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ABSTRACT. We estimate the cardinalities of antipodal sets in ori-
ented real Grassmann manifolds of low ranks. The author reduced
the classification of antipodal sets in oriented real Grassmann man-
ifolds to a certain combinatorial problem in a previous paper. So we
can reduce estimates of the antipodal sets to those of certain com-
binatorial objects. The sequences of antipodal sets we obtained in
previous papers show that the estimates we obtained in this paper
are the best.

1. INTRODUCTION

An antipodal set in a Riemannian symmetric space was introduced
by Chen-Nagano [1]. A subset S of a Riemannian symmetric space is
an antipodal set, if s,(y) = y holds for any x and y in S, where s, is
the geodesic symmetry at x. We denote by ék(R”) the oriented real
Grassmann manifold consisting of oriented subspaces of dimension &
in R™, which is a compact Riemannian symmetric space. The main
theorem of this paper is the following:

Theorem 1.1. If n > 87, then antipodal sets of mazimal cardinality
in G5(R™) are unique up to isometries of G5(R™).

The author [2] defined an antipodal subset of

Pun) = {aac {1,....n}, o] = k}.

Two elements a and (3 in Py(n) are antipodal, if the cardinality |5 — | is
even, where f—a = {i € f|i ¢ a}. A subset A of Py(n) is antipodal, if
any o and 8 in A are antipodal. The author reduced the classification
of antipodal sets in G (R") to that of antipodal subsets in Py(n) in [2]
and showed the classification of antipodal subsets of Py(n) for k < 4.
This is the reason why we consider G5(R™). Theorem 1.1 is equivalent
to the following:
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Theorem 1.2. If n > 87, then antipodal sets of maximal cardinality
in Ps(n) are unique up to permutations of {1,...,n}.

More detailed statement of this theorem is described in Theorem 3.1,
which we prove by the use of sequences of antipodal subsets investigated
in 2] and [3].

The author would like to thank Takashi Sakuma for useful discussion
on the subject of this paper. He is also indebted to the referee, whose
comments improved the manuscript, especially the proof of the main
theorem.

2. ANTIPODAL SUBSETS

We denote by Sym(n) the symmetric group on {1,...,n}. Two sub-
sets X and Y in Py(n) are congruent, if X is transformed to Y by an
element of Sym(n). If X in Py(n) is antipodal, then a subset congruent
with X is also antipodal.

In order to describe antipodal subsets we prepare some notation.
For a set I we denote by Py(/) the set consisting of all subsets of
cardinality k in I. We simply write Py(n) instead of Py({1,...,n}).
When [ =1, U---U I, is a disjoint union, we put

Ay x - XAy ={aqU---Uay, | oz € A;}
for subsets A; of Py, (I;). We get
Ay X - X A, C Pk1+--~+km<]>-

If each A; is an antipodal subset of P, (/;), then A; x --- x A,, is an
antipodal subset of Py .1k, ().

We define some sequences of antipodal subsets according to [2] and
[3]. We put

A(2,20) = {{1,2},...,{2l — 1,2l}},
A2k, 20) ={oq U--- Uy € Poy(2) |
aq, ..., qq are distinct elements of A(2,21)},
which is an antipodal subset of Py (2[) and
A2k + 1,20+ 1) = A(2k,2]) x {{20 + 1}},
which is an antipodal subset of Pa,y1(20 + 1). By the definition
Ak + 1,21+ 1) ={aU{20 + 1} | a € A(2k,20)}.

Their cardinalities are

(2, 20)] = [A(2k + 1,2+ 1)| = (é)
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We define
a(k,n) = max{|A| | A is antipodal in Py(n).}
and estimate it in the next section for k = 5.
Lemma 2.1.

alk,n+1) > a(k,n), alk+1,n+1)>a(k,n),
a(2k,n) > (L%J) a2k +1,n) > (L?J)

Proof. 1f A is an antipodal subset of Py(n), then A is also an antipodal
subset of Py(n+1). Thus we have a(k,n+1) > a(k,n). Ax{{n+1}}is
also an antipodal subset of Py1(n+1). Thus we have a(k+1,n+1) >
a(k,n).
A (2k,2|2]) is an antipodal subset of Pyy,(n), hence a(2k, n) > (L%J).
A(2k+ 1,2 21| + 1) is an antipodal subset of Py.11(n), hence a(2k+
L%z

1

1,n) > ( TJ) O

We can get the values of a(k,n) for £ < 4 from the classifications
of maximal antipodal subsets of Py(n) obtained in [2] as follows. We
have a(1,n) = 1 and any nonempty antipodal subset of P;(n) is con-
gruent with {{1}} by Proposition 4.1 and Corollary 4.1 in [2]. We have
a(2,n) = [ 5] and any antipodal subset of P»(n) which attains a(2,n)
is congruent with A(2,2[%]) by Proposition 4.2 and Corollary 4.2 in
2]. We have

n 415(6|7,...,16 | more than 16
a(3,n)[1]2]4 7 (252 ]

and any antipodal subset of Ps(n) which attains a(3,n) for n > 16 is
congruent with A(3,2|%51] 4 1) by Theorem 5.1 and Corollary 5.1 in
[2]. We have

n 5/6]718,...,11 | more than 11

a(4,n) | 1]3|7| 14 <L§J>

and any antipodal subset of Pj(n) which attains a(4,n) for n > 11
is congruent with A(4,2|%]) by Theorem 6.1 and Corollary 6.2 in [2].
These phenomena stimulate us to formulate Theorem 3.1 in the next
section.
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3. ESTIMATES OF THE CARDINALITIES OF ANTIPODAL SUBSETS

In this section we show the following main theorem.

Theorem 3.1. If n > 87, then

n—1 | 21 |
=|A(5,2 L)f="2").
oo = (o257 1) |- (°F)
If an antipodal subset A of Ps(n) for n > 87 attains a(5,n), then A is
, n—1
congruent with A (5, 2 { 5 J + 1).

Proof. We estimate |A| for an antipodal subset A of Ps(n). We can
suppose A contains ag = {1,2,3,4,5} without loss of generality. For
an element « in Py(n) and a subset B in Py(n) we write

A.(B) ={p € B| a, are antipodal} — {a}.

We have

Any(Ps(n)) = P5({1,2,3,4,5}) x Py({6,...,n})

UPi({1,2,3,4,5}) x Py({6,...,n}),
which is a disjoint union. We put
M; = Ps_;({1,2,3,4,5}) x P;({6,...,n}) (j=2,4).
So Au(Ps(n)) = My U My. Since A C {ag} U A,y (Ps(n)), we get
A={ap} U(AN M) U (AN M,),

which is also a disjoint union. We estimate the cardinalities of A N M;
and AN My in the following propositions.

Proposition 3.2. For A = AN Ms, the following holds:

(1) If AN My is contained in a product of antipodal subsets in
P5({1,2,3,4,5}) and Py({6,...,n}), then

1
|A0M2|§2VTJ —4

The equality holds if and only if AN My is a product of maximal
antipodal subsets in Py({1,2,3,4,5}) and Py({6,...,n}).

(2) If AN My is not contained in a product of antipodal subsets in
P5({1,2,3,4,5}) and P,({6,...,n}), then

AN M| < LgJ 411

Proposition 3.3. For A = AN My, the following holds:
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(1) If AN My is contained in a product of antipodal subsets in
Pi({1,2,3,4,5}) and Py({6,...,n}), then
|AN M| <a(4,n—5).

In particular, if n > 17,
|AN My < ( ; )

The equality holds if and only if AN My is a product of maximal
antipodal subsets in Py({1,2,3,4,5}) and Py({6,...,n}).

(2) If n > 29 and AN M, is not contained in a product of antipodal
subsets in Py({1,2,3,4,5}) and P,({6,...,n}), then

1
AN M, <11 EJ +9V2 J—68.

Proof of Proposition 3.2. (1) By the assumption of this case we can
estimate the cardinality as follows:

|AQM2|§2VT_5J _ {n—lJ 4

because a(3,5) = 2 and a(2,n —5) = |%52|. Moreover the equality
holds if and only if A N M, is a product of maximal antipodal subsets
in P3({1,2,3,4,5}) and P,({6,...,n}).

(2) The assumption of this case means that there exist two elements
a=aUas, = F1UpJyin AN M, such that aq, 51 € P3<{1, 2,3,4, 5})
are not antipodal or that as, 52 € P3({6,...,n}) are not antipodal.
Since

(a1Uaz) = (B1U Bo) = (a1 — B1) U (a2 — Ba),
aq, 1 are not antipodal in P3({1,2,3,4,5}) and aw, B2 are not antipodal
in P»({6,...,n}). This condition is equivalent with |ay N G| = 2, |aa N
Ba] = 1. We can suppose that o« = {1,2,3,6,7},8 = {1,2,4,6,8}
without loss of generality. Let B be a maximal antipodal subset of Ms
containing A N M,. We estimate |B|. Since «, 5 € AN M,, we have

ANM; —{a,B} C B—{a,f} C As(Aa(M2)).
In order to estimate |B| we describe Ag(A,(Mz)). We have
Ao (M) = P5({1,2,3}) x P({8,...,n})
U P ({1,2,3}) x P ({4,5}) x P ({6,7}) x P, ({8,...,n})
UP({1,2,3}) x P»({4,5}) x P,({6,7})
U Pi({1,2,3}) x Py({4,5}) x P,({8,...,n})
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and
Ap(Aa(My))
={{1,2,5,7,8}}
U{{1,2,3,8},{1,2,4,7},{1,2,5,6}} x P1({9,...,n})
U P ({1,2}) x {{3,4,7,8},{3,5,6,8},{4,5,6,7}}
UP({1,2}) x {{3,4,6},{3,5,7},{4,5,8}} x ({9, ...,n})
U{{3,4,5}} x P({9,...,n}).

The element {1,2,5,7,8} is antipodal with all elements in Ag(A,(Ms)),
hence {1,2,5,7,8} is contained in B because of the maximal property
of B. We put v = {1,2,5,7,8}. We get

B —{a, 8,7} C Ay(Ap(Aa(Ma)))
and
Ay (Ap(Aa(Ms)))
={{1,2,3,8},{1,2,4,7},{1,2,5,6}} x P ({9,...,n})
U P ({1,2}) x {{3,4,7,8},{3,5,6,8},{4,5,6,7}}
UP({1,2}) x {{3,4,6},{3,5,7},{4,5,8}} x PL({9,...,n})
U{{3,4,5}} x P({9,...,n}).
For simplicity, we set B’ = BN A,(Az(As(M,))) and
C1 =4{1,2,3,8},{1,2,4,7},{1,2,5,6}} x P ({9,....,n}),
Cy =P ({1,2}) x {{3,4,7,8},{3,5,6,8},{4,5,6,7}},
Cs = Pi({1,2}) x {{3,4,6},{3,5,7},{4,5,8}} x P,({9,...,n})
Cy =1{{3,4,5}} x P,({9,...,n}).
Then B = B'U{w, 8,7} and B’ C A,(Ap(Aa(M3))) = C1UCLUC3UCY.
We have a disjoint union
B'=(B'NnC)U(B' NCy)U(B'NC3)U (B'NCY).
In order to estimate |B| we estimate each |B'NCy|. Fori =1,...,4
each B’ N C; is an antipodal subset of C;.
Any maximal antipodal subset of C'y is congruent with
{{1,2,3,8,9},{1,2,4,7,9},{1,2,5,6,9}},
thus we have |B’ N C;| < 3. Any maximal antipodal subset of Cj is
congruent with

{{1,3,4,7,8},{1,3,5,6,8},{1,4,5,6,7}},
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thus we have |B’ N Cy| < 3. Any maximal antipodal subset of Cj is
congruent with

{{1,3,4,6,9},{1,3,5,7,9},{1,4,5,8,9},
{2,3,4,6,10}, {2,3,5,7,10},{2,4,5,8,10}},

thus we have |B’ N C3] < 6. Any maximal antipodal subset of Cy is
congruent with

3451 x {(o,105,... {2[5] - 1.2[5] }}.
thus we have |B'N Cy| < |252]. Therefore we have
n

|ANM,| < |B|<|B'|+3<3+3+6+ VT_E;J +3= b

J+11.

O

Proof of Proposition 3.3. (1) By the assumption of this case we can
estimate its cardinality as follows:

|AN My <a(4,n—75).

|AN Myl < (L?J).

Moreover the equality holds if and only if A N M, is a product of
maximal antipodal subsets in P;({1,2,3,4,5}) and P,({6,...,n}).

(2) The assumption of this case means that there exist two elements
a=a;Uag, = p1UpPy in AN My such that oy, 51 € Pi({1,2,3,4,5})
are not antipodal and that g, f2 € Py({6,...,n}) are not antipodal.
This condition is equivalent with |ay N G| = 0, e N G| = 1,3. We
divide the argument to two cases of |as N Fz| = 1 and |ag N Fy| = 3.

(i) In the case of | N B2| = 3, we can suppose aw = {1,6,7,8,9}, 5 =
{2,6,7,8,10} without loss of generality. Let B be a maximal antipodal
subset of M, containing ANM,. We estimate |B|. Since o, f € ANM,,
we have

If n > 17, then

ANMy—A{a,B} C B—A{a,p} C As(Aa(My)).
In order to estimate |B| we describe Ag(A,(My)). We have
Aa(M4) = {{1}} X P2<{67 77 87 9}) X P2({107 ce 7n})

U{{1}} x Py({10,...,n})
U Pi({2,3,4,5}) x P5({6,7,8,9}) x Pi({10,...,n})
U P({2,3,4,5}) x P,({6,7,8,9}) x P3({10,...,n})
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and

As(Aa(M)) = ({13} x Po({6.7,8}) x {{10}} x Pi({LL,....n})
U{{1}} x Pi({6,7,8}) x {{9}} x P»({11,...,n})
UL x {101} x By({11,....n})
U{{2}} x P({6,7,8}) x {{9}} x Pi({1L,....n})
U{{2}} x P({6,7,8}) x {{10}} x By({11,...,n})
U{{2}} x {{9}} x B({1L, ..., n})
UP({3,4,5)) x {{6,7,8}} x P ({11,...,n})
U Pi({3,4,5}) x P»({6,7,8}) x {{9}} x {{10}}
U P({3,4,5}) x Pi({6,7,8}) x Py({11,....n})
UP({3,4,5}) x {{9}} x {{10}} x Po({11,...,n}).

Any maximal antipodal subset of P»({6,7,8})x P ({11,...,n}) is con-
gruent with {{6,7,11},{6,8,12},{7,8,13}} and the maximum cardi-
nality of antipodal subsets of P»({6,7,8}) x P,({11,...,n}) is equal
to 3. According to the classification of maximal antipodal subsets of
P3(n) obtained in Theorem 5.1 of [2], if n > 14, any maximal antipo-
dal subset of P;({6,7,8}) x P»({11,...,n}) C P3({6,7,8,11,...,n}) is

congruent with

{{6}} x {{11, 12}, {13, 14},...,{2 bJ 1,2 EJ }}
(46,11,12}, {6,13, 14}, {7, 11,13}, {7, 12, 14}, {8, 11, 14}, {8, 12,13} }

and the maximum cardinality of antipodal subsets of P;({6,7,8}) x
Py({11,...,n}) is equal to max {6, L”’Tloj } Any maximal antipodal

subset of P;({3,4,5})x P, ({11,...,n})is congruent with {{3, 11}, {4,12},{5,13}}
and the maximum cardinality of antipodal subsets of P;({3,4,5}) x
Pi({11,...,n}) is equal to 3. The maximum cardinality of antipodal

subset of

Pl({?)a 4, 5}) X P1<{67 7, 8}) X P3({117 v 7n})
is less than or equal to 9a(3,n — 10), because

1Py ({3,4,5}) x P({6,7,8})] = 9.
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We obtain the following estimate.

n — 10

|B|§2+3+max{6,{

o [0
52
)

-1
—3max{ { OJ + 11a(3,n — 10) + 14.

J}+a@n—1m+3

+a(3,n —10) + 3+ 3 + 9a(3,n — 10)

Hence, if n > 27, we have

1 1 1
|m§3VIQW+4%f2 J+M—3£J+HV¥ J—%.

(ii) In the case of |aoNPBs| = 1, we can suppose a = {1,6,7,8,9}, 5 =
{2,6,10,11, 12} without loss of generality. « is the same in the case (i).
There exists a maximal antipodal subset B of M, containing A N Mjy.
We estimate |B|. Since «, 5 € AN My, we have

ANMy—A{a,B} C B—{a,f} C Ag(Aa(My)).
In order to estimate |B| we describe Ag(A,(My)). We have
An(My) = {{1}} x P,({6,7,8,9}) x P({10,...,n})
U {{1}} x P,({10,...,n})
U Pi({2,3,4,5}) x P5({6,7,8,9}) x P,({10,...,n})
UP({2,3,4,5}) x P1({6,7,8,9}) x P5({10,...,n})

and

Ap(Aa(My))

= {{1,6}} x P,({7,8,9}) x P»({10,11,12})

U{{1,6}} x P.({7,8,9}) x P,({13,....n})

U{{1}} x P,({7,8,9}) x P1({10,11,12}) x P,({13,...,n})
U{{1}} x {{10,11,12}} x Pi({13,...,n})

U{{1}} x Pi({10,11,12}) x Py({13,...,n})

U{{2}} x {{6}} x P,({7.8,9}) x P ({10,11,12})

U{{2)} x {{7.8,91) x P,({13,...,n})

U P({3,4,5)) x {{6}} x P({7.8,9}) x P,({13,....n})
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U P ({3,4,5}) x {{7,8,9}} x P ({10,11,12})
U{{2}} x {{6}} x P1({10,11,12}) x P,({13,...,n})
U{{2}} x Pi({7,8,9}) x P»({10,11,12}) x P,({13,...,n})
U {21} x P({7,8,9}) x P3({13,...,n})
U P ({3,4,5}) x {{6}} x P»({10,11 12}) x P ({13,...,n})
U Pi({3,4,5}) x {{6}} x P3({13,...,n})

U P ({3,4,5}) x P1({7,8,9}) x {{10,11,12}}

U P ({3,4,5}) x P({7,8,9}) x P ({10,11,12}) x P»({13,...,n}).
The maximum cardinality of antipodal subsets of

Py({7,8,9}) x P ({10,11,12}) x P ({13,...,n})
is less than or equal to
|P,({7,8,9})] x 3=0.
The maximum cardinality of antipodal subsets of
Pi({3,4,5}) x P,({7,8,9}) x P ({10,11,12}) x P»({13,...,n})

is less than or equal to

PL({3,4,5)) x P({7,8,9})| max {6, V - 12J } ~ 9max {6, V - 12J } |

2
We obtain the following estimate for n > 29.
— 12

| B| <2+3+max{6 {

2
+nmx{ V%_QJ}+
oo 252
zllmaX{G {”_21 J}+9a(3 n —12) + 52
4 {n;lZJ +9V—213J .

~ 11 LSJ +9V;1J — 68.

We can see

n n—1 n n—1
“lin - <:11L—J 68,
3|5] + L Q_J 5 <11 |5 +9L2 J 68

J}+9+1+3M&n—1@+3+1+9+3

9+3a(3,n —12) + 9+ 3a(3,n — 12) + 3
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in the case n > 4. Therefore in the case n > 29 we have

1
AN M, <11 {gJ +9V2 J—68.

O

Now using Propositions 3.2 and 3.3, we prove Theorem 3.1. By the

disjoint union
A={{1,2,3,4,5}} U (AN M) U (AN My)

we estimate |A|. We divide the argument to four cases whether ANM, is
contained in the product of two antipodal subsets in P3({1,2,3,4,5})
and P»({6,...,n}) or not, and whether A N M, is contained in the
product of two antipodal subsets in P ({1, 2,3,4,5}) and P4({6,...,n})
or not. We suppose that n > 29 to use the result on A N M, obtained
above.

If AN M, is not contained in the product and if A N My is not
contained in the product, then we have

|A| =14 |AN My| + |AN M,y

1
§1+£J+11+11LSJ+9V J—68

2
1
— 12 H 49 {” _ 56.

2

The last term is less than ‘A (5, L”_IJ + 1)‘ if n > 83. Hence A can
not attain a(5,n).

If AN M, is not contained in the product and if AN My is contained
in the product, then we have

|A| =14 |AN My| + |AN M,
<1+ |2]+11+a(4n-5).

The last term is less than ‘A (5, 2 L”T’lj + 1)‘ if n > 35. Hence A can
not attain a(5,n).

If AN Ms is contained in the product and if AN M, is not contained
in the product, then for n > 29 we have

|A| =1+ |AN M| +|AN M|

n—1 n n—1
<1422y 11{—J _
<1+ \‘ 5 J + 5 +9{ 5 J 68

— 11 LgJ 11 V;lJ — 71
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The last term is less than ‘A (5, 2 VLT_IJ + 1)‘ if n > 87. Hence A can
not attain a(5,n).

If AN Ms is contained in the product and if AN My is contained in
the product, then we have

|A] =14 |AN M|+ |AN M,

1
§1+2VTJ —4+a(4,n—5)

=4 (2[5 +1)|

Therefore if n > 87 then A (5,2 | 21| + 1) attains a(5,n) and

a(5,n) = ’A (5,2 V;lJ +1)‘ - (L?J).

Finally we show that an antipodal subset A of Ps(n) which attains
a(5,n) is congruent with A (5,2 |%1] + 1) if n > 87. Since AN M, is
the product of a maximal antipodal subset of P5({1,2,3,4,5}) and a
maximal antipodal subset of P({6,...,n}), by transforming A under
the action of Sym(n) we can suppose

AN M, ={{1,2,3},{1,4,5}} x {{6,7},{8,9},...,{20,2] + 1}},

where [ = L"T_lj Moreover A N M, is the product of a maximal an-

tipodal subset A; of P;({1,2,3,4,5}) and a maximal antipodal sub-
set Ay of Py({6,...,n}). There exists ¢ in {1,2,3,4,5} such that
Ay = {i}. We show that i is equal to 1. We suppose that ¢ is
not equal to 1. Without loss of generality we can suppose that i is
equal to 2. Fix {a,b,c,d} € Ay C Py({6,...,n}). Then the element
{1,4,5,6,7} € ANM, and {2,a,b,c,d} € A; x Ay are antipodal, hence
one of a,b,c,d is equal to 6 or 7. The element {1,4,5,8 9} € AN M,
and {2,a,b,c,d} € A; x Ay are antipodal, hence one of a, b, ¢, d is equal
to 8 or 9. Iterating this we obtain

{a,b,c,d} € P,({6,7}) x Pi({8,9}) x P ({10,11}) x P, ({12, 13}).

Hence {1,4,5,14,15} and {2,a,b,c,d} are not antipodal, which is a
contradiction. Therefore i is equal to 1 and we have

AN M, = {{1}} x A,.

All elements of

AN M,y = {{1,2,3},{1,4,5)} x {{6,7},{8,9},...,{20,20 + 1}}
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and {{1}} x A, are antipodal, so the intersection of each element of
{{6,7},{8,9},...,{2(,2] + 1}} and each element of A, has an even
cardinality. Hence we have

Ay ={onUay € P,({6,...,n}) | oy € {{6,7},{8,9},...,{2[,2l + 1}}}
and A is congruent with A (5, 2 L"T_lj + 1). O
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