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Part I 
Pseudo-Differential Operators 

and Feller Semigroups 



Abstract 

• This talk is devoted to the functional analytic 
approach to the problem of construction of 
Markov processes for second-order elliptic 
integro-differential operators with smooth  
coefficients. 

• By using the theory of pseudo-differential 
operators, we construct a Feller semigroup 
corresponding to such a diffusion phenomenon 
that a Markovian particle moves both by jumps 
and continuously in the state space. 



Abstract 

• This talk is devoted to the semigroup 
approach to the problem of construction of 
Markov processes in probability theory. 
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Brief History 
 (one-dimensional case) 

• 1931: A.N. Kolmogorov (analytic 
approach) 

• 1952: W. Feller (semigroup approach) 
• 1965: E.B. Dynkin (probabilistic approach)  
• 1965: K. Ito and  H.P. McKean, Jr. 

(probabilistic approach)           
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Brief History (1) 
(multi-dimensional case) 

• 1959: A.D. Wentzell (Ventcel’) 
• 1964: W.v. Waldenfels 
• 1965: K. Sato and T. Ueno (semigroup 
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Brief History (2) 
(multi-dimensional case) 

• 1982: K. Taira (semigroup approach, 
degenerate case, pseudo-differential 
operators) 

• 1986: C. Cancelier (semigroup 
approach, degenerate case, elliptic 
regularizations) 

• 1988: S. Takanobu and S. Watanabe 
(stochastic approach, degenerate case)         
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Strategy 

• Existence and uniqueness theorems for 
Waldenfels operators with Wentzell 
boundary conditions (Partial Differential 
Equations) 

• Generation theorems for Feller 
semigroups (Functional Analysis) 

• Existence theorems for Markov processes 
(Probability)         
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Chapman-Kolmogorov Equation 
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State Space 
(general case) 
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One-Point Compactification 

K 

∂



Function Space (1) 
(general case) 
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Function Space (2) 
(general case) 
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Feller Semigroups 
(general case) 
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Function Space 
(compact case) 
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Feller Semigroups 
(compact case) 
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Riesz-Markov Representation Theorem 
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Semigroup Property 
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Markov Transition Functions 
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Examples (1) 

 
 
 

( )

( , ) ( ), , ( )
 , 
.

t E

K
p x E x vt x E K

x
v

χ
=

= + ∀ ∈ ∀ ∈

Example 1
R

R
This proces determiniss t, icstar ally

unifor

ting at moves 
wit constant vel

m 

och it

motion

 y

B



0

t

x



Examples (2) 
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Examples (4) 
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Examples (5) 
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Hille-Yosida Theorem 
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Hille-Yosida-Ray Theorem 
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Feller Semigroups 
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State Space 
(Dirichlet case) 

 
 
 
 

:  

( ) ,
                ( ) ,

def

D

x y a x y
b x y D

∂ = ∂

⇔ =
∈∂

one - point compactification





One-Point Compactification 

D∂

D 

∂



Function Space  
(Dirichlet case) 
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Feller Semigroups 
(Dirichlet case) 
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Hille-Yosida-Ray Theorem 
(Dirichlet case) 
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Transition Functions and Semigroups 
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Semigroups and Green Operators 
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Examples (1) 
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Examples (3) 
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Examples (4) 
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Examples (5) 
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Examples (7) 
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Diffusion Operators 
(differential operators) 
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Lévy Operators of first order 
(integro-differential operators) 
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Jump Phenomenon 
(discontinuous motion) 
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Waldenfels Operators 
(integro-differential operators) 
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Wentzell boundary conditions 

(general form) 
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Absorption Phenomenon 
(Dirichlet condition) 
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Reflection Phenomenon 
(Neumann condition) 
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Diffusion on the Boundary 
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Viscosity Phenomenon 
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Jump Phenomenon (2) 
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Purpose of Talk 

This talk is devoted to the functional analytic 
approach to the problem of construction of Feller 
semigroups with Wentzell boundary conditions.  
More precisely we consider the following 
problem: 

Problem 
Given analytic data (W,L), can we construct 
a Feller semigroup whose infinitesimal generator 
is characterized by (W,L) ? 
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Waldenfels Operators 
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Lévy Operators of first order 
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Wentzell Boundary Conditions (1) 
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Wentzell Boundary Conditions (2) 
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Wentzell Boundary Conditions (3) 
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Transversal Condition (1) 
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Transversal Condition (2) 

Intuitively, the transversality condition implies that
a Markovian particle 
from the points '  where neither reflection 
nor viscosity phenomenon occurs (which is similar 
to

x D∈∂
jumps away instantaneously

 the reflection phenomenon).



Transversal Condition (3) 

Probabilistically, this means that every 
Markov process on the boundary  is 
the  on  of trajectories of 
some Markov process on the closure 
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Transversal Condition (2) 
-Reduction to the Boundary- 

Probability Theory Partial Differential 
Equations 

Markov processes 
on the boundary 

Fredholm integral 
equations 

Markov processes 
on the domain 

Boundary value problems 



Main Theorem (general case) 
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Hille-Yosida-Ray Theorem 
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Main Theorem (Dirichlet case) 
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Hille-Yosida-Ray Theorem 
(Dirichlet case) 
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Conclusion 

Rephrased, Main Theorem states that there 
exists a Feller semigroup corresponding to 
such a diffusion phenomenon that a 
Markovian particle moves both by jumps 
and continuously in the state space until it 
dies at the time when it reaches the 
boundary. 
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Wentzell boundary conditions 
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Sketch of Proof (1) 
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Sketch of Proof (5) 
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Fredholm Boundary Operator (1) 
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Dirichlet-Neumann Operator 
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Fredholm Boundary Operator (2) 
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Fredholm Boundary Operator (3) 
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Unique Solvability Theorem  
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Hille-Yosida Theorem 
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Sketch of Proof (7) 
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Reduction to the Boundary 

Probability Theory Partial Differential 
Equations 

Markov processes 
on the boundary 

Fredholm integral 
equations 

Markov processes 
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Boundary value 
problems 



Green Operators 
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Transition Probability and Green kernels 
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Sketch of Proof (8) 
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Hopf Boundary Point Lemma 

( )
loc

'
0

'

'

2,

0

0

1

Assume that:
(1) ( ) ( ),
( ) 0 for almost all .

(2) such that

( ) sup 0,

( ) , .
Then:

( ) 0.

D

Nu C D W D
W u x x D

x D

u x u m

u y m y D

u x

α
∈ ∩

− ≥ ∈

∃ ∈∂

 = = ≥


< ∀ ∈

∂
<

∂n



Bounded Domain 
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Main Theorem (general case) 
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Main Theorem (Dirichlet case) 
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Open Problems 

(1) Generalization of Boundary Conditions  
       Non-Transversal Case 
(2) Generalization of Elliptic Operators  
      (a) Degenerate Case 
      (b) Discontinuous Case 
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Part II 
Singular Integral Operators and 

Feller Semigroups 



Abstract 

• This talk is devoted to the functional analytic 
approach to the problem of construction of 
Markov processes for second-order elliptic 
integro-differential operators with discontinuous 
coefficients. 

• By using the theory of singular integral operators, 
we construct a Feller semigroup corresponding 
to such a diffusion phenomenon that a 
Markovian particle moves both by jumps and 
continuously in the state space. 
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Function Space  
(Dirichlet case) 
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Feller Semigroups 
(Dirichlet case) 
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Hille-Yosida-Ray Theorem 
(Dirichlet case) 
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Waldenfels Operators 
(Integro-differential Operators) 
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Diffusion Operators 
(Differential Operators) 
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Lévy Operators 
(Integro-differential operators of first order) 
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Main Theorem (Dirichlet case) 
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BMO Functions 
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Examples (2) 
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Hille-Yosida-Ray Theorem 
(Dirichlet case) 
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Transition Functions and Semigroups 
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Semigroups and Green Operators 
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Differential Operators 

2

, 1 1
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, 1

( ) ( ) ( ) .

Here:
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( ) .
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Dirichlet Problem (VMO) 
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Uniqueness Theorem 
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If a function
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is a solution of the homogeneous problem
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then it follows tha
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Weak Maximum Principle 
(Aleksandrov-Bakel’man) 
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Strong Maximum Principle 
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Hopf Boundary Point Lemma 
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A Priori Estimates (VMO) 
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Calderón-Zygmund Kernels 

{ }

{ 1}

A function
( ) : \ 0

is called a  
if it satisfies the following three conditions:
(1) ( ) ( \{0}).
(2) ( ) is homogeneous of degree .
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Example 
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Calderón-Zygmund Operators (1)  
-global version- 
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Calderón-Zygmund Operators (2) 
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Calderón-Zygmund Operators (3) 
- local version - 

{ }( )

( )2
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Calderón-Zygmund Operators (4) 
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Fundamental Solution (1) 
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(2 ) / 2

, 1
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Fundamental Solution (2) 
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Representation Formula (1) 
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A Priori Estimates 
- local version - 
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Representation Formula (2) 
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Commutator Estimates 
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A Priori Estimates 
- local version - 
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A Priori Estimates 
- global version - 
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Localization Argument 
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Interpolation Inequality 
 

 
 

 
1, 2,( ) ( ) ( )

2,

,

( ).

p p pW D W D L D

p

Cu u u

u W D

ε
ε
∃

≤ ∀ +

∀ ∈



Uniqueness Theorem (VMO) 
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If a function
( ), ,

is a solution of the homogeneous problem
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then it follows tha
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A Priori Estimates (VMO) 
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Existence Theorem (VMO) 

2, 1,
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Differential Operators  
(Uniformly Continuous Case) 
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Existence and Uniqueness Theorem  
(Uniformly Continuous Case) 
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Approximation Theorem 
(Mollifiers) 
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Approximate Solutions (1) 
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Approximate Solutions (2) 
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A Priori Estimates (VMO) 
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Eberlein-Shmulyan Theorem 

A Banach space X is reflexive if and only if 
every strongly bounded sequence contains 
a subsequence which converges weakly to 
an element of X.  

2,: = ( ) ,pX W D N p< < ∞



Rellich-Kondrachov Theorem 
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Dirichlet Problem (VMO) 
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Compact Perturbation (1) 
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Compact Perturbation (2) 

 
 

 
 

{ }

{ }

1

1

1

( , ) ( ) ( ) ( ) (

(

(

)

, ) ( ) ( ) ( )

, ) ( ) ( ) ( ) ( )

( )

N

N

j j
j

j j

N

j j
j jD y

y

j

jx

x

D

jD

us x d

us x dy u y u x y x x
x

uSu s x dy u y u x y x

y u y u x y

x

x
x

x

x
ε

ε

=

=

−

∩

∩

− >

≤

=

 

 ∂
− − − 

∂  

 ∂
−

∂
= − − − 

− − 
∂  

∂  

=

+

∑

∑

∫

∑∫

∫



Compact Perturbation (3) 
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Fundamental Lemma 
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Maximal Functions 
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Hardy-Littlewood Theorem 
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Compact Perturbation (3-1) 
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Compact Perturbation (3-2) 
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Compact Perturbation (4) 
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Compact Perturbation (4-1) 
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Compact Perturbation (4-2) 
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Compact Perturbation (4-3) 
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Morrey’s imbedding Theorem 
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Compact Perturbation (4-4) 
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Compact Perturbation (4-5) 
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Compact Perturbation (5) 
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Rellich-Kondrachov Theorem 
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Compact Perturbation (6) 
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Index Formula 
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Uniqueness Theorem 
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Bony’s Maximum Principle 
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Fundamental Lemma 

( )

( )

2,

0

0

0

"

0

Assume that:
( ), ,
 such that

sup 0,

( ) , .
Then:

(

( ) 0

), ( ),

.

0 :

,ij

p

D

u W D p N
x D

u x u m

u x m x D

V x x

x x M

M

u

V M

∃

∈ ∀ >
∃ ∈

 = = >


< ∀ ∈

∀ ∃

≤ ∀ ∈

⊂ >



Dirichlet Problem (VMO) 
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Main Theorem (Dirichlet case) 

{ }

0 0

2,
0 0

Let . We define a linear operator

: ( ) ( )
as fo

 

llows:

(a) ( ) ( ) ( ) : ( )

(b) ( ) ,  ( )
Then  generates a

p

p N

C D C D

D u C D W D Wu C D

u Wu A S u u D

>

→

= ∈ ∩ ∈

= = + ∀ ∈
Feller semig roup.

W

W

W W

W



Integral Representation  
of Green Operators 
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Transition Probability and Green kernels 
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Transition Probability and Green Operators 
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Summary 

We can construct a Feller semigroup  
corresponding to such a diffusion  
phenomenon that a Markovian particle  
moves both by jumps and continuously  
in the state space until it dies at the time 
when it reaches the boundary. 
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Hille-Yosida-Ray Theorem 
 (Dirichlet case) 
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Sketch of Proof (1) 
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Sketch of Proof (2) 

0
0 0

The Green operators

: ( ) ( ), 0
are
G C D C Dα α→ ∀ >

contrac tive.

0 1 , 0.Gα α
α

≤ ∀ >



Sketch of Proof (3) 
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Open Problem 
To prove Main Theorem for general Wentzell 
boundary conditions: 

21 1

, 1 1

1

1

1

1

( ')

( ') ( ') ( ') ( ') ( ')

( ') ( ') ( ')

( ', ') ( ') ( ') ( ) ( ') '

( ', ) ( ) ( '

( ')

( '

(

)

) ) ( ')

N N
ij i

i j ii j i

N

j jD
j j

N

j j
j j

Lu x
u ux x u xx x x

x x x

x x Wu x

ur x y u y u x y x x dy
x

ut x y u y u x y x

x

x
x

u

α β γ

µ δ

− −

= =

−

∂
=

−

=

∂ ∂
= + +

∂ ∂ ∂

+ −

 ∂
+ − − − 

∂  
 ∂

+ − − −
∂

∂
∂

∑ ∑

∑∫

∑

n

D
dy




∫



References (3) 

• K. Taira: On the existence of Feller 
semigroups with discontinuous coefficients, 
Acta Mathematica Sinica (English Series), 
Vol. 22, No. 2 (2006), 595-606.  

• K. Taira: On the existence of Feller 
semigroups with discontinuous coefficients 
II, Acta Mathematica Sinica (English Series), 
Vol. 25, No. 5 (2009), 715-740. 

 




	Singular Integrals and Feller Semigroups
	Part I�Pseudo-Differential Operators and Feller Semigroups
	Abstract
	Abstract
	Mathematical Study of Brownian Motion
	Brief History� (one-dimensional case)
	References
	Brief History (1)�(multi-dimensional case)
	Brief History (2)�(multi-dimensional case)
	References (1)
	Strategy
	Bird’s Eye View
	Transition Functions
	Chapman-Kolmogorov Equation
	スライド番号 15
	スライド番号 16
	State Space�(general case)
	One-Point Compactification
	Function Space (1)�(general case)
	Function Space (2)�(general case)
	Feller Semigroups�(general case)
	Function Space�(compact case)
	Feller Semigroups�(compact case)
	Riesz-Markov Representation Theorem
	Semigroup Property
	Markov Transition Functions
	Examples (1)
	スライド番号 28
	Examples (2)
	スライド番号 30
	Examples (3)
	スライド番号 32
	Examples (4)
	スライド番号 34
	Examples (5)
	スライド番号 36
	Hille-Yosida Theorem
	Hille-Yosida-Ray Theorem
	Bounded Domain
	Function Space
	Feller Semigroups
	Hille-Yosida-Ray Theorem
	State Space�(Dirichlet case)
	One-Point Compactification
	Function Space �(Dirichlet case)
	Feller Semigroups�(Dirichlet case)
	Hille-Yosida-Ray Theorem�(Dirichlet case)
	Transition Functions and Semigroups
	Semigroups and Green Operators
	Examples (1)
	Examples (2)
	Examples (3)
	Examples (4)
	Examples (5)
	スライド番号 55
	Examples (6)
	スライド番号 57
	Examples (7)
	スライド番号 59
	スライド番号 60
	Diffusion Operators�(differential operators)
	Diffusion Phenomenon�(continuous motion)
	Drift Term�(Subprincipal Symbol)
	Lévy Operators of first order�(integro-differential operators)
	Jump Phenomenon�(discontinuous motion)
	Waldenfels Operators�(integro-differential operators)
	スライド番号 67
	スライド番号 68
	�Wentzell boundary conditions�(general form)�
	スライド番号 70
	Absorption Phenomenon�(Dirichlet condition)
	Reflection Phenomenon�(Neumann condition)
	スライド番号 73
	Diffusion on the Boundary
	Viscosity Phenomenon
	スライド番号 76
	Jump Phenomenon (1)
	Jump Phenomenon (2)
	Purpose of Talk
	Bird’s Eye View
	Waldenfels Operators
	Diffusion Operators
	Lévy Operators of first order
	�Wentzell Boundary Conditions (1)�
	Wentzell Boundary Conditions (2)
	�Wentzell Boundary Conditions (3)�
	Transversal Condition (1)
	Transversal Condition (2)
	Transversal Condition (3)
	スライド番号 90
	Transversal Condition (2)�-Reduction to the Boundary-
	Main Theorem (general case)
	Hille-Yosida-Ray Theorem�(general case)
	スライド番号 94
	Main Theorem (Dirichlet case)
	Hille-Yosida-Ray Theorem�(Dirichlet case)
	Conclusion
	スライド番号 98
	Waldenfels Operators
	�Wentzell boundary conditions�
	Sketch of Proof (1)
	Sketch of Proof (2)
	Sketch of Proof (3)
	Sketch of Proof (4)
	Sketch of Proof (5)
	Sketch of Proof (6)
	Fredholm Boundary Operator (1)
	Dirichlet-Neumann Operator
	Fredholm Boundary Operator (2)
	Fredholm Boundary Operator (3)
	Unique Solvability Theorem 
	Fredholm Boundary Operator (4) 
	Fredholm Boundary Operator (5)
	Sketch of Proof (i)
	Sketch of Proof (ii)
	Hille-Yosida Theorem
	Sketch of Proof (iii)
	Sketch of Proof (7)
	Reduction to the Boundary
	Green Operators
	Integral Representation �of Green Operators
	Transition Probability and Green kernels
	Transition Probability and Green Operators
	Sketch of Proof (8)
	Weak Maximum Principle�(Aleksandrov-Bakel’man)
	Strong Maximum Principle
	Hopf Boundary Point Lemma
	Bounded Domain
	Sketch of Proof (9)
	Sketch of Proof (10)
	Sketch of Proof   (11)
	Main Theorem (general case)
	スライド番号 133
	Main Theorem (Dirichlet case)
	スライド番号 135
	Open Problems
	References
	Copied Bookmark
	Singular Integrals and Feller Semigroups
	Part II�Singular Integral Operators and Feller Semigroups
	Abstract
	Bounded Domain
	State Space�(Dirichlet case)
	One-Point Compactification
	Function Space �(Dirichlet case)
	Feller Semigroups�(Dirichlet case)
	Hille-Yosida-Ray Theorem�(Dirichlet case)
	Waldenfels Operators�(Integro-differential Operators)
	Diffusion Operators�(Differential Operators)
	Lévy Operators�(Integro-differential operators of first order)
	Main Theorem (Dirichlet case)
	スライド番号 14
	References
	BMO Functions
	VMO Functions
	Examples (1)
	Examples (2)
	Hille-Yosida-Ray Theorem�(Dirichlet case)
	Transition Functions and Semigroups
	Semigroups and Green Operators
	Differential Operators
	Dirichlet Problem (VMO)
	Uniqueness Theorem
	Weak Maximum Principle�(Aleksandrov-Bakel’man)
	Strong Maximum Principle
	Hopf Boundary Point Lemma
	A Priori Estimates (VMO)
	Calderón-Zygmund Kernels
	Example
	Calderón-Zygmund Operators (1) �-global version-
	Calderón-Zygmund Operators (2)
	Calderón-Zygmund Operators (3)�- local version -
	Calderón-Zygmund Operators (4)
	Fundamental Solution (1)
	Fundamental Solution (2)
	Representation Formula (1)
	A Priori Estimates�- local version -
	Representation Formula (2)
	Commutator Estimates
	A Priori Estimates�- local version -
	A Priori Estimates�- global version -
	Localization Argument
	Interpolation Inequality
	Uniqueness Theorem (VMO)
	A Priori Estimates (VMO)
	Existence Theorem (VMO)
	Differential Operators �(Uniformly Continuous Case)
	Existence and Uniqueness Theorem �(Uniformly Continuous Case)
	Approximation Theorem�(Mollifiers)
	Approximate Solutions (1)
	Approximate Solutions (2)
	A Priori Estimates (VMO)
	Eberlein-Shmulyan Theorem
	Rellich-Kondrachov Theorem
	Approximate Solutions (3)
	Dirichlet Problem (VMO)
	Compact Perturbation (1)
	Compact Perturbation (2)
	Compact Perturbation (3)
	Fundamental Lemma
	Maximal Functions
	Hardy-Littlewood Theorem
	Compact Perturbation (3-1)
	Compact Perturbation (3-2)
	Compact Perturbation (4)
	Compact Perturbation (4-1)
	Compact Perturbation (4-2)
	Compact Perturbation (4-3)
	Morrey’s imbedding Theorem
	Compact Perturbation (4-4)
	Compact Perturbation (4-5)
	Compact Perturbation (5)
	Rellich-Kondrachov Theorem
	Compact Perturbation (6)
	Index Formula
	Uniqueness Theorem
	Bony’s Maximum Principle
	Fundamental Lemma
	Dirichlet Problem (VMO)
	Main Theorem (Dirichlet case)
	Integral Representation �of Green Operators
	Transition Probability and Green kernels
	Transition Probability and Green Operators
	Summary
	スライド番号 87
	Hille-Yosida-Ray Theorem� (Dirichlet case)
	Sketch of Proof (1)
	Sketch of Proof (2)
	Sketch of Proof (3)
	Open Problem
	References (3)
	スライド番号 94


