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Introduction and results.

This paper is a continuation of the previous note [T2] where we studied a class of
degenerate boundary value problems for second-order elliptic differential operators
and proved that this class of boundary value problems generates analytic semigroups
both in the L? topology and in the topology of uniform convergence. The purpose
of this paper is to extend these results to the elliptic integro-differential operator
case.

Let D be a bounded, convex domain of Euclidean space R, with C* boundary
0D:; its closure D = D U 0D is an N-dimensional, compact C°*° manifold with
boundary.

Let W be a second-order, elliptic integro-differential operator with real coeffi-
cients such that

Wu(z) = Au(x) + Su(z)

N

= | X g @)+ Y ) @) + cloule)

4,J=1

Here:
(1) a¥ € C=(D), a” = a’* and there exists a constant ag > 0 such that

N
Y ai(2)&&; > aolé, z €D, (RN
ij=1
(2) b € C>=(D).
(3) ce C®°(D),and ¢ <0in D but ¢ Z0 in D.
(4) s€ C(DxRY)and 0 < s <1in D x R, and there exist constants Cy > 0
d

and 0 < 6y < 1 such that

|s(z,2) — s(y,2)| < Colz —y|”, =x,y€D, zeRY,
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and
s(r,2)=0 ifz+z2¢D. (0.1)

Condition (0.1) implies that the integral operator S may be considered as an oper-
ator acting on functions u defined on the closure D (see [G-M, Chapter II, Remark
1.19)).

(5) The measure m(dz) is a Radon measure on R™ \ {0} such that

/ 1212 m(dz) +/ 12| m(dz) < . (0.2)
e1<1) {2151}

The operator W is called a second-order Waldenfels operator. The differen-
tial operator A is called a diffusion operator which describes analytically a strong
Markov process with continuous paths in the interior D. The integral operator S is
called a second-order Lévy operator which is supposed to correspond to the jump
phenomenon in the closure D (cf. [B-C-P], [T1]).

Let L be a first-order, boundary condition with real coefficients such that

ou

Lu(a) = p(z') 5= (2") + (@ )u(’).

Here:

(1) p € C*(0D) and p > 0 on OD.
(2) vy € C>*(0D) and v < 0 on 9D.
(3) n = (n1,n2,...,ny) is the unit interior normal to the boundary 9D.

The boundary condition L is called a first-order Ventcel’ boundary condition.
The terms pdu/0On and yu of L are supposed to correspond to the reflection phe-
nomenon and the absorption phenomenon, respectively.

Our fundamental hypothesis is the following:

(H) p(z") —~v(2') > 0 on 9D.

The intuitive meaning of hypothesis (H) is that either the reflection phenomenon
or the absorption phenomenon occurs at each point of the boundary 0D.

The first purpose of this paper is to prove an existence and uniqueness theorem

for the following nonhomogeneous boundary value problem in the framework of

Holder spaces:
{ Wu=f in D,

_ (%)
Lu=¢ ondD.

The crucial point is how to define a version of Holder spaces in which problem ()
is uniquely solvable.

We introduce a subspace of the Holder space C**t?(0D), 0 < # < 1, which is
associated with the boundary condition L in the following way: We let

C(0D) = {¢p = pp1 —vp2 - p1 € C'(OD), ¢y € C*M(0D)},

and define a norm

lcr+oapy = inf {|¢1]c1+aap) + [@2lo2+o@p) ¢ = o1 — vz} -
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Then it is easy to verify that the space C’i’LO(@D) is a Banach space with respect
to the norm | - | CI+9(9D)- We remark that the space C1%(9D) is an “interpolation

space” between C2+(9D) and C**(9D). More precisely, we have

C1t%(0D) = C?**9(0D) if p =0 on OD,
C1t%(0D) = C'*9(dD) if u >0 on OD.

Now we can state our existence and uniqueness theorem for problem (x):

Theorem 1. If hypothesis (H) is satisfied, then the mapping
(W, L) : C**%(D) — C%(D) @ C1 ™ (dD)

is an algebraic and topological isomorphism for all 0 < 6 < 6y. In particular, for
any f € C%(D) and any ¢ € C1T (D), there exists a unique solution u € C**?(D)
of problem (x).

As an application of Theorem 1, we consider the problem of existence of Markov
processes in probability theory. To do so, we let

M ={2" € 9D : u(z") =0}.

Then, in view of condition (H) it follows that the boundary condition Lu = 0 on
0D includes the condition © = 0 on M. With this fact in mind, we let

Co(D\M)={ueC(D):u=0o0n M}.

The space Co(D \ M) is a closed subspace of C'(D); hence it is a Banach space.
A strongly continuous semigroup {T}}¢>¢ on the space Co(D \ M) is called a
Feller semigroup on D\ M if it is non-negative and contractive on Co(D \ M):

feCy(D\M),0<f<1 onD\M = 0<T;f<1 onD\M.

It is known (cf. [T1, Chapter 9]) that if T} is a Feller semigroup on D \ M, then
there exists a unique Markov transition function p; on D \ M such that

T,f(x) = / pe(e,dy)f (), f € Co(D\ M),

D\M

and further p; is the transition function of some strong Markov process.
We define a linear operator W from Cy(D \ M) into itself as follows:

(a) The domain of definition D(W) is the set
DW) ={ue C*(D)NCo(D\ M) : Wu € Cy(D\ M), Lu=0}.

(b) Wu = Wu, u € D(W).
The next theorem is a generalization of Theorem 4 of [T2] to the integro-
differential operator case:
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Theorem 2. If hypothesis (H) is satisfied, then the operator W is closable in the
space Co(D\ M), and its minimal closed extension YV is the infinitesimal generator
of some Feller semigroup {T;}+>0 on D\ M.

Theorem 2 asserts that there exists a Feller semigroup on D\ M corresponding to
such a diffusion phenomenon that a Markovian particle moves both by jumps and
continuously in the state space D\ M until it “dies” at the time when it reaches the
set M where the particle is definitely absorbed (cf. [K, Theorem 5.2], [S, Theorem
2.2], [G-M, Chapter VIII, Theorem 3.3]).

The second purpose of this paper is to study problem (x) from the point of view
of analytic semigroup theory in functional analysis. The forthcoming two theorems
generalize Theorems 2 and 3 of [T2] to the integro-differential operator case.

First we state a generation theorem of analytic semigroups in the the L? topology.
To do so, we associate with problem (x) a unbounded linear operator W,, from LP(D)
into itself as follows:

(a) The domain of definition D(W),) is the set
D(W,,) = {u € H**(D) : Lu=0}.

(b) Wpu = Wu, u € D(W,).

Then we can prove the following:
Theorem 3. Let 1 < p < co. Assume that hypothesis (H) is satisfied. Then we
have the following:

(1) For every e > 0, there exists a constant r,(g) > 0 such that the resolvent set
of W, contains the set X,(c) = {A =12 :r >ry(e),—m+e<I<m—c}, and
that the resolvent (W, — XI)~! satisfies the estimate

l(W, =AD7| < CTﬁT), A€ (o), (03)

where c,(€) > 0 is a constant depending on .

(i) The operator W, generates a semigroup e*V» on the space LP(D) which is
analytic in the sector A, = {z=t+is:z#0,|argz| <7/2—¢} for any 0 < e <
/2.

Secondly we state a generation theorem of analytic semigroups in the topology
of uniform convergence. We introduce a linear operator 20 from Co(D \ M) into
itself as follows:

(a) The domain of definition D(2J) is the set
D(W) = {u € Co(D\ M)NH*?(D): Wu € Co(D\ M), Lu=0}.

(b) Wu = Wu, u € D(20).
Here we remark that the domain D(20) is independent of N < p < oo (see the proof
of Lemma 4.2).

Then Theorem 3 remains valid with L?(D) and W), replaced by Co(D \ M) and
20, respectively:
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Theorem 4. If hypothesis (H) is satisfied, then we have the following:

(i) For every e > 0, there exists a constant r(g) > 0 such that the resolvent set
of 2 contains the set X(e) = {A =12 :r > r(e),—m+e <9 <7 —c}, and that
the resolvent (20 — A\I)~! satisfies the estimate

-1 c(e)
1(20 — AT) HSW’ re X(e), (0-4)
where c¢(e) > 0 is a constant depending on e.

(ii) The operator 20 generates a semigroup e** on the space Co(D \ M) which
is analytic in the sector A. = {z =t+1is:z#0,|argz| <7/2—¢} for any 0 <
e< /2.

Theorems 3 and 4 express a reqularizing effect for the parabolic integro-differen-
tial operator 0/0t —W with homogeneous boundary condition L (cf. [G-M, Chapter
VIII, Theorem 3.1)).

The rest of this paper is organized as follows. In Section 1 we study problem
(*) in the framework of Holder spaces, and prove Theorem 1. The essential point
in the proof is to estimate the integral operator S in terms of Hoélder norms. We
show that the operator (W, L) may be considered as a perturbation of a compact
operator to the operator (A, L) in the framework of Holder spaces. Thus the proof
of Theorem 1 is reduced to the differential operator case which is studied in detail
n [T2]. Section 2 is devoted to the proof of Theorem 2. The proof is based on a
version of the Hille-Yosida theorem in semigroup theory in terms of the maximum
principle. In Section 3 we prove Theorem 3. We estimate the integral operator S
in terms of L? norms, and show that S is an A,-completely continuous operator in
the sense of Gohberg and Krein [G-K]. Section 4 is devoted to the proof of Theorem
4. Theorem 4 follows from Theorem 3 by using Sobolev’s imbedding theorems and
a A-dependent localization argument, just as in [T2].

1 Proof of Theorem 1.
(I) First we prove Theorem 1 in the case where S = 0:

Theorem 1.1. If hypothesis (H) is satisfied, then the mapping
(A, L): C**(D) — ¢?(D) @ C;?(0D)

1$ an algebraic and topological isomorphism for all 0 < 6 < 1.

Proof. The proof is divided into four steps.
(i) Let (f, ¢) be an arbitrary element of C?(D) @C}fe(aD) with ¢ = upr —yps.
First we show that the boundary value problem

Au=f in D,
{ (%)
Lu=¢ ondD

can be reduced to the study of an operator on the boundary.
To do so, we consider the following Neumann problem:

{Av:f in D,
%zgpl on 0D.
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Recall that the existence and uniqueness theorem for problem (V) is well established
in the framework of Hoélder spaces (see [G-T, Theorem 6.31]). Thus we find that
a function u € C?T%(D) is a solution of problem (x) if and only if the function
w=u—v € C?**?(D) is a solution of the problem:

Aw =0 in D,
Lw=¢—Lv ondD.

Here we remark that

ov
Lv:ua—n+vv=us@1 + v,

so that
Lw = —v(pa +v) € C*T0(0D).

However we know that every solution w € C?*9(D) of the homogeneous equation:
Aw = 0 in D can be expressed as follows (see [G-T, Theorem 6.14]):

w="Py, e C?*T?OD).
Thus one can reduce the study of problem (xx) to that of the equation
Ty = LPyY = —y(p2 +v) on dD. (+)

More precisely we have the following:

Proposition 1.2. For functions f € C°(D) and ¢ € C1T°(OD), there exists a
solution uw € C?**0(D) of problem (xx) if and only if there exists a solution 1) €
C?T9(0D) of equation (+).

(ii) We study the operator 7" in question. It is known (cf. [H, Chapter XX]) that
the operator

0
T = LPY = 5 (PY) + i

is a first-order, pseudo-differential operator on the boundary 0D.
The next proposition is an essential step in the proof of Theorem 1.1:

Proposition 1.3. If hypothesis (H) is satisfied, then there exists a parametrix E
in the Hormander class LY 1/2(8D) for T which maps C*+%(0D) continuously into

itself for any integer k > 0.

Proof. By making use of Theorem 22.1.3 of [H, Chapter XXII] just as in [T2,
Lemma 4.2], one can construct a parametrix E in the Hérmander class L(l”l /2(0D)
for T':

ET=TE=1 mod L™>°(0D).

The boundedness of E : C*t%(0D) — C*+%(0D) follows from an application of [B,
Theorem 1], since C*+%(9D) = BEfY (D). O

(iii) We consider problem (xx) in the framework of Sobolev spaces of LP style,
and prove an LP version of Theorem 1.1.
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If £ is a positive integer and 1 < p < 0o, we define the Sobolev space

H*P?(D) =the space of (equivalence classes of) functions
u € LP(D) whose derivatives D%u, |a| < k, in the

sense of distributions are in LP(D),
and the Besov space

B*=1/PP(9D) = the space of the boundary values ¢ of functions
u e H"P(D).

In the space B¥~1/PP(9D), we introduce a norm

|30‘Bk—1/P;P(8D) = inf ||uHHk’p(D) ’

where the infimum is taken over all functions u € H*P(D) which equal ¢ on the
boundary dD. The space B*~1/PP(9D) is a Banach space with respect to this
norm | . |Bk—1/p,p(8D) (Cf [B—L])

We introduce a subspace of B'~Y/P?(9D) which is an LP version of C}"?(8D).
We let

B} /P?(8D) = {so = pp1 — Y2 :
01 € BYYPP(OD), oy € B2_1/p’p(8D)},

and define a norm
|90‘B§‘1/P*P(ap) = inf {|901|B1—1/P7P(8D) + |902|B2—1/P7P(8D) CP = pPr — 7902} :

Then it is easy to verify that the space Bé_l/ PP(9D) is a Banach space with respect

to the norm | - |Bl_1/p,p(aD).
L

Then, arguing just as in the proof of [T2, Theorem 1] we can obtain the following
LP version of Theorem 1.1:

Theorem 1.4. If hypothesis (H) is satisfied, then the mapping
(A, L) : H**(D) — L”(D) ® B} "/"?(0D)

18 an algebraic and topological isomorphism.

(iv) Now we remark that

C?(D) c LP(D),
C+%(oD) c By /PP (aD).
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Thus we find from Theorem 1.4 that problem (k%) has a unique solution u €
H??(D) for any f € C%(D) and any ¢ € CLT(dD). Furthermore, by virtue
of Proposition 1.2 it follows that the solution v can be written in the form

w=v+Py, veC*D), v e BXYPPHD).
However, Proposition 1.3 tells us that
¥ € C*H(0D),

since we have ¢ = E(TvY) = —FE (v(p2 +v)) mod C*°(dD).
Therefore we obtain that

u=v+ P C*TD).
The proof of Theorem 1.1 is complete. [

(IT) Next we study the integral operator S in the framework of Holder spaces.
To do so, we need the following elementary estimates for the measure m(dz):

Claim 1.5. Fore >0, we let

ol = 212 m(dz ,
(e) /{ P
5(c) = /{ )

T(e) = m(dz).
(e) /WE} (d2)

Then we have, as ¢ | 0,

o(e) — 0, (1.1)
5(e) < % + (s, (1.2)
7(e) < % + Cy, (1.3)

where

01:/ 22 m(dz), 02:/ 12| m(d2).
{l=1<1} {lz|>1}

Proof. Assertion (1.1) follows immediately from condition (0.2).
The term J(g) can be estimated as follows:

S@= [ felm@)+ [ emidz)
{[z1>1} {e<|z|<1}
g/ \z\m(dz)+1/ 22 m(d2)
{Iz1>1} & Je<lzI<1}

§/ \z\m(dz)#—l/ 2|2 m(dz).
{I=[>1} € J{lz<1}

The term 7(¢) is estimated in a similar way. O

By virtue of Claim 1.5, we can estimate the term Su in terms of Holder norms,
just as in [G-M, Chapter II, Lemmas 1.2 and 1.5]:
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Lemma 1.6. For every n > 0, there exists a constant C,, > 0 such that we have,
for all uw € C?*(D),

1Sulloe < nllVZulloo + Cy ([[ulloo + [[Vt]loo) -
Here
[ul|oo = sup |u(z)].

€D

Lemma 1.7. For every n > 0, there exists a constant C,, > 0 such that we have,
for all u € C**+% (D),

[Sull ooy < MlIVZull oo ) + Cn (Il s @) + IV ulleon ) ) -

Here fu(z) — u(y)|
_ _ Julr) — uty)l
Jull ooy = ko + [l fuls, = sup 2=

Ay

(IIT) End of Proof of Theorem 1. First, Theorem 1.1 implies that
ind (A, L) = 0.

On the other hand, Lemma 1.7 tells us that the operator S maps C?7% (D) con-
tinuously into C% (D). Hence it follows from an application of [B-C-P, Théoreme
XXII] that S is a compact operator from C?T?(D) into CY(D) for all 0 < 6 < 6.
This implies that the operator (W, L) is a perturbation of a compact operator to
the operator (A, L).
Hence we find that
ind (W, L) =ind (A, L) = 0.

Therefore, in order to show the bijectivity of (W, L) it suffices to prove its injec-
tivity: o
{ u € C*9(D),Wu=0in D, Lu =0 on 9D
— u=0in D.

However, this is an immediate consequence of the following mazimum principle:

Proposition 1.8. If hypothesis (H) is satisfied, then we have:

{uEC’Q(E),WuZOinD,LUZOOn@D
= u<0onD.

Proof. If u is a constant m, then we have 0 < Wu = mc in D. This implies that
u = m is non-positive, since ¢ < 0 and ¢ #Z 0 in D.

Now we consider the case where u is not a constant. Assume to the contrary
that:

m = max u > 0.
D
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Then, applying the strong maximum principle (see [B-C-P, Théoréeme VIIJ) to the
operator W we obtain that there exists a point z{, of 9D such that

{ u(xp) = m,

u(x) <u(zy) forall z € D.

Furthermore it follows from an application of the boundary point lemma (see [B-
C-P, Théoreme VIII]) that
ou, ,

6—n(x0) < 0.
Hence we have
p(xg) =0, ~(zp) =0,
since Lu(xz() > 0. This contradicts hypothesis (H). O

The proof of Theorem 1 is now complete. [J

2 Proof of Theorem 2.
The proof of Theorem 2 is based on the following version of the Hille-Yosida theorem
in terms of the maximum principle (see [B-C-P, Théoreme de Hille-Yosida-Ray]):

Theorem 2.1. Let A be a linear operator from the space Co(D \ M) into itself,
and assume that:

(a) The domain D(A) is dense in the space Co(D \ M).

(B) For any u € D(A) such that supu > 0, there exists a point x € D\ M such
that u(x) = supu and Au(zx) < 0.

(7) For all a > 0, the range R(A — al) is dense in the space Co(D \ M).

Then t@ operator A is closable in the space Co(D \_M), and its minimal closed
extension A generates a Feller semigroup {T}}i>0 on D\ M.

Proof of Theorem 2. We have only to verify conditions («), (8) and () in
Theorem 2.1 for the operator W.
() We obtain from Theorem 1 (and its proof) that the mapping

(W —a, L) : C**(D) — C’(D) @ C;%(0D)

is an algebraic and topological isomorphism for all & > 0. This verifies condition
(7), since the range R(W — al) contains the space C%(D) N Cyo(D \ M) which is
dense in Co(D \ M).

(B) First let xg be a point of D such that u(zg) = supu. Then it follows from
an application of [B-C-P, Théoreme V] that

Wu(zo) = Wu(zg) <O0.
Next let z(, be a point of 9D \ M such that u(xz)) = supu. Assume to the

contrary that
Wu(zg) = Wu(zg) > 0.
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We have only to consider the case where u is not a constant. Then it follows
from an application of the boundary point lemma that (Ou/0n)(z{) < 0. Hence we
have

ﬂ(xé)) =0,
since Lu(z() = 0. This contradicts the hypothesis: z(, € 0D\ M, that is, u(zg) > 0.

(a) The density of the domain D()V) can be proved just as in the proof of [T2,
Theorem 8.20], by using [B-C-P, Proposition I11.1.6].
The proof of Theorem 2 is complete. []

3 Proof of Theorem 3.
The next theorem, which is a generalization of [T2, Theorem 6.1] to the integro-
differential operator case, proves Theorem 3:

Theorem 3.1. If hypothesis (H) is satisfied, then, for every 0 < e < 7/2, there
exists a constant rp(e) > 0 such that the resolvent set of W), contains the set X)(e) =
A=r2 :r >r,(e),—m+e <9 <7 —c}, and that the resolvent (W, — X\I)~!
satisfies estimate (0.3).

Proof. The proof is divided into three steps.
(i) We show that there exist constants r,(¢) and ¢, (e) such that we have, for all
X = r2e' satisfying r > rp(e) and —m+¢e <9 <7 +e,

[ula,p + N2 [ulp + A [Jullp < ()| (W, = Al (3.1)

Here
HUHp = HUHLP(D)7 \U|1,p = HVUHLP(D), \U|2,p = ||V2UHLP(D)-
First we recall (see [T2, formula (6.2)]) that estimate (3.1) is proved for the
differential operator A:

[ulzp + A2 July + A ully < e ()Il(Ap = ADull,. (3.2)

Here the operator A, is a unbounded linear operator from LP(D) into itself defined
by the following:

(a) The domain of definition D(A,) is the set
D(A,) = {ue H*?(D): Lu=0}.

(b) Apu = Au, u € D(A,).
In order to replace the last term ||(A4, — A )u||, by the term ||(W, — AI)ul|,, we
need the following LP-estimate for the operator S:

Lemma 3.2. For every n > 0, there exists a constant C,, > 0 such that we have,
for all uw € H*?(D),

HSUHP < 77‘U|2,p + 077 (

ullp + ul1p)- (3.3)

Proof. We decompose the term Swu into the following three terms:

Su(z)
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1
:/ (l—t)dt/ z-V2u(x + t2)z s(x, z) m(dz)
0 {lz|<e}

w(x + z) —u(x))s(x, z) m(dz) — z-Vu(x) s(x, z) m(dz
+/{|Zl>€}<<+> ())s( ><>/{ (¢) s(z. 2) m(d2)

|z1>¢}
= S1u(x) + Sou(x) — Ssu(z).

First we estimate the LP” norm of the term Ssu. By using estimate (1.2), we
obtain that

< d(e) |Vu(z)| < (% + 02) |Vu(x)|.

/ z - Vu(x) s(z, z) m(dz)
{lzI>¢}

Hence we have the LP estimate of the term Ssu:
Cq
Isaul, < (£ 4 ) 19l

Secondly we have

[ sostmian) < (S ca) o,

Furthermore, by using Hoélder’s inequality and Fubini’s theorem we obtain from
condition (0.1) that

o
< /RN </{|Z|>E} lu(z + 2)| s(x, 2) m(dz))pda:
< /RN </{|Z|>E} lu(z + 2)|Ps(z, z)Pm(dz)> </{|Z|>E} m(dz))p/q dz

eyt [ [ e st 2 m(dz) da
=l [ (L e st ) miaz)

< 7(e)P/4 </D \u(y)\pdy) (/{|Z|>s} m(d2)>

= 7(e)P[lull3-

p

dx

/ u(x + z) s(x, z) m(dz)
{lzI>¢}

By estimate (1.3), we have the L? estimate of the term Sou:

C
20l < (5 + )l



DOUNDARY vALUL FRUDLENMS FOR IN1TEGRO-DIFFERENTIAL OFiALTORS 1o

Similarly, by using Hélder’s inequality and Fubini’s theorem we find that

L
< /RN </01 dt/{MSE} 2PV + £2)] s(a, 2) m(dz))pdx
< /RN /01 dt </{|z|s5} |z|2|v2u(x+tz)\Ps(x,z)Pm(dz)>
: </{|z|sa} z2m(dz)>p/q dw
= o(e)P/d /RN /01 dt </{|z|§s} |22 V2u(x + t2)|P s(x, 2)P m(dz)) dx

_ a(g)p/Q/Ol dt/ﬂZlSE} 122 (/RN |v2u(x+tz)\ps(x,z)pdx) m(dz)
S”“VM<KJV%MMHW)(Augd”Pm“”>
<oy ([ It an).

Hence we have the LP estimate of the term Sju:

p

dx

11—tdt 2 - Viu(x +t2)z s(z, z) m(dz
Ja-o A%ﬂ (¢ +£2)2 s(z, 2) m(d2)

1Svully < a(e) [IV2ull,.
Summing up, we have proved that
[Sully < [[S1ullp 4+ || S2ullp + | Ssullp

C C
< o(6)luap + (24 o) ol + (S +Co)

In view of assertion (1.1), this proves estimate (3.3) if we choose ¢ sufficiently

small. O

Since we have

(A= Nu= (W = Xu— Su,
it follows from estimate (3.3) that

1(Ap = Nully < [[(Wp = Mullp +nlu

2,0+ Oy (|u

Lp T [lullp) -

Thus, carrying this estimate into estimate (3.2) we obtain that

2.0+ A2 ul 1+ [\ ull
< & @N(Wp = Mullp + ey (e)|u

|u

2.0 T Cncy(€) (Julrp + llullp) -

(3.4)
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Therefore, the desired estimate (3.1) follows from estimate (3.4) if we take the
constant 7 so small that
nc,(e) <1

and the parameter A so large that
N2> Cel (o).

(ii) By estimate (3.1), we find that the operator W, — AI is injective and its
range R(W, — ) is closed in LP(D), for all A € X),(¢).
We show that the operator W, — Al is surjective for all A € X, (¢):

R(W, — \I) = LP(D), Xe X,(e).
To do so, it suffices to show that the operator W, — AI is a Fredholm operator with
ind(W, —AI) =0, Xe X,(e), (3.5)

since W), — Al is injective for all A € X (e).
In order to prove assertion (3.5), we need the following:

Lemma 3.3. The operator S is A,-completely continuous, that is, the operator
S : D(A,) — LP(D) is completely continuous where the domain D(A,) is endowed
with the graph norm of Ap.

Proof. Let {u;} be an arbitrary bounded sequence in the domain D(A,); hence
there exists a constant K > 0 such that

lusllp < K5 ([ Apuyllp < K.
Then we have, by [T2, estimate (0.1)],
[ujll2p < C ([ Apujllp + [lusllp) < 2CK. (3.6)

Therefore, by Rellich’s theorem one may assume that the sequence {u;} itself is
a Cauchy sequence in the space H''?(D). Then, applying estimate (3.3) to the
sequence {u; — u} and using estimate (3.6), we obtain that

[Su; — Surllp < nluj —ukl2p + Cp ([Juy — ugllp + [uj — uklip)
<AnCK + Cplluj — ug

1,p-

Hence we have
limsup ||[Su; — Su|, < 4nCK.

j,k—o00
This proves that the sequence {Su;} is a Cauchy sequence in the space L”(D),
since n is arbitrary. [

In view of Lemma 3.3, assertion (3.5) follows from an application of [G-K, The-
orem 2.6]. Indeed we have, by [T2, Theorem 6.1],

ind (W, — M) =ind (A4, — AI +S) =ind (4, — \) = 0.

(iii) Summing up, we have proved that the operator W, — AI is bijective for all
A € X, (e) and its inverse (W, — AI)~! satisfies estimate (0.3).
The proof of Theorem 3.1 is now complete. [
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4 Proof of Theorem 4.
The proof is carried out in a chain of auxiliary lemmas.
(I) We begin with a version of estimate (3.1):

Lemma 4.1. Let N < p < oo. If hypothesis (H) is satisfied, then, for every
e > 0, there exists a constant rp(c) > 0 such that if A = r?e™ with r > r,(¢) and
—m+¢e <9 <7 —¢, we have, for all w € D(W,),

\/\\1/2”““01(5) + Mlullem) < (@) A2 (W = Aull,, (4.1)

with a constant Cy(g) > 0.

Proof. First it follows from an application of the Gagliardo-Nirenberg inequality
(see [F, Part I, Theorem 10.1] that

lull oy < ClalYPulliN/P, e HY?(D). (4.2)

Here and in the following the letter C' denotes a generic positive constant depending
on p and &, but independent of v and A.
Combining inequality (4.2) with inequality (3.1), we obtain that

_ N/p _ 1—N
lullo) < © (2100 = Nally) " (N IOV = Aall,)

= CIA[THNZR (W = Null,

so that
Mlullemy < CINNZ2IW = Aull,,  w € D(W)). (4.3)

Similarly, applying inequality (4.2) to the functions D;u € H*?(D) (1 <1i < n)
we obtain that

IVull e < CIVul 2|Vl =7
< ClulyPluli ;"
1-N/p
< C W = Al (1IN = Al )
= CIA|7V2N22) (W = N .
This proves that

A2l en gy < CIANI(W = Nully, € D(W,). (44)

Therefore, the desired inequality (4.1) follows from inequalities (4.3) and (4.4).

(IT) The next lemma proves estimate (0.4):
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Lemma 4.2. Let N < p < oo. If hypothesis (H) is satisfied, then, for every
e > 0, there exists a constant 7(¢) > 0 such that if A\ = r2e” with r > r(¢) and
—m+¢e <Y <7—¢, we have, for all u € D(2]),

INM2[ull s ) + Ml ey < e (28 = Aull o), (4.5)

with a constant c(g) > 0.

Proof. (1) First we show that the domain
D(W) ={ue Co(D\M)NH>?(D): Wu € Co(D\ M), Lu =0}

is independent of N < p < o0.
We let

D, ={ue H**(D)NCy(D\ M) : Wu € Co(D\ M), Lu=0}.
Since we have LP'(D) C LP2(D) for p; > po, it follows that
D,, CDp, if p1 > po.
Conversely, let v be an arbitrary element of D,,:
v e H*P2(D)NCoy(D\ M), WovecCo(D\ M), Lv=0.

Then, since we have v, Wov € Co(D \ M) C LP1(D), it follows from an application
of Theorem 3.1 with p = p; that there exists a unique function u € H?P1(D) such

that
{ (W —=XNu= (W —=Xwv in D,

Lu=0 on 0D,

if we choose \ sufficiently large. Hence we have u — v € H*P2(D) and

{ (W —=XN(u—v)=0 1in D,
Llu—v)=0 on 0D.
Therefore, by applying again Theorem 3.1 with p = ps we obtain that u —v = 0,
so that v = u € H*P1(D). This proves that v € D,,,.
(2) We shall make use of a A\-dependent localization argument in order to adjust
the term [[(WW — A)ul|, in inequality (4.1) to obtain inequality (4.5), just as in [T2].
(2-a) If z(, is a point of dD and if x is a C*° coordinate transformation such that

x maps B(z{,n0) N D into B(0,6) NRY and flattens a part of the boundary 9D
into the plane x = 0, then we let

GO — B($67770) mDa
G' = B(xy,n)N D, 0<n<n,
G" = B(xg,n/2) N D, 0 <n < no.

Here and in the following B(x,n) denotes the ball of radius n about z.
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Similarly, if x( is a point of D and if x is a C°° coordinate transformation such
that x maps B(zg, 7o) into B(0,6), then we let

GO — B($07770)a
G/ = B(-/EOa’r])? 0< n < no,
GH = B({EQ,?’]/Q), 0< Ui < No-

(2-b) We take a function ¢ € C§°(R) such that @ equals 1 near the origin, and
define

p(x) = P(|2'[*) P(an), = (,zn).
Here one may assume that the function ¢ is chosen so that

{ supp ¢ C B(0,1),
o(x) =1 on B(0,1/2).

We introduce a localizing function

T — xo |’ —ng) (xN —t) ,
wo(z,n) = | —— =¢(7 (N0 a = (2, 0).
() < ?7 ) 7 n #0:)

We remark that
{ supp @o C B(zo,n),

wo(z,m) =1 on B(zo,7/2).
Then it is easy to verify the following (cf. [T2, Claim 7.5]):
Claim 4.3. Ifu € D(20), then we have pou € D(W)).

(3) Now let u be an arbitrary element of D(20). Then, by Claim 4.3 we can
apply inequality (4.1) to the function @ou to obtain that

|)\|1/2HU||01(F) + [ Mullc@m < Rik& leoullor @y + 1Al leoull o @
= M2 [lpoullcr py + Al lvoull o)

< O (W = X (900w | 1o ) - (4.6)

(3-a) We estimate the last term [[(W — A)(¢ou)||Lr(p) in terms of the supremum

norm of C(D).
First we write the term (W — \)(pou) in the following form:

(W =X (pou) = @o (W — ANu) + [A, wolu + [S, polu,

where [A, o] and [S, o] are the commutators of A and ¢y and of S and ¢y,
respectively:

[A7 SDO]U = A(SDOU) - QO()AU,
1S, wolu = S(pou) — poSu.

Now we need the following elementary inequality:
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Claim 4.4. We have, for allv e C/(G") (7 =0, 1, 2),
[ollsse (@) < 117 ol ).

where |G'| is the measure of G'.

Since we have, for some constant ¢ > 0,
|G,| < |B(x0777)| S CT,N7
it follows from an application of Claim 4.4 that

o (W = NullLr(py = loo(W — NullLr(ary
< MNP (W = Nl o e
< MNP (W = Nl o) - (4.7)

On the other hand we can estimate the commutators [A, polu and [S, polu as
follows:

Claim 4.5. We have, asn | 0,

1[4 polullLr(py < C (77_1+N/p||UHcl(5) +77_2+N/p’|u||0(5)) ; (4.8)

115, wolullzecoy < C (172 ul ey + 1P ulloy ) (49)

Proof. Estimate (4.8) is proved in [T2, inequality (7.9)].
In order to prove estimate (4.9), we remark that

S(pou)(x)

= / (o + 2)u(z + 2) — po(z)u(z) — 2 - V(pou)(x)) s(z, z) m(dz)
RN\{0}
= wo(z) / (u(z + z) —u(z) — z - Vu(x)) s(x, z) m(dz)
RN\{0}
" < [ (et 2) - ul)zso m<dz>) Viola)
RN\ {0}
[ ol 2) = gale) 2+ Vo(a)) ula + 2) s(a, 2) m(dz)
RN\{0}
= @o(x)Su(z) + </ (u(x + 2) —u(z))z s(x, 2) m(dz)) - Veo(z)
RN\{0}

+ / (o(@ +2) — gol@) — 2 - Vigo(@)) ul + 2) s(z, 2) m(d2).
RN\{0}

Hence we can write the commutator [S, ¢o]u in the following form:

5, polu(z)
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= < [ (uet2) =~ ule)z o, m(dz>) Vipo(a)
RN\{0}

+ / (po(x 4+ 2) — po(x) — 2 - Vipg(x)) u(x + 2) s(x, z) m(dz)
RN\ {0}
= Sél)u(x) + 5Pu(a).
First, just as in Lemma 1.6 we can estimate the term Sél)u as follows:

1 1
1SV ull ooy = 1S ull 2o ()

<2{oMullerm) + oM llullem) ) VeollLrar
(D) (D)

4
<2 (a<n>||ur|01@ n (; n cz) ||ur|c@) IV olloan.

However it follows from an application of Claim 4.4 that

IVeollLrary < C’nN/PHV%HC(@) < C’T’—].-FN/p,
IV2@0ll Loy < CYPIV2 00l oy < O~ 22,
since we have, as n | 0,
Vol =007, [VZpo| = O(n~?).
Therefore we obtain that

15 | ooy < € (n—1+N/PHu||Cl(5) + 77_2+N/p||uHC(5)) . (4.10)

Similarly, arguing as in the proof of Lemma 3.2 we can estimate the term S(()Q)u
as follows:

2
158 ull ooy < Cllull oy V20l Lo
< CHUHC(E) TIN/pHVQSOOHC(@)
< 077_2+N/pH“||C(B)- (4.11)

Thus, the desired estimate (4.9) follows by combining estimates (4.10) and
(4.11). O

Therefore, combining estimates (4.6), (4.7), (4.8) and (4.9) we obtain that
A2l o my + M Hull o

< O (W = N)(pou) 1oy

— O g (W = Au) + [A, ol + S, golull o )

< CAPYP (72 (W = Nl + 17 Pl ey + 172 o)

< O (2 (W = Null gy + 1 VPl s ) + 172 P o) ) -
(4.12)
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(3-b) We remark that the closure D = DUD can be covered by a finite number
of sets of the forms:

{ B($07n/2)7 xOGDa
B(x},n/2)N'D, =z € dD.

Therefore, taking the supremum of inequality (4.12) over € D we find that

A2l ) + M ulleo o)

< CIAN/2op N (H(W — Nl + 1 ullor ) + 77_2”““0@)) - (413)

(4) We now choose the localization parameter n. We let

~No
/)7_ |)\|1/2K7

where K is a positive constant (to be chosen later) satisfying

Mo

0<n= REE

K <o,

that is,
0< K < |\Y2

Then we obtain from inequality (4.13) that

N2 ull oy + Il o)
< Cm PN (W = Nl + (CngP T ETEN) A2l o
+ (Cng P ERTEN) |\ |lul o (1.14)

However, since the exponents —1+ N/p and —2 + N/p are negative, we can choose
the constant K so large that

CpNP KN <
and
Cpl/P 224N/ < 1

Then, the desired inequality (4.5) follows from inequality (4.14).
The proof of Lemma 4.2 is complete. [J

(ITT) The next lemma, together with Lemma 4.2, proves that the resolvent set
of 20 contains the set X(e) = {A =r%e" :r >r(e), —-m+e <9 <7 —c}:
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Lemma 4.6. If A\ € X(¢), then, for any f € Co(D \ M), there exists a unique
function u € D(20) such that (2 — A\ )u = f.

Proof. Since we have, for all 1 < p < oo,
feCy(D\ M) C L(D),

it follows from an application of Theorem 3 that if A € X, (), there exists a unique
function u € H*P(D) such that

(W—=MNu=f inD, (4.15)

and
ou

Hon

However, by Sobolev’s imbedding theorem it follows that

Lu = +~yu =0 on dD. (4.16)

ue H*?(D) c C*N?(D)c cY(D) if N <p<oo.
Hence we have, by formula (4.16) and condition (H),
u=0 on M={z'€dD:pux) =0}

so that B
u € Co(D \ M)

Further, in view of equation (4.15) we find that
Wu=f+\ue Co(D\ M).

Summing up, we have proved that

u € D(20),
{ (2 — Al)u = f.

Now the proof of Theorem 4 is complete. [
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