779
28 30 58 -504.871 0.105 0.1 -54.228 -44.831 -11.680 -6.808 -498.788
28 31 59 -515.146 0.091  59.3  -54.284 -45.386 -10.771 -8.319 -508.071
28 32 60 -525.682 0.000 0 -54.531 -46.064 -11.069 -9.550 -517.491
28 33 61 -534.565 0.154  59.6  -53.595 -45.841 -9.530  -9.442 -526.956
28 34 62 -543.891 0.187 60.0 -53.052 -45917 -9.698 -10.105 -537.014
28 35 63 -551.941 0.144 587  -53.120 -46.514 -8.560 -10.694 -544.711
28 36 64 -560.366 0.112  60.0 -53.092 -46.999 -8.822 -11.351 -552.311
28 37 65 -568.099 0.095 60.0 -52.788 -47.285 -8.053 -11.986 -560.582
28 38 66 -575.919 0.081  60.0 -52.474 -47.547 -8.126 -12.606 -568.885
28 39 67 -583.401 0.034 59.6  -52.254 -47.873 -8.074 -13.531 -576.289
28 40 68 -591.446 0.000 0 -51.958 -48.127 -8.439 -14.393 -584.591
28 41 69 -596.741 0.032  59.6  -51.998 -48.500 -5.643 -14.769 -590.155
28 42 70 -602.239 0.063 59.7  -52.023 -48.835 -5.859 -15.164 -595.872
28 43 71 -607.690 0.083 1.7 -52.069 -49.204 -5.969 -15.183 -601.398
28 44 72 -613.466 0.112 0.0 -52.102  -49.539 -6.100 -15.401 -607.173
28 45 73 -618.920 0.118 0.0 -52.163 -49.913 -5.680 -15.864 -612.750
28 46 T4 -624.336 0.124 0.0 -52.218 -50.275 -5.649 -16.317 -618.222
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Table E.14: Same as Tables but for copper isotopes.

20Cu
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
20 28 57 -484.593 0.060 0.2 -54.751 -43.330 -15.837 -2.192 -479.182
20 29 58 -496.550 0.109 0.1 -54.600 -43.786 -12.402 -3.204 -490.569
29 30 59 -508.812 0.157 0.0 -54.360 -44.126 -12.744 -4.336 -502.285
29 31 60 -519.413 0.159 24.5 -54.252  -44.572 -11.068 -4.842 -512.179
29 32 61 -530.239 0.162 33.5 -54.152  -44.991 -11.151 -5.381 -522.064
29 33 62 -540.143 0.166 579  -53.910 -45.308 -10.329 -5.672 -531.726
29 34 63 -550.248 0.192  59.7  -53.411 -45.416 -10.436 -6.428 -542.660
29 35 64 -558.885 0.157  58.0  -53.445 -45960 -9.094 -7.012 -550.948
20 36 65 -567.855 0.128  53.7  -53.420 -46.435 -9.353  -7.569 -559.235
20 37 66 -576.143 0.111  59.6  -53.150 -46.730 -8.592  -8.091 -568.014
29 38 67 -584.499 0.098 59.8  -52.857 -46.992 -8.652 -8.620 -576.893
20 39 68 -592.139 0.051  59.3  -52.674 -47.339 -8.281 -8.776 -584.351
29 40 69 -600.455 0.016 0.4 -52.417 -47.616 -8.797  -9.016 -592.757
20 41 70 -606.595 0.045  59.4  -52.453 -47.977 -6.465 -9.840 -599.259
20 42 71 -612.931 0.088 6.9 -52.390 -48.257 -6.829 -11.010 -606.071
29 43 72 -619.544 0.116 2.1 -52.391 -48.580 -6.914 -11.968 -612.956
20 44 73 -626.279 0.144 0.0 -52.396 -48.896 -7.184 -12.913 -619.834
29 45 T4 -632.392 0.151 0.0 -52.452 -49.258 -6.332 -13.574 -626.129
20 46 75 -638.462 0.157 0.0 -52.505 -49.609 -6.300 -14.232 -632.305
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.15: Same as Tables but for zinc isotopes.

30Zm
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
30 28 58 -486.469 0.105 0.2 -55.165 -42.904 -15.822 -2.198 -479.358
30 29 59 -499.482 0.158 0.0 -54.817 -43.175 -13.542 -3.284 -492.448
30 30 60 -512.892 0.200 0.0 -54.474  -43.430 -13.877 -4.422 -505.927
30 31 61 -524.086 0.206 154  -54.268 -43.799 -11.663 -5.035 -516.866
30 32 62 -535.527 0.214 22.3 -54.059 -44.142 -11.793 -5.650 -528.009
30 33 63 -545.840 0.192 12.8  -54.082 -44.665 -10.768 -6.253 -537.962
30 34 64 -556.541 0.179 0.2 -54.078 -45.144 -11.124 -6.836 -548.103
30 35 65 -565.748 0.164 0.5 -53.876 -45.478  -9.467  -7.286 -557.408
30 36 66 -575.226 0.164  28.5  -53.548 -45.713 -9.840 -7.623 -566.740
30 37 67 -583.759 0.131  39.6  -53.460 -46.160 -8.980 -7.796 -574.944
30 38 68 -592.638 0.112  57.9  -53.241 -46.477 -9.168 -8.187 -584.235
30 39 69 -600.434 0.067 59.3  -53.085 -46.840 -8.460 -8.340 -591.776
30 40 70 -608.991 0.036 0.1 -52.854 -47.133 -9.086  -8.596 -600.181
30 41 71 -616.083 0.078 3.6 -52.768 -47.403 -7.545  -9.663 -608.141
30 42 72 -623.631 0.235 16.3  -52.998 -47.603 -8.223 -12.125 -617.100
30 43 73 -631.140 0.146 0.5 -52.667 -47.972 -7.844 -11.695 -624.308
30 44 74 -638.799 0.172 0.0 -52.659 -48.279 -7.962 -12.607 -632.232
30 45 75 -645.577 0.179 0.0 -52.710 -48.627 -6.994 -13.278 -639.256
30 46 76 -652.311 0.186 0.0 -52.760 -48.968 -6.957 -13.938 -646.151
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Table E.16: Same as Tables but for gallium isotopes.

31Ga
Z N A Eg . B v (deg) en(1) ep(1)  en(N)  ep(Z) | Eqs (SLyIILO.8)
31 28 59 -487.220 0.094 56.7 -55.624 -42.539 -17.214 -1.094 -478.621
31 29 60 -500.584 0.164 253  -55.146 -42.670 -14.065 -1.459 -492.343
31 30 61 -514.593 0.205 14.8  -54.750 -42.880 -14.486 -2.030 -506.817
31 31 62 -526.933 0.218 22.2 -54.452  -43.170 -12.699 -3.085 -519.273
31 32 63 -539.382 0.228  25.6  -54.173 -43.459 -12.761 -4.056 -531.887
31 33 64 -550.127 0.216 33.9 -54.066 -43.881 -11.150 -4.644 -542.101
31 34 65 -561.293 0.214 50.6 -53.791 -44.202 -11.808 -5.252 -5b53.245
31 35 66 -571.190 0.191  36.7  -53.820 -44.676 -10.457 -5.784 -562.854
31 36 67 -581.453 0.180  31.3  -53.652 -45.026 -10.562 -6.372 -573.226
31 37 68 -590.442 0.150  37.5  -53.565 -45.463 -9.428  -6.808 -582.027
31 38 69 -599.752 0.130 464  -53.363 -45.799 -9.678  -7.239 -591.637
31 39 70 -608.275 0.157 53.5  -53.265 -46.076 -8.804 -8.088 -601.201
31 40 71 -617.204 0.006 0 -53.306 -46.674 -10.130 -8.362 -607.267
31 41 72 -624.629 0.074  22.8  -53.133 -46.885 -8.055  -8.658 -616.145
31 42 73 -633.386 0.237  22.1  -53.181 -46.972 -8.684 -9.912 -627.227
31 43 74 -640.893 0.246  21.7  -53.205 -47.313 -7.732 -10.602 -635.018
31 44 75 -649.061 0.175 0.4 -52.956 -47.727 -8.711 -10.297 -642.318
31 45 76 -656.492 0.181 1.9 -53.008 -48.075 -7.641 -10.947 -650.027
31 46 77 -663.870 0.188 2.0 -53.059 -48.414 -7.595 -11.586 -657.599
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Appendix E Ground State Properties Calculated with the Skyrme SLy5 Parameter Set

Table E.17:  Same as Tables [E.IHE.16 but for germanium isotopes.

32Ge
Z N A Egs. B v (deg) en(1) ep(1)  en(N) €p(Z) | Egs.(SLyIIL.0.8)
32 30 62 -516.300 0.216 22.3 -54.972 -42.310 -15.102 -1.941 -507.713
32 31 63 -529.653 0.230 25.1 -54.608 -42.542 -13.667 -2.911 -521.689
32 32 64 -543.071 0.240 27.7 -54.299 -42.805 -13.709 -3.865 -535.527
32 33 65 -554.420 0.230 36.0 -54.135 -43.190 -11.782 -4.451 -546.535
32 34 66 -566.157 0.229 46.1 -53.876 -43.513 -12.228 -4.998 -558.270
32 35 67 -576.622 0.208 38.9 -53.864 -43.969 -10.942 -5.565 -568.573
32 36 68 -587.438 0.194 33.1 -53.761 -44.362 -11.181 -6.116 -579.387
32 37 69 -597.177 0.222 33.4 -53.658 -44.620 -10.016 -6.928 -589.949
32 38 70 -606.973 0.248 32.9 -53.572 -44.885 -10.076  -7.647 -600.407
32 39 71 -616.011 0.222 35.8 -53.477 -45.301 -9.510  -8.157 -609.564
32 40 72 -625.469 0.199 40.6 -53.332 -45.670 -9.874  -8.638 -619.223
32 41 73 -634.130 0.216 33.3 -53.350 -46.011 -8.957  -9.229 -628.136
32 42 74 -642.926 0.238 26.3 -53.376 -46.365 -9.123  -9.680 -637.011
32 43 75 -651.117 0.248 25.2 -53.401 -46.710 -8.412 -10.343 -645.452
32 44 76 -659.285 0.260 24.2 -53.424 -47.051 -8.404 -10.996 -653.753
32 45 77 -667.021 0.184 8.5 -53.271 -47.519 -8.297 -10.641 -660.518
32 46 78 -675.060 0.192 8.9 -53.311 -47.851 -8.258 -11.298 -668.810
Table E.18: Same as Tables [E.THE.17 but for arsenic isotopes.
33As
Z N A Eg . B v (deg) en(1) ep(1)  en(N) €p(Z) | Egs.(SLyIIL.0.8)
33 32 65 -544.505 0.232 36.5 -54.573 -42.276 -14.300 -1.757 -536.073
33 33 66 -557.223 0.229 45.5 -54.329 -42.593 -13.141 -3.092 -548.783
33 34 67 -570.291 0.231 55.7 -54.042 -42.890 -13.562 -4.357 -562.101
33 35 68 -580.943 0.210 49.3 -54.040 -43.360 -11.117 -4.571 -572.484
33 36 69 -591.977 0.191 43.2 -54.001 -43.806 -11.489 -4.785 -583.341
33 37 70 -602.275 0.216 43.7 -53.880 -44.039 -10.547 -5.391 -594.606
33 38 71 -612.791 0.153 59.4 -53.658 -44.518 -10.918 -6.373 -604.928
33 39 72 -622.852 0.176 59.9 -53.599 -44.785 -10.296 -7.015 -615.748
33 40 73 -632.892 0.196 59.7 -53.549 -45.055 -10.283 -7.652 -626.462
33 41 74 -641.882 0.206 50.7 -53.557 -45.370 -9.198  -8.080 -635.806
33 42 75 -650.787 0.218 44.5 -53.561 -45.688 -9.152  -8.390 -645.032
33 43 76 -659.214 0.233 36.4 -53.626 -46.079 -8.702  -8.452 -653.458
33 44 77 -668.066 0.173 0.3 -53.506 -46.646 -9.615  -9.183 -661.255
33 45 78 -676.768 0.181 14 -53.532 -46.976 -8.901 -9.805 -670.401
33 46 79 -685.408 0.188 1.5 -53.567 -47.304 -8.844 -10.429 -679.362
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Table E.19: Same as Tables [E.JHE.18 but for selenium isotopes.

345€
Z N A Egs. B v (deg) en(1) ep(1)  en(N) ep(Z) | Egs.(SLyIIL.0.8)
34 32 66 -546.057 0.230 46.1 -54.785 -41.685 -14.829 -1.925 -537.074
34 33 67 -560.101 0.232 56.9 -54.500 -41.959 -14.448 -3.345 -551.420
34 34 68 -574.273 0.236 60.0 -54.263 -42.302 -14.641 -4.370 -565.412
34 35 69 -585.444 0.246 59.8 -54.216 -42.635 -11.359 -4.678 -577.219
34 36 70 -596.526 0.193 53.5 -54.242 -43.254 -11.698 -4.785 -587.253
34 37 71 -607.578 0.173 58.6 -54.142 -43.648 -11.355 -5.596 -598.309
34 38 72 -618.732 0.161 60.0 -53.945 -43.947 -11.415 -6.032 -609.986
34 39 73 -629.432 0.181 60.0 -53.887 -44.218 -10.924 -6.657 -621.431
34 40 74 -640.108 0.201 60.0 -53.826 -44.477 -10.892 -7.255 -632.942
34 41 75 -647.714 0.083 59.8 -53.876 -45.238 -10.005 -7.368 -638.673
34 42 76 -659.115 0.216 60.0 -53.799 -45.082 -9.616 -8.395 -652.981
34 43 77 -667.777 0.221 60.0 -53.831 -45.431 -8.831  -8.937 -661.919
34 44 78 -676.835 0.171 0.0 -53.735 -46.097 -10.278 -8.814 -670.300
34 45 79 -686.164 0.179 0.0 -53.747 -46.416 -9.523  -9.441 -680.159
34 46 80 -695.430 0.186 0.0 -53.768 -46.734 -9.462 -10.057 -689.831
Table E.20: Same as Tables [E.JHE. 19 but for bromine isotopes.
35Br
Z N A Eq . g v (deg) en(1) ep(1)  en(N) €p(2) | Eqs (SLyII1.0.8)
35 32 67 -546.177 0.211 39.1 -55.150 -41.306 -15.412 -0.454 -536.459
35 33 68 -560.418 0.211 49.2 -54.891 -41.602 -14.623 -0.637 -550.825
35 34 69 -574.942 0.219 59.9 -54.654 -41.940 -14.912 -0.848 -565.407
35 35 70 -587.123 0.196 52.2 -54.570 -42.333 -12.647 -2.172 -577.691
35 36 71 -599.657 0.180 46.4 -54.481 -42.742 -12.940 -3.395 -590.338
35 37 T2 -611.283 0.162 50.7 -54.379 -43.124 -11.981 -3.953 -602.069
35 38 73 -623.155 0.146 59.3 -54.255 -43.477 -12.230 -4.546 -614.107
35 39 74 -634.094 0.166 995.9 -54.189 -43.745 -11.188 -4.829 -625.832
35 40 75 -645.028 0.186 95.3 -54.124 -44.009 -11.156 -5.107 -637.646
35 41 76 -655.064 0.194 53.9 -54.108 -44.314 -10.205 -5.597 -648.280
35 42 77 -664.975 0.206 54.3 -54.077 -44.627 -10.120 -6.022 -658.785
35 43 78 -674.507 0.238 59.5 -54.023 -45.052 -9.547 -6.729 -668.795
35 44 79 -684.308 0.151 0.1 -54.095 -45.640 -10.403 -7.553 -677.244
35 45 80 -694.021 0.158 0.1 -54.125 -45.967 -9.894 -7.936 -687.454
35 46 81 -703.653 0.165 0.0 -54.159 -46.292 -9.819 -8.300 -697.475
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