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Why do you study
Mathematics ?



The Role of Mathematics
In
Natural Sciences



Mechanism of Mathematical Analysis

INatural Phenomenon| [Mathematical Analysis|

Mathematical
Modeling

1

L]

| Differential Equations = Solution|







Mechanism

Weather

of Weather Forecast

Weather Forecast

|

Mathematical

Modeling !

Navier - Stokes Equations

= Approximation Solution
Numerical Analysis




Navier-Stokes Equations
In
Fluid Dynamics



DV
Dt

:—Vp+pB+,uAV+%,uV-divV

Inertia Force
= Pressure + Force + Viscosity + Stress




Bird’s-Eye View
of
Analysis




Bird’s- Eye View

Analysis
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] ]
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Set Theory ey General Numbers Calculus
Topology
Complex

Numbers




Mathematics

versus
Physics




Bird’s-Eye View

Theme Mathematics|  Physics
Differential Ordinary Newton’s
Equations Differential Equation of
Equations Motion
Infinite Series Fourier Eigenfunction
Series Expansions
(Principle of
Superposition)
Vector Analysis | Calculus on Continuum
Surfaces Mechanics




Mathematical
Thoughts



Mathematical Thoughts

(I) Mathematical Reasoning
(II) Mathematical Ideas
(IIl) Mathematical Image




Numerical Analysi



Role of Numerical Analysis

Mathematics Analysis Numerical
Analysis

Physics Theoretical Physical
Physics Experiments




Mathematical System
of
Numbers



Set Algebra Analysis
Complex + — X =+ Complete
Numbers

Real Numbers X =+ Complete
Rational X =+
Numbers
Integers +—X
Natural + X

Numbers




Real Numpers




Real Numbers

¥

Seqquences

4

Series




Seqguences

¥

Differentiation

¥

Differential Equations




Series

\ 4

Integrals

\ 4

Vector Analysis




Real Numbers and Decimal System

Real Decimal Classification
Numbers System
Natural Numbers | Positive Integers Rational
Integers Integers Rational
Fractional Finite Decimal Rational
Numbers
Fractional Recurring Rational
Numbers Decimal
Non-Fractional | Non-Recurring Irrational
Numbers Decimal




Finite Decimal (1)

i — 0.25
A
118 _ 4, -5

25




Finite Decimal (2)

0.0625 = 625

10000
1

16




Recurring Decimal (1)

83 —1.1216216216 - - -
74

—1.1216
5132 — 6.846153846153 - - -

= 6.846153




Recurring Decimal (2)

1.1216 =1.1216216216 - - -

=1.1+0.0216 + 0.0000216 + - --

=11 216 %< 14 216 x< 17 - - -
10 10 10
_ 11 516 14(1= = )
10 10 10
Il 2162 T
10 10 1 1
3
10

11205 83
9990 74




Non-Recurring Decimal

V2 =1.41421356----

e=2.7/1828182845904 - - .




The square root of a prime
number Is irrational (1)

Let pbe a prime number.

Assume that ./ p is rational.

) Jp=—

Here the right —hand side is irreducible.




The square root of a prime
number Is irrational (2)

™) =
*) n® = pm*
P is a prime number

r.]2

is a multiple of p <
Nis a multiple of p
n=pa+(C*) —

pm° =n° = p°a® =

m~° = pa“




The square root of a prime
number is irrational (3)

m2 — paz
implies that
M is a multiple of p:

m = pb
—
N a a
s_n_pa_a
m pb Db

(contradiction)




Theory
of
Real Numbers



Main Theme

How do we characterize irrational numbers ?

g

What Is the convergence of sequences ?




Completeness



Convergence
of Sequences



Definition of Convergence

{a,} sequence of real numbers

{a,} convergesto a

def
e

Ve >0, AN = N(¢g) € N such that
vn>N=la, -a/<¢




Cauchy’s Test



Cauchy’s Test

{a,} converges
=S
lim |a, —a,|=0

N,M—>o0




dequences



Sequences versus Functions

Domain of Range
Definition

Seqguence Natural Real Numbers
Numbers

Functions Real Numbers Real Numbers



Definition

The sequnce{a, } converges to a

def
<=

Ve >0,3dN = N (&) € Nsuch that
vn=N=la,—a|<¢

Notation : lima, = a

N—>o0




Fundamental Example

IimizO

Nn—oo N




Examples (1)

1) lim

N—>o0

(2) lim

n+1_1

N
n+1

2

O

N—>o0 N

(3) Im

N—>o0

bﬁﬁ+1—n)=0




Example (2)

lima" =«

N—>o0

0
1

—+-o0O

-

IT O<a<l
If a=1
iIf a>1




Examples (3)

1
() limar =1 for a=>0
1

(2) limnn =1

N—>o0




Bounded Monotone
dequence



Fundamental Theorem

Every bounded, monotone increasing
sequence Itself converges.

a <3dM (Bounded)

a <a (Monotone increasing)

n n+1




Example (Napier’s Number)




Bounded Sequences



Fact

A convergent sequence IS bounded.




Bolzano-Weierstrass
Theorem



Bolzano (1781 —1848)




Weierstrass (1815—1897)




Bolzano-Welerstrass Theorem

Every bounded sequence has a
convergent subsequence.




Numerical Analys



Newton’s Method versus
Bisection Method

Method Newton’s Method | Bisection Method
Hypotheses Differentiability Continuity
Monotonicity
Merits Strong Weak Hypotheses
Demerits ROl Slow
Rapid Convergence
Convergence
Background Convergence of Intermediate
Monotone Value Theorem

Sequences




Newton’s
Approximation Method



Isaac Newton (1642-1727)




Newton’s Approximation Method

r>0,a,>0

a, . :=£(an +LJ, n=0,12,...
2 a

m—

a, L /r (n—x)

n




Example (Square root of 2)




Newton’s Method (1)




Newton’s Method (2)

. (an'a‘n2 _2)

Tangent Lineat (a_,a°—2):

n’=n

y=2a (x-a)+a’-2=2ax-a’—2




Bisection Method




Principle of
Successive Subdivision



Cantor (1845—1918)




Cantor’s Nested-Interval Property

{1,} Sequence of closed intervals

(1) In+1C|n
2 |1,|—0

—

ﬁ I, ={One Point}
n=1




Sequence Version

1 a,<a,<---<a <a
(2) b,—a, >0 asn—>w

n+1 —

—
lima, =limb,

N—>o0 N—0o0




Bisection Method (1)

J2 Square Root of 2




Bisection Method (2)




Bisection Method (3)




Square Root of 2 (1)

Q) 1?2 <2<22=1<+/2 <2

J2el, =[1 2]

(2) (1.4)2 =1.96 < 2 < (1.5)? = 2.25
—1.4<+/2 <1.5

J2 e, =[1.4,1.5]

(3) (1.41)> =1.9881 < 2 < (1.42)%? = 2.0164
—1.41<+/2 <1.42

J2 e, =[1.41,1.42]




Square Root of 2 (2)

(n) a’<2<b?=a <+/2<b

b —a, = L
10"
V2 <1, =[a,.b,]
—
a, T«
ibn\l«a

a =2




Complex Numbers



Carl Friedrich Gauss




Gauss

& Carl Friedrich Gauss (1777-1855)
German Mathematician and Physicist




Complex Number

a+1b=c+1d
<
a—=—c,b=4Ad

i =/—1




Complex Plane

A

Z=a-+I1b

9




Conjugate of a Complex Number




Z=a+I1b




Absolute Value of a Complex Number

Z=a-+1b
—

z| = |a+ib| = +/a? + b3




Z=a+I1b




Polar Coordinates of a Complex Number

Zz=a+Ib
=r(cosé +1sinH)




Sum of Complex Numbers

Z=a+1b, w=c+1d
E—
Z+w=(@+c)+i1(b+d)




Z=a+I1b




Difference of Complex Numbers

Zz=a-+I1b, w=c+1d
E—
z—w=(@a—c)+i1(b—d)




Product of Complex Numbers

Z=a+1b, w=c+1d
E—
zZW = (ac —bd) +1(ad + bc)

i=V-1=i°=-1




A |Z=a+1b
=r(cosé +1sinH)




Product of Complex Numbers

Zz =r(cos@ +isin @) = re'

W = s(COS @ + i Sin @) = se'”

—

ZW = rs(cos(@ + w) +1sIin(@ + w))

_ r.Sei(9+a))




De Moivre’s Theorem

(cos@+isind)" =cosnd+isinnd
VheZ




eonhard Euler (1707-1783)




Euler’s Formula

e —cos@+isin @

e” =cossz+1Ssinzz =—1




Euler + De Molvre

()" =(cos@+isin )"
= COS n@ +1SIn n@
=e'""’ (VneZ)




Algebraic Equation

n n-1
f(x)=a,x +a, X " +---+a x+a =0
a eC




Fundamental Theorem of Algebra
(Gauss)

Every algebraic equation
ax"+aXx" " +---+a _x+a =0,a,=0
has n roots in C counted with multiplicity.




Example (1)

axXx+b=0,a=0




Example (2)

ax‘+bx+c=0, a=x0
—

“ — —b++/b? —4ac
2a




Imaginary Number




1Theory
of
Matrices




General Form of a Matrix

(a, a, - - a,)
a,, a,, - - a

2m




Row of a Matrix

(ail ai2

3, )




Colum of a Matrix







(Operations of Matrices



Sum of Matrices

A+B=(a; +b;)

(a, +b, a,+b,
a21 + b21 a22 + b22

\anl +bn1 A, +bn2

a, +b
a2m + b2m

a +bnm/

nm




Difference of Matrices

A-B =(aij _bij)

/all_bll a‘12_b12 S alm_blm\
a21_1321 azz_bzz - a

\anl o bnl A, — bn2 R bnm y,




Scalar Multiple of a Matrix

o A = (aaij )
(aa, oa, - - o,
@a, «@a,, - - «aa,,

\Olanl aa, . . aanm/




Product of Matrices (1)

Ab

fa,, a,
a21 a'22

\anl an2

/ail_lbl -+ a12b2 -+ - -
a,.,b +a,,b, +--

\anlb1 +a b, +--




Motivation

Y, = 2X, +5X,

Yo = —X,

Yz = —X +4X,
—

/yl\ /2 5 A
Y, |=1 0 —1
Y3 —1 4

-







Product of Matrices (2)

AB = (Z a, b, )
k=1




Zero Matrix

0 O 0

0 O 0
O =

L0 O 0,
A+O=0+A=




Unit Matrix

1 0 - - 0O

o 1 - - O
En:(@J):

0o o0 - - 1/

E A=A, AE =A




Kronecker’s Delta

1
O

N

1T1=]
1T 1= |

(

5; )

1)




Inverse Matrix

A= (aij )1si,jsn . B= (aij )1si,jén
AB = BA=E,
<

B = A :inverse matrix of A




Uniqueness of an Inverse Matrix

AB, = BA=E,
AB, = B,A=E,

—

B, = B,E

— B, (AB,) =(B,A)B,
— E, B, = B,




Transposed Matrix

A — (aij)
—
FA = (aji)







Symmetric Matrix

A:(aij)
A = A

) S—

A;; — Ay




Example

M 0 o

N < 0

= N




Alternating Matrix

A = (aij)
CA = — A
o

A.. — —A

1] Ji







Addition Theorem of
Trigonometric Functions



Rotation (1)

A

A(O)e, = (

cos &
Sin &

J




Rotation (2)

A(O)e, - (—sin Qj

cos @




Matrix of Rotation (1)

COSH
A(e):[ _
SIN @

Rotation of ¢

—SINng@
COS 6O

|




Matrix of Rotation (2)

A(—0) =

(cos@ sing’

(cos(—0) —sin(—0)
. sin(—0) cos(—0) |

\—SInf coso,
Rotation of — 6

— A(6)




Composition of Rotations (1)

‘coSsax —Sina)(1"
A(x)e,

SiInaa cosa /|0,
‘cosa’

sina




Composition of Rotations (2)

A(B) (A(x)e, )
(cos3 —sinB)(cosa’
sin3 cosp JIsina

(cos 3cosa —sin3sina)
SIn B cosa + cos Bsin o,




Composition of Rotations (3)

Al(a)e, =

(COS «x

SN«

(—sina

[COS

/

—sSina

(O\

COS v |

\1)




Composition of Rotations (4)

A(B)(A(a)e,)
(cos3 —sinB)(—sina’
sin3 cosp3 )lcosa |

(—cos3sina —sin 3cosa
\—SIn@sina + cos 3cosc,




Composition of Rotations (5)

A(G) Ale)
~[cosp  —sing)[cosa  —sina
_[sinﬂ cos3 Jsina  cosa

COS(3COSar—SInBSInac —C0S BSIina —SIn 5 CoS
~ |sinBcosa +cos@sina —sin Bsina 4 cos 3cosa




Composition of Rotations (6)

A(B) (Alave, ) = A(B) A(a)e,
A(B) (Ale, ) = A(B)A(x)e,




Composition of Rotations (7)

‘coOSay —Sina

Ala) =| .

Sina  coSa |

(cos3 —sing3)
A(B) =] _.

sing cosg |
—

Ala) A(B) = A(B)Ala) = Ala + 5)




Composition of Rotations (8)

(coOsay  —Sina)(cos3 —sin3
SIna  cosa )|siIn3 cosps |
— A(a + 3)

‘cos(a+ 3) —sin(a+ B3)
sin(fa+B) cos(a—+ B)




Addition Theorem (1)

cos(a + 3) = cosacos 3 —sIinasin 3
sin(a + ) = sina.cos 3 + cosasin 3




Addition Theorem (2)

A+ B A—B

sin A+ sin B = 2siIn COS
2 2

A+B . A—B

sin A—sin B = 2cos SN
2 2




Addition Theorem (3)

cos A -+ cos B = 2cos A_; B coS A; B

A+B . A—B

COSA—cosB = —2siIn SN
2 2




Addition Theorem (4)

sin A sin B = %(COS(A— B) —cos(A-+ B))
cos AcosB = %(COS(A— B) + cos(A-+ B))

sin AcosB = %(sin(A—k B) +sin(A— B))




Addition Theorem (5)

sin® A= %(1— Cos2A)

cos® A= %(1+ Cos2A)

SIN2A = 2sin A COS A




Addition Theorem (6)

tan(A+ B) =

tan A+ tan B

1—tan Atan B
1

14+ tan® A—

cos® A




Matrices




Algorithm
for
Inverse Matrices



_eft Elementary Transformations

(1) Interchange two rows
(2) Multiply a row by a non-zero constant
(3) Add a row by a multiplied another row




Gauss’ Method (1)

(AE)

—
Left Elemntary Transformations

(E,B)




Gauss’ Method (2)

C(AEBE)=(CA,C)=(E,B)
—
CA=E

losa

—

BA=E

—

B=A"




Example of
Left Elementary
Transformations



(1) Interchange two rows

/

O
O kL O
O O K

R O

-




Interchange two rows

O O
O 1

1))
O

1 O O,

(g
d
\a

h
e
b

a
d

b
e
h

C
f
Ny




(2) Multiply a row by a non-zero constant

A 0 0O
0O 1 0|, A=0
L0 0 1,




Multiply a row by a non-zero constant

2 0O O a b c)
O 1 O d e T

raia Ab  Ac)
— d e T

_ 9 h I




(3) Add a row by a multiplied another row




Add a row by a multiplied another row

1 A O a b c)O
O 1 O d e T

fa+1d b+1e c+ A F
— d e T

. 9 h I




Examples



Example 1

3 0
O 1

-5 1

1)
O
2




(A E)

-1 1 0 0"

3 0

O O 1 O

1

0
-5 1

2 0 0 1,




Matrix after Left Elementary
Transformations

(E,A7)
(1 0 0 2

0 1 0 O
0 0 1 5

1 1)
1 O
-3 3/




Inverse Matrix

A—l

(2
0

0

1 1)
1 O
—3 3/




Example 2

(20 1 0
0—11 —2
10 1 O
(01 —13

A —




(A E)

(201 0
0-11 -2
101 0
(01 -13

o O O B

o O r»r O

o r O O




Matrix after Left Elementary
Transformations

(E,AT)
(1 0

1
0O O
0

O rr O O

b O O O

1 0-10"
1-32 -2
10 2 0
0101,




Inverse Matrix

(1 0-10"
1-3 2 -2
-10 2 0O

0101,




Computational
Approach



Numerical Computing
with
BASIC



Example

(20 1 0
0—11 —2
10 1 O
(01 —13




117% 2 TE|3
1 0
0 -1
1 0
0 1
2 1Th5 1170 0 f5%3IK
3THMB 1 TD 1 15%E3IK
4 1755 1470 0 f&%35IK
0
-1
0
1
17%-1 TH53

o = 0O

1
1H5 2 170 0 F%E5IK
1H5 2 170 0 F%5IK
TH5 2 170 1 F%5IK
0

o o =

7% 5 THS

oo =0

1hs 317D 5 fFZE5IK

ThB 3 17M-1 fF£5IK

1H\ 3170 0 fF%5IK
0

o o =

7% 1 TE5

o = o

0
TH5 4 70 0 FZE5IK
TH5 4 170 2 F%E5IK
TH5 4 70 0 F%E5IK

ol l-Wwunv—-~0cocoo—~pr00O0—_bBN_OCOOOCO—_~wWOOO—-dw—-000—=Nooo-~

o —-oo o (RPN Lolo Lo~ o

o —- 0o

N ) w O ©

— o ©

— OoON O

— onN o



Inverse Matrix

1 0-10"
1-3 2 -2
-10 2 0O

L0101,




System of
Linear Equations

and Ranks



System of Linear Equations

ax+ by =«
cX+dy =/




Coefficient Matrix




Enlarged Coefficient Matrix

- [abaJ
A —
cd/f




ldea of Rank (1)

‘ax+by =«
cxX+dy =p

<=

X

)

\C

Ty

b

d

(o

Vi




ldea of Rank (2)

ax+ by =«
cx+dy = /[
—

rank A = rank A







Definition of Rank

(a, a, - - "
Ay, Ay, T s
A —
\anl A, ) ) Anm Y,

Left Elemntary Transformations




Matrix after Left Elementary
Transformations (Echelon Form)

1 O ) O Ciria - G A
O 1 ) ) Coria - G
O O 1 Crria °° Cn
O O - O -- 0O
L0 O - - O -- 0O

rank A = Number of 1




Geometrical Meaning of Rank

Rank of Matrices

Matrix Representation i T Original Form

Placement of Lines and Planes




Example 1

A —

(12-1-1)
24-1-1
(131 2




Matrix after Left Elementary
Transformations

(100-2"
010 1
001 1,

rank A =3




Example 2

(03-23—-4"
11 322
12231

132 4-1,




Matrix after Left Elementary
Transformations

7100 1 7 O
010 1 —2
001 O —1
_L000 O O

rank A =3




Computational
Approach



Numerical Computing
with
BASIC



Example 1

03 —-23)
11 3 2
12 2 3

13 2 4)




NQ
N
bl
<
_.A
W
1P
,,V_l23
SV
I~ ™
T o

1223
1324

2177 1f8L, 117D 0 f5%5I<
31TZ 185L, 117D 1 f5%5IK
4177 118L, 117D 1 {5%5I<

01-11

02-12

Vv
I
1
40 4
—
S 6
ngls
NN
L)
Ho Ha
mmNMO o
RIAY O
ClEcaomoo

M I 10 O O

ZL, 317D 1{8%5I<

=3

Rank A



Matrix after Left Elementary
Transformations

100 1)
010 1
001 O
L0000 O,

rank A=3




Example 2

03-23—-4"
11 3 2 2
12 231

132 4-1,




2TTELTTZANEZD

11322

03-23-4
12231

1324-1

217% 11EL, 117D 013%5IK
31TE11EL, 1170 115%5IK
A17% 14EL, 1170 115%5IK

11322

03-23-4
01-11-1
02-12-3

317&3f8L, 217D 1 &%5I<
4177 38L, 217D 2 f5%5I<

11322

03-23-4
00-101
0010-1

322
03-23-4
00-101

417%-1 5L, 317D 1f&%3IK
11
00000

Rank B =3



Matrix after Left Elementary
Transformations

100 1 7 O
010 1 —2
001 O —1
_L000 O O

rank B = 3




Example 3

(1
2

L3

2
3
—4

3 4
1 1
—7 10,




2 ?’E ZL, 1170 2E%5I<
1L, 117D 3E%5I<

Rank C=2



Matrix after Left Elementary
Transformations

1 0 -1 2)
0 1 1 -1
0 0 0 O,

rank C =2




Example 4

(03—23-4"
11322
12231

132 4-1,




Matrix after Left Elementary
Transformations

100 1 7 O
010 1 —2
001 O —1
_L000 0 O

rank D =3




System of
Linear Equations
and Geometry




ldea of Linear Algebra

System of Linear Equations

Matrix Representation

| 1

Original Form

Placement of Lines




Classification of Intersections

rank A =rank A = 2 One-Point

Parallel Two
_1nes

) Superposed
rank A=rank A=1<?2 Two Lines

rank A=1<rank A =2

rank A< rank A<rank A+1




Equation of a Line (1)

ax+by =cC




Equation of a Line (2)

G

Inner product




One-Point Intersection

2X+3y =3
3X—8y =17




One-Point Intersection

rank A=rank A= 2




Coefficient Matrix




Enlarged Coefficient Matrix

- (23 3
A =
3—817




Unique Solution

— 2 3 3
A =
3 —817

—

1 O 3
O 1 —1

)

rank A=rank A=2




Parallel Two Lines

X+2y =2

X+2y =3




Parallel Two Lines

i, Sl

rank A=1<rank A=2




Coefficient Matrix

12
12




Enlarged Coefficient Matrix

_ (122
A =
(12 3}




No Solution

— 1 2 2
A:
123)
—
L =20 (Impossible)
O O1 P

rank A=1<rank A=2




Superposed Two Lines

OX—2y =-8
3IX—y=—4




Superposed Two Lines

rank A=rank A=1< 2



Coefficient Matrix

A

o —2
3—1




Enlarged Coefficient Matrix

_ (6-2-8
A —
3-1-4




Many Solutions

_ 6 —2 —8
A —
3 —1 —4

E—

1 —1/73 —4a4/73
O O O

(INndefinite)

rank A=rank A=1< 2




(veometrical Meaning
0t Rank



System of Linear Equations

X+ y+Cz=«
axX+b,y+c,z=/.
axX+b,y+c,z=y




Equation of a Plane (1)

ax+by+cz=d




Equation of a Plane (2)

a)( X
b e V|=d
C 7

Inner product




Plane




Geometrical Meaning of Rank

Rank of Matrices

Matrix Representation

| 1

Original Form

Placement of Planes




Classification of Intersections

rank A=rank A=3 [ IOEROIRET

rank A=rank A=2<3 One Line

Parallel Two Lines
Parallel Three Lines

Superposed Three
Planes

rank A=2 <rank A=3
rank A=rank A=1<3

~ Parallel Two Planes
rank A=1<rank A=2 o, ijel Three Planes

rank A<rank A<rank A+1




Classification of Intersections

rank A=rank A=3 [ IOEROIRET

rank A=rank A=2<3 One Line

Parallel Two Lines
Parallel Three Lines

Superposed Three
Planes

rank A=2 <rank A=3
rank A=rank A=1<3

~ Parallel Two Planes
rank A=1<rank A=2 o, ijel Three Planes

rank A<rank A<rank A+1




One-Point Intersection

2X+3y —27z=-3
—X+2y+2z=1
X+y—2=-2

rank A = rank A = 3




One-Point Intersection

x=1ly=-12=2



One-LiIne Intersection

X—2y—3z=4
2X+3y+z=1
3X—4y—7z =10

rank A=rank A=2 <3



One-LIne Intersection

\

X=2+t,y=-1-t,z=t




Parallel Two-Lines Intersection

X—2y—3z=4
2X+3y+z=4
3X—4y—/7z =10

rank A=2 < rank A =3



Parallel Two-Lines Intersection

i,



Parallel Two Planes

X—y+3z=1
3X—3y+9z =3
X—y+3z2=0

rank A=1<rank A=2



Parallel Two Planes

—

e
————— X
e N
/2444, — ’,’, —
———— /—/" ‘,




Parallel Three Planes

X+2y+3z =10
X+2y+3z =20

X+2y+3z =30

rank A=1<rank A=2



Parallel Three Planes




Superposed Three Planes

X+2y+3z =20
2X+4y+6z =40
3X+06y+9z =60

rank A=rank A=1<3




Superposed Three Planes




System of
Linear Equations



General Form

N
Zaijxj =D,
=1




Direct Solution

3X, —2X; +3X, =—4
X, + X, +3X; +2X, =2
X, +2X, +2X; +3X, =1
X, +3X, +2X; +4X, =—1

¢ Transformation of Equations

X, +X, =7

X, + X, =—2

Xy, = —1

X, = (Indefinite)




Gaussian
Sweeping Out



Original Form

N
Zaijxj =D,
=1




|dea of Gauss

AX

b

JX=C

Matri .
Reap:::s(entation i T Original Form
A=(Ab) — J=(J,c)

Left Elemntary Transformations




Matrix Representation (1)

/all a,, .. aln\\/xl\\ /bl\\
d; A, - - dy, X, bz

\a‘nl anz S a'nn Y, \Xn/ \bn y,




Matrix Representation (2)

(a, a, - - &,
d,; Ay R © P

\anl a'n2 ST a'nn J




Matrix Representation (3)

/Xl\ /bl\

X5 b,

\ %Xn \bn/




Matrix Representation (4)

Zn:aijxj — bi
j=1
v

AX =D




Coefficient Matrix

(&,
a'21

\_ A,

A
a'22

a'n2

a,,
a2n




Enlarged Coefficient Matrix

(&, &, - - a,b"
Ay dy,, - Ay, bz

nn




_eft Elementary Transformations

(1) Interchange two rows
(2) Multiply a row by a non-zero constant
(3) Add a row by a multiplied another row




Matrix after Left Elementary
Transformations

/1 O - 0 Ciri o Cpp dl\

o 1 - - Cora o Gy dz
O O 1 Crr+1 Crn dr
O O 0 O O




Equation after Left Elementary
Transformations



X, +Cp g Xy T +C X, = dl

r+1

Xy +Chr 1 Xy +-1C, X = dz

r+1

KXr + Crr+1Xr+1 T+ +Crn Xn — dr

(0%, +--+0x_+0X_, +--+0x =0

r+1

Ox, +--+0x, +0X%, ; +--+0%x, =0

r+1




Examples



Example (n=3)

X, +2X, — X, =—1
2X, +4X, — X, =—1
X, +3X, + X, =2




Coefficient Matrix

(1 2
2 4

1 3

_1\
—1
1,




Enlarged Coefficient Matrix

(12 -1-1
A=[24-1-1
131 2,




Matrix after Left Elementary
Transformations

(100-2"
010 1
001 1,

rank A =rank A =3




Equation after Left Elementary
Transformations

1 0 ()Vxl\ (2
O 1 0 | X 1

0 0 1 ){x) 1,




Unique Solution




Example (n=4)

3X, —2X, +3X, =—4
X, + X, +3X, +2X, =2
X, +2X, +2X, +3X, =1
X, +3X, +2X, +4X, =—1




General Solution

X
|

X
|

X, = V4

X, = —2

—1

o (Indefinite)




Coefficient Matrix

(03-23)
11 3 2
12 2 3
13 2 4,




Enlarged Coefficient Matrix

(03 —-23—-4)
11 32 2
12231

132 4-1,




Matrix after Left Elementary
Transformations

100 1 7 O
010 1 —2
001 O —1
_L000 0 O

rank A=rank A=3< 4




Equation after Left Elementary
Transformations

(100 1 (%) ( 7O
O10 1 X, —2
001 0 || x, | | -1
000 0 J{x,/) O,




Ox, +0x, +0x,+0x, =0




General Solution

4 X, h
X2
X3

\ X2 /

7 )
—2
—1

0

1)
—1
0,

1




Recurrence Kormula
for Sequences




Matrix Form




System of
Ditferential Equations



| inear Case

" dX

— =aX+Db
dt y
ﬂzcx—l—dy




Matrix Form

U = X®
L Y(1))

—

Y _ AU

dt

A —

/a b\

C d,




Example

31( =4x+10y, x(0)=3

ay
— —3x—-7 0)=1
It Yy, Y(O)




Matrix Form

/X(t)\
U (1) =
(t) Y (1))
—
du = AU (1)

dt

A =

10 )
_7/




Diagonalization

10 ) P_/—Z —5)
-3 -7) 1l 3
(—1 0O )

0 -2




Reduction (1)

V (t) =

(z(t)

\W(t)

=P U (t)

(-3
1

—5\( x(t)
2 )L y(),




Reduction (2)

dVv
dt

’

. 0O

—  —pP

A o prau

dt

(PAP)V (1) = AV (1)

1 0 )
_2/

V (t)




Reduction (3)




Reduction (4)

<
dw

_dt
—

Z(t)
(W(t)

f% -
dt

J

—Z,

2(0)=-14

2w, w(0)=5

-2t

\59

(14t

J




Solution

Do) Plao)
y(t) ) Lw(t)

(28e ' — 252t )

\—14e_t +15e 4t y

[—2 —5j (—14e )
1 3 \Se_Zt /




Stable Node




Canonical Forms
of
Quadratic Forms



Quadratic Form of Two Variables

z =T (X,¥Y)
— ax”® + 2bxy + cy”




Matrix Form

z=T(X,¥)

— ax” + 2bxy + cy”

m—

ax”® + 2bxy + cy”

</a b
b C,

)

Y

(% )

Y/




Example 1

z = T(X,¥)

= 3X° — 2Xy + 3y~

—

3X° —2xy + 3y~

</ 3 1)\ x)
—1 3 Yy,

3 )

Y/




Signature of Eigenvalues

3 1)
1 3
Eigenvalues: 2, 4

A —




(ellipse)

+ 2y

2

L =X




Example 2

z = T(X,y)

—

X° —B6Xy + y°

(

1

—3

— 3D

1)

= X° — 06Xy + Yy°

54

Y/

% )

Y




Signature of Eigenvalues

1 —3)
=3 1
Eigenvalues:-2, 4

A =




(hyperbola)

Z=-2X°+4+4y?




Example 3

z=T(X,¥)

m—

= 4X° —4Xy + y°

AX® —AXY + Y~

(

(4

—2

— 2

1)

% )

Y

3 )

Y




Signature of Eigenvalues

(A4 — 2
—2 1
Eigenvalues: 0, 5

A —




z =5y2 ++/5x (parabola)




Linea Algebra
and
Difterential Equations



)-dimensional
Autonomous dystem



| inear Case

" dX

— =aX+Db
dt y
ﬂzcx—l—dy




Matrix Form

/X(t)\
U (1) .= ,
() LY (1)
—
d
—U (1) = AU (1)

dt

A =

/a b\

C d,




Stability
of
Solutions




Computational
Approach



Numerical Computing
with
BASIC



Example 1 (Unstable Node)

dX—Zx
J dt

dy
T




Signature of Eigenvalues

2 0)
0 1,
Eigenvalues: 2, 1

A —




Unstable Node

AT S S




Example 2 (Saddle Point)

( dXx

— X
] dt
dy
at Y




Signature of Eigenvalues

A=(o 2

Eigenvalues: 1, —1







Example 3 (Unstable Node)

i dx
— X

) dt
dy
_ dt

SC)

= 3X+ 2V




Signature of Eigenvalues

~=(a 2)

Eigenvalues: 1, 2







Example 4 (Stable Node)

C dx
dt

dy
— X —5.5
 at Y

—2 —1.5
A —
[ 1 —5.5j

= 22X —1.5y




Signature of Eigenvalues

—2 1.5
A =
[ &)

Eigenvalues: — 2.5, —5




Stable Node




Example 5 (Saddle Point)

C dx
— 22X+ 2
) dt Y
dy
— 22X+ 3
dt Y




Signature of Eigenvalues

(2 2
2 3
Eigenvalues: 2, —1

A —




Saddle Point




Example 6 (Unstable Node)

C dXx
— 22X +
) at Y
dy
— 2
. at Y




Signature of Eigenvalues

~=lo 2

Eigenvalues: 2, 2




Unstable Node




Example 7 (Center)

C dXx

— X+ 2
T Y
dy

e
at Y




Signature of Eigenvalues

A —

(1

—1

2
_1)

Eigenvalues: /-1, — /-1




Center




Example 8 (Unstable Focus)

i ax = X +VY
J dt
dy

= —2X +
at Y

A-(% 1)




Signature of Eigenvalues

:

1 1
—2 1

J

Eigenvalues: 1+ /2i, 1 /2i




Unstable Node




Example 9 (Degenerate Node)

( dXx
— 22X + 2
) dt Y
dy
= 3X +3
_ dt Y




Signature of Eigenvalues

st

Eigenvalues: O, 5




Degenerate Node




Rank of Matrices
Revisited




Definition of Rank

(a, a, - - "
Ay, Ay, T s
A —
\anl A, ) ) Anm Y,

Left Elemntary Transformations




Matrix after Left Elementary
Transformations

1 O ) O Ciria - CGin h
O 1 Coria - Cop
O O 1 Crr—l—l Crn
O O - - O -- 0O
L0 O - - O -- 0O

rank A = Number of 1




Geometrical Meaning of Rank

Rank of Matrices

Matrix Representation i T Original Form

Placement of Lines and Planes







Computational
Approach



Numerical Computing
with
BASIC



Example 1

03 —-23)
11 3 2
12 2 3

13 2 4)




NQ
N
bl
<
_.A
W
1P
,,V_l23
SV
I~ ™
T o

1223
1324

2177 1f8L, 117D 0 f5%5I<
31TZ 185L, 117D 1 f5%5IK
4177 118L, 117D 1 {5%5I<

01-11

02-12

Vv
I
1
40 4
—
S 6
ngls
NN
L)
Ho Ha
mmNMO o
RIAY O
ClEcaomoo

M I 10 O O

ZL, 317D 1{8%5I<

=3

Rank A



Matrix after Left Elementary
Transformations

100 1)
010 1
001 O
L0000 O,

rank A=3




Example 2

03-23—-4"
11 3 2 2
12 231

132 4-1,




2TTELTTZANEZD

11322

03-23-4
12231

1324-1

217% 11EL, 117D 013%5IK
31TE11EL, 1170 115%5IK
A17% 14EL, 1170 115%5IK

11322

03-23-4
01-11-1
02-12-3

317&3f8L, 217D 1 &%5I<
4177 38L, 217D 2 f5%5I<

11322

03-23-4
00-101
0010-1

322
03-23-4
00-101

417%-1 5L, 317D 1f&%3IK
11
00000

Rank B =3



Matrix after Left Elementary
Transformations

100 1 7 O
010 1 —2
001 O —1
_L000 O O

rank B = 3




Example 3

(1
2

L3

2
3
—4

3 4
1 1
—7 10,




2 ?’E ZL, 1170 2E%5I<
1L, 117D 3E%5I<

Rank C=2



Matrix after Left Elementary
Transformations

1 0 -1 2)
0 1 1 -1
0 0 0 O,

rank C =2




Example 4

(03—23-4"
11322
12231

132 4-1,




Matrix after Left Elementary
Transformations

100 1 7 O
010 1 —2
001 O —1
_L000 0 O

rank D =3




System of
Linear Equations

and Ranks



General Form (n=2)

ax—+by =«
CX+dy=/f




Matrix Representation

fa b))

.C d,

54

Y




Coefficient Matrix

A

ab
cd




Enlarged Coefficient Matrix

- (abaJ
A —
cd f




ldea of Rank (1)

‘ax+by =«
cxX+dy =p

<=

X

)

\C

Ty

b

d

(o

Vi




ldea of Rank (2)

ax+ by =«
cx+dy = /[
—

rank A = rank A




Linear Algebra
and
Geometry




Geometrical Meaning of Rank

Rank of Matrices

Matrix Representation

| 1

Original Form

Placement of Lines




Classification of Intersections

rank A =rank A = 2 One-Point

Parallel Two
_1nes

) Superposed
rank A=rank A=1<?2 Two Lines

rank A=1<rank A =2

rank A< rank A<rank A+1




Equation of a Line

ax+by =c




One-Point Intersection

2X+3y =3
3X—8y =17




Coefficient Matrix




Enlarged Coefficient Matrix

- (23 3
A =
3—817




Unique Solution

— 2 3 3
A =
3 —817

—

1 O 3
O 1 —1

)

rank A=rank A=2




One-Point Intersection

rank A=rank A= 2




Parallel Two Lines

X+2y =2

X+2y =3




Coefficient Matrix

12
12




Enlarged Coefficient Matrix

_ (122
A =
(12 3}




No Solution

- 1 2 2
A:
153
—
L =20 (Impossible)
OO0 L1 P

rank A=1<rank A=2




Parallel Two Lines

i, Sl

rank A=1<rank A=2




Superposed Two Lines

OX—2y =-8
3IX—y=—4




Coefficient Matrix

A

o —2
3—1




Enlarged Coefficient Matrix

_ (6-2-8
A —
3-1-4




Many Solutions

_ 6 —2 —8
A —
3 —1 —4

E—

1 —1/73 —4a4/73
O O O

(INndefinite)

rank A=rank A=1< 2




Superposed Two Lines

rank A=rank A=1< 2



General Form (n=3)

axX+by+Cz =«
dx+ey+ fz=p
gX+hy+kz =y




Matrix Representation

/a b C\/X\ /0[\

¥,
g9 h k)z) \r,

d e f|v




Coefficient Matrix

C
f
K

> DO O

a
A=|d
9




Enlarged Coefficient Matrix

‘a b ¢ a
d e  p

T
|







ldea of Linear Algebra

System of Linear Equations

Matrix Representation

| 1

Original Form

Placement of Planes




Classification of Intersections

rank A =rank A = 2 One-Point

rank A=1<rank A =2 Parallel Two Lines

rank A=rank A=1<2 Superposed Two Lines

rank A < rank A <rank A+1




Classification of Intersections

rank A=rank A=3 [ IOEROIRET

rank A=rank A=2<3 One Line

Parallel Two Lines
Parallel Three Lines

Superposed Three
Planes

rank A=2 <rank A=3
rank A=rank A=1<3

~ Parallel Two Planes
rank A=1<rank A=2 o, ijel Three Planes

rank A<rank A<rank A+1




Numerical Computing
with
MuPAD



Plane




One-Point Intersection

X—2y—3z=4
2X+3y+4z =4
3X—4y—7z =10

rank A = rank A =3




One-Point Intersection




One-LiIne Intersection

X—2y—3z=4
2X+3y+z=1
3X—4y—7z =10

rank A=rank A=2 <3



One-LIne Intersection

-



Three-Lines Intersection

3X+06y+9z =60
2X—4y + 6z =40
2X+ [y —3z =13

rank A=2 <rank A=3



Three-Lines Intersection




Parallel Two-Lines Intersection

X—2y—3z=1
X—2y—3z=4
3X—4y—/7z =10

rank A=2 < rank A =3



Parallel Two-Lines Intersection

i,



Parallel Three-Lines Intersection

3X+06y+9z =60
2X+ [y —3z =13
3X+9y =0

rank A=2 < rank A=3



Parallel Three-Lines Intersection




Parallel Two Planes

X—y+3z=1
3X—3y+9z =3
X—y+3z2=0

rank A=1<rank A=2



Parallel Two Planes

—

e
————— X
e N
/2444, — ’,’, —
———— /—/" ‘,




Parallel Three Planes

X—y+3z=1
X—y+3z=0

X—y+3z=-—1

rank A=1<rank A=2



Parallel Three Planes




Superposed Three Planes

X—y+3z=1
3X—3y+9z =3
2X—2yYy+06z2 =2

rank A=rank A=1<3



Superposed Three Planes




Jordan’s Theory



Marie Ennemond Camille Jordan




Jordan

& Marie Ennemond Camille Jordan
(1838-1922)

French Mathematician




Jordan Canonical Form
of
Matrices



Jordan’s Canonical Form (1)

AX =D

Change of Bases ¢ T Original Form

APy =b,x=Py = (P"AP)y=P'b




Jordan’s Canonical Form (2)

AX =D

Change of Bases ¢ T Original Form

Jy=c, J=P7AP,c=P7Db




Classfication o
yystem of Linear Equation



General Form (n=3)

ax+by+cz=«
dx+ey+ fz= /[

gX+hy+1z =y




Matrix Representation (1)

fa b ¢
A=(d e f

g h 1,




Matrix Representation (2)

(X)) (o)

X=|y|, b=|p
< 7




Matrix Representation (3)

ax+by+cz=«
dx+ey+ fz= [

gX+hy+iz=y

v

AX =D




Patterns of Simultaneous Linear Equations

A X =

ALY = [F
vVZ = )

AX + Y =

AY = [
vz = yp

AX + Yy
AY + z

(&4
/3

vz = yp




Matrix Representation

fa b
d e

g b

C )
f

(3O

I

o
p

/"




Jordan Canonical Form 1

a b c)

A=|d e f

CHLRY
(2 0 0
J=P'AP=|0 u O
.0 0 v




Pattern 1

‘2 0 0)(x)

O « O0Ofly
\O 0 V)\Z/

o)

\ 7

3=1+1+1




Simultaneous Linear Equation 1

AX =«

uy =p
vZ=y




Jordan Canonical Form 2

fa b c¢)

A=|d e f

g h 1,
‘2 1 0)

J=P'AP={0 4 O
\O 0 V/




Pattern 2

//1 1 O\/x\
0 4 0lly
\O 0 V/\Z/

(o)

7"

3=2+1




Simultaneous Linear Equation 2

AX+ Y=«

Ay=p
vZi=y




Jordan Canonical Form 3

fa b ¢

A=d e f

g h 1
‘A2 1 0)

J=P!AP=|0 1 1
0 0 4,




Pattern 3

/ﬁ 1 O\/X\
O A 1]|lvVy

3=3




Simultaneous Linear Equation 3

AX+ Y=«

AYVy+z=/L0
VZi=y




Linea Algebra
and
Difterential Equations



Linear Case



Second-Order Case

u"(t) +2bu'(t) +cu(t) =0,
<u(0) =u,,
u'(0) =u,




(eneral Solufions



General Solution(1)

D/4=b°“—c>0

() =€ Ae e 4 Be )

A, B : Constants




Example

X"(t)—x(t) =t
| x(0) = x'(0) =0

Solution : x(t) = %(et —e ") —t




General Solution(2)

D/4=b°“—c<0O

u(t) =e™ (Acos\/c—bzt + Bsin \/c—bzt)
A, B : Constants




Euler’s Formula

e

10

— COS @ +1SIN &




General Solution(3)

D/4=b*—c=0

u() =e ™ (At+ B)
A, B : Constants




Exponential Matrix



Exponential Function




Main ldea

[u"(t)+ 2bu'(t) +cu(t) =0| (t) +2bu'(t) +cuft) = 0|
Matrix Representation l I Original Form
dU (t)

— AU (t) = Calculation of e“

dt




Solution (1)

ru1 (t) = U (t)’
lu, () =u'(t)

Uy (1) = u'(t) = u, (1),
u,(t) =u"(t) =—-2bu'(t) —cu(t)
=—2bu, (t) —cu, (t)

J\




Solution (2)

(

4

N

a
dt

(u,(t)"

(u,(0)
\UZ(O)/

LU, (1),

(u,(t)"

_/o 1 )
_\—C —Zb/
/uo\

U

LU, (1),




Solution (3)

D

O 1
A —
[—C —ZbJ

d
LUM=AUQ),

kU (0) :Uo




Solution (4)

U(t)=e"U,

tA)° A"
21 nl
(Exponential Matrix)

e = | +tA+




Example
of
Exponential Matrices



Simple Eigenvalue Cas



Calculation (1)

0 1
A=
(—c —2b]

Al — A=

A —1
C A+2b

—A°+2bA+cC




Calculation (2)

ICase: D/4=Db>—c=0|

2 =-b+b?—c,
A, =—b—+b?—c




Calculation (3)

s s
P = =
b Ay

( 1 1 )

—b+vb*-¢ -b-vb’-c)

P*AP=A (Diagonal)

o o)
0

(b2 —c 0o

0 “h-b?—c,




Calculation (4)

P le"P

2 n
:Pl[l+tA+(tA) +-~+(tA) +--ojP
21 Nt

—P'P +t(P‘lAP)+t2—2|(P‘1AP)(P‘1AP)+---

+tn—n!§P‘1AP)(P‘1AP)---(P‘lAP2+---

h'd

n—times

2 n
=I+tA+(tA) +---+(tA) + - --
21 n!

— etA




Calculation (5)

2 n
e =1 +tA+ (tA|) +---+(tA) + -

nl

Lo (G A)als
0 1 0 A,) 21l 0O
+ﬂ(«” 0}...

nt{ 0 A4,°

e O
"0 e




Calculation (6)

etA _ PetA P—l

1 (1 1)(e* o) 4 -1
/12_%1(11 ﬂzj 0 e* (_ﬂl 1]

[ Aett - e —e™ +e™

12_11

(A, (6% —e*) —net 1 2,e

\

/




Calculation (7)

Case:D/4=Db*-c=0

[ A -ne® ety

T = | Ao (6% € )~ + 28"

)

J




Double Eigenvalue Case



Jordan’s Canonical Form

P*AP=A (Jordan Form)
(1 1)
0 4

A=




Calculation (1)

0 1
A=
(—c —2b]

Al - A=

/|
c A+2b

=1 +2bA+cC




Calculation (2)

Case: D/4=b*—-c=0

A =—-—b (Double Root)

1 0\ (1 0)

P —




Calculation (3)

P*AP=A (Jordan Form)

A (2 1) (-b 1)
0 4) {0 -b,




Calculation (4)

P te”P

— Pl[l + tA + (tg\l)z +---+(tA)n +--~jP

n!
— PP +t(P‘1AP)+t2—2|(P‘1AP)(P‘1AP)+---+

+:]—n!(P‘1AP)(P‘1AP)---(P‘lAP)+---

~N"

n—times

(tA)? +m+(tA)” .
21 n!

=1 +tA +

— etA




Calculation (5)

(tA)° . (tA)"
n!

1 O A 1 t2 (A% 24
= +1 = + .-
0O 1 0O A) 21l 0 A2
tn ﬁn nﬂn_l
+ — + .-
ntt O A"

ot ot

e =1 +tA + 4.




Calculation (6)

etA —

Pe' Pt

B

e’ — Ate™
—A% +e

te*)( 1 O
exlt —//L 1

teﬂ,t
(At +1)e”)

J




Calculation (7)

Case:D/4=b*-c=0

U(t)=e"U,,

(UI(t)j_ e — Ate™
Uz(t) - _ 2 4 oMt

teM

(At +1)e™

I

U,
U,

J
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