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Motions and Configurations 
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Reference configuration 
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Euler’s Description 
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Lagrange’s Description 
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Continuum Mechanics (1) 

Description Conservation 
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Balance Law of 
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Continuum Mechanics (2) 

Description Balance Law 
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A human body is an elastic material 

Importance of Elasticity 





Four Thoughts in Analysis 

(Ⅰ) Discrete Case and Continuous Case 
(Ⅱ) Principle of Superposition 
(Ⅲ) Completeness 
(Ⅳ) Numerical Analysis 





Vectors and Functions 
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Principle of Superposition 

Theme Mathematics Kinetics 

Infinite 
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Principle of Superposition 
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Jean Baptiste Joseph Fourier 



Fourier 

Jean Baptiste Joseph Fourier 
(1768-1830) 

 French Mathematician and Physicist 
 La theorie analytique de la chaleur 

(1822) 
 
  
 



Fourier’s These 

Every function of period    can be 
approximated in terms of trigonometric 
functions. 

2π



Fourier Series Expansion (1) 
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Fourier Series Expansion (2) 
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Fourier Coefficients 
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Example of a Fourier Series 
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Example of Fourier Series 
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Example of Gibbs Phenomenon 





Weierstrass’s Function 
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Weierstrass Function 





Formulation of a Problem 
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Initial-Boundary Value 
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Representation of a Solution 
(Heat Kernel) 
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Application to Series 
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Trace of a Matrix 
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Stationary Boundary Value 
Problem 
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Representation of a Solution 
(Green’s Function) 
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( , ) G x y Green Function



Green’s Function  
(Series Version) 
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Trace Formula (2) 

( )
0 0 0

2
2 0

1

2
1

( , ) ( , , )

2 1 sin

1
n

n

G x x dx p t x x dxdt

nx dx
n

n

π π

π

π

∞

∞

=

∞

=

= −

= −

= −

∫ ∫ ∫

∑ ∫

∑ Sum of Eigenvalues（ ）



Green’s Function  
(Integral Kernel Version) 
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Trace Formula (3) 
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Trace Formula (4) 
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Set Algebra Analysis 

Complex 
Numbers 
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Real Numbers and Decimal System 

Real 
Numbers 

Decimal 
System 

Classification 

Natural Numbers Positive Integers Rational 

Integers Integers Rational 

Fractional 
Numbers 

Finite Decimal Rational 

Fractional 
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Rational 

Non-Fractional 
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Non-Recurring 
Decimal 

Irrational 
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2 1.41421356= ⋅⋅⋅⋅

2.71828182845904e = ⋅ ⋅ ⋅

Non-Recurring Decimal 



The square root of a prime 
number is irrational (1) 
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The square root of a prime 
number is irrational (2) 
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The square root of a prime 
number is irrational (3) 





Main Theme 

What is the convergence of sequences ? 

How do we characterize irrational numbers ? 
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Sequences versus Functions  

Domain of  
Definition 

Range 

Sequence Natural 
Numbers 

Real Numbers 

Functions Real Numbers Real Numbers 
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Fundamental Example  
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Fundamental Theorem 

Every bounded, monotone increasing 
sequence itself converges. 

1n na a +≤ Monotone increasing（ ）

na M≤ ∃ Bounded（ ）



Example (Napier’s Number) 
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Fact 

A convergent sequence is bounded. 





Bolzano （１７８１－１８４８） 



Weierstrass （１８１５－１８９７） 



Bolzano-Weierstrass Theorem 

Every bounded sequence has a 
convergent subsequence. 





Method Newton’s Method Bisection Method 

Hypotheses Differentiability 
Monotonicity 

Continuity 

Merits 
Demerits 

Strong 
Hypotheses 

Rapid 
Convergence 

Weak Hypotheses 
Slow 

Convergence 

Background Convergence of 
Monotone 
Sequences 

Intermediate 
Value Theorem 

Newton’s Method versus 
Bisection Method 





Isaac Newton (1642-1727) 



Newton’s Approximation Method 
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Example (Square root of 2) 

0 1

1
1 2
2

lim

32,
2

2

n n
n

n

a a

a

a

a

+

→∞

 
= +

⇒

 
 

=

=

=



Newton’s Method (1) 

1a 0a2a

2 2y x= −



Newton’s Method (2) 
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Cantor （１８４５－１９１８)  



Cantor’s Nested-Interval Property 
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Sequence Version 
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Bisection Method （１） 
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Bisection Method （２） 
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Bisection Method （３） 
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Square Root of 2 （２） 
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Carl Friedrich Gauss 



Gauss 

Carl Friedrich Gauss (1777-1855) 
 German Mathematician and Physicist 
 
  
 



Complex Number 
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Conjugate of a Complex Number 
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Absolute Value of a Complex Number 
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Polar Coordinates of a Complex Number 



Sum of Complex Numbers 
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Difference of Complex Numbers 
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Product of Complex Numbers 
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De Moivre’s Theorem 

(cos sin ) cos sinni n i n
n

θ θ θ θ+ = +
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Leonhard Euler (1707-1783) 



Euler’s Formula 

cos sinie iθ θ θ= +

cos sin 1ie iπ π π= + = −



Euler + De Moivre 
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Algebraic Equation 
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Fundamental Theorem of Algebra 
(Gauss) 

n 次代数方程式は、重複度をこ
めて丁度 n 個の根（解）を持つ。 

1
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Every algebraic equation

has  in counted with multiplicroo s C ityt
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Imaginary Number 
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⇓

Taylor's Theorem

Polynomial Approximation

Mean Value Theorem



Polynomial 

2 2

( , )
2

z f x y
ax bxy cy

=

= + +



Matrix Form 

2 2

2 2

( , )
2

2

,

z f x y
ax bxy cy

ax bxy cy

a b
b

x x
yc y

 
 

   
   
 

=

= + +
⇒

+ +

  
=



2 2z x y= + minimal point（ ）



2 2z x y= − saddle point（ ）



2 2z x y= − − maximal point（ ）

  



2z x= degenerate point（ ）





General Form of a Matrix 

11 12 1

21 22 2

1 2

m

m

n n nm

a a a
a

A
a a

a a a

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅

 
 
 
 =


⋅ ⋅ ⋅
⋅ ⋅


 
 
 



Row of a Matrix 

( )1 2i i ima a a⋅ ⋅



Colum of a Matrix 

1

2

k

k

nk

a
a

a

 
 
 
 ⋅
 
⋅ 

 
 







( )
11 11 12 12 1 1

21 21 22 22 2 2

1 1 2 2

ij ij

m m

m m

n n n n nm nm

a b

a b a b a b
a b a b a b

a b

A B

b a a b

+ =

 
 
 
 =

+

+ + ⋅ ⋅

 
 
 


+
+ + ⋅ ⋅ +
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅ ⋅ +

 Sum of Matrices 



( )
11 11 12 12 1 1

21 21 22 22 2 2

1 1 2 2

ij ij

m m

m m

n n n n nm nm

a b

a b a b a b
a b a b a b

a b

A B

b a a b

− =

 
 
 
 =

−

− − ⋅ ⋅

 
 
 


−
− − ⋅ ⋅ −
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
− − ⋅ ⋅ −

 Difference of Matrices 



( )
11 12 1

21 22 2

1 2

ij

m

m

n n nm

a

a a a
a a a

a

A

a a

α α

α α α
α α α

α α α

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅

=

 
 
 
 =
 
 
 
 

⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅

 Scalar Multiple of a Matrix 



11 12 1

21 22 2

1 2

11 12 1

21 22 2

1

2

1 2

2

1 2

1 21

m

m

n n nm

m

m

n n n

m

m

mm

m

a a a
a a a

a a a

a a a
a a

b
b

b

b b b
b b b

b

a

a a ab b

A

  
  
  
  

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅

=
  
  

⋅
⋅

+ + ⋅⋅+
+ + ⋅⋅+

⋅
⋅

+ +

  
  
 
 
 
 =


⋅⋅+


 
 
 

⋅ ⋅
⋅ ⋅

b

 Product of Matrices (1) 



Motivation 

1 1 2

2 2

3 1 2

1
1

2
2

3

2 5

4

2 5
0 1

1 4

y x x
y x
y x x

y
x

y
x

y

= +
= −
= − +

⇒

   
    = −         −  



x
y

a b
c d

a bx
cx dy

y

Ab
           

      

 Example 



1
ik k

m

j
k

aB bA
=

 =  
 
∑

 Product of Matrices (2) 



 Zero Matrix 

0 0 0
0 0 0

0 0 0

O

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

 
 
 
 =
 



⋅ ⋅



A O O A A+ = + =



 Unit Matrix 

( )

1 0 0
0 1 0

0 0 1

ijnE δ

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅

 
 
 
 = =


⋅ ⋅
⋅ ⋅


 
 
 

,m nE A A AE A= =



 Kronecker’s Delta 

1 if
0 ifij

i j
i j

δ
=

=  ≠

( )ijE δ=



 Inverse Matrix 

( ) ( )
1 , 1 ,

1 inverse matrix

,

:  of 

ij i j n ij i j n

n

A a

A A

B a

B E

B A A

B
≤

−

≤≤ ≤

= =

=

=

=

⇔



 Uniqueness of an Inverse Matrix 

( ) ( )
1

1 2 1

2

1

2

2

2

2

1

1

n

n

n

B B

B

A A E
A A E

B E
B AB B B

B

B BE

B

A

= =
= =

⇒
=

= =

= =



( )

( )t

ij

ji

A a

A a

=

⇒

=

 Transposed Matrix 



Example 

3 0 1
4 1 0
5 1 2

3 4 5
0 1 1
1 0 2

t

A

A

− 
 =  
 − 

− 
 =  
 − 



( )
t

j

ij

iij

A

A

a

a

A

a

=

=

⇔
=

 Symmetric Matrix 



Example 

1 2 3
2 4 5
3 5 3

 
 
 
 
 



( )i

j j

j

t

ii

A

A

A

a

a a

= −

=

⇔
= −

 Alternating Matrix 



Example 

0 2 3
2 0 5

3 5 0

− 
 − 
 − 





1

1
0
 

=  
 

e
0

θ

 Rotation (1) 

1

cos
( )

sin
A

θ
θ

θ
 

=  
 

e



2

0
1
 

=  
 

e

0

θ

 Rotation (2) 

2

sin
( )

cos
A

θ
θ

θ
− 

=  
 

e



cos sin
( )

sin cos
A

Rotation of 

 






     

 Matrix of Rotation (1) 



1

cos( ) sin( )
( )

sin( ) cos( )
cos sin

( )
sin cos

A

A

Rotation of 

 


 

 


 


          
   





 Matrix of Rotation (2) 



1

cos sin 1
( )

sin cos 0
cos
sin

A e
 


 




            
    

 Composition of Rotations (1) 



 1( ) ( )
cos sin cos
sin cos sin
cos cos sin sin
sin cos cos sin

A A e 

  
  

   
   

            
      

 Composition of Rotations (2) 



2

cos sin 0
( )

sin cos 1
sin

cos

A e
 


 




            
     

 Composition of Rotations (3) 



 2( ) ( )
cos sin sin
sin cos cos

cos sin sin cos
sin sin cos cos

A A e 

  
  

   
   

            
       

 Composition of Rotations (4) 



( ) ( )
cos sin cos sin
sin cos sin cos
cos cos sin sin cos sin sin cos
sin cos cos sin sin sin cos cos

A A 
   
   

       
       

            
          

 Composition of Rotations (5) 



 
 

1 1

2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

A A A A
A A A A

e e
e e

   

   





 Composition of Rotations (6) 



cos sin
( )

sin cos
cos sin

( )
sin cos

( ) ( ) ( ) ( ) ( )

A

A

A A A A A

 


 

 


 

     

     
     


  

 Composition of Rotations (7) 



cos sin cos sin
sin cos sin cos

( )
cos( ) sin( )
sin( ) cos( )

A

   
   
 
   
   

           

 
         

 Composition of Rotations (8) 



cos( ) cos cos sin sin
sin( ) sin cos cos sin

     
     

  
  

 Addition Theorem (1) 



sin sin 2sin cos
2 2

sin sin 2cos sin
2 2

A B A BA B

A B A BA B

 
 

 
 

 Addition Theorem (2) 



cos cos 2cos cos
2 2

cos cos 2sin sin
2 2

A B A BA B

A B A BA B

 
 

 
 

 Addition Theorem (3) 



 

 

 

1sin sin cos( ) cos( )
2
1cos cos cos( ) cos( )
2
1sin cos sin( ) sin( )
2

A B A B A B

A B A B A B

A B A B A B

   

   

   

 Addition Theorem (4) 



 

 

2

2

1sin 1 cos2
2
1cos 1 cos2
2

sin 2 2sin cos

A A

A A

A A A

 

 



Addition Theorem (5) 



2
2

tan tantan( )
1 tan tan

11 tan
cos

A BA B
A B

A
A


 



 

 Addition Theorem (6) 







Left Elementary Transformations 

(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 



Gauss’ Method (1) 

( , ) ( , )A E E B⇒
Left Elemntary Transformations



Gauss’ Method (2) 

1

( , ) ( , ) ( , )C C C

C

A A

A E

E E

B

A

A E

C

B

B

B

−

= =
⇒

=

=

 =
⇒

⇒

=





(1) Interchange two rows 

0 0
0 1

1
0

1 0 0

 
 
 
 
 



Interchange two rows 

0 1
0 0 1

0
1 0 0

d
g h i

a b c
e f

d e
c
f

a

g h i

b

  
  
  
  
  
 
 =  
 
 



(2) Multiply a row by a non-zero constant 

0 0
0 1 0 , 0
0 0 1

λ
λ 
  ≠ 
 
 



Multiply a row by a non-zero constant 

0 0
0 1 0
0 0 1

d e f
g h i

d e f
g h i

a

a

b c

b cλ

λ λ λ

  
  
  
  
  
 
 =  
 
 



(3) Add a row by a multiplied another row 

1 0
0 1 0
0 0 1

λ 
 
 
 
 



Add a row by a multiplied another row 

0 1 0
1 0

0 0 1 g h i

d

d

e f
g

e f

h

a

i

a b

d b e

c

c f

λ

λ λ λ

  
  
  
  
  
 
 =  


+ +

 

+







Example 1 

3 0 1
0 1 0
5 1 2

A
− 

 =  
 − 



1 0 0
( ,

0 1
3

0
0 1

0 1 0
5 1 2 0

)

0 1

A E
− 

 =  

 − 



Matrix after Left Elementary 
Transformations 

1

2 1 1
0

1 0 0
0 1 0
0

1 0
5 30 1 3

( , )E A−

 
 = 

−
 

−






Inverse Matrix 

1

2 1 1
0 1 0
5 3 3

A−

−

−

 
 =  
 
 



Example 2 

2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3

A

 
 − − =
 
 

− 



1 0 0 0
( , )

2 0 1 0
0 1 1 2
1 0 1 0
0 1 1

0 1 0 0
0 0 1 0
0 0 0 13

EA

 
 − − =
 
 

− 



Matrix after Left Elementary 
Transformations 

1

1 0 1 0
1 3 2 2
1 0 2 0

0 1

1 0 0 0
0 1 0 0
0 0 1 0
0

(

0 0

, )

11 0

E A−

 
 
 =
 


−
− −



−



−




Inverse Matrix 

1

1 0 1 0
1 3 2 2
1 0 2 0

0 1 0 1

A−

 
 
 =
 
 
 

−
− − −
−







Example 

2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3

A

 
 − − =
 
 

− 



 1 行を 2 で割る 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 1                       0                       1                       0  
 0                       1                      -1                       3  
 2 行から 1 行の 0 倍を引く 
 3 行から 1 行の 1 倍を引く 
 4 行から 1 行の 0 倍を引く 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 0                       0                       .5                      0  
 0                       1                      -1                       3   
2 行を-1 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       1                      -1                       3  
 1 行から 2 行の 0 倍を引く 
 3 行から 2 行の 0 倍を引く 
 4 行から 2 行の 1 倍を引く 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       0                       0                       1  
 3 行を .5 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 3 行の .5 倍を引く 
 2 行から 3 行の-1 倍を引く 
 4 行から 3 行の 0 倍を引く 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 4 行を 1 で割る 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 4 行の 0 倍を引く 
 2 行から 4 行の 2 倍を引く 
 3 行から 4 行の 0 倍を引く  
B 
 1                       0                      -1                       0  
-1                      -3                       2                      -2  
-1                       0                       2                       0  
 0                       1                       0                       1  



Inverse Matrix 

1 0 1 0
1 3 2 2
1 0 2 0

0 1 0 1

B

 
 
 =
 
 
 

−
− − −
−





System of Linear Equations 

ax by
cx dy

α
β

+ =
+ =



Coefficient Matrix 

d
A

a b
c
 

=  
 



Enlarged Coefficient Matrix 

b
A

a
c d

α
β

 
=  
 





Idea of Rank (1) 

y
y

a b
c d

a b
c d

y

x
x

x

α
β

α
β

+ =
 + =
⇔

     
+ =     

     



Idea of Rank (2) 

rank rank 

x
x

A

b
y

a
c

A

d
y α

β
+ =

 + =

=

⇔






Definition of Rank 

11 12 1

21 22 2

1 2

m

m

n n nm

a a a
a a a

A

a a a

 
 
 
 =
 
 
 


⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

⋅ 

⋅
⋅

⇒
Left Elemntary Transformations



1 1 1

2 1 2

1

0

0 0
0 0 0 0

0 0 0 0

0
1

1

01 r n

r n

rr rn

c c
c c

c c

+

+

+

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 

rank 1A = Number of 

Matrix after Left Elementary 
Transformations (Echelon Form) 



Geometrical Meaning of Rank 

Rank of Matrices

Placement of Lines and Planes

Matrix Representation Original Form 



1 2 1 1
2 4 1 1
1 3 1 2

A
− − 

 = − − 
 
 

Example 1 



rank 3A =

Matrix after Left Elementary 
Transformations 

0 0 2
0 1

0
1

0 1 1
0
1 − 
 
 
 
 



03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1

A

− − 
 
 =
 
 

− 

Example 2 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank 3A =

Matrix after Left Elementary 
Transformations 







Example 1 

03 23
11 3 2
1 2 2 3
1 3 2 4

A

− 
 
 =
 
 
 



2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 
Rank A = 3 



0 0 1
0 1

0
0
0 0
0 0 0

1
1

1
0

 
 
 
 
 
 

rank 3A =

Matrix after Left Elementary 
Transformations 



Example 2 

03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1

B

− − 
 
 =
 
 

− 



2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 
Rank B = 3 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank 3B =

Matrix after Left Elementary 
Transformations 



Example 3 

1 2 3 4
2 3 1 1
3 4 7 10

C
− − 

 =  
 − − 



2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 



0 1 2
1 10

0 0 0 0

1
1

− 
 − 
 
 

rank 2C =

Matrix after Left Elementary 
Transformations 



03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1

D

− − 
 
 =
 
 

− 

Example 4 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank 3D =

Matrix after Left Elementary 
Transformations 





Idea of Linear Algebra 

System of Linear Equations

Placement of Lines

Matrix Representation Original Form 



One-Point 

Parallel Two 
Lines 

Superposed 
Two Lines 

rank rank 2A A= =

rank 1 rank 2A A= < =

rank rank 1 2A A= = <

Classification of Intersections 

rank rank rank 1A A A≤ ≤ +



Equation of a Line (1) 

ax by c+ =



Equation of a Line (2) 

inner product

a x
c

b y
   

=   
   





One-Point Intersection 

2 3 3
3 8 17

x y
x y
+ =
− =



rank rank 2A A= =

One-Point Intersection 



Coefficient Matrix 

2 3
3 8

A  
=  
 −



Enlarged Coefficient Matrix 

3
1

2 3
3 8 7

A  
=  
 − 





Unique Solution 



2 3 3
3 817

0 3
10

1
1

A  
=  − 

⇒

 
 − 

rank rank 2A A= =



Parallel Two Lines 

2 2
2 3

x y
x y
+ =
+ =



rank 1 rank 2A A= < =

Parallel Two Lines 



Coefficient Matrix 

12
12

A  
=  
 



Enlarged Coefficient Matrix 

2
3

12
12

A  
=  
 





No Solution 



0 0
1

1

1 2 2
1 2 3

2 0

A  
=  
 

⇒

 
 
 

(Impossible)

rank 1 rank 2A A= < =



Superposed Two Lines 

6 2 8
3 4

x y
x y
− = −
− = −



Superposed Two Lines 

rank rank 1 2A A= = <



Coefficient Matrix 

6 2
3 1

A  
=  


−

−



Enlarged Coefficient Matrix 

2
1 4

6
3

8
A

− 
=  


−
− − 





Many Solutions 



6 2 8
3 1 4

1/ 3 4 / 31
0 0 0

A
− − 

=  − − 
⇒

− − 
 
 
(Indefinite)

rank rank 1 2A A= = <



System of Linear Equations 

1 1 1

2 2 2

3 3 3

a x b y c z
a x b y c z
a x b y c z

α
β
γ

+ + =
+ + =
+ + =



Equation of a Plane (1) 

ax by cz d+ + =



Equation of a Plane (2) 

inner product

a x
b y d
c z

   
    =   
   
   





Plane 

y

x

z



Idea of Linear Algebra 

System of Linear Equations

Placement of Planes

Matrix Representation Original Form 



Classification of Intersections 

One-Point 

One Line 

Parallel Two Lines 
Parallel Three Lines 

Superposed Three 
Planes 

Parallel Two Planes 
Parallel Three Planes 

rank rank 3A A= =

rank rank 2 3A A= = <

rank 2 rank 3A A= < =

rank rank 1 3A A= = <

rank 1 rank 2A A= < =

rank rank rank 1A A A≤ ≤ +



One-Point Intersection 

2 3 3
2 2 1

2

x y z
x y z

x y z

+ − = −
− + + =
+ − = −

rank rank 3A A= =



One-Point Intersection 

1, 1, 2x y z= = − =



2 3 4
2 3 1
3 4 7 10

x y z
x y z
x y z

− − =
+ + =
− − =

One-Line Intersection 

rank rank 2 3A A= = <



One-Line Intersection 

2 , 1 ,x t y t z t= + = − − =



2 3 4
2 3 4
3 4 7 10

x y z
x y z
x y z

− − =
+ + =
− − =

Parallel Two-Lines Intersection 

rank 2 rank 3A A= < =



Parallel Two-Lines Intersection 



3 1
3 3 9 3

3 0

x y z
x y z

x y z

− + =
− + =
− + =

Parallel Two Planes 

rank 1 rank 2A A= < =



Parallel Two Planes 



2 3 10
2 3 20
2 3 30

x y z
x y z
x y z

+ + =
+ + =
+ + =

Parallel Three Planes 

rank 1 rank 2A A= < =



Parallel Three Planes 



2 3 20
2 4 6 40
3 6 9 60

x y z
x y z
x y z

+ + =
+ + =
+ + =

Superposed Three Planes 

rank rank 1 3A A= = <



Superposed Three Planes 





General Form 

1

n

ij j i
j

ba x
=

=∑



Direct Solution 

1 4

2 4

3

4

7
2

1

x x
x x
x
x α

+ =
+ = −
= −

= Indefinite（ ）

2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

3 2 3 4
3 2 2

2 2 3 1
3 2 4 1

x x x
x x x x
x x x x
x x x x

− + = −
+ + + =
+ + + =
+ + + = −

Transformation of Equations 





Original Form 

1

n

ij j i
j

ba x
=

=∑



Idea of Gauss 

J =x c

( , ) ( , )A A J J⇒= =
Left Elemntary Transformations

b c 

Matrix  
Representation 

Original Form 

A =x b



Matrix Representation (1) 

111 12 1

21 22 2

1

1

22

2

n

n

n n nn nn

b
b

b

a a a
a a

x
x

x

a

a a a

    
    
    
    =
  

⋅
 

    
    
 

⋅

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅

  

⋅
⋅ ⋅⋅ ⋅ ⋅⋅ ⋅

⋅ ⋅



Matrix Representation (2) 

11 12 1

21 22 2

1 2

n

n

n n nn

a a a
a

A
a a

a a a

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅

 
 
 
 =


⋅ ⋅ ⋅
⋅ ⋅


 
 
 



Matrix Representation (3) 

2

1

2

1

,

n n

bx
bx

x b

⋅
⋅

⋅
⋅

   
   
   
   = =
   
   
   
   

x b



Matrix Representation (4) 

1

n

ij j i
j

ba x
=

=∑

A =x b



Coefficient Matrix 

11 12 1

21 22 2

1 2

n

n

n n nn

a a a
a a a

A

a a a

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅

 
 
 
 =


⋅ ⋅ ⋅
⋅ ⋅


 
 
 



Enlarged Coefficient Matrix 

11 12 1

2

1

21 22 2

1 2

n

n

n nn nn

a a a
a a a

a

b
b

A

ba a

 
 
 
 =

⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅

 
 
 


⋅
⋅







Left Elementary Transformations 

(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 



1 1 1 1

2 1 2 2

1

0

0 0
0 0 0 0 0

0 0 0 0 0

0
1

01

1

r n

r n

rr rn r

c c d
c c d

c c d

+

+

+

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅
 

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 

Matrix after Left Elementary 
Transformations 



Equation after Left Elementary 
Transformations 



1

1

1

1

1 1 11

2

1

1

1

2 1 2 2

1

1

0 0 0 0

0 0 0 0

0

0

r n

r n

rr

r n

r n

r n

r n

r n

r

r

nr r

r

x x
x x

x x

x
x

x

x x

c c d
c c d

c c

x x

x x

x x

d

+

+

+

+

+

+

+

+

+ + ⋅⋅+ =
+ + ⋅⋅+ =

⋅⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅⋅+ =

+ ⋅⋅+ + + ⋅⋅+
⋅⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
 + ⋅⋅








+ + + ⋅⋅+

=

 =





Example (n=3) 

1 2 3

1 2 3

1 2 3

2 1
2 4 1

3 2

x x x
x x x

x x x

+ − = −
+ − = −
+ + =



1 2 1
2 4 1
1 3 1

A
− 

= − 
 
 

Coefficient Matrix 



1 2 1
2 4
1 1 23

11
1

A
− 

 =  
 

−
−

 

−

Enlarged Coefficient Matrix 



rank rank 3A A= =

Matrix after Left Elementary 
Transformations 

0 0 2
0 1

0
1

0 1 1
0
1 − 
 
 
 
 



1

2

3

2
1
1

1 0 0
0 1 0
0 0 1

x
x
x

    
    =    
    
    

−

Equation after Left Elementary 
Transformations 



Unique Solution 

1

2

3

2
1
1

x
x
x

   
   =   
  



−


  



Example (n=4) 

2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

3 2 3 4
3 2 2

2 2 3 1
3 2 4 1

x x x
x x x x
x x x x
x x x x

− + = −
+ + + =
+ + + =
+ + + = −



General Solution 

1 4

2 4

3

4

7
2

1

x x
x x
x
x α

+ =
+ = −
= −

= Indefinite（ ）



03 23
11 3 2
1 2 2 3
1 3 2 4

A

 


−


 =
 
 
 

Coefficient Matrix 



03 23
11 3 2
1 2 2 3
1 3

1
2

4
2

14

A

− 
 
 =
 
 
 −

−





Enlarged Coefficient Matrix 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank rank 3 4A A= = <

Matrix after Left Elementary 
Transformations 



1

2

3

4

00 1 7
0 0 1 2
00 0 1
00

1
1

0 0 0
1

x
x
x
x

    
    −    =
    −
        

    

Equation after Left Elementary 
Transformations 



1

2

3

4

4

41 2 3

7
2

1
0 0 0 0 0

x
x

x
x
x
x x x x

+ =
+ = −
= −
+ + + =



General Solution 

1

2

3

4

1

1

2 1
7

01
0

x
x
x
x

α

     
     
     = +
     
         

 

−

−



−



−





Matrix Form 

1 1 0

1

1 1 0

1

4 10 , 3
3 7 , 1

4 10
3 7

n n n

n n n

n n

n n

x x y x
y x y y

x x
y y

− −

−

−

−

−

 

= + =
= − − =

⇒

 
   
 

 

− − 
= 










Linear Case 

dx ax by
dt
dy cx dy
dt

 = +

 = +




Matrix Form 

( )
( ) ,

( )

( )d
d

a b
A

x t
U t

y t

U U t
t

c d

A

 
=

 
=  
 

=


 

⇒







Main Idea 

"( ) 2 '( ) ( ) 0u t bu t cu t+ + =

( ) ( ) tAdU t AU t e
dt

= ⇒ Calculation of 

Matrix Representation Original Form 

"( ) 2 '( ) ( ) 0u t bu t cu t+ + =



Solution (1) 

1

2

( ) ( ),
( ) '( )

u t u t
u t u t

=
 =

1 2

2

2 1

( ) '( ) ( ),
( ) "( ) 2 '( ) ( )

2 ( ) ( )

u t u t u t
u t u t bu t cu t

bu t cu t

′ = =
 ′ = = − −
 = − −



Solution (2) 

1 1

2 2

1 0

2 1

( ) ( )
,

( ) ( )

(0)

0 1

(0)

2
u t u td
u t u tdt

u u
u u

c b
     

=     
     


    =      

− −



Solution (3) 

1

2

( )
( )

0 1

(

2

)
u t

U t
u

c b

t

A

 
=

 
=  − −

 






0

,

(0

(

)

) ( )d
dt
U U

U t U tA =

 =



Solution (4) 

0( ) tAeU t U=

2( ) ( )
2! !

n
tA tA tAI tA

n
e = + + + ⋅⋅⋅+ + ⋅⋅⋅

Exponential Matrix（ ）







Example 

4 10 , (0) 3

3 7 , (0) 1

dx x y x
dt
dy x y y
dt

= + =

= − − =



Matrix Form 

4( ) 10
:

3 7
( ) : ,

( )

( )

x t
U

d
dt

At
y t

AU U t

 
= 

 
=  
 − 

=

−
⇒






Diagonalization 

1

4 10 2 5

1 0
0 2

,
3 7 1 3

A

P

P

AP−

− −   
= =   − −   

− 
Λ =  −

=


⇒



Reduction (1) 

1

( )
( )

( )
3 5 ( )

1

)

2

(

( )

z t
w t

P U t
x t
y

V t

t

−

 
 
 

=

− −  
=   
  

=



Reduction (2) 

( )

1 1

1

1

( )

( ) (

2
(

)

0
)

0

d dUP P AU t
dt dt

V

V

V t

A t VP tP−

− −= =

Λ

− 
 − 

=

= =



Reduction (3) 

1

2

(0) (0) 3 5 3
(0) (0) 1 2 1

14
5

dz z
dt
dw w
dt
z x

P
w y

−

 = −

 = −


− −      
= =      

      
− 

=  
 



Reduction (4) 

2

, (0) 14

2 , (0) 5

( ) 14
( ) 5

t

t

dz z z
dt
dw w w
dt

z t e
w t e

−

−

 = − = −

 = − =

⇒

 − 
=        



Solution 

2

2

2

( )
( )

14
5

28

( )
(

25
14 15

)

2 5
1 3

t

t

t t

t t

z t
w t

e
e

x t
t

P

e

y

e e
e

−

−

− −

− −

 
=  

 
 −

=   
− − 
 


 
 
 

 
 −

= 
+



 − 



Stable Node 







Marie Ennemond Camille Jordan 



Jordan 

Marie Ennemond Camille Jordan  
(1838-1922) 

 French Mathematician 
 
  
 



Jordan’s Canonical Form 

1

0
1

AP P
λ

λ

− Λ=

 
Λ =  

 

(Jordan Form)



Calculation (1) 

21
2

2
I A b c

c b
λ

λ λ λ
λ
−

− = = + +
+

0 1
2

A
c b

 
=  − − 



Calculation (2) 

2/ 4 0D b c= − =Case :

bλ = − (Double Root)

1 0 1 0
1 1

P
bλ

   
= =   −   



Calculation (3) 

1

1
0 0

1
P PA

b
b

λ
λ

− =

−   
Λ = =   − 

Λ

 

(Jordan Form)



Calculation (4) 

( ) ( )( )

( )( ) ( )

1

1

2
1 1 1 1

1 1 1

m

2

t s
2

i e

( ) ( )
2! !

2!

( ) ( )
2!

!

!

tA

n

n

n

t

n

P P

P P

tP P t P AP P AP P AP

t

t tI t
n

e

tA tA

P AP P AP P

e

t

AP

A

n

I
n

−

−

− − − −

− − −

−

Λ

=
 

+ + + ⋅⋅⋅+ + ⋅⋅⋅

Λ Λ
+

 


Λ + + ⋅⋅⋅+ + ⋅⋅



= + + + ⋅⋅⋅+

+ ⋅⋅⋅ + ⋅⋅⋅

= ⋅

=





Calculation (5) 

2

22

2

1

( ) ( )
2! !

1 0 1 2
0 1 0 2! 0

! 0

0

n

n n

t t

t

t

n

n

t tI t
n

tt

nt

e

e

e

n

teλ λ

λ

λ λ λ
λ λ

λ λ
λ

−

Λ Λ Λ
= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅

    
= + + + ⋅⋅⋅    
     

 
+ + ⋅⋅⋅ 

 
 

=  
 



Calculation (6) 

1

2

1 0 1 0
1 10

( 1)

t

t

A

t

t

t t

t

t

t

t

P P

e te
e

e te te
e t

e

e

e
λ λ

λ

λ λ λ

λ λ

λ λ

λ
λ λ

Λ −=

    
=     −    
 −

=  
− + + 



Calculation (7) 

2/ 4 0D b c= − =Case :

0

1 0
2

2 1

( ) ,

( )
( ) ( 1)

tA

t t t

t t

U t e U

u t ue te te
u t ue t e

λ λ λ

λ λ

λ
λ λ

=

 −   
=     − + +    





Quadratic Form of Two Variables 

2 2

( , )
2

z f x y
ax bxy cy

=

= + +



Matrix Form 

2 2

2 2

( , )
2

2

,

z f x y
ax bxy cy

ax bxy cy

a b
b

x x
yc y

 
 

   
   
 

=

= + +
⇒

+ +

  
=



Example 1 

2 2

2 2

3 1

( , )
3 2

3 2

,
1 3

3

3

z f x

x x
y

y
x xy y

x xy y

y
− 


   
   
 

=

−

=



− +
⇒

− +

=
 



3 1
1 3

A
− 

=  − 
Eigenvalues 4 2,：

Signature of Eigenvalues 



2 22z x y= + （ellipse）



Example 2 

2 2

2 2

1 3

( ,

3 1
,

)
6

6

z f x y
x xy y

x x
y y

x xy y

− 
 −

   
   
 

=

= − +
⇒

− +

  
=



1 3
3 1

A
− 

=  − 
Eigenvalues 4 - 2,：

Signature of Eigenvalues 



2 22 4z x y= − + （hyperbola）



Example 3 

2 2

2 2

( , )
4

4 2
1

,

4

4

2

4

x

z f x y
x xy y

x xy y

x
y y

=

= − +
⇒

− +

=
   
 

−
 

  

 
−  





4 2
2 1

A
− 

=  − 
Eigenvalues 5 0,：

Signature of Eigenvalues 



25 5z y x= + （parabola）







Linear Case 

dx ax by
dt
dy cx dy
dt

 = +

 = +




Matrix Form 

( )
( ) : ,

( )

( )

:

( )

ax t
U t

y t

U t

b
A

c d

Ad
d

U t
t

  
=  
 

⇒

=

=  
 









Example 1 (Unstable Node) 

2

2 0
0 1

dx x
dt
dy y
dt

A

 =

 =


 
=  
 



Signature of Eigenvalues 

2 0
0 1

1,2

A  
=  
 

Eigenvalues： 



Unstable Node 



Example 2 (Saddle Point) 

1 0
0 1

dx x
dt

dy y
dt

A

 =

 = −


 
=  − 



1 0
0 1

, 11

A  
=  

−

− 
Eigenvalues： 

Signature of Eigenvalues 



Saddle Point 



Example 3 (Unstable Node) 

3 2

1 0
3 2

dx x
dt

dy x y
dt

A

 =

 = +


 
=  
 



1 0
3 2

2,1

A  
=  
 

Eigenvalues： 

Signature of Eigenvalues 



Unstable Node 



Example 4 (Stable Node) 

2 1.5

5.5

2 1.5
1 5.5

dx x y
dt
dy x y
dt

A

 = − −

 = −


− − 
=  − 



2 1.5
1 5.

,2.5 5
5

A
− −

− −


=  − 

Eigenvalues： 

Signature of Eigenvalues 



Stable Node 



Example 5 (Saddle Point) 

2 2

2 3

2 2
2 3

dx x y
dt
dy x y
dt

A

 = − +

 = − +


− 
=  − 



2 2
2 3

2, 1

A
− 

=  − 
−Eigenvalues： 

Signature of Eigenvalues 



Saddle Point 



Example 6 (Unstable Node) 

2

2

2 1
0 2

dx x y
dt

dy y
dt

A

 = +

 =


 
=  
 



2 1
0 2

2,2

A  
=  
 

Eigenvalues： 

Signature of Eigenvalues 



Unstable Node 



Example 7 (Center) 

2

1 2
1 1

dx x y
dt
dy x y
dt

A

 = +

 = − −


 
=  − − 



1 2
1 1

,1 1

A  
=  − −

−



− −Eigenvalues： 

Signature of Eigenvalues 



Center 



Example 8 (Unstable Focus) 

2

1 1
2 1

dx x y
dt

dy x y
dt

A

 = +

 = − +


 
=  − 



1 1
2 1

1 12 2,i i

A  
=  − 

+ −Eigenvalues： 

Signature of Eigenvalues 



Unstable Node 



Example 9 (Degenerate Node) 

2 2

3 3

2 2
3 3

dx x y
dt
dy x y
dt

A

 = +

 = +


 
=  
 



2 2
3 3

5,0

A  
=  
 

Eigenvalues： 

Signature of Eigenvalues 



Degenerate Node 





Definition of Rank 

11 12 1

21 22 2

1 2

m

m

n n nm

a a a
a a a

A

a a a

 
 
 
 =
 
 
 


⋅ ⋅
⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

⋅ 

⋅
⋅

⇒
Left Elemntary Transformations



1 1 1

2 1 2

1

0

0 0
0 0 0 0

0 0 0 0

0
1

1

01 r n

r n

rr rn

c c
c c

c c

+

+

+

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 

⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 

rank 1A = Number of 

Matrix after Left Elementary 
Transformations 



Geometrical Meaning of Rank 

Rank of Matrices

Placement of Lines and Planes

Matrix Representation Original Form 









Example 1 

03 23
11 3 2
1 2 2 3
1 3 2 4

A

− 
 
 =
 
 
 



2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 
Rank A = 3 



0 0 1
0 1

0
0
0 0
0 0 0

1
1

1
0

 
 
 
 
 
 

rank 3A =

Matrix after Left Elementary 
Transformations 



Example 2 

03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1

B

− − 
 
 =
 
 

− 



2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 
Rank B = 3 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank 3B =

Matrix after Left Elementary 
Transformations 



Example 3 

1 2 3 4
2 3 1 1
3 4 7 10

C
− − 

 =  
 − − 



2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 



0 1 2
1 10

0 0 0 0

1
1

− 
 − 
 
 

rank 2C =

Matrix after Left Elementary 
Transformations 



03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1

D

− − 
 
 =
 
 

− 

Example 4 



00 1 7
0 10

00
000 0

2
1

1
1

1
0

0

 
 − 
 −
 
 

rank 3D =

Matrix after Left Elementary 
Transformations 





General Form (n=2) 

ax by
cx dy

α
β

+ =
+ =



Matrix Representation 

x
y

a b
c d

α
β

    
=    

    



Coefficient Matrix 

d
A

a b
c
 

=  
 



Enlarged Coefficient Matrix 

b
A

a
c d

α
β

 
=  
 





Idea of Rank (1) 

y
y

a b
c d

a b
c d

y

x
x

x

α
β

α
β

+ =
 + =
⇔

     
+ =     

     



Idea of Rank (2) 

rank rank 

x
x

A

b
y

a
c

A

d
y α

β
+ =

 + =

=

⇔






Geometrical Meaning of Rank 

Rank of Matrices

Placement of Lines

Matrix Representation Original Form 



One-Point 

Parallel Two 
Lines 

Superposed 
Two Lines 

rank rank 2A A= =

rank 1 rank 2A A= < =

rank rank 1 2A A= = <

Classification of Intersections 

rank rank rank 1A A A≤ ≤ +



Equation of a Line 

ax by c+ =



One-Point Intersection 

2 3 3
3 8 17

x y
x y
+ =
− =



Coefficient Matrix 

2 3
3 8

A  
=  
 −



Enlarged Coefficient Matrix 

3
1

2 3
3 8 7

A  
=  
 − 





Unique Solution 



2 3 3
3 817

0 3
10

1
1

A  
=  − 

⇒

 
 − 

rank rank 2A A= =



rank rank 2A A= =

One-Point Intersection 



Parallel Two Lines 

2 2
2 3

x y
x y
+ =
+ =



Coefficient Matrix 

12
12

A  
=  
 



Enlarged Coefficient Matrix 

2
3

12
12

A  
=  
 





No Solution 



0 0
1

1

1 2 2
1 2 3

2 0

A  
=  
 

⇒

 
 
 

(Impossible)

rank 1 rank 2A A= < =



rank 1 rank 2A A= < =

Parallel Two Lines 



Superposed Two Lines 

6 2 8
3 4

x y
x y
− = −
− = −



Coefficient Matrix 

6 2
3 1

A  
=  


−

−



Enlarged Coefficient Matrix 

2
1 4

6
3

8
A

− 
=  


−
− − 





Many Solutions 



6 2 8
3 1 4

1/ 3 4 / 31
0 0 0

A
− − 

=  − − 
⇒

− − 
 
 
(Indefinite)

rank rank 1 2A A= = <



Superposed Two Lines 

rank rank 1 2A A= = <



General Form (n=3) 

ax by cz
dx ey fz
gx hy kz

α
β
γ

+ + =
+ + =
+ + =



Matrix Representation 

x
y
z

a b c
d e f
g h k

α
β
γ

    
    =    

        



Coefficient Matrix 

a b c
A d e f

g h k

 
 =  
 
 



Enlarged Coefficient Matrix 

a b c
d e f
g h k

A
α
β
γ

 
 =  
 
 





Geometrical Meaning of Rank 

Rank of Matrices

Placement of Planes

Matrix Representation Original Form 



Classification of Intersections 

One-Point 

One Line 

Parallel Two Lines 
Parallel Three Lines 

Superposed Three 
Planes 

Parallel Two Planes 
Parallel Three Planes 

rank rank 3A A= =

rank rank 2 3A A= = <

rank 2 rank 3A A= < =

rank rank 1 3A A= = <

rank 1 rank 2A A= < =

rank rank rank 1A A A≤ ≤ +



Equation of a Plane (1) 

ax by cz d+ + =



Equation of a Plane (2) 

a x
b y d
c z

a
b
c

   
   ⋅ =   
   
   
 
 
 
 
 

Direction Vector





Plane 

y

x

z



One-Point Intersection 

2 3 4
2 3 4 4
3 4 7 10

x y z
x y z
x y z

− − =
+ + =
− − =

rank rank 3A A= =



One-Point Intersection 



2 3 4
2 3 1
3 4 7 10

x y z
x y z
x y z

− − =
+ + =
− − =

One-Line Intersection 

rank rank 2 3A A= = <



One-Line Intersection 



3 6 9 60
2 4 6 40
2 7 3 13

x y z
x y z
x y z

+ + =
− + =
+ − =

Three-Lines Intersection 

rank 2 rank 3A A= < =



Three-Lines Intersection 



2 3 1
2 3 4

3 4 7 10

x y z
x y z
x y z

− − =
− − =
− − =

Parallel Two-Lines Intersection 

rank 2 rank 3A A= < =



Parallel Two-Lines Intersection 



Parallel Three-Lines Intersection 

3 6 9 60
2 7 3 13
3 9 0

x y z
x y z
x y

+ + =
+ − =
+ =

rank 2 rank 3A A= < =



Parallel Three-Lines Intersection 



3 1
3 3 9 3

3 0

x y z
x y z

x y z

− + =
− + =
− + =

Parallel Two Planes 

rank 1 rank 2A A= < =



Parallel Two Planes 



3 1
3 0
3 1

x y z
x y z
x y z

− + =
− + =
− + = −

Parallel Three Planes 

rank 1 rank 2A A= < =



Parallel Three Planes 



3 1
3 3 9 3
2 2 6 2

x y z
x y z
x y z

− + =
− + =
− + =

Superposed Three Planes 

rank rank 1 3A A= = <



Superposed Three Planes 





Marie Ennemond Camille Jordan 



Jordan 

Marie Ennemond Camille Jordan  
(1838-1922) 

 French Mathematician 
 
  
 





Jordan’s Canonical Form (1) 

1 1, ( )AP P P AP P− −= = ⇒ =y b x y y b

Change of Bases Original Form 

A =x b



Jordan’s Canonical Form (2) 

1 1, ,J J P AP P− −= = =y c c b

Change of Bases Original Form 

A =x b





General Form (n=3) 

ax by cz
dx ey fz
gx hy iz

α
β
γ

+ + =
+ + =
+ + =



Matrix Representation (1) 

a b c
A d e f

g h i

 
 =  
 
 



Matrix Representation (2) 

,
x
y
z

α
β
γ

   
   = =   
   
   

x b



Matrix Representation (3) 

A =x b

ax by cz
dx ey fz
gx hy iz

α
β
γ

+ + =
+ + =
+ + =



Patterns of Simultaneous Linear Equations

x
y
z

λ α
µ β
ν γ

=
=
=

x y
y
z

λ α
λ β
ν γ

+ =
=
=

x y
y z
z

λ α
λ β
ν γ

+ =
+ =
=



Matrix Representation 

x
y
z

a b c
d e f
g h i

α
β
γ

    
    =    
    
    



Jordan Canonical Form 1 

1

0 0
0 0
0 0

J P AP
λ

µ
ν

−

 
 = =  
 
 

a b c
A d e f

g h i

 
 =  
 
 



Pattern 1 

0 0
0 0
0 0

x
y
z

λ
µ

ν

α
β
γ

    
    =    
    
    

3 1 1 1= + +



Simultaneous Linear Equation 1

x
y
z

λ α
µ β
ν γ

=
=
=



Jordan Canonical Form 2 

1

0
0 0
0 0

1
J P AP

ν

λ
λ−

 
 = =  
 
 

a b c
A d e f

g h i

 
 =  
 
 



0

1 0
0 0

0

x
y
zν

λ
λ

α
β
γ

    
    =    
    
    

3 2 1= +

Pattern 2 



x y
y
z

λ α
λ β
ν γ

+ =
=
=

Simultaneous Linear Equation 2



Jordan Canonical Form 3 

1

1
1
0

0
0 0

J P AP
λ

λ
λ

−

 
 = =  
 
 

a b c
A d e f

g h i

 
 =  
 
 



0

1 0
0

0
1

x
y
z

λ
λ

λ

α
β
γ

    
    =    
    
    

3 3=

Pattern 3 



x y
y z
z

λ α
λ β
ν γ

+ =
+ =
=

Simultaneous Linear Equation 3







0

1

"( ) 2 '( ) ( ) 0,
(0) ,
'(0)

u t bu t cu t
u u
u u

+ + =
 =
 =

Second-Order Case 





General Solution（１） 

2/ 4 0D b c= − >

( )2 2

( )

, :

bt t b c t b cu t e Ae Be

A B

− − − −= +

Constants



Example 

''( ) ( )
(0) '(0) 0

1( ) ( )
2

t tx

x t x t t
x x

t e e t−

− =
 = =

= − −Solution：



General Solution（２） 

2/ 4 0D b c= − <

( )2 2( ) cos sin

, :

btu t e A c b t B c b t

A B

−= − + −

Constants



Euler’s Formula 

cos sinie iθ θ θ= +



General Solution（３） 

2/ 4 0D b c= − =

( )( )
, :

btu t e At B
A B

−= +

Constants





2 3

1
1! 2! 3!

!

x

n

x x xe

x
n

    

 

Exponential Function 



Main Idea 

"( ) 2 '( ) ( ) 0u t bu t cu t+ + =

( ) ( ) tAdU t AU t e
dt

= ⇒ Calculation of 

Matrix Representation Original Form 

"( ) 2 '( ) ( ) 0u t bu t cu t+ + =



Solution (1) 

1

2

( ) ( ),
( ) '( )

u t u t
u t u t

=
 =

1 2

2

2 1

( ) '( ) ( ),
( ) "( ) 2 '( ) ( )

2 ( ) ( )

u t u t u t
u t u t bu t cu t

bu t cu t

′ = =
 ′ = = − −
 = − −



Solution (2) 

1 1

2 2

1 0

2 1

( ) ( )
,

( ) ( )

(0)

0 1

(0)

2
u t u td
u t u tdt

u u
u u

c b
     

=     
     


    =      

− −



Solution (3) 

1

2

( )
( )

0 1

(

2

)
u t

U t
u

c b

t

A

 
=

 
=  − −

 






0

,

(0

(

)

) ( )d
dt
U U

U t U tA =

 =



Solution (4) 

0( ) tAeU t U=

2( ) ( )
2! !

n
tA tA tAI tA

n
e = + + + ⋅⋅⋅+ + ⋅⋅⋅

Exponential Matrix（ ）







Calculation (1) 

21
2

2
I A b c

c b
λ

λ λ λ
λ
−

− = = + +
+

0 1
2

A
c b

 
=  − − 



Calculation (2) 

2/ 4 0D b c= − ≠Case :

2
1

2
2

,b b c

b b c

λ

λ

 = − + −


= − − −



Calculation (3) 

1

1

2

2 2

0 0
0 0

P P

b b c

A

b b c

λ
λ

− =

 − + − 

Λ

 Λ = =     − − − 

Diagonal（ ）

2 2
1 2

1 11 1
P

b b c b b cλ λ

  
= =     − + − − − −   



Calculation (4) 

( ) ( )( )

( )( ) ( )

1

1

2
1 1 1 1

1 1 1

m

2

t s
2

i e

( ) ( )
2! !

2!

( ) ( )
2!

!

!

tA

n

n

n

t

n

P P

P P

tP P t P AP P AP P AP

t

t tI t
n

e

tA tA

P AP P AP P

e

t

AP

A

n

I
n

−

−

− − − −

− − −

−

Λ

=
 

+ + + ⋅⋅⋅+ + ⋅⋅⋅

Λ Λ
+

 


Λ + + ⋅⋅⋅+ + ⋅⋅



= + + + ⋅⋅⋅+

+ ⋅⋅⋅ + ⋅⋅⋅

= ⋅

=





Calculation (5) 

1

2

2

22
1 1

2
2 2

1

2

( ) ( )
2! !

01 0 0
00 1 2!

0

0

0
! 0

0

n

n

t

n

t

n

te

e

e

t tI t
n
tt

t
n
λ

λ

λ λ
λ λ

λ
λ

Λ Λ Λ
= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅

   
= + + + ⋅⋅⋅   
     

 
+ + ⋅⋅⋅ 

 
 

=  
 



Calculation (6) 

( )

1

2

1 2 1 2

1 2 1 2

1

2

1 2 12 1

2 1

2 1 1 2 1 2

1 1 101
10

1

t

t

t t t t

t t

t

t

t

t

A P P

e
e

e e e e

e e

e e

e e

λ

λ

λ λ λ λ

λ λ λ λ

λ
λ λ λλ λ

λ λ

λ λ λ λ λ λ

Λ −=

−    
=     −−     

 − − +
 =
 − − − + 



Calculation (7) 

( )
1 2 1 2

1 2 1 2

0

2 11 0

2 12 1 1 2 1 2

( ) ,

( ) 1
( )

t t t

A

t

t t

t

t t

U t U

e e e eu t u
u t ue e e e

e
λ λ λ λ

λ λ λ λ

λ λ

λ λ λ λ λ λ

=

 − − +   
 =    − − − +    

2/ 4 0D b c= − ≠Case :





Jordan’s Canonical Form 

1

0
1

AP P
λ

λ

− Λ=

 
Λ =  

 

(Jordan Form)



Calculation (1) 

21
2

2
I A b c

c b
λ

λ λ λ
λ
−

− = = + +
+

0 1
2

A
c b

 
=  − − 



Calculation (2) 

2/ 4 0D b c= − =Case :

bλ = − (Double Root)

1 0 1 0
1 1

P
bλ

   
= =   −   



Calculation (3) 

1

1
0 0

1
P PA

b
b

λ
λ

− =

−   
Λ = =   − 

Λ

 

(Jordan Form)



Calculation (4) 

( ) ( )( )

( )( ) ( )

1

1

2
1 1 1 1

1 1 1

m

2

t s
2

i e

( ) ( )
2! !

2!

( ) ( )
2!

!

!

tA

n

n

n

t

n

P P

P P

tP P t P AP P AP P AP

t

t tI t
n

e

tA tA

P AP P AP P

e

t

AP

A

n

I
n

−

−

− − − −

− − −

−

Λ

=
 

+ + + ⋅⋅⋅+ + ⋅⋅⋅

Λ Λ
+

 


Λ + + ⋅⋅⋅+ + ⋅⋅



= + + + ⋅⋅⋅+

+ ⋅⋅⋅ + ⋅⋅⋅

= ⋅

=





Calculation (5) 

2

22

2

1

( ) ( )
2! !

1 0 1 2
0 1 0 2! 0

! 0

0

n

n n

t t

t

t

n

n

t tI t
n

tt

nt

e

e

e

n

teλ λ

λ

λ λ λ
λ λ

λ λ
λ

−

Λ Λ Λ
= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅

    
= + + + ⋅⋅⋅    
     

 
+ + ⋅⋅⋅ 

 
 

=  
 



Calculation (6) 

1

2

1 0 1 0
1 10

( 1)

t

t

A

t

t

t t

t

t

t

t

P P

e te
e

e te te
e t

e

e

e
λ λ

λ

λ λ λ

λ λ

λ λ

λ
λ λ

Λ −=

    
=     −    
 −

=  
− + + 



Calculation (7) 

2/ 4 0D b c= − =Case :

0

1 0
2

2 1

( ) ,

( )
( ) ( 1)

tA

t t t

t t

U t e U

u t ue te te
u t ue t e

λ λ λ

λ λ

λ
λ λ

=

 −   
=     − + +    





Inner Product (1) 

( )1 2 3 1 2 3

1 1 2 2 3 3

2 2 2
1 2 3

2 2 2
1 2 3

, , , ( , , )

( , )
cos

a a a b b b

a b a b a b

a a a

b b b

θ

= =

⇒
= + +

= ⋅

= + +

= + +

a b

a b
a b

a

b



Inner Product (2) 

( )1 2 1 2

1 1 2 2

, , , , ( , , , )

( , )

n n

n n

a a a b b b

a b a b a b

= ⋅⋅ = ⋅⋅

⇒
= + + ⋅⋅+

a b

a b



Cross Product (1) 

( ) ( )

( )

1 2 3 1 2 3

2 2 3 3 1 1

3 3 1 1 2 2

2 3 3 2 3 1 1 3 1 2 2 1

, , , , ,

, ,

, ,

a a a b b b

a b a b a b
a b a b a b

a b a b a b a b a b a b

= =

⇒
×

 
=  
 

= − − −

a b

a b



Cross Product (2) 

( ) ( )1 2 3 1 2 3, , , , ,

sin

a a a b b b

θ

= =

⇒

× = ⋅

a b

a b a b



Gradient 

grad , ,f f ff
x y z
∂ ∂ ∂ =  ∂ ∂ ∂ 



Rotation (1) 

rot ( , , )

, ,

f g h

h g f h g f
y z z x x y

 ∂ ∂ ∂ ∂ ∂ ∂
= − − − ∂ ∂ ∂ ∂ ∂ ∂ 



Rotation (2) 

( ), , , ,

( , , )

rot ( , , )

x y z x y z
f g h

f g h

 ∂ ∂ ∂
∇ = ∂ ∂ ∂ =  ∂ ∂ ∂ 
=

⇒
=∇×

F

F



Rotation (3) 

rot ( , , )

, ,

, ,

y z z x x y

f g h

g h h f f g

h g f h g f
y z z x x y

= ∇×

 ∂ ∂ ∂ ∂ ∂ ∂ 
=  
 
 ∂ ∂ ∂ ∂ ∂ ∂

= − − − ∂ ∂ ∂ ∂ ∂ ∂ 

F



Divergence (1) 

div ( , , ) f g hf g h
x y z
∂ ∂ ∂

= + +
∂ ∂ ∂



Divergence (2) 

( ), , , ,

( , , )

div ( , , )

x y z x y z
f g h

f g h

 ∂ ∂ ∂
∇ = ∂ ∂ ∂ =  ∂ ∂ ∂ 
=

⇒
=∇

F

F



Well-known Formulas 

rot grad =0f

div rot 0=v





2-dimensional Domain 

Ω
∂Ω

n



Green’s Theorem (1) 

f g dxdy
x y

fdy gdx

Ω

∂Ω

 ∂ ∂
− ∂ ∂ 

= +

∫∫

∫



Green’s Theorem (2) 

div

( , )

dv ds

f g
Ω ∂Ω

= ⋅

=
∫∫ ∫F F n

F





3-dimensional Domain 

Ω∂Ω



Gauss’ Divergence Theorem (1) 

f g h dxdydz
x y z

fdydz gdzdx hdxdy

Ω

∂Ω

 ∂ ∂ ∂
+ + ∂ ∂ ∂ 

= + +

∫∫∫

∫∫



Gauss’ Divergence Theorem (2) 

div

( , , )
D D

dV dS

f g h
∂

= ⋅

=
∫∫∫ ∫∫F F n

F





Gauss’ Theorem (Magnetic Field) 

( ) 0

( )
D

x dS

x
∂

⋅ =

=
∫∫

Magnetrost

B n

B atics



Gauss’ Theorem (Electric Field) 

0

0

1( ) ( )

( )
( )

D D
E x dS x dx

E x
x

ρ
ε

ρ
ε

∂
⋅ =

=
=

=

∫∫ ∫∫∫

Electric Density
Inductive Cap

Electrostatic Fie

acity in Free S

n

ld

pace





Surface 

SS∂



Stokes’ Theorem (1) 

S

S

h g f h g fdydz dzdx dxdy
y z z x x y

fdx gdy hdz
∂

   ∂ ∂ ∂ ∂ ∂ ∂ − + − + −    ∂ ∂ ∂ ∂ ∂ ∂    

= + +

∫∫

∫



Stokes’ Theorem (2) 

rot ,

( , , )
S S

dS d

f g h
∂

⋅ = ⋅

=
∫∫ ∫F n F s

F





Faraday’s Law 

( )( , ) ( , ) ,

( , , )
S S

d x t dS x t d
dt

d dx dy dz
∂

− ⋅ = ⋅

=

∫∫ ∫B n E r

r
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