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Abstract. The recent theoretical and experimental studies show that the Breit21

interaction plays a dominant role in the dielectronic recombination for some22

particular transitions. The detailed mechanism of why the Breit interaction is23

dominant for such a process is still unknown. In this work, we performed a24

simulation and decomposed each individual term in the transition matrix level and25

found that the Breit interaction is dominant when the leading term (1/r> with26

r> the larger of r1 and r2) contribution of the two-electron Coulomb interaction27

is vanished. Based on this mechanism, we explained why the dielectronic28

capture strength to 1s2s22p1/2 Jd = 1 state is much stronger than the one to29

1s2s2p2
1/2

Jd = 1 as well as why the Breit interaction plays a dominant role30

in the anisotropic parameters. Furthermore, the present finding may guide us31

to search some physical processes in which the Breit interaction is dominant by32

simply analyzing the coupling coefficients for a given isoelectronic sequence.33
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1. Introduction37

Since the discovery of the Breit interaction [1, 2], its contributions to the atomic38

structure have been studied extensively and systematically with various theoretical39

methods [3, 4, 5], also as reviewed by Grant [6]. Although the Breit interaction is40

getting important for high-Z atomic ions, its contribution to the total energy is still41

much smaller. Namely for nobelium (Z=102), the Breit contribution to the total42

energy is just of the order of 10−3 [7]. For total energy, the dominant contributor43

is the electron-nucleus Coulomb interaction, then the electron-electron Coulomb and44

Breit interactions. Thus, in most cases, the Breit interaction is treated perturbatively45

or simply ignored even for high-Z atoms [8]. The Breit interaction does not only46

contribute to the total energy but also to dynamical processes involving two-electron47

interactions, like Auger decay or its inverse process dielectronic capture (DC). For48

such a dynamical process, the Breit interaction directly competes with the electron-49

electron Coulomb interaction and in most cases, the Breit interaction may modify the50

process quantitatively not qualitatively. The Breit interaction plays an important role51

for high energy electrons colliding with a highly charged ion [9, 10, 11] as well.52

The effect of the Breit interaction on dielectronic recombination (DR) has been53

studied in highly charged ions and it was found experimentally [12] that the Breit54

interaction is comparable to the Coulomb interaction in lithium-like ions [12] for the55

autoionization state 1s2s22p1/2 Jd = 1. Although the Breit interaction is important56

in such a DR process, the conclusion – the DC strength to 1s2s22p1/2 Jd = 1 state is57

much stronger than the one to 1s2s2p21/2 Jd = 1 state either with or without taking58

the Breit interaction into account – is still hold.59

Later on, Fritzsche et al., [13] found that the Breit interaction may change the60

angular distribution of the emitted X-ray in the lithium-like DR process involving the61

autoionization state 1s2s22p1/2 Jd = 1 in a theoretical study. For example, for lithium-62

Like Au ions, without the Breit interaction, the emitted X-ray is mainly along the63

electron beam direction while with the Breit interaction, the emitted X-ray is mainly64

along the perpendicular direction to the electron beam. This theoretical prediction65

was confirmed by experiment [14].66

Now the question is why the Breit interaction plays such a dominant role in67

these processes or under what conditions the Breit interaction could be important.68

To answer these questions, we performed a systematic study on the DR processes69

involving the captures to 1s2s22p1/2 Jd = 1 and 1s2s2p21/2 Jd = 1 two states. Instead70

of just analyzing the DR rates and anisotropic parameters obtained in the simulation,71

we also analyzed each term of the transition matrix elements and found that the Breit72

interaction is important when the leading term (1/r> with r> the larger of r1 and73

r2 where r1 and r2 are the space coordinates of electron 1 and electron 2 involved in74

the DR transitions) contribution of the two-electron Coulomb interaction is vanished.75

We call this leading term the Coulomb monopole. Based on the mechanism, we can76

explain the experimental observations where the Breit interaction is important for77

both the DR rate and the anisotropic parameter.78

2. Theory79

Theory on atomic dielectronic recombination can be found in many literatures80

[15, 16, 17, 18] and the DR rates can be calculated by commonly used atomic packages,81

like, GRASP (a general-purpose relativistic atomic structure package) [5]. Here we82
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only present the necessary equations which will be used for the discussion in this83

paper. Atomic units ~ = me = e = 1 are used throughout unless otherwise stated.84

Dielectronic recombination involves two steps: a free electron is captured by an85

atomic ion with exciting another inner-shell electron to an excited state and forming86

an autoionization state, followed by the radiative stabilization (RS) by emitting a87

photon from the autoionization state. The first step is an inverse process of Auger88

decay. The Auger decay rate can be expressed as89

RA = 2π
∑
lj

|〈ΨJd
||V ||ΨJiψlj〉|2 (1)

with ΨJi
the wave function of the initial state for the N-electron system, ΨJd

the wave90

function of the autoionization state of the (N+1)-electron system and ψlj the continue91

electron wave function with angular moment l and total angular momentum j. V is92

the two-electron interaction, which includes the electron-electron Coulomb and Breit93

interactions. The autoionization state (or intermediate state) ΨJd
can decay to a final94

state ΨJf
radiatively by emitting a photon. Ji, Jd, Jf are the total angular momenta95

of the initial, intermediate and final states, respectively. The angular distribution of96

the emitted photon is written as97

dσ

dΩ
=
σT
4π

(1 + βP2(cos θ)), (2)

with σT the total DR cross section, θ the angle between the emitted photon and98

the electron beam directions, and P2(cos θ) the second order Legendre polynomial.99

Note here we focus on the dipole transition and the general expression for multipole100

transitions can be found in Refs. [19, 20]. The anisotropic parameter β is given by101

β = (−1)1+Jd+Jf

[
3(2Jd + 1)

2

]1/2{
1 1 2
Jd Jd Jf

}
P

(2)
JiJd

P
(0)
JiJd

, (3)

with102

P
(L)
JiJd

=
(−1)Ji+L+jd−1/2

2(2Ji + 1)

∑
ljl′j′

il−l′ [j, j′, l, l′, L]1/2
[
l l′ L
0 0 0

]{
j′ j L
l l′ 1/2

}

×
{
Jd Jd L
j j′ Ji

}
〈ΨJd ||V ||ΨJiψlj〉〈ΨJiψl′j′ ||V ||ΨJd〉, (4)

where the Wigner 3j, 6j symbols are used. Here we focus on two transition lines of lithium-like103

isoelectronic ions. They are104

Line a: |1s22sψlj〉
DC−−−−→ |1s2s22p1/2(Jd = 1)〉 RS−−−→ |1s22s2(Jf = 0)〉,

Line b: |1s22sψlj〉
DC−−−−→ |1s2s2p21/2(Jd = 1)〉 RS−−−→ |1s22s2p1/2(Jf = 0, 1)〉.

For Line b, due to the selection rule, the initial continue state can only be an s partial wave105

and thus the anisotropic parameter β is zero. For Line a, the anisotropic parameter can be106

explicitly expressed as107

β = −1

2

(2
√

2V1 + V2) · V2

V 2
1 + V 2

2

, (5)

with108

V1 = Vp1/2 = 〈1s2s22p1/2(Jd = 1)||VC + VBreit||1s22sεp1/2〉 = V C
1 + V B

1 ,(6)

V2 = Vp3/2 = 〈1s2s22p1/2(Jd = 1)||VC + VBreit||1s22sεp3/2〉 = V C
2 + V B

2 .(7)
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Figure 1. (Color online) Reduced matrix elements of dielectronic capture for
Lines a and b. V C

1 (thick solid line), V C
2 (thick dashed line) and V C (thick dotted

line) are defined in Eqs. (6)-(8) with the Coulomb interaction only. V B
1 (thin solid

line), V B
2 (thin dashed line) and V B (thin dotted line) are defined in Eqs. (6)-(8)

with the generalized Breit interaction only.

Here VC , VBreit are the electron-electron Coulomb and Breit interactions. Note that the109

anisotropic parameter depends on the DC process so we will analyze the DC transition110

matrix V1, V2 in detail. For the convenience of discussion, we also give the reduced transition111

matrix element for Line b as112

V = Vs1/2 = 〈1s2s2p21/2(Jd = 1)||VC + VBreit||1s22sεs1/2〉 = V C + V B . (8)

3. Results and discussion113

We first calculated the single-electron wave function from the relativistic density functional114

theory with the self-interaction correction [21] and then calculated the reduced matrix115

elements. The coupling coefficients were calculated by using the ANCO package [22] and116

the detailed numerical method can be found in Ref. [23]. The reduced matrix elements were117

calculated using the single configuration approximation as well as configuration interactions118

and the two results are close to each other within two or three digits. Therefore to simplify119

the discussion, we only present the results from the single configuration simulation. We also120

present the results from the generalized Breit interaction (GBI) [24] and the Breit interaction121

(BI0) in the zero-frequency limit. To study lithium-like atomic ions systematically, we122

calculated all the ions with Z = 40−100. Note that to calculate the reduced matrix element,123

there is an arbitrary phase factor and we chose the phase factor in such a way that V C
1 is124

positive.125

3.1. Reduced matrix elements for dielectronic capture126

Figure 1 shows the reduced matrix elements for the Coulomb interaction only and the GBI127

defined in Eqs. (6)-(8). From a scaling law, the Coulomb interaction is scaled by atomic128

number Z and the GBI is scaled by (Z3/c2) with c the velocity of light. Indeed, V C
1 is129

the largest one among the transition matrix elements and it increases monotonically as Z130

increases. V B
1 increases rapidly and is comparable but still smaller than V C

1 even for very131
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Table 1. Coupling coefficients of the reduced matrix elements of dielectronic
captures for Lines a and b.

Term k Xk Term k Xk

V1 : (2s2p1/2|1sεp1/2) 0 -1/2 V2 : (2s2p1/2|1sεp3/2) 1 -1/3
V1 : (2s2p1/2|1sεp1/2) 1 -1/6 V2 : (2s2p1/2|εp3/21s) 1 1/3
V1 : (2s2p1/2|εp1/21s) 1 -1/3
V : (2p21/2|1sεs) 0 1/2 V : (2p21/2|1sεs) 1 1/2

high Z ions. This means that for the DC strength, the Coulomb interaction is still a dominant132

contributor for Line a. V B
2 follows the trend of V B

1 but smaller than V B
1 and V B is almost133

zero. Interestingly, V C
2 , V

C are almost constants and smaller than V C
1 . Especially for V C

2 , it134

has an opposite sign with V B
2 . The absolute value of V B

2 is smaller than V C
2 for low Z atomic135

ions and reaches the same magnitude at Z=73 , then is larger than V C
2 for high-Z atomic ions.136

Overall, from the reduced transition matrix elements, we see that the Coulomb interaction137

is a dominant contributor to the DC process and the GBI contribution is comparable but138

still smaller than the one of the Coulomb interaction. The key step to understand why the139

Breit interaction plays a dominant role for anisotropic parameters is to understand why V C
2140

is smaller.141

Both the Coulomb and Breit interactions are two-elecron operators and they can be142

evaluated as a product of coupling coefficients and radial integrals as143

〈ΨJd ||VC ||ΨJiφlj〉 =
∑
k

Xk ·Rk
C , (9)

〈ΨJd ||VBreit||ΨJiφlj〉 =
∑
k

Xk ·Rk
B , (10)

where Xk is the coupling coefficient which is independent from the atomic number Z and144

Rk
C , R

k
B are the radial integrals for an irreducible tensor operator of rank k. Note that we145

followed the convention of the ANCO program [22] and the coefficients are listed in Table 1.146

For the Coulomb interaction, Rk
C is decided by the integration of the operator147

VC =
1

|r1 − r2|
=
∑
k

(
r<
r>

)k
1

r>
Pk(cos γ)

=
∑
k

(
r<
r>

)k
1

r>

4π

2k + 1

∑
m

Y k
−m(r̂1)Y k

m(r̂2), (11)

where r< (r>) stands for the smaller (larger) one of |r1|, |r2|, Pk the k-order of Legendre148

polynomials, γ the angle between r1, r2, and Y k the k-order of spherical harmonics. Rk
C can149

be written as150

Rk
C ∝< a||Y k||c >< b||Y k||d >, (12)

where a, b, c, d are the four orbits involved in the two-electron operator as (ab|cd) in Table 1151

. For example, the Coulomb contribution of V2 can be evaluated as152

V C
2 ∝ −

1

3
〈2s||Y k=1||1s〉〈2p1/2||Y k=1||εp3/2〉

+
1

3
〈2s||Y k=1||εp3/2〉〈2p1/2||Y k=1||ε1s〉 (13)

=
1

3
〈2s||Y k=1||εp3/2〉〈2p1/2||Y k=1||ε1s〉. (14)

The first term of right hand in Eq. (13) is zero because 〈2s||Y k=1||1s〉 = 0.153
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For the generalized Breit interaction [24], Rk

B is decided by the integration of the154

operator155

VBreit = −α1 · α2
cos(ωr)

r
+ (α1 ·∇1)(α2 ·∇2)

cos(ωr)− 1

ω2r
, (15)

where r = |r1 − r2| and ω is the virtual photon energy divided by c, and α the Dirac matrixes.156

If we choose ω = 0, we get the Breit interaction (BI0) in the zero-frequency limit. Similar to157

Rk
C , Rk

B can be evaluated as158

Rk
B ∝< a||T k||c >< b||T k||d >, (16)

with T k the tensor of rank k. The general expression of T k is complicate and can be found159

in Ref. [3] for details. The tensor operator of the first term of right hand in Eq. (15) can be160

written161

T k =
∑
k′

αY k′
(17)

as a vector spherical harmonics of order of k [25]. For example, the Breit contribution to162

V2 involves the tensor product of α (tensor of rank 1) with the space tensor Y k′
(spherical163

harmonics) and it dose not vanish for Y k′=0. This should be the largest one for the Breit164

interaction.165

Generally speaking, for Coulomb interaction, the high order (k) multipole contributions166

are getting smaller because (r</r>)k decreases as k increases. For V C
1 , the monopole (k = 0)167

contribution is not vanished and it is the major contributor to the DC transition matrix168

elements as shown in Table 1. For V C
2 , the monopole is vanished and this results in smaller169

value of V C
2 . Although the coupling coefficient of V is not zero for k = 0, the reduced matrix170

element of the Coulomb interaction is zero because for a single electron irreducible tensor171

operator of rank 0, s → p1/2 (〈2p1/2||Y 0||1s〉 ) matrix element is zero due to the parity172

conservation. For Breit interaction, the leading contribution should be the transition matrix173

elements with the tensor of rank k = 1 with the spherical harmonic of k′ = 0. From above174

analysis and the simulation data shown in Fig. 1, we conclude that the relative weak strength175

of Line b comparing with Line a is due to the lack of Coulomb monopole contributions.176

3.2. Ratio of the dielectronic capture strengths177

Since directly measuring the anisotropic parameters is still difficult in the Tokyo EBIT178

(electron beam ion trap) [26], the anisotropic parameter was extracted from the measured179

ratio of DC strengths of Lines a and b, and the emitted X-ray at 90◦ to the electron beam.180

Therefore we first analyze the ratio of DC strengths between Lines a and b as shown in Fig. 2.181

Without the Breit interaction, the ratio increases slowly from 3 at Z=40 to 9 at Z=100. With182

the BI0, the ratio increases rapidly from 3.5 at Z=40 to 23 at Z=100. With the GBI, the183

ratio is slightly higher than the one of the BI0. The results show that the Breit interaction184

enhanced the ratio by more than a factor of two for a very high Z atomic ion, while in Fig. 1185

V C
1 is always the largest one. The ratio enhanced by a factor of two does not mean the Breit186

interaction is the dominant one because the DC strength is proportional to the square of the187

reduced matrix elements |V C
1 +V B

1 |2 and if V B
1 is just about 50% of the V C

1 , the DC strength188

can be doubled. The results are consistent with the experiments [12, 14, 27], which showed189

that the Breit interaction enhances the ratio by a factor of two. Although the GBI modifies190

the Ratio slightly over the BI0, the ratio of the GBI is more closer to the measured ones.191

Discrepancies between the simulation and measurement may call further theoretical studies192

as well as experiments with better resolution.193

3.3. Dominance of the Breit interaction for anisotropic parameters194

The reduced matrix elements in Fig. 1 show that the Coulomb interaction is always the195

dominant one for the total DC strengths. For anisotropic parameters, the Breit interaction196
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Figure 2. (Color online) Ratios of dielectronic capture strengths of Lines a and
b. Solid line: the theoretical results with the generalized Breit interaction, dashed
line: the theoretical results with the Breit interaction in the zero-frequency limit,
and dotted line: the theoretical results without the Breit interaction. The data
of Exp.(a) are from Ref. [27] and the ones of Exp.(b) are from Ref. [12].

may change the angular distribution of the emitted X-ray from peaked on the forward197

direction along the electron beam (β > 0) with the Coulomb interaction only to peaked198

on the perpendicular direction to the electron beam (β < 0) with the Breit interaction for199

high-Z ions as shown in Fig. 3. To understand the mechanism, we approximate the anisotropic200

parameter in Eq. (5) as201

β ≈ −
√

2
V2

V1
, (18)

because V1 is positive and always larger than the value of |V2| as shown in Fig. 1. In the figure,202

we see that the Breit interaction for V2 is comparable with the Coulomb interaction for low-Z203

ions and is larger than the Coulomb interaction for high Z ions with Z > 72. This is mainly204

because of the vanishing of the Coulomb monopole for V2. For this particular transition, Line205

a, the anisotropic parameter is almost linearly proportional to the reduced matrix element206

V2, in which the Breit interaction plays a dominant role for high Z ions. Our results of the207

Coulomb only (dash-dotted line) and Coulomb plus BI0 (dotted line) are in good agreements208

with the results (open circles and filled circles) from Fritzsche et al., [13]. Again, we see that209

the BGI modifies the anisotropic parameters quantitatively not qualitatively over the BI0.210

Both the BI0 and GBI’s results are in reasonable agreement with the available measurements211

[14, 27].212

4. Summary and Conclusions213

To summarize, we have investigated the mechanism of the dominance of the Breit interaction214

in the angular distribution of the emitted X-ray in dielectronic recombination of lithium-215

like isoelectronic ions for Z = 40 − 100. By analyzing the reduced matrix elements in216

the dielectronic capture when off-diagonal elements are involved, we found that the Breit217

interaction could be important when the Coulomb monopole interaction is vanished. Based218

on the mechanism, we have explained the anomalous Breit interaction enhanced ratio of219

dielectronic capture strengths for Lines a and b as well as the dominance of the Breit220
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interaction in the angular distribution of the emitted X-ray in dielectronic recombination.221

By comparing the results of the generalized Breit interaction and the Breit interaction in222

the zero-frequency limit, we conclude that the modification of GBI over the BI0 is smaller223

and can be neglected in most cases. The present work may provide an effective way to224

search a physical process in which the Breit interaction is important simply by examing the225

coupling coefficients which are the same for a given isoelectronic sequence under the single226

configuration approximation.227
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