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0. Introduction

The Ornstein-Uhlenbeck (O-U) process {Xou(t) : t > 0} is a Markov diffusion pro-
cess on the real continuum —oco < x < oo. Its probability density function f(z,t) =

4P [Xou(t) < 2] is governed by the forward diffusion equation

0 0?

0
5 (z,t) = pe) (z,t) + E [z f(z,t)]. (0.1)

A basic function describing this process is the conditional transition density g(xo,x, 7) =

LPX(t+71) < 2[X(t) = z0] given by

(x—z0e ™)

1
oo 2.7) = WP{—ﬁ

Its stationary or ergodic density is given by

}, — 00 < 2 < 00. (0.2)

def. _ 2

foolx) = tliglo flz,t) = —e™ 7, —oo<zx<oo. (0.3)

Ver

The O-U process has many applications to statistics, including the studies of “good-
ness of fit” of a set of observations to a distribution function, see e.g. Anderson and
Darling [1] and the studies of stopping time for sample sequences, see e.g. Armitage,
McPherson and Rowe [2]. The process also plays an important role in meteorology
describing random behavior of the temperature, see e.g. Keilson and Ross [11]. During
the past three decades, the usefulness of the O-U process has been reinforced in the
area of financial engineering where spot interest rates are often represented by the O-U
process, see e.g. Vasicek [18]. As we saw in (0.2) and (0.3), the O-U process itself is
quite tractable. However, simple related processes and random variables for capturing
its dynamic behavior become numerically intractable.

The O-U process is often approximated by the Ehrenfest urn model where both
the state space and the time axis are discretized, see e.g. Karlin and Taylor [8].
For capturing the dynamic behavior of the O-U process, however, this approach is
rather cumbersome. In this paper, we propose to utilize the continuous time Ehrenfest
process for approximating the O-U process where only the state space is discretized.
The underlying spectral structure enables one to develop efficient numerical procedures
for computing distributions of first passage times and the historical maximum of the

O-U process, which are of considerable importance in applications.
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A finite Markov chain in continuous time of practical interest arises from the sum of
K independent identical chains {J;(t) : ¢ > 0}, j =1, ..., K, each on state space {0,1}

governed by transition rates vg; = v19 = % The Markov chain of interest

K
Ni(t) : Ni(t)=>_J;(t), t >0 (0.4)

j=1

on state space {0, 1, ..., K} is called the Ehrenfest process and has transition rates
1 1
Vil = §(K —n), 0<n<K-1, and vy, 5,—1 = §n, 1<n<K. (0.5)

Consequently the local growth rate of the variance is given by

K

VUnntl +Vnno1 = 5 (0.6)
which is independent of n, and the local velocity is given by
K
Unn+l — VUnn—-1= E —n. (07)
For the associated stationary chain {Ngg(t) : ¢ > 0}, one has
K —T
cov[Ngs(t), Nks(t+7)] = —e 7, (0.8)

4

and asymptotic normality.

The O-U process is characterized by its Markov property, normal distribution, and
exponential covariance function. Because of the properties of the Ehrenfest process
specified in (0.5) through (0.8) together with its asymptotic normality, one then expects
that a sequence of processes { Xy (t) : t > 0}, V =1,2,3, ..., defined by

Xv(t) = \/g Nov (t) — V2V (0.9)

converges in law to the O-U process as V' — oco. The purpose of this paper is to prove
this convergence in law, to develop systematically the properties of {Noy (t) : ¢ > 0}
and to quantify its dynamic behavior numerically, which in turn provides a numerical
foundation for capturing the dynamic behavior of the O-U process.

The structure of this paper is as follows. In Section 1, the spectral representation of
the Ehrenfest process {Nay (t) : t > 0} is established following Karlin and McGregor [4,

5, 6, 7]. Section 2 summarizes the first passage time structure of birth-death processes
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from Keilson [10], and then that of the Ehrenfest process is studied in detail in Section
3. In particular, it is shown that the first passage time Toy of {Nay (¢) : t > 0} from 0 to
V converges in law to the distribution conjugate to the extreme-value distribution. We
also evaluate the historical maximum of { Nay (¢) : ¢ > 0}. In Section 4, the convergence
in law of Xy (t) to Xou(t) as V — oo is proven for all ¢ > 0 and some related results are
obtained. Section 5 is devoted to development of numerical algorithms for evaluating
transition probabilities, first passage times, and the historical maximum of the O-U
process via the Ehrenfest process approximation. Numerical results are also exhibited,

demonstrating speed and accuracy of the Ehrenfest process approximation procedure.

1. Spectral Representation of the Ehrenfest Process

We consider 2V independent and identical Markov chains {J;(¢) : ¢ > 0}, j =

1, ..., 2V, in continuous time on {0, 1} governed by the transition rate matrix

o 1
v=| (1.1)
5 0
The corresponding infinitesimal generator @) is then given by
Lo
Q=-v,+y v,=| > (1.2)

Let q(t) = [qi;(t)], 0 <1i,j <1, be the transition probability matrix of { J;(t) : ¢ >0}
so that S¢(t) = Qq(t). Since ¢(0) = I which denotes the identity matrix, taking
the Laplace transform of this matrix differential equation yields sq(s) — I = Qq(s) or

—1 o0
q(s) = [si - g} where ’2(3) = / e_“g(t) dt. From (1.2), one then finds that

0
alt) = qoo(t)  qo1(?t) _ f) g(t) , (13)
= qi0(t)  qui(t) g(t)  f(t)

where

1 4 1 4
f(t)=§(1—|—e ) g(t)=§(1—e ) (1.4)

For analytical convenience, we introduce two generating functions :

d.

aot,u) = qoo(t) + qor(t) u= f(t) +g(t)u (1.5)
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and
a1(t,u) = quot) + qu(t)u = g(t) + f(t) u. (1.6)

Let { Noy (t) : t > 0} be defined by
Nav (1) 32 ;0. (17)

Then { Nay (t) : t > 0} is a birth-death process on N'= {0, 1, ...,2V} governed by the

upward transition rates A, and the downward transition rates p,,, where

1
)\n=§(2V—n); ,unzg, neN. (1.8)
We note that
Un SNy +pn =V, nenN, (1.9)

which is independent of state n. This birth-death process is called the Ehrenfest
process, see e.g. Feller [3]. Let gzv(t) = [p2v.mn(t)] m,n € N be the transition prob-
ability matrix of { Noy (t) :t >0}. Asin (1.5) and (1.6), we introduce the following

generating functions :
2v
Bt 1) =D povemi(t) u, m € N. (1.10)
k=0
From the independence of {J;(t) : ¢ > 0}, one then has

B (t, 1) = o8, w)™ ™™ an(t,u)™ = {F(t) + g(8) u}?’ " {g(t) + f(H)u}™.  (1.11)

In a series of papers [4, 5, 6, 7], Karlin and McGregor analyze the spectral repre-
sentation of the transition probability matrix P(t) = [pyn(t)] for birth-death processes
and use the results to evaluate various probabilistic quantities. More specifically, for
a general birth-death process governed by upward transition rates A,, n > 0, and
downward transition rates p,, n > 1, the infinitesimal generator () associated with

P(t) has a vector eigenfunction y(z) = [y ()], c\ With eigenvalue —z, i.e.

Qy(r) = —zy(x). (1.12)
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Starting with yo(x) = 1, this then leads to

=X yo(z) + Ao y1(r) = —wyo(z) (1.13)

o Yn—1(2) = (An + fin) Yn (@) + Ap Ynt1(z) = —zyn(z), n>1
-1 -1
It then follows that y, () is a polynomial of degree n with leading coefficients ( 1T A j) .
j=0

Let f(z,t) be a vector function defined by

fz,t) = E(t)

(x). (1.14)

<

From the Kolmogorov forward equation, one then finds that

9 fa.t) = 2P yla) = P Qu(x) = = (D) y(a)

so that from (1.14)

d
a_(x, t) = —x f(x,1). (1.15)

Since f(z,0+) = y(z), the vector partial differential equation (1.15) has the unique

solution

fla,t) = e "y(x). (1.16)

Combining with (1.14), Equation (1.16) then implies that

Z P () yn () = e "y (x), m e N. (1.17)
neN

There exists a measure () on [0, 00) such that {y, ()}, becomes a set of orthog-

onal polynomials with respect to 9 (z), see Karlin and McGregor [4]. Accordingly one

has
e 5mn
Ym () yn(z) dp(z) = —, m,n €N, (1.18)
0 n
n—1 n
where 0y, = 1 if m =n, 6ppn = 0if m # n, and m, = H)\j/H,uj, n > 1, with
j=0 j=1
T = 1.

From (1.14) and (1.17), {pmn(t)},,c - may be recognized as the generalized Fourier
coefficients of the m-th component f,,(x,t) of f(x,t) associated with {y,(z)}ner and
¥(x) for each m € M. Accordingly, one finds from (1.17) that

P (t) = Tp, /000 ey (x) yp (x) dp(z), m,n € N. (1.19)
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For the case of the Ehrenfest process, these entities are identified, see Karlin and

McGregor [6], as

1 2V 2V —x\ [z j
Yn(x) = ) ;0 ( e ) <J_>(—1) , neN, (1.20)
dyp(z) = (Z:L/)z—?", r=0,1,..,2V, (1.21)
and
2Vy\ 2V
pavnnt) = S > (%Y Yty imtire (122)

In this case, the polynomials {y,(z)}nen are called the Krawtchouk polynomials. It
is clear from the independence of {J;(t) : t > 0} that the ergodic distribution el of
{Nay (t) : t > 0} is given by

2V
e= [en]:EN; en = (n>2_2v’ neN. (1.23)
We note from (1.22) and (1.23) that
li = (QX) 2V = N 1.24
tiglo pQV:mn(t) - 22V 0 ym(O) yﬂ(o) =é€n, Mm,nec ( . )

as expected.

2. First Passage Times and the Historical Maximum of General

Birth-Death Processes

In this section, we first summarize, from Keilson [10], the first passage time structure
of a general birth-death process {N(¢) : ¢ > 0} governed by upward transition rates
An (n > 0) and downward transition rates p, (n > 1). Let T,,, be the first passage

time of {N(t) : ¢ > 0} from state m to state n. Formally, we define
T =1nf{t : N(t) =n|N(0)=m}. (2.1)

Let Sy (1) = LP [T}, < 7] and define the Laplace transform oy, (s) = E [e 75 Tmn | .
For notational convenience, we denote Ty, 41 by T3, and s;/, (7) and o7}, (s) are defined

similarly. From the consistency relations, one has

ol (s) = Un )\—"—F'u—"a"’_ (s)ol(s)], n>1,

n
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where v, = A\, + . This then yields

_ A
()= An [s+vm — o (5)] T =1 of(s) = —2 (2.2)
s+ Ao
It is clear that
oon(8) = oon_1(s) o _(s), n>0. (2.3)
From (2.2), it can be readily seen by induction that
1
oon(8) = , n>1; go(s) =1. 2.4
) = — o(s) (24)
where g, (s) is a polynomial of order n. It then follows from (2.2) that
1
n+1(8) = 3= [(5 + vn) gn(s) = pin gn-1(5)], n 20, (2.5)

where g_1(s) = 0 and go(s) = 1. By comparing (2.5) with (1.13), it can be seen that
polynomials y,, () and g,(s) are related to each other by

Yn(2) = gn(-2), n=0. (2.6)
It should be noted from (2.3) and (2.4) that

gn(5) n
Gns1(s)’ =0 @7

o, (s) =
From (2.6), {gn(s)} are orthogonal polynomials. Accordingly the zeros of g,(s) are
distinct, the zeros of any two successive polynomials interleave, and the zeros are all

negative, see e.g. Szego [17]. Consequently, from (2.7), o, (s) can be written as

Op41, ]
g Tn+1] (28)
S+ gty
where —ay,11,; are the zeros of g, 41(5), rnt1,; = o hc{n %ﬁ:—% > 0 and
—Qn41,5 -

Z Tnt1,; = 0, (04) = 1. This implies that s;/ (¢) is a mixture of exponential densities

and is completely monotone. The downward first passage times T, ", _; = T} and Ty
can be treated similarly.
We next turn our attention to the historical maximum of {N(¢) : ¢ > 0} in the time

interval [0, 6] given that N(0) = ng. More specifically, let M (ng, §) be defined as

M (no,0) = Jnax {N@)[N(0)=no}. (2.9)
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Then the following dual relation holds between T, n+1 (no < n) and M(ng,0).
Fryo(n) = P[M(no,0) <n]=P[Thoni1 > 0] = Snyns1(6). (2.10)

Hence one has

0 n < ng

Frpo(n) = (2.11)

Sngn+1(0) n Z no.

For the corresponding stationary process { Ng(t) : ¢ > 0}, the distribution function

Fyp(n) of the historical maximum is then given by

Fyp(n) = Z em Smni1(0), (2.12)

m<n

where eT = [e,,, ] is the ergodic distribution of { N(t): ¢t >0} .

3. First Passage Times and the Historical Maximum of the Ehrenfest

Process

As we saw in Section 1, the Ehrenfest process {Nay () : ¢ > 0} is a birth-death
process on N = {0, 1, ..., 2V} governed by transition rates A, and p,, specified in (1.8).

The recursive formula in (2.5) then becomes

gut1(s) = [(5+1)90(s) = 5 gua(9) ] (3.1)

2V —n 2

with g_1(s) = 0 and go(s) = 1. From (1.20) and (2.6), g,(s) are given explicitly by

no=gy i () (e osnsw

In order to evaluate the first passage times s,,,, (7) (m < n) with corresponding Laplace
+

transforms c,,,(8) = 0,5 (s) -+ -0 _1(8) = gm(s)/gn(s) from (2.7), the zeros of g, (s) are
needed. These zeros in turn enables one to quantify the historical maximum through
(2.11). In principle, the zero search of g,(s) can be accomplished via a straightforward
bisection approach since the zeros of g,(s) and g,41(s) interleave because of the
underlying orthogonality. In case of the Ehrenfest process, the amount of effort required

for the zero search can be considerably reduced by the following properties.
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Theorem 3.1. Let h,(s) = gu(s — V), n > 0. Then hy(s) = (—1)" hp(—s), n >0,
i.e.
) odd  when n is odd,
hn(s) is
even when n is even.

Proof. Equation (3.1) can be rewritten in terms of h,(s) as

B (s) = 2v2— - [shn(s) - ghn_l(s) . >0, (3.3)

with h_1(s) = 0 and ho(s) = 1. The result then follows by induction on n.
The next corollary is immediate from Theorem 3.1.

Corollary 3.1.

(a) If gn(—z) =0, then g,(x —2V) = 0.

(b) Ifnis odd, then g,(—V) = 0.
Theorem 3.1 implies that the zeros of h,,(s) are symmetric about 0 and, correspondingly
from Corollary 3.1, the zeros of g, (x) are symmetric about —V. Hence we need to find
only [(n—1)/2] zeros, where [x] is the minimum integer which is greater than or equal
to x. Furthermore, since h,(s) is either odd or even, there are only 14 [(n—1)/2] terms
in each h,(s), while g, (s) has (n + 1) terms as can be seen from (3.2). Consequently
the computational time of the zero search can be reduced approximately by a factor of
4. This property of the Ehrenfest process is due to the fact that the local growth rate is
constant as specified in (0.6). Indeed, the results similar to Theorem 3.1 and Corollary
3.1 are available for general birth-death processes whenever v, = A\, + u,, = v for all
n.

We next show that gy (s) has negative odd integers as its root. A preliminary lemma

is needed.
Lemma 3.1. For m, n € N, one has gn(—m) = gm(—n).

Proof. Because of an elementary property of binomial coefficients, one sees that

GG 2V — n)! al mlV —m)
) (m— N2V —n—m+ ) jl(n—j) V)
_ I
GO

and the result follows from (3.2).
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Theorem 3.2.
v )
s+27—1
gv(s) = H %7_1
Jj=1
Proof. Corollary 3.1 b) states that g, (—V) = 0 whenever n € N is odd. Hence from
Lemma 3.1, one has gy (—n) = g,(—=V) = 0 whenever n € NV is odd. Since gy (s) is a

polynomial of degree V', the theorem follows.

We are now in a position to evaluate the limiting behavior of Tpy as V. — oo.
For a random variable X with Fx(z) = P[X <z], — o0 < z < 00, suppose
the corresponding Laplace transform ¢x(s) = E[e™*%] = /oo e % dFx(z) has the
convergence strip containing the imaginary axis on the con_lloaciex plane. Then the
conjugate transform Y of X is defined as

/y e ¥ dFx(x)

Fy(y) =P[Y <y]=—"= ox () , —o00<y< 0. (3.4)

The reader is referred to Keilson [9] for more detailed discussions of the conjugate trans-

form. The next theorem shows that Tpy with certain shifting and scaling converges in

law to a conjugate transform of an extreme-value random variate.

Theorem 3.3. LetY be a random variable having the probability density function

frin) =gz {-jr-eTh, —w<r<o (3.5)

Then 2Tyy —log V' converges in law to Y as V — oo.

Proof. Let Z = 2Tyy — log V. Then from Theorem 3.2 and (2.4), one sees that
v

—sz s s 2.7_1
¢:(s) =E[e™ ] =V 00y (25) =V Hm
=1

By simple algebra, this then leads to

o1 =2 () 7 ﬁ i (39

The factor inside the braces converges to I'(s+ l) as V' — oo, while the rest converges

to w1y \/—, ie., p.(s) — (F(+)) as V — oo. It is known that I'(s+1) is the Laplace

transform of the extreme value distribution with p.d.f. exp{—7—e77}, —0c0 <7 < 0,

and thus the theorem follows.
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We saw in (2.8) that the upward first passage time T} is a finite mixture of
exponential variates for general birth-death processes. In case of the Ehrenfest process,
the fact that the exit rate of each state v,, = \,, + p, = V' is constant enables one to
show that T, can also be expressed as an infinite mixture of Gamma variates of odd

order.

Theorem 3.4. For the Ehrenfest process, T,m and T, (n € N) are infinite miztures

of Gamma variates of odd order with Laplace transforms T'(V,25 4+ 1), j =0,1,2, ...

Proof. The recursive formula for 0,7 (s) in (2.2) can be rewritten as

(5) = o (s) = - Xv’ n>1, (3.7)

ot (s) = 7’:5(3) .
) e e )

1+ 1s the probability of going up given exit from n and r,; = 5 is that

where 7 =1— &

of going down given exit from n. For Re(s) > 0, Equation (3.7) has a series expression
o (s)=rie(s)Y {rne(s)ol_i(s)}
j=0

and the result follows by induction for o} (s). For o, (s), it suffices to note that

o (s) = og1_,(s), completing the proof.

4. Convergence of the Ehrenfest Process to the O-U Process

As we saw in (0.2), the state probability density of the O-U process { Xou(t) : t >0}

t and

with initial condition Xoy(0) = x¢ is normally distributed with mean xzpe™
variance 1 —e~2? for any ¢ > 0. The corresponding Laplace transform with respect to

x is then given by

1
v(zo, s,t) = exp {—mo e ts+ 5(1 —e 2 52} . (4.1)

In this section, we show that the Ehrenfest process Nay (t) of (1.7) with suitable scaling
and shifting converges in law to Xouy(¢) as V — oo, for all ¢ > 0.

Let { Xy (t) : t > 0} be a stochastic process defined by

Xy (t) = \/g Noy (t) — V2V, (4.2)
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We note that { Xy (t) : ¢ > 0} has a discrete support on {7(0), ..., 7(2V) } where
2
r(n) = Vn—\/ZV, n=0,1,.. (4.3)

Clearly r(n+1)—7r(n) = y/& — O0as V — oo. In the following theorem, we prove that,
when Ny (0) is chosen appropriately, Xy (t) converges in law to Xoy(t) as V — oo.

For notational convenience, we define
nv(z) = { _4 : (4.4)

Theorem 4.1. Let { Xou(t) : t > 0} be the O-U process with Xou(0) = zg, — o0 <
x < oo. Let {Xvy(t): t >0} be as in (4.2) with Xy (0) = \/gnv(xo) where V'is chosen
large enough so that —/2V < Xy (0) < v/2V. Then Xy (t) converges in law to Xou(t)

forallt, t>0, as V — oo.

Proof. Let ¢y (xg,w,t) = E [e_“’XV(t)
(1.10) and (4.2) that

Xy (0) = \/gnv(xo)} . One sees from

A% (330, w, t) = ewmﬁNQV(O) (ta e—w\/g) (45)

where Noy (0) = V + ny(xg). We wish to show that oy (xg,w,t) — ~(xo,w,t) as
V — oo. Equation (4.5) can be rewritten by (1.11) as

prlaowt) = e [{10+ 90 VF} o0 + 0 VFY]

+ f<t>e—w@] (o) s
+g9

2

eV

Since f(t)+g(t) = 1, the first two factors on the right hand side of (4.6) can be written

as

1%
ewmﬁv(t,e_w %) = |1+4+2f(t) g(t) {cosh (w@) — 1}] . (4.7)

For sufficiently small |Re(w)]|, one has

f(®)g(t) | cosh (w \/g> -1

< (4.8)

1
2
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so that from (4.7),

log [ew\/gﬁv(t,e_w\/g)} = Vlog [1 +2f(t)g(t) {cosh (w %) — IH

k
=1 vV
= ka:l 2 ft) g()}" {cosh (w\/;> - 1} .

It then follows that

3 1
log [ewmﬁv(t, e_w\/;)} = 5(1 —e M)y w? +o(V1). (4.9)
The second factor on the right hand side of (4.6) can be rewritten as
5 nv (zo) - nv (zo)
() gy (1—eVE) ] ety /2 +0 (V)
1-— — =l1= :
F(t) + gy e VF - 1ro(vd)

zoe tw + 200 (V_%)

0y/% {1+ 0(vH)}

From (4.4), L\;Ov) — 1as V — oo while (1+£)* — ¢ as a — co. It then follows
xo =

= 11—

that

glt) + f() eV E
F(0) +gltyeVE
From (4.6), (4.9) and (4.10), one concludes that

nv (zo0)
] — exp{—zpe fw} as V — oco. (4.10)

1
oy (xo,w,t) — exp {xo e tw+ 5(1 — e w2}
as V — oo, completing the proof.
The next corollary is immediate from Theorem 4.1.

Corollary 4.1. For any xg, z € (—00,00), let m =V +ny(xg) and n =V + ny(x).
Then

1%
\/ EpQV:mn(t) — g(wg,w,t) as V — oo

forallt, t > 0.

o0

Corollary 4.1 may be seen alternatively in the following manner. Let (H,,(z)) be

§=0
the set of Hermite polynomials defined by the Rodrigues formula

i@ =% 1y () (%), 520 (411)
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where
o0 7:2
/ % H,(2) Ho, () da = 6 v/37 . (4.12)
The classical decomposition theorem, see e.g. Magnus, Oberhettinger and Soni [12],

states that

1 _ (w—y2)? J
e —e__ZHe] H,, );. (4.13)
Applying (4.13) to (0.2), one finds that
—TT e T
H8 4.14
g(anx T \/— o n J?O (J?) n! ( )

From (1.22), (2.6) and Lemma 3.1, one obtains that

Vvt = [ L )JZ_% (%) Jstm sy (415)

It is known, see e.g. Szegd [17], that

i (Yoo = o i (2 Y = ),

The first factor \/gg;,) in (4.15) converges to e_%/ﬁ as V — oo from Starling
formula and Corollary 4.1 follows.

It is natural to expect that a first passage time of {Xy(¢) : ¢t > 0} also converges
in law to the corresponding first passage time of { Xou(t) : t > 0} as V — oo, which

we prove next.

Theorem 4.2. Letm andn be as in Corollary 4.1. Let Ty (y)r(n) = inf {7 : Xy (1) = r(n)
| Xv(0) =r(m)} and Ty, = inf{7: Xou(r) =2|Xou(0) =x0}. Then Ty(m)r(n)

converges in law to Ty, » as V — oo.

Proof. Let l(zg,2,7) = LP[Ty,o < 7] with Mzo, 2, s) = / e *Tl(zg,x,7)dT =
0

E [e *Tw0=]. From the consistency relations, one sees that

g(xo, x,7) =/ Wz, x, 7 —y) g(z,2,y) dy. (4.16)
0
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Taking the Laplace transform on both sides of (4.16) with respect to 7 and solving for
Ao, x, 8), it follows that

7('2:0) Z, S)

V@ zs) (4.17)

)\(an Zz, S) =
For the counter part of (4.16) for the Ehrenfest process {Nay (t) : t > 0}, one has
t
povnn(t) = [ St =) avnn0) dy (4.18)
0
where s, (7) = (f—TP [T < 7] with Ty = ir;g {Nay (t) = n|Nay(0) =m}. Let

Tmn(8) = / e Tpov.mn(T)dT and oppn(s) = / e T Sn(r)dr = E[e T ].
0 0
Corresponding to (4.17), Equation (4.18) then yields that

Tmn (s %Wmn(s)
Omn(8) = mn(s) = \/7 (4.19)

7Tnn(3) \/gﬂnn(s) .

Hence from (4.17), (4.19) and Corollary 4.1, one has o, (s) — A(zo,x, s) as V — o0,
i.e. Ty, converges in law to T, » as V — oo. It is clear that Ty, = Ty (m)r(n) almost

surely, completing the proof.

Similarly, we can prove that the historical maximum defined in (2.9) also converges in

law to that of the O-U process.

Theorem 4.3. Let m be as in Corollary 4.1. Let M (r(m),0) = Jnax {Xv()|Xv(0) =7r(m)}
and M (xg, 0) = Orgtaécg{XOU ()| Xou(0) = z¢ }. Then M(r(m), 9_) _converges in law to
M(zo0) as V — 00.

Proof. For the O-U process, for x > xq, one sees that Fy, g(x) = P[M (z0,0) < z] =

P[Tyy,2 > 0] = Sg0,2(0). Hence

0 if r<axp
Froo()=q _ (4.20)
Sf(),f(o) if = Z X0,

def.

where Su,.,(0) = ii90§x0,10+A(9) = P[Xou(r) <zp, 0<7<0| Xou(0) =20].

The theorem then follows from Theorem 4.2 and (2.11).

Remark 4.1. Using (4.17), Keilson and Ross [11] tabulate distribution functions of

first passage times of {Xou(t) : t > 0}. Their approach, however, involves elaborate
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zero searches on the complex plane for each value of xg and = separately. As we will see
in the next section, our approach enables one to mechanize the underlying procedures
once zeros of orthogonal polynomials are found. Because of this mechanization, the

distribution of the historical maximum can also be computed efficiently.

5. Development of Algorithms and Numerical Results

We have seen that, when the initial state is arranged approximately, the stochastic
process Xy (t) derived from the Ehrenfest process Nay (t) converges in law to the O-
U process Xou(t) as V. — oo for all ¢ > 0. First passage times and the historical
maximum of {Xy(t) : t > 0} also converges in law to those of {Xou(t) : ¢ > 0}. In
this section, we develop numerical algorithms for computing transition probabilities,
first passage times, and the historical maximum of {Xy (¢) : ¢ > 0} based on the theo-
retical results discussed in the previous sections. Numerical results are also exhibited,
demonstrating the accuracy and efficiency of these algorithms.

Before going into the discussion of numerical algorithms, it is appropriate to summa-
rize state conversions among {Noy (t) : t > 0}, {Xv (t) : t > 0} and {Xou(t) : t > 0},
see Table 5.1 below. We note that when the state of {Nay (t) : ¢ > 0} moves from 0 to
2V, the state of { Xy (t) : t > 0} moves from —v/2V to V2V,

TABLE 5.1: State Conversions

Process state conversion State Space
reR—-meN meN —-zeR
Noy (¥) m=ny(z)+V m N =1{0,1,...,2V}
Xv(t) = J2Nv() - VAV | \[Zav(@) | r(m) = \[Em - VAV | (-V2V, .. VOV}
Xou(t) x x =r(m) R = (—00,)

Remark : ny(x) = { %x]

5.1. Transition Probabilities and Tail Probabilities

Given zg,x,t and V, the transition probability pey.m.(t) can be computed by

employing the state conversion in Table 5.1 and the discrete convolution algorithm
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based on (1.11). Formally one has from (1.11),

P2v:mn (t) = Z am,r(t) bm,n—r(t) (51)
r=0
where
() = (2";’”> FO? g0 buelt) = (T) Fergn. (5:2)

From (4.2) and (5.1), the transition probability density function of {Xou(t) : ¢t > 0} is

then given by

gV(mv n, t) = \/gpQV:mn (t) (53)

where

m=ny(zo) +V; n=nv(x)+V with ny(z)= { %x—‘ . (5.4)

Accordingly, gy (m,n,t) approximates g(zg, x,t) of (0.2) through the state conversion
determined by (5.4).

In Figure 5.1, values of g(xg,z,t) — gv(m,n,t) are plotted for zp = 0, —5 <
r <5 t=1,and V = 10,20, 30,40, 45,47,48, 49, 50, demonstrating the stochastic
convergence of Xy (t) to Xou(t). We see that differences among gy (m,n,t) for 45 <
V < 50 are almost negligible. Figure 5.2 exhibits graphically g(zo,z,t) represented
by solid curves and gy (zo,z,t) marked by +,0,% for t = 1,3,5 respectively with
20=0, —5<x<5, and V =50. For tail probabilities of g(xo, x,t) with respect to
z, we define

G(xo,x,7) = /OO 9(xo,y,T) dy. (5.5)

Values of G(x¢, x, T) can be computed fairly accurately with speed using the Laguerre
transform. The reader is referred to Sumita [13], where 12 digit accuracy was achieved
for such computations. More readily accessible references are Sumita and Kijima [15,
16]. In order to approximate G(z,z, ), a Simpson’s method is employed, i.e.

2V -1

— 1

Gy(m,n,7) = B} Z {P2vimk (T) + P2vim k+1(7)} + P2vim,2v (T) (5.6)
k=n

where the last term represents the approximation for G(xq, v2V, 7). Numerical results
for G(xg,z,7) and Gy (m,n, ) are depicted in Figures 5.3 and 5.4, corresponding to

Figures 5.1 and 5.2.
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V=10

FIGURE 5.1: Difference of Transition Probabilities (zo = 0,t = 1)

FIGURE 5.2: Transition Probabilities : the O-U Process vs the Ehrenfest Process (zg = 0,V = 50)
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x10°
g

-5 -4 -3 -2 -1 0 1 2 3 4 5

FIGURE 5.3: Difference of Tail Probabilities (zo = 0,t = 1)

FIGURE 5.4: Tail Probabilities : the Ehrenfest Process vs the O-U Process (zo = 0,V = 50)
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Algorithmic relationships discussed above are summarized in Table 5.2.

TABLE 5.2: Probability Conversions

Process Transition Probability Tail Probability
Nav (1) Pavamn(t) via (5.1) > vt

Xv (1) = /2N () = VIV || gv (w0, 2.1) = /¥ povma() Gy (m,n,7) in (5.6)
Xou(!) o(0,, 1) Glan.t)= [ gl 1)y

Remark :- m =ny(zg) +V, n=nv(z) +V,
- Pavimn(t) = P [Nay (t) = n| Nay(0) = m ]
- g(zo,z,t) = L£P [ Xou(t) < z| Xou(0) = 2]

o 1 (I—Ig e_t)
T Vo P {‘72@—'3—%) }
5.2. Zeros of Orthogonal Polynomials for the Ehrenfest Process

In order to evaluate the first passage time densities s, (7) = LP[T)p, < 7], m < n,
with corresponding Laplace transforms o, (s) = o (s)-- ot [ (s) = gm(s)/gn(s)
from (2.7), the zeros of g,(s) are needed. These zeros in turn enables one to evaluate
the corresponding survival functions and the distribution of the historical maximum.
For the Ehrenfest process, the zeros of g,(s) are related to those of h,(s) as specified
in Theorem 3.1 and the computational burden can be reduced by a factor of 4. More

specifically, one can write

h2m(3) = Z W2am,2; 52ja m 2> Oa
=0 (5.7)

2j+1
hom+1(s) = E Wom+1,2j4157 ", m >0,
j=0

since hop,(s) is an even function and hop,+1(s) is an odd function from Theorem 3.1.

It then follows from (3.3), for m > 0, that

2 1
Wam,0 = —m (m - 5) W2m—2,0,
2

1 .
Wam,25 = m W2m—1,25—-1 — (m - 5) w2m—2,2j} , J=1..,m—1,
2

Wom,2m = W2m—1,2m—1,
2(V—m)+1

(5.8)
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and
Wom,25 — M W2am—1,25+1
W2m+1,2j+1 = % : , 7=0,...,m—1,
-m (5.9)
Wom,2m
W2m+1,2m+1 = )
V—m

where ho(s) = wo,0 = 1.

We note that hon,+1(0) = 0 for m > 0. Furthermore, h,(s) = 0 if and only if
hn(—s) = 0 for all n > 0. Hence for both ho,,(s) and hoyn,11(s), it suffices to search
m zeros in (0, 00). For h,(s) with 1 < mn < 4, the zeros can be obtained explicitly by
solving the underlying equations. For higher values of n, a straightforward bisection
method can be employed by exploiting the fact that zeros of h,41(s) interleave those
of hyp(s). Let &,; (0 < j <n—1) be zeros of hy,(s). For notational convenience, let

—a; (0 <j<n—1) be zeros of g,(s). From Theorem 3.1, one then has

nj =V —&nj, 0<j<n—1 (5.10)

5.3. First Passage Times and the Historical Maximum

Let Tv.mn (M < n) be the first passage time of the Ehrenfest process { Nay (¢) : t > 0}
with probability density function sy ..,.(7) and its Laplace transform oy ., (s). Since

OVimn(8) = 0., (s) o7, _1(s), one has from (2.7) that

m—1 n—1
oonls) _]:[0 (s + am;) _]:[0 Qinj
ov.mn(s) = gm(s) = Cmni__li; Cmn = ;;17 (5.11)
[T (s + an ) [T om;
j=0 7=0

As shown in Theorem 3.10 of Sumita and Masuda [14], sy.mn(7) is unimodal expressed
as convolutions of completely monotone density functions. Since oy ., (s) is regular

apart from singular points —a, j, 0 < j <n —1, Equation (5.11) can be rewritten as

m—1
. I (1 - 2)
UV:mn(S) = Z AV:mn:ji; AV:mn:k = = (512)
o s+ Olnj nﬁl (1 _ M)
i=0g#k
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In real domain, Equation (5.12) leads to the probability function sy ... (7) and its

o0
survival function Sy ., (7) = sv.mn(y) dy given as
T
n—1 n—1
SV:mn(T) = Z Amn:j : Oane_o‘n'ﬂ-; SV:mn(T) = Z Amn:je_an'j‘r- (513)
j=0 j=0

Since Ty .y for {Nay (1) : 7 > 0} is, sample-path-wise, equal to T (n)r(n) for {Xv (7) : 7 > 0},
8V.mn (T) and Sy (7) provides approximations for s, »(7) and Sy, (1) of {Xou(7) : 7 > 0}
from Theorem 4.2 with m and n as specified in Table 5.1. For zg = 0 and = =

0.5, 1.0, 1.5, 2.0, Figure 5.5 depicts sy .mn(7) with state conversion specified in Table

5.1, approximating $z,,(7) with expected unimodality. Corresponding survival func-

tions are plotted in Figure 5.6.

251

15

x=0.5

x}1.0
0.5

x=1.5

FIGURE 5.5: First Passage Time Density Functions (V' = 50)

Let M (xo,6) be the historical maximum of {Xoy(7): 7 > 0} in the time interval
[0,6]. As in (4.20), its distribution function Fy,¢(z) has a dual relationship with
the survival function S, . (). Hence F,, ¢(z) can be approximated by Fy..e(n) =
Sv.mn(0) for xg < z, which implies m < n. When & = xg, Su,..(0) = iil—l}o Srozotn(6)
can be approximated by Sy.,,(0) = Fyume(m + 1). With m = nyv(z0) + V, and
n = nv(x) + V, Sv.mn(0) can be computed from (5.13). In Figure 5.7, Fy.me(n)
are plotted for g = 0, § = 1,3,5, and V = 50, where the stochastic ordering

Tor < Tos < Tos is observed as expected.
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FIGURE 5.6: Survival Functions of First Passage Times (V = 50)

0.8

time interval [07

0.7

time interval [0,3]

time ipferval [0,5]
0.4

0.3

FIGURE 5.7: Distributions of the Historical Maximum (V =50, o =0, § =1, 3,5)
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