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Abstract

This talk i1s devoted to the functional analytic
approach to the problem of construction of
Markov processes for second-order elliptic
Integro-differential operators with smooth
coefficients.

By using the theory of pseudo-differential
operators, we construct a Feller semigroup
corresponding to such a diffusion phenomenon
that a Markovian particle moves both by jumps
and continuously In the state space.




Abstract

e This talk Is devoted to the semigroup
approach to the problem of construction of
Markov processes in probability theory.
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Strateqy

e EXxistence and uniqueness theorems for
Waldenfels operators with Wentzell
boundary conditions (Partial Differential

Equations)

e Generation theorems for Feller
semigroups (Functional Analysis)

» Existence theorems for Markov processes
(Probability)




Bird’s Eye View
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Transition Functions

p, (X, E)




Chapman-Kolmogorov Equation

s (% E) = | p.(x,dy) p,(Y,E), Vt,5>0
K

A transition from x to E intimet+s
ISscomposed of a transition from x to
some y intime t, followed by a transition
from y to E intime s.




t+ s







State Space
(general case)

K =locally compact, separable metric space,
0 = point at Iinfinity,
K, =Ku{a}, one-pointcompactification




One-Point Compactification

0




Function Space (1)
(general case)

K = locally compact, separable metric space,

C, (K) =space of real-valued, continuous functions
on K vanishing at the point at infinity o

with the supremum norm

Jull, =supju(x)
xeK




Function Space (2)
(general case)

C,(K)={ueC(K,):u(o) =0}
with the maximum norm
|u|| = max|u(x)

xeK;

K, =Ku{d}




Feller Semigroups
(general case)

A family of bounded linear operators {T. }..,
IS called a Feller semigroup If it satisfies
the following three conditions:

AT, =TI, Vt,s>0.

(2) |j[QHTt+sf —T.f H =0, Vf € C,(K).

3) VF €eC,(K),0<f<1lonK=0<T f <1onK.




Function Space
(compact case)

C(K) = space of real-valued, continuous functions
on the compact metric space K
with the maximum norm

o] = max (o)

xeK




Feller Semigroups
(compact case)

A family of bounded linear operators {T. }..
IS called a Feller semigroup If it satisfies
the following three conditions:

@T., =Tel, Vt,s=>0.

(2) 'j[E‘HTt f —thH=O, Vi e C(K).

) Vi eC(K),0<f<1lonK=0<T.f <1onK.

+S




Riesz-Markov Representation Theorem

TF(x) = | p,(x.dy) F(y), Vf eC(K)

e
0<3lp (xe) <1, Vt>0,¥xekK




Semigroup Property

=Tl VI s>0

S t "s!

Tt+
N

pt+s (X’ E) — j pt(x1 dY) ps(y, E), \V/t, S Z O
K

(Chapman - Kolmogorov Equation)




Markov Transition Functions

(@) p, (x,») Is ameasureon B(K) and
0<p (x,K)<1, vxeK,Vt>0

(b) po(X,{x}) =1, ¥xe K

(c) Chapman - Kolmogorov equation

D (%, E) = [ p,(x,dy) p(y,E), V520
K




Examples (1)

Example 1 (uniform motion)

K=R

p.(X,E) = yc (x+vt), Vxe R, VE e B(K)

This process, starting at x, moves deterministically
with constant velocity v.







Examples (2)

Example 2 (Poisson process)
K=R

p.(x,E)=€")
n=0

This process, starting at x, advances one unit by jumps.

(/1’[') 7:(X+n), ¥xeR, VE € B(K)
n!




Poisson Process




Examples (3)

Example 3 (Brownian motion)
K=R

L R

X,E)= exp| — dy,

P E)=—— Joexp| ===y

VX e R, VE € B(K).
This 1s a mathematical model of one -dimensional
Brwonian motion.







Examples (4)

Example 4 (Brownian motion with constant drift)
K=R

1 __(y—mt—x)z_l
()= | _exp o

VX e R, VE € B(K).
This i1s Brwonian motion with constant drift.
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Examples (5)

Example 5 (Brownian motion with reflecting barrier)

K =[0,0)

p. (X, E)

1 (Y% (Y%
_\/TM[IEexp - _dy+IEeXp_ - _dy],

VX e R, VE € B(K).
This is Brwonian motion with reflecting barrier at x = 0.
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Hille-Yosida Theorem

The operator

A C(K) > C(K)

generates a Feller semigroup if it satisfies
the following three conditions :

(a) D(20) 1Isdensein C(K).
(b) Flue D) s.t.(a—2u =T, Vf € C(K).
(c)Vf eC(K), f 20inK = (¢—20)"f 20inK.

(@) [(z-2) <=, va>0.
04




Hille-Yosida-Ray Theorem

The operator

A :C(K) > C(K)

generates a Feller semigroup if it satisfies
the following three conditions :

(a) D(2) iIsdensein C(K)
(b)JueDE)st.(x—2A)u= 1, VI €eC(K)

(c) If ue D(2) attains its positive maximum.
at a point x, € K, then 2(u(x,) <0.




Bounded Domalin

RY N>2




Function Space

C (D) = space of real-valued, continuous functions
on the closure D = D U dD

with the maximum norm

Ju] = max u()

xeD




Feller Semigroups

A family of bounded linear operators {T. }..,
IS called a Feller semigroup If it satisfies
the following three conditions:

QT . =TT, Vt,s=>0.

t+s
() lim|T,,.f ~T,f|=0, vf eC(D).

t+s

(3) Vf eC(D),0< f <1lonD=0<T,f <1lonD.




Hille-Yosida-Ray Theorem

The operator

2l :C(D)— C(D)

generates a Feller semigroup If it satisfies
the following three conditions:

(a) D(21) isdensein C(D).

(b) 3u e D(A) s.t. (a —A)u = f, Vf eC(D).
(c) If u e D(2l) attains its positive maximum
at a point x, € D, then 2(u(x,) < 0.




State Space
(Dirichlet case)

0 .= 0D one - point compactification

def
X~y < (a) x=Y,

(b) x,yeadD




One-Point Compactification

0




Function Space
(Dirichlet case)

C,(D)={ueC(D):u=0 on oD}
with the maximum norm
Ju] = max|u(x)

xeD




Feller Semigroups
(Dirichlet case)

A family of bounded linear operators {T. }..,
IS called a Feller semigroup If it satisfies
the following three conditions:

(DT, =TT, Vt,s>0.

(2) lim|[T,,, f =T, f[, =0, ¥f €C,(D).
(3) vf eC,(D),0< f <1onD=0<T,f <lonD.




Hille-Yosida-Ray Theorem
(Dirichlet case)

The operator

2 :C,(D) -~ C,(D)

generates a Feller semigroup If it satisfies
the following three conditions :

(a) D(2) isdensein C, (D).

(b) Ju e D(A) s.t. (a —2ANu = f, Vf eC, (D).
(c) If ue D(2() attains Its positive maximum
at a point x, € D, then 2lu(x,) <0.




Transition Functions and Semigroups

T f(x)=e"f(x)
= | p.(x,dy) f(y), ¥ C,(D)




Semigroups and Green Operators

A
T =e

l Laplace Transform
G, = _[O €

T dt = IOOO e edt=(a—2A)"




Examples (1)

Example 1 (uniform motion)

K=R

D(A) ={f eC,(K)NC*(K): f'eCy(K)}
Af =vf ', Vi e D(A)

C,(K) =space of real - valued, continuous functions
on R vanishing at =+ .




Examples (2)

Example 2 (Poisson process)

K=R

D(2) = C,(K)

Af = A(F (x+1) — f(x)), VI e D)




Examples (3)

Example 3 (Brownian motion)

K=R

D) ={f eC,(K)nC?*(K): f'eC,(K),
F"eCy(K)}

Af :% f' Vi e D)




Examples (4)

Example 4 (Brownian motion with constant drift)

K=R

D) ={f eC,(K)nC?*(K): f'eC,(K),
f"eC,(K)}

oAf =% fremf' vE e D(A)




Examples (5)

Example 5 (reflecting barrier Brownian motion)

K =[O0, o)

D) ={f eC,(K)nC*(K): f'eC,(K),
f"eC,(K), f'(0)=0}

Af =% f* v e D)

C,(K) =space of real - valued, continuous functions
on [0, ) vanishing at oo.




reflection




Examples (6)

Example 6 (sticking barrier Brownian motion)

K =]0, o)

D) ={f eC,(K)nC?*(K): f'eC,(K),
f"eC,(K), f"(0)=0}

Af =% f* W e D(A)







Examples (7)

Example 7 (absorbing barrier Brownian motion)
K =[0,) where 0 and o« are identified.

D) ={f eC,(K)~C*(K): f'eC,(K),
f"eC,(K), f(0)=0}

oAf =% ' v e D(A)

C,(K) =space of real - valued, continuous functions
on [0, ) vanishing at .







absorbtion




Diffusion Operators

(differential operators)

Au = Z a" (x)

1, =1

+ Zb (x)—+ c(x)u




Diffusion Phenomenon

(continuous motion)




Drift Term
(Subprincipal Symbol)

N

4 N i
pi(x) -2 22

(%)
. 23 OX

) /




Lévy Operators of first order

(integro-differential operators)

Su = I S(X, dy)

0(y) -U00 - Xy, ~X) S (0




Jump Phenomenon
(discontinuous motion)

oD




Waldenfels Operators

(integro-differential operators)

Wu = Au + Su

> Z a (X)

I, j=1

+Is(x, dy)

+ Zb (x)—+c(x)u

J

u(y)—u(x)—zw,- X))










Wentzell boundary conditions

(general form)

Lu = fa” (x"

i, j=1

“u

o R i OU :
—+ X )——+ X )u
D WACOELRTep

j

+’U(Xl)2_:]1 — o (X"YWu

O dy )| Uy ) —U ) = 2 () = X)) (X)

+J'Dt(x', dy)

u(Y) ~UX) = 2 () = X)) (X)




absorption

reflection



Absorption Phenomenon

(Dirichlet condition)




Reflection Phenomenon

(Neumann condition)




oD

diffusion along the boundary

oD

viscosity



Diffusion on the Boundary




Viscosity Phenomenon




jump into the interior jump on the boundary



Jump Phenomenon (1)




Jump Phenomenon (2)

oD




Purpose of Talk

This talk i1s devoted to the functional analytic
approach to the problem of construction of Feller
semigroups with Wentzell boundary conditions.
More precisely we consider the following
problem:

Problem

Given analytic data (W,L), can we construct

a Feller semigroup whose infinitesimal generator
Is characterized by (W,L) ?




Bird’s Eye View

Probability | Functional | Partial
Theory Analysis | Differential
Equations
Markov Feller Infinitesimal
Process Semigroup Generator
Markov Semigroup *\Waldenfels
Property Property Operator
*Wentzell

Condition




Waldenfels Operators

Wu = Au + Su

_ Z L (X)

1, ]=1

+[s(x,y)

+Zb (x)—+c(x)u

u(y)—u(x)—z(y,- X)X




Diffusion Operators

2

Au = Z a" (x) +Zb (x)—+c(x)u

lere:
(D) a’(x)eC”(R"), a’(x) =a”"(x)

ia”(x);gj >34/, vxeR",VEeR"

(2) b'(x) eC™(R")
(3)c(x) eC”(R"), c(x)<0, Yxe D




Lévy Operators of first order

Su =

['50x9)| U ~u0) = Xy, = X)) o (%)

D

Here:
(1 s(x,y), distribution kernel of

(2)

SelZ*(RY), x>0

S(X,y) =0, Vx=y

dy




Wentzell Boundary Conditions (1)

i, j=1

+y(x')g—$]— o (X" )Wu

o FXLY)

ot y)

N-1 aZU
Lu = Z o’ (X" +
OX;0X

> A0S ()

() ~U(x) = X (3, = %) oo ()

() U = X (Y, %) 2o (x) | dy

dy




Wentzell Boundary Conditions (2)

D) ' (x) e C* (D), a’(x) =a’(x)

N -1 N
Z o’ (X)nn; =0, Vx'eoD,Vn'eT (0D)

(,2) r(xh)eC*(@D), »(x)<0, vx'eobD
(3 u(xHeC”(@bD), u(x)=0, vx'eobD
(4) o(x)YeC”(@D), 6(x")=0, Vx'eoD




Wentzell Boundary Conditions (3)

D) r(x',y", distribution kernel of
Rel:™“(oD), x, >0

(2) |[r(x,y)=0, VX'=y'

(3) t(X%,Yy), distribution kernel of

TelZ*(R"),x,>0

(4) [t(X,y)=0, VX=YVY




Transversal Condition (1)

j (X, )y =+o0 i p(x) = 5(x) =0




Transversal Condition (2)

Intuitively, the transversality condition implies that
a Markovian particle jumps away instantaneously
from the points x' € 6D where neither reflection
nor viscosity phenomenon occurs (which is similar
to the reflection phenomenon).




Transversal Condition (3)

Probabilistically, this means that every
Markov process on the boundary oD Is
the trace on oD of trajectories of
some Markov process on the closure

D =D udD.







Transversal Condition (2)

-Reduction to the Boundary-

Probability Theory

Partial Differential

Equations
Markov processes Fredh_olm integral
on the boundary equations

Markov processes
on the domain

Boundary value problems




Main Theorem (general case)

We define a linear operator

277 : C(D) — C(D)

as follows:

(a) D(20) = {u e C(D):Wu e C(D), Lu = o}

(b) 205u =Wu = (A+S)u, Yu e D(29)
If Lis transversal, then 23 generates
a Feller semigroup.




Hille-Yosida-Ray Theorem
(general case)

The operator

77 :C(D)— C(D)

generates a Feller semigroup if it satisfies
the following three conditions:

(a) D(20) isdensein C(D)

(b) Ju e D) s.t. (@ —W)u = f, Vi e C(D)
(c) If u e D(20) attains Its positive maximum
at a point x, € D, then 20u(x,) < 0.







Main Theorem (Dirichlet case)

We define a linear operator

27 :C,(D) — C,(D)

as follows:

(a) D(20) = {u e C,(D):Wu eC, (B)}

(b) 205u =Wu = (A+S)u, Yu e D(2Y9)
Then 23 generates a Feller semigroup.




Hille-Yosida-Ray Theorem
(Dirichlet case)

The operator

2 :C,(D) - C,(D)

generates a Feller semigroup If it satisfies
the following three conditions:

(a) D(20) isdensein C, (D).

(b) Ju e D(AV) s.t. (a—W)Hu = f, vf eC, (D).
(c) If ue D(2D) attains Its positive maximum
at a point x, € D, then 2Ju(x,) <0.




Conclusion

Rephrased, Main Theorem states that there
exists a Feller semigroup corresponding to
such a diffusion phenomenon that a
Markovian particle moves both by jumps
and continuously In the state space until it
dies at the time when It reaches the

boundary.







Waldenfels Operators

Wu = Au + Su

> Z a (X)

I, j=1

+Is(x, dy)

+ Zb (x)—+c(x)u

u(y)—u(x)—zw,- X))




Wentzell boundary conditions

‘u & . du ,
. +iZ:1:,3 (X)a—xi+7/(X)U

J

N -1 ' o
Lu = o (X'
2;‘1 (x) OX,0

+,u(x')2—a— o (X" YWu

+ 0 dy)| u(y) —u() = 2 (v, - x;)

ou
OX j

(X%

+ t(x, dy) u(y)—u(x')—;(y,-—x,-)j—x“j(x')




Sketch of Proof (1)

We reduce the problem of construction
of Feller semigroups to the problem of
unique solvability of the boundary value
problem
(a—W)u=1 InD,
Lu=0 on oD




Sketch of Proof (2)

We consider the Dirichlet problem
(a—W)v=1 InD,
v=0 on oD

Let

vi=G’f (Greenoperator)




Sketch of Proof (3)

et

W=u-v=u-G) f




Sketch of Proof (4)

T hen :
(a—W)Hu =1 1n D,
Lu=0 on oD

<

(a—W)w =0 In D,
Lw=—Lv=—-LG’f on oD




Sketch of Proof (5)

Every solution w of the equation
(—W)w=0 In D
can be expressed by means of

a single layer potential as follows

w=H_y (Harmonicoperator)




Sketch of Proof (6)

Then :
(—W)u=1Ff In D,
Lu=0 on oD

pem—

LH v =Lw=—-LG’f onoD
(Fredholm integral equation)




Fredholm Boundary Operator (1)

LH,¢ = Z“”m +Zﬂ(x> E+r(x)0

I, j=1

—ao (X))o + (X" a—n( Ha¢)

H[recy) co(y')—qo(x)—Nzl(y,._xj)%(x-) dy

+H 1 y)| Hao(y) - o(x) - z(y,_x)@¢(x)




Dirichlet-Neumann Operator

0

on

He

(H,0)(x)

RACY y'){co(y')—a(x', y')[co(x')+z(y,- - %)
re .

o(x',y")eC” (0D xoD) suchthat

(1)

(2)

0<o(x'y")<lon oD xaD.
o(x,y)=1near x'=y".

r,(x,y)=0, Vx'#y"

o9,
— ()

J

I




Fredholm Boundary Operator (2)




Fredholm Boundary Operator (3)

Here:
(1) 6(x',y') e C”(6Dx0oD) suchthat

(2)
(3)

0<&(x',y")<L1on D xaD.

g(x,y)=1lnearx'=y".

7, (x,y)>0, Vx'#y"

y(x')—aé(x')+jaD7%g(x', y')[l—o”-(x', y')]dy'g 0, Vx'edD.




Unique Solvability Theorem

For vk >1, 34 = A(k) > 0 such that
LH —A:C**’(6D) — C*“*?(oD)
IS surjective.




Fredholm Boundary Operator (4)

The closed extension

LH, :C(6D) — C(&D)

generates a Feller semigroup on C(oD).
(Hille - Yosida - Ray Theorem)




Fredholm Boundary Operator (5)

IT L 1S transversal, then
LH., :C(oD) —> C(oD)
IS bijective.




Sketch of Proof (i)

LH_1(x")

< /LI(XI)G%(Hal) (X)) —axo (X))

+ [ t(x', y)[H,1(y) —1]dy
<0, VvVX'eoD.

REIE

o if u(x)=5(x)=0




Sketch of Proof (i)

¢ =-supLH_1>0.

oD
—>

LH. +¢_ :C(éD) — C(oD)
generates a Feller semigroup on C(oD).
(Perturbation Theorem)




Hille-Yosida Theorem

The operator

A C(K) > C(K)

generates a Feller semigroup if it satisfies
the following three conditions :

(a) D(2) isdensein C(K).
(b) Alue D) s.t. (a—2Du = f, VI € C(K).
(c) vf eC(K), f 20inK = («—20)"f 20inK.

@) (-2 <=, va >0,
04




Sketch of Proof (iii)

¢ =-—suplLH_1>0.

—

oD

—-1
H_LHa —

1
H—LHa




Sketch of Proof (7)

T hen :
(a—W)Hu=f 1In D,
Lu=0 on oD

<

u=G,_f

=G°f —H_(LH. (LGS ))




Reduction to the Boundary

Probability Theory [Partial Differential
Equations

Markov processes Fredh_olm integral
on the boundary equations

Markov processes |Boundary value
on the domain problems




Green Operators

u=G_f
—G°f —H_(LH. (LG2f))

G, f=(ax—920) f




Integral Representation
of Green Operators

u(x) =G, f(x)= |G, (x, ) f(y)dy

u=G,_,f =(a—9203) f




Transition Probability and Green Kernels

p, (X,dy) = p,(X, y)dy

g

T

Laplace Transform

G,(X,y)= jooo e "' p,(x, y)dt




Transition Probability and Green
Operators

p, (X,dy) = p (X, y)dy

Laplace Transform .

‘“tthdt:_f e 'e™ f dt

“p, (x, V) dt ) (y)dy




Sketch of Proof (8)

The Green operators
G, :C(D) >C(D), Va>0
are nonnegative.

G f z(a—ﬂﬁ)_l f

\vf eC(D), f >00nD=G,f >00nD.




Weak Maximum Principle
(Aleksandrov-Bakel’man)

Assume that:

ueC(D)nW2" (D),
(W —a)u(x)=0 foralmostallx e D.
Then:

supu <supu”
D oD




Strong Maximum Principle

Assume that:
uesC(D)W2" (D),

loc

(W —a)u(x) =0 foralmostallx € D,

m =supu = 0.
D

Then:
dx, e Ds.t.u(X,) =m=u(x)=m, VvxeD.




Hopf Boundary Point Lemma

Assume that:

(1) u e C (D) ~"W,;" (D),
(W —a)u(x)=0 foralmostallx € D.
(2) Ix, € 6D such that

(u(x,) =supu=m =0,
J D

. u(y) <m, Vye D.
Then:

ou
—(x,) < O.
a()




Bounded Domalin

RY N>2




Sketch of Proof (9)

The Green operators
G :C(D) —>C(D), Va=>0
are contractive.

G, f=(ax—920) f

IG,|<=, Va>o0.
(04




Sketch of Proof (10)

The domain D(29) is dense in C(D):

lim |G, u—u[=0, VueC(D)

Ot —>+00




Sketch of Proof (11)

If L1i1stransversal, then

lim LA =0

O —>+00

j (X, y)dy =400 i (X)) =5(x) =0




Main Theorem (general case)

We define a linear operator

277 : C(D) — C(D)

as follows:

(a) D(20) = {u e C(D):Wu e C(D), Lu = o}

(b) 205u =Wu = (A+S)u, Yu e D(2Y)
If Listransversal, then 23 generates
a Feller semigroup.







Main Theorem (Dirichlet case)

We define a linear operator

27 :C,(D) — C,(D)

as follows:

(a) D(20) = {u e C,(D) :Wu e C, (B)}

(b) 20u =Wu = (A+S)u, Yu e D(29)
Then 20 generates a Feller semigroup.







Open Problems

(1) Generalization of Boundary Conditions
Non-Transversal Case

(2) Generalization of Elliptic Operators
(a) Degenerate Case
(b) Discontinuous Case
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Singular Integrals and Feller
Semigroups

Kazuaki TAIRA
Institute of Mathematics
University of Tsukuba
Tsukuba 305-8571
Japan



Part Ii
Singular Integral Operators and
Feller Semigroups



Abstract

This talk is devoted to the functional analytic
approach to the problem of construction of
Markov processes for second-order elliptic
integro-differential operators with discontinuous
coefficients.

By using the theory of singular integral operators,
we construct a Feller semigroup corresponding
to such a diffusion phenomenon that a
Markovian particle moves both by jumps and
continuously in the state space.




Bounded Domain

RY N>3




State Space
(Dirichlet case)

0 .= 0D one - point compactification

def
X~y < (a) x=Y,

(b) x,yedD




One-Point Compactification

0




Function Space
(Dirichlet case)

C,(D)={ueC(D):u=0 on oD}
with the maximum norm
Ju] = max|u(x)

xeD




Feller Semigroups
(Dirichlet case)

A family of bounded linear operators {T. }..,
IS called a Feller semigroup If it satisfies
the following three conditions:

AT, =TI, Vt,s=>0.

(2) ij\\Tt+sf —T.f H =0, vf eC,(D).

() vf eC,(D),0<f<1lonD=0<T,f <1lonD.




Hille-Yosida-Ray Theorem
(Dirichlet case)

The operator

2 :C,(D) = C,(D)

generates a Feller semigroup If it satisfies
the following three conditions:

(a) D(20) isdensein C, (D).

(b) Ju e D(2V) s.t. (e —W)Hu = f, vf eC,(D).
(c) If u e D(2Y) attains Its positive maximum
at a point x, € D, then 20u(x,) <0.




Waldenfels Operators

(Integro-differential Operators)

Wu = Au + Su

= Z a (X)

=1

+js(x, dy)

+ Zb (x)—+ c(X)u

u(y)—u(x)—z(y,- X)) (0




Diffusion Operators
(Differential Operators)

N o‘u N ou
AU = a’ (x b'(Xx

,Z_:l ( )6xi OX; ,2_1: ( )ax,
Here:

@D | a"(x) e VMO ~ L (RM)|,

a’(x) =al"(x)fora.a.x € Dand

A ST < D al (&S, < A€

1, j=1

(2) b' (x) € L™ (RN).

+c(XxX)u

(3 c(x) e L(RY)andc(x) <Ofora.a.x  D.




Lévy Operators

(Integro-differential operators of first order)

Su = js(x,dy)

Here:

(1) Ve>0:

U(y)-U() = 2 (Y, = %) - (0

j s(x,dy)|y — x\z <Jw(e),

D{|y—x/<e}

(2)

IEIIEI w(e) =0.




Main Theorem (Dirichlet case)

Let p > N. We define a linear operator

27 : C,(D) — C,(D)

as follows:

(2) D(20) = {u € C,(D) "W *?(D) :Wu & C, (D)}

(b) 20u =Wu = (A+ S)u, Yu € D(20)
Then 20 generates a Feller semigroup.
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BMO Functions

A function

f el (R")

IS said to be of bounded mean oscillation
(BMO) If 1t satisfies the condition

f

j £ (X) - fgldx < oo,

Here:
fy 1Istheaverageof f overtheball B.




VMO Functions

A function
fel (R” )

IS said to have vanishing mean oscillation (VMO)
If It satisfies the condition

limn (r) =0,
Here:
7(r)=sup ‘“f(x) fg [dx.

p<r




Examples (1)

() L (R") = BMO

(2) BMO ~UC = VMO
BYW'"(R") = VMO




Examples (2)

(1) log|x| € BMO, log|x| ¢ VMO

(2) log|log|x|| e VMO




Hille-Yosida-Ray Theorem
(Dirichlet case)

The operator

27 :C,(D) = C,(D)

generates a Feller semigroup If it satisfies
the following three conditions:

(a) D(20) isdensein C, (D).

(b) Ju e D(2W) s.t. (a - W)Hu = f, vf eC,(D).
(c) If u e D(2Y) attains its positive maximum
at a point x, € D, then 20u(x,) <0.




Transition Functions and Semigroups

T.f(x)=¢e"" f(X)
= | p.(x,dy) f (y), v €C,(D)




Semigroups and Green Operators

18205
T =e

l Laplace Transform

G = j: e T, dt = jooo e e™dt = (a—20)"




Differential Operators

2

N . o“u N ou
AU = a(x : b'(x - c(xX)U.
> a" 005 2= 20D 00 S+ o)

Here:
@D a'(x) e VMO L (R"Y),
a’(x) =a'(x)fora.a.x € Dand

A& = D> al (&S < A&7

(2) b' (x) e L (R").
(A c(x) e L"(RY)andc(x) <Ofora.a.x e D.




Dirichlet Problem (VMO)

Let N < p <oo. If o = 0O, then
the Dirichlet problem

(A—a)u=f in D,

<

—

u=q¢e on ob

has a solution J!'u eW *? (D) for
VvV € LP (D), Vo € B> P P(aD).




Uniqueness Theorem

If a function

ueW=?(D), N < p<oo,

IS a solution of the homogeneous problem
(W —a)u=0 inD,

~ u=0 ondD,

then it follows that

u=0iInD.
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Weak Maximum Principle
(Aleksandrov-Bakel’man)

Assume that:
ueC(D)nW:2" (D),

loc

(A—a)u(x)=0 foralmostallx e D.
Then:

supu <supu-.
D oD




Strong Maximum Principle

Assume that:
ueC(D)W,.2" (D),

loc

(A—a)u(x)=0 foralmostall x € D,

m =supu = 0.
D

Then:
dx, e Ds.t.u(X,))=m=u(xX)=m, vYxebD




Hopf Boundary Point Lemma

Assume that:
() u e C*(D) "W 2" (D),

loc

(A—a)u(x)=0 foralmostallx e D.

(2) 3x, € oD such that u(x,) =supu =m =0,
D
u(y) <m=supu, vy e D.
D
Then:

ou , .
—(x.) <O0|.
an(o)




A Priori Estimates (VMO)

HU W *P (D) <3C (HAUHLP(D) +HUHLP(D))’
vu eW?? (D) "W P (D).

Au = Za”(x) +Zb(x)—+c(x)u
i,j=1 a a =1




Calderon-Zygmund Kernels

A function

k(x):R"\{0} > R

Is called a Calderon - Zygmund kernel

If It satisfies the following three conditions:
(D) k(x) eC*(R" \{0}).

(2) k(x)1shomogeneous of degree —n.

(3) j k(x)do = 0.
{x=1}




Example

h(x) e C” (R"\{0}),

h(tx) =t " h(x), Vvt=>O0.
T hen:

on (x) : Calderon - Zygmund kernels

OX.




Calderon-Zygmund Operators (1)
-global version-

Assume that a function

k(x,2z):R"x(R"\{0}) >R

satisfies the following two conditions:

(1) k(x,»)isaCalderon- Zygmund kernel
foralmost all x e R".

05 kK(X, z) < dM < oo.

(2) max -

‘a‘ﬁZn




Calderon-Zygmund Operators (2)

Then:

Kf :=3Igi[51 |X_y|>gk(x,x—y)f(y)dy in L°(R").

Clo, 11=3lim | k(xx=yp(x) -] (y)dy
in L°*(R").

pel”(R").




Calderon-Zygmund Operators (3)
- local version -

Assume that a function

k(x,2): Qx(R"\{0}) >R

satisfies the following two conditions:

(1) k(x,»)isaCalderon - Zygmund kernel
for almost all x € Q.

(2) max||o; k(x, z)

|a|£2n

< dM < oo.
L™ (Q2xX)




Calderén-Zygmund Operators (4)

Then:
Kf ::Hliw k(x,x=y)f(y)dy in L?(Q).

x—y|>e
KX x=y)lp(x) —o(y)]T (y)dy
in LP(Q).

Clo, f]Z=E||8IE)1

pel”(R").




Fundamental Solution (1)

I'(x,t)

1

"~ (N-2)a, Jdet(a’ (x))

Here:

1 (2—=N)/2
(Z A OOt ]

]=1

(A; (x)) =theinverse matrixof (a"(x))

N/2
2N

C()N =
(N /2)

(surfacearea)




Fundamental Solution (2)

r () =S ()

s [ZA,-(x)tit,-j > A0,

@y \Jdet(a’ (x)) T
The functions
oI
ot ot
are Calderon - Zygmund kernels in t.

rij (X,t) =

(X, 1)




Representation Formula (1)

ueswWz2?P(B), 1< p < oo,

N . o°u
Lu = a(x .
2,205 =

Here:

a’(x) e VMO




A Priori Estimates
- local version -

dp, >0: YueW,S?(B.), 0<Vr < p,

<3C||Lu|

LP(B,) ’

L" (B, )




Representation Formula (2)

o°u
OX; OX;

(x) =

v Ty xx-y)| 3 (a% (1) -2 ()

k,h=1

+Lu(x)_"|t|:11“i (X, t);jda

o°u

OX.OX

=

(y)+Lu(y)

a™ (x) e VMO




Commutator Estimates

Assume that

a(x) e VMO N L*(R").

Then:

Ve >0, dp, = p,(&,a) > 0 such that
0 < Vr < p,

|Cla. f]

<e|f| vf e LP(B,).

LP (By) LP(B,)




A Priori Estimates
- local version -

dp, >0: YueW,/?(B,), 0<Vr < p,

<3C|Lu|

LP(By) "

L (B;)




A Priori Estimates
- global version -

Hu W?P (D) S 3C(HAUHLF’(D) HUHLP(D))’
vYueW??(D)nW2LP(D).

AU = Z a' (x) +Zb (x)—+c(x)u
1, j=1 a 8 1=1




oD

Localization Argument




Interpolation Inequality

u

W*P (D)

- 3C

< VgHu

vv“’(D)

vu eWZp(D).

MUl




Uniqueness Theorem (VMO)

If a function

ueW?*?(D), N < p<oo,

IS a solution of the homogeneous problem
(A—a)u=0 inD,

 u=0 onadD,

then it follows that

u=01n D.
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A Priori Estimates (VMO)

u

WP (D) <3C ||(A— a)u”

YU eWz’p(D) mwol’p(D)
C > 0:structure constant

L°(D)




Existence Theorem (VMO)

For any function
f eL°"(D), N < p < oo,
the Dirichlet problem
(A—x)u=f I1InD,
u=0 onobD
has a (unigue) solution
uesWwW?2? (D) "W, P (D).




Differential Operators
(Uniformly Continuous Case)

2

N ou
AU = a' (x |
i,jz=1 ( )8xi8xj

S ou

;b (x)a—Xi+C(x)u.
Here:

D a’(x)eC(D), a’(x)=a’(x),vx e Dand
FaM gl < D> al(x)&EE < Al

(2) b' (x) € L (RM).
(3) c(x) e L°(RY) andc(x) <Ofora.a.x  D.




Existence and Uniqueness Theorem
(Uniformly Continuous Case)

Let N < p<oo. IfT ¢ =0, then
the Dirichlet problem

(A—a)u=f in D,
u=qge on ob

<

-

has asolution 3'u e W P (D) for
Vi e LP(D), Vo € B=Y?P?(0D).




Approximation Theorem
(Mollifiers)

For Va € VMO,

Ja, =a*p, €C”(R" )" VMO
such that

la, —al, >0 ased 0




Approximate Solutions (1)

Z al ()5 =+ Zb (x)—+ c(x).

, j=1
Here:
al(x)=a"*p, (x)eC* VMO




Approximate Solutions (2)

vf e L"(D),3'u_ eW P (D) mwol’p(D)
such that

(A . —x)u_ = f InD,
u =0 on oD.




A Priori Estimates (VMO)

<

C ‘(A*n _a)umHLp(D)
=3C| f|

Hum W 2P (D)

LP (D) °

Here:
vu_ eW el (D) mwol’p (D)




Eberlein-Shmulyan Theorem

A Banach space X is reflexive if and only if
every strongly bounded sequence contains

a subsequence which converges weakly to
an element of X.

X :=W>*(D), N<p<ow




Rellich-Kondrachov Theorem

The Injection
W =P (D) ->W™"? (D)
IS compact.




Approximate Solutions (3)

Jlu_ —22 535 eW P (D) "W,P (D)

m

and
(A—ax)u=f In D,
u=0 on oD.

2

A= Z a' (x)

1, j=1 J

a (x) e VMO

+ Zb‘ (x)§+ c(x),




Dirichlet Problem (VMO)

Let N < p <oo. If o = 0O, then
the Dirichlet problem

(A—a)u=f in D,

<

—

u=q¢e on ob

has a solution J!'u eW *? (D) for
VvV € LP (D), Vo € B> P P(aD).




Compact Perturbation (1)

Su = j s(x, dy)

Here:
() Ve>0:

() -0~ Y03, -x) 29 |

j s(x,dy)|y - x\z <Jw(e),

Df|y-x<e}

(2) Iglw w(e) =0.




Compact Perturbation (2)

Su= [stx) u(y)—u(x)—il(y,- %) 29

= [ s(xdy) u(y)—u(x)—i(yj—xj%(@

D{ly-x<e}

[ st v -u0- X0, -x) 20

D {ly-x>&}




Compact Perturbation (3)

S = j s(x, dy)

Df{|y-x<e

—

‘ S

L*(D)

<3Cw(¢) Hu

U(y)—U(X)—Z_](y,-

WP (D)

YueW*>?(D)

ou

X)) == (4)

J




Fundamental Lemma

uewW?P(R"), Vp>n
U(x+t) —u() — St 2% (%)
i1 OX;

U (X) :=sup -

(5" i
—
U eL”"(R"),
IVl mry = 3C [ully2r mr,




Maximal Functions

et
f el (R").

The maximal function i1s defined as follows:

1
B(X, r)‘ -.‘B(x,r)‘ f (Y)‘dy

MTf (X) :=sup

r>0

Here:
B(X, r) = ball of radius r, centered at Xx.




Hardy-Littlewood Theorem

f e LP(R"), 1< Vp < oo
—

Mf € LP(R"),
|Mf | <3A, | f|

LP(R") —

LP (R")




Compact Perturbation (3-1)

S{7u(x)

< ] s U0 -3, %) S ()

D{ly-x|<e}

—~. o0
G(x+1)—a(x)=>'t.
JZ:;‘ ' ox.

J

()

2
< _[ s(x, dy)|y —X| sup

teR" ‘t‘z
D{|ly-x|<e} tiO

<w(g)U(x), VxeD.




Compact Perturbation (3-2)

B

< w(eg) HU

LP (D) LP (RM)

<3C a)(g)HG
<3C, a)(g)Hu

w2 P(RN)

W?P(D)




Compact Perturbation (4)

N
SPu=" [ s(xdy) u(y)-u()-Y.(y;-x)
{\y X‘>g} B J=1
p—
Ség)u L*(D) = HU W*-P(D)’ vu EWZ,p(D)




Compact Perturbation (4-1)

O fo o SOGAn[u(y) —u(x)

Dm{‘y

+Zli: j s(x,dy)‘yj—xj‘%(x)

= A u(x)+B_u(x)




Compact Perturbation (4-2)

ou
OX

(X)

BUu()= [ s(x.dy)|y; —x;]

D{|y—x|>&}

j
ou
OX j

IA
M |

s(x,dy) |y — x| (x)

DA{|y—x|>&}

ou
sup s(Xx,dy) y—x2
< (Dm{;"x>g} | | j an

A

< (%)
E




Compact Perturbation (4-3)

( \

B.UJ 5 o < Esup f S(x,dy)|y - x\z [V, -
& 0 \Dm{\y—x\>g} y
B, ,, <C @l YuEW (D)




Morrey’s imbedding Theorem

uesW;"(Q), Vp>n
—

u eCy(ﬁ), 7/21—%,

u(x)—u(y)|<3C, ,[x—y| |[Vul

LP (Q)




Compact Perturbation (4-4)

AUC) = [, . sOGdy) |uly) —u(x)|

< 3C j s(x,dy)|y —x|" |[Vu||

D{|y—x|>&}

LP (©2)

1
=C j S(X1dy)‘y_x‘2(‘y_x‘2VJHVUHL'J(Q)

Dm{|y—x|>g}

= DA{|y—x|>&}

C
< —— [sup J' s(x,dy)\y—x\szVuHLp(Q)




Compact Perturbation (4-5)

1C ( \
2
AUl o, sysup j (X, dy)\y—x\ HVUHLp o
& \Dm{\y—x\»} y
HA(E)U L (D) <C "(E)HU”\N”’(D) AL EWZ’p(D)




Compact Perturbation (5)

The operator
s = A¥) + B¥) :w2P(D) - L"(D)
IS compact.

55u vu eW?2? (D)

<3C, (g)Hu

‘Lp(D) WP (D)’




Rellich-Kondrachov Theorem

The Injection
W =P (D) ->W™"? (D)
IS compact.




Compact Perturbation (6)

The Levy operator
S=8% +S¥:W=>P(D) > L°(D)
IS compact.

5 Yu eW?2? (D)

<C,o(¢) Hu

‘Lp(D) WP (D) ’

Ig'[? w(e)=0




Index Formula

The Iindex of the operator

W —-a,7,):W*>?(D) — L*(D)x B*""" (D)
IS equal to zero.

Ind\W -ea,y,) =ind(A-«a,7,)+1nd(S, 0)
=Ind(A-a,y,)=0




Uniqueness Theorem

If a function

ueW=?(D), N < p<oo,

IS a solution of the homogeneous problem
(W —a)u=0 inD,

~ u=0 ondD,

then it follows that

u=0iInD.
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Bony’s Maximum Principle

Assume that:
uewW>P(D), Vp>N,
(W —a)u(x)=0 almost all x € D.

Then It follows that
u(x) may take its positive maximum
only on the boundary oD.




Fundamental Lemma

Assume that:
uew>?(D), Vp> N,
Ix, € D such that

‘u(X,)=supu=m >0,
2 D

- u(X)<m, VxeD.
Then:
V'V (X,), IM <V (X,),

El(uIJ (x)) <0, vxe M.

M|>0:




Dirichlet Problem (VMO)

Let N < p <oo. If & =0, then
the Dirichlet problem

W —-—a)u=(A+S—x)u=1 In D,
{ u=g¢e on ob
has a solution 3'u e W > (D) for
VT e L°(D), Vo € BZ"PP(0D).




Main Theorem (Dirichlet case)

Let p > N. We define a linear operator

27 : C,(D) — C,(D)

as follows:

(2) D(20) = {u € C,(D) "W *?(D) :Wu & C, (D)}

(b) 20u =Wu = (A+ S)u, Yu € D(20)
Then 20 generates a Feller semigroup.




Integral Representation
of Green Operators

u(x)=G2 f(x)= | G (x, y) f (y)dy

U=G2f =(ax—20)  f




Transition Probability and Green kernels

p, (X,dy) = p,(X, y)dy

g

T

Laplace Transform

Go(xy) =, e p(x y)dt




Transition Probability and Green Operators

P, (X,dy) = p (X, y)dy

Laplace Transform .

Gof =[ e T, fdt=| e “e™fdt

0]

fo e p.Ox ) dt ) (y)dy




Summary

We can construct a Feller semigroup
corresponding to such a diffusion
phenomenon that a Markovian particle
moves both by jumps and continuously
in the state space until it dies at the time
when it reaches the boundary.







Hille-Yosida-Ray Theorem
(Dirichlet case)

The operator

20 :C,(D) - C,(D)

generates a Feller semigroup If it satisfies
the following three conditions:

(a) D(20) isdensein C, (D)

(b) Ju e D(2V) s.t. (@ —W)u = f, Vf e C,(D)
(c) If u e D(2Y) attains its positive maximum
at a point x, € D, then 20u(x,) <O0.




Sketch of Proof (1)

The Green operators
G°:C,(D)—>C,(D), Va>0
are nonnegative.

U=G2f =(a—20)  f

vf eC,(D), f >0onD=G>f >00nD.




Sketch of Proof (2)

The Green operators
G°:C,(D) —»>C,(D), Va >0
are contractive.

[c¢)<=, va>o.
(04




Sketch of Proof (3)

The domain D(20) is dense in C,(D):
lim ||2G%u—u|[=0, VueC,(D)

o —>+0




Open Problem

To prove Main Theorem for general Wentzell
boundary conditions:

Lu(x")
= Za” (x) a“ (x')+Zﬁ‘(x')%(x')+y(x')u(x')

+ (X ') —— (X ) — o (X)Wu(X)

+)_ r(x, y)[u(y) u(x’) — Z(y,—x) (X)}dy

J

~(x )de

+[_t(x, y)[u(y) u(x") — Z(y,—x)

J
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